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As 2024 begins, we are fortunate to look back at a 
successful 2023 and look forward to an exciting new year. 
First and foremost, we thank all authors for their excellent 
contributions to the ACI Structural Journal and ACI Mate-
rials Journal. In 2017, ACI began a transition in journal 
management by appointing editorial boards. On behalf of the 
editorial boards, we thank the reviewers for their commit-
ment to providing timely, high-quality reviews. We have 
been fortunate to have a great community of reviewers that 
have stepped up to provide these reviews while remaining 
dedicated to the high quality and success of the journals.

It is important to recognize that ACI has a phenomenal 
search engine that members can use to identify resources that 
have appeared in ACI publications (https://www.concrete.
org/publications/internationalconcreteabstractsportal.aspx). 
The ACI journals are a great resource for ACI committees, 
ACI members, and students. Students are able to access 
these resources and more through their free membership 
(https://www.concrete.org/membership/becomeamember.
aspx). This search engine also includes a large number of 
international partners. ACI has worked to inform readers of 
the contents of the journal when new issues of the journal are 
made available online and this service reaches over 27,000 
members. 

The editorial board has worked closely with ACI staff 
to institute new policies and practices for the journal. The 
dual-unit requirement has been eliminated to encourage the 
solicitation and publication of more international papers. 
The board has also permitted papers that are slightly longer, 
moving the word limit from 10,000 to 12,000 words per 
paper. Special issues were introduced in 2019 to provide 
focus on timely topics and emerging areas. Specifically, the 
ACI Materials Journal hosted special issues on pozzolans 
and chlorides in 2019, on computational modeling in 2020, 
on rheology and additive manufacturing in 2021, and on 
sustainability and resilience in 2023 (https://www.concrete.
org/publications/acistructuraljournal/specialissues.aspx). 

The board and staff have worked diligently to reduce 
the time to publication, reducing the average time from 

submission to publication from 11.2 to 8.0 months for the 
ACI Structural Journal and from 9.0 to 6.7 months for the 
ACI Materials Journal. It can also be noted that from 2014 
to 2022, the impact score increased from 1.22 to 1.83 for 
the ACI Materials Journal and from 1.24 to 1.88 for the 
ACI Structural Journal. 

While it is important to reflect on measures taken and 
their impact, it is also important to look toward the future. 
The editorial board is committed to continual improvement. 
During 2022-23, the editorial team has made several recom-
mendations that will be implemented in 2024. First, the 
journals will institute associate editors for the first time. The 
associate editors will aid in recruiting high-quality manu-
scripts, providing strategic suggestions to the editorial board 
for journal development, and coordinating the manuscript 
review process. Second, ACI articles will be more promi-
nently shared through SmartBrief. 

Finally, the inaugural Editors-in-Chief, Robert Frosch 
for the ACI Structural Journal and Jason Weiss for the 
ACI Materials Journal, will complete their terms of appoint-
ment in 2023 and 2024, respectively. We want to personally 
thank all the authors, reviewers, editorial board members, 
and ACI staff for all their help throughout the last 6+ years. 
We are pleased to announce that Mike Kreger has been 
named Editor-in-Chief of the ACI Structural Journal and 
Shiho Kawashima has been named Editor-in-Chief for the 
ACI Materials Journal.

The ACI journals continue to strive to publish papers on 
high-quality research pertaining to civil engineering mate-
rials and structures. Specifically, ACI focuses on papers that 
impact practice using hypothesis-driven, high-level scien-
tific research.

Sincerely,

Mike Kreger, 
Editor-in-Chief

LETTER FROM THE EDITOR-IN-CHIEF�
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This paper presents the durability modeling of bridge piers 
subjected to corrosive environments including atmospheric, splash, 
and submerged conditions for a service period of 100 years. Two 
types of reinforced concrete columns are used—cast-in-place and 
accelerated bridge construction (ABC)—and their time-dependent  
performance is predicted by von Neumann’s square lattice in 
conjunction with a novel evolutionary mathematics approach 
called cellular automata. The capacity of the corrosion- 
damaged columns is upgraded using carbon fiber-reinforced 
polymer (CFRP) sheets. Depending on the concrete strength and 
construction method, chloride migration mechanisms are evaluated 
to elucidate the variation of diffusion coefficients, chloride concen-
trations, and other corrosion-related issues for those columns with 
and without CFRP confinement. For the first 30 years, the chlo-
ride diffusion of the ABC column is slower than that of the cast-in-
place column; otherwise, no difference is noticed. Under the splash 
condition incorporating periodic wetting-and-drying cycles, chlo-
ride concentrations remarkably increase relative to other expo-
sure environments, particularly for the cast-in-place column. The  
development of corrosion current density is dominated by the pore 
structure of the concrete, and the corrosion initiation of the ABC 
column takes 4.3 times longer compared with its cast-in-place coun-
terpart. At 100 years, the capacity of the cast-in-place and ABC 
columns decreases by 28.1% and 23.2%, respectively, primarily 
due to the impaired concrete near the degraded reinforcing bars in 
a corrosion influence zone. The columns’ responses are enhanced by 
CFRP confinement in terms of toughness, energy dissipation, load- 
carrying capacity, and load-moment interactions.

Keywords: carbon fiber-reinforced polymer (CFRP); cellular automata; 
column; corrosion; model; rehabilitation; strengthening.

INTRODUCTION
Corrosion is prevalent in built environments, such as 

parking garages to highway bridges, and is often accompa-
nied by a significant economic impact. It is estimated that 
more than 3% of the global gross domestic product (GDP), 
equivalent to $2.5 trillion, is spent due to corrosion.1 These 
dollar amounts could include all major aspects of design, 
construction, and maintenance concerning the corrosion 
problems of facilities. Corrosion-induced damage often 
leads to the failure of concrete members, especially when 
deicing agents are excessively used.2 When iron-oxide resi-
dues surround steel bars, internal pressure causes cracking 
in the concrete cover3 through which detrimental chemicals 
propagate, thereby accelerating the deterioration process, 
and eventually spalling the cracked concrete.4 Partially 
submerged bridge columns are vulnerable to corrosion 
because wetting-and-drying cycles periodically supply 
moisture and oxygen.5 The loss of a column section degrades 

both strength and ductility6; hence, preserving the integrity 
of structural configurations is an important requirement from 
a functional standpoint. As far as load-bearing members are 
concerned, accelerated bridge construction (ABC) is increas-
ingly employed in the infrastructure community, which is 
a state-of-the-art concept integrating all major aspects of 
highway bridges. By erecting prefabricated members, trans-
portation agencies benefit from project delivery time, on-site 
safety, and traffic interruption.7 The majority of ABC-related 
research has been focused on seismic responses8; accord-
ingly, little is known about other subjects. For example, 
supported by the fact that the durability of cast-in-place and 
ABC columns may not be the same on account of different 
quality control procedures, the need for investigations into 
corrosion-induced damage in ABC columns was raised 
recently.9 Concrete patching and jacketing are traditional 
repair methods for impaired columns,10 whereas the forma-
tion of incipient anodes elevates the likelihood of recurring 
corrosion problems.11 In addition, those repairs are labor- 
intensive and demand considerable preparation for cage 
fabrication, form assembly, and casting.6,12

Wrapping with carbon fiber-reinforced polymer (CFRP) 
sheets is an effective approach to upgrading the capacity and 
ductility of a damaged column by reducing direct exposure 
to chlorides and minimizing potential corrosion activities in 
steel reinforcement.13 When repairing columns possessing 
disintegrated concrete, surface preparation should be 
preceded with a cementitious patching material before 
applying CFRP to warrant even pressure distributions along 
the substrate.14 It is necessary to maintain adequate contact 
between the concrete and CFRP; otherwise, moisture and 
chemicals can infiltrate into the locally debonded gap and 
promote corrosion in the repaired columns. Debaiky et al.2 
tested corrosion rates in reinforced concrete columns with 
and without CFRP wrapping. Electrochemical reactions 
were monitored by the half-cell potential and linear polariza-
tion resistance techniques. With one and two layers of CFRP, 
the corrosion current density of the columns decreased from 
10 to 0.1 μA/cm2 (65 to 0.65 μA/in.2). Based on oxygen 
diffusion and cathodic reactions, Nossoni3 developed an 
analytical model to predict the implications of CFRP wrap-
ping in a corrosive environment. For representing actual 

Title No. 121-S01

Cellular Automata for Corrosion in Carbon Fiber-
Reinforced Polymer-Strengthened Bridge Columns
by Jun Wang and Yail J. Kim

ACI Structural Journal, V. 121, No. 1, January 2024.
MS No. S-2021-149.R3, doi: 10.14359/51739181, received August 23, 2023, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.
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site conditions that bring about corrosion, the core of a 
concrete column was assumed to contain a sufficient amount 
of chloride before repair. After wrapping with CFRP, a low 
corrosion rate was noticed in comparison to unconfined 
specimens, and the longevity of the column was extended. 
Amran et al.15 reported moisture permeability in CFRP-
wrapped concrete, which controlled the degree of corrosion. 
Pursuant to ASTM C1585-04,16 permeability coefficients 
were measured and an empirical expression was proposed. 
Compared with plain concrete, the presence of CFRP layers 
significantly lowered the permeability, contingent upon the 
number of bonded layers. Although CFRP wrapping was not 
yet used for repairing deteriorated ABC columns, possibly 
due to their relatively short application history, this rehabili-
tation method can be applicable to such bridge elements, and 
a precedent assessment would be of interest.

This paper discusses the ramifications of corrosion in the 
simulated performance of cast-in-place and ABC columns 
under various exposure conditions. Cellular automata, an 
evolutionary mathematics approach, are adopted to simu-
late the intricate progression of diffusive chlorides through 
mutual interactions among multiple discrete entities 
controlling regional responses, which are instrumental in 
determining the global behavior of the deteriorated columns. 
Additionally, the efficacy of CFRP wrapping is examined 
with a focus on strength recovery and reductions in chloride 
ingress rate.

RESEARCH SIGNIFICANCE
The corrosion of pier columns has repercussions for 

the entire bridge system; thus, proper repair solutions are 
required before a catastrophic event occurs. Conventional 
jacketing enlarges the cross section of a damaged column to 
raise the capacity, relying on adhesion and friction between 
the original and added components17; by contrast, CFRP 
wrapping confines the column concrete and increases the 
strength of the core itself. As to CFRP strengthening for 
reinforced concrete structures, the influence of deterioration 
by residual chlorides (permeated before applying CFRP) 
and continued diffusion through the CFRP layers is not 
accounted for, despite the usefulness of ACI 440.2R-17.14 

Published literature concerning CFRP-confined concrete 
subjected to chloride-induced corrosion emphasizes exper-
imental investigations into the material characteristics and 
axial load-bearing capacities of laboratory-scale speci-
mens2,18; as a result, scarce information is available on the 
full-range behavior of load-moment interactions. Given 
that corrosion is critical for existing members, regardless 
of construction method, the durability of cast-in-place and 
ABC columns needs to be appraised as well.

BENCHMARK COLUMN
Pursuant to the American Association of State Highway 

and Transportation Officials (AASHTO) Load and Resis-
tance Factor Design (LRFD) Bridge Design Specifications 
(BDS),19 a simulated two-column bridge pier is designed to 
support a two-span concrete box-girder bridge. Described 
in the following subsections are the materials and structural 
details of the column exposed to aggressive service environ-
ments, and a CFRP-strengthening technique for restoring a 
capacity loss caused by corrosion damage.

Outline and parameters
The benchmark column was a circular shape with a diam-

eter of ϕ = 1070 mm (3.5 ft) at a length of 5.3 m (17.5 ft). Each 
of No. 14 Grade 60 reinforcements (db = 43 mm [1.69 in.], 
where db is the nominal diameter, with a yield strength of 
fy  = 414 MPa [60 ksi]) had a cross-sectional area of As = 
1452 mm2 (2.25 in.2), and 12 reinforcing bars were distrib-
uted around the column section (Fig. 1(a)). It was assumed 
that transverse ties were adequately placed to prevent the 
local buckling of the longitudinal reinforcing bars. In view of 
practical significance, a variable range of concrete strength 
was used from fc′ = 30 to 45 MPa (4350 to 6530 psi). Table 1 
enumerates the ingredients of the concrete mixtures based 
on ACI 211.1-91,21 which were necessary for modeling chlo-
ride migration. The cover depth of the column (Table 2) was 
assigned as specified in AASHTO LRFD BDS19 along with 
modification factors in relation to the water-cement ratio 
(w/c) of the concrete (Table 1). Regarding the construction 
of the column, the cast-in-place and ABC methods were 
taken into consideration.

Fig. 1—Benchmark column: (a) dimensions and strengthening scheme (picture20 used with permission, American Concrete 
Institute); and (b) service environments.



7ACI Structural Journal/January 2024

Service condition
In compliance with NACE SP0176-2007,22 the column 

was exposed to three service environments: atmospheric, 
splash, and submerged zones (Fig. 1(b)). The atmospheric 
zone is not wet, but airborne chlorides permeate the column 
concrete. The splash zone suffers from the continual fluctu-
ation of water level, accelerating the adverse consequences 
of wetting-and-drying cycles in tandem with capillary 
suction and diffusion.23 The submerged zone is permanently 

saturated, and electrochemical reactions among chlorides, 
electrolytes, and dissolved oxygen facilitate a corrosion 
process.24 The performance of the column under those simu-
lated corrosive environments was examined for 100 years, 
which can fully cover the design life of 75 years in AASHTO 
LRFD BDS.19 It is worth noting that the 75-year design life 
was conservatively taken because the actual service life of 
bridge structures is generally longer than 100 years.25

CFRP strengthening
The provisions of ACI 440.2R-1714 were referenced to 

strengthen the corrosion-damaged column

	 fcc′ = fc′ + ψf3.3κafl	 (1)

	​ ​f​ l​​  =  ​ 
2​E​ f​​n​t​ f​​​ε​ fe​​ _ ϕ  ​​	 (2)

where fcc′ is the compressive strength of the confined 
concrete; ψf is the reduction factor (ψf = 1 for a nominal 
capacity prediction); κa is the efficiency factor (κa = 1 for a 
circular section); fl is the confining pressure; Ef, n, and tf are 
the elastic modulus, number of plies, and thickness of CFRP, 

Table 1—Details of concrete mixture

Component

Compressive strength, MPa

30 35 40 45

w/c 0.54 0.47 0.42 0.37

Water, kg/m3 193 193 193 193

Cement, kg/m3 358 406 455 524

Coarse aggregate, 
kg/m3 1144 1144 1144 1144

Fine aggregate, 
kg/m3 679 639 597 539

Note: 1 MPa = 145 psi; 1 kg/m3 = 0.062 lb/ft3.

Table 2—Modeling parameters

Concrete 
strength fc′, MPa

Construction 
method

Service 
environments

Concrete 
cover c, mm

Diffusion coefficient 
D(0), × 10–12 m2/s Age parameter, η

Surface chloride C0,  
% wt. of cement

Corrosion 
initiation year 

ti, years

30

CIP

Atmospheric 125 4.29 0.19 1.33 54.1

Splash 125 6.43 0.019 1.65t0.484 8.9

Submerged 125 10.72 0.114 3.31 9.6

ABC

Atmospheric 125 1.00 0.19 1.33 232.8

Splash 125 2.30 0.019 1.65t0.484 25.8

Submerged 125 3.97 0.114 3.31 25.9

35

CIP

Atmospheric 100 3.15 0.295 1.17 55.6

Splash 100 4.72 0.03 1.37t0.484 8.8

Submerged 100 7.87 0.177 2.93 9.1

ABC

Atmospheric 100 0.73 0.295 1.17 238.9

Splash 100 1.69 0.03 1.37t0.484 25.5

Submerged 100 2.91 0.177 2.93 24.5

40

CIP

Atmospheric 100 2.41 0.37 1.05 85.7

Splash 100 3.62 0.037 1.17t0.484 11.9

Submerged 100 6.03 0.222 2.63 12.8

ABC

Atmospheric 100 0.56 0.37 1.05 368.4

Splash 100 1.29 0.037 1.17t0.484 34.3

Submerged 100 2.23 0.222 2.63 34.7

45

CIP

Atmospheric 85 1.75 0.445 0.92 108.3

Splash 85 2.63 0.045 0.97t0.484 12.7

Submerged 85 4.38 0.267 2.29 14.2

ABC

Atmospheric 85 0.41 0.445 0.92 465.7

Splash 85 0.94 0.045 0.97t0.484 36.7

Submerged 85 1.62 0.267 2.29 38.3

Note: CIP is cast-in-place; 1 MPa = 145 psi; 1 mm = 0.0394 in.; 1 m = 3.28 ft.
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respectively; and εfe is the effective CFRP strain (εfe = 0.55εfu, 
in which εfu is the rupture strain). Commercially available 
CFRP sheets, consisting of unidirectional carbon fibers and 
an epoxy resin, were used with the following properties: 
ultimate strength (ffu) = 3800 MPa (550 ksi), Ef = 227 GPa 
(32,900 ksi), εfu = 0.0167, and tf = 0.165 mm (0.0065 in.). 
The damaged column was confined at a capacity loss of 
10%, and the strengthening effect was maintained up to 
100 years (illustrative explanations will be given).

THEORETICAL MODELING
A modeling approach is elaborated on the initiation and 

progression of corrosion in the benchmark column and 
corresponding structural responses. The interdependency of 
axial load and bending moment is delineated for the predic-
tion of the column capacity when linked with unfavorable 
operational environments.

Cellular automata
Cellular automata are a branch of computational mathe-

matics which are intended to understand the complexity of 
discrete dynamical systems.26 The architecture of cellular 
automata comprises an array of multiple grids in a finite 
dimension, responding to a preset rule that defines a rela-
tionship between adjacent cells. With an increase in time, the 
assembled cohort evolves with the absence of a governing 
entity at the global level (that is, the engagement of the 
constituting cells is completely autonomous), and a general-
ized pattern is manifested. For the present numerical study, 
the von Neumann neighborhood with orthogonal cells27 
was chosen to simulate the migration of chlorides in the 
column concrete. Further information on the development, 
principle, and application of cellular automata is available 
elsewhere.28,29

Chloride diffusion
Kinetics—Diffusive interactions among discrete cells may 

be represented by Fick’s second law

	​ ​ ∂C _ ∂t ​  =  D​ ​∂​​ 2​C _ ​∂​​ 2​​x​​ 2​ ​​	 (3)

where C is the chloride concentration at position x and time 
t; and D is the diffusion coefficient. Conforming to the von 
Neumann’s square lattice (Fig. 2(a)), the concentration of 
the center cell at time t + 1 (Cx,y(t + 1)) can be estimated by30

	 Cx,y(t + 1) = Φ1Cx,y(t) + Φ2Cx,y–1(t) + Φ3Cx+1,y(t) + 		
	 Φ4Cx,y+1(t) + Φ5Cx–1,y(t)	 (4)

	​ ​∑ 
i=1

​ 
5
 ​​Φ​ i​​​  =  1​	 (5)

where x and y are the abscissa and ordinate of the two- 
dimensional space, respectively; and Φi is the evolutionary 
coefficient satisfying the principle of mass conservation 
(Eq. (5)). Assuming that the progression of chlorides is 
isotropic,31 Φ1 = 0.5 for Cx,y and Φ2,3,4,5 = 0.125 are suggested 
with Eq. (6)30

	​ Δt  =  ​Φ​ i​​​ 
Δs _ D ​​	 (6)

where Δt is the time step; and Δs is the size of the cell. The 
outbound coefficient Φ6 from the center cell (Cx,y) is obtained 
by Φ6 = (1 – Φ1)/4. The initial and time-dependent diffu-
sion coefficients (D(0) and D(t), respectively) of ordinary 
concrete may be determined by32,33

	​ D​(0)​  =  k​e​​ ​(−​√ 
_

 10/wc ​)​​​	 (7)

	 D(t) = De(0)t–η	 (8)

	 η = ka(1 – 1.5wc)	 (9)

where k and ka are the service environment and adjustment 
factors, respectively (k = 10,000 mm2/year [15.5 in.2/year] 
and ka = 1.0 for atmosphere, k = 15,000 mm2/year [23.3 in.2/
year] and ka = 0.1 for splash, and k = 25,000 mm2/year 
[38.8 in.2/year] and ka = 0.6 for submerged conditions); De(t) 
is the diffusion coefficient under a specific exposure environ-
ment; and η is the age coefficient. Considering the different 
curing conditions of concrete between the cast-in-place and 
ABC columns, Eq. (10) is adopted

	 De(0) = kcD(0)	 (10)

where kc is the curing factor (kc = 1 for the concrete that 
is moisture-cured for 28 days, representing ABC members, 
and kc = 4.3, 2.8, and 2.7 for the cast-in-place concrete 
[cured under a typical site condition at a relative humidity of 
40 to 50% and 19 to 23°C (66 to 73°F)]) that is subsequently 
exposed to atmospheric, splash, and submerged conditions, 
respectively.34

Simulation space—The functional mapping of the cellular 
automata is depicted in Fig. 2(a). A total of 164,000 agents 
were employed for the circular column (160,000 agents) and 
the surrounding environment (4000 agents). The size of the 
individual agents (4 x 4 mm [0.16 x 0.16 in.]) was figured 
out by sensitivity analysis, as shown in Fig. 2(b), where 
converged chloride gradients are visible across the column 
section (details on the corrosion properties will follow). One 
of the notable advantages of the proposed approach is that it 
can overcome the limitation of conventional finite difference 
modeling; specifically, such a simplified simulation handles 
one-dimensional chloride migration without taking into 
account mutual interactions among multiple agents in the 
radial direction.35 Figure 2(c) compares the chloride contents 
of these methods in the column section. Unlike the one- 
dimensional case showing a monotonic decrease, the two- 
dimensional model revealed more chloride contents owing 
to the synergistic reciprocity. The simulation results given 
in Fig. 2(d) display the multidirectional ingress of chlorides 
up to 100 years.

Validation—The aforementioned approach was validated 
against other research programs.36-39 According to the prop-
erties listed in Table 3, chloride contents were computed at 
the respective chloride exposure times and locations denoted 
in the cited literature (Fig. 3). It should be noted that, for 



9ACI Structural Journal/January 2024

the purpose of consistency, the units of the contents were 
intentionally kept as presented in the literature. In spite of 
the marginal differences possibly due to randomly dispersed 
aggregates in the concrete specimens, the prediction was 
sufficiently close to the collated data.

Corrosion
Initiation—The corrosion initiation of the column may be 

attained by40,41

	​ ​t​ i​​  =  ​ ​​
(c/10)​​​ 2​ _ 4D  ​​​(er ​f​​ −1​​(​ ​C​ cr​​ − ​C​ 0​​ _ ​C​ i​​ − ​C​ 0​​ ​)​)​​​ 

−2

​​ 

	 for atmospheric and submerged conditions	 (11a)

	​ ​t​ i​​  =  ​​(​ 
​
ln​(1.08​i​ corr​​)​ − 8.37 − 0.618ln1.69​C​ f​​​(t)​​   
+ 3034/T + 0.000105​R​ c​​

  ​
   ___________________________________  2.32  ​)​​​ 

0.215

​​ 
	 for splash	 (11b)

where ti is the initiation time; c is the concrete cover in mm; 
erf is the Gauss error function; Ccr and Ci are the critical and 
initial chloride concentrations, respectively (Ccr = 0.4% and 

Ci = 0% of the cement weight42); C0 is the surface chloride 
concentration; icorr is the corrosion current density (icorr 
= 0.3 μA/cm2 [1.94 μA/in.2] was adopted43); Cf is the free 
chloride concentration at the reinforcing bar level in kg/m3; 
T is the absolute temperature at the surface of the reinforcing 
bar in Kelvin (T = 293.15 K); and Rc is the resistance of the 
cover concrete in ohms (Rc = 1500 ohms). For the atmo-
spheric and submerged conditions, the surface chlorides 
were assumed to be constant (C0 = 0.2% and 0.5% of the 
concrete weight, respectively44); however, for the splash 
exposure, variable chlorides were considered to reflect 

Fig. 2—Two-dimensional cellular automata for benchmark column: (a) configuration of von Neumann’s square lattice; 
(b) sensitivity analysis; (c) proposed versus conventional approaches; and (d) simulated chloride migration in cast-in-place 
column with concrete strength = 30 MPa under submerged condition.

Table 3—Properties used for model validation

Reference Surface chloride Diffusion coefficient, m2/s

Cao et al.36 0.5% wt. of concrete 3.22 × 10–12

Titi and Biondini37 3% wt. of concrete 1 × 10–11

Wang et al.38 1.95(t/360)1.28715 mg/g* 2.588(360/t)–0.9574 × 10–13

Yin and Pan39 2% wt. of binder 1.38(28/t)–0.53 × 10–13

*Mass of chloride ions per mass of cementitious binder.

Note: t is time in days. 1 g = 0.0022 lb; 1 m = 3.28 ft.
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periodic wetting-and-drying cycles with time t in years 
alongside the percent weight of the concrete45,46

	 C0(t) = (0.213wc + 0.134)t0.484	 (12)

Progression—Upon initiation of corrosion damage, the 
cross-sectional area of the reinforcement is reduced47

	 db(t) = db0 – 0.0232(t – ti)icorr	 (13)

where db(t) and db0 are the diameters of the reinforcing bar 
at time t and its initial counterpart, respectively. The corro-
sion current density (icorr) with increasing corrosion time t 
in years may be calculated using Eq. (14), which originated 
from 2927 measured data at the surface of steel reinforcing 
bars for up to 5 years of outdoor exposure41

	 ln(1.08icorr) = 8.37 + 0.618ln1.69Cf(t) – (3034/T)		
	 – 0.000105Rc + 2.32t–0.215	 (14)

Although Eq. (14) is comprehensive, several limitations 
are acknowledged because it did not account for geometry, 
oxygen availability, the dynamic nature of corrosion, and 
other factors that influence corrosion rate. Because the free 
chlorides (Cf) affect the progression of corrosion, the total 
chlorides imparted from the cellular automata model (Ct) in 
kg/m3 need to be converted48

	 Cf = 0.8541Ct 	 (15)

When the column is wrapped with CFRP, the ingress of 
chlorides is impeded, and previous research demonstrates that 
the magnitude of the current density decreases by one-third.49

Impaired concrete—The volumetric expansion of the 
corroded reinforcing bars weakens the cover concrete of 
the column. For modeling convenience, the occurrence of 
cracking and spalling is frequently replaced by the equiv-
alent compressive strength (fc

*(t)) of the cover concrete50,51

	​ ​f​ c​ *​​(t)​  =  ​ 
​fc ′ ​ ____________  1 + ​k​​ *​​ε​ 1​​​(t)​/​ε​ co​​

 ​​	 (16)

where k* is the characteristic coefficient (k* = 0.1); εco is the 
strain at the peak stress of the concrete (εco = 0.002); and 
ε1(t) is the average tensile strain of the cracked concrete51

	 ε1(t) = (nbWcr(t))/ϕ	 (17)

where nb is the number of reinforcing bars in compression; 
and Wcr(t) is the average crack width in mm52

	 Wcr(t) = K(ΔAs(t) – ΔAso)	 (18)

where K is an empirical factor (K = 0.00575/mm); ΔAs(t) is 
the cross-sectional loss of the reinforcing bars in mm2; and 
ΔAso is the loss of the reinforcing bar section in mm2 when 
the column concrete cracks

	​ Δ​A​ so​​  =  ​A​ so​​​(1 − ​​(1 − ​ 
​α​ p​​ _ ​d​ bo​​

 ​​x​ 0​​​10​​ −3​)​​​ 
2

​)​​	 (19)

where Aso is the cross-sectional area of the intact steel rein-
forcing bars; αp is the pitting factor (αp = 2 for uniform corro-
sion); and x0 is the corrosion penetration in μm associated 
with cover depth c in mm53

	 x0 = 7.53 + 9.32(c/db0)	 (20)

Fig. 3—Validation of modeling approach: (a) Cao et al.36; Titi and Biondini37; (c) Wang et al.38; and (d) Yin and Pan.39
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The pitting type of corrosion in Eq. (19) is attributed to the 
interaction between the chloride ions (Cl–) and iron hydroxide 
(Fe(OH)2), which generates autocatalytic reactions.54

Structural model
Load-bearing—The nominal capacity of the column 

(Pn(t)) under axial compression is calculated

	 Pn(t) = 0.85[As(t)fy + 0.85(fc′(Ag – As(t) – Aiz) + fc
*(t)Aiz)]		

		  (21)

	​ ​A​ iz​​  =  ​n​ b​​​(​ ​
(360° − 2​(90° − θ°)​)​  _______________ 360°  ​ π​c​ r​ 2​ − 2​A​ r​​)​​	 (22)

	​ ​A​ r​​  =  ​ 
π​​(ϕ/2 − ​c​ r​​)​​​ 2​θ°

  _____________ 360°  ​ − ​ ​c​ r​ 2​/tan θ° _ 2  ​​	 (23)

	​ sin θ° = ​  ​c​ r​​ _ ϕ/2 − ​c​ r​​
 ​​	 (24)

where Ag is the gross cross-sectional area of the column; 
Aiz is the area of the influence zone for fc

*(t) in Eq.  (16) 
(Fig. 4(a) and (b)); nb is the number of reinforcing bars; cr 
is the distance from the concrete surface to the reinforcing 
bar center; Ar is the difference between the arc and triangular 
areas (Fig. 4(c)); and θ is the angle of the component triangle 
in degrees. As noted earlier, the equivalent strength of fc

*(t) 
in the influence zone (Aiz) is activated when the concrete 
cracks, and the reduced strength reflects the accelerated 
chloride ingress in the cracked column.

The axial capacity of the column is independently 
computed by the cellular automata model (Eq. (25)) and 
verified against Eq. (21)

	​ ​P​ n​​​(t)​  =  ​(​
​∑ j=1​ j=​n​ c​​​ ​∑ i=1​ i=​n​ c​​​ ​σ​ c,i,j​​​(t)​+​​

​  ​∑ j=1​ j=​n​ s​​​ ​∑ i=1​ i=​n​ s​​​ ​σ​ s,i,j​​​(t)​​​
  ​)​ ​A​ a​​​	 (25)

where i and j are the abscissa and ordinate, respectively, in 
Fig. 5(a); nc and ns are the number of agents for the concrete 
and steel reinforcement, respectively; Aa is the area of 
a single agent; and σc,i,j(t) and σs,i,j(t) are the stress in the 
concrete and steel, respectively

	​ ​σ​ c,i,j​​​(t)​  =  ​fc,i,j ′ ​​[​ 
2​ε​ c,i,j​​​(t)​ _ ​ε​ co​​  ​ − ​​(​ 

​ε​ c,i,j​​​(t)​ _ ​ε​ co​​  ​)​​​ 
2

​]​​	 (26)

	 σs,i,j(t) = εs,i,j(t)Es ≤ σy	 (27)

where fc,i,j′ is the compressive strength of the concrete 
agent ac,i,j at time t (fc′ and fc

*(t) are used for the core and 
the impaired area, respectively, in Fig. 4); Es and σy are 
the elastic modulus and yield strength of the steel (Es = 
200 GPa [29,000 ksi] and σy = 414 MPa [60 ksi]); εc,i,j(t) is 
the strain of ac,i,j; and εs,i,j(t) is the strain of the steel agent as,i,j 
(Fig. 5(a) to (c)). The moment capacity of the column (Mn(t)) 
is expressed in a similar manner

	​ ​M​ n​​​(t)​  =  ​(​
​∑ j=1​ j=​n​ c​​​ ​∑ i=1​ i=​n​ c​​​ ​σ​ c,i,j​​​(t)​+​​

​  ​∑ j=1​ j=​n​ s​​​ ​∑ i=1​ i=​n​ s​​​ ​σ​ s,i,j​​​(t)​​​
  ​)​​A​ a​​​(​ 

ϕ
 _ 2 ​ − ​j​ a​​)​​	 (28)

Fig. 4—Cover-strength reduction: (a) spalling and cracking zones; (b) equivalent area; and (c) geometric details.

Fig. 5—Sectional model: (a) intact column; (b) corrosion-damaged column; and (c) strain profile.
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where ja is the ordinate of the agent.
Interaction diagram—The capacity of the column can be 

obtained under compression (Pn) and flexural (Mn) loadings. 
The pure compression of the section is associated with the 
uniform strain of εcu = 0.003, in which εcu is the maximum 
usable strain of concrete.55 For other general cases, the steel 
strain at the bottom of the section (εs in Fig. 5(c)) is incre-
mented and, then, the aforementioned εi,j strain is determined

	​ ​ε​ i,j​​  =  ​ 
​(​ε​ s​​ + ​ε​ cu​​)​​(​  ​ε​ cu​​ _ ​ε​ cu​​ + ​ε​ s​​ ​ ​d​ br​​​j​ a​​)​

  ____________________  ​d​ br​​
  ​​	 (29)

where dbr is the distance from the top of the section to the 

bottom reinforcing bar (Fig. 5(c)). For the CFRP-confined 
column, the interaction diagram may be constructed in 
accordance with the procedure explained in ACI 440.2R-
17.14 To accommodate the equivalent compressive strength 
(Eq. (16)) within the influence zone (Aiz), the unconfined 
concrete strength (fc′) in Eq. (1) is replaced by

	 fi′(t) = (fc′(Ag – As(t) – Aiz) + fc
*(t)Aiz)/Ag	 (30)

where fi′ is the adjusted concrete strength for CFRP confine-
ment with corrosion damage.

IMPLEMENTATION
The durability of cast-in-place and ABC columns, 

predicted by discrete computational cellular automata 
models, is expounded from material and structural points 
of view. Emphasis is placed on the diffusivity of chlorides, 
consequences of corrosion, and the efficaciousness of CFRP 
strengthening.

Chloride migration
Diffusion—The coefficients of chloride diffusion are 

provided in Fig. 6(a) and (b) for the cast-in-place and ABC 
columns, respectively. The exponentially diminishing coef-
ficients illustrate that the concrete pores became partially 
clogged by surplus chlorides over time; in other words, the 
permeated chlorides reduced the effective porosity of the 
cement binder.56 As the compressive strength of the concrete 
was increased from 30 to 45 MPa (4350 to 6530 psi), the flux 
of the chlorides noticeably dropped (Fig. 6(a)). This obser-
vation aligns with the fact that greater hydration in concrete 
leads to a strength gain and decreases the size of micropores; 
consequently, the transport of chloride ions in the electrolytes 
is retarded.57,58 Compared with the cast-in-place column, the 
diffusion coefficient of the ABC column was lower (Fig. 6(b)) 
and the submerged condition showed a consistently higher 
coefficient than other environments, owing to the increased 
conductivity of the pore solution.59 Likewise, the rate of the 
diffusion coefficient rapidly developed under the submerged 

Fig. 6—Diffusion coefficient: (a) cast-in-place column with concrete strength; (b) ABC column with service environment; 
(c) rate in cast-in-place column with service environment; and (d) comparison of rates between cast-in-place and ABC columns 
under submerged condition.
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condition for the cast-in-place column (Fig. 6(c)), whereas 
marginal differences were noted among the three environ-
ments after 30 years (Fig. 6(c), inset). Shown in Fig. 6(d) is 
a comparison between the diffusion coefficient rates of the 
cast-in-place and ABC columns. Irrespective of concrete 
strength (fc′ = 30 and 45 MPa [4350 and 6530 psi]), the ABC 
column outperformed, and its peak rates were 37% of those 
of the cast-in-place column, on average.

Concentration—The chloride concentrations of the cast-
in-place column at the level of the steel surface are plotted 
in Fig. 7(a) and (b), dependent upon concrete strength 
and exposure condition, respectively. The ingress of chlo-
rides in the column with fc′ = 30 MPa (4350 psi) was 
1.9 times relative to the case with fc′ = 45 MPa (6530 psi) 
at 100 years (Fig.  7(a)). The high w/c of the low-strength 

concrete (Table  1) allowed more chlorides on account of 
the increased permeability.60 In regard to the environmental 
exposure (Fig. 7(b)), the concentration was prominent under 
the splash condition because the wetting-and-drying cycles 
expedited the sorptivity of the concrete.61 As concrete resis-
tance to chlorides declines when saturated,62 the asymptotic 
concentration curve under the submerged condition was 
graphed above the curve under the atmospheric condition. 
It is worth noting that, even if both were subjected to water, 
the mechanisms of chloride progression under the splash 
and submerged conditions differed: the former was based on 
absorption and capillary suction, while the latter was related 
to pure diffusion caused by a concentration gradient in the 
electrolyte across the column.63

Fig. 7—Chloride concentration: (a) cast-in-place column with concrete strength; (b) cast-in-place column under variable 
environments; (c) cast-in-place versus ABC columns with time; (d) cast-in-place versus ABC columns across concrete; (e) cast-
in-place column at 100 mm from surface; and (f) ABC column at 100 mm from surface.
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Figure 7(c) exhibits the elevation of chloride concen-
trations in the cast-in-place and ABC columns under the 
submerged condition. The response slope of the cast-in-place 
column was steep up to 12 years, followed by a transition 
to the gradually rising concentrations. Except for the distin-
guishable development trend between 0 and 30 years, the 
slopes of these column categories were virtually identical, 
meaning that the superior durability of the ABC column was 
due to the betterment of its performance during the rela-
tively early ages. For this reason, the ABC column allowed 
less chlorides inside the concrete (Fig. 7(d)). A comprehen-
sive summary of the chloride concentrations at a depth of 
100 mm (4 in.), the average cover of the columns, is charted 
in Fig. 7(e) and (f). The use of ABC was beneficial for all 
occasions, especially under the splash condition.

Effects of corrosion
Corrosion current density—The ascending pattern of the 

corrosion current density was a function of the concrete 
strength (Fig. 8(a)), which is concerned with the connec-
tivity of the micropores that dominates the transport of 
chloride ions.56 The difference in the initial diffusion coef-
ficient (D(0) in Table 2) was responsible for the grouping of 
the densities above and below the concrete strength of fc′ = 
40 MPa (5800 psi). Figure 8(b) reaffirms that the alternate 
cycles of saturation and desiccation raised the conductivity 
of the micropores with the dissolved chloride ions,64 thereby 
lessening the resistivity of the column concrete under the 

splash condition (that is, the increased corrosion rate). 
Such a prediction, however, does not necessarily signify 
invariant local conductivity because the activation energy 
of the concrete oscillated as per the degree of saturation.31 
The evolution tendency of the current density under the 
submerged condition in Fig. 8(b) clarifies the importance 
of continued oxidation for the electrochemical process of 
corrosion: the plateau-like response was attributable to the 
limited supply of oxygen in the pores that partially filled with 
chlorides, which slowed down cathodic reactions.65 Shown 
in Fig. 8(c) are the corrosion current densities normalized 
by time. The growth rate of the density for the cast-in-place 
column was more rapid than the rate for the ABC column, 
whereas their dissimilarity disappeared after 40 years. It is 
thus stated that the high current density of the cast-in-place 
column (Fig.  8(d)) was the result of the accelerated rate 
before the 40-year alteration time.

Detrimental consequences—Figure 9(a) demonstrates the 
corrosion initiation year of the cast-in-place column. Under 
the splash and submerged conditions that were linked with 
direct contact with water, the initiation time was 11 years, 
on average. Contrarily, the initiation time under the atmo-
spheric condition was longer than 54 years and the case with 
a concrete strength higher than 40 MPa (5800 psi) would 
not corrode within the 75-year design life of AASHTO 
LRFD BDS.19 The corrosion initiation of the ABC column 
took substantially longer, up to 4.3 times that of the cast-in-
place column (Fig. 9(b)). Once the columns corroded, the 

Fig. 8—Corrosion current density at surface level of reinforcement: (a) cast-in-place column with concrete strength; (b) cast-in-
place column under variable environments; (c) cast-in-place versus ABC columns with time; and (d) comparison at 100 years.
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diameter of the reinforcing bars began to dwindle (Fig. 9(c)), 
and the use of the ABC technique remarkably inhibited a 
reduction magnitude (Fig. 9(d)). The strength decrease of 
the equivalent cover concrete for the cast-in-place column 
was noticed at 16.5 years and 15.4 years under the splash 
and submerged conditions, respectively (Fig. 9(e)), which 
were incomparable with the case under the atmospheric 
exposure (>62 years). As shown in Fig. 9(f), the ratio of the 
cover-strength reduction time between the ABC and cast-in-
place columns was over 1.56 (no reduction occurred for the 
ABC column with a concrete strength greater than 35 MPa 
[5080 psi]).

Structural aspect
Axial capacity—The reduced capacity of the cast-in-place 

column under the splash condition inducing corrosion is 
provided in Fig. 10(a). The ratio of the capacities between 
the damaged and undamaged states diminished with time. 
It should be noted that the proximity of the responses with 
fc′ = 35 and 40 MPa (5080 and 5800 psi) resulted from the 
same cover depth of 100 mm (4 in.), as shown in Table 2. 
The contribution of each constituent to the capacity drop is 
visible in Fig. 10(b) and (c). The capacity variation caused 
by the equivalent compressive strength (Eq. (16)) was the 
primary factor (Fig. 10(b)), while the influence of the steel 
corrosion was marginal (Fig. 10(c)). In particular, the depen-
dency of the concrete strength pertaining to the chloride 

Fig. 9—Consequences of corrosion: (a) corrosion initiation year for cast-in-place column; (b) normalized corrosion initiation 
year; (c) reduced reinforcing bar diameter in cast-in-place column; (d) ratio of reduced reinforcing bar diameter between ABC 
and cast-in-place columns; (e) initiation of strength reduction in cover concrete of cast-in-place column; and (f) ratio of initi-
ation time for strength reduction between ABC and cast-in-place columns.
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flux was significant on the capacity decrease of the column 
exposed to water (the splash and submerged conditions in 
Fig. 10(d)). The benefit of the ABC column was pronounced 
for a low-strength concrete; for instance, the capacity-drop 
ratios between the ABC and cast-in-place columns under 
the submerged condition were 0.88 and 0.67 for fc′ = 30 and 
45 MPa (4350 and 6530 psi), respectively (Fig. 10(e)).

Effectiveness of CFRP confinement—Complying with the 
provisions of ACI 440.2R-1714 (Eq. (1) and (2)), the number 
of CFRP layers was calculated and then rounded for prac-
tical application (Fig. 11(a)). The more durable ABC column 
necessitated fewer layers than the cast-in-place column, and 
the propensity was preserved without regard to the strength 
of the unconfined concrete (fc′). The constitutive relationship 
of the confined concrete (Fig. 11(b)) was bilinear until the 
maximum usable strains of CFRP were reached (all values 
did not exceed the strain limit of 0.01 specified in ACI 
440.2R-1714). Although the increased fc′ from 30 to 45 MPa 
(4350 to 6530 psi) raised the confined strength (fcc′), the 
usable strain was shortened from εccu = 0.0065 to 0.0044. 
An average toughness ratio of 1.97 was noted between the 
confined and unconfined cases (toughness is defined as the 
area under a stress-strain curve up to failure); scilicet, CFRP 
confinement improved the energy dissipation of the column 
concrete. Figures 11(c) and (d) show the time-depen-
dent capacity ratio of the cast-in-place and ABC columns, 
respectively. In line with the strengthening philosophy 
established earlier, the columns were strengthened when a 
10% reduction was noticed in the capacity, and the enhanced 
ratios were maintained above unity for the rest of service 
life to 100 years (confined capacity ≥ intact capacity). The 

temporal span of the adjusted capacity ratio for the cast-in-
place column (27.4 to 100 years) was 46.4% longer than 
the span for the ABC column (50.4 to 100 years); on the 
contrary, the efficacy of strengthening was indistinguishable, 
which corroborates the fact that CFRP-based rehabilitation 
is a recommendable technique for both column types.

Load-moment interaction—The interaction diagram of 
the axial load (Pn) and bending moment (Mn) for the cast-
in-place column at 100 years is given in Fig. 12(a). The 
size of the interaction envelope conspicuously decreased 
under the splash condition. With CFRP confinement, the 
envelope was enlarged over the control curve, indicating 
the fully recovered performance of the abated column. 
The abruptly dropping moment at the balance point of the 
confined column (Pb and Mb) was ascribed to the restriction 
of ACI 440.2R-1714: strength enhancement is only allowed 
in the compression-controlled region. As the core strength 
(fc′) was increased (Fig. 12(b)), the resistance level of the 
upgraded column became elevated against the combined 
axial compression and bending. The ABC column exhibited 
structural efficiency with fewer CFRP layers (Fig. 12(c)). 
The transition moment from compression- to tension- 
controlled failure modes went up in proportion to the core 
strength (Fig. 12(d)) and, albeit inappreciable, the ABC 
column outperformed the cast-in-place column.

SUMMARY AND CONCLUSIONS
This paper investigated the detrimental effects of chloride 

migration in cast-in-place and accelerated bridge construc-
tion (ABC) column models exposed to atmospheric, splash, 
and submerged environments. Employing a novel simulation 

Fig. 10—Reduction in axial capacity of column: (a) normalized capacity of cast-in-place column; (b) concrete portion of 
normalized capacity; (c) reinforcing bar portion of normalized capacity; (d) capacity drop of cast-in-place column at 100 years; 
and (e) ratio of capacity drop between ABC and cast-in-place columns at 100 years.



17ACI Structural Journal/January 2024

approach called cellular automata, chloride diffusivity and 
various levels of corrosion were computed during a service 
period of 100 years. The degraded columns were strength-
ened with carbon fiber-reinforced polymer (CFRP) sheets in 
conformity with ACI 440.2R-17,14 and their load-carrying 

capacity was examined. Attention was directed toward full-
range interactions between axial and flexural loadings. The 
study substantiated that CFRP confinement was a favor-
able technique for both column types. The following are 
concluded:

Fig. 11—Strength recovery with CFRP confinement: (a) CFRP layers; (b) stress-strain relationship of cast-in-place concrete 
(fcc′); (c) cast-in-place column; and (d) ABC column.

Fig. 12—Load-moment interaction at 100 years: (a) cast-in-place column; (b) cast-in-place column confined with fcc′; (c) cast-
in-place versus ABC columns; and (d) comparison at balance load (Pb) and moment (Mb).
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•	 Because of the concrete pores partially filled by surplus 
chlorides, as documented in the literature, the diffusion 
coefficient of the columns exponentially decreased with 
time. The microstructural characteristics of the concrete 
relating to the compressive strength also dominated 
the ingress of chlorides. The chloride diffusion of the 
ABC column was slower than that of the cast-in-place 
column; however, their distinction in the diffusion rate 
disappeared after 30 years.

•	 The chloride concentration of the columns under the 
splash condition was noticeable owing to the expe-
dited sorptivity of the concrete subjected to wetting-
and-drying cycles, which was properly documented by 
others. The development of chloride concentrations in 
the cast-in-place column was faster than the case of the 
ABC column, which led to the superior durability of the 
latter, particularly under the splash exposure.

•	 The corrosion current density of the columns steadily 
rose up to 100 years, while the growth pattern was a 
function of the concrete strength related to the connec-
tivity of micropores. Compared with the ABC column, 
the cast-in-place column revealed a rapid increase rate 
in the current density until 40 years, beyond which both 
cases showed similar responses.

•	 When the cast-in-place column was exposed to water 
(splash and submerged), the average corrosion initia-
tion time was 11 years. By contrast, the ABC column 
required up to a 4.3-times longer period and effectively 
impeded a loss in the cross-sectional area of the rein-
forcement. The reduction in the equivalent strength 
due to corrosion-induced cracking and spalling was not 
noticed for the ABC column with a concrete strength of 
35 MPa (5080 psi) and greater.

•	 With the presence of corrosion damage, the axial 
capacity of the cast-in-place and ABC columns 
decreased by 28% and 23% under the splash condition 
at 100 years, respectively. The primary factor for such 
an observation was the impaired concrete in the corro-
sion influence zone, whereas the direct contribution of 
the deteriorated reinforcement was less than 5%.

•	 The CFRP strengthening raised the toughness of the 
existing concrete by almost two times; accordingly, the 
confined columns were able to carry more moments 
without flexural failure. Notwithstanding the reduced 
number of CFRP layers, the ABC column’s perfor-
mance was comparable to that of the cast-in-place 
column under synergistic distress from axial compres-
sion and bending.
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To investigate the effect of prestressing on the shear strength of 
nuclear power plant containment structures, five reinforced or 
post-tensioned semi-cylindrical concrete walls and two planar 
walls were tested under cyclic lateral loading. The major test 
parameters were the presence of unbonded post-tensioning, the 
magnitude of horizontal prestressing force, and the use of crossties. 
The test results showed that because of the high reinforcement and 
prestressing ratio, web-crushing failure occurred in all specimens. 
The shear strengths of reinforced concrete (RC) and prestressed 
concrete (PSC) walls were greater than the nominal shear strength 
specified in the current design/evaluation methods. In the case of 
walls subjected to horizontal prestressing force, early delamination 
cracking occurred due to radial tensile stress. The delamination 
cracking was restrained by the use of crossties. Further, the effect 
of prestressing on the web-crushing strength was not significant. 
When the diameter of the cylindrical wall was the same as the 
length of the planar wall, the peak shear strength of the cylindrical 
wall was equivalent to that of the planar wall despite the different 
wall shape.

Keywords: cyclic loading; cylindrical wall; delamination zone; post- 
tensioning; shear strength.

INTRODUCTION
Nuclear power plants (NPPs) require a high level of safety 

as buildings that handle radioactive materials. In particular, 
the containment buildings of NPPs are the final safeguard 
against radioactive leakage in case of an emergency accident 
such as earthquakes or airplane crashes. In the event of an 
emergency, the containment building withstands the increased 
internal pressure due to the vapor pressure or explosion. 
Thus, prestressed concrete (PSC) is commonly used to resist 
membrane tensile stresses caused by internal pressure.

In general, due to the high strength demand, NPP contain-
ment walls are designed with a high reinforcement ratio. 
In this case, the walls are susceptible to diagonal concrete 
crushing of the web (web crushing). Eom et al. (2013), 
Oesterle et al. (1984), and Burgueño et al. (2014) reported 
the web-crushing behavior of reinforced concrete (RC) 
walls based on numerical and experimental results.

However, while most existing experimental studies 
were performed for planar RC walls, the studies of cylin-
drical walls with prestressing are rare. Aoyagi et al. (1981) 
and Ogaki et al. (1981) studied cylindrical walls under 
horizontal loading and torsional loading. The tangential 
shear strength of the reinforced cylindrical concrete vessel 
(RCCV) and the prestressed cylindrical concrete vessel 
(PCCV) was evaluated by the truss analogy. Uchida et al. 
(1979) tested RCCVs with internal pressure using a water 

tank and verified the shear strength and ductility. Wu et al. 
(2019) studied the seismic performance of RC cylindrical 
walls. The failure modes of the specimens were shear sliding 
and web crushing. Katoh et al. (1987) studied the behavior 
of the PCCV using static loading and the shake-table test. 
The behavior of the two specimens were similar, showing 
shear sliding failure mode, and the ultimate strengths were 
two times greater than the allowable strength.

Although prestressing is effective in restraining concrete 
cracking, due to the cylindrical shape of containment build-
ings, horizontal prestressing force causes tensile stress in 
the radial direction along the horizontal prestressing tendon. 
Due to the tensile stress, internal cracking can occur in the 
radial direction. Acharya and Menon (2003), Choi (2018), 
and Choi et al. (2017) confirmed concrete cracking based 
on the test results of cylindrical concrete walls with hori-
zontal prestressing. Such concrete delamination occurred 
in actual containment walls: Unit-3 containment of Turkey 
Point NPP (Florida Power and Light Company 1970), Unit-3 
containment of Crystal River in Florida (Nuclear Regulatory 
Commission 2010; Florida Power and Light Company 1976), 
and the Kaiga Atomic Power Project (Basu et al. 2001). For 
this reason, ACI 359 (Joint ACI-ASME Committee 359 
2015), requires radial crossties for dome and cylindrical 
walls. The effect of crossties on the shear strength of cylin-
drical wall should be experimentally verified.

In the present study, the in-plane shear strengths of cylin-
drical and planar walls were investigated focusing on 
the following considerations: 1) the effect of horizontal 
prestressing on concrete delamination in cylindrical walls; 
2)  the effect of delamination on the shear strength of cylin-
drical walls; 3) the effect of crossties on concrete delamina-
tion; and 4) the effect of horizontal and vertical prestressing 
on the shear strength and failure mode. For this purpose, 
semi-cylindrical and planar RC and PSC wall specimens were 
tested under cyclic lateral loading. The test parameters were 
the presence of unbonded post-tensioning (RC versus PSC), 
the magnitude of vertical and horizontal prestressing forces 
(vertical prestressing only; 100% of vertical prestressing  + 
50% of horizontal prestressing; and 100% of vertical 
prestressing + 100% of horizontal prestressing), the shape 
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of the wall (cylindrical versus planar shape), and the use of 
crossties.

RESEARCH SIGNIFICANCE
The results of the present study confirmed that horizontal 

prestressing can cause concrete delamination in cylindrical 
walls. Nevertheless, the tested shear strength was greater 
than the prediction of the current design codes. Further, 
crossties satisfactorily restrained concrete delamination. In 
particular, the strengths of cylindrical or planar walls with 
and without prestressing were directly compared with those 
of the planar and RC walls to investigate the effects of wall 
shape and prestressing on the shear strength. This result can 
be used as evidence for the seismic design and evaluation of 
NPP walls with a high reinforcement ratio.

TEST PLAN
Major test parameters

In NPP containment walls, because of the high seismic 
demand, the shear reinforcement ratio is over 1.0%. Thus, 
the test specimens were designed with high horizontal and 
vertical reinforcement ratios. Due to the limitation of actu-
ators, cylindrical test specimens were designed as semi- 
cylindrical walls (Fig. 1). Because of the asymmetric shape 
of the specimen, two actuators were used to apply a balanced 
lateral load, restraining torsional deformation. Figure 1(b) 
shows the out-of-plane displacement measured at the end 
of the slab during the test. This result shows that torsional 
displacement was restrained.

In the present study, five semi-cylindrical walls and two 
planar walls were tested (Table 1). The names of the speci-
mens indicate the test parameters. The first letters, C and I, 
refer to cylindrical and planar shapes. The next letters—R, 
V, VH, and Vh—indicate the RC without prestressing 
(R) and the magnitude of prestressing: 100% vertical 
prestressing without horizontal prestressing (V), 100% 
vertical + 100% horizontal prestressing (VH), and 100% 
vertical prestressing  + 50% horizontal prestressing (Vh). 
The last letter, C, indicates a specimen with crossties. For 
example, C-VH-C indicates the semi-cylindrical-shaped 
specimen with 100% vertical + 100% horizontal prestressing 

and crossties. The design of the test specimens follows 
current design/evaluation methods. The design methods are 
presented in Appendix A.

Fig. 1—Test plan and measured out-of-plane displacement 
of C-VH.

Table 1—Design parameters of test specimens

Specimens Shape Crossties
fc′, 

MPa

Prestressing bar Reinforcing bar

Design strength predictionVertical Horizontal Vertical Horizontal

ρpv, % Fpv, MPa ρph, % Fph, MPa ρw, % ρf, % ρh, % Vf, kN
Vn,ACI, 

kN Vsf, kN
Vn,EPRI, 

kN
Vn,CSA, 

kN

C-R Cylindrical —

36

— — — —

1.86 5.71 0.93

3775 542 3121 1163 1485

C-V Cylindrical — 0.64 1300 — — 4794 542 3121 1758 1365

C-Vh Cylindrical — 0.64 1300 1.00 650 4869 972 3121 1758 1600

C-VH Cylindrical — 0.64 1300 1.00 1300 4972 972 3121 1758 1885

C-VH-C Cylindrical O 0.64 1300 1.00 1300 4972 972 3121 1758 1885

I-R Planar — — — — — 2575 1434 2305 1380 1485

I-VH Planar — 0.64 1300 1.00 650 3263 1434 2305 1981 1885

Note: fc′ is compressive strength; Vf is flexural strength prediction (sectional analysis); Vn,ACI is shear strength prediction based on Joint ACI-ASME Committee 359 (or ACI 349 for 
planar walls); Vsf is shear-friction strength prediction based on Joint ACI-ASME Committee 359 (or ACI 349 for planar walls); Vn,EPRI is shear strength prediction based on EPRI; 
Vn,CSA is shear strength prediction based on CSA A23.3; 1 kN = 0.225 kip; 1 MPa = 0.145 ksi.
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Test specimens
Figure 2 shows the dimensions and details of the speci-

mens. Table 1 presents the design parameters. The aspect 
ratio of all the specimens was determined as 1.0, consid-
ering the lateral moment-shear ratio (M/V) of the prototype 
containment building.

The dimensions of the semi-cylindrical wall specimens 
were 930 mm (external half diameter) x 1200 mm (height) x 
180 mm (thickness) (30.42 x 46.80 x 7.02 in.). The flanges 
were added for anchorage of the horizontal prestressing. 
Thus, the length of the walls was 1600 mm (62.40 in.), and 
the flanges’ lengths were 500 mm (19.5 in.). The wall thick-
ness (180 mm [7.02 in.]) was determined to accommodate 
double layers of reinforcing bars and tendons. Thus, the wall 
diameter-to-thickness ratio of the test specimens was smaller 
than that of the actual cylindrical wall in the prototype NPP 
containment building.

The reinforcing bar ratios of all specimens except the 
flange reinforcement were 1.86% and 0.93% for vertical and 
horizontal reinforcements, respectively (Table 1). The rein-
forcing bar ratios were the same as those of the prototype 

containment structure. In the case of planar wall speci-
mens, the dimensions were 1600 mm (length) x 1200 mm 
(height)  x 180 mm (thickness) (62.40 x 46.80 x 7.02 in.). 
The length of the planar walls was the same as that of the 
cylindrical wall, and the flange area was the same (500 x 
200 mm [19.50 x 7.80 in.]).

In the cylindrical RC specimen, C-R, the vertical and 
horizontal reinforcement ratios were 1.86% and 0.93%, 
respectively, using Grade 420 MPa (60 ksi) reinforcing bar 
(Table 1). In the flanges, the vertical reinforcement ratio was 
intentionally increased to induce shear failure before flexural 
yielding, using eight D29 (No. 9) reinforcing bars (Fig. 2). 
The nominal flexural strength and shear-friction strength 
were Vf = 3775 kN (849 kip) and Vsf = 3121 kN (702 kip), 
respectively. The nominal flexural strength Vf was calculated 
by sectional analysis assuming linear strain distribution. The 
shear-friction strength was predicted based on ACI 359. The 
shear strengths predicted by ACI 359, EPRI (2018), and CSA 
A23.3-14 (2014) were Vn,ACI = 542 kN (122 kip), Vn,EPRI = 
1163 kN (262 kip), and Vn,CSA = 1485 kN (334 kip), respec-
tively (refer to Appendix A for the calculation methods). The 

Fig. 2—Dimensions and reinforcement details of test specimens. (Note: All dimensions are in mm and vertical reinforcing bars 
or tendons are in degrees; 1 MPa = 0.145 ksi; 1 mm = 0.0394 in.)
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shear strengths were smaller than the flexural and shear-fric-
tion strengths. The CSA A23.3 method, which is based on 
a simplified Modified Compression Field Theory (MCFT) 
(Vecchio and Collins 1986) formulation developed by Bentz 
et al. (2006), did not provide a shear strength equation for 
circular walls. The shear strengths Vn,CSA were calculated 
using the squat planar wall shear strength equations, with the 
wall length (lw) assumed to be the diameter of the wall (2r).

The post-tensioned specimen C-V was planned to investi-
gate the effect of vertical prestressing on the shear strength 
of cylindrical walls. In the flanges, the vertical reinforcing 
bar ratio was intentionally increased to induce shear failure 
before flexural yielding, using eight D29 (No. 9) rein-
forcing bars (Fig. 2) (ρfv = 5.71%, Table 1). The nominal 
flexural strength (Vf = 4794 kN [1079 kip]) and the nominal 
shear-friction strength (Vsf = 3121 kN [702 kip]) were greater 
than the nominal shear strength Vn,ACI (= 542 kN [122 kip]), 
Vn,EPRI = 1758 kN (396 kip), and Vn,CSA = 1365 kN (307 kip), 
which are both significantly greater than Vn,ACI. The low 
shear strength of Vn,ACI is because ACI 359 does not consider 
the contributions of concrete and vertical components of 
reinforcing bars and prestress.

In post-tensioned wall C-Vh (100% vertical + 50% 
horizontal prestressing force), the effect of the magnitude 
of horizontal prestressing on shear strength and concrete 
delamination was investigated. In the cases of other post-ten-
sioned specimens C-VH and C-VH-C with 100% vertical 
and horizontal prestressing forces, the effects of crossties 
and horizontal prestressing were investigated. The vertical 
and horizontal tendon ratios were 0.64% and 1.00%, respec-
tively (ASTM A416/A416M Grade 270, 15.2 mm [0.6 in.] 
seven-strand wires). Because of the small wall thickness, 
high-density polyethylene (HDPE) greased strands without 
sheath were used. The post-tensioning stress for 100% 
prestressing force was 1300 MPa (217 ksi), which was 70% 
of the yield stress of the tendon (= 1860 MPa [310 ksi]). The 
100% vertical prestressing force developed a compressive 
stress of 8.32 MPa (1.21 ksi) in the vertical concrete section. 
The 100% and 50% horizontal prestressing forces developed 
compressive stresses of 13 and 6.5 MPa (3.10 and 1.55 ksi) in 
the horizontal concrete section. The stress level and tendon 
ratios were similar to those of the prototype containment 
structure. The nominal flexural strengths were Vf = 4849 kN 
(1096 kip) for C-Vh and Vf = 4972 kN (1119 kip) for C-VH 
and C-VH-C. The shear-friction strengths were Vsf = 3121 kN 
(702 kip) for the three specimens (ACI 359). Because of the 
high reinforcement ratios and prestressing, the nominal shear 
strengths were limited by the web-crushing strength. Thus, 
the nominal shear strengths of  C-VH and C-VH-C predicted 
by ACI 359, EPRI, and CSA A23.3 were Vn,ACI = 972 kN 
(219 kip), Vn,EPRI = 1758 kN (396 kip), and Vn,CSA = 1885 kN 

(424 kip), respectively. The nominal shear strengths of C-Vh 
were Vn,ACI = 972 kN (219 kip), Vn,EPRI = 1758 kN (396 kip), 
and Vn,CSA = 1600 kN (360 kip), respectively.

Planar walls I-R and I-VH were designed as RC and 
post-tensioned specimens, respectively (Fig. 2 and Table 1). 
The ratios of the reinforcing bars and tendons were the same 
as those of C-R and C-VH. The nominal shear strengths of 
I-R without prestressing were Vn,ACI = 1434 kN (323 kip), 
Vn,EPRI = 1380 kN (310 kip), and Vn,CSA = 1485 kN (334 kip), 
and those of I-VH with prestressing were Vn,ACI = 1434 kN 
(323 kip), Vn,EPRI = 1981 kN (446 kip), and Vn,CSA = 1885 kN 
(424 kip). For planar walls, the nominal shear strength Vn,ACI 
was predicted by ACI 349 (ACI Committee 349 2013) rather 
than ACI 359. Vn,ACI for planar walls (ACI 349) was close 
to Vn,EPRI. In the strength prediction, the effect of the vertical 
prestressing force was considered using an equivalent axial 
force Nu. The nominal flexural strengths of I-R and I-VH were 
2575 and 3263 kN (579 and 734 kip), respectively.

Table 2 shows the concrete mixture design. The maximum 
aggregate size was 25 mm (1 in.). The 28-day compressive 
strength was 36 MPa (5.22 ksi). The yield strengths of the 
reinforcing bars were 473, 473, and 458 MPa (68.6, 68.6, 
and 66.5 ksi) for D13, D16, and D29 (No. 4, 5, and 9), 
respectively. These material properties were similar to those 
being used for the actual construction of NPP walls.

Test procedure and instrumentation
Figure 3 shows the test setup. Cyclic lateral loading 

was applied by two dynamic actuators (Fig. 1). The lateral 
displacements of the two actuators were controlled to be 
the same to restrain torsion. The lateral loading protocol 
followed ACI 374.2R-13 (Fig. 4): three repeated cyclic loads 
were applied at each load step, as the drift ratio was increased 
to 1.25 or 1.5 times the previous drift ratio. Figure 3 shows 

Table 2—Mixture design of concrete

w/c, %

Unit weight, kgf/m3
Slump, 

mm
Maximum  

aggregate size, mmW C CA HRWRA

34.8 168 707 10,026 4.83 150 25

Note: w/c is water-cement ratio; W is water; C is cement; CA is coarse aggregate; and 
HRWRA is high-range water-reducing admixture.

Fig. 3—Test setup.

Fig. 4—Lateral loading protocol.
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the linear variable displacement transducers (LVDTs) for 
the measurement of lateral displacements L1 and L2, shear 
deformations L3 and L4, flexural deformations L5 to L10, 
and sliding at the wall base L11. Strain gauges were used to 
measure the strain of reinforcing bars (Fig. 2). The test was 
conducted at the Hybrid Structural Testing Center (Hystec) 
in Yongin, South Korea.

Application of post-tensioning
A major concern in the use of prestressing is the loss 

of the prestressing force due to the seating of wedges. 
Figures 5(a) and (b) show the anchorage details. To measure 
the prestressing force, load cells were installed at both ends. 
To apply the planned force (180 kN [40.5 kip]) at each tendon 
for the vertical and horizontal directions, a higher jacking 
force was applied considering the loss of force. The measure-
ments were continued during jacking and until the wedge 
was settled. Because the loss of prestressing was not uniform, 
the jacking force was increased step-by-step (Fig.  5(c)). 
Figure 5(c) shows the measurements at live and dead ends of 
the horizontal direction. Due to friction and the elastic short-
ening of concrete, instantaneous loss occurred (that is, 190 kN 
[42.8 kip] at the live end and 165 kN [37.1 kip] at the dead end 
of the horizontal anchorage). However, in the vertical direc-
tion, because the dead-end anchorages were embedded in the 
base slab of the specimen, only prestressing forces at the live 
ends were measured (that is, 185 kN [41.6 kip]).

TEST RESULTS
Lateral load-displacement relationships

Figure 6 shows the lateral load-displacement relationships 
of the test specimens. The lateral displacement indicates 
the average of the displacements measured in two LVDTs 
(L1 and L2) excluding slip displacement measured at the 
base slab (L12). The lateral load indicates the sum of the 
two actuator forces A1 and A2. Because of the asymmetric 
shape of the specimens, the magnitude of A1 and A2 were 
different. Figure 6 also shows the nominal shear strength 
Vn,ACI, Vn,EPRI, and Vn,CSA predicted by ACI 359 (or ACI 349 
for planar walls), EPRI, and CSA. In all specimens except 
I-R, the maximum strength in the positive direction (push) 
was greater than that of the negative direction (pull). The 
primary reason for the asymmetric behavior of the test spec-
imens is that the failure mode of the test specimens was 
concrete crushing in the web. Unlike flexural or diagonal 
tension failure, web concrete crushing causes damage that 
affects the web strength in both loading directions, as the 
location of the web-crushing damage is the same in both 
directions. Therefore, the web-crushing strength under pull 
loading is degraded by the preceding crushing damage under 
push loading.

In the case of RC specimen C-R (Fig. 6(a)), at drift ratios 
of +1.02% and –1.00%, the peak strengths reached +2014 kN 
(453 kip) and –1931 kN (424 kip), respectively. Immediately 
after the peak load, the load-carrying capacity decreased.

In the post-tensioned specimen C-V (Fig. 6(b)) with only 
vertical prestressing force, the maximum test strength was 
+1853 kN (417 kip) at a drift ratio of 0.75%, and –1636 kN 

(368  kip) at 0.68%. Unlike the expectation, the maximum 
strengths were 8% and 15% lower than those of C-R without 
prestressing force. This is because the unidirectional compres-
sive stress reduces the allowable shear stress in the concrete 
and changes the crack angle. In the case of post-tensioned 
specimen C-Vh (Fig. 6(c)) with 100% vertical + 50% hori-
zontal prestressing force, the peak strengths were +2044 kN 
(460 kip) and –2021 kN (455 kip) at 0.75% and 0.73%, 
respectively, which were higher than those of C-V and C-R.

In specimen C-VH (Fig. 6(d)) with 100% vertical and 
horizontal prestressing, the peak strengths were +2067 kN 
(465 kip) and –2059 kN (463 kip). These values were 2% 
and 6% higher than those of RC specimen C-R, respectively. 
On the other hand, in the case of C-VH-C with crossties, the 
maximum strength was +2347 kN (528 kip) and –2193 kN 
(493 kip) in the positive and negative directions, respec-
tively (Fig. 6(e)). The peak strengths were 13% and 6.5% 
greater than those of C-VH without crossties.

Fig. 5—Anchorage of tendon. (Note: 1 mm = 0.0394 in.; 
1 kN = 0.225 kip.)
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In planar RC specimen I-R, the maximum strengths were 
+2154 kN (485 kip) and –2202 kN (495 kip) in the posi-
tive and negative directions, respectively (Fig. 6(f)). The 
average maximum strength of I-R was 10% greater than 
that of cylindrical specimen C-R. In planar specimen I-VH 
with prestressing, the maximum strengths were +2200 kN 
(495 kip) and –2198 kN (495 kip) in the positive and nega-
tive directions, respectively, which were close to those of the 

RC specimen (I-R) (Fig. 6(g)). The maximum strengths of 
I-VH were 7% greater and 3% less than those of cylindrical 
specimens C-VH and C-VH-C, respectively.

Damage modes
Figure 7 shows the damage modes of the cylindrical speci-

mens at the end of the test. In the outer surface of specimens 
C-R and C-V without horizontal prestressing (Fig. 7(1-a) and 

Fig. 6—Lateral load-displacement relationships of specimens. (Note: 1 mm = 0.0394 in.; 1 kN = 0.225 kip.)
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(1-b)), diagonal tension cracking occurred, and the spacing 
of diagonal cracks was similar to that of ordinary planar 
RC walls. In the case of C-Vh and C-VH with horizontal 
prestressing (Fig. 7(1-c) and (1-d)), macro diagonal cracks 
with a large spacing developed, and cover concrete spalling 
occurred. In the case of C-VH-C with crossties, macro hori-
zontal cracks occurred after micro diagonal cracking, and 
concrete spalling was not severe.

On the other hand, on the inner surface (Fig. 7(2)) of all 
specimens, large horizontal cracks occurred in the lower 
part after diagonal cracking. Ultimately, concrete crushing 
occurred at the lower part of the wall.

After testing, concrete core boring was performed in 
the test specimens to check delamination cracking during 
horizontal post-tensioning (Fig. 8). The concrete boring 
was performed at the top of the wall where damage from 
lateral loading was minimized. Figure 8 shows the internal 
surface of the bored hole of the test specimens. In the case of 
specimens with horizontal prestressing (C-Vh and C-VH), 
internal cracking occurred along the horizontal tendon layer. 

On the other hand, internal cracking did not occur in the 
other specimens, including C-VH-C with crossties.

Figure 9 shows the damage to the planar walls at the end of 
the test. The concrete cracks and failure modes were similar 
to those of the inner surface of the cylindrical specimens. 
The spacing of cracks was greater in I-VH with prestressing 
force (Fig. 9(b)).

Reinforcing bar strains
Figure 10 shows the strain distributions of the horizontal 

reinforcing bars along the wall height at 0.5Vmax, 0.75Vmax, 
and 1.0Vmax, where Vmax indicates the peak strength. In the 
case of C-R without prestressing (Fig. 10(a) and (b)), the 
strains of all horizontal reinforcing bars at the midheight of 
the wall exceeded the yield strain at Vmax. In C-V with only 
vertical prestressing (Fig. 10(c) and (d)), the yield strain 
developed only in the inner layer at the midheight. In the 
case of specimens with horizontal prestressing (Fig. 10(e) to 
(h)), the strains of the outer horizontal reinforcing bar layer 
were greater than those of the inner one, and the strains of 

Fig. 7—Damage to semi-cylindrical specimens at end of test.

Fig. 8—Internal cracking due to horizontal prestressing in semi-cylindrical specimens.
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all horizontal reinforcing bars, except the outer bar layer of 
C-Vh, were smaller than the yield strain. In the case of planar 
wall I-R (Fig. 10(k)), the strains of horizontal reinforcing 
bars exceeded the yield strain even in the upper part of the 
wall. In planar wall I-VH with prestressing (Fig. 10(l)), the 
strains of all horizontal reinforcing bars did not exceed the 
yield strain until the end of the test. This result indicates 
that: 1) in the case of specimens with horizontal prestressing 
force, the strains of horizontal reinforcing bars were smaller 
than those of specimens without prestressing; and 2) the 
failure of specimens with horizontal prestressing occurred 
before the yielding of horizontal reinforcing bars.

Figure 11 shows the strain distributions of vertical rein-
forcing bars along the circumference length of the wall at 

0.5Vmax, 0.75Vmax, and 1.0Vmax. Some strain gauges failed 
during or before the test. The gray area in Fig. 11 indicates 
the flanges. In C-R without prestressing (Fig. 11(a) and 
(b)), only in the flange area, the strain of the outer rein-
forcing bar layer exceeded the yield strain. In the case of 
cylindrical walls with prestressing (Fig. 11(c) to (h)), the 
strains of vertical reinforcing bars did not exceed the yield 
strain, except for the flange area of C-VH. Also, in the case 
of planar walls (Fig. 11(k) and (l)), the strains of vertical 
reinforcing bars were lower than the yield strain. This result 
indicates that shear failure occurred before flexural yielding.

Displacement contributions
The overall lateral displacement of the specimen is defined 

as the sum of the contributions of shear, flexural, and sliding 
displacements. The overall displacement and components 
were measured from LVDTs in Fig. 3 (lateral displacements 
L1 and L2, shear deformations L3 and L4, flexural deforma-
tions L5 to L10, and sliding at the wall base L11). Figure 12 
presents the test results. The contribution of shear deforma-
tion was calculated from the diagonal LVDTs, as shown in 
Fig. 12. The figure shows that the sum of the displacement 
components generally agrees with the overall displacement 
of the specimens. As the specimens failed in shear (diag-
onal tension cracking and web crushing), the contribution 
of shear deformation was the greatest (approximately 50 to 
70%), while the contribution of sliding was the lowest.

Fig. 9—Damage to planar specimens at end of test.

Fig. 10—Measured strains of horizontal reinforcing bars. (Note: 1 mm = 0.0394 in.)
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STRENGTH PREDICTIONS OF EXISTING  
DESIGN METHODS

Table 3 shows the test strengths Vtest, the drift ratio at 
peak strength, and the failure mode, while Table 1 shows 
the shear strength predictions of ACI 359 (or ACI 349 for 
planar walls), EPRI, and CSA. The test strength Vtest indi-
cates the average of the peak strengths in the negative and 
positive loading directions. For cylindrical walls, ACI 359 
was used, while for planar walls, ACI 349 was applied. In 
the case of ACI and EPRI, because of the high reinforce-
ment ratio and prestressing, the shear strength was deter-
mined as the web-crushing strength. For C-R and I-R 
without prestressing, the ratios of the test shear strength Vtest 
to the predictions of ACI 359 (or ACI 349 for I-R), EPRI, 
and CSA were Vtest/Vn,ACI = 3.64 (C-R) and 1.52 (I-R), Vtest/
Vn,EPRI = 1.83 (C-R) and 1.58 (I-R), and Vtest/Vn,CSA = 1.33 
(C-R) and 1.47 (I-R). ACI 359 excessively underestimated 
the test strength of C-R. CSA showed better predictions for 
both specimens.

In the case of C-V with vertical prestressing, the strength 
ratios were Vtest/Vn,ACI = 3.22, Vtest/Vn,EPRI = 0.99, and Vtest/
Vn,CSA = 1.28. In ACI 359, as the effect of vertical prestressing 
is not considered, the shear strength was excessively under-
estimated. In the case of CSA considering varying crack 
angles, the predicted strength of C-V was lower than that of 
C-R. This trend is similar to that of the test results.

For the specimens with horizontal prestressing (C-Vh, 
C-VH, C-VH-C, and I-VH), the strength ratios were 2.09, 
2.12, 2.34, and 1.53 for ACI 359 (ACI 349 for I-VH), respec-
tively; 1.16, 1.17, 1.29, and 1.11 for EPRI; and 1.27, 1.09, 

1.20, and 1.17 for CSA. For cylindrical walls, EPRI and CSA 
showed better predictions. As mentioned, in both the ACI 
and EPRI predictions, the predicted strengths were limited 
by web-crushing strength. However, the web-crushing 
strengths were significantly different: for cylindrical walls, 
the web-crushing stress strength was ​​​ 

_
 v ​​ ACI,W​​​ = 10​​√ 

____
 ​fc ′ ​ ​​bt for 

ACI 359, which is half of vEPRI,W = 21.1​​√ 
_

 ​f​ c​​ ​​ for EPRI (psi 
units, both). This result indicates that the web-crushing 
strength of ACI 359 needs to be increased for better predic-
tions of shear strength.

EFFECT OF DESIGN PARAMETERS ON WEB-
CRUSHING SHEAR STRENGTH

Vertical prestressing for cylindrical wall
The test results of C-R and C-V show the effect of vertical 

prestressing on shear strength. Figure 13(a) compares the 
lateral load-displacement relationships according to vertical 
prestressing. In the case of C-V with vertical prestressing, 
the maximum strengths were 8.0% and 15.3% lower than 
that of C-R without prestressing in the positive and negative 
directions, respectively. Further, the deformation at the peak 
strength was decreased in the case of C-V. Because hori-
zontal prestressing was not applied, diagonal cracking and 
delamination of cover concrete occurred early in the loading 
(0.38Vmax and 0.39Vmax for C-V and C-R, respectively). This 
result indicates that vertical prestressing (without horizontal 
prestressing) has an adverse effect on the web-crushing 
strength of cylindrical walls, causing the early delamination 
of cover concrete.

Fig. 11—Measured strains of vertical reinforcing bars. (Note: 1 mm = 0.0394 in.)
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Vertical and horizontal prestressing for  
cylindrical wall

In the case of C-VH and C-Vh with both vertical and hori-
zontal prestressing, the initial cracking load was greater than 
that of C-R. However, the strength increase is only 4.6% 
and 3.0% (Fig. 13(b)), respectively: the effect of horizontal 
prestressing on web-crushing strength is marginal. In the 
comparison of C-V, C-Vh, and C-VH having 100% vertical, 
100% vertical + 50% horizontal, and 100% vertical  + 

100% horizontal prestressing, respectively (Fig. 12(c)), the 
strengths of C-VH and C-Vh, respectively, were 18.2% and 
16.5% greater than that of C-V.

Vertical and horizontal prestressing for planar wall
In the case of planar specimens I-R and I-VH, the maximum 

shear strength was similar regardless of prestressing (VI-VH/
VI-R = 1.01) (Fig. 13(d)). Prestressing increased the stiffness 

Fig. 12—Contributions of components to overall lateral displacement.

Table 3—Summary of test results

Specimens

Test results Failure mode Ratio of test strengths to predictions

Vtest,+, kN Vtest,–, kN Vtest, kN Drift ratio at Vtest, % Inner surface Outer surface Vtest/Vn,ACI Vtest/Vn,EPRI Vtest/Vn,CSA

C-R 2014 1931 1973 +1.02/–0.90 W.C. D.T. 3.64 1.70 1.33

C-V 1853 1636 1745 +0.75/–0.68 W.C. D.T. 3.22 0.99 1.28

C-Vh 2044 2021 2033 +0.76/–0.73 W.C. C.S 2.09 1.16 1.27

C-VH 2067 2059 2063 +1.06/–1.05 W.C. C.S 2.12 1.17 1.09

C-VH-C 2347 2193 2270 +1.03/–1.04 W.C. W.C. 2.34 1.29 1.20

I-R 2154 2202 2178 +1.19/–1.17 W.C. 1.52 1.58 1.47

I-VH 2200 2198 2199 +0.74/–0.72 W.C. 1.53 1.11 1.17

Note: Vtest,+, Vtest,–, and Vtest are the positive, negative, and average values of the measured maximum loads, respectively; Vn,ACI is shear strength prediction based on Joint 
ACI-ASME Committee 359 (or ACI 349 for planar walls); Vn,EPRI is shear strength prediction based on EPRI; Vn,CSA is shear strength prediction based on CSA A23.3; W.C., D.T., 
and C.S indicate failure of web crushing, diagonal tension, and cover concrete spalling, respectively; 1 kN = 0.225 kip; 1 MPa = 0.145 ksi.
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and restrained concrete cracking. However, the effect of 
prestressing on web-crushing strength was not significant.

Wall shape
Figure 13(e) shows the effect of wall shape on shear 

strength and stiffness. The maximum strength ratios of planar 
to cylindrical walls were VI-R/VC-R = 1.10, VI-VH/VC-VH = 1.07, 
and VI-VH/VC-VH-C = 0.97; the maximum strengths of cylin-
drical specimens were similar to those of planar specimens. 
This result indicates that the web-crushing shear strength of 
a cylindrical wall with a complete circular cross section can 
be estimated by using a planar wall that has a wall length 
equivalent to the cylindrical wall diameter and wall thick-
ness equivalent to two times the cylindrical wall thickness.

Crossties for cylindrical wall with horizontal 
prestressing

Figure 13(f) shows the effect of crossties on delamination 
cracks. The peak strengths of C-VH-C with crossties were 
14% and 7% (10.5% on average) greater than those of C-VH 
without crossties in the positive and negative directions, 
respectively. The strength decrease (10.5% on average) is 
close to the area ratio of the cover concrete (11.1%). Further, 
in the case of C-VH-C, the stiffness after diagonal cracking 
was greater than that of C-VH. This result indicates that 
crossties restrained delamination cracking (Fig. 8(b) and 
(c)). In fact, internal cracking occurred along the horizontal 
tendon (Fig. 8(a) and (b)). However, the strength decrease 
was limited to 10.5%, which is close to the area ratio of cover 
concrete. This result indicates that the outer reinforcing bar 
layer restrained internal cracking and only cover concrete 
was severely damaged by internal cracking.

FINITE ELEMENT ANALYSIS OF TEST SPECIMENS
To verify the effect of post-tensioning force on the overall 

shear strength of cylindrical walls, nonlinear finite element 
analysis (FEA) was performed for the test specimens using 
Advanced Tool for Engineering Nonlinear Analysis (ATENA) 

(Cervenka et al. 2002). Figure 14 shows the analysis model. 
For reinforcing bars or tendons, line elements were used. The 
multi-linear stress-strain relationship was used to describe 
the post-yield strain-hardening behavior of reinforcing bars 
and tendons. Perfect bond was assumed between the rein-
forcing bars and concrete. On the other hand, in the case of 
tendons, slip between the tendon and concrete was allowed 
to address the effect of the smooth surface of the tendon. 
Therefore, shear force in the circumference direction was 
not transferred between the tendons and the concrete. Post- 
tensioning force was applied to the tendon using initial strain. 
Tetrahedral elements with 24-DOF (degrees of freedom) 
were used for concrete. The mesh of the model was gener-
ated by an auto-generated mesh function. At the interface 
between the wall and top and bottom slabs, fixed contact 
elements were used. The maximum size of the finite element 
models was limited to one-third of the wall thickness. The 
measured material strengths (yield strength of reinforcing 
bars and compressive strength of concrete) were used for 
the constitutive stress-strain relationships of the materials. 
The tensile strength of the concrete was defined as ft = 0.47​​
√ 

__
 ​​f​ c​​ ′ ​ ​​ (SI units) (Zheng et al. 2001), where ft and fc′ are the 

direct tensile strength and cylinder compressive strength of 
concrete, respectively.

To describe the behavior of RC walls subjected to in-plane 
shear, the biaxial compression-tension behavior of concrete 
is important. For this purpose, a simplified constitutive 
relationship of concrete was used: the nonlinear behavior 
of concrete in the biaxial stress state is described by the 
equivalent uniaxial stress-strain relationship in the prin-
cipal stress axes (Chen and Saleeb 2013). To describe the 
tensile cracking of RC, a smeared crack model was used, 
assuming a fixed tensile crack angle. After tensile cracking, 
post-cracking shear stiffness with variable shear retention 
was used. Further, the tension-stiffening effect was consid-
ered to address the interaction between cracked concrete and 
reinforcing bars. In compression-tension, the compressive 
strength of concrete is decreased by the transverse tensile 

Fig. 13—Comparison of envelope curves according to design parameters. (Note: 1 mm = 0.0394 in.; 1 kN = 0.225 kip.)
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cracking. The compressive strength degradation due to 
tensile cracking was addressed based on the test results of 
Kollegger (1988) and Vecchio and Collins (1993) (Fig. 14). 
For FEA, monotonic loading was applied, though cyclic 
loading was applied in the tests.

Figure 15 shows the failure mode of specimens and prin-
cipal stresses corresponding to the maximum strength. The 
dark color indicates an area of high compressive and tensile 
stresses. The stresses of the inner surface in the web were 
higher than those of other areas. This result indicates that 
diagonal tension cracking and web crushing occurred at the 
inner surface of the web, which agree with the test results. 
However, in the numerical analysis, crushing damage 
appeared only in the compression part because monotonic 
loading was applied. On the other hand, in the cyclic loading 
test, crushing damage occurred in the symmetric mode.

Figure 16 compares the load-displacement relationships 
of the specimens between the test results and nonlinear FEA. 
In the case of C-R without post-tensioning, the predicted 
maximum strength was 10% lower than the actual test results 
(Fig. 16(a)). Also, in the case of C-VH-C with crossties, the 
predicted strength was 2% lower than the tested strength 
(Fig. 16(e)). On the other hand, in the cases of C-V, C-Vh, 
and C-VH, which have post-tensioning without crossties, 
the nonlinear FEA overestimated the shear strength of the 
test specimens by 4 to 8%, and the stiffness after cracking. 
This is because the FEA did not describe the early delamina-
tion of cover concrete due to post-tensioning.

DESIGN RECOMMENDATIONS
Based on the present test results, the following design 

considerations are recommended. The web-crushing strength 
of walls is similar, regardless of the presence of horizontal 
and vertical prestressing. In particular, in NPP walls with 
high-demand seismic load, because of the high reinforce-
ment ratio, the shear strength of the walls is determined as 
web-crushing shear strength rather than diagonal cracking 
strength. In this case, prestressing does not affect the shear 
strength. When only vertical prestressing is applied, the 
web-crushing strength can be lower than that of the RC spec-
imen without prestressing. Horizontal prestressing causes 
internal cracking in the radial direction, which decreases the 
shear strength of the cylindrical wall under earthquake load. 
However, the outer reinforcement layer restrains the radial 

cracking. Thus, the strength loss was limited to 7 to 14%. 
Nevertheless, to use shear contribution of cover concrete, 
crossties are necessary. The shear strength of the cylin-
drical wall can be approximately estimated using that of a 
planar wall with a wall length equivalent to the cylindrical 
wall diameter. Thus, when other loading conditions, such as 
internal vapor pressure, are not considered, the equivalent 
planar wall design method can be conveniently used.

CONCLUSIONS
To investigate the horizontal shear strength of cylindrical 

and planar walls without and with post-tensioning, seven 
specimens were tested under cyclic lateral loading. The test 
parameters were the shape of the wall, the magnitude of 
prestressing, and the use of crossties. The major findings of 
the present study are summarized as follows:

1. In cylindrical walls, due to a high reinforcement ratio, 
web-crushing failure occurred in the inner surface of the 
walls. On the other hand, in the outer surface of walls, diag-
onal cracking occurred. In planar walls, diagonal cracking 
and web crushing occurred.

2. After testing, concrete core boring was performed. The 
result confirmed that concrete internal cracking occurred 
due to horizontal prestressing.

3. The maximum shear strength of specimen C-V with 
only vertical prestressing was 12% lower than that of rein-
forced concrete (RC) wall C-R: the vertical prestressing 
without horizontal prestressing had an adverse effect on the 
web-crushing strength of the wall.

4. The shear strength of C-Vh and C-VH with both vertical 
and horizontal prestressing were close to that of C-R: the 
effect of horizontal prestressing on the web-crushing shear 
strength of cylindrical walls was marginal.

5. The maximum shear strength of C-VH-C with crossties 
was 10% greater than that of C-VH without crossties, as the 
crossties restrained concrete delamination. However, as the 
outer reinforcement layer restrained internal cracking, the 
strength loss of C-VH was limited to 10.5%, which is the 
area ratio of cover concrete.

6. In the planar walls I-R and I-VH, the shear strengths 
were similar, regardless of the presence of prestressing: the 
effect of vertical and horizontal prestressing on web-crushing 
shear strength of planar walls was negligible. Further, the 
shear strengths of I-R and I-VH were close to those of C-R 

Fig. 14—Finite element analysis model.
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and C-VH. These results indicate that the web-crushing shear 
strength of a cylindrical wall with a complete circular cross 
section can be estimated by using a planar wall that has a 
wall length equivalent to the cylindrical wall diameter and 
wall thickness equivalent to two times the cylindrical wall 
thickness.

7. In all specimens, the maximum test strengths were greater 
than the nominal strengths predicted by ACI and EPRI. In 
particular, the ACI 359 strengths excessively underestimated 
the web-crushing shear strength of cylindrical walls with 

and without prestressing. The web-crushing strength of ACI 
359 needs to be increased for better prediction.
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APPENDIX A—CURRENT DESIGN/ 
EVALUATION STANDARDS

ACI 359 (for cylindrical wall)
In ACI 359-15, for shear design of containment build-

ings under lateral load, the maximum tangential shear flow 
calculated from elastic theory for a cylindrical wall is used 
without considering shear force redistribution along the wall 
length.

The shear flow demand (​​
_

 ​V​ u​​​​, force per unit length, N/m 
[kip/in.]) can be calculated as follows

	​ ​
_

 ​V​ u​​​  =  τt  =  ​ 
VQ

 _ I  ​  =  ​ V _ I ​​∫​ ​ ydA​​	 (A1)

From Eq. (A1), the maximum shear stress of a cylindrical 
wall with a thin circular section is calculated as follows

	​ ​τ​ max​​  =  ​ V _ πrt ​​ (thin cylindrical wall)	 (A2)

where A is the gross area of the section; t is the thickness of 
the section; and r, r1, and r2 are the average, outer, and inner 
radius, respectively.

In ACI 359, the shear flow strength ​​
_

 ​V​ n​​​​ of containment 
walls is basically defined as the sum of the contributions of 
concrete ​​

_
 ​V​ c​​​​ and shear reinforcement ​​

_
 ​V​ s​​​​. In the case of an RC 

wall, the contribution of concrete is neglected (​​
_

 ​V​ c​​​​ = 0). In 
the case of a PSC wall, when ​​

_
 ​V​ u​​​​ exceeds 0.85​​

_
 ​V​ c​​​​, the entire 

tangential shear should be resisted by shear reinforcement  ​​_
 ​V​ s​​​​.
The area of hoop reinforcement required to resist ​​

_
 ​V​ u​​​​ is 

calculated as follows

	​ ​‾ ​A​ sh​​​  =  ​ 
​
_

 ​N​ h​​​ + ​​(​​‾ ​N​ hl​​​​​ 2​ + ​​
_

 ​V​ u​​​​​ 2​)​​​ 
1/2​
  ________________ 0.9​f​ y​​

  ​​ 	  

	 (SI and psi units, mm2/m [in.2/ft])	 (A3)

where ​​
_

 ​V​ u​​​​ is the maximum tangential shear flow resulting 
from lateral load (N/m); ​​‾ ​A​ sh​​​​ is the area per unit length of 
bonded reinforcement in the hoop direction (mm2/m); ​​

_
 ​N​ h​​​​ is 

the membrane shear flow in the hoop direction due to pres-
sure, prestress, and dead load (N/m); ​​‾ ​N​ hl​​​​ is the membrane 
shear flow in the hoop direction from lateral load (N/m); and 
fy is the yield strength of reinforcement (MPa).
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For the present test specimen subjected to a concen-
trated lateral load, ​​

_
 ​V​ u​​​​ is equal to ​​‾ ​N​ hl​​​​. Thus, from Eq. (A2) 

and ​​​ 
_

 V ​​ c,ACI​​  =  ​
_

 ​V​ u​​​  =  ​
_

 ​V​ s​​​​, the shear flow strength of hoop rein-
forcement ​​

_
 ​V​ s​​​​ can be calculated as follows

	​ ​​ 
_

 V ​​ c,ACI​​  =  ​
_

 ​V​ s​​​ =  ​ 
0.9​f​ y​​​‾ ​A​ sh​​​ − ​

_
 ​N​ h​​​ ___________ ​√ 

_
 2 ​  ​​ 	

	 (SI and psi units, N/m [k/ft])	 (A4)

To prevent diagonal crushing failure, the shear flow strength  
​​
_

 ​V​ n​​​​ in Eq. (A4) should satisfy the following condition.

	​ ​​ 
_

 V ​​ c,ACI​​  ≤  0.83​√ 
__

 ​​f​ c​​ ′ ​ ​bt​ (SI units, N/m) or  
	​ 10​√ 

__
 ​​f​ c​​ ′ ​ ​bt​ (psi units, kip/ft)	 (A5)

where fc′ is the compressive strength of concrete (MPa 
[psi]); b is the unit length of the section (m/m); and t is the 
net wall thickness considering any reduction due to tendon 
ducts (mm). From Eq. (A4) and (A2), the overall strength of 
a wall can be calculated as Vc,ACI = πr​​​ 

_
 V ​​ c,ACI​​​.

ACI 349 (for planar wall of nuclear power plants)
In ACI 349, the overall shear strength of a wall is defined 

as the sum of the contributions of concrete Vc and shear rein-
forcement Vs

	 Vp,ACI = Vc + Vs	 (A6)

The shear strengths of concrete and shear reinforcement 
are expressed as follows

	​ ​V​ c​​  =  ( ​√ 
__

 ​​f​ c​​ ′ ​ ​/6 )hd​ (SI units)	 (A7a)

	​ ​V​ c​​  =  0.28​√ 
__

 ​​f​ c​​ ′ ​ ​hd + ​N​ u​​d/4​l​ w​​​ (SI units)	 (A7b)

	​ ​V​ c​​  =  ​[0.05​√ 
__

 ​​f​ c​​ ′ ​ ​ + ​ 
​l​ w​​​(0.1​√ 

__
 ​​f​ c​​ ′ ​ ​ + 0.2​​N​ u​​⁄​l​ w​​h​)​

  ___________________  ​​M​ u​​⁄​V​ u​​​ − ​l​ w​​/2 ​ ]​hd​ (SI units)		

		  (A7c)

	 Vs = Avfyhd/s	 (A8)

	​ ​​ 
_

 V ​​ p,ACI​​  ≤  0.83​√ 
__

 ​​f​ c​​ ′ ​ ​hd​ (SI units, N/m) or 
	  ​10​√ 

__
 ​​f​ c​​ ′ ​ ​bd​ (psi units, kip/ft)	 (A9)

where fc′ is the concrete compressive strength (MPa); h, d, 
and lw are the thickness of the wall, distance from the extreme 
compression fiber to the centroid of longitudinal tension rein-
forcement (d = 0.8lw), and overall length of the wall, respec-
tively (mm); As is the area of shear reinforcement within 
spacing s (mm2); fyh is the yield strength of shear reinforcement 
(MPa); Mu and Vu are the applied flexural moment and shear 
force, respectively (N·mm and N); and Nu is the axial force in 
the wall (kip). The shear contribution of concrete Vc is deter-
mined as the smaller values of Eq. (A7b) and (A7c), unless Eq. 
(A7a) is used.

CSA A23.3
In CSA A23.3, the shear strength of a wall is defined as the 

sum of the contributions of concrete Vc, shear reinforcement 
Vs, and prestressing Vp based on the simplified MCFT

	 Vn,CSA = Vc + Vs + Vp ≤ 0.25fcbd + Vp	 (A10)

The contributions of concrete Vc and reinforcement Vs are 
calculated as follows

	​ ​V​ c​​  =  β​√ 
__

 ​​f​ c​​ ′ ​ ​bd​	 (A11)

	​ ​V​ s​​  =  ​ 
​A​ s​​​f​ y​​​d​ v​​ _ s  ​cotθ  =  ​f​ y​​​ρ​ h​​bdcotθ​	 (A12)

where Vp is a component of the effective prestressing force 
in the direction of the applied shear. In the present test spec-
imens, Vp is zero.

The β and θ in Eq. (A11) and (A12) are determined as 
follows

	​ β  =  ​  0.40 _ 1 + 1500​ε​ x​​ ​​	 (A13)

	 θ = 29° + 7000εx	 (A14)

	​ ​ε​ x​​  =  ​ 
​
​M​ f​​

⧸​d​ v​​
​ + ​V​ f​​ − ​V​ p​​ + 0.5​N​ f​​ − ​A​ p​​​f​ po​​

   __________________________  2( ​E​ s​​​A​ s​​ + ​E​ p​​​A​ p​​ )
  ​​	 (A15)

where Nf is the axial load; and Mf and Vf are the moment due 
to loads and shear force.

EPRI (evaluation guideline)
Cylindrical wall—In EPRI (2018), the overall shear 

strength is considered, unlike ACI 359 using the maximum 
shear flow. The overall horizontal shear strength Vc,EPRI of 
a cylindrical concrete wall is calculated using an effective 
shear area Aeff

	 Aeff = Ag/α	 (A16)

where Ag is the gross section area of the cylindrical wall 
(in.2); α is a factor from 2.0 to 2.5 according to M/Vd0; and 
d0 is the outside diameter of the cylindrical wall. The shear 
strength is determined based on Ogaki et al. (1981) and 
Aoyagi et al. (1981)

	 Vc,EPRI/Aeff =​0.8 ​√ 
__

 ​​f​ c​​ ′ ​ ​​+ (ρfy)AVER (psi units)	 (A17a)

	 Vc,EPRI/Aeff ≤​ 21.1​√ 
__

 ​​f​ c​​ ′ ​ ​​ (psi units)	 (A17b)

	​ ​(ρ ​f​ y​​ )​ AVER
​​  =  ​ 

( ​ρ​ hp​​ + ​ρ​ m​​ )
 _ 2  ​ ​f​ y​​ − ​ 

( ​σ​ h​​ + ​σ​ m​​ )
 _ 2  ​​	 (A18)

where ρhp and ρm are the hoop and meridional reinforcement 
ratios, respectively; fc′ is the concrete compressive strength 
(psi); fy is the yield stress capacity of the reinforcing steel 
(psi); and σh and σm are the hoop and meridional stresses 
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resulting from dead load, internal pressures, and lateral load 
(psi, tension positive).

Planar wall with boundary element—In the case of 
low-rise shear walls with boundary elements and an aspect 
ratio less than 1, the shear strength proposed by Gulec and 
Whittaker (2011) is used

	​ ​V​ p,EPRI​​  =  ​ 
2.9​√ 

__
 ​​f​ c​​ ′ ​ ​​A​ eff​​ + 0.43​F​ vw​​ + 0.11​F​ be​​ + 0.35​N​ a​​    __________________________________  

​√ 
____

 ​h​ w​​/​l​ w​​ ​
 ​​	

		  (A19)

	 Vc,EPRI/Aeff ≤​15 ​√ 
_

 ​f​ c​​ ​​ (psi units)	 (A20)

where fc′ is the concrete compressive strength (psi); hw and 
lw are the wall height and length, respectively (in.); beff and 
Aeff are the effective flange width and wall effective area (in. 
and in.2), respectively; Fvw and Fbe are the force carried by 
vertical reinforcement in the web and boundary, respectively 
(kip); and Na is the axial force in the wall (kip).

APPENDIX B—CALCULATION EXAMPLE OF 
SHEAR STRENGTH

A calculation example of shear strength of specimen C-Vh 
is provided. The design properties of the specimen are: 
Ro = 780 mm, Ri = 600 mm, t = 180 mm, fc′ = 36 MPa, fy = 
470 MPa, ρv = 1.86%, ρh = 0.93%, ρpv = 0.64%, ρph = 1.00%, 
σpv = 1300 MPa, and σph = 650 MPa.

ACI 359 (for cylindrical wall)
Based on the design properties, the shear flow contri-

bution of reinforcing bars is determined using Eq. (A4) in 
Appendix A

	​ ​
_

 ​V​ s​​​  =  ​ 
0.9​f​ y​​​ρ​ sh​​ − ​ρ​ ph​​​σ​ ph​​  _______________ ​√ 

_
 2 ​  ​bt  =  1328.0​ (N/mm)	 (B1)

The maximum shear flow strength of the cylindrical wall 
due to concrete crushing is calculated from Eq. (A5)

	​ ​‾ ​V​ n,ACI​​​  ≤  0.83​√ 
__

 ​​f​ c​​ ′ ​ ​bt  =  896.4​ (N/mm)	 (B2)

Therefore, the shear strength of the gross area is calculated 
from Eq. (A2)

	​ V  =  ​τ​ max​​ πrt  =  ​‾ ​V​ n,ACI​​​πr  =  1973.1​ (kN)	 (B3)

However, in the present test, a semi-cylindrical wall was 
used for the specimen. Thus, the shear strength of specimen 
C-Vh is calculated as (1973.1)/2 = 971.6 kN.

CSA A23.3
In CSA A23.3, the equation of shear contribution of 

concrete is determined by εx, which is related to the shear 
demand force (Vf). Therefore, the shear strength is obtained 

by iterative calculations. Figure B1 shows the iterative 
calculation flow to obtain the ultimate strength.

The CSA standard does not provide a specific shear 
strength equation for cylindrical walls. Thus, the shear 
strength equation for squat planar walls was used. The wall 
length was assumed to be the same as the diameter of the 
semi-cylindrical wall (2r). The shear strength of specimen 
C-Vh was calculated as 1600 kN.

EPRI (evaluation guideline)
The effective shear Aeff is calculated from Eq. (A16)

	 Aeff = Ag/α = 334,445 mm2	 (B4)

For the aspect ratio of the test specimen = 1.0 (= 
1600/1560), the factor α is 2.33.

The shear strength of cylindrical walls is determined from 
Eq. (A17) and (A18).

	 vc,EPRI =​0.8​√ 
__

 ​​f​ c​​ ′ ​ ​​+ (ρfy)AVER = 12.29 (MPa)	 (B5a)

	 vc,EPRI ≤ ​1.75​√ 
__

 ​​f​ c​​ ′ ​ ​​= 10.51 (MPa)	 (B5b)

	​ ​(ρ ​f​ y​​ )​ AVER
​​  =  ​ 

( ​ρ​ hp​​ + ​ρ​ m​​ )
 _ 2  ​ ​f​ y​​ − ​ 

( ​σ​ h​​ + ​σ​ m​​ )
 _ 2  ​  =  11.89​ (MPa)		

		  (B6)

The concrete crushing strength (Eq. (B5b)) was lower 
than the diagonal tensile strength (Eq. (B5a)). Thus, the 
shear strength of C-Vh is determined as 10.51 MPa. The 
overall strength of cylindrical walls is calculated as Aeff × 
vc,EPRI. In the present test, a semi-cylindrical wall was used 
for the specimen. Thus, the shear strength of specimen C-Vh 
is calculated as 3516/2 = 1758 kN.

Fig. B1—Flowchart for calculating shear strength based on 
CSA A23.3.
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Intense research works on twin-cell box-girder bridges are limited 
when compared to single-cell box-girder bridges and hence, not 
many sources are available to study the simultaneous effect of 
bending and torsion in them. The estimation of ultimate load in 
a twin-cell box-girder bridge under different modes of failure 
using the two existing simplified methods—namely, the space truss 
analogy and collapse mechanism—demands more research atten-
tion. The primary objective of this paper is to develop simplified 
equations for twin-cell box-girder bridges using the principles of 
collapse mechanism. The second main objective is to check the 
suitability of using space truss analogy and collapse mechanism 
in different modes of failure. Experimental work for studying the 
effects of various structural actions due to an eccentric loading on a 
simply supported twin-cell concrete box-girder bridge is conducted 
and numerical analyses are presented to understand the effect of 
load positions and reinforcement ratios in the failure modes.

Keywords: collapse mechanism; failure modes; space truss analogy; twin-
cell box-girder bridges.

INTRODUCTION
Box-girder bridges are considered to be one among the 

finest choices when designing long-span bridges. Due to 
their structural efficiency in handling torsion, as well as 
economic and aesthetic reasons, they have become very 
popular in the highway bridge design industry. These struc-
tures are thin-walled and hence have very peculiar stress and 
deformation patterns under the effects of torsion and distor-
tion. To know more about the structural actions and reactions 
in box-girder bridges, various research is being conducted 
all over the world. As traffic congestion increases day by 
day, there comes high demand on larger carriageway width, 
which can be accomplished by using multi-cell box cross 
sections. As the number of cells increases, however, the risks 
involved in its construction also shoot up. Considering all 
these aspects, twin-cell box-girder bridges are considered an 
ingenious solution in the design of long-span bridges with 
larger carriage way width. Hence, studies on such structures 
are very essential. The complete behavior of a structure can 
be analyzed only by conducting nonlinear analysis. This 
can be achieved either by conducting experimental analysis 
or using three-dimensional (3-D) finite element analysis 
(FEA). Even though the results of these analyses are realistic 
and accurate to a certain extent, they are time consuming 
and expensive. As a bridge designer is always interested 
in the ultimate load of the structure, there is always a need 
to understand simplified methods used in estimating the 
ultimate load of a structure. A thorough knowledge on the 
existing simplified methods like the space truss analogy and 

the collapse mechanism may avoid the risks involved in 
conducting experimental and 3-D finite element studies. A 
brief review on the various investigations conducted in the 
area of simplified methods used in estimating the ultimate 
load of a structure is also included in this paper.

RESEARCH SIGNIFANCE
Simplified methods are largely used in estimating the 

failure load to avoid the rigorous 3-D FEA. It is found that 
simplified equations based on collapse mechanism are not 
available in the case of twin-cell box-girder bridges. Hence, 
the availability of equations to find the capacity of twin-
cell box-girder bridges will be a major breakthrough in this 
area. Moreover, studies are conducted on finding suitability 
of space truss analogy and collapse mechanism in different 
modes of failure. This helps with identifying the best method 
that can provide safe results while estimating the collapse 
load in different failure mechanisms.

Brief literature review
The space truss analogy constitutes a landmark in the 

research on torsion in reinforced concrete structures. The 
truss theory was first postulated by Ritter (1899) with parallel 
tension and compression chords inclined at 45  degrees to 
depict the behavior of a simply supported prismatic rein-
forced concrete beam. Similar to that of shear, the truss 
theory for torsion was developed by Rausch (1929), where 
the reinforced concrete member is assumed to act like a tube 
and torsion is resisted by a circulatory shear flow in the walls 
of the tube. This thin-walled tube comprises the longitudinal 
and transverse reinforcement along with the surrounding 
layer of concrete, which becomes fully effective in the post-
cracking phase. Evans and Sarkar (1965) assumed in their 
work that all the reinforcements passing through the failure 
surface reach their yield value. Lampert and Thürlimann 
(1968) and Hsu (1968) established the difference in the pre- 
and post-cracking stages in reinforced concrete members 
subjected to torsion. The test results proved that the cracking 
torque is less in hollow sections when compared to equivalent 
solid sections, thus establishing the contribution of concrete 
core in handling cracking torque. But this difference was not 
observed in ultimate torque. The reason behind this scenario 
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was explained as owing to the elongation of stirrups in the 
reinforced concrete member. After cracking, the concrete 
core no longer contributes to the torsional forces; instead, 
a thin layer of concrete surrounding the reinforcement may 
remain active in resisting the torsional moment. The present 
form of the space truss model used to estimate the capacity 
of a box girder was proposed by Lampert and Thürlimann 
(1971). They proposed a failure model based on the plastic 
theory of concrete. By using the variable angle truss model, 
the combined effects of bending and torsion can be brought 
out more effectively in the truss model. This angle is based 
on the ratio of effective proportions of longitudinal and 
transverse reinforcements. The researchers Kuyt (1971) and 
Karlsson and Elfgren (1972) compared the results of space 
truss analogy with the existing theoretical and experimental 
results. This was done in case a reinforced concrete beam 
was subjected to torsion, thereby confirming the reliability 
of this method. This method is now the basis for many 
codes all over the world, including several European codes 
and the CEB-FIP model code. Strut-and-tie models used in 
the design of regions where there exist no standard design 
recommendations are more generalized versions of the truss 
analogy. It was Park and Paulay (1975) who extended many 
of the analytical and design concepts used in truss analogy 
to develop strut-and-tie models for the design of both B and 
D regions in a structure.

By the mid-twentieth century, extensive research works 
commenced in the field of box-girder bridges to understand 
the non-linear behavior of deformable reinforced concrete 
box section. Until then, the design of box-girder bridges 
was done using linear elastic analysis of simplified models. 
The post-cracking behavior of box-girder bridges was first 
studied by Spence and Morley (1975) to introduce certain 
theoretical formulations to obtain the ultimate load in the 
case of a simply supported box-girder bridge subjected to 
eccentric load. In this theory, collapse mechanism princi-
ples were used to estimate the collapse load in a structure. 
Two such mechanisms were established by Spence and 
Morley  (1975) in the case of box girders. Collapse mech-
anism principles use the upper-bound theorem based on the 
plastic theory of structures. Here, the principle of virtual 
work is used to estimate the collapse load of a structure. As 
the work equations suggested by Spence and Morley (1975) 
did not accommodate the distortional deformability, the 
collapse load obtained from the work equations was erro-
neous. Danesi and Edwards (1983) conducted experimental 
studies and concluded that both thickness and reinforcement 
ratio influence the collapse load in box sections. Contrary 
to the assumption made by Spence and Morley (1975), 
Rasmussen and Baker (1999) found that the length of plastic 
hinge does not extend throughout the length of the box girder 
in case of distortion-bending collapse mechanism. They also 
suggested that the length of plastic hinge in a structure such 
as a box girder is greatly influenced by the ratio of longi-
tudinal and transverse reinforcement. Kurian and Menon 
(2007) suggested a remedy to this situation by using modi-
fied plastic hinge length in the work equations based on the 
then-available experimental results of box-girder bridges. 
They suggested that the ratio of the area of reinforcement 

provided to that required in a unit length possess an empirical 
relationship with the ratio of modified plastic hinge length to 
the total length of girder. This modified plastic hinge length 
was used to revise the work equation for distortion bending 
collapse mechanism. With the modified plastic hinge length, 
the work equation for distortion bending collapse mechanism 
was revised and applied to get more accurate results. With 
the beginning of twentieth century, revolutionary develop-
ments had happened in the field of computer science, thus 
making 3-D FEA much simpler and less time consuming. 
However, even with this fast development in the computer 
industry, researchers like El-Sheikh (1996) suggested the 
need for development in approximate analysis methods, 
especially for preliminary designs and redesign. Hence, the 
development of simplified models for the analysis and design 
of various structures are inevitable in the field of structural 
engineering. Sennah and Kennedy (2002) suggested that, 
except for 3-D FEA, all the other simplified methods have 
limitations in their scope and applicability. Hence, more 
research work is required in this field to understand the suit-
ability of these methods for various failure modes in case of 
twin-cell box-girder bridges.

Present study
Knittel and Worsh (1965) resolved a concentrated load 

acting at the midspan of a box girder into its symmetric and 
asymmetric components. Kupfer (1969) proved that the 
asymmetric component can be again resolved into its torsion 
and distortion components. These components act in the hori-
zontal and vertical directions of the plane of plate elements 
in a box-girder bridge. The effect of these force components 
differ in various situations based on the predominance of 
certain forces. Both individual action and the combination of 
these actions lead to different failure modes of the specimen. 
The two major failure patterns identified in this study in the 
case of a twin-cell box-girder bridge are:

1. Pure bending collapse mechanism
2. Distortion-bending collapse mechanism
In pure bending collapse mechanism, the symmetric 

component of loading (bending component) acts through the 
plane of web element. In case of distortion-bending collapse 
mechanism, the anti-symmetrical component of loading 
causes the cross section of the box to distort along with 
bending. The details of these two mechanisms are provided 
along with simplified equations to estimate the collapse load 
in the later sections of this manuscript.

From the available literatures, it was observed that works 
concentrating on this area of simplified methods are mainly 
on single-cell box-girder bridges. Hence, such works on 
twin-cell box-girder bridges are necessary. In this paper, 
a detailed study on the behavior of twin-cell box-girder 
bridges subjected to the combined action of bending and 
torsion is provided. This experimental study is conducted 
on a scaled down model, the results of which are used in 
the validation of numerical analysis. Simplified methods 
are used to predict the capacity of the structure in different 
failure modes and the results are compared with the experi-
mental studies and numerical studies.
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EXPERIMENTAL INVESTIGATION
The experimental data aimed at understanding the real-

istic behavior of twin-cell box-girder bridges, available in 
literature, are found to be inadequate. Hence, in this paper, 
a detailed report on the experimental study conducted on a 
scaled-down model of a twin-cell box girder is presented. 
Due to the rising demand in decreasing the self-weight of 
bridges, thin-walled cross sections are essential while fixing 
the box dimensions. To make the cross section thin-walled, 
the dimensions are selected as per Vlasov’s thin-walled 
criterion (Maisel and Roll 1974).

Here, a twin-cell box-girder bridge with end diaphragms 
and constant cross section simply supported at two ends was 
tested to collapse under eccentric loading. The dimensions 
of the twin-cell box section were fixed approximately to a 
scale of 1:10 in relation to a box-girder bridge prototype. The 
cross-sectional and longitudinal dimensions are provided in 
Fig. 1(a) and (b). The span-depth ratio adopted for the bridge 
model is 12, with a depth of 0.25 m (9.84 in.) and span of 
3 m (118.11 in.), as the usual span-depth ratio adopted in 
box-girder bridges lies in the range of 12 to 30. A thickness 
of 60 mm (2.36 in.), which is the smallest possible thickness 
that can be adopted to accommodate two layers of 6 mm 
(0.236 in.) stirrup reinforcement, with 10 mm (0.394  in.) 
cover is used throughout the structure. A flange overhang 

length of 0.2 m (7.87 in.) is provided, as the usual practice 
is to provide a maximum of 0.45 times the distance between 
webs as the overhang length. The ratio of wall thickness to 
flange width and the ratio of depth to length of the specimen 
are 0.0984 and 0.083, confirming to Vlasov’s criterion. End 
diaphragms of thickness 60 mm (2.36 in.) are provided at 
the two supports.

To prepare the reinforcement cage, steel rods of 6 mm 
(0.236 in.) diameter conforming to IS 1786 with yield stress 
562 MPa (81.51 ksi) and ultimate stress 678 MPa (98.34 
ksi) are used. The reinforcement details are clearly shown 
in Fig. 1(a) and (b). The mold used in casting, reinforcement 
cage, and the casting of the twin-cell are shown in Fig. 2(a), 
(b), and (c).

The fabrication of specimen, cement, fine aggregate, coarse 
aggregate, and water are mixed in the ratio 1:1.87:2.17:0.36 
to prepare Grade M40 concrete. The mixture was achieved 
after doing mixture design as per IS 10262-2019. The results 
of the companion cube specimens cast to find the charac-
teristic compressive strength is provided in Table 1. Port-
land pozzolana cement conforming to IS 1489 is used in the 
construction.

A loading frame with 40 ton capacity was used to apply 
the load, which was placed at an eccentricity of 290 mm 
(11.42  in.) to achieve a combined effect of bending and 
torsion in the bridge model. To avoid punching failure, 
the load was applied on an area of 660 x 260 mm (25.98 x 
10.236 in.). The experimental test setup adopted in this work 
is shown in Fig. 2(d). The specimen was mounted on stiff 
pedestal supports at its two ends. The pedestal was placed 
on the floor, ensuring that it was rigidly fixed at its bottom. 
A steel rod was embedded on the top face of the pedestal on 
which the diaphragm rested,  ensuring a simply supported 
support condition for the box-girder bridge specimen. The 
schematic diagram of the test setup adopted in the study is 
shown in Fig. 3(a). The first crack was observed at 47.5 kN 
(10.68 kip) on the midspan of exterior web where the load 
is applied. The crack was found at a distance of 50 mm 

Fig. 1—Reinforcement details of twin-cell box girder (half 
span).

Fig. 2—(a) Wooden mold; (b) reinforcement cage; (c) casting of box girder; and (d) experimental setup for twin-cell box-girder 
bridge.

Table 1—Compressive strength of companion 
cubes

Specimen No. Mixture Compressive strength, MPa (ksi)

1 1:1.87:2.17:0.36 47.33 (6.86)

2 1:1.87:2.17:0.36 51.22 (7.43)

3 1:1.87:2.17:0.36 49.71 (7.21)
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(1.97  in.) from the center span. With the increase in load 
applied, more cracks appeared on both webs along with the 
widening of existing cracks. The second crack was seen at 
a load of 55 kN (12.36 kip), followed by the third crack at 
57.5 kN (12.93 kip). The cracks were initially vertical and 
later inclined with the application of load. It was observed 
that the cracks formed at the web near the loading show-
cased more inclination when compared to the cracks in the 
web away from loading. The specimen finally collapsed at 
a load of 130 kN (29.23 kip). It was observed that the final 
deflected shape of the specimen showcased effects of distor-
tion. Linear variable displacement transducers (LVDTs) 
were kept at five different locations at the bottom flange at 
points marked A, B, C, D, and E, as in Fig.  3(a), to find 
the deflection of the specimen. The load-deflection curves 
obtained from the experimental study are plotted in Fig. 3(b).

NUMERICAL INVESTIGATION
To capture the actual behavior of the bridge model up to 

failure and to compare the results with those of the experi-
ment, a 3-D FEA was carried out  using the ANSYS software 
package. The concrete and steel in the reinforced concrete 
bridge was modeled using the SOLID 65 and LINK 180 
elements using perfect elasto-plastic constitutive relations. 
The SOLID 65 element is an isoperimetric element with 
eight nodes and three degrees of freedom at each node—that 
is, the translation degree of freedom in the nodal x, y, and 
z directions. The SOLID 65 element is capable of crushing 
under compressive stress and cracking under tensile forces. 
It is also capable of depicting plastic deformations and 
creep. LINK 180, a 3-D spar element, is a uniaxial tension 
compression element with three degrees of freedom at each 
node. The twin-cell box-girder was modeled using 678,062 
nodes and 618,884 elements. During meshing, the aspect 
ratio was kept constant and mesh convergence studies were 
conducted to find the most suitable mesh size. With an aspect 
ratio of 1, it was observed that 10 mm (0.39 in.) mesh size 

is the optimum. When the mesh size is made coarser, the 
results turned out to be less satisfactory, and with finer mesh 
size, the computational time taken for an analysis happens 
to be very high. The constitutive relation used to model the 
stress-strain relationship in concrete is shown in Fig. 4(a). 
A bilinear plot was used to model the stress-strain relation-
ship of steel and is shown in Fig. 4(b). The properties of 
the materials used for the numerical study are the same as 
those used for the experimental study. Properties—namely, 
modulus of elasticity, stress-strain relations, Poisson’s ratio, 
and compressive strength—are provided as input data for the 
concrete. The cross-sectional area, Young’s modulus, Pois-
son’s ratio, and a bilinear stress-strain relation are assigned 
to model reinforcement. The Young’s modulus and Poisson’s 
ratio of the structural steel are 200 GPa and 0.3, respectively, 
and that for concrete are 31.6 GPa and 0.2, respectively. 
The model created for the numerical analysis is shown in 
Fig. 5(a). Due to the eccentric load, the effects of torsion 
and distortion were clearly visible. These effects are promi-
nent in the midspan under the load. The final distorted shape 
at the midspan and vertical deflection at various positions 
obtained from numerical study are shown in Fig. 5(b). The 
load-deflection curve obtained from the numerical study is 
compared with that of the experimental study, and the same 
is shown in Fig. 6. The crack pattern obtained from both the 
experimental and numerical study are provided in Fig. 7 and  
8, respectively.

Numerical analysis to study distortion bending in 
twin-cell box-girder bridges

To learn the distortion bending mechanism in twin-cell 
box-girder bridges, numerical analysis was conducted. In 
this study, the reinforcement ratio in the twin cell is varied 
by providing different stirrup dimensions. The various 
stirrup diameters used are 8, 7, 6, 5, and 4 mm (0.315, 
0.276, 0.236, 0.197, and 0.157 in.) contributing to various 
reinforcement ratios (ɸ0) of 0.12, 0.09, 0.07, 0.05, and 0.03, 

Fig. 3—(a) Schematic diagram of experimental test setup; and (b) load-deflection curve from experimental study. 
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respectively. Each of these cases may be mentioned as case 
1, 2, 3, 4, and 5, respectively, where the load is applied on 
the web at midspan. The load is applied vertically on an area 

of 60 x 200 mm (2.36 x 7.87 in.) depicting a concentrated 
load on the specimen. Displacements at all three webs were 
noted at each increment of load. The displacements at each 
web are denoted as S1, S2, and S3, as shown in Fig. 9(a), 
and the displacement increments are denoted as dS1, dS2, and 
dS3. The displacement increment ratio of web 2 and 3 with 
respect to web 1 is denoted as dS2/dS1 and dS3/dS1, respec-
tively. To understand the relative displacement of unloaded 
webs (webs 2 and 3) with respect to the loaded web (web 1), 
graphs are plotted showing the variation of displacement 
ratios with respect to the displacement of the loaded web as 
shown in Fig. 9(b), (c), (d), (e), and (f) for cases 1, 2, 3, 4, 
and 5, respectively.

From the study, it is observed that, at the final stage of 
loading, hinges are formed at four corners: two hinges at 
the loaded web and two in the middle web. The transverse 
reinforcement has yielded at four corners in addition to the 
longitudinal reinforcement. Hence, with the formation of 
hinges at corners directly below the load and at the adjacent 
web-flange junctions along with the yielding of longitudinal 
reinforcement, the structure has reached its collapse state by 
distortion bending mechanism. It is also observed from Fig. 9 
that at the collapse stage, the relative displacement of web 3 
with respect to web1 (loaded web) is negligible in cases 3, 
4, and 5. To substantiate this finding, the longitudinal strain 
readings in webs (case 3) at midspan is provided in Fig. 10. 
It is observed that there is zero strain in the unloaded web. 
Hence, among the two cells in a twin-cell box-girder bridge, 

Fig. 4—Stress-strain relationship: (a) concrete; and (b) steel.

Fig. 5—(a) Numerical model; and (b) distorted shape of cross section (vertical deflection, mm).

Fig. 6—Load-deflection curve obtained from experimental 
and numerical study.
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only the cell on which the load acts are actively contrib-
uting to the distortion bending mechanism. Hence, as the 
loaded cell reaches its ultimate capacity, the twin cell fails in 
distortion bending mechanism. Due to these reasons, to find 
the capacity of a twin-cell box girder in distortion-bending 
mechanism, the work equation used in the case of single-cell 
box girder can be used with slight modifications.

COLLAPSE LOAD ESTIMATION USING SPACE 
TRUSS ANALOGY

The space truss analogy is based on the lower-bound 
theorem of plasticity. Space frame comprises of longitu-
dinal bars at each corner known as stringers, accompanied 
by transverse ties depicting stirrup reinforcements which 
are interconnected by diagonal compression members repre-
senting concrete inclined at an angle θ, with six degrees of 

Fig. 7—Cracks in exterior web near load: (a) experimental study; and (b) numerical study.

Fig. 8—Cracks in exterior web away from load: (a) experimental study; and (b) numerical study.

Fig. 9—Displacement increment ratios versus displacement of loaded web.
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freedom at each joint. In the case of combined bending and 
torsion, Lampert and Thürlimann (1971) suggested a para-
bolic interaction formula depicting the relationship between 
the applied torsion (Tu) and bending moment (Mu) with 
that of the torsional capacity (Tur) under pure torsion and 
bending capacity (Mur) under pure bending cases of the spec-
imen considered. These equations were originally formu-
lated using the studies conducted on rectangular reinforced 
beams, but these can be used for hollow sections also as the 
failure mode is the same in both scenarios

	​ ​ ​​T​ u​​​​ 2​ _ ​​T​ ur​​​​ 2​
 ​  =  ​ 

​A​ s​​ ​(1 − ​ ​M​ u​​ _ ​M​ ur​​ ​ )​
  ___________ ​​A​ s​​ ′ ​ ​​	  (1)

where As and As′ are the area of steel in the tension and 
compression zones, respectively.

Modeling of space truss for twin-cell box-girder 
bridge

There are always infinite options in creating a truss model 
for a particular case. Using the minimum strain energy 
approach, it is observed that when the struts are inclined at 
45 degrees, the optimum model is obtained. These struts are 
provided in all four different planes in the space truss. The 
inclined struts throughout the structure represent concrete 
cracks when the box girder is subjected to pure torsion. 
The truss model created for the present study is provided in 
Fig. 11.

The space truss is created based on the geometry and 
amount of reinforcement present in the box girder. The 
dimensions of the diagonal members are kept based on 
ACI 318-08. As shown in Fig. 11(a), loads are applied as 
point loads, where the bending component is provided 

vertically downwards and the anti-symmetric component is 
provided as couple in horizontal and vertical directions. At 
a load of 126 kN (28.33 kip), the bottom stringer reaches its 
yield and the truss reached its ultimate capacity.

To further study the effects of distortion in estimating the 
ultimate capacity of box girder using space truss analogy, an 
eccentric load acting at one of the external webs is considered. 
For case 3, when the ɸ0 is 0.07, the ultimate load obtained 
from space truss analogy is 95 kN (21.36 kip) and the result 
obtained from the numerical study is 88.45 kN (19.88 kip). 
It is observed that in case of distortion, more overestima-
tion of collapse load occurs leading to unsafe results. This 
shows the inability of space truss to accommodate distortion 
effects. Rasmussen and Baker (1999) suggested reducing the 
torsion capacity obtained from space truss analogy by 25% 
while designing a single-cell box-girder bridge subjected to 
extreme distortion, but similar studies had not happened in 
twin-cell box-girder bridges.

COLLAPSE LOAD ESTIMATION USING PLANE 
TRUSS ANALOGY

The critical web in a twin-cell box-girder is selected for the 
plane truss analogy. The optimum model is obtained using 
the minimum strain energy principle when the strut angle is 
kept at 45 degrees. The dimensions of the diagonal members 
are kept based on ACI 318-08. The load is applied as a point 
load on the truss along with the self-weight of the truss. As 
the load is increased gradually, the bottom truss member is 
found to reach its yield value. The shear force in the vertical 
truss member is then compared with the force obtained from 
Knittel and Worsh’s (1965) resolution of forces. Consid-
ering the shear force distribution in a simply supported beam 
with load at midspan, and applying the  Bredt-Batho theory 
(Megson 2019), the total shear stress acting at the critical 
web due to the symmetric and antisymmetric components of 
loading is obtained. The ultimate load obtained from plane 
truss analogy is 102.17 kN (22.97 kip). Hence, it is found 
that in case of box-girder bridges subjected to eccentric 
loading, the space truss analogy results are more accurate 
than those of the plane truss.

COLLAPSE LOAD ESTIMATION USING COLLAPSE 
MECHANISM

The major assumptions followed by Spence and Morley 
(1975) in developing the work equations for collapse mech-
anism are that the webs and flanges are sufficiently thin to 
develop thin-walled action, and large areas of webs and 
flange have rigid body motion in their planes with no shear 
strain. The tensile strength of concrete is neglected, and 
plastic energy dissipation occurs in steel. Even though these 
assumptions overestimate the strength in the structure, they 
are likely to give the true shape of collapse locus. Later, 
Kurian and Menon (2007) modified the collapse mechanism 
equations by introducing the concept of plastic hinge length 
(L′) to get more accurate results.

Fig. 10—Longitudinal strain readings of webs at midspan.
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Pure bending collapse mechanism in twin-cell 
box-girder bridges

In pure bending collapse mechanism, the box girder is 
assumed to divide into two and rotate about a transverse axis 
at the midspan. At this stage, all the longitudinal reinforce-
ment bars yield in tension. Here, the failure is caused by the 
symmetrical loading component and the work done associ-
ated with the antisymmetric component is not considered. 
The symmetric component Pb (= P/3) acting along each web 
is shown in Fig. 12. The equation for pure bending collapse 
mechanism can be formulated as in Eq. (2) with reference 
to Fig. 12. When a uniformly distributed load w acts over a 
distance of 2a at the midspan, the equation for collapse load 
can be modified as in Eq. (3)

	 ​P = 4 ​ h _ L ​ ​(​F​ b​​  + ​ 3 _ 2 ​ ​F​ w​​ )​​	 (2)

	​ w = 2h ​ 
​(​F​ b​​ + ​ 3 _ 2 ​ ​F​ w​​)​

 ____________ a (L − a) ​​	  (3)

where Mp is the midspan plastic yield moment; θ is the 
hinge rotation angle in Fig. 11; and Fb and Fw are the total 
yield force contributed by the reinforcing bars present in the 
bottom flange and one web, respectively.

It was observed that the twin-cell box-girder bridge 
subjected to experimental investigations collapsed due to 
pure bending collapse mechanism. This mode of failure 
is expected due to the symmetrical component of loading. 
Substituting the values in Eq. (3), the collapse load is 
obtained as 108.55 kN (24.40 kip). Hence, it is found that 
the theoretical prediction of the failure mechanism and the 
collapse load are found to be comparable with respect to 
experimental results.

Distortion bending collapse mechanism in twin-
cell box-girder bridge

To demonstrate distortion bending failure in twin-cell 
box-girder bridges, numerical studies are conducted and the 
results of the studies are provided in earlier sections of this 
manuscript. From the numerical study, it was observed that, 
in distortion bending failure mode, the transverse bending 
happens along with the bending and yielding of longitudinal 
reinforcing bars and four corner hinges are formed at the 
web-flange junctions of the loaded web and the junctions 
of adjacent web. It is assumed that the vertical bending of 
the lightly loaded webs is neglected and the heavily loaded 
web undergoes rigid body rotation about the horizontal 
plane, causing the longitudinal steel in the web to yield. 
The bottom flange is assumed to rotate about a vertical axis 
passing through the midspan causing the longitudinal steel 
to yield. The cross section distorts by the formation of four 
hinges at the web flange junctions directly under the heavily 
loaded web and at the adjacent web. The out-of-plane angles 
of web and flanges are equal at midspan denoted as ɸ, as 
shown in Fig. 13. Here, ɸ is as provided in Eq. (4)

	 ɸ = θL/b	 (4)

As the diaphragms prevent cross-sectional distortion, 
the angle of distortion is considered as zero at diaphragms. 
The angle of distortion is assumed to vary from zero at the 
supports to 2ɸ at the midspan and hence, the average angle 
of rotation at each corner is taken as ɸ at the midweb. The 

Fig. 12—Pure bending collapse mechanism in twin-cell box 
girder.

Fig. 13—Distortion bending collapse mechanism in twin-
cell box-girder bridge.

Fig. 11—Space truss model: (a) isometric view; and (b) top view and elevation.
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angle of distortion at the extreme unloaded web (web  3) 
is observed to be very small and hence neglected. From 
the numerical studies, it was also observed that with the 
distortion of the loaded cell, the entire twin cell reaches its 
collapse in case of distortion bending collapse mechanism. 
The amount of external work done by the load in a twin-cell 
box girder can be calculated using Eq. (5).

The external virtual work done by the load (Pb + Pd1) act 
on the heavily loaded web.

	 = (Pb +Pd1)bɸ/2	 (5)

The internal virtual work is contributed by the yielding of 
longitudinal reinforcing bar in the bottom flange and at the 
heavily loaded web. In addition to yielding of reinforcement, 
the transverse bending at the four web-flange junctions also 
contribute to the internal virtual work.

Hence, the work equation for distortion bending collapse 
mechanism can be formulated as in Eq. (6)

	​ ​(​ P _ 3 ​  + ​P​ d1​​)​b =  ​ 
2bh( ​F​ b​​ + ​F​ w​​ )

  _____________ L  ​  + 4 ​m​ c ​​ L​	 (6)

From all these findings and considering the modified 
plastic hinge length concept suggested by Kurian and Menon 
(2007), the work equation for distortion bending collapse 
mechanism in case of twin-cell box-girder bridge can be 
formulated as provided in Eq. (7).

	​ ​(​ P _ 3 ​ +  ​P​ d​​)​b =  ​ 
2bh( ​F​ b​​ + ​F​ w​​ )

  ____________ L  ​  + 8 ​m​ c ​​​L ′​​	 (7)

Using Eq. (7), the collapse load found for case 3 
(mentioned earlier in the section “Numerical analysis to 
study distortion bending in twin-cell box girder bridges”) is 
81.43 kN (18.31 kip).

RESULTS AND DISCUSSIONS
In this work, the ultimate load of a twin-cell concrete 

box-girder bridge exposed to the collective effects of bending 
and torsion are found experimentally and numerically. The 
results are compared with the results of truss analogy and the 
collapse mechanism. The results obtained from the various 
methods are tabulated in Table 2.

It is observed from Table 2 that all the different methods 
of analysis can satisfactorily predict the collapse load, but 
subjected to certain restrictions. In the case of eccentric 
loading (e = b/4), the numerical study was found to match 
well with the results of the experiment with a deviation of 
just 5% from the experimental result, which is negligible. 
The results of the space truss analogy found great agree-
ment with both the experimental and numerical results with 
a small deviation of 4% and 2%, respectively, depicting the 
reliability of this method in analyzing a box girder subjected 
to the combined effects of bending and distortion. The plane 
truss analogy results are found to deviate from that of the 
experimental results by 21% due to its two-dimensional 
nature. The collapse mechanism also provided conservative 
results, leading to safe design of the structure.

When the twin-cell box girder is subjected to distortion 
(e = b/2), the space truss has provided an overestimated 
capacity leading to unsafe design of the structure. In this 
case, the collapse mechanism is found to give conserva-
tive results and can be safely used for design purposes. It 
is hence advisable to reduce the capacity of space truss 
analogy results in case the twin-cell box girder is subjected 
to extreme eccentric loads.

CONCLUSIONS
This paper throws light on the different aspects concerning 

the design and analysis of a twin-cell concrete box-girder 
bridge. A numerical study is conducted to validate the 
experimental results using load-deflection curves and 
more parametric studies were conducted to comprehend 
the distortion effects in twin-cell box-girder bridges. An 
attempt is made to develop work equations based on the 
collapse mechanism principle for twin-cell box-girder 
bridges. Using truss analogy principles, two- and three- 
dimensional (3-D) truss models are created, and collapse 
load is found for different load cases. From the different 
analyses conducted, the following conclusions are drawn.
•	 The method of plane truss can be adopted when trial 

and error procedures are required in the early stages of 
design and construction, as the results are obtained in 
very short time. Due to the 3-D nature, a space truss 
can distribute any kind of difficult loading pattern in 
a more efficient and realistic way when compared to 
a plane truss. The space truss analogy is found to be 
reliable in estimating the capacity of a structure except 
in case of extreme torsion cases. In such cases of 
extreme eccentric loading, the results obtained from 
the truss analogy must be reduced by 25% for creating 
safe designs. As these kind of extreme distortion cases 
are unrealistic, space truss analogy can be used in the 
design of box-girder bridges. This drawback of space 
truss analogy creates serious issues in forensic studies 
associated with box-girder bridges.

•	 Collapse mechanism leads to safe design as it provides 
conservative results. Especially in cases of extreme 
distortion, collapse mechanism proves to be more reli-
able than any other existing simplified method used 
in establishing collapse load in box-girder bridges. 
A detailed understanding of the deflection profiles 
is required while using this method to estimate the 
collapse of a structure.

Table 2—Collapse load obtained for twin-cell box 
girder bridge

Sl. 
No. Method of analysis

Collapse load, kN (kip)

e = b/4 e = b/2 (case 3)

1 Experimental study 130.00 (29.23) —

2 3-D FEA 123.13 (27.68) 88.45 (19.88)

3 Space truss analogy 126.00 (28.33) 95.00 (21.36)

4 Plane truss analogy 102.17 (22.97) 75.18 (16.90)

5 Collapse mechanism 108.55 (24.40) 81.43 (18.31)
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Failure in beams reinforced with a small amount of transverse rein-
forcement is brittle due to reinforcement rupture after critical shear 
cracking occurs. To eliminate this problem, standards recommend 
formulas to calculate the minimum amount of transverse reinforce-
ment in reinforced concrete structures. Reinforcement can resist 
loads after the first crack’s appearance, preventing beam rupture 
from being brittle but making it somewhat ductile. This paper pres-
ents a theoretical experimental analysis to determine the minimum 
transverse reinforcement ratio in beams of high-strength ordinary 
portland cement concrete (BHSOPCC), low-strength ordinary 
portland cement concrete (BLSOPCC), and low-strength geopoly-
meric concrete (BLSGC). The beam dimensions were 150 x 450 x 
4500 mm. They were subjected to a four-point bending test to assess 
shear failure. The transverse reinforcement ρsw,minfyk ranged from 
0 to 1.16 MPa, in the ranges provided by ACI 318-19, AASHTO 
LRFD, fib Model Code, and ABNT NBR 6118:2014. This paper 
investigates the minimum shear reinforcement ratio for various 
types of concretes with different strengths and attempts to reeval-
uate the associated standards that have already been established. 
The parameter τwy*/τwcr proposed in this paper to define whether 
or not a beam has minimum transverse reinforcement is more 
appropriate.

Keywords: beam; geopolymeric concrete; minimum shear; reserve 
strength.

INTRODUCTION
The failure mode of reinforced portland cement concrete 

beams depends on the concrete and reinforcement charac-
teristics, the dimensions, the loading type, and the trans-
verse reinforcement’s shape and distribution. From the 
intention and incessant search for new and better materials, 
high-strength concretes and geopolymeric concretes have 
appeared. Due to their characteristics, they can behave 
differently from low-strength concretes, requiring changes 
to structural calculation methods.

Beams subjected to load levels and/or with dimensions 
that, according to calculation, do not require reinforcement 
are normally provided with minimum reinforcement. This 
reinforcement aims to prevent, in the event of unforeseen 
overloads, sudden beam rupture as soon as cracking occurs.

The deformability of reinforced concrete elements 
subjected to bending depends on several factors, such as: the 
flexural reinforcement ratio (ρ/ρb), where ρb is the balanced 
longitudinal reinforcement ratio; the amount of compression 
reinforcement; the amount and spacing of transverse rein-
forcement; and the compressive strength of the concrete.1

Researchers2-10 agree that the minimum transverse rein-
forcement ratio aims to predict a sudden rupture as soon as a 

critical diagonal crack occurs, and also to have control over 
diagonal cracking in the serviceability limit state (SLS). 
To prevent brittle failure, it is necessary that the amount 
of transverse reinforcement provides a reserve of strength 
after the diagonal shear crack is reached. The crack opening 
limitation in the SLS is also important by not only having a 
minimum amount of reinforcement, but also controlling its 
spacing.

In recent years, research on minimum transverse reinforce-
ment has advanced greatly. The pioneer in this regard was 
the theoretical experimental research conducted by Krau-
thmmer3 using the interface shear transfer theory, where the 
value of the stress resisted by the transverse reinforcement 
of ρswfyw = 0.34 MPa, prescribed by ACI 318-89,11 was ques-
tioned, and it was concluded that the correct value should be 
0.448 MPa instead of 0.34 MPa.

The focus on this topic then became shear ductility1,2,5,7,8 
(post-peak deformation characteristics), focused mainly on 
the advent of high-strength concretes, with the influence of 
variables including the concrete strength fc, the shear span-
depth ratio (a/d), and the amount of the shear (web) rein-
forcement (ρswfyw), sometimes being the minimum reinforce-
ment recommended by the standards.

Johnson and Ramirez4 introduced the concept of reserve 
strength, defined as the ratio between ultimate shear strength 
and diagonal cracking strength (Vu/Vcr), and the concept 
of the reserve strength index, given by the ratio between 
ultimate shear strength and concrete shear strength (Vu/Vc) 
defined by the standard’s prescriptions.

It is unanimous that minimum reinforcement is a function 
of the compressive strength of concrete due to the decrease 
in beam ductility made with these concretes. Ozcebe et al.,2 
using the concept of resistance reserve, concluded that 
beams with Vu/Vc ≥ 1.5 have a transverse reinforcement 
amount (ρswfyw) equal to or greater than the minimum. Also, 
the introduction of the ductility index concept, defined as 
the ratio between the final deflection and the deflection for 
the diagonal cracking shear, supported the conclusion that 
beams with Δu/Δcr ≥ 2.5 can be considered beams with rein-
forcement equal to or greater than the minimum.

Lee and Kim9 focused on the influence of longitudinal 
reinforcement and the a/d on the amount of minimum 
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transverse reinforcement in beams. They concluded that, 
though the equations do not include these variables, with 
increasing longitudinal reinforcement and decreasing a/d, 
the reserve strength rises. Aguilar et al.10 used test results 
available in the literature to indicate that the minimum 
amount of shear reinforcement required by ACI 318-1412 
and AASHTO LRFD13 provides sufficient reserve strength 
after the formation of the first diagonal crack up to 105 MPa. 
An upper limit for the nominal shear strength of 0.083​​√ 

_
 ​f​ c​​ ​​ in 

concrete beams with compressive strength up to 105 MPa 
was shown to be adequate to prevent web-crushing failures 
occurring prior to the yielding of stirrups. Finally, research 
on minimum reinforcement was performed by Jayasinghe 
et al.,14 where a minimum amount of reinforcement was 
considered, as recommended by different standards from a 
database of shear beam tests to evaluate the parameters that 
affect reserve strength. Through the concept of the safety 
margin, it was recommended to change a safety factor to the 
limiting shear force value to provide shear reinforcement in 
AS 3600:2018.15

With global warming and the destruction of the ozone 
layer, the construction industry has become the target of 
environmental activists because it is one of the activities that 
most emits carbon dioxide (CO2) into the atmosphere. This 
has led researchers to search for alternatives to replace its 
main pollutant agent, portland cement, using geopolymeric 
cement, an environmentally friendly material because it 
uses waste by-products from different industries and pres-
ents better mechanical properties and durability compared 
to portland cement concrete. Research in the past years has 
advanced a lot in terms of materials. However, they are still 
limited, especially when it comes to structural elements.

Some research16-27 has been conducted to evaluate the 
shear strength of geopolymeric concrete beams with and 
without transverse reinforcement, in addition to steel 
fiber-reinforced beams. There is general agreement among 
researchers that the beam behavior, during both bending 
and shear, is similar to that of portland cement concrete, but 
some differences were found. For instance, Madheswaran 
et al.23 concluded that geopolymeric concrete has a lower 
modulus of elasticity—approximately 70% that of ordinary 
portland cement concrete—with similar strength. Also, the 
strain that occurs at peak stress in the stress-strain character-
istics of geopolymeric concretes is larger than that of normal 
concrete.

With the advent and increasing application of geopoly-
meric concretes, several research studies are being developed, 
as mentioned previously, all aiming to verify whether the 
existing procedures prescribed by standards for portland 
cement concrete can be used for these types of concrete. 
Although its use often seems obvious, experimentation is 
needed to support its applicability. This paper contributes to 
this by evaluating the minimum shear reinforcement ratio in 
beams made with different types of concrete, and a param-
eter is proposed to experimentally evaluate which beams 
have the minimum transverse reinforcement ratio.

RESEARCH SIGNIFICANCE
Little theoretical experimental research on the evalua-

tion of the minimum transverse reinforcement ratio has 
been carried out in recent years, mainly due to the fact 
that there are no other elements that motivate such evalu-
ation. However, the methodologies recommended to assess 
such facts are always controversial and depend on norma-
tive prescriptions for determining the strength capacity of 
concrete to shear. Another important issue is the appearance 
of new technologies and/or concretes with the unquestion-
able purpose of reducing CO2 emissions caused by the port-
land cement industry. This research includes the study of 
five geopolymeric concrete beams to evaluate their behavior 
when they are manufactured with the minimum reinforce-
ment recommended by different standards for portland 
cement concrete. An experimentally obtained parameter is 
proposed to evaluate which beams really have minimum 
transverse reinforcement.

EXPERIMENTAL INVESTIGATION
Minimum transverse reinforcement ratio 
recommended by standards

The equations for the minimum transverse reinforcement 
ratio recommended by the evaluated standards are presented 
as follows.

According to Section 9.6.3.4 in ACI 318-19,28 the 
minimum area of shear reinforcement is specified as

	 ρsw,minfyk = 0.0623fc′0.53 0.35	 (1)

According to Section 5.8.2.5 in AASHTO LRFD,13 the 
minimum amount of shear reinforcement is given by

	 ρsw,minfyk = 0.0316fc′0.5	 (2)

According to fib Model Code 2010,29 Item 7.3.3.3, the 
minimum shear reinforcement is given by

	 ρsw,minfyk = 0.08fc
0.5	 (3)

According to ABNT NBR 6118:2014,30 Section 17.4.1.1.1, 
the minimum transverse reinforcement ratio in elements that 
require transverse reinforcement is given by

	 ρsw,minfyk = 0.06fc
0.67	 (4)

Fig. 1—Values of ρsw,minfyw as function of fc for some stan-
dards and groups of beams tested.
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Figure 1 shows a comparison of ρsw,minfyk as a function of 
fc from Eq. (1) (ACI 318-19), (2) (AASHTO LRFD), (3) (fib 
Model Code), and (4) (ABNT NBR 6118:2014), as well as 
the beams analyzed in this research, formed by groups of 
beams of high-strength ordinary portland cement concrete 
(BHSOPCC), low-strength ordinary portland cement 
concrete (BLSOPCC), and low-strength geopolymeric 
concrete (BLSGC), considering fyk = 500 MPa and fc limits 
defined by the standards.

It can be observed that the evaluated codes consider the 
influence of concrete compressive strength. ABNT NBR 
6118:2014 is the code that recommends the highest values, 
and the lowest is the AASHTO LRFD minimum trans-
verse reinforcement ratio. The differences in ρsw,minfyk for 
concretes of 30, 60, and 90 MPa reach 70%, 74%, and 75%, 
respectively.

It is known that the minimum transverse reinforcement 
requirements are developed to ensure a minimum ductility 
after the critical diagonal cracking occurs, and also a crack 
width within the durability requirements of each standard.

This paper was developed from the motivation to analyze 
the differences between the values recommended by these 
codes and experimentally assess beams with the minimum 
transverse reinforcement ratios recommended by them to 
evaluate their behavior when they are made of ordinary port-
land cement concrete and geopolymeric concrete.

Materials
An experimental program was developed to evaluate the 

behavior of beams with the minimum transverse reinforce-
ment defined in different codes. Three types of concrete 
were produced: a high-strength ordinary portland cement 
concrete (HSOPCC), a low-strength ordinary portland 
cement concrete (LSOPCC), and a low-strength geopoly-
meric concrete (LSGC). For the HSOPCC type, high-early- 
strength portland cement was used, classified as Type V 
according to ABNT NBR 5733/1991.31 For the LSOPCC 
type, cement type CPII F-32 was used. Both types of concrete 
used natural quartz river sand and trachy-crushed rock 
(maximum particle diameter of 19 mm) as fine and coarse 
aggregates, respectively, as well as silica fume powder and 
high-range water-reducing admixture. LSGC was obtained 
from the combination of metakaolin (as the main source of 
aluminum and silicon), portland cement type CPII E-32 (as 

the source of calcium), and an alkaline solution composed of 
potassium hydroxide and alkaline sodium silicate (Na2SiO3). 
The coarse and fine aggregates had the same characteristics 
as those used in the HSOPCC and LSOPCC concretes.

Concrete proportioning
Table 1 shows the composition of the HSOPCC and 

LSOPCC concretes, and Table 2 shows that of the LSGC 
used, for 1 m3.

All tests, including casting and curing concrete speci-
mens, were conducted at the Civil Engineering Laboratory 
of the State University of North Fluminense Darcy Ribeiro, 
Rio de Janeiro, Brazil. To characterize each concrete type in 
the hardened state, six 150 x 300 mm cylindrical specimens 
were collected—three for compressive strength testing32 and 
three for splitting tensile strength testing33—and both were 
tested on the same date, using a universal testing machine 
with a 2000 kN capacity.

Description of beams
Nineteen beams were tested in total, divided into three 

groups. The first consisted of seven BHSOPCC with a 
concrete compressive strength of approximately 70 MPa, 
ρswfyw values ranging from 0 to 1.16 MPa, a/d of approxi-
mately 3.0, and a longitudinal reinforcement ratio ρs of 2.6%. 
The second group was seven BLSOPCC with an average 
concrete compressive strength of 36 MPa, ρswfyw values 
varying from 0 to 0.72 MPa, a/d of approximately 3.0, and ρs 
of 1.95% and 0.97% (to show the influence of ρs on the diag-
onal cracking shear Vcr and ultimate capacity Vu). The third 
group consisted of five BLSGC with an average concrete 
compressive strength of 30 MPa, ρswfyw values varying from 
0 to 0.64 MPa, a/d of approximately 3.0, and ρs of 1.65%. 
All specimens from Group 3 had a rectangular cross section 
of 150 x 450 mm, with 4500 mm of total length—different 
from BLSOPCC.

Table 3 and Fig. 2 show the details of the tested beams, 
as well as the relative difference in ρswfyw with respect to the 
adopted and calculated values according to the evaluated 
standards. The calculated differences were in the ranges of 
–13.5 to 54.9%, 42.4 to 77.1%, –45.8 to 41.7%, and –118.4 
to 14.6% for ACI 318-19, AASHTO LRFD, fib Model Code 
2010, and ABNT NBR 6118:2014, respectively.

Table 1—Composition of HSOPCC and LSOPCC

Type of concrete

Material composition, kg/m3

Cement Silica fume Sand Coarse aggregate Water HRWRA w/c

HSOPCC 500 50 520 1043 190 4.17 0.38

LSOPCC 329 — 520 1043 191 — 0.58

Note: HRWRA is high-range water-reducing admixture; w/c is water-cement ratio.

Table 2—Composition of LSGC

Type of concrete

Material composition, kg/m3

Cement Metakaolin Sand Coarse aggregate KOH Na2SiO3

LSGC 75.6 164.3 785.8 1178.7 67.5 180

Note: Water = 82.3 L; zinc oxide = 9.8 kg/m3; KOH is potassium hydroxide; Na2SiO3 is alkaline sodium silicate.
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Each beam was given the following nomenclature: type of 
concrete, beam number, concrete compressive strength, and 
transverse reinforcement (ρswfyw); for example, BHSOPCC-
01-70.2-0.00 means that it was produced with HSOPCC, 
Beam 01, concrete compressive strength of 70.2 MPa, and 
with ρswfyw = 0.00.

Table 4 presents the physical and mechanical characteris-
tics of the longitudinal and transverse reinforcements used 
in the tested beams.

The wooden molds for BHSOPCC, BLSOPCC, and 
BLSGC were continuously filled with concrete and 
compacted with the aid of a needle-type immersion vibrator. 
The beams were demolded and covered with a damp blanket 
24 hours after placement.

Table 5 shows the results of the compressive strength and  
splitting tensile strength tests for the studied concretes, as 
well as their age.

Table 3—Characteristics of tested beams and their relative differences with analyzed standards

Beams fc, MPa s, mm ρsw, % fyw, MPa ρswfyw, MPa

(ρswfyw-ρswfyw pred)/ρswfyw, %

ACI 318-1928
AASHTO 
LRFD13

fib Model 
Code29

ABNT NBR 
6118:201430

BHSOPCC-01-70.2-0.00 70.2 — — — 0.0 — — — —

BHSOPCC-02-67.1-0.46 67.1 200 0.06 760 0.46 –10.9 43.7 –45.7 –118.4

BHSOPCC-03-67.1-0.57 67.1 160 0.08 760 0.57 11.5 55.0 –14.0 –74.7

BHSOPCC-04-71.3-0.77 71.3 120 0.10 760 0.77 31.38 65.2 14.5 –36.5

BHSOPCC-05-71.3-0.85 71.3 190 0.22 390 0.85 38.34 68.7 20.8 –22.7

BHSOPCC-06-71.3-1.15 71.3 80 0.15 760 1.15 54.3 76.8 41.3 9.0

BHSOPCC-07-70.3-1.16 70.3 140 0.30 390 1.16 54.9 77.1 41.7 10.5

BLSOPCC-08-32.0-0.00 32.0 — — — — — — — —

BLSOPCC-09-42.6-0.36 42.6 240 0.05 710 0.36 –13.5 42.4 –26.4 –106.9

BLSOPCC-10-37.3-0.36 37.3 240 0.05 710 0.36 –6.2 46.1 –45.8 –89.3

BLSOPCC-11-37.3-0.41 37.1 210 0.06 710 0.41 7.0 52.8 –19.4 –65.6

BLSOPCC-12-37.5-0.48 37.5 180 0.07 710 0.48 20.1 59.5 –2.3 –42.5

BLSOPCC-13-37.5-0.57 37.5 150 0.08 710 0.57 33.4 66.2 14.5 –18.7

BLSOPCC-14-32.0-0.72 32.0 120 0.10 710 0.72 50.8 75.0 31.6 14.6

BLSGC-15-27.2-0.00 27.2 — — — — — — — —

BLSGC-16-22.6-0.38 27.1 300 0.06 625 0.38 15.7 57.3 –8.4 –42.2

BLSGC-17-28.8-0.44 28.8 260 0.07 625 0.44 24.7 61.8 6.2 –28.4

BLSGC-18-20.3-0.56 26.8 300 0.09 640 0.56 42.3 70.7 23.1 2.7

BLSGC-19-35.7-0.64 35.7 260 0.10 640 0.64 42.2 70.7 35.7 –2.2

Note: For Beams 01 to 07, a/d = 3.0 and ρs = As/bwd = 2.6%; for Beams 08 and 10 to 14, a/d = 3.14 and ρs = As/bwd = 1.95%; for Beam 09, a/d = 3.06 and ρs = As/bwd = 0.97%; and 
for Beams 15 to 19, a/d = 3.60 and ρs = As/bwd = 1.65%.

Fig. 2—Details of beams tested.
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Test procedure
Figure 3 presents a schematic diagram of a beam test. 

They are all simply supported by two concentrated loads 
placed equidistantly from the supports. The deflection was 
measured at the midspan with the aid of linear variable 
displacement transducers (LVDTs), the deformation of the 
longitudinal reinforcement was measured at the midspan, 
and the deformation of the transverse reinforcement was 
measured by six stirrups (three on each side of the shear span) 
using strain gauges. The compressive concrete deformation 
was also measured at midspan using metal plates bonded to 
the concrete surface. The crack width was measured by a 
fissurometer.

Structural tests were performed using a steel frame with 
a hydraulic actuator controlled by a servo-hydraulic system 

containing two actuators of 500 kN load capacity at a speed 
of 1 mm/min until rupture.

EXPERIMENTAL RESULTS AND DISCUSSION
Shear strength of tested beams

Table 6 shows the results obtained from the tested beams: 
ultimate shear (Vu), diagonal cracking shear (Vcr), shear 
at yielding of the first stirrup (Vy), shear at yielding of the 
longitudinal reinforcement (Vy,l), and failure modes. The 
Vcr of BHSOPCC-01-70.2-0.00, BLSOPCC-08-32.0-0.00, 
and BLSGC-15-27.2-0.00 was within the reference range. 
However, BHSOPCC-02-67.1-0.46 and BLSOPCC-09-
42.6-0.36 exhibited lower values, mostly in BLSOPCC-
09-42.6-0.36, where Vcr reduction was 25% compared to 
BLSOPCC-10-37.3-0.36. This was due to the decrease 
of the longitudinal reinforcement ratio by half. It is note-
worthy that for all three groups tested, the addition of ρswfyw 
increased the values of Vy and Vu, as expected.

Crack patterns of tested beams
The crack patterns of the tested beams where the critical 

diagonal crack occurred is shown in Fig. 4. During the struc-
tural tests, flexural cracking was initially seen at the midspan 
of the beams, which spreads vertically with increasing loads.

Table 4—Physical and mechanical characteristics of reinforcement used in beams

Beam groups

Longitudinal reinforcement Transverse reinforcement

ϕ, mm fy, MPa fu, MPa εy, ‰ ϕ, mm fy, MPa fu, MPa εy, ‰ εy*, ‰

X 20 546 659 3.37 6.3 390 526 2.25 2.25

Y 20 546 659 3.37 3.4 760 840 5.75 3.80

Z 16 520 857 2.40 3.4 710 837 5.50 3.40

V 16 545 637 2.30 4.2 625 837 6.30 4.50

V 16 545 637 2.30 5.0 640 791 6.10 4.35

Note: Group X is Beams 01, 05, and 07; Y is Beams 02 to 04, and 06; Z is Beams 08 to 14; and V is Beams 15 to 19. fy is yield strength; εy is yield strain; εy* is specific yield strain 
corresponding to bilinear stress versus strain diagram; and fu is ultimate strength.

Table 5—Mechanical properties of concrete  
types used

Beams Age, days fcm, MPa fct,sp, MPa

BHSOPCC-01-70.2-0.00 51 70.2 3.24

BHSOPCC-02-67.1-0.46 70 67.1 4.53

BHSOPCC-03-67.1-0.57 70 67.1 4.53

BHSOPCC-04-71.3-0.77 84 71.3 4.26

BHSOPCC-05-71.3-0.85 58 71.3 4.03

BHSOPCC-06-71.3-1.15 84 71.3 4.26

BHSOPCC-07-70.3-1.16 65 70.3 4.27

BLSOPCC-08-32.0-0.00 161 32.0 2.01

BLSOPCC-09-42.6-0.36 111 42.6 2.23

BLSOPCC-10-37.3-0.36 127 37.3 2.13

BLSOPCC-11-37.3-0.41 127 37.3 2.13

BLSOPCC-12-37.5-0.48 143 37.5 2.00

BLSOPCC-13-37.5-0.57 143 37.5 2.00

BLSOPCC-14-32.0-0.72 161 32.0 2.01

BLSGC-15-27.2-0.00 279 27.2 3.70

BLSGC-16-27.1-0.38 286 27.1 3.80

BLSGC-17-28.8-0.44 279 28.8 3.90

BLSGC-18-26.8-0.56 289 26.8 3.30

BLSGC-19-35.7-0.64 286 35.7 4.30

Note: fcm is concrete compressive strength; fct,sp is splitting tensile strength test 
(Brazilian). 

Fig. 3—Test schematic.
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Table 6—Results of beams tested

Beams Vu, kN Vcr, kN Vy, kN Vy,l, kN Rupture mode

BHSOPCC-01-70.2-0.00 133 110 – Diagonal tension

BHSOPCC-02-67.1-0.46 108.5 108.5 + – (A)

BHSOPCC-03-67.1-0.57 185 110 116 – (A)

BHSOPCC-04-71.3-0.77 202.5 110 150 – (A)

BHSOPCC-05-71.3-0.85 285 110 123 250 (B)

BHSOPCC-06-71.3-1.15 240 110 220 – (A)

BHSOPCC-07-70.3-1.16 272 110 148 247 (C)

BLSOPCC-08-32.0-0.00 90 80 – Diagonal tension

BLSOPCC-09-42.6-0.36 60 60 + – (A)

BLSOPCC-10-37.3-0.36 90 80 + – (A)

BLSOPCC-11-37.3-0.41 80 80 + – (A)

BLSOPCC-12-37.5-0.48 115 80 108 – (A)

BLSOPCC-13-37.5-0.57 168 80 138 140 (C)

BLSOPCC-14-32.0-0.72 127 80 120 125 (A)

BLSGC-15-27.2-0.00 85 65 – Diagonal tension

BLSGC-16-27.1-0.38 135 65 118.1 – (C)

BLSGC-17-28.8-0.44 160 65 + – (C)

BLSGC-18-26.8-0.56 185 65 167.5 163 (C)

BLSGC-19-35.7-0.64 210 65 199.5 175 (C)

Note: + is when yielding and rupture occur practically simultaneously; – inidicates no longitudinal reinforcement yielding; (A) is diagonal tension with rupture of the transverse 
reinforcement; (B) is diagonal tension with yielding of the longitudinal reinforcement and failure of the stirrups; and (C) is yielding of the transverse reinforcement with subse-
quent yielding of the longitudinal reinforcement and rupture of the concrete in the compression zone.

Fig. 4—Crack patterns in specimens near ultimate loads of half of beams where Vcr occurred.
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Cracks with a slight inclination were also observed in 
shear zones due to the interaction between normal and shear 
stresses.

In the final stages of loading, an inclined crack formed 
suddenly in one of the shear spans, rapidly spreading toward 
the load application point.

Strain of transverse reinforcement
Figure 5 shows the load-versus-strain diagrams of the 

stirrups for each tested beam where the largest strains were 
measured, indicated by the points (εsy*, Vy) shown in the 
legend, followed by the name of the beam and, in paren-
theses, the first stirrup that reached yielding. It can be 
seen that the values of (εsy*, Vy) for BHSOPCC-02-67.1-
0.46, BLSOPCC-09-42.6-0.36, BLSOPCC-10-37.3-0.36, 
BLSOPCC-11-37.3-0.48, and BLSGC-17-28.8-0.44 are 
not signaled because yielding and rupture occurred practi-
cally simultaneously due to their low ρswfyw values, with the 
exception of beam BLSGC-16-27.1-0.38, in which the first 
stirrup reached yielding after the beam reached Vcr.

The parameter Vy presented in Table 6 is not representative 
enough to evaluate the beam behavior; the main factor is 
the randomness of the crack location and the position of the 
strain gauge in the stirrup. The parameter Vy* was defined 
in this work as being the average of the shear forces at the 
yielding of all the stirrups of each beam that reached the 

strain εy*. This parameter considers the number of stirrups 
that reached yielding and the load where yielding occurred 
for each beam.

Table 7 shows the shear force values of the beams rela-
tive to the yielding of each stirrup where it occurred. It also 
shows the average values of the yielding shear forces of the 
stirrups of each shear span, where Vy*,l is the average yield 
shear of the stirrups of the left shear span and Vy*,r is the 
average yield shear of the stirrups of the right shear span.

ANALYSIS TO DETERMINE MINIMUM 
TRANSVERSE REINFORCEMENT

Reserve strength criterion proposed by Johnson 
and Ramirez4 considering ratio τu,n exp/τc,n theo

Figure 6 shows the reserve strength, given by the relation-
ship between the normalized experimental shear strength 
τu,n  exp = Vu/bwd​​√ 

_
 ​f​ cm​​ ​​ and the normalized concrete shear 

strength τc,n theo = Vc/bwd​​√ 
_

 ​f​ cm​​ ​​, according to the require-
ments of the evaluated codes (τu,n exp/τc,n theo) as a function of  
ρswfyw/fcm for the tested beams, along with the minimum 
value of this ratio proposed by Ozcebe et al.2 Table 8 shows 
the statistical parameters obtained for the types of concrete 
and the total values for each standard evaluated. To calculate 
τc,n theo, the formulas from ACI 318-19, AASHTO LRFD, fib 
Model Code, and ABNT NBR 6118:2014 were considered.

Fig. 5—Shear force versus strain of stirrups where largest strains were measured.

Table 7—Shear force values of beams that exhibited yielding in stirrups

Beams

Stirrup position

Vy, kN Vy*, kN Vy*,l, kN Vy*,r, kNA B C D E F

BHSOPCC-03-67.1-0.57 116 157 ♦ ♦ 148 ♦ 116(A) 140 137 148

BHSOPCC-04-71.3-0.77 150 ♦ ♦ ♦ 197 ♦ 150(A) 174 150 197

BHSOPCC-05-71.3-0.85 151 123 285 263 182 235 123(B) 206 186 227

BHSOPCC-06-71.3-1.15 ♦ ♦ ♦ ♦ ♦ 220 220(F) 220 ♦ 220

BHSOPCC-07-70.3-1.16 265 203 272 272 272 148 148(F) 238 247 231

BLSOPCC-12-37.5-0.48 ♦ ♦ ♦ ♦ 108 108 108(E) 108 ♦ 108

BLSOPCC-13-37.5-0.57 ♦ 168 153 138 150 168 138(D) 155 161 152

BLSOPCC-14-32.0-0.72 120 120 ♦ ♦ ♦ 120 120(F) 120 120 120

BLSGC-16-27.1-0.38 ♦ ♦ ♦ ♦ ♦ 118 118(F) 118 ♦ 118

BLSGC-18-26.8-0.56 ♦ 167.5 ♦ ♦ ♦ ♦ 167.5(B) 167.5 167.5 ♦

BLSGC-19-35.7-0.64 ♦ 199.5 ♦ ♦ ♦ ♦ 199.5(B) 199.5 199.5 ♦

Note: ♦ indicates the shear reinforcement did not reach the yielding; A to F are positions of the stirrups where the strains were measured (refer to Table 6 and Fig. 5).
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It is worth noting that the standards had very similar statis-
tical parameters of average, standard deviation (StDev), 
and coefficient of variation (CoV), where, according to the 

reserve strength index criterion proposed by Ozcebe et al.,2 
within a minimum value of 1.5, the beams demonstrated 
having a minimum reinforcement higher or lower than the 
minimum. ACI 318-19 provided general values of 2.10 MPa, 
0.76 MPa, and 36.0% for average, StDev, and CoV, respec-
tively. Using a reserve strength index ranging from 1.43 to 
1.70, it was defined that BLSOPCC-12-37.5-0.48 (τu,n exp/
τc,n theo = 1.70) was the only beam that seemed to have the 
minimum transverse reinforcement. The others exhibited 
greater or lower reinforcement than the minimum.

AASHTO LRFD presented values of 2.26 MPa, 0.83 MPa, 
and 36.8% for average, StDev, and CoV, respectively. Beam 
BLSOPCC-10-37.3-0.36 seemed to have minimum trans-
verse reinforcement τu,n exp/τc,n theo = 1.43, while the others, 
according to the criteria, had higher or lower values than the 
minimum.

fib Model Code 2010 was the one that revealed the best 
results, with 1.72 MPa, 0.63 MPa, and 36.4% for average, 
StDev, and CoV, respectively. One beam appeared to have 
a minimum transverse reinforcement—BHSOPCC-03-67.1-
0.57 (τu,n exp/τc,n theo = 1.69); beam BLSOPCC-14-32.0-0.72 
was disregarded—for an undetected reason, it had incon-
sistent results with the other beams. The others had higher 
or lower than the minimum reinforcement according to the 
criteria.

Lastly, ABNT NBR 6118:2014 exhibited values of 
2.06 MPa, 0.69 MPa and 33.7% for average, StDev, and CoV, 
respectively. Two beams appeared to have a minimum trans-
verse reinforcement—BLSOPCC-11-37.3-0.41(τu,n exp/τc,n theo 

Fig. 6—Relationship τu,n exp/τc,n theo as function of ρswfyw/fcm.

Table 8—Statistical parameters resulting 
from calculation of τu,n exp/τc,n theo for evaluated 
standards

Codes Type of concrete
Average, 

MPa
StDev, 
MPa CoV, %

ACI 
318-19

HSOPCC 2.10 0.60 28.4

LSOPCC 1.60 0.51 32.1

LSGC 2.80 0.78 27.9

General values 2.10 0.76 36.0

AASHTO 
LRFD

HSOPCC 2.42 0.78 32.4

LSOPCC 2.16 0.88 40.6

LSGC 2.83 0.79 27.9

General values 2.26 0.83 36.8

fib Model 
Code 2010

HSOPCC 1.83 0.60 32.6

LSOPCC 1.29 0.41 31.6

LSGC 2.17 0.62 28.7

General values 1.72 0.63 36.4

ABNT 
NBR 

6118:2014

HSOPCC 2.14 0.69 32.3

LSOPCC 2.17 0.82 37.6

LSGC 1.78 0.55 31.0

General values 2.06 0.69 33.6
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= 1.60) and BLSGC-16-27.1-0.38 (τu,n exp/τc,n theo = 1.55)—
while the others had higher or lower than the minimum rein-
forcement according to the criteria.

When analyzing the types of concrete, it is noted that the 
highest reserve strength was in beams made with LSGC, 
followed by beams with HSOPCC, and finally beams with 
LSOPCC, except for ABNT NBR 6118:2014.

Ductility index criterion proposed by  
Ozcebe et al.2

Figure 7 shows the ratios of ultimate shear deflection/
diagonal cracking shear deflection Δu/Δcr versus ρswfyw/fct 
for the tested beams, along with the minimum index value 
recommended by Ozcebe et al.2 This figure also shows the 
beams that can be considered as having minimum rein-
forcement according to the proposed parameter. According 
to this criterion, only four of the 16 beams tested with 
transverse reinforcement satisfied the minimum ductility 
index: BHSOPCC-06-71.3-1.15, BHSOPCC-05-71.3-0.85, 
BLSOPCC-13-37.5-0.57, and BHSOPCC-07-70.3-1.16, 
being very conservative, with expected beams with a higher 
amount of transverse reinforcement ρswfyw. The value of Δu/

Δcr = 1.80 is considered reasonable as a minimum index to 
be considered in the beams tested.

Proposed parameter for defining minimum 
transverse reinforcement of tested beams

Table 9 shows the relative nominal shear stresses corre-
sponding to the loads at which the diagonal cracks (τwcr), the 
yielding of the stirrups (τwy and τwy*), and the rupture (τwu) of 
the beams occurred. It also shows the ratios between these 
stresses and the ratios between them and fcm and fct, consid-
ering fct = 0.9fct,sp.

The criterion proposed in this work to evaluate the level of 
ductility of the tested beams is shown in Fig. 8. In this figure, 
the relationship between the relative nominal shear stress in 
a beam τw/τwcr and the relative strain of the stirrups εw/εwy is 
schematically shown. In a beam with transverse reinforce-
ment less than the minimum—τwu/τwcr = τwy/τwcr = τwy*/τwcr ≈ 
1, that is—the angle α (tgα = τwy*/τwcr – 1) shown in Fig. 8 is 
approximately equal to 0. Beams with reinforcement greater 
than the minimum lead to differences between the values of 
τwcr, τwy, and τwu and between τwy and τwy*; therefore, values 
greater than 0 will indicate higher levels of ductility.

The parameter τwy* is more representative of this behavior 
than τwy due to shear because it includes what occurs at 
several stirrups and not at just one.

The ratios τwu/τwcr versus ρswfyw/fcm, τwu/τwcr versus ρswfyw/fct,  
and τwy/τwcr versus ρswfyw/fct of the beams tested by the author 
and others1,2,4,5,7,9,34 were not the best parameters to serve 

Fig. 7—Ductility index (Δu/Δcr) as function of ρswfyw/fct.

Table 9—Relative nominal tangential stresses of 
tested beams

Beams ρswfyw/fct τwu/τwcr τwy/τwcr τwy*/τwcr

BHSOPCC-01-70.2-0.00 1.21

BHSOPCC-02-67.1-0.46 0.11 1.00 + +

BHSOPCC-03-67.1-0.57 0.14 1.68 1.06 1.26

BHSOPCC-04-71.3-0.77 0.13 1.84 1.36 1.57

BHSOPCC-05-71.3-0.85 0.24 2.59 1.11 1.86

BHSOPCC-06-71.3-1.15 0.27 2.18 2.00 2.00

BHSOPCC-07-70.3-1.16 0.30 2.47 1.34 2.16

BLSOPCC-08-32.0-0.00 1.13

BLSOPCC-09-42.6-0.36 0.18 1.00 + +

BLSOPCC-10-37.3-0.36 0.19 1.13 + +

BLSOPCC-11-37.3-0.41 0.21 1.00 + +

BLSOPCC-12-37.5-0.48 0.26 1.44 1.23 1.35

BLSOPCC-13-37.5-0.57 0.32 2.10 1.73 1.93

BLSOPCC-14-32.0-0.72 0.40 1.59 1.50 1.51

BLSGC-15-27.2-0.00 1.31

BLSGC-16-27.1-0.38 0.11 2.08 1.82 1.82

BLSGC-17-28.8-0.44 0.13 2.46 + +

BLSGC-18-26.8-0.56 0.19 2.85 2.58 2.58

BLSGC-19-35.7-0.64 0.17 3.23 3.07 3.07

Note: + indicates when yielding and rupture occur practically simultaneously.

Fig. 8—Diagram of relative nominal shear stress in beam 
(τw/τwcr) as function of relative strain in stirrups (εw/εwy).
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as a basis for defining the minimum amount of transverse 
reinforcement.

Figure 9 shows the relation of τwu/τwcr as a function of  
ρswfyw/fcm for the beams tested by the author and 
others.1,2,4,5,7,9,34,35 Figure 10 shows the relation of τwu/τwcr as 
a function of ρswfyw/fct for these same beams, while Fig. 11 
shows the relation of τwy/τwcr of the beams tested with the one 
tested by Yoon et al.5 The other authors mentioned in this 
section did not measure the strains in the stirrups and did not 

evaluate this relationship as a criterion for defining beams 
with the minimum transverse reinforcement.

The dispersion of data observed in these figures, and also 
the data in Table 9, suggests that τwu/τwcr or τwy/τwcr are not the 
best parameters to serve as a basis for defining the minimum 
transverse reinforcement.

The relationships τwy*/τwcr versus ρswfyw/fct found for the 
beams tested in this work can be seen in Fig. 12.

Fig. 9—Relationship τwu/τwcr as function of ρswfyw/fcm for beams tested by author and others.1,2,4,5,7,9,34,35

Fig. 10—Relationship τwu/τwcr as function of ρswfyw/fct for beams tested by author and others.1,2,4,5,7,9,34,35

Fig. 11—Relationship τwy/τwcr as function of ρswfyw/fct for beams tested by author and by Yoon et al.5
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It was verified that the parameter τwy*/τwcr can be adopted to 
define the minimum reinforcement ratio. A value of τwy*/τwcr 
of approximately 1.4 was close to what was found for beams 
BHSOPCC-03-67.1-0.57, BHSOPCC-04-71.3-0.77, and 
BLSOPCC-12-37.5-0.48. This parameter can verify whether 
a beam has minimum transverse reinforcement or not. This 
is confirmed by the load versus deformation curves of the 
stirrups and the kinetics of crack openings, as well as the 
maximum width in the SLS, not shown in this paper. It was 
observed that the beams made with geopolymeric concrete 

experienced higher ductility, as shown by Madheswaran 
et al.23

When the parameter proposed here was evaluated in 
relation to the reserve strength criteria defined by Johnson 
and Ramirez,4 it was shown that the results provided by 
ACI 318-19 indicate that the BLSOPCC-12-37.5-0.48 beam 
provides a reasonable reserve strength, while fib Model 
Code 2010 suggests the BHSOPCC-03-67.1-0.57 beam. 
In the case of beam BHSOPCC-04-71.3-0.77, ACI 318-19, 
AASHTO LRFD, fib Model Code 2010, and ABNT NBR 
6118:2014 provide higher reserve strength values than the 
one considered in this work, with 2.01, 2.37, 1.81 and 2.06, 
respectively.

Influence of ρswfyw and fcm on stirrup deformation 
and crack pattern

Figure 13 shows a comparison between the strains of the 
stirrups for BLSOPCC-12-37.3-0.48, BHSOPCC-03-67.1-
0.57, and BHSOPCC-04-71.3-0.77—beams with approxi-
mately the minimum amount of transverse reinforcement—
and the parameter proposed in this paper, τwy*/τwcr. Note that 
when increasing ρswfyw and fcm, the strains tend to decrease. 
These parameters, along with the amount of longitudinal 
reinforcement ρs, define the crack pattern of the beams.

Figure 14 shows the crack pattern of the pair BHSOPCC-
03-67.1-0.57 and BLSOPCC-13-37.5-0.57 and the pair 
BHSOPCC-02-67.1-0.46 and BLSOPCC-12-37.5-0.48, the 
first two with approximately equal ρswfyw and different fcm, 
showing the influence of fcm in the crack pattern. The greater 
the concrete compressive strength, the greater the number 
of cracks with a smaller opening (not shown in this paper). 
The beams BLSOPCC-13-37.5-0.57 and BLSOPCC-12-
37.5-0.48 are also compared, with equal fcm and different 
ρswfyw. This shows the influence of the transverse reinforce-
ment ρswfyw on the crack pattern. The higher the transverse 
reinforcement ρswfyw, the greater the number of cracks with 
a smaller opening.

CONCLUSIONS
The following conclusions are drawn from the present 

study:Fig. 13—Shear force versus strain of stirrups for beams 
having approximately minimum transverse reinforcement 
according to parameter proposed in this paper.

Fig. 14—Influence of ρswfyw and other parameters on crack patterns.

Fig. 12—Relationship τwy*/τwcr as function of ρswfyw/fct.
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•	 It was demonstrated that the design standards for 
concrete structures to determine the minimum amount 
of transverse reinforcement of beams lead to very 
different values. Obviously, if all the standards aim 
at the minimum amount of transverse reinforcement 
proposed only to avoid sudden breakage of the beams, 
in the case of diagonal cracking, there should not be 
much difference between the values proposed by them 
for this amount.

•	 When analyzing the results obtained using the resistance 
reserve criterion proposed by Johnson and Ramirez,4 it 
was noted that each standard defines different models 
for evaluating the resistance capacity provided by the 
concrete (Vc). They provide differences with respect to 
defining which beams have approximately the minimum 
transverse reinforcement and beams with reinforcement 
lower and higher than the minimum. According to the 
statistical parameters evaluated, fib Model Code 2010 
provides the best results.

•	 The ductility index criterion proved to be conserva-
tive for the beams tested, and an index of Δu/Δcr = 1.80 
was proposed. This value was obtained according to 
the beam behavior and convergence with the proposed 
parameter for defining beams with the minimum trans-
verse reinforcement (τwy*/τwcr).

•	 The new proposed parameter for defining whether or 
not a beam has the minimum transverse reinforcement 
is more precise and is given by the parameter τwy*/
τwcr, which was more appropriate, and the tested beams 
suggest that a value of approximately 1.4 can be used 
to define beams that have the minimum transverse 
reinforcement.

•	 It was shown that of the 16 beams tested with transverse 
reinforcement, according to the standards analyzed, only 
five of them (BLSOPCC-12-37.5-0.48, BLSOPCC-10-
37.3-0.36, BHSOPCC-03-67.1-0.57, BLSOPCC-11-
37.3-0.41, and BLSGC-16-27.1-0.38) and three of them 
(HSOPCC-04-71.3-0.77, BHSOPCC-03-67.1-0.57, and 
BLSOPCC-12-37.5-0.48) seem to have the minimum 
transverse reinforcement, according to the criteria 
proposed in this paper (τwy*/τwcr) and their behavior in 
the serviceability limit state (SLS) of crack opening. 
The others seem to have reinforcement higher or lower 
than the minimum.

•	 The beams of low-strength ordinary portland cement 
concrete (LSOPCC) and those of low-strength geopoly-
meric concrete (LSGC) had similar behavior. The latter 
group exhibited higher ductility, corroborating the 
conclusions obtained by Madheswaran et al.23
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Carbon fiber-reinforced polymer (CFRP) is a widely used mate-
rial for reinforced concrete (RC) beam strengthening. Because of 
exposure to severe environments and improper construction, CFRP 
sheets may separate from the bottom of RC beams. To analyze 
the influence of this type of interfacial defect on the mechanical 
properties of RC beams quantitatively and provide a reference for 
the rehabilitation of structures, this paper investigates the flexural 
properties of RC beams strengthened with partially bonded CFRP 
by experiments and analytical studies. To measure the degree of 
unbonded CFRP, a new parameter called the unbonded ratio was 
established, which is defined as the ratio of unbonded length to the 
total length of strengthening CFRP in the tension zone. Twenty-six 
RC beams were fabricated and tested in the present study, and the 
experimental variables were the unbonded ratio, thickness of the 
CFRP sheet, and anchorage method (vertical U-jacket, inclined 
U-jacket, and mechanical plate). The cracking load, ultimate load, 
load-midspan deflection curve, ductility, crack pattern, and failure 
modes of these specimens are discussed. Also, the coupling effect 
of the unbonded CFRP and anchorage method on the flexural 
performance of strengthened beams was investigated. Test results 
indicated that the ultimate load decreased with the increase of 
the unbonded ratio before the unbonded ratio reached its critical 
value. It was also found that the mechanical-plate anchorage and 
inclined U-jackets were superior to traditional vertical U-jackets 
in terms of load-carrying capacity and flexural stiffness and post-
poned the debonding of CFRP. Finally, a theoretical model for the 
ultimate load of RC beams strengthened with inclined U-jackets 
was proposed, which showed a good agreement with the test results.

Keywords: anchorage; concrete beam; flexural performance; partially 
bonded carbon fiber-reinforced polymer (CFRP); unbonded ratio.

INTRODUCTION
Attributed to the advantages of high strength, low weight, 

and excellent corrosion resistance, carbon fiber-reinforced 
polymer (CFRP) is getting more and more attention from 
researchers, engineers, and project managers. Regarding 
the external reinforcement by CFRP, researchers have 
studied the influence of distinct experimental variables on 
CFRP-strengthened structures, such as the position of CFRP 
reinforcement, the thickness of the CFRP sheet, and the shape 
of CFRP reinforcement forms (U-shaped bonding, spaced 
strip bonding, or the combination of different bonding tech-
niques).1-5 These studies showed that the application of CFRP 
reinforcement could postpone the cracking1 and enhance the 
structural performance of reinforced concrete (RC) beams.4

When the CFRP sheet is employed to enhance the bending 
strength of the RC beam, researchers often assume that the 

perfect bonding can be achieved by using adhesive resins 
and various anchorages.6,7 However, due to exposure to 
severe environments and improper construction methods, 
the CFRP sheet often separates from an RC beam in its 
service life, leading to interfacial defects and a change in 
load-carrying capacity. In this case, the beam strengthened 
with fully bonded CFRP is converted into a beam strength-
ened with partially bonded CFRP. Because the delamination 
between CFRP sheets and the surface of RC beams is diffi-
cult to detect, it is necessary to consider the post-debonding 
load-carrying capacity of the member before strengthening 
construction to ensure safety during the service life.

Currently, there are few quantitative studies on the mechan-
ical properties of RC beams strengthened with partially 
bonded CFRP, and researchers’ opinions are divided. Zhou 
et al.8 argued that partial debonding of CFRP at the pure 
bending zone will reduce the ultimate load slightly, while 
debonding at the shear-bending zone will reduce the ulti-
mate load significantly. However, other researchers9-18 
treated partially bonded CFRP as a novel reinforcement 
system for RC beams. Burgoyne9 proposed that it was 
not necessary for FRP to be fully bonded to concrete and 
suggested an unbonded system for FRP-strengthened beams. 
Lees and Burgoyne10,11 investigated the mechanical proper-
ties of beams with partially bonded composite reinforce-
ment and concluded that the ultimate load of the partially 
bonded beams was equivalent to that of fully bonded beams. 
Chahrour and Soudki12 and Choi et al.13 conducted bending 
tests on partially bonded CFRP-strengthened RC beams 
and deduced the analytical expressions for the yield load 
and ultimate load-carrying capacity through the moment- 
curvature relationship. In addition, researchers14-18 observed 
in their experiments and finite element analyses that partially 
bonded CFRP leads to increased load-carrying capacity and 
ductility. Therefore, there are no widely accepted conclu-
sions on how CFRP debonding affects the mechanical 
properties of RC beams. Perhaps because of the existence 
of controversy, current codes have a low acceptance of this 
new reinforcement system and most of them do not address 
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the intentionally partially bonded FRP. Instead, they always 
treat the delamination of FRP as a kind of defect.19

Also, studies on the effect of anchorage methods on the 
mechanical properties of RC beams in the case of partially 
bonded CFRP have not been reported yet. Anchorages 
are frequently applied to RC beams strengthened with 
CFRP sheets. The application of anchorages is intended 
to prevent CFRP from debonding from the surface of the 
beam or to delay the delamination and increase the load- 
carrying capacity. CFRP U-jackets are one of the most wide-
spread anchorage methods that can offer resistance against 
plate-end debonding. Mechanical plates with bolts are also 
widely used to improve the load-carrying capacity.20 In addi-
tion to the traditional anchorage methods, researchers also 
focused on innovative anchorage methods in recent years, 
such as FRP bar and FRP U-jacket composite anchorages,21 
anchored holes,22 fiber anchor spikes,23 mechanical end 
anchorages,24 warp and woof straps,25 and inclined FRP 
U-jackets,4,26 most of which improved the load-carrying 
capacity or serviceability of strengthened structures. Also, 
by using new grooving techniques for CFRP sheets such as 
externally bonded reinforcement on grooves (EBROG) and 
externally bonded reinforcement in grooves (EBRIG), the 
debonding between the CFRP sheet and concrete substrate 
can also be delayed,27-32 with higher load-carrying capacity 
than reference beams. However, inconvenient construc-
tion and high costs hinder the wide application of these 
anchorage or grooving methods. Furthermore, studies4,20-26 
assumed that CFRP sheets were perfectly bonded to the RC 
beams and did not take the debonding between CFRP and 
the concrete substrate into account.

To investigate the combined effects of partially bonded 
CFRP and anchorage methods on the mechanical properties 
of RC beams strengthened with CFRP, this study investi-
gated the flexural behavior of RC beams with partially 
bonded CFRP and three different anchorage methods—
that is, vertical U-jacket, mechanical plate, and inclined 
U-jacket. To measure the degree of unbonded CFRP, a new 
parameter called the unbonded ratio is proposed, which is 
defined as the ratio of unbonded length to the total length of 
strengthening CFRP in the tension zone and denoted as ξ. 
The ultimate load, cracking load, flexural stiffness, ductility, 
crack pattern, and failure mode were studied and analyzed. 
In the end, a theoretical model to evaluate the ultimate load 
of RC beams with U-jacket anchorages was proposed. The 
results of the proposed model showed good agreement with 
the collected test results in the literature.

RESEARCH SIGNIFICANCE
Existing research on RC beams strengthened with 

partially bonded CFRP does not take various anchorage 
methods into account. The present study aims to investi-
gate the collaborative performance of the partially bonded 

CFRP sheet and different anchorage methods and proposes a 
theoretical model to evaluate the ultimate load of RC beams 
with U-jacket anchorages. The research achievements of the 
present study will help to select a suitable anchorage method, 
estimate the influence of CFRP debonding, and determine 
whether further repairs are needed.

EXPERIMENTAL PROCEDURE
Materials

The concrete mixture proportions were adopted from a 
previous study.33 The components of the mixture were ordi-
nary portland cement, river sand, and 5 to 10 mm (0.2 to 
0.4 in.) well-graded coarse aggregate. The mixture propor-
tions and 28-day compressive strength are shown in Table 1. 
The specimen size for the compressive strength test was 
150 x 150 x 150 mm (5.9 x 5.9 x 5.9 in.) according to GB/T 
50081-2019.34 The one-layer CFRP sheet had a thickness 
of 0.167 mm (0.0065 in.), tensile strength of 3400 MPa 
(493  ksi), elastic modulus of 244 GPa (35,390 ksi), and 
ultimate strain of 0.014, in which the mechanical properties 
were obtained from tests according to GB/T 3354-1999.35 
The nominal yield strength of longitudinal steel bars and 
stirrups were 400 and 300 MPa (58 and 44 ksi), respec-
tively, and the test yield strength of longitudinal bars was 
467  MPa (68  ksi), according to GB/T 228.1-2010.36 The 
elastic modulus of steel reinforcement was assumed to be 
200 GPa (29,000 ksi).

Specimens
A total of 26 RC beams—including six fully bonded 

CFRP-strengthened beams, 18 partially bonded CFRP- 
strengthened beams, and two beams without external 
CFRP—were fabricated in this experiment. Three anchorage 
methods were selected for this paper, namely CFRP vertical 
U-jackets, mechanical plates, and CFRP inclined U-jackets 
as suggested by Fu et al.4,26

The dimensions of the specimens were 1000 x 80 x 120 mm 
(39.4 x 3.1 x 4.7 in.) and the length of the CFRP sheet was 
800 mm (31.5 in.). The details of the specimens are shown 
in Table  2. The unbonded ratio, which is denoted as ξ, is 
defined as the ratio of unbonded length to the total length of 
CFRP sheet—that is, x/Lf in Fig. 1. “WB,” “FB,” and “PB” 
indicate specimens without bonded CFRP, with fully bonded 
CFRP, and with partially bonded CFRP, respectively. The 
number after “PB” indicates the percentage form of the 
unbonded ratio; for example, “010” stands for ξ = 10% = 0.1. 
The number after the hyphen is the number of CFRP layers. 
The last letters “V,” “I,” and “M” indicate vertical U-jacket, 
inclined U-jacket, and mechanical plate, respectively.

The details of the reinforcement cages are shown in Fig. 2. 
Reinforcement cages were placed in wooden molds, then 
concrete was placed into the formwork and cured for at least 
28 days before the beam bending test.

Table 1—Mixture proportions and compressive strength of concrete

Grade Cement, kg/m3 (lb/yd3)
Fine aggregate,  
kg/m3 (lb/yd3)

Coarse aggregate,  
kg/m3 (lb/yd3) Water, kg/m3 (lb/yd3)

Compressive strength at  
28 days, MPa (ksi)

C40 450 (759) 636 (1073) 995 (1679) 210 (354) 45.39 (6.58)
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Before attaching the CFRP sheets to the bottom of the 
beams, the surface of the concrete beam was ground with an 
angle grinder, followed by a secondary cleaning with sand-
paper. Polyethylene terephthalate (PET) was used to keep 
concrete separate from the CFRP in the unbonded area. This 
procedure was intended to simulate the interfacial defect of 
the CFRP bonding.

As previously mentioned, in the present study, three 
anchorage methods were considered—namely, vertical 
U-jackets, inclined U-jackets, and mechanical plates. The 
details of the three anchorage methods are shown in Fig. 3. It 
should be noted that the widths of each anchorage are equal, 
as are the distances between anchorage edges and the ends 
of the CFRP sheet.

Four-point bending test
After 7 days of curing of epoxy resin, the four-point 

bending test was conducted on a 5000 kN (1124.04 kip) 
hydraulic testing machine. The schematic diagram of the 
beam test setup is shown in Fig. 4. Figure 5 displays the 
experimental setup prior to loading for the typical strength-
ened beam specimens implemented with the three anchorage 
methods (vertical U-jacket, inclined U-jacket, and mechan-
ical plate). The loading speed was 0.2 mm/min (0.008 in./
min). A 200 kN (44.96 kip) load cell was used to measure the 
loading force. Three displacement sensors were applied to 
measure the deflection of the beam, one of which was used 
to measure the midspan deflection, and the other two were 
applied to measure support deflections.

During the test process, loading was sustained at every 
5 kN (1.12 kip), the crack initiation and propagation were 
marked on one side of the beam, and the crack width was 
measured with a device that measures the crack width and 
the microcosmic defects on the concrete surface.

EXPERIMENTAL RESULTS AND ANALYSIS
Failure modes

The test results, including cracking load, ultimate load, 
failure mode, and damage of jacket anchorage, are summa-
rized in Table 3 for reference. Four typical failure modes were 
observed during the test: concrete crushing, CFRP rupture, 
plate-end debonding, and intermediate crack debonding.

Concrete crushing—Concrete crushing is the typical 
failure mode of RC beams without externally bonded CFRP, 
as shown in Fig. 6(a). After yielding of the tensile reinforce-
ment, the depth of the compression zone decreased with 
increasing applied load, and the concrete in the compres-
sion zone at the midspan was eventually crushed. The CFRP 
sheet might also separate from the bottom of the beam at the 
time of failure.

CFRP rupture—Figure 6(b) shows a typical CFRP rupture 
failure. The overall debonding of the CFRP was delayed due 
to the horizontal restraining force provided by the mechan-
ical plate. As a result, the CFRP sheet could reach its ultimate 
strain and then ruptured with a loud sound. It is noteworthy 

Table 2—Details of specimens

Specimen
Anchorage 

method
CFRP 
layers

Thickness of  
CFRP sheet, 

mm
Unbonded 

ratio

Unbonded 
length, 

mm

WB1 — — — — —

WB2 — — — — —

FB-1V VU 1 0.167 0 0

FB-1I IU 1 0.167 0 0

FB-1M MP 1 0.167 0 0

FB-2V VU 2 0.334 0 0

FB-2I IU 2 0.334 0 0

FB-2M MP 2 0.334 0 0

PB010-1V VU 1 0.167 0.1 80

PB010-1I IU 1 0.167 0.1 80

PB010-1M MP 1 0.167 0.1 80

PB010-2V VU 2 0.334 0.1 80

PB010-2I IU 2 0.334 0.1 80

PB010-2M MP 2 0.334 0.1 80

PB020-1V VU 1 0.167 0.2 160

PB020-1I IU 1 0.167 0.2 160

PB020-1M MP 1 0.167 0.2 160

PB020-2V VU 2 0.334 0.2 160

PB020-2I IU 2 0.334 0.2 160

PB020-2M MP 2 0.334 0.2 160

PB030-1V VU 1 0.167 0.3 240

PB030-1I IU 1 0.167 0.3 240

PB030-1M MP 1 0.167 0.3 240

PB030-2V VU 2 0.334 0.3 240

PB030-2I IU 2 0.334 0.3 240

PB030-2M MP 2 0.334 0.3 240

Note: VU is vertical U-jacket; IU is inclined U-jacket; and MP is mechanical plate. 1 
mm = 0.039 in.

Fig. 1—Concrete beam with partially bonded CFRP.
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that only half of the CFRP sheet broke with a smooth cross 
section, while the other half remained almost intact. The 
reason for this may be due to the uneven stress distribution 
inside the CFRP sheet.

Plate-end debonding—Figure 6(c) exhibits a typical 
plate-end debonding failure. It can be seen that local stress 
concentration at the end of the CFRP sheet induced wide 
shear cracks on the two-layer specimens with vertical 
U-jackets. With the increase in applied load, the cracks near 
the inner side of the U-jacket developed rapidly, and small 
and dense cracks appeared around it. At the time of failure, 
a bulk of concrete between two major shear cracks was torn 
off from the bottom of the beam at the end of the CFRP sheet.

Intermediate crack (IC) debonding—IC debonding was 
the main failure mode of the test, which is shown in Fig. 6(d). 
After yielding of the tensile reinforcement, the CFRP sheet 
at the bottom of the beam made tearing sounds occasionally. 
Then, the tearing sound was heard continuously for a few 
seconds before the CFRP separated from the beam. After 

Fig. 2—Reinforcement of test beams. (Note: Units in mm; 1 mm = 0.039 in.)

Fig. 3—Schematic diagrams of anchorage methods. (Note: 
Units in mm; 1 mm = 0.039 in.)

Table 3—Experimental results

Specimen
Cracking 

load Pcr, kN
Ultimate 

load Pu, kN
Failure 
mode

Jacket 
anchorage 
damage

WB1 2.3 29.7 CC N/A

WB2 2.5 27.7 CC N/A

FB-1V 4.2 42.7 IC R

FB-1I* — 51.6 IC N

FB-1M 5.6 49.5 CC+IC N/A

FB-2V 6.1 44.5 PE N

FB-2I 6.3 56.9 IC R

FB-2M 6.2 57.8 IC N/A

PB010-1V 4.0 44.4 IC N

PB010-1I 3.9 47.6 IC D

PB010-1M 4.4 49.0 IC N/A

PB010-2V 6.1 44.2 PE D

PB010-2I 5.7 50.5 IC N

PB010-2M 6.3 54.3 IC N/A

PB020-1V 3.7 44.6 IC R

PB020-1I 4.7 49.6 CC+IC N

PB020-1M 4.3 47.9 CR N/A

PB020-2V 6.2 47.3 PE N

PB020-2I 5.9 54.0 IC R

PB020-2M 5.3 60.4 CC+IC N/A

PB030-1V 4.5 44.8 IC N

PB030-1I 4.0 48.8 CC+IC N

PB030-1M 4.2 44.4 IC N/A

PB030-2V 6.5 44.8 PE N

PB030-2I 5.6 52.4 IC D

PB030-2M 6.2 63.5 IC N/A

*The cracking load of FB-1I is not accessible due to misoperation, which applied 
impact load on the specimen during the test.

Note: CC is concrete crushing; IC is intermediate crack debonding; PE is plate-end 
debonding; CR is CFRP rupture; R is U-jacket rupture; D is U-jacket debonding; N is 
no damage; and N/A is not applicable. 1 kN = 0.225 kip.
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that, the debonding of the CFRP occurred near the midspan 
of the specimen with a loud noise. The CFRP sheet was 
observed to be split into several thin strips due to the sudden 
release of great energy during the debonding process. The 
main body of the beam was still able to carry the applied 
load after debonding and finally failed by crushing of the 
concrete. According to Teng and Chen,37 IC debonding is 
induced by local interfacial stress near the cracks. Because 
there is a singularity and concentration in the stress distri-
bution at the unbonded boundary, IC tends to occur from 
cracks near the unbonded boundary.

Depending on the pattern of the CFRP U-jacket at the 
time of failure, IC debonding could be subdivided into three 
classes: CFRP jacket rupture, CFRP jacket debonding, and 

debonding without additional damage to the jacket. The 
corresponding specimens are listed in Table 3.

Damage to the CFRP jacket was induced by the released 
energy caused during the debonding of the CFRP sheet at the 
bottom of the beam, and the specific damage form depended 
on the shear strength of the concrete-epoxy resin interfacial 
adhesive layer, the tensile strength of CFRP, and the magni-
tude of the energy. When the shear strength of the concrete-
epoxy resin interfacial adhesive layer was sufficient to resist 
released energy, but the tensile strength of CFRP was not 
sufficient, the CFRP jacket rupture would occur, as shown 
in Fig. 7(a). If the aforementioned condition was reversed, 
then CFRP jacket debonding would occur, as demonstrated 
in Fig.  7(b). If each strength was sufficient to withstand 
the released energy, then the anchorage would remain 

Fig. 4—Schematic diagram of beam test setup. (Note: Units in mm; 1 mm = 0.039 in.)

Fig. 5—Beam test setup prior to loading.
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undamaged. This brittle damage does not occur when using 
mechanical plates because the concrete-epoxy resin layer 
was not applied. This is one advantage of the mechanical 
plates over the CFRP U-jacket anchorage methods.

Crack patterns and propagation
The propagation of cracks was marked and recorded 

during the test. It should be noted that the initial crack was 
formed on FB-1I, on which the impact load was applied 
due to mishandling. The recorded crack width of FB-1I was 
measured during the second loading process.

The load-maximum crack width curves (P-wcr curves) of 
the specimens with the same unbonded ratios are shown in 
Fig. 8. It can be seen that when the same anchoring method is 
used, the cracks in the two-layer specimens are smaller than 
those in the one-layer specimens, regardless of the unbonded 
ratios. In addition, the anchorage method did not exhibit a 
significant effect on the crack width of the specimens.

The relationships between P and wcr under the condition 
of the same anchorage method are shown in Fig. 9. In the 
case of using vertical U-jackets and mechanical plates, the 
FB specimens had the smallest wcr regardless of the thick-
ness of the CFRP. For specimens using inclined U-jackets, 

PB030-1I had the smallest wcr among the one-layer speci-
mens, while FB-1I and PB010-2I had the smallest wcr in the 
early and late stages of the loading process, respectively. In 
general, fully bonded CFRP sheets were most effective in 
restraining crack propagation.

It should be noted that the crack width wcr mentioned here 
refers to the width of the flexural or flexural-shear crack 
between two anchorages. The crack patterns of the PB010 
specimens are shown in Fig. 10 as typical, and other speci-
mens are similar to these.

Cracking load and ultimate load
Experimental results of cracking load are shown in Table 3 

and Fig. 11(a).
It can be indicated that the cracking load was not signifi-

cantly affected by the anchorage method and the unbonded 
ratio ξ. Prior to the cracking in the tensile region of the 
concrete beam, the deformation of the concrete surface and 
CFRP sheets was highly concentrated in the vicinity of the 
midspan, and anchorage had not worked effectively yet.

It is further exhibited in Fig. 11(a) that the number of 
CFRP layers was the only variable that had a significant 
effect on the cracking load. The average cracking loads of 

Fig. 6—Failure modes.

Fig. 7—Damage of CFRP U-jacket.
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zero (WB specimens), one, and two CFRP layer(s) were 
2.4, 4.3, and 6.0 kN (0.52, 0.97, and 1.35 kip), respectively. 
Hence, the cracking loads of beam specimens increased with 
the number of CFRP layers.

Experimental results of ultimate loads are shown in 
Table 3 and Fig. 11(b).

First, the effect of the unbonded ratio ξ on the ultimate 
load Pu was considered. In the 1I, 2I, and 1M series, the 
maximum Pu occurred on the FB specimen in series 1I, 2I, 

Fig. 8—Load-maximum crack width curves (same unbonded ratio). (Note: 1 kN = 0.225 kip; 1 mm = 0.039 in.)

Fig. 9—Load-maximum crack width curves (same anchorage method). (Note: 1 kN = 0.225 kip; 1 mm = 0.039 in.)
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and 1M. However, in series 1V, 2V, and 2M, the maximum 
Pu occurred on PB030-1V, PB020-2V, and PB030-2M, 
respectively, which were 15.0, 17.6, and 19.7% higher than 
those of the FB specimens.

It can be seen that Pu decreased as ξ increased from 0 to 
0.1, except for series 1V. Figure 11(b) also shows that Pu 
increased when ξ increased from 0.1 to 0.2, except for series 
1M. Note that the length of the pure bending zone Lpb and 
length of the CFRP sheet Lf were 160 and 800 mm (6.3 and 
31.5 in.), respectively, while the abnormal improvement of 
Pu occurred when ξ = Lpb/Lf = 0.2. Therefore, ξ = Lpb/Lf is 
defined as the critical unbonded ratio and is denoted as ξcr. It 
can be concluded that Pu decreases with ξ until ξ reaches ξcr 
and increases with ξ as ξ approaches ξcr.

When ξ increased from 0.2 to 0.3, Pu increased for the four 
series 1I, 1M, 2V, and 2I and decreased for the two series 1V 
and 2M. Therefore, no general conclusion can be determined 
for Pu when ξ exceeds ξcr.

Meanwhile, Pu of the two-layer CFRP specimens were 
higher than those of the one-layer CFRP specimens. However, 
Pu of the 2V series were not significantly higher than those 
of the 1V series. Different from vertical U-jackets, Pu of the 
2I and 2M series were significantly higher than those of the 
corresponding one-layer series. Besides, both the inclined 
U-jacket and mechanical-plate specimens had higher Pu than 
the vertical U-jacket specimens. Because IC debonding is 
induced by local interfacial stress near the cracks according 
to Teng and Chen,37 appropriate horizontal forces can post-
pone the occurrence of IC debonding by mitigating the local 

Fig. 10—Crack patterns of PB010 series.

Fig. 11—Relationship between cracking (ultimate) load and unbonded ratio. (Note: 1 kN = 0.225 kip.)
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interfacial stress. Inclined U-jackets and mechanical plates 
could provide horizontal force through decomposition of the 
oblique force and friction, respectively, resulting in higher 
εfd (debonding strain of CFRP) and thus higher Pu. Also, if 
the increased amount of εfd is assumed to be independent of 
tf (thickness of CFRP), then Pu significantly increases with 
tf because Pu is positively correlated with εfdtf. In addition, 
Pu of the 2M series were higher than those of the 2I series, 
suggesting that the mechanical plates could postpone the 
occurrence of IC debonding more effectively than inclined 
U-jackets. The abnormal increase in Pu at ξcr can also be 
explained by the theory by Teng and Chen. The increase in 
individual ξ tends to decrease Pu. However, crack widths are 
larger at midspan in general, and the local interfacial stresses 
are also larger. The increase in ξ leads to the possibility that 
the bonded part avoids large cracks, thereby delaying the 
onset of IC debonding and increasing the Pu. These two 
effects together determine the Pu. For ξ = 0.1, the bonded 
area might not have avoided large cracks, which led to lower 
Pu. For ξ = ξcr = 0.2, the unbonded area was large enough so 
that the large cracks would not appear in the bonded area. 
Therefore, the combined effects result in higher Pu. Finally, 
for ξ = 0.3, there was no significant reduction in crack width 
at the bonded area, so the effect from the reduction in the 
unbonded ratio dominated again, leading to a lower Pu.

Load-midspan deflection curves
The load-midspan deflection curves (P-δ curves) under the 

condition of the same unbonded ratio are shown in Fig. 12.
For the FB series, it is indicated from Fig. 12(a) that the 

stiffness of the two-layer specimens was higher than that of 
one-layer specimens in the early stages of loading. The stiff-
ness was similar among specimens with the same number 

of CFRP layers. The stiffness of all specimens decreased 
with increasing load, and the one-layer specimens decreased 
more rapidly than the two-layer specimens, which resulted 
in lower Pu for FB-1I than for FB-2I and FB-2M. Also, as the 
load increased, the longitudinal reinforcement yielded and 
the stiffness of FB-1I increased relative to other specimens, 
which was close to that of FB-2I and FB-2M, while the stiff-
ness of FB-2V decreased relative to other specimens. Thus, 
the stiffness of FB-1I eventually exceeded that of FB-2V.

For the PB010 series, it is indicated from Fig. 12(b) that 
PB010-1I had the highest stiffness among the one-layer 
specimens, while PB-2V had the lowest stiffness among the 
two-layer specimens, which was similar to the FB series.

For the PB020 series, it is shown in Fig. 12(c) that the 
stiffness of PB020-1I was close to that of the two-layer spec-
imens in the early stages of loading. As the reinforcement 
yielded, the stiffness of PB020-1I decreased and tended to 
approach the stiffness of the other two one-layer specimens. 
The stiffness of the two-layer specimens was almost equal 
because the curves of the different specimens were almost 
coincident.

It is shown in Fig. 12(d) that the P-δ curves of the PB030 
series are significantly distinct from those of the other 
series. First, two specimens with mechanical plates, namely 
PB030-1M and PB030-2M, exhibited a significant rela-
tive decrease and increase in stiffness among the one-layer 
specimens and two-layer specimens, respectively. Second, 
the stiffness of the vertical U-jacket and inclined U-jacket 
specimens did not show significant differences in the PB030 
series, while the stiffness of the inclined U-jacket specimens 
was higher than that of the vertical U-jacket specimens in 
the other series.

Fig. 12—Load-midspan deflection curves (same unbonded ratio). (Note: 1 kN = 0.225 kip; 1 mm = 0.039 in.)
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Based on the previous analysis, it can be inferred that the 
inclined U-jacket could significantly improve the stiffness 
of the RC beam with the best performance. The stiffness of 
specimens with mechanical plates was higher than that of 
specimens with vertical U-jackets.

Relations of P and δ under the condition of the same 
anchorage methods are shown in Fig. 13. It is indicated from 
Fig. 13 that ξ had little effect on the stiffness of specimens. In 
general, the stiffness of the two-layer specimens was higher 
than that of the one-layer specimens. Besides, the number 
of CFRP layers and the anchorage method had coupled 
effects in enhancing the stiffness. The difference in stiffness 
between the two- and one-layer specimens using mechanical 
plates was higher than that of the specimens using the two 
U-jacket anchorage methods. It showed that the mechanical 
plates performed much better with the thicker CFRP based 
on experimental results of ultimate load and stiffness.

Ductility
In general, the ductility of concrete beams can be assessed 

by the displacement ductility index, which is calculated by 
dividing the ultimate displacement δu by the yield displace-
ment δy—namely, ηD = δu/δy. Because the specimens in 
the present study were RC beams strengthened with CFRP 
sheets, δy derived from the yielding of reinforcement could 
not express the ductility of the whole member. Park38 
suggested that δy for concrete structures could be chosen 
as the intersection of the straight line y = Pu with the line 
determined by the original point and 0.75Pu point on the P-δ 
curve. δu is chosen as the midspan displacement at the time 

of failure of the specimen. The definitions of δy and δu are 
illustrated in Fig. 14(a).

The calculated ηD and all related data are listed in Table 4, 
and the relationship between the displacement ductility 
index and unbonded ratio is shown in Fig. 14(b).

As shown in Fig. 12, the P-δ curves of the specimens 
strengthened with CFRP sheets do not have significant yield 
platforms due to CFRP debonding, which is a type of brittle 
failure. Therefore, the ductility of these specimens is very 
low. Figure 14(b) indicates that the ductility of the one-layer 
specimens decreased significantly with the increase in the 
unbonded ratio ξ. For the two-layer specimens, the ductility 
of the 2V series did not change significantly with increasing 
ξ, while the ductility of the 2I and 2M series increased first, 
then decreased, and finally increased as ξ increased from 0 
to 0.3. Meanwhile, it is also exhibited in Fig. 14(b) that the 
ductility of PB030-2I and PB030-2M were approximately 
equal to those of FB-2I and FB-2M, respectively.

Under the conditions of the same anchorage method and 
unbonded ratio, Fig. 14(b) shows that the one-layer spec-
imens exhibited higher ductility than the two-layer spec-
imens. This can be explained by the fact that CFRP is a 
linear-elastic material and does not contribute much ductility 
to the strengthened beam, which is mainly provided by the 
steel reinforcement. For this reason, the higher strengthening 
ratio of CFRP reduced the ductility of the beams.

With the same CFRP thickness and unbonded ratio, 
overall, the highest ductility was observed for the vertical 
U-jacket specimens, while the lowest ductility was observed 
for the inclined U-jacket specimens. This result is in good 
agreement with the study by Fu et al.4 However, it was found 

Fig. 13—Load-midspan deflection curves (same anchorage method). (Note: 1 kN = 0.225 kip; 1 mm = 0.039 in.)
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that the high ductility of specimens with vertical U-jackets 
was obtained at the expense of early yielding, and its overall 
deformation capacity was inferior to specimens with either 
mechanical plates or inclined U-jackets. It is indicated that δy 
of specimens with vertical U-jackets were smaller than those 
of specimens with inclined U-jackets and mechanical plates, 

as shown in Fig. 15(a), and δu of specimens with vertical 
U-jackets were similar to those of specimens with inclined 
U-jackets and smaller than those of specimens with mechan-
ical plates, as shown in Fig. 15(b). Because δy serves as the 
denominator in the definition of ηD, it shows a greater influ-
ence on ηD than δu. Therefore, the specimens with vertical 
U-jackets had the highest calculated ductility at the cost of 
early yielding.

THEORETICAL EVALUATION OF ULTIMATE LOAD
Based on existing analytic research12,39 and experimental 

research,4 a new theoretical model for evaluating the ulti-
mate load of RC beams strengthened with fully or partially 
bonded CFRP and U-jacket anchorage (the influence of 
debonding is not considered in the proposed theoretical 
model) that fail due to CFRP IC debonding is proposed.

Chahrour and Soudki12 suggested that for RC beams 
strengthened with bonded CFRP, the applied load can be 
calculated by Eq. (1)

	​ M  =  ​ ​ε​ c​​​E​ c​​b​c​​ 2​ _ 3  ​​ + As fy(hs – c) + Af Ef εf (h – c)	 (1)

where

	​ c  =  ​ 
2​(​A​ s​​​f​ y​​ + ​A​ f​​​E​ f​​​ε​ f​​)​

  _____________ ​ε​ c​​​E​ c​​b
  ​​	 (2)

In fact, from Eq. (1) and (2), the ultimate load of the 
specimens cannot be obtained directly because of the two 
unknown quantities, εc and εf. For given εc and εf, Eq.  (1) 
and (2) yield the corresponding load of the specimen. In 
the original research by Chahrour and Soudki,12 εc and εf 
were obtained through tests. However, to assess the beams 
in practice, it is necessary to make reasonable assumptions 
about these two values. In the case of evaluating the ultimate 
load, it can be assumed that concrete in the compression 
zone reaches its compressive strength, that is, εcEc = fc. For 
εf, Li and Wu39 recommended a theoretical model to calcu-
late the debonding strain of CFRP due to IC debonding

	

Fig. 14—Displacement ductility index: definition and its relationship to unbonded ratio ξ.

Table 4—Displacement ductility indexes  
of specimens

Specimen Py, kN δy, mm δu, mm ηD

FB-1V 36.7 6.20 10.81 1.74

FB-1I 43.8 6.70 11.77 1.76

FB-1M 41.8 8.68 15.00 1.73

FB-2V 39.6 5.73 9.61 1.68

FB-2I 49.5 6.50 9.30 1.43

FB-2M 51.0 7.21 10.84 1.50

PB010-1V 37.7 6.60 11.72 1.78

PB010-1I 40.9 7.03 10.81 1.54

PB010-1M 41.8 8.04 14.10 1.75

PB010-2V 40.6 5.08 8.18 1.61

PB010-2I 44.9 5.64 8.26 1.46

PB010-2M 47.8 6.52 10.37 1.59

PB020-1V 38.4 6.97 11.19 1.61

PB020-1I 41.5 7.67 11.08 1.44

PB020-1M 40.9 8.34 12.95 1.55

PB020-2V 40.6 5.50 8.64 1.57

PB020-2I 47.3 6.69 8.80 1.32

PB020-2M 52.6 7.51 9.96 1.33

PB030-1V 38.5 6.54 10.56 1.61

PB030-1I 42.4 7.87 10.21 1.30

PB030-1M 38.8 8.07 12.01 1.49

PB030-2V 40.3 5.08 7.91 1.56

PB030-2I 46.2 7.19 10.48 1.46

PB030-2M 54.1 7.59 11.65 1.53

Note: 1 kN = 0.225 kip; 1 mm = 0.039 in.
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	​ ​ε​ fd​​  =  ​ 
​β​ w​​
 _ ​√ 

_
 ​E​ f​​​t​ f​​ ​
 ​​ (0.427fc

0.25 + 0.588fc
0.3)	 (3)

where εfd is the debonding strain of CFRP; Ef is the elastic 
modulus of CFRP (MPa); tf is the thickness of the CFRP sheet 
(mm); fc is the cylinder compressive strength of concrete 
(MPa); and ​​β​ w​​  =  ​√ 

________________
  ​(2 − ​b​ f​​/b)​/​(1 + ​b​ f​​/b)​ ​​, where bf and b are 

the width of the attached CFRP and beam, respectively.
To consider the effect of inclined U-jackets, it is assumed 

in this paper that the inclined U-jackets improve the perfor-
mance of the beam by exerting an action on the bottom of the 
beam. Therefore, in Eq. (1) and (2), additional terms need to 
be added to represent the influence of inclined U-jackets, as 
follows

	​ ​M​ i​​  =  ​ 
​f​ c​​b​c​ i​ 2​ _ 3  ​​ + As fy(hs – c) + AfEf εfd(h – ci) +  

	 2AjEf εjd(h – ci)cosφ	 (4)​ 
 

	 ​c​ i​​  =  ​ 
2​(​A​ s​​​f​ y​​ + ​A​ f​​​E​ f​​​ε​ fd​​ + 2​A​ j​​​E​ f​​​ε​ jd​​cosφ)​

   ___________________________  b​f​ c​​
  ​​	 (5)

where εjd is the strain of the CFRP U-jacket at debonding; 
and φ is the angle between the inclined U-jacket and hori-
zontal plane: for vertical U-jacket specimens, φ = 90 degrees.

Based on the experimental investigation by Fu et al.,4 
it is assumed that εjd = 0.2εu. The experimental results of 
U-jacket specimens in this study and collected from existing 
literature,4,40 as well as corresponding calculated results, are 
listed in Table 5. It can be seen that Pu,c/Pu,e has a mean of 
0.99, standard deviation of 0.09, and coefficient of varia-
tion of 0.09, which indicates a good agreement between the 
proposed model and the experimental results.

CONCLUSIONS
This paper investigated the flexural properties of reinforced 

concrete (RC) beams strengthened with partially bonded 
carbon fiber-reinforced polymer (CFRP). A new parameter 
called the unbonded ratio was introduced to measure the 
degree of unbonded CFRP, which is defined as the ratio of 
unbonded length to the total length of the CFRP sheet. The 

combined effects of partially bonded CFRP (unbonded ratio) 
and anchorage methods on the mechanical properties of RC 
beams strengthened with CFRP are investigated. Based on 
the experimental investigation and analysis of experimental 
results, the following conclusions can be drawn:

1. The results of the analysis indicate that the mechanical- 
plate anchorage-strengthened RC beam specimens show the 
highest ultimate load, followed by the inclined U-jacket and 
then the vertical U-jacket. Ultimate load decreased when 
the unbonded ratio increased in the pure bending zone and 
increased when the unbonded ratio approached the critical 
unbonded ratio.

2. It also shows that the cracking load was not affected by 
the unbonded ratio and the anchorage method, but increased 
significantly with the increasing number of CFRP layers.

3. The flexural stiffness of CFRP-strengthened RC beams 
was significantly influenced by the anchorage method. 
Inclined U-jacket anchorages increased stiffness the most 
effectively among the three anchorage methods, and the 
stiffness of specimens with mechanical plates was higher 
than that with vertical U-jackets.

4. It shows that the ductility of the test beams decreased 
with the increase in the number of CFRP layers and was 
significantly influenced by the anchorage method. The 
ductility of the specimens with vertical U-jackets was higher 
than that of specimens with mechanical plates, and the latter 
was higher than that of specimens with inclined U-jackets. 
However, specimens with vertical U-jackets yielded prema-
turely and had less overall capacity of deformation than 
specimens with mechanical-plate anchorage.

5. It exhibits that the crack width was not significantly 
affected by the unbonded ratio and anchorage method, 
but the crack propagation was restrained effectively by 
increasing the CFRP layers. All specimens showed similar 
crack patterns, except the two-layer specimens with vertical 
U-jackets, which had major shear cracks near supports.

6. A theoretical model for the ultimate load of RC beams 
strengthened with inclined U-jackets was proposed. The 
ratio of calculated to experimental result has a mean of 
0.99, standard deviation of 0.09, and coefficient of variation 

Fig. 15—Relationship between yield (ultimate) displacement and unbonded ratio. (Note: 1 mm = 0.039 in.)
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of 0.09, which indicates a good agreement between the 
proposed model and the tests.
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NOTATION
Af, Aj, As	 =	� cross-section area of CFRP sheet, CFRP U-jacket (one side), 

and longitudinal steel bars, respectively
b, bf	 =	 width of beam and CFRP sheet, respectively
c, ci	 =	� location of neutral axis without and with inclined U-jacket, 

respectively
Ec, Ef	 =	 elastic modulus of concrete and CFRP, respectively
fc, fy	 =	� compressive strength of concrete and yield strength of longi-

tudinal steel bars, respectively
h, hs	 =	� height of beam and location of longitudinal steel bars, 

respectively
Lf, Lpb	 =	� length of attached CFRP sheet and pure bending zone, 

respectively
M, Mi	 =	� bending moment without and with inclined U-jacket, 

respectively
P, Pcr, Pu	 =	 applied load, cracking load, and ultimate load, respectively
Pu,e, Pu,c	 =	 experimental and calculated ultimate load, respectively
wcr	 =	 crack width
x	 =	 unbonded length
δ, δy, δu	 =	� displacement, yield displacement, and ultimate displacement 

at midspan, respectively
εc, εf	 =	� strain of concrete in compression face and attached CFRP, 

respectively
εfd, εjd	 =	� debonding strain of attached CFRP sheet and strain of 

U-jacket when IC debonding failure occurs, respectively
ηD	 =	 displacement ductility index
φ	 =	 angle between inclined U-jacket and horizontal plane
ξ	 =	 x/Lf, unbonded ratio
ξcr	 =	 Lpb/Lf, critical unbonded ratio
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Numerous models to predict the shear strength of reinforced 
concrete structural walls have been proposed in the literature. 
Evaluation of the predictive performance of new models relative 
to existing models is often challenging because the models were 
created with different levels of complexity and calibrated using 
different databases. More complex models are expected to have 
less variance than simpler models, and target performance metrics 
for models of different complexity do not exist. In addition, a 
common, comprehensive database should be used to enable direct 
comparisons between different models. To address these issues, the 
present study applies statistical and machine-learning approaches 
to propose a five-step framework to establish target performance 
metrics for models with different levels of complexity. Application 
of the framework is demonstrated by addressing the problem of 
estimating wall shear strength using a comprehensive database of 
340 shear-controlled wall tests.

Keywords: machine learning; model performance; statistics; structural 
wall; wall shear.

INTRODUCTION
Over the last several years, researchers have assem-

bled  comprehensive component databases to enable the 
development of more complex capacity (for example, stiff-
ness, strength, and deformation) models using more sophis-
ticated statistical and machine-learning (ML) approaches. 
Evaluating and comparing the performance of different 
capacity models proposed in the literature is often challenging 
because: a) they were developed using different databases 
and a model may have substantially different performance 
(bias, variance) when evaluated against a different database; 
b) more complex models are expected to have less variance 
than a less-complex model—however, target performance 
metrics for models of different complexity do not exist; 
and c) optimal model performance is often not studied, so 
it is unknown whether a model with better performance is 
possible. In addition, many existing models were calibrated 
using relatively small databases—for example, less than 100 
or so tests—such that insufficient data existed to properly 
train and test model performance, or training and testing 
were not even considered as part of the model development 
process.

To address these challenges, a framework is proposed 
to apply statistical and ML approaches to establish target 
performance requirements for models with different levels 
of complexity based on the use of a common, comprehensive 
database. Application of the proposed framework requires 

training of ML models to establish specific model perfor-
mance requirements, where target errors are expressed in 
terms of the mean value and coefficient of variation (COV) 
of the true-to-predicted ratios. Once these metrics have been 
established, an additional study is required to develop a 
model that meets these requirements; this additional step is 
not addressed in this paper.

The methodology is demonstrated by addressing the 
problem of assessing wall shear strength using a comprehen-
sive database of 340 walls reported to have failed in shear. 
This database was extracted from a larger database of more 
than 1100 tests collected from more than 250 experimental 
programs recently compiled by Abdullah and Wallace (2018, 
2021) and Abdullah (2019). This application was picked 
because the wall shear strength equation in ACI 318-19 has 
remained essentially unchanged for the last 60 years despite 
a significant number of models being published in the litera-
ture. Although most of the published models (equations) are 
similar in complexity, significant model variance was noted 
when the models were assessed against a database that was 
different from the one used to develop and calibrate a given 
model (Gulec et al. 2009; Sánchez-Alejandre and Alcocer 
2010; Carrillo and Alcocer 2013; Kassem 2015). These 
issues arise because the databases typically are of different 
sizes (number of tests), do not include the same wall tests, 
and have different ranges of parameters (for example, walls 
with rectangular cross sections versus walls with rectangular 
and flanged cross sections). Most of the studies also did 
not address the trade-off between underfitting versus over-
fitting (Höge et al. 2018) to examine the possibility that a 
model of equivalent complexity might have better predictive 
performance. The number of tests included in the wall shear 
database (340) and the number of variables for each test are 
expected to be typical of engineering problems that would 
benefit from the proposed methodology. Finally, none of the 
models met the set of performance requirements established 
in this paper for the given level of model complexity.
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RESEARCH SIGNIFICANCE
Evaluating and comparing the performance of models 

used to estimate structural component capacities is often 
challenging because the models were created with different 
levels of complexity and calibrated using databases with 
different numbers of tests and parameters. In addition, suffi-
cient data may not have existed to properly train and test 
model performance, or training and testing were not consid-
ered. To address these challenges, a framework is proposed 
to apply statistical and ML approaches to establish model 
performance requirements for models of different complex-
ities by training ML models to establish target errors 
expressed in terms of the mean value and COV of the true-
to-predicted ratios. Application of the proposed framework 
is demonstrated by assessing the problem of estimating rein-
forced concrete (RC) wall shear strength.

REVIEW OF EXISTING WALL SHEAR STRENGTH 
MODELS

Models calibrated using statistical inference
Rojas-León (2022) presented a detailed literature review 

of existing models used in building codes and standards to 
predict the shear strength of RC walls (Appendix A,* Table 
A.1). The review reveals that all models use a Vn = Vc + 
Vs format, where Vc and Vs are the concrete and reinforce-
ment contributions, respectively; however, the parameters 
considered vary between the models. For example, the NZS 
3101-06 (1995) and ASCE/SEI 43-05 models consider the 
influence of axial load on Vc (ACI 318 does not), the EC8-04 
and ASCE/SEI 43-05 models include the impact of the 
vertical web reinforcement, and the detailed model of NZS 
3101-06 (1995) uses M/(Vlw) instead of hw/lw, which is used 
by ACI 318-19, ASCE/SEI 43-05, and AIJ 1999.

The literature review by Rojas-León (2022) also includes 
an evaluation of wall shear strength equations reported in 
the literature, along with a description of the databases used 
in the calibration/validation of the models (Appendix A, 
Table A.2). For most of these studies, wall shear strength 
relations were developed by identifying relevant parameters 
based on a literature review, investigating the mechanics of 
the problem, and using statistical analysis of a data set or 
data sets. Subsequently, a calibration process was employed 
to fit the coefficients of the proposed model to the data; 
however, the performance of these equations was not typi-
cally checked against unseen data. Results presented in 
Table 1 enable a comparison of models analyzed in four 
studies (Sánchez-Alejandre and Alcocer 2010; Carrillo and 
Alcocer 2013; Kassem 2015; Looi and Su 2017) in terms of 
their mean and COV. As noted previously, the models are 
typically valid and perform well only when the parameters 
are within the ranges of the parameters used to calibrate the 
model. Because different databases were used and these 
databases used different criteria to determine which wall 
tests to include in the database, as well as different numbers 
of tests, different test parameters, and different ranges of test 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

parameters, a model developed with a given database can be 
biased when it is evaluated with another database. Even if 
the ranges of relevant parameters are comparable, the size 
of the databases influences the reported means and COVs 
(Tanaka 1987). In addition, as databases become large, it 
often becomes infeasible to completely interpret the data 
using statistical models. In such cases, the application of ML 
is valuable (Dey 2016).

ML models
Although ML models can be powerful, they tend to be 

complex, challenging to use, and difficult to interpret (Bzdok 
et al. 2018). Several recent studies developed ML models 
to estimate wall shear strength (Chen et al. 2018; Moradi 
and Hariri-Ardebili 2019; Keshtegar et al. 2021; Feng et al. 
2021); Appendix A, Table A.3 provides a summary of the 
databases, variables, and error indicators used in some of 
these studies. The results reported in Table A.3 demonstrate 
the potential and significant predictive power of ML models 
relative to other models (Table 1); however, these models 
suffer drawbacks, as described in the following paragraphs.

To train an ML model, a more extensive database is 
required; however, it also is critical to carefully screen the 
tests included in the database to ensure that they are aligned 
with the goals of the model being developed. For example, 
if the study is related to assessing wall shear strength, then 
the tests used in the database should include only walls that 
failed in shear, and outliers should be carefully reviewed 
to ensure that the data should be included (for example, 
inconsistent results are reported; an additional test variable 
is included that would impact results, such as corrosion; 
and the test variables satisfy code-minimum requirements, 
such as material properties). Model performance should be 
reported, including a well-known error indicator such as the 
mean and COV of the true-to-predicted ratio, to facilitate 
comparisons. Also, if an ML model is compared with other 
models (for example, Table 1), then the comparison should 
also include results of other (adequately trained) ML models 
to judge the performance of the ML model. ML models are 
more complex than models developed based on a (simple) 
equation; therefore, better performance is expected. If this 
is not the case, it implies that a complex model has similar 
(or worse) performance than a simple model; therefore, the 
added complexity is redundant because the simple model 
already captures the relevant patterns and relationships in 
the data.

A vast majority of structural tests reported in the literature 
were conducted at less than full-scale (for example, one-fifth 
to three-quarters); therefore, it is essential to develop models 
using dimensionless and/or mechanics-based normalized 
variables (for example, aspect ratio versus wall height and 
wall length, stress versus force) such that the database and 
model results are representative of both reduced-scale tests 
and full-scale components (for example, walls). The need 
for this step becomes clear when the relationship between 
the predicted variable and the error indicator selected for 
the optimization problem is evaluated. For example, if shear 
strength is the variable being estimated and an error such 
as the root-mean-squared error (RMSE) is used to train the 
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model, then the direct difference between the observed value 
(or true value, Vtrue) and the predicted shear strength value 
(Vpred) is minimized (that is, not a percentage error), which 
can lead to large errors for lower values of Vtrue. Another 
option is to use an error indicator equal to the difference in 
the true-to-predicted value; however, this does not address 
the issue of reduced scale tests. Finally, the coefficient of 
determination (R2 ϵ [0,1]) is another error indicator that is 
commonly used; however, results can be misleading because 
this approach compares a given model to the null model, 
and larger R2 values can be obtained for less precise models 
(Barret 1974).

For ML models, it is common to use two data sets: a 
training set and a testing set. The training set is used to train 
(calibrate) the model, and the testing set is used to verify that 
the trained model will perform similarly when predicting 
unseen data. Acceptable performance is achieved where the 
value of the error obtained for the testing set is comparable to 
that obtained for the training set. Although this comparison 
should be carefully addressed and ideally verified in terms of 
the error used in the optimization process and other mean-
ingful error indicators to demonstrate model robustness, this 
added step is often not adequately considered.

FRAMEWORK
The proposed framework uses statistical and ML 

approaches to establish target performance requirements 
for component capacity models (for example, models for 
column and wall shear strength, beam flexural strength, 
reinforcement development length, and so on), or other 
models with similar characteristics, with different levels 
of complexity based on the use of a common, comprehen-
sive database. The framework overcomes the limitations 

highlighted in the Introduction by allowing the user to define 
model performance requirements based on the desired level 
of model complexity.

The proposed framework adopts the generic steps of 
ML—that is, collection and preparation of data, feature 
selection,  selection of ML algorithms, selection of model 
and hyper-parameters, model training, and model perfor-
mance evaluation (Alzubi et al. 2018)—but also requires 
specific sub-steps to: a) define relevant (starting) features 
based on the mechanics of the problem; b) address the issue 
of using reduced-scale tests to predict capacities of full-scale 
specimens; c) develop an iterative sensitivity analysis to 
train the ML model; and d) train Elastic Net Models (ENMs) 
using engineered features defined from the starting features. 
Each of these steps is described in detail in the following 
subsections.

Step 1: Collection and preparation of data
A data set of walls with reported flexure-shear (F-S),  

diagonal-tension (D-T), or diagonal-compression (D-C) 
failure modes was obtained using the UCLA-RC Walls 
Database, which includes detailed and parametrized infor-
mation on more than 1100 RC wall tests (Abdullah and 
Wallace 2018, 2021; Abdullah 2019). Tests with incomplete 
material test information were excluded because this infor-
mation is required to define the variables used in this study. 
The reduced data set included a total of 412 wall tests. The 
dataset was further evaluated resulting in the removal of 
72  tests because: a) test walls included artificial cracks to 
study corrosion (six tests, Zheng et al. [2015]); b) reported 
lateral load readings did not match the values reported in 
figures provided in various papers or reports (nine tests, Li 
and Li [2002]); c) test walls had asymmetric cross-sectional 

Table 1—Wall shear strength model comparisons reported in different studies: Vtrue/Vpred

Model

Sánchez-Alejandre and 
Alcocer (2010) Carillo and Alcocer (2013) Kassem (2015) Looi and Su (2017)

Mean COV Mean COV Mean COV Mean COV

ACI 318-19, Ch. 18* 1.43 0.26 0.82 0.24 1.65 0.37 1.01 0.37

ACI 318-11, Ch. 11 —† — 0.90 0.21 — — — —

ACI 318-14, Ch. 11 — — — — — — 0.96 0.37

AIJ (1999) 1.00 0.27 — — — — — —

CSA A23.3-14 — — — — — — 1.35 0.44

EC8 (2004) — — — — 2.54 0.71 — —

Barda et al. (1977) — — — — 1.39 0.47 — —

Wood (1990) 0.99 0.24 — — 0.78 0.32 — —

Hwang and Lee (2002) 1.06 0.22 — — 1.26 0.56 — —

Sánchez-Alejandre and Alcocer (2010) 1.00 0.13 0.79 0.12 1.91 0.29 0.84 0.35

Gulec and Whittaker (2011) — — 1.06 0.09 1.34 0.24 0.89 0.31

Carrillo and Alcocer (2013) — — 1.00 0.08 — — — —

Kassem (2015) — — — — 1.00 0.21 — —

Looi and Su (2017) — — — — — — 1.04 0.27

*Sánchez-Alejandre and Alcocer (2010) use ACI 318-08 Ch. 21; Carrillo and Alcocer (2013) and Kassem (2015) use ACI 318-11 Ch. 21; Looi and Su (2017) use ACI 318-14, Ch. 
18. These equations are same as those in ACI 318-19 Ch.18.
†Model not included in comparison.
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shapes such as T-shape, L-shape, half barbell, and wing 
walls (20 tests); or d) reported values for tested compressive 
strength of concrete fc′ were less than the limit of 20.7 MPa 
(3.0 ksi) given in ACI 318-19 for special seismic systems 
(37 tests). Asymmetric walls were excluded because the 
number of walls with these cross-sectional shapes was low 
(20) compared to the number of rectangular, barbell, or 
flanged walls. Thus, if these tests are incorporated into the 
larger dataset of symmetric walls, the optimization process 
will likely overlook the inherent differences between asym-
metric and symmetric walls. A more appropriate approach 
in this case, as implemented by Rojas-León (2022), is to 
develop a model excluding asymmetric wall cross sections 
and then evaluate whether simple changes to the model 
could be implemented to address shear strength estimates 
for the asymmetric walls.

Based on the aforementioned filters, a final (clean) dataset 
of 340 symmetric wall tests was obtained (refer to the 
Appendix) and randomly split into a training set with 80% 
of the tests (272) and a testing set with 20% of the tests (68) 
to verify the performance of the models. Figure 1 compares 
histograms for various database parameters of the entire data 
set and the testing set, where fc′ is the specified compressive 
strength of concrete; ρbe is the boundary region longitudinal 
reinforcement ratio; fybe is the specified yield strength of the 

boundary region longitudinal reinforcement; ρwh and fywh 
are the ratio and specified yield strength of the horizontal 
web reinforcement, respectively; ρwh and fywv are the ratio 
and specified yield strength of the vertical web reinforce-
ment, respectively; Pu, Mu, and Vu are the measured axial 
load, moment, and shear, respectively; lw is the wall length 
in the direction of the applied shear force; hw is the total wall 
height; Abe is the cross-sectional area bounding the longitu-
dinal reinforcement at a wall boundary; Acv is the cross-sec-
tional area bounded by the wall length and the web thickness 
(tw); Ag is the gross cross-sectional area; c is the neutral axis 
depth; and ytrue is the normalized shear stress (introduced 
later).

Step 2: Defining ML models and features
This step involves identifying the potentially relevant 

parameters based on a literature review and studying rela-
tively simple mechanics-based models and appropriate free-
body diagrams. For this application—that is, RC wall shear 
strength—a free-body diagram of a wall with a diagonal crack 
was used. Based on these considerations, the following rela-
tionships were derived (Rojas-León 2022).

	​ ​V​ u​​ ​ ​ ~​ ∝ ​   ​A​ g​​ ​​f​ c​​ ′ ​​	 (1)

Fig. 1—Histograms of relevant parameters. (Note: 1 ksi = 6.895 MPa; 1 kip = 4.448 kN.)
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	​ ​V​ u​​ ​ ​ ~​ ∝ ​   ​ρ​ wh​​ ​f​ ywh​​ ​h​ w​​ ​t​ w​​​	 (2)

	​ ​V​ u​​ ​h​ eff​​ ​ ​ ~​ ∝ ​   ​ρ​ wv​​ ​f​ ywv​​ ​​(​l​ w​​ − c)​​​ 2​ ​t​ w​​​	 (3)

	​ ​V​ u​​​h​ eff​​ ​ ​ ~​ ∝ ​   ​ρ​ be​​ ​f​ ybe​​ ​A​ be​​ ​l​ w​​​	 (4)

	​ ​V​ u​​ ​h​ eff​​ ​ ​ ~​ ∝ ​  ​(​​f​ c​​ ′ ​ + ​ P _ ​A​ g​​ ​)​ ​t​ w​​ ​c​​ 2​​	 (5)

	​ ​V​ u​​ ​h​ eff​​ ​ ​ ~​ ∝ ​  ​(​​f​ c​​ ′ ​ − ​ P _ ​A​ g​​ ​)​ ​t​ w​​ ​​(​l​ w​​ − c)​​​ 2​​	 (6)

Based on these relationships, and to address the use 
of reduced-scale test specimens, the following 10 non- 
dimensional variables are selected and are named the “starting 
features.” These variables can be identified by normalizing 
Vu by Agfc′ in Eq. (1) through (6) and by applying reasonable 
approximations in some cases (for example, considering c as 
a fraction of lw, and neglecting constants because the model 
calibration process will address this).

	 x1 = ρwh(fywh/fc′)	 (7)

	 x2 = ρwv(fywv/fc′)	 (8)

	 x3 = ρwbe(fybe/fc′)	 (9)

	 x4 = 1 + Pu/(Agfc′)	 (10)

	 x5 = c/lw	 (11)

	 x6 = Mu/(Vulw)	 (12)

	 x7 = tw/lw	 (13)

	 x8 = tw/hw	 (14)

	 x9 = hw/lw	 (15)

	 x10 = Abe/Ag	 (16)

The predicted variable is the normalized shear strength 
defined as

	 ytrue = Vtrue/(Agfc′)	 (17)

Between (1 + Pu/(Agfc′)) and (1 – Pu/(Agfc′)), only one 
option is considered because they are related to the same 
parameters in Eq. (5) and (6), and because the presence of a 
constant (that is, “intercept” or equivalent) in the calibration 
process would suggest dropping one of the terms because it 
is linearly dependent on the other. The height of the wall used 
to define the effective flange width according to ACI 318-19 
Section 18.10.5.2 was estimated as hw ≈ effective height 
(heff)/0.7, where heff corresponds to the shear span, defined as 
Mu/Vu. It is well established that flanged walls have a larger 
shear strength (Gulec et al. 2009; Gulec and Whittaker 2011; 
Kassem 2015; Kim and Park 2020); thus, cross-sectional 
area Ag is used instead of Acv in Eq. (17).

The feature matrix X contains the 10 starting features 
defined in Eq. (8) through Eq. (17). The following feature 
matrixes (X̃, Xpoly, and X̃poly) are obtained by using feature 
engineering. Feature matrix X̃ contains 140 features because 
the following 14 functions were applied to the 10 original 
(starting) features: identity function, (·)–1, (·)2, (·)–2, (·)1/2, 
(·)–1/2, (·)3, (·)–3, (·)1/3, (·)–1/3, exp(·), exp(–·), log(·), and  
–log(1 + ·). Feature matrix Xpoly has 285 features (combining 
the 10 starting features with a cubic polynomial). Feature 
matrix X̃poly has 679 features that are obtained by combining 
the 14 more significant features of the X̃ matrix with cubic 
polynomial coefficients. Cubic polynomials were used 
because Eq. (1) through (6) can be formed by multiplying up 
to three starting features. Also, to reduce skewness or high-
light trends, other variations of the output variable y (refer 
to Eq. (17)) are defined as ​​3 √ 

_
 y ​​ and log(y). The subset of 14 

more significant features of X̃ is obtained after performing 
the sensitivity analysis (explained later) for ENM2 (intro-
duced later in Table 2).

The starting features will be the input parameters of one or 
more complex ML models, which will predict the normalized 
shear stress defined in Eq. (17). The selected complex ML 
models for this study are the artificial neural network (ANN) 
and Random Forest (RF) regression models because they are 
applicable for this study (the predicted parameter is a contin-
uous variable), and because they are well-known models that 
are not complicated to implement in programming languages 
(for example, Matlab, R, and Python, which have various 
built-in functions to simplify their implementation). The 
starting and engineered features are also used to create a suite 
of ENMs; a total of 10 ENMs are defined (refer to Table 2).

ENMs (Zou and Hastie 2005) are a simple and more inter-
pretable ML model type because they are a penalized linear 
modeling approach with a mixture of ridge regression (Hoerl 
and Kennard 1970) and Least Absolute Shrinkage and Selec-
tion Operator (LASSO) regression (Tibshirani 1996). Ridge 
regression reduces the impact of collinearity on the features, 
whereas LASSO reduces the dimension of the problem by 
shrinking some of the coefficients to zero (less significant 

Table 2—ENMs definition

Model
Short 

reference Long reference

ENM1 y ~ X ​       ​y​ j​​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x​ j​ T​β,      ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM2 y ~ X̃ ​       ​y​ j​​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x̃​ j​ T​ β,      ∀ j  ∈ ​{1,  2,  …,  n}​​

ENM3 ​​3 √ 
_

 y ​  ~ X̃​      ​​3 √ 
_

 ​y​ j​​ ​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x̃​ j​ T​ β,      ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM4 log(y) ~ X̃ ​log​(​y​ j​​)​ ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x̃​ j​ T​ β,      ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM5 y ~ Xpoly ​        ​y​ j​​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x​ ​poly​ j​​​ T ​     β,  ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM6 ​​3 √ 
_

 y ​  ~  ​X​ poly​​​      ​​3 √ 
_

 ​y​ j​​ ​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x​ ​poly​ j​​​ T ​      β,  ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM7 log(y) ~ Xpoly ​log​(​y​ j​​)​ ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x​ ​poly​ j​​​ T ​    β,   ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM8 y ~ X̃poly ​        ​y​ j​​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = x̃​poly​ j​​ β,  ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM9 ​​3 √ 
_

 y ​  ~  ​X̃poly      ​​3 √ 
_

 ​y​ j​​ ​  ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = x̃​poly​ j​​ β,  ∀ j  ∈  ​{1,  2,  …,  n}​​

ENM10 log(y) ~ X̃poly ​log​(​y​ j​​)​ ~ N​(​μ​ j​​ ,  σ)​,   ​μ​ j​​ = ​x̃​ ​poly​ j​​​ T ​  β,   ∀ j  ∈  ​{1,  2,  …,  n}​​

Note: n is number of features model uses.
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parameters). ENMs have two hyper-parameters: a) λ > 0 
is the complexity parameter that controls the weight of the 
penalization factors; and b) α ϵ [0,1] is the compromise 
between Ridge (α = 0) and LASSO (α = 1). Small λ values 
can result in an overfitted model (too complex), whereas 
high λ values can result in an underfitted model (too simple).

Step 3: Sensitivity analysis and selection of hyper-
parameters

The hyper-parameter sensitivity analysis described in 
Fig. 2 was implemented for the 12 ML models (1 ANN, 
1 RF regression, and 10 ENMs) using an iterative k-fold 
cross-validation (CV) method with, in this case, Niter = 100 
iterations and k = 4 folds. K-fold CV is useful for data scien-
tists when dealing with small databases (a few thousand 
data samples). Iterations are included because, in Structural 
Engineering, the database is typically even smaller (just 
a few tens or hundreds). The number of folds was set as 
k = 4 because it makes the validation set representative of 
the testing set (that is, the same size). Once the sensitivity  
analysis is completed, k × Niter = 4 × 100 = 400 RMSE values 

are computed for each configuration of hyper-parameters. 
The mean and standard deviation of the calculated RMSEs 
are obtained for each of these configurations. The optimal 
hyper-parameters are selected based on the lower mean error 
and standard deviation.

ANN—Rules suggesting values for the number of hidden 
layers and neurons per layer (main hyper-parameters) can be 
found in the literature (Chen et al. 2018; Moradi and Hariri- 
Ardebili 2019), which are covered by the ranges selected for the 
sensitivity analysis. The sensitivity analysis results are shown 
in Fig. 3; a blue dashed line indicates the best ANN configu-
ration for each number of hidden layers considered. From 
there, the optimum ANN is the one with four hidden layers and 
30 neurons in each layer because it has the lowest mean error 
(MIN RMSE) and the lowest standard deviation (SD). Previous 
configurations (the same four hidden layers, but fewer neurons) 
show an extensive range of similar and stable results.

RF regression—A large number of decision trees 
(1000 trees) are selected to ensure that a stable error level 
is reached. For this study, the error became stable at approx-
imately 300 trees. Two other hyper-parameters could have 

Fig. 2—Sensitivity analysis algorithm to select optimum set of hyper-parameter values.

Fig. 3—Sensitivity analysis results to define optimum ANN configuration.
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an impact on the performance of the model (Zhang and 
Ma 2012): 1) the number of variables (selected among all 
the features) in each cell (mtry); and 2) the prespecified 
threshold of maximum observation per cell (nodesize). The 
sensitivity analysis covered ranges of values for both hyper- 
parameters according to observations by Zhang and Ma 
(2012) concerning mtry, and according to Breiman (2001) 
and Segal and Xiao (2011) concerning nodesize. Figure 4 
shows that the RF results are only slightly sensitive to mtry, 
and that having large trees (small nodesize) results in low 
errors (RMSE). Optimal hyper-parameters are selected as 
mtry = 50 and nodesize = 1 (minimum mean and SD).

ENMs—The log(λ) values ranged from –12 to –2, while the 
α values were 1.0, 0.8, 0.6, 0.4, 0.2, and 0.0 for all 10 ENMs 
defined in Table 2. As an example, Fig. 5 presents the sensi-
tivity analysis results for ENM6; the optimum version of the 
model is indicated with a black dashed vertical line, while 
the blue, green, and orange vertical dashed lines indicate the 
λ values associated with the selected underfitting levels. In 
this study, three levels of underfitting are selected: 1) one in 

which the error corresponds to the error that is one standard 
deviation away from the error of the optimum model (“1-SD 
away” version); 2) an underfitted model that uses six features 
only (“6-feature” version); and 3) an underfitted model that 
uses three features only (“3-feature” version). These under-
fitting levels were selected because they are representative 
of models adopted in building codes and standards, and a 
model with this complexity level is of particular interest in 
this study.

Figure 6 presents the mean errors obtained from the sensi-
tivity analysis of the 10 ENM models and demonstrates 
that regardless of the value of α considered, there is a λ 
value where practically the same optimum error is reached. 
Figure 7 indicates that it is difficult for the models to exclude 
features to achieve the defined underfitted levels of interest 
for lower α values. Because of these reasons, for each ENM 
in this study, the selected hyper-parameter configuration for 
the optimum and underfitted complexity levels is α = 1, and 
its associated corresponding λ value—that is, all selected 
ENMs are LASSO models.

Fig. 4—Sensitivity analysis results to define optimum RF configuration.

Fig. 5—Sensitivity analysis results for ENM6 model: ​​3 √ 
_

 ​y​ j​​ ​  ~ N​(​μ​ j​​, σ)​, ​μ​ j​​ = ​​x​ ​poly​ j​​​​ ′ ​ β​.
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Step 4: Training, verification, and selection of best-
performing models

All the models are trained using the training set with selected 
sets of hyper-parameters. This results in 42 trained ML models: 
the optimum ANN (1 model), the optimum RF Regression (1 
model), the optimum version of each LASSO (10 models), the 
1-SD away version of each LASSO (10 models), the 6-feature 
version of each LASSO (10 models), and the 3-feature version 
of each LASSO (10 models). The acceptability criterion 
adopted in this study defines a model as acceptable when the 
errors of the training and testing sets are both within a defined 
margin away from the converging error, which is ±20% for the 
optimum models and ±10% for the underfitted models. The 
converging error is taken as the average of the training and 
testing errors. Optimum models have a larger margin because 
they are right on the balanced point between the underfitted 
and overfitted models. Thus, they have the potential to “keep 
learning” (for example, re-adjust their coefficients a bit) if 
new data are provided for training. On the other hand, by defi-
nition, underfitted models are not capable of capturing enough 

details, and they follow more rough trends identified from the 
data, which is the reason for the stricter margin around the 
converging error. The performance of existing models and the 
training of several new models also informed the selection of 
the acceptable bandwidth around the converging error (Rojas-
León 2022).

Optimum ANN and RF—Although the training process 
was based on the RMSE between ytrue and ypred (refer to 
Fig.  8(a) and 9(a)), similar model performance (that is, 
training and testing errors within ±20% of the converging 
error) is verified when using the predicted values from the 
training and testing sets to compute the mean and COV 
of Vtrue/Vpred for the optimum ANN (Fig. 8(b) and (c)) and 
optimum RF (Fig. 9(b) and (c)). Figures 8(c) and 9(c) also 
show that the predictions for the training and testing sets 
have the same distribution shapes.

Optimum and underfitted LASSO models—All 40 LASSO 
models selected (four from each ENM defined in Table 2) are 
trained using only the features associated with each chosen 
hyper-parameter configuration—that is, they are linear 

Fig. 6—Mean of MSE obtained from sensitivity analysis of all ENM models.

Fig. 7—Mean non-zero coefficients obtained from sensitivity analysis of all ENM models.
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regressions with different engineered features. Figures 10(a) 
to (d) show the training and testing errors (RMSE between 
ytrue and ypred) with a blue dot or a red cross, depending on 
whether they meet or do not meet the acceptability criterion, 
respectively. For each complexity level, the model meeting 
the acceptability criterion with the smaller converging error 
was selected (which are highlighted with a green box in 
Fig. 10; full-color version can be accessed at www.concrete.
org); the best optimal LASSO model, the best 1-SD away 
LASSO model, the best 6-feature LASSO model, and the 
best 3-feature version. Note that the optimum LASSO models 
No. 9 and 10 have significant errors, which is attributed to 
the implemented automated selection of hyper-parameters 

that are just a little past the underfitted-overfitted sweet spot, 
which is the reason that the 1-SD away model was included 
(especially for those LASSO models that are more complex). 
Figure 11 verifies the good and similar performance (training 
versus testing errors) in terms of the same error indicators 
used for the optimum ANN and optimum RF. The error goes 
up gradually, and distributions of the ytrue/ypred become wider 
as the complexity level of the models is relaxed. Nonethe-
less, the errors obtained for the 6-feature and 3-feature linear 
regressions are still very low compared to the results of 
existing equations in Table 1.

Except for the RF regression, all the learning curves 
shown in Fig. 12 (also obtained by iterating at each set size) 

Fig. 9—Performance of selected RF on training and testing sets in terms of: (a) normalized shear stress; (b) Vtrue/Vpred versus 
Vtrue; and (c) distributions of Vtrue/Vpred. (Note: 1 kip = 4.448 kN.)

Fig. 8—Performance of selected ANN on training and testing sets in terms of: (a) normalized shear stress; (b) Vtrue/Vpred versus 
Vtrue; and (c) distributions of Vtrue/Vpred. (Note: 1 kip = 4.448 kN.)

Fig. 10—Selection of best LASSO model for each complexity level based on acceptability criterion.
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have a gap between the training and testing curves and reach 
a plateau when approaching the use of 100% of the training 
set. Because of this, the error obtained when including 
future data into the training set to refine these same models 
(that is, keeping the same hyper-parameters and relevant 
features already identified) should fall between the training 
and testing errors, but closer to the training error. On the 
other hand, the training and testing learning curves for RF 
regression are very close to each other because a very large 
number of trees are selected. However, it is observed that 

the slope of the learning curves reduces (reaches a plateau) 
when the training size becomes larger. This behavior means 
that, if additional data are provided for training the same 
RF regression, the converging error would get closer to that 
plateau, resulting in a slightly lower error.

Step 5: Setting target errors for different model 
complexity levels

Because the six selected models demonstrate good perfor-
mance that has been verified, adding data with a distribution 

Fig. 11—Performance of selected LASSO models on training and testing sets in terms of: (a), (d), (g), and (j) normalized shear 
stress; (b), (e), (h), and (k) Vtrue/Vpred versus Vtrue; and (c), (f), (i), and (l) distributions of Vtrue/Vpred. (Note: 1 kip = 4.448 kN.)

Fig. 12—Learning curves of selected and verified ML models.
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similar to that of the training data will only refine these models 
(Amazon Web Services 2019). Thus, the testing set is incor-
porated into the database used to train these models, but the 
same selected hyper-parameters and input features are kept. 
The results are presented side by side in Fig. 13, sorted from 
higher model complexity level (left) to lower model complexity 
level (right): optimum ANN, optimum RF, optimum LASSO 
M6, 1-SD away LASSO M9, 6-feature LASSO M4, 3-feature 
LASSO M10. As expected, performances are similar to those 
obtained previously and aligned with the observations derived 
from the learning curves. This good behavior is verified for all 
different error indicators used before.

Figure 13 shows that the ANN performs better (smaller 
error) than RF, but there is still room for the RF to improve 
if additional data are added to the database. The optimum 
LASSO model performs practically the same as the optimum 
ANN, or even slightly better if the RMSE between ytrue and 
ypred is considered. This is a relevant finding for two primary 
reasons: 1) the LASSO model is much less complex than the 
ANN model because, as noted before, LASSO models are 
linear regressions using those selected features only (which, 
for the optimum LASSO model, are 45 features engineered 
from the 10 starting features); and 2) the underfitted LASSO 
models can be understood as a smooth relaxation away from 
the optimum when looking for target model performances 
(errors) that fulfill user requirements for less complex 
models. The 1-SD away LASSO model is a linear regres-
sion of 14 features engineered from seven of the 10 starting 
features (x1, x2, x3, x6, x8, x9, and x10), the 6-feature LASSO 

model is a linear regression of six features engineered from 
six of the 10 starting features (x1, x2, x3, x4, x6, and x8), and the 
3-feature LASSO model is a linear regression that uses three 
features engineered from five of the 10 starting features (x1, 
x2, x3, x6, and x10). Unlike the ANN or RF regression models, 
the LASSO models could be easily implemented in an Excel 
spreadsheet. Therefore, for the comprehensive database used 
in this study or for a similar one (similar parameter ranges 
and distributions, as is the case of the testing set with respect 
to the entire database accordingly with Fig. 1), models with 
different levels of complexity noted should comply with the 
requirements stipulated in Table 3.

COMMENTS ON RELEVANT PARAMETERS
Among the starting features defined from Eq. (7) to 

(16), the ones used in the 6- and the 3-feature LASSO 
models defining the performance requirement for a 

Fig. 13—Selected and trained ML models applied to entire database.

Table 3—Target performances for different model 
complexity levels

Requirements

Model complexity level

Complex ML models Simplified models

Number of parameters — ~3 to 6

Vtrue/Vpred mean ratio 0.99 to 1.01 0.98 to 1.02

COV ≤0.12 0.16 to 0.19

Training versus testing 
error margin

±20% of converging 
error

±10% of converging 
error
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code-oriented equation are: x1 = ρwh(fywh/fc′), x2 = ρwv(fywv/fc′), x3 =  
ρwbe(fybe/fc′); x4 = 1 + Pu/(Agfc′), x6 = Mu/(Vulw), x8 = tw/hw, and 
x10 = Abe/Acv. The only ones that are not listed herein are x5 =  
c/lw, x7 = tw/lw, and x9 = hw/lw. The absence of x5 = c/lw can be 
attributed to the presence of x10 = Abe/Acv and x3 = ρwbe(fybe/
fc′) because these two features can be used to represent the 
forces of compression or tension that are developed at the 
wall edges (and thus the neutral axis depth). The absence 
of x7 = tw/lw can be attributed to the presence of x8 = tw/hw, 
which already accounts for the wall thickness and can be 
used together with x6 = Mu/(Vulw) to reproduce values that 
have a high correlation with x7 = tw/lw. On the other hand, 
the absence of x9 = hw/lw might be surprising because some 
existing models used by codes or standards, or reported in 
the literature, use the wall aspect ratio (hw/lw) as a parameter 
to estimate wall shear strength (ACI 318-19 is one of those), 
whereas some other models use moment-to-shear span ratio 
(Mu/(Vulw)). In many of the tests reported in the literature 
(82% of the tests in the database used), these values are the 
same because the test involves a cantilever wall, fixed at 
the base, with a single point load applied near the top of 
the wall (that is, Mu = Vuhw). For some tests reported in the 
literature, these values are not the same (for example, for a 
partial-height wall with an applied lateral load and moment 
at the top of the wall), and it is necessary to define an effec-
tive wall height hw,eff and wall aspect ratio (hw,eff/lw). As 
for the database used in this study, there are 32 specimens 
with a moment applied to the top of a partial height wall, 
three cantilever walls with two or more lateral loads, and 
26 specimens tested with a double curvature configuration. 
For tests with multiple applied lateral loads (Cardenas and 
Magura 1972) or a moment applied at the top of the wall test 

(Segura and Wallace 2018), or both, the effective wall aspect 
ratio hw,eff was defined as Mu/Vu at the wall critical section 
(wall-foundation interface). If this approach is used, then 
identical results are produced from the wall test database 
using either hw/lw or Mu/(Vulw). Thus, the constructed wall 
height was used to define x9 = hw/lw because that is how the 
aspect ratio has been defined in other studies. However, for 
the reasons given previously, it was expected that x6 = Mu/
Vulw would be a better parameter to assess the shear strength 
of walls in buildings.

COMMENTS ON PERFORMANCES OF EXISTING 
MODELS

The performance of the existing models in codes and 
standards was evaluated using the common, comprehensive 
database gathered for this study (refer to Fig. 14). Upper 
limits (for example, ​10 ​√ 

__
 ​​f​ c​​ ′ ​ ​​A​ cv​​​ from the ACI 318-19 equa-

tion) were not considered to avoid introducing bias (conser-
vatism) into the equations. Mean values varied from 0.73 
to 1.63, and the COV values ranged from 0.28 to 0.45, and 
none of the existing models performed particularly well. 
The Gulec and Whittaker (2011) model had the least varia-
tion but with a mean value of 1.19. The Barda et al. (1977) 
model and the Sánchez-Alejandre and Alcocer (2010) model 
had mean values very close to 1.0, but COV values greater 
than 0.3. The ASCE 43-05 model (which is based on Barda 
et al. [1977]) resulted in a mean value of 1.26 and a COV 
of 0.29. None of these models satisfy the simplified model 
complexity level requirements stated in Table 3.

Also, none of the ML models analyzed in the literature 
review meet the target performance requirements for a 
complex model because the error is not small enough or 

Fig. 14—Performance comparison of existing models using single, comprehensive database.



87ACI Structural Journal/January 2024

because the difference between the training and testing error 
is too large. The proposed framework provides a means to 
better train ML models, particularly when the addressed 
problem is based on basic mechanical principles. Applying 
the proposed framework resulted in similar results for all ML 
model types studied at their respective optimum complexity 
level. The observation that essentially the same performance 
of complex ML models (ANN, RF) was achieved with a 
simple LASSO model in this study indicates that the size 
of databases used for many civil engineering problems 
may still be too small to benefit from the use of complex 
ML model types because a linear regression with the right 
features has similar performance, or even slightly better. 
This is aligned with the rule of thumb that says ML models 
should be trained on at least an order of magnitude more 
samples than input model parameters (Morgan and Bourlard 
1989; Google Developers 2022; Gonfalonieri 2019).

SUMMARY AND CONCLUSIONS
This study proposes a framework to obtain different target 

model performance requirements for models with different 
complexity levels. The approach is particularly useful when 
addressing a mechanics-based problem with a small data-
base. The framework leads to properly trained machine-
learning (ML) models (more than one) that enable the quan-
tification of the gap between the performance of existing 
models and the best performance that can be achieved 
with currently available data; this allows the user to make 
informed decisions on the value of developing improved 
models (with less complexity than the ML models).

The framework is demonstrated by addressing the problem 
of assessing wall shear strength using a comprehensive data-
base of 340 walls reported to have failed in shear. This appli-
cation highlights how the framework can be used to address 
issues such as: a) existing reinforced concrete (RC) wall 
shear strength equations (used in building codes or standards 
or proposed in the literature) perform very differently when 
evaluated with different databases and the performance is 
generally poor when evaluated against a common, compre-
hensive database (that is, high error, high variance, or both); 
b) existing ML models were trained without addressing the 
issue that most databases are comprised of tests conducted 
at less than full scale or do not represent the spectrum 
parameters for as-built walls in buildings; and c) existing 
models with higher complexity suggest good performance 
by showing that they are better than models with less 
complexity, which is an unfair comparison. Finally, where 
models of similar complexity are compared, it is insufficient 
to conclude that the model with best performance should be 
selected because a third model with equivalent complexity 
could perform better—that is, model performance require-
ments are needed to guide this assessment.

When applied to the problem of assessing RC wall shear 
strength, the framework shows that a systematic method-
ology that recognizes the mechanics of the problem, the 
availability of limited data (compared to those databases 
with thousands or millions of samples available in fields 
where ML shows its greats potential), and avoids training 
issues such as those highlighted in this paper, can produce 

simple models with performance as good as (or nearly as 
good as) complex ML models. Because all ML models 
considered in this study at their optimum complexity level 
(ANN, RF regression, and LASSO model) result in very 
similar predictive performance, underfitted models derived 
from the optimum LASSO model can be taken as a smooth 
relaxation away from the optimum when looking for target 
model performance (errors) that fulfill user requirements for 
less-complex models.

For the application and database used in this study, the 
framework establishes a Vtrue/Vpred mean ratio very close to 
1.0 with a COV in the range of 0.16 to 0.19 as the perfor-
mance requirements for a less-complex model that could be 
used in codes and standards to predict RC wall shear strength. 
In addition, the training and testing errors should be within 
a margin of ±10% of the converging error (at least, in terms 
of the error used in the optimization process and in terms of 
COV). For complex ML models, the mean ratio of Vtrue/Vpred 
should be very close to 1.0 with a COV of 0.12, or less, and 
training and testing errors should be within a margin of ±20% 
of the converging error. Similar findings are expected for 
other similar applications with similar size databases.

Finally, none of the assessed existing code-oriented 
models meet the target performance requirements for a 
simplified shear strength model, which suggests there is 
room for improvement in code equation predictive perfor-
mance. Also, none of the ML models analyzed in the litera-
ture review meet the performance requirements for complex 
ML models, which reflects the impact of improper training.
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Wall shear-strength equations reported in the literature and used 
in building codes are assessed using a comprehensive database 
of reinforced concrete wall tests reported to have failed in shear. 
Based on this assessment, it is concluded that mean values varied 
significantly, and coefficients of variation were relatively large 
(>0.28) and exceeded the target error for a code-oriented equa-
tion defined in a companion paper (Rojas-León et al. 2024). There-
fore, a methodology employing statistical and machine-learning 
approaches was used to develop a new equation with a format 
similar to that currently used in ACI 318-19. The proposed equa-
tion applies to walls with rectangular, barbell, and flanged cross 
sections and includes additional parameters not considered in 
ACI 318-19, such as axial stress and quantity of boundary longitu-
dinal reinforcement. Parameter limits—for example, on wall shear 
and axial stress—and an assessment of the relative contributions to 
shear strength are also addressed.

Keywords: code equation; machine learning (ML); shear strength; shear 
wall; statistics; structural wall.

INTRODUCTION
In ACI 318-19 (ACI Committee 318 2019) Eq. (18.10.4.1), 

wall nominal shear strength (Vn) is computed using a Vn = 
Vc + Vs format, where Vc and Vs are the concrete and rein-
forcement contributions to nominal shear strength, respec-
tively. Other U.S. standards and building codes in other 
countries typically use the same format; however, the param-
eters considered for concrete and reinforcement contri-
butions differ. For example, the expressions used in NZS 
3101:2006 (2006) and ASCE/SEI 43-05 (2005) consider the 
influence of axial load on Vc, whereas ACI 318 does not, 
and the detailed model of NZS 3101:2006 uses the shear-
span ratio (Mu/(Vlw)), whereas ACI 318 uses the wall aspect 
ratio (hw/lw) to estimate Vc, where hw and lw are the wall total 
height and length, respectively. The ASCE/SEI 43-05 model 
considers the influence of vertical web reinforcement on Vs, 
whereas the ACI 318 model only considers the influence of 
web horizontal reinforcement. These predictive equations, 
as well as equations proposed in the literature (Gulec et al. 
2009; Sánchez-Alejandre and Alcocer 2010; Carrillo and 
Alcocer 2013; Kassem 2015), show significant variance 
when used to predict the wall shear strength of specimens 
from various databases reported in the literature that were 
not used to develop the equations, including the comprehen-
sive database of this study.

Machine-learning (ML) models, which have become 
popular in recent years, typically demonstrate excellent 

predictive power; however, these models are often complex 
and challenging to interpret, rendering them unsuitable for 
adoption in building codes (for example, ACI 318) or stan-
dards (for example, ASCE/SEI 41). Further, Rojas-León 
et al. (2024) identified several drawbacks in the ML models 
used to predict the shear strength of reinforced concrete 
(RC) walls (Chen et al. 2018; Moradi and Hariri-Ardebili 
2019; Keshtegar et al. 2021; Feng et al. 2021) and developed 
a framework to address these issues by establishing perfor-
mance requirements for structural component models, as 
shown in Table 1 for wall shear stress.

Rojas-León et al. (2024) evaluated various models reported 
in the literature (Gulec et al. 2009; Sánchez-Alejandre and 
Alcocer 2010; Carrillo and Alcocer 2013; Kassem 2015) and 
observed that the mean and coefficient of variation (COV) of 
true-to-predicted shear strength values (Vtrue/Vpred) changed 
and increased, respectively, sometimes substantially, when 
different databases were used to evaluate the same model. 
Reasons for these observations include: a) the number of 
wall tests in each database; b) the type of tests included in 
each database (for example, a database of walls with rect-
angular cross sections only versus one with walls with 
rectangular and flanged cross sections); and c) the level of 
detail included in the databases. In addition, the wall aspect 
ratio (hw/lw) was typically used to determine which tests 
were included in each database (for example, hw/lw < 1.5 or 
2.0); however, the study by Abdullah and Wallace (2021) 
indicates that hw/lw is not the best indicator of the expected 
wall failure mode. Therefore, databases used to develop 
the models reported in the literature often included walls 
that did not fail in shear (that is, exhibited a flexural failure 
mode). More detailed information about existing models and 
associated drawbacks is available in Rojas-León (2022) and 
Rojas-León et al. (2024).

Based on these observations, the same data set of 340 wall 
specimens with reported shear failure modes used by Rojas-
León (2022) and Rojas-León et al. (2024) (obtained from the 
database of more than 1100 wall tests gathered by Abdullah 
[2019]) was used to assess the existing models. The perfor-
mance of the existing models was generally poor, with mean 
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values that often varied substantially from 1.00 (ranging 
from 0.73 to 1.63) and large COV values (ranging from 0.28 
to 0.45), as shown in Table 2. Further, none of the existing 
models met the target performance requirements given in 
Table 1, indicating that there is potential to develop better 
models.

This study presents code-oriented equations to esti-
mate RC wall shear strength that addresses this need. The 
equations were developed by applying a methodology that 
implements ML and classical statistics approaches in the 
training process. The approach begins with a model (starting 
model) that is more complex than the desired model (and 
thus it is expected to have a smaller error than the target 
error), and then a reduction (or shrinking) process is applied 
to derive a simpler model that satisfies the target perfor-
mance requirements. This approach was applied using the 
same database of 340 walls with symmetrical cross sections 
(rectangular, barbell, and H-shaped) used by Rojas-León 
(2022) and Rojas-León et al. (2024), and additional studies 
were conducted to extend the use of the proposed equation 
to walls with asymmetrical cross sections (L- and T-shaped). 
In addition, two sets of companion tests were identified from 
the database to enable comparisons of the relative contribu-
tion of Vc and Vs for the ACI 318-19 and proposed models. 
Finally, the database was used to establish an upper limit 
on nominal wall shear stress and upper and lower limits on 
wall axial stress, as well as a preliminary study to establish 
that the use of a strength reduction factor of 0.75 is most 
likely appropriate to meet the probability of failure criterion 
in ASCE/SEI 7-16 (2017) Table 1.3-2.

RESEARCH SIGNIFICANCE
Because the equation used in ACI 318-19 to determine 

wall shear strength is conservative and inaccurate, a new 
wall shear strength equation with a true-to-predicted mean 
ratio of 1.00 and a COV = 0.17 is proposed to meet the target 
performance objectives for an equation appropriate for adop-
tion in building codes and standards. The proposed equation 
includes additional variables known to influence wall shear 
strength, increases the upper limit on shear stress for walls 
with a compression flange, enables a more uniform level of 
safety, and potentially allows for a more economical design 
of buildings with core walls.

APPROACH TO DEVELOPING CODE-
APPROPRIATE EQUATION

The approach combines ML and statistical methods to 
shrink (simplify) an equation (starting equation) with a 
code-oriented format until a defined target error is achieved. 
Once a code-appropriate equation was developed using the 
database of walls with symmetrical cross sections, additional 
studies were conducted to determine modifications needed 
to apply the equation to walls with asymmetrical cross 
sections (for example, L- and T-shaped) because these wall 
shapes are commonly used; however, insufficient test data 
existed for these wall cross sections to justify their inclusion 
in the broader ML and statistical studies. The following steps 
describe the details of the approach.

Step 1: Collection and preparation of test data
In this study, the same database of 340 symmetrical walls 

reported to have failed in shear used by Rojas-León et al. 
(2024) is used (refer to that paper’s Appendix), which has 
already been rigorously reviewed to filter out tests that do 
not meet predefined criteria or where inconsistent results 
were reported. The data set was split into a training set of 
272 samples (80%) and a testing set of 68 samples (20%). 
A second testing set of walls with asymmetrical cross 
sections—with 13 out of the 20 samples corresponding 
to specimens identified with a T-shaped, L-shaped, half- 
barbell-shaped (walls with a column at one end), or wing-
shaped (columns with a wing wall on each side) cross 
sections in the original (larger) data set (Rojas-León et  al. 
2024)—was also part of this study. This second subset 
was studied separately because 13 tests is a small number 
compared to 340 tests, and thus the inherent differences asso-
ciated with these tests would be overlooked in the training 
process if included as part of the larger training and testing 
data sets. Because the use of wing walls is not common in 

Table 2—Performance of existing models using 
single, comprehensive database

Model

Statistics for Vtrue/Vpred

Mean Median COV

ACI 318-19, Chapter 18 1.26 1.17 0.42

ACI 318-11, Chapter 11 1.18 1.12 0.34

ASCE/SEI 43-05 1.26 1.25 0.29

AIJ 1999 0.73 0.74 0.31

NZS 3101:2006 – Simple 1.63 1.46 0.45

NZS 3101:2006 –  
Detailed 1.26 1.21 0.33

Barda et al. (1977) 1.00 1.00 0.35

Wood (1990) 1.47 1.41 0.41

Sánchez-Alejandre and 
Alcocer (2010) 1.02 0.95 0.34

Gulec and Whittaker 
(2011) 1.18 1.12 0.28

Carrillo and Alcocer 
(2013) 1.57 1.44 0.43

Kassem (2015) 0.89 0.83 0.36

Table 1—Requirements for code-oriented wall 
shear-strength model

Model characteristics Requirement

Number of variables ~3 to 6

Range of mean Vtrue/Vpred
* 0.98 to 1.02

Range of COV of Vtrue/Vpred 0.16 to 0.19

Training versus testing error 
margin† ±10% of converging error

*Vtrue is true shear strength measured in a test. Vpred is predicted shear strength 
obtained using an equation (Vpred = Vn).
†Inclusion of other error indicators, in addition to one used in optimization process, is 
strongly recommended to assess this requirement.
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U.S. practice, and the Japanese Code (AIJ 1999) includes 
detailed recommendations on determining wing-wall shear 
strength, the seven wing-wall samples (corresponding to 
seven specimens) were excluded from the second testing set. 
The remaining subset of 13 samples is derived from 11 spec-
imens; two of the tests reported failures in both directions of 
loading (specimen HW2 tested by Kabeyasawa et al. [1996] 
and specimen SWBT-L40 tested by Bae et al. [2010]); there-
fore, the two tests generate four samples.

Step 2: Identification of relevant parameters and 
starting equation

This step involves identifying the relevant parameters 
based on a literature review and then normalizing these 
parameters (for example, using shear stress versus shear 
strength because most tests were done on reduced-scale 
specimens). In this case, the parameters considered in the 
starting model are the relevant features used in the simplest 
ML models reported by Rojas-León et al. (2024) when 
applying the proposed target performance framework to the 
problem of assessing wall shear strength, that is, the six- and 
three-feature Least Absolute Shrinkage and Selection Oper-
ator (LASSO) models: ρwh(fywh/fc′), ρwv(fywv/fc′), ρbe(fybe/fc′), 
1 + (Pu/(Ag′fc′)), Mu/(Vulw), tw/hw, and Abe/Acv (these variables 
are defined in the next paragraph). The selected parameters 
include material-related parameters (Vi) and other parame-
ters (γj,i):
•	 Material-related parameters (Vi): concrete strength and 

correlated cross-sectional area (Ag′, fc′), quantity and 
yield stress of longitudinal reinforcement at the wall 
boundary in tension (ρbe, fybe), quantity and yield stress 
of horizontal web reinforcement (ρwh, fywh), and quantity 
and yield stress of vertical web reinforcement (ρwv, fywv) 

•	 Other parameters (γj,i): axial load ratio (Pu/(Ag′fc′)) and 
shear-span ratio (Mu/(Vulw)) (or aspect ratio hw/lw)

where fc′ is the specified compressive strength of concrete; 
ρbe is the boundary region longitudinal reinforcement ratio 
defined as Asb/Abe; fybe is the specified yield strength of the 
boundary region longitudinal reinforcement; ρwh and fywh 
are the ratio and specified yield strength of the horizontal 
web reinforcement, respectively; ρwv and fywv are the ratio 
and specified yield strength of the vertical web reinforce-
ment, respectively; Pu, Mu, and Vu are the factored (or test) 
axial load, moment, and shear, respectively; lw is the wall 
length in the direction of the applied shear force; hw is the 

total wall height; Abe is the cross-sectional area bounding 
the longitudinal reinforcement at a wall boundary; Acv is 
the cross-sectional area bounded by the wall length and the 
web thickness (tw); Ag′ is the wall web area (Acv) plus the 
area of the effective overhanging flange width (if present) 
at the edge (or boundary) of the wall subjected to compres-
sive stresses due to overturning moment; and Asb is the area 
of concentrated longitudinal tension reinforcement at a wall 
boundary within 0.20lw from the wall edge, including the 
area of longitudinal reinforcement located within an effec-
tive tension flange width, if it exists. If wall web longitudinal 
reinforcement is uniformly distributed, then Asb includes the 
area of longitudinal reinforcement within 0.20lw from the 
wall edge, as well as longitudinal reinforcement within the 
effective flange.

These parameters are rearranged into an equation that 
follows the “Vc + Vs” (concrete contribution plus steel contri-
bution) format. The other parameters (γj,i) are normalized 
unitless weights that multiply each of the material param-
eters (Vi) terms, which have units of force (for example, 
kN, kip, and so on). Figure 1 shows the general form of the 
equation, which is used as the starting equation that is then 
reduced in the shrinking process. The starting equation is 
normalized to avoid the many potential issues that could 
arise during the training process (Rojas-Leon et al. 2024). 
It is noted that this normalization process is based on the 
physics of the problem—that is, different than the normal-
ization or scaling concepts used in statistics, which are still 
required prior to training a model. The predicted variable is 
ytrue = Vtrue/(Ag′fc′), which is slightly different from the one 
used by Rojas-León et al. (2024), where Ag was used in the 
normalization; the reason for this is described later.

It is necessary to define an effective wall height hw,eff for 
wall tests with multiple lateral loads applied over the wall 
test specimen height or for walls with a moment applied at 
the top of the wall (sometimes referred to as a wall panel 
test). A common approach is to use hw,eff = Mu/Vu (Segura and 
Wallace 2018) at the wall-foundation interface; therefore, 
for most of the tests in the database (82%), with a single-
point load applied near the top of a fixed-based cantilever 
wall, hw,eff = hw. With this definition, the same predictive 
equation is achieved using either hw,eff/lw or Mu/(Vulw). In this 
study, Mu/(Vulw) is used because, for a real building, use of 
hw/lw versus Mu/(Vulw) would produce different results. This 
issue is addressed later.

Fig. 1—Definition of starting equation.
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Step 3: Training process, equation simplification, 
and performance verification

The unknown coefficients to be evaluated and fitted are ai, 
bi, ci, and βi of the normalized equation shown in Fig. 1. The 
iterative k-fold cross-validation (CV) method implemented 
by Rojas-León et al. (2024) is used. In this case, in addi-
tion to keeping track of the model error, p-values are also 
recorded because they indicate the statistical significance of 
each model variable; the higher the p-value, the less signifi-
cant the variable is (Murtaugh 2014). The algorithm shown 
in Fig. 2 is implemented to shrink (simplify) the starting 
equation until the model error meets the target error (refer 
to Table 1).

The training process produces p-values for each ai, bi, ci, 
and βi coefficient, whereas the model error is computed from 
model predictions using the validation data set. Although 
root-mean-square error (RMSE) is used in the optimiza-
tion process, the mean and COV of the true-to-predicted 
ratio (Vtrue/Vpred) are also computed. Here, k = four folds and 
Niter = 50 iterations were used; therefore, once the iterative 
process is completed, Niter × k = 200 errors and Niter × k = 
200 p-values for each ai, bi, ci, and βi coefficient are obtained. 
The average error and p-value for each coefficient are calcu-
lated. If the average error is lower than the target error, 
the variable associated with the largest average p-value is 
dropped. Judgment is applied so that the shrinking process 
is gradual; for example, if the p-values of β4 and bwv are the 
first and second highest, respectively, the parameter associ-
ated with bwv is the one that is dropped because it results in a 
more gradual equation shrinking. p-values were used instead 
of a more automated ML method because it is simple and 
allows for the application of judgment before shrinking the 
model after each cycle.

The starting equation (with all the parameters) had an 
average RMSE of 0.0178 and a mean and COV of the true-to-
predicted ratio of 1.00 and 0.152, respectively. The resulting 

equation at the end of the shrinking process, given in Eq. (1), 
has an average RMSE of 0.0188 and a mean and COV of 
the true-to-predicted ratio of 1.00 and 0.161, respectively. 
Because the nonlinear regressions resulted in very similar 
values for abe and awh (after the axial load ratio parameters 
associated with coefficients bbe and bwh were both dropped), 
these values were both set equal to as (abe = as; awh = as). 

	​ ​y​ n​​  =  ​β​ 0​​ + ​β​ 1​​​​(​ ​M​ u​​ _ ​V​ u​​​l​ w​​ ​)​​​ 
​a​ c​​

​​​(1 + ​  ​P​ u​​ _______ ​Ag ′ ​​fc ′ ​
 ​)​​​ 

​b​ c​​

​

	 ​+ ​(​ ​M​ u​​ _ ​V​ u​​​l​ w​​ ​)​​​ 
​a​ s​​

​​[​β​ 2​​​ 
​ρ​ be​​​f​ ybe​​ ______ ​fc ′ ​

 ​  ​ ​A​ be​​ _____ ​Ag ′ ​ ​ + ​β​ 3​​​ 
​ρ​ wh​​​f​ ywh​​ ______ ​fc ′ ​

 ​  ​ ​A​ cv​​ _____ ​Ag ′ ​ ​]​ ​	 (1)

Results of the nonlinear regressions also produce fitted 
values for the ac, bc, as, and β coefficients of Eq. (1). 
However, these fitted values (for example, ac = –0.404, bc = 
2.808, as = –0.339, β0 = –0.060, β1 = –0.097, β2 = 0.384, and 
β3 = 0.344) are not commonly used (or typical) of a code 
equation; therefore, the algorithm shown in Fig. 3 with k = 
4 and Niter = 50 was implemented to simplify the equation.

This process involved selecting a range of values around 
the fitted values for ac, bc, and as, and only calibrating βi 
coefficients by using linear regression for each combination 
of (ac

*, bc
*, as

*). The (ac
*, bc

*, as
*) values associated with the 

minimum average error are selected for use in the final equa-
tion. Judgment can be applied in this process—that is, the 
error obtained for different combinations of ac, bc, and as 
values might be similar (and meet the target error); there-
fore, the most “convenient” values can be selected. Finally, 
the coefficients β0, β1, β2, and β3 are defined based on the 
average values obtained from the Niter × k = 200 linear 
regressions associated with only the selected (ac

*, bc
*, as

*). 
The resulting equation is given in Eq. (2)

	 Vn = αcAg′fc′ + αs(ρsb fysb + ρwh fywh)Acv	 (2)

Fig. 2—Algorithm implementing four-fold CV to shrink starting equation.
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where ρsb is longitudinal reinforcement at the tension edge 
defined as Asb/Acv; and the αc and αs coefficients are

	​ ​α​ c​​  =  ​  1 _ 100 ​​
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The performance of Eq. (2) is summarized in Fig. 4, 
where it is verified that similar values of RMSE, mean, and 
COV are obtained for both the training and testing sets and 
the different error indicators meet the requirements for a 
code-oriented model given in Table 1.

It is noted that it would be a relatively simple process to 
develop an even further simplified model (with a higher 
error) that could be used to simplify design for cases where 
wall shear demands are not expected to control or for 
preliminary design. Equation (4), along with the coefficients 
defined in Eq. (5), is a simplified equation whose error (refer 

to Fig. 5) is still smaller than all the existing equations evalu-
ated by Rojas-León et al. (2024) (refer to Table 2). The lower 
complexity level of this equation comes from the exclusion 
of the axial load and the removal of one term.

	 Vn = αcAg′fc′ + αsρwh fywhAcv	 (4)

	​ ​α​ c​​  =  ​ 
​​(​ 

​ρ​ sb​​​f​ ysb​​ _____ ​fc ′ ​
 ​ )​​​ 

1/4

​
 __________ 

6​​(​ ​M​ u​​ _ ​V​ u​​​l​ w​​ ​)​​​ 
1/2

​
 ​,   ​α​ s​​  =  ​ 2 _ 3 ​​​(​ 

​ρ​ sb​​​f​ ysb​​ _____ ​fc ′ ​
 ​ )​​​ 

1/3

​​	 (5)

Step 4: Assessment of walls with asymmetrical 
cross sections

The entire methodology was first applied using Ag, and a 
model similar to that given in Eq. (2) and (3) was obtained. 
However, the use of Ag could not easily be applied to walls 
with asymmetrical cross-sectional shapes because the longi-
tudinal reinforcement at the wall boundaries and the concrete 
area in compression differ depending on the loading direction. 

Fig. 3—Algorithm to determine optimum closed values for ac, bc, and as coefficients.

Fig. 4—Performance of Eq. (2) against wall tests with symmetrical cross sections.
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Prior studies have shown that beams (Joint ASCE-ACI Task 
Committee 426 1973) and walls (Gulec and Whittaker 2011; 
Kassem 2015; Kim and Park 2020) with flanges in compres-
sion have greater shear strength than beams and walls with 
rectangular cross sections and the same area of longitudinal 
tension reinforcement. Because the initial equation (and 
the proposed Eq. (2)) already account for the longitudinal 
boundary reinforcement in tension (including any rein-
forcement within the effective tension flange width), Asb, it 
was decided to use the variable Ag′ (instead of Ag). Equa-
tion (2) was developed using the data set of 340 walls with 
symmetric cross-sectional shapes, which included walls 
with H- and barbell-shaped cross sections, using the variable 
Ag′. It is noted that the performance of the initial equation 
and Eq. (2) were essentially the same, which indicates that 
the use of Ag′ works to extend the application of the model. 
Figure 6 demonstrates how Ag′ and Asb are defined for an 
asymmetrical wall (a T-shaped wall in this case) based on the 
direction of loading; therefore, different wall shear strengths 
are obtained for each direction of loading. Results presented 

for the data set of asymmetric walls are provided in Fig. 7 
and demonstrate that the performance of the proposed 
approach is similar to that for the data set of 340 symmetric 
walls. It is noted that the data set of asymmetrical walls is 
limited; therefore, this approach should be reassessed when 
additional data become available.

Step 5: Performance of proposed equation over 
complete data set

The good performance of the equation is verified because 
the training and testing learning curves (in terms of the error 
computed as RMSE between ytrue and ypred, and as COV of the 
ratio Vtrue/Vpred) have the signature of an underfitted model 
(that is, rapid convergence and a long plateau of the training 
and testing error curves), but the converging error meets 
the target error range (Table 1), and the training and testing 
errors are within the ±10% band around the converging 
error (Rojas-León 2024). This behavior means the model’s 
predictive performance is stable and will be essentially the 
same if data that follow a similar distribution are added to 

Fig. 5—Performance of Eq. (4) against wall tests with symmetrical cross sections.

Fig. 6—Example of concrete cross-sectional area and longitudinal tension reinforcement.
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the training data set (Amazon Web Services, Inc. 2016). 
Therefore, the same equation (that is, no retraining was 
performed) was applied to estimate the shear strength of the 
entire database of 340. The error indicators obtained with 
the entire data set are: RMSE = 0.0188 for ypred versus ytrue, 
RMSE = 0.170 for Vtrue/Vpred versus 1.0, and mean and COV 
values of 1.00 and 0.17 for Vtrue/Vpred.

PARAMETER RANGE LIMITATIONS OF DATA SET
Histograms from the data set of 340 walls for Pu/(Ag′fc′), 

Ag′/Acv, and Mu/(Vulw) are presented in Fig. 8. Based on the 
histograms for Pu/(Ag′fc′) and Ag′/Acv, limits of 0 ≤ Pu/(Ag′fc′) ≤ 
0.20 and Ag′/Acv ≤ 1.5 are proposed for Eq. (2). Given that 
shear strength tends to increase with an increase in these 
variables, the proposed limits should produce conservative 
predictions for ratios outside of these limits, except for the 
case of a wall in tension, which also is not addressed in the 
ACI 318-19 equation for wall shear strength. Based on the 
information presented in Fig. 8, the following limits are 
established for the coefficients in Eq. (2): 0.010 ≤ αc ≤ 0.100, 
and 0.30 ≤ αs ≤ 0.50. These limits are chosen as convenient, 
round numbers, determined by the threshold values where 
the extreme tail data comprises approximately 5% of the 
database. Similarly, the coefficients in Eq. (4) are bounded 
by 0.05 ≤ αc ≤ 0.15 and 0.20 ≤ αs ≤ 0.50.

COMMENTS ON USE OF Mu/(Vulw)
Current engineering practice is to use total wall height 

above the critical section (refer to ACI 318-19, Chapter 
2, hw or hw,cs) to determine the value of the aspect ratio  

(hw/lw) to use in ACI 318-19 Eq. (18.10.4.1) (to deter-
mine αc). In general, hw/lw is significantly larger than the 
value of Mu/(Vulw) because the latter uses the height from 
the critical section to the resultant lateral force. Ratios of  
Mu/(Vulw) and hw/lw are compared in Fig. 9 for a single canti-
lever wall representing the lateral-force-resisting system 
for buildings ranging from one to 15 stories (15 ft [4.57 m] 
height for the first story and 12 ft [3.66 m] height for the 
stories above) using the ASCE/SEI 7-16 Equivalent Lateral 
Force (ELF) procedure (Section 12.8) with Tu = CuTa. The 
results presented in Fig. 9(a) indicate that using hw/lw versus 
Mu/(Vulw) produces a conservative estimate of wall shear 
strength. Furthermore, in ACI 318-19, the ASCE/SEI 7 
wall shear demand Vu is amplified—that is, Ve = ΩvωvVu—
to account for overstrength and higher mode contributions, 
where Ωv = Mpr/Mu for walls with hw/lw > 1.5 and Ωv = 1.0 for 
hw/lw ≤ 1.5. Therefore, to account for overstrength and higher 
modes, a more realistic value of moment-to-shear demand 
would be: Mpr/Ve = ΩvMu/(ΩvωvVulw) = Mu/(ωvVulw). Again, 
because ωv ≥ 1.0, use of overall wall height (hw,es/lw) to esti-
mate wall shear strength would produce even more conser-
vative results, as shown in Fig. 9(b) for hw/lw ranging from 
1.0 to 5.0 (Fig. 9(b) was created assuming lw = 30 ft [9.14 
m]). Given these observations, the proposed shear strength 
equation is based on using Mu/(ωvVulw) as opposed to hw/lw. 
An alternative approach would be to propose modifications 
to hw/lw to address these issues, which might simplify the 
implementation of the proposed equation (Eq. (2)) and the 
simplified equation (Eq.  (4)), but possibly lead to added 
conservatism.

Fig. 7—Performance of Eq. (2) against wall tests with asymmetrical cross sections.

Fig. 8—Histograms of parameters used in Eq. (2) and (3).
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RELATIVE CONTRIBUTIONS OF CONCRETE  
AND HORIZONTAL REINFORCEMENT TO  

WALL SHEAR STRENGTH
ACI 318-19 Eq. (18.10.4.1) assumes that wall shear 

strength is directly proportional to the quantity of hori-
zontal web reinforcement provided—that is, in Eq. (2), the 
term αs would be equal to 1.0. This assumption is evaluated 
with results shown in Fig. 10, where histograms for ratios 
of (ρwhfywhAcv)/Vtrue (Fig. 10(a)) and (ρwhfywhAcv)/VACI 318-19 
(Fig. 10(b)) are presented. First, it is noted that the range of 
values for Fig. 10(a) is broad, with a mean of 0.60, median 
of 0.52, and standard deviation (SD) of 0.35, with 8% of the 
values greater than 1.0. Second, the histogram in Fig. 10(b) 
is slightly moved to the right with respect to the histogram 
in Fig. 10(a), suggesting that the ACI 318-19 approach over-
predicts the contribution of horizontal web reinforcement 

to wall shear strength. In the proposed equation, αs multi-
plies ρwhfywhAcv and thus represents an effectiveness factor. 
The histogram of αs values for the walls in the database is 
presented in Fig. 10(c) (without the lower limit applied) and 
Fig. 10(d) (with the lower limit applied) and indicates that 
the mean value of the effectiveness of horizontal web rein-
forcement is 0.38 with low dispersion (COV of 0.16).

To further evaluate the contribution of horizontal web 
reinforcement to wall shear strength, 66 pairs of companion 
tests were identified from the 57,630 different pairs that can 
be formed out of the 340 samples in the database). The only 
variable that changed significantly for these 66 companion 
tests is the quantity of horizontal web reinforcement; the 
difference in ρwhfywhAcv values is at least 3%, with an average 
difference of 70%, whereas all other parameters did not vary 
by more than 10%. Therefore, because the primary change 

Fig. 9—Comparisons of: (a) Mu/(ωvVulw) versus hw/lw; and (b) Mu/(Vulw) versus Mu/(ωvVulw) for different aspect ratios. (Note: 
Full-color PDF is available on www.concrete.org.)

Fig. 10—Web horizontal reinforcement contribution relative to: (a) Vtrue and (b) Vn according to ACI 318-19; and αs: (c) without 
limits and (d) with limits.
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between the wall specimen (Test 1) and its companion wall 
specimen (Test 2) is related to ρwhfywh, the change in the total 
shear strength should be ΔVn = Δ(ρwhfywhAcv). Figures 11 and 
12 show the predicted shear strength, where the true and 
the predicted values have been normalized by the measured 
shear strength of the companion Test 1 (Vtrue).

Results presented in Fig. 11(a) indicate that assuming 
100% efficiency for the horizontal web reinforcement, as 
is the case for the ACI 318-19 equation, overestimates the 
actual contribution coming from this term—that is, the slope 
of the linear regression in Fig. 11(a) can be interpreted as 
the efficiency multiplier αs. Figure 11(b) shows that incor-
porating the proposed factor to predict the change in shear 
strength results in substantially better results, that is, a slope 
closer to 1.0. Slopes obtained with these companion tests 
in Fig. 12 are in the range of the values of the proposed 
αs (refer to Fig. 10(d)) for walls that failed in diagonal- 
compression (D-C) and diagonal-tension (D-T), and slightly 
smaller for walls that failed in flexure-shear (F-S). Because 
this companion group is relatively small (66 tests) with 
considerable dispersion, the observed trends vary some-
what depending on which companion test is called Test 1 or 
Test 2. In this study, the companion test with a lesser ρwhfywh 

was designated Test 1. Additional data are needed to enable 
further interpretation of these trends.

A second analysis of companion tests is carried out on 
688 pairs of companion tests with identical cross-sectional 
shapes, essentially the same quantity of horizontal web 
reinforcement (the difference in ρwhfywhAcv values is zero for 
238 pairs and less than 3% for the rest), and without any 
restrictions on other parameters. In this case, according to 
the current ACI 318 equation, the change in the total shear 
strength should be directly proportional to the change in 
the concrete contribution: ΔVn = ΔVc. Figure 13(a) shows 
that the ACI 318-19 equation underpredicts the change in 
shear strength by more than 50% of the true value (the linear 
regression slope is larger than 2.0). Figure 13(b) shows 
that the proposed equation predicts the true shear strength 
change much more accurately as the linear regression slope 
is close to 1.0. Note that the change in the total shear strength 
for these companion tests is obtained as ΔVn = Δ(αcAg′fc′ + 
αsAsbfysb) when using the proposed equation. The true and 
predicted changes in shear strength have also been normal-
ized by the measured shear strength of companion Test 1 
(Vtrue).

Figures 14(a) to (c) show the change in wall shear strength 
for the companion tests with constant web horizontal 

Fig. 11—Change in shear-strength companion group 1 tests predicted by: (a) Vs in ACI 318-19; and (b) Vs in proposed Eq. (2).

Fig. 12—Change in shear-strength companion group 1 tests assuming full contribution of horizontal web reinforcement, by 
failure mode.
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reinforcement using the ACI 318-19 equation for walls with 
rectangular, barbell, and flanged cross sections, respectively. 
Figures 14(d) to (f) plot the same information using the 
proposed equation. The results indicate that the proposed 
equation does a significantly better job of predicting the 
change in wall shear strength for all three wall cross-section 
shapes.

The concrete contribution from the ACI 318-19 and the 
proposed equations are compared to better understand the 
proposed equation. To accomplish this, the αc coefficient 
in ACI 318-19 Eq. (18.10.4.1), which has units of ​​√ 

_
 psi ​​, is 

normalized by pre- and post-multiplying the ACI 318-19 

concrete contribution by ​​√ 
____

 ​fc ′ ​ ​​—that is, Vc = (αc/​​√ 
____

 ​fc ′ ​ ​​) ∙  
λAcv​​√ 

____
 ​fc ′ ​ ​​  ∙ ​​√ 

____
 ​fc ′ ​ ​​. Therefore, the ACI 318-19 normalized αc 

coefficient is defined as ​​α​ c,norm​ ​(ACI)​ ​​ = αc/​​√ 
____

 ​fc ′ ​ ​​. From the database, 
the mean value of 1/​​√ 

____
 ​fc ′ ​ ​​is 0.013/​​√ 

_
 psi ​​.

Figure 15(a) presents values for the proposed αc term for 
various values of Mu/(Vulw) and Pu/(Ag′fc′) that exist within 
the database (but over a more extended range than the 
proposed limits on these values). Figure 15(b) shows the 
analytical values for the proposed αc and ​​α​ c,norm​ ​(ACI)​ ​​ assuming 
Mu/(Vulw) is equal to the aspect ratio—that is, hw/lw =  
Mu/(Vulw)—although, as noted in Fig. 9, hw/lw is likely to be 
considerably greater than Mu/(Vulw) for design applications. 

Fig. 13—Change in shear-strength companion group 2 tests predicted by: (a) Vc in ACI 318-19; and (b) (αcAg′fc′ + αsAsbfysb) 
in proposed Eq. (2).

Fig. 14—(a), (b), and (c) Change in shear strength of companion group 2 tests predicted by ACI 318-19 equation; and (d), (e), 
and (f) proposed Eq. (2), per wall cross section.
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The normalized ​​α​ c,norm​ ​(ACI)​ ​​ corresponds to values associated with 
Pu/(Ag′fc′) between 5 and 10% for Mu/(Vulw) ≥ 1.0 and tends 
to significantly underestimate the concrete contribution for 
higher Pu/(Ag′fc′) and for Mu/(Vulw) < 1.0.

It is important to note that, in this comparison (and in 
Eq.  (2)), the influence of the longitudinal boundary rein-
forcement on wall shear strength was included as a “rein-
forcement” contribution—that is, Vs = αs(ρsbfysb + ρwhfywh)Acv. 
This term also could be considered as a “concrete” contri-
bution, as one physical interpretation is that an increase in 
wall longitudinal reinforcement results in an increase in wall 
neutral axis depth, which results in a greater concrete contri-
bution (for example, as is done in ACI 318-19 Table 22.5.5.1 
for one-way shear strength). However, analysis of the data 
suggests that the increase in wall shear strength might also 
be due, in part, to an increase in reinforcement contribu-
tion (for example, dowel action). This is apparent in Eq. (4) 
because the coefficients defined in Eq. (5) include the longi-
tudinal reinforcement at the wall edge as a variable for both 
αc and αs. In this study, the contribution from longitudinal 
reinforcement is treated as steel contribution in Eq. (2), 
although an alternative form, where this term is treated as a 
concrete contribution, could also be derived.

SHEAR STRESS UPPER LIMIT
To avoid diagonal compression failures, ACI 318-19 

includes an upper limit on wall shear strength of  
​10​√ 

________
 ​fc ′ ​​(psi)​ ​ ​A​ cv​​​ for an individual wall segment (Barda et al. 

1977); this limit is ​8​√ 
________

 ​fc ′ ​​(psi)​ ​ ​A​ cv​​​ for wall segments sharing 
a common lateral force to also allow for some redistribu-
tion. The 10 ​​√ 

____
 ​fc ′ ​ ​​Acv limit was evaluated using the entire data 

set, which included walls failing due to F-S, D-T, and D-C. 
Results presented in Fig. 16 demonstrate that the current 
shear strength upper limit is too conservative when applied 
to the entire data set; however, the limit does provide a 
reasonable upper limit on wall shear strength for walls 
with rectangular cross sections with D-C failures (blue dot 
symbols). Most of the rectangular walls failing in F-S or 
D-T are below the current ACI 318-19 limit (which is also 
shown in Fig. 17(a)), whereas approximately half of the 

rectangular walls failing in D-C are above the limit (which 
is better represented by the fitted normal distribution shown 
in Fig. 17(d)). However, the current limit does a poor job of 
separating flanged walls that fail in D-C from flanged walls 
with other failure modes, as several walls that failed in F-S 
and D-T exceed the current limit (refer to the red and green 
crosses in Fig. 16, the histogram presented Fig. 17(b), or its 
fitted normal distributions in Fig. 17(e); full-color PDF can 
be accessed at www.concrete.org).

Therefore, a study was conducted to assess the potential 
to propose a new (but simple) upper limit using a logistic 
regression model designed to differentiate between walls 
that failed in F-S and D-T from those that failed in D-C 
(Rojas-León 2022). The proposed approach (Eq. (6)) uses 
a factor to modify the current shear stress upper limit where 
most of the walls failing in F-S or D-T fall below this limit, 
and roughly half of those failing in D-C fall above this limit 
for walls with either rectangular cross sections (Fig. 17(d)) 
or wall cross sections with flanges (Fig. 17(f)). More details 
on the approach and the results are included in Rojas-León 
(2022). The proposed upper limit results in the condition 
that wall shear stress vn = Vn/Acv shall satisfy the following 
equation

	​ ​v​ n​​  =  ​ ​V​ n​​ _ ​A​ cv​​ ​  ≤  ​α​ shape​​10​√ 
____

 ​fc ′ ​ ​  ​	 (6)

where αshape is 1.0 for walls with a rectangular cross section 
(same as for ACI 318-19) and is computed using Eq. (7) for 
flanged walls

	 αshape = 0.7(1 + bftf/Acv)2	 (7)

where αshape need not be taken less than 1.0 and shall not 
exceed 1.5; and bftf is the total area of the effective flange 
width (on both sides of the web if flanges exist on both sides). 
If the flange length is different on each end (boundary) of a 
wall, then the wall shear strength may be evaluated inde-
pendently for each direction of loading or the wall shear 
strength may be conservatively based on the smaller flange 

Fig. 15—Range of values covered by αc for: (a) database; and (b) lines for different axial load ratio levels and for ​​α​ c,norm​ ​(ACI)​  ​​.
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width. For walls sharing a common lateral force, to be 
consistent with ACI 318-19, the limiting stress should be 
based on the sum of αshape8​​√ 

____
 ​fc ′ ​ ​​Acv for these walls.

STRENGTH REDUCTION FACTOR  
FOR DESIGN PURPOSES

A limited reliability study was performed on three 
building archetypes (same floor plan but different building 

height) by Rojas-León (2022) to assess what value or values 
of strength reduction factor ϕ would be appropriate to use 
with Eq. (2). It is noted that the strength reduction factor did 
not change from ACI 318-14 (ACI Committee 318 2014) to 
ACI 318-19, despite the introduction of wall shear amplifi-
cation, which in some cases produces wall shear demands Ve 
in ACI 318-19 that are three times the Vu demands used in 
ACI 318-14. This preliminary study suggests that use of ϕ = 

Fig. 16—Comparison of ACI 318-19 upper limit on wall shear stress with test data. (Note: 145.04 psi = 1 MPa.)

Fig. 17—Proposed new upper limit for shear strength.
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0.75, which is currently used in ACI 318-19, meets the crite-
rion of having a probability of wall shear failure less than 
10% for Risk Category I and II buildings for the Maximum 
Considered Earthquake (MCER) hazard level (as required 
in ASCE/SEI 7-16 Table 1.2-3). However, the preliminary 
study indicates that use of a constant value of ϕ = 0.75 may 
be overly conservative because values above ϕ = 0.90 are 
reached in some cases and the probability of failure is still 
ASCE/SEI 7-16 compliant. A more comprehensive study 
that includes more building archetypes is needed to obtain 
a clearer relationship between the strength reduction factor 
and the probability of failure; however, it appears likely that 
use of ϕ = 0.75 is conservative.

INTERPRETATION OF PROPOSED EQUATION
The proposed equation explicitly accounts for the effects 

of axial load and longitudinal reinforcement at the edge of 
the wall in tension (neither is considered in ACI 318-19) and 
uses the shear-span ratio instead of the aspect ratio (used in 
ACI 318-19). From the mechanics of the problem, all these 
parameters were known to influence wall shear strength (or 
column shear strength).

Figure 18 shows the relative contributions of each term 
of the proposed equation when estimating the shear strength 
of the walls in the database. Figure 18(a) indicates that 
the contribution coming from Vc = αcAg′fc′ increases with 
increasing axial load ratios and with lower shear-span 
ratios, as expected. Figure 18(b) shows that at zero or low 
axial stress, wall shear strength increases substantially with 
increases in boundary longitudinal reinforcement (Vsb = 
αsρsbfysbAcv), likely because neutral axis depth and dowel 
action increase; Vsb also increases with increasing shear-
span ratios, likely because overturning moment increases, 
requiring greater quantities of boundary longitudinal rein-
forcement. Figure  18(c) shows that the average relative 
contribution of the term related to horizontal web reinforce-
ment (Vsw = αsρwhfywhAcv) is only 22% and it is insensitive to 
changes in both shear-span ratio and axial load ratio.

Figures 19 and 20 show that the ACI 318-19 equation is 
biased and that the proposed equation performs similarly 
against different variables (for example, axial load ratio, 

shear-span ratio, and shear stress). The ACI 318-19 approach 
is generally conservative, except for walls with low axial 
load ratios and low normalized shear stress (Fig.  19(a)) 
(which are likely to be correlated), and it produces signifi-
cantly different mean values for walls with  higher axial 
loads (Fig.  19(a)) or with different cross-section shapes 
(Fig.  20(a)). In addition, limiting the shear stress has the 
biggest impact on walls with axial load ratios greater than 
0.05 (Fig. 19(b)) and affects walls with different cross- 
section shapes similarly (Fig. 20(b)). The proposed approach 
provides fairly uniform mean and COV values prior to 
the application of a limiting shear stress (Fig. 19(c) and 
Fig. 20(c)), except for a modest increase in the dispersion 
at very low normalized shear strength (Fig.  19(a)), which 
mainly corresponds to walls with axial load ratios lesser 
than 0.05. However, this increase in dispersion is less than 
that for the ACI 318-19 equation within the same range of 
normalized shear stress. Applying the limiting shear stress 
for the proposed approach influences primarily barbell- and 
H-shaped walls (Fig. 20(d)) and walls with low and high 
axial stress ratios (Fig. 19(d)). These wall configurations are 
likely to be correlated: a higher shear strength contribution 
from Vc  = αcAg′fc′ (Fig. 18(a)) for a barbell- or H-shaped 
wall with a large axial load, whereas a higher shear strength 
contribution from Vsb = αsρsbfysbAcv (Fig. 18(b)) for a barbell- 
or H-shaped wall with a very low axial load.

Figure 21(a) confirms that the ACI 318-19 equation 
is generally more conservative than the proposed equa-
tion for walls with axial load ratios larger than 5% or for 
walls with barbell- or H-shaped cross sections (Fig. 21(c)). 
Applying the upper limit on the equations accentuates the 
conservatism of the ACI 318-19 equation with respect to 
the proposed equation for walls with axial load ratios larger 
than 10% (Fig. 21(b)) and for walls with rectangular cross 
sections (Fig. 21(d)).

CONCLUSIONS
A new wall shear strength equation is obtained using a 

methodology based on statistical and machine learning (ML) 
approaches applied to a comprehensive data set of 340 walls 
with reported shear failures. The proposed equation (Eq. (2)) 

Fig. 18—Relative shear-strength contribution for proposed Eq. (2).
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meets the target model performance requirements defined 
for a code-oriented equation. The methodology can also be 
used to develop simpler models, for example, a simplified 
version of the proposed equation (with a slight increase in 
the error) that does not include axial load as a design vari-
able, such as Eq. (4), which could be used to simplify the 
design process for cases where wall shear demands are not 
expected to govern and/or for preliminary design.

The proposed equation has the same format as ACI 318-19 
Eq. (18.10.4.1)—that is, Vn = Vc + Vs—but is based on unitless 
modification factors, which is not the case for ACI 318-19.

The proposed equation applies to walls with rectan-
gular, barbell, and flanged (C-, H-, T-, and L-shaped) cross 
sections, although the validation was limited for asymmetric 
cross-section shapes due to a lack of data (13 wall tests with 
asymmetric cross sections). The proposed equation has 

Fig. 20—True-to-predicted ratio using ACI 318-19: (a) without; and (b) with upper limit; and proposed Eq. (2): (c) without; 
and (d) with upper limit, versus shear-span ratio.

Fig. 19—True-to-predicted ratio using ACI 318-19: (a) without; and (b) with upper limit; and proposed Eq. (2): (c) without; 
and (d) with upper limit, versus shear stress.
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practically the same performance (before applying limiting 
shear stress) for walls with different cross-section shapes, 
axial load ratios, shear-span ratios, or aspect ratios, which is 
not the case for ACI 318-19.

Analyses of two companion test groups indicate that the 
shear strength contributions from the terms in the proposed 
equation are more accurate than the contributions from the 
terms in the ACI 318-19 equation, which tends to signifi-
cantly underestimate and overestimate the contributions 
associated with concrete and horizontal web reinforcement, 
respectively.

A new upper limit on wall shear stress is proposed 
primarily to address the observation that walls with 
compression flanges can achieve higher stresses prior to 
diagonal compression (D-C) failure. The proposed upper 
limit is simple and is the same as in ACI 318-19 for walls 
with rectangular cross sections but allows shear stresses as 
high as 15​​√ 

____
 ​fc ′ ​ ​​ for flanged walls (that is, 1.5 times the current 

ACI 318-19 limit).
A limited reliability study performed on three archetypes 

indicates that a strength reduction factor ϕ of 0.75 produces 
conservative results when applied to the proposed Eq. (2). 
Further research is recommended to conduct a comprehen-
sive assessment of the capacity reduction factor and to eval-
uate the implications of using the proposed design equations 
on building design.

It is observed that the proposed equations for wall shear 
strength generally result in higher values of Vn, should allow 
for an increase in the value of fc′ used to determine Vc, and 
include a higher shear stress limit for flanged walls. Given 
these observations, it appears likely that the proposed equa-
tions will result in more economical wall designs given shear 
strength typically controls the size of the wall cross section 
for building design.
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Engineers design structures based on physics, experiments, and 
experience. But due to increasing demands, structures today are 
being built at scales that far exceed experience and experimental 
testing. Bažant summarized the problem well in 1984: “Most labo-
ratory tests are carried out on a reduced scale, from which general-
izations must be made for much larger real structures.” Tall struc-
tures often require deep foundations with thick reinforced concrete 
pile caps. In the United States, pile-cap strength is calculated 
according to ACI 318 provisions, which now include a size effect 
factor for concrete shear strength. This factor reduces concrete 
unit shear strength in proportion to effective depth for sections 
built without minimum shear reinforcement. This strength reduc-
tion forces engineers seeking to eliminate vertical ties to either 
increase concrete strength or deepen pile caps. But there is a gap 
in knowledge. This strength reduction is calibrated to databases 
for which tests do not vary across a large scale, and for which key 
unitless ratios are not always controlled. The present study fills this 
gap by quantifying the strength reduction due to size effect while 
controlling other key ratios using new laboratory tests. Experi-
mental tests of tripod pile caps with effective depths of 250, 500, 
and 1000 mm (9.84, 19.68, and 39.37 in.) are presented. Results 
showed a reduction of 13% in shear strength from 250 to 500 mm 
and a total reduction of 14% from 250 to 1000 mm. The findings 
indicate the new ACI 318-19 size effect factor may underestimate 
strength for deep pile caps.

Keywords: experimental investigation; pile caps; reinforced concrete; 
shear strength; size effect; two-way shear.

INTRODUCTION
Size effect is a general phenomenon by which the unit 

strength of a body scales with the size of the member. In 
reinforced concrete structures, size effect typically refers to 
a reduction in unit shear strength for large elements when 
compared with smaller counterparts. Size effect for concrete 
shear is often attributed to two sources: 1) statistical vari-
ations related to material strength and defect randomness; 
and 2) energetic releases related to the energy released 
during cracking. For the first time, in 2019, ACI 318 incor-
porated a size effect factor for concrete elements loaded in 
shear when said elements have shear reinforcement less than 
the Code minimum Av,min (ACI 318-19).1 This size effect 
factor, labeled as λs, reduces unit shear strength of concrete 
elements with depths exceeding 250 mm (9.84 in.) using the 
following factor

	​ ​λ​ s​​  =    ​√ 
_____________

  ​  2 _____________  1 + d/250 ​(mm)​ ​ ​  ≤  1.0​	 (1)

where d is the effective depth in mm (when effective depth 
is expressed in inches, the 250 mm denominator becomes 
10 in.). This factor penalizes one-way unit shear strength by 
18% as effective depth doubles from 250 to 500 mm (9.84 
to 19.68 in.), and by another 19% as it doubles again to 
1000 mm (39.37 in.).

For structural engineers designing tall buildings, deep 
foundations and pile caps are frequently needed to resolve 
overturning forces. For such foundations, in addition to 
one-way shear, two-way shear is a critical limit state that 
must be checked. At present, the same size effect factor 
applied to one-way shear following Eq. (1) is also applied 
to members loaded in two-way shear. However, one-way 
shear failures differ from two-way punching shear failures 
of slabs and diagonal compression shear failures of deep 
pile-cap elements. As a result, it is logical to evaluate size 
effect in two-way shear separately from one-way shear. But 
there are few to no tests of geometrically scaled specimens 
loaded in two-way shear across a large range of sizes for 
which key unitless ratios were held constant, prompting the 
present investigation. Herein, results are presented from an 
experimental study of geometrically scaled specimens with 
effective depths of 250, 500, and 1000 mm (9.84, 19.68, and 
39.37 in.), for which current ACI 318-19 provisions would 
assign up to a 37% reduction in strength for the largest size.

RESEARCH SIGNIFICANCE
Accurate estimates of strength are critical for the safe 

design of reinforced concrete structures. Toward that goal, 
ACI 318-19 incorporated a “size effect” factor that reduces 
the unit shear strength of deep elements built with shear rein-
forcement less than the Code minimum. This factor has a 
theoretical basis supported by analyses of two databases of 
experimental results. For two-way shear, the database lacks 
experimental results across a significant size scale with strict 
geometric scaling. To address these issues, geometrically 
scaled pile caps with effective depths from 250 to 1000 mm 
(9.84 to 39.37 in.) were tested under uniaxial loading to 
failure. Results indicate the current size effect factor for 
two-way shear may underestimate the strength of deep pile 
caps.

Title No. 121-S08

Experimental Investigation of Size Effect on Shear 
Strength of Reinforced Concrete Pile Caps
by Lucas Laughery, Toshikatsu Ichinose, Kazuhiko Kasai, Srinivas Mogili, and Shyh-Jiann Hwang

ACI Structural Journal, V. 121, No. 1, January 2024.
MS No. S-2022-431.R2, doi: 10.14359/51739188, received July 6, 2023, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.



106 ACI Structural Journal/January 2024

BACKGROUND
In designing reinforced concrete slabs and pile caps, struc-

tural engineers must consider a number of limit states beyond 
flexure, including one-way shear at a distance of d (effective 
depth) from a vertical member and two-way shear at a crit-
ical perimeter located d/2 away. Recent ACI 318-19 Code 
provisions have adopted a size effect factor for concrete unit 
shear strength reduction factor that penalizes sections deeper 
than 250 mm (10 in.). While it is uncommon to have large 
differences from this “baseline” depth for above-grade slabs, 
it is quite common for pile caps to range from a half meter 
deep for small structures to multiple meters deep for partic-
ularly tall and slender structures. In the latter case specifi-
cally, the unit shear strength of concrete is heavily penalized 
by the new size effect factor, requiring engineers to deepen 
foundations, increase concrete strength, or add tie reinforce-
ment, all of which add cost. Thus, the size effect in two-way 
shear for pile caps in particular is relevant to structural engi-
neers practicing across a range of scales. The focus of the 
present investigation is whether the newly adopted shear 
size effect factor is appropriate for deep pile caps loaded in 
two-way shear.

For reinforced concrete elements, size effect refers to 
the reported decrease in unit shear strength with increasing 
member depth. In 1984, Bažant2 presented a critical study 
on size effect in concrete and other materials. In this study, 
he presented a theoretical basis for a size effect factor and 
a simple formulation for capturing it—very similar to that 
which was later adopted in ACI 318-19. Key in Bažant’s 
formulation was a nondimensional factor that varied with 
the ratio of effective depth to aggregate size (d/da). Herein, a 
larger ratio would imply a large structure with small aggre-
gate (for example, a dam or deep footing with small aggre-
gate). For such a large structure, unit shear strength would be 
predicted to be smaller than that of a smaller structure such 
as a beam. One implication of this expression is if this unit-
less ratio of structural element depth to aggregate size could 
be held constant, no size effect would be expected when 
compared with test results upon which strength formulations 
are based. However, most experimental tests are conducted 
on reduced-scale specimens. And due to constructability 
and material availability, it is not always practical to scale 
aggregate size with member depth. For example, 20 mm 
aggregate for a 300 mm deep beam (0.79 in. for a 11.81 in. 
deep beam) is equivalent to 80 mm for a 1200 mm beam 
(3.15 in. for a 47.24 in. deep beam). In the latter case, such 
large aggregate size would be impractical and would cause 
issues with workability and reinforcing bar clearance. For 
this reason and more, size effect remains a prudent consider-
ation for engineers, and has thus also received considerable 
attention in experimental investigations.

Bažant and Cao3 went on to study size effect in two-way 
shear, publishing their findings in 1987. Herein, the authors 
considered the phenomenon from the ground up using 
dimensional analysis and similitude. The authors also 
reported findings considering a database of prior tests along 
with new experimental tests of circular slab-like speci-
mens with thicknesses of 25, 51, and 102 mm (1.0, 2.0, and 
4.0 in.). Bažant and Cao observed that larger specimens had 

a steeper post-peak decline curve; in other words, the speci-
mens experienced a more drastic reduction in stiffness after 
peak loads. The authors concluded that the results supported 
the notion of a size effect for two-way shear and went on 
to suggest the need for geometrically similar tests to study 
size effect.

Since this study, there has been a lack of such geomet-
rically similar experimental tests. This lack of controlled 
tests does not mean size effect in two-way shear has been 
totally neglected. Rather, the focus has been on other param-
eters. Past studies have typically focused on reinforcement 
layout or support configuration rather than purely size. For 
example, among the earliest experimental investigations of 
pile caps was that by Blévot and Frémy4 in 1967 on 116 pile 
caps at half scale and full scale. The focus of these authors 
was on the strength of pile caps with two, three, and four pile 
supports with effective depths of up to 926 mm (36.46 in.).

Additional experimental investigations have been conducted 
much more recently and were well-summarized and studied 
by Adebar and Zhou in 1996.5 Considering a subset of 
48  pile-cap specimens, Adebar and Zhou evaluated ACI 
shear strength provisions, concluding that one-way shear 
provisions overestimated pile-cap strength, while traditional 
flexural design provisions for slabs underestimated strength. 
The authors concluded that ACI 318 sectional provisions at 
the time—with an average test-to-estimated strength ratio of 
3.03 and a coefficient of variation of 56.6%—were overly 
conservative for deep pile caps, and that traditional flexural 
provisions were unconservative. Strut-and-tie model (STM) 
predictions were comparatively better but more so in flexure 
design where strength may be controlled by the yielding of 
ties.

More recently, Miguel-Tortola et al.6 presented results 
from larger-scale experimental tests of three-pile-cap spec-
imens aimed at understanding the influence of shear span-
depth ratio and secondary reinforcement. The specimens 
ranged in effective depth from 200 to 400 mm (7.87 to 
15.75  in.), with shear span-depth ratios ranging from 0.84 
to 1.68. The researchers noted a possible redistribution of 
internal forces in pile caps after the yielding of primary rein-
forcement, and that failure load increased with shallower 
shear-span ratios. Nevertheless, once again size was not a 
primary focus: despite specimens ranging in effective depth 
from 200 to 400 mm (7.87 to 15.75 in.), other variations in 
test parameters make it challenging to use these test data to 
study size effect specifically. Specific parameters, including 
reinforcement configurations, were varied across the three 
series, and even for a given reinforcement configuration 
across sizes, the top bearing area and shear span were held 
constant rather than as a ratio of size.

Despite the volume of research on two-way shear, until the 
study presented herein, there had yet to be an experimental 
study of the effect of depth on two-way shear strength across 
a very large range of depths for which the ratio of spec-
imen depth to aggregate size varies while holding constant 
the ratios of depth to key geometric properties such as bar 
spacing and bar size. This combination represents the reality 
for engineers designing large structures with reasonable 
limits on aggregate size. It thus represents an area of study of 
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particular need. The ratio of depth to aggregate size has time 
and again been observed to be an important predictor for unit 
shear strength, but designers do not always have the option 
to scale aggregate size with depth due to issues with work-
ability. Here, results are presented from an experimental 
study in which specimen effective depths were varied from 
250 to 1000 mm (9.84 to 39.37 in.) while holding aggregate 
size constant at 10 mm (0.39 in.). Unitless ratios such as bar 
cover and bar size to effective depth were also kept constant 
while varying the reinforcement ratio and concrete strength.

EXPERIMENTAL INVESTIGATION
Twelve triangular pile-cap specimens were tested under 

uniaxial loading to failure at the laboratory of the National 
Center for Research on Earthquake Engineering (NCREE) 
in Tainan, Taiwan. Load was applied through a single 
circular bearing plate at the top of each pile cap, reacted by 
three circular bearing plates at the bottom, each with an area 
one-third that of the top plate area. All specimens used the 
same maximum aggregate size of 10 mm (0.39 in.). Effec-
tive depth, reinforcement ratio, and concrete compressive 
strength were varied. The following sections describe in 
detail the specimens, testing program, and results.

Test specimens
The primary focus of this investigation was the effect of 

size on unit two-way shear strength. For this reason, dimen-
sions of each series of specimens were scaled linearly from 
the smallest-scale specimens. An illustration of this scaling is 
shown in Fig. 1. The largest specimens, referred to herein as 
“L-size” specimens, had effective depths (d) and shear spans 
(a) of 1000 mm (39.37 in.), the latter being measured from 
the centerline of the upper bearing plate to the centerline of 
the lower support plates (Fig. 2). Dimensions for the next-
smallest specimens were halved (“M-size”, d = a = 500 mm 
[19.68 in.]), and then halved again to the smallest in this test 
program (“S-size”, d = a = 250 mm [9.84 in.]). Nominal 
concrete strength was specified as fc′ = 40 MPa (5800 psi), 
but this strength was increased for specimen L3H to fc′ = 
60 MPa (8700 psi) to study the effect of concrete strength on 
two-way shear strength.

Each specimen was assigned an alphanumeric ID that 
described its size, number of layers of reinforcement, and 
concrete strength or label:
•	 Letter: L, M, or S, indicating effective depth and overall 

size, as described previously.

Fig. 1—Specimen scales for S-, M-, and L-sizes. (Note: 1 mm = 0.039 in.)

Fig. 2—Geometry and reinforcement layout for Specimen L3. (Note: Dimensions in mm; 1 mm = 0.0394 in.)
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•	 Number: 1 or 3, indicating the number of layers of 
bottom reinforcing steel.

•	 Label: a, b, or c, indicating unique specimen labels for 
otherwise identical specimens constructed from normal-
strength concrete within a given group. H indicates a 
specimen constructed from high-strength concrete.

For example, L3H was a large-sized specimen with three 
layers of reinforcement and high-strength concrete. Spec-
imen M3c was a medium-sized specimen with three layers 
of reinforcement and normal concrete and was a replicate of 
M3a and M3b.

Table 1 shows the test matrix, which allows for compari-
sons on the effect of:
•	 Size: Comparisons of S-, M-, and L-size specimens 

allow comparison of size effect.
•	 Concrete strength: Comparison of L-size spec-

imens with the same reinforcement but different 
concrete strength.

•	 Reinforcement ratio: Comparison of over-reinforced 
specimens (three layers) to under-reinforced specimens 
(one layer) to study the impact of reinforcement ratio 
on strength and behavior (refer to Fig. 3 for example).

Maximum aggregate size (da) was fixed across all spec-
imen sizes at 10 mm (0.39 in.). This constraint was applied 
because structural engineers are limited on maximum 

aggregate size based on factors such as structural element 
size, required clear cover, bar clear spacing, and material 
availability. This aggregate size was approximately the 
maximum that could clear reinforcing bars in the smallest 
specimens, ensuring good consolidation across the range of 
specimens tested. The typical maximum aggregate size in 
practice is approximately 20 mm (0.79 in.) for aboveground 
applications. There are instances in which maximum aggre-
gate size is increased—such as the case of some bridge foun-
dations in the United States—but the current ACI 318-19 
approach does not include explicit consideration when 
maximum aggregate size is varied in proportion to effective 
depth. Nevertheless, da is particularly important for the size 
effect discussion. Had da been scaled along with d, the char-
acteristic depth (d/da) would have remained the same and no 
size effect would be expected. However, scaling of da is not 
practical, as it is controlled by workability considerations. 
Thus, the ACI expression for size effect given by Eq. (1) is 
calibrated with the data of specimens with da in the range of 
16 to 20 mm.7

The concrete of all S- and M-size specimens came from 
a single batch. The concrete of each L-size specimen came 
from a different batch. After casting concrete, each spec-
imen was covered with plastic sheets to improve curing by 
slowing evaporation. All specimens were tested long after 
casting, at a minimum of 28 days.

Figure 3 shows a typical reinforcement layout. Like 
geometry, bottom reinforcing bar sizes were scaled linearly 
between specimens to the extent such bar sizes were 
available. L-size specimens had D38 bars (db = 38.1 mm 
[1.52 in.]), M-size had D19 (db = 19.1 mm [0.75 in.]), and 
S-size had D10 (db = 9.5 mm [0.37 in.]). All bars were high-
strength steel, of Grade SD685 (fy = 685 MPa [99,350 psi]). 
Average measured yield stresses are reported in Table 2. 
Because the primary objective of this study was the size 
effect on unit shear strength of concrete, all specimens 
were over-reinforced with high-strength reinforcement such 
that steel would remain elastic and concrete would govern 
strength. In other words, the specimens were designed to fail 
in two-way shear prior to flexural yielding.

Reinforcing bars were not anchored using straight  
development lengths due to the concern that slip may intro-
duce deformation that could impact results. Using stan-
dard hooks at the ends of bars also was not possible due 
to congestion associated with the high reinforcement ratio 

Table 1—Properties of test specimens

Size Type H, mm d = a, mm c, mm da, mm btop, mm bbot, mm fc′, MPa fy, MPa db, mm nb At, mm2 ρl, %

L

L1

1260 1000

240

10

800 460
40

685

38.1 
(No. 12)

5 9873 0.49%

L3 100
15 29,620 1.48%

L3H 100 60

M
M1

630 500
120

400 230

40

19.1 
(No. 6)

5 2468 0.49%

M3 50 15 7405 1.48%

S
S1

315 250
60

200 115 9.5 
(No. 3)

5 617 0.49%

S3 25 15 1852 1.48%

Note: H is total thickness; d is effective depth; a is shear span; c is approximate clear cover; da is maximum aggregate size; btop is top bearing diameter; bbot is bottom bearing diameter; 
fc′ is target concrete compressive strength; fy is nominal steel yield strength; db is steel bar diameter; nb is number of bars spanning between lower supports; At is equivalent reinforcing 
bar area along plane along top and bottom centerlines approximated as 2cos30° × nb × 0.25πdbdb; ρl = At/(2a ×d); 1 mm = 0.0394 in.; 1 MPa = 145 psi; 1 mm2 = 0.0016 in.2.

Fig. 3—(Top) representative figure showing reinforcement 
layouts for three-layer specimens; and (bottom) one-layer 
specimens (from Nakagami10).
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meant to induce shear failure. Instead, all main bars were 
anchored through anchorage plate assemblies, as illustrated 
in Fig. 3. For L- and M- size specimens, factory “plate nuts” 
were available for this purpose, which were subsequently 
injected with epoxy.8 For S-size specimens, no such hard-
ware was available. To achieve similar boundary conditions, 
the reinforcing bars were threaded and nuts were installed.

Test setup
The specimens were tested under unidirectional loading 

to failure in the Bi-Axial dynamic Testing System (BATS) 
at NCREE. The BATS system is depicted in Fig. 4(a) and 
(b) (reproduced from Lin et al.9). Photographs of test spec-
imens loaded onto BATS are shown in Fig. 4(c) and (d). 
Each specimen was loaded through a single bearing plate 
at the center of the top surface, which was reacted by three 
plates on the bottom side, each with areas one-third the 
area of the upper bearing plate. Bearing plate diameters 
are summarized in Table 1. The upper bearing plates were 
800 mm, 400 mm, and 200 mm in diameter (btop), respec-
tively, for L-, M-, and S-size specimens (31.50 in., 15.75 in., 
and 7.87  in.). The diameters of lower bearing plates (bbot) 
were 460 mm, 230  mm, and 115 mm (18.11 in., 9.06 in., 
and 4.53 in.), respectively. These dimensions are illustrated 
in Fig. 2. Plate diameters were selected such that bearing 
stresses at the top plate and bottom plates would be iden-
tical. A thin layer of gypsum cement was placed between 
these bearing plates and the specimens to provide uniform 
contact. Monotonic displacement-controlled loading was 
applied to the specimens until a 20% reduction in peak load 
was observed for small and medium specimens, followed 
by gradual unloading and pressure relief until the loading 
platen was separated from the top face. For large specimens, 
loading was applied until a 40% reduction in peak load.

To release rotational constraints, spherical bearings were 
placed between the bearing plates and the loading platens 
of BATS. To release horizontal translational restraints that 
could artificially increase strength due to friction, layers of 
acetal and liquid detergent were placed between the lower 

set of spherical bearings and the lower loading platen. This 
setup provides a simply supported boundary condition for 
test specimens. Acetal was used as an alternative to polytet-
rafluoroethylene (PTFE) due to its higher compressive 
strength while still maintaining a low friction coefficient. 
Had these acetal sheets and liquid detergent not been used, 
friction would have resisted the outward spreading of lower 
supports, resulting in additional vertical components of 
resistance that could muddy strength estimates.

The specimens were instrumented with displacement 
transducers, strain gauges, and optical sensors. In studies 
such as this in which shear is expected to govern, displace-
ments at failure are very small. For example, specimens 
with a/d of 1.15 tested by Miguel-Tortola et al.6 reached 
maximum load at downward displacements, on average, of 
approximately 3 mm for a shear span of 462 mm (0.12 in. 
for 18.20 in.), or 0.65%. These specimens each had a single 
layer of reinforcement and developed flexural cracks at 
midspan at peak load. For the over-reinforced specimens 
tested in this study, although there was flexural cracking, the 
relative deformations at peak load could be expected to be 
even smaller. For this reason, it was critical that measure-
ments from the displacement transducers could be processed 
in such a way to exclude seating losses of the bearings. To 
do so, transducers were attached to a truss that hung beneath 
the specimen, as shown in Fig. 5.

In addition, transducers were installed to measure the 
rotations at the vertical faces behind each support, relative 
deformations at supports, crack width development, and 
vertical extension on each long face. A detailed discussion 
of sensor layouts is available in Nakagami.10 Strain gauges 
were attached at the midspan of longitudinal reinforcement, 
with alphanumeric labels indicating their relative position 
as follows:
•	 First number: Edge (1, 2, or 3);
•	 Second letter: Bar position from the center (a, b, c, d, e) 

starting from inside; and
•	 Third letter: Bar layer: L is Lower, C is Center, U is 

Upper.

Table 2—Summary of average measured material properties

Reinforcing bar layers Size Specimen ID
Measured cylinder 
strength fc′, MPa

Average core cylinder 
strength fc′,core, MPa

Bar measured yield 
fym, MPa

Bar measured 
strength fum, MPa

Three-layer

 L

L3a 37.3 37.2

690 901L3b 47.7 43.9

L3H 71 58.6

 M

M3a 42.9 45.1

715 865M3b 38.3 39.6

M3c 39.8 48.9

 S

S3a 46.7 43.0

758 958S3b 44.5 41.9

S3c 45.3 41.8

One-layer

 L L1 49.7 44.9 690 901

 M M1 42.7 43.4 715 865

 S S1 42.1 41.5 758 985

Note: 1 MPa = 145 psi.
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These alphanumeric labels were prefixed with a lowercase 
“s,” indicating strain. Their positions on reinforcement are 
illustrated in Fig. 6.

EXPERIMENTAL RESULTS
In this section, load-deformation plots for the specimens 

are presented. As described in the “Test setup” section, an 
instrumentation frame was hung beneath each specimen to 
offset errors in displacement measurement associated with 
bearing seating losses. In the plots that follow, deformation 
is reported relative to the reference frame such that bearing 
seating has been removed already, leading to accurate 
measures of stiffness. The effect of gravity on the measured 

strength is also negligible, with the weight of the large spec-
imen approximately equal to 1% of the observed capacity.

Load deformation
Figure 7 shows plots of applied downward force versus 

displacement for all specimens. Displacement scales with 
length, so to facilitate comparison, the axes are scaled 
between different sizes. The displacement axis (x-axis) 
is scaled by (500 mm/1000 mm) = 0.5 when going from 
L-series to M-series specimens. Two-way shear capacity 
scales with the area, so the force axis (y-axis) is scaled by 
(500  mm/1000 mm) × (500 mm/1000 mm) = 0.25 when 
going from L-series to M-series specimens. The same 

Fig. 5—(Left) underhung truss for bottom transducers; and (right) photograph of Specimen L3h showing: (a) transducer to 
measure side crack width; and (b) mounting of underhung truss.

Fig. 4—BATS key parts, overall view, and photos of smallest and largest specimens loaded into BATS.
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scaling logic is applied again going from M-series to S- 
series specimens.

Figure 8 shows load-versus-deformation plot comparisons 
for Specimens S3a and L3b, which were at each end of the 
size spectrum but had similar concrete compressive strengths. 

Dual axes are used in this plot to facilitate comparison, as 
described previously. Curves for these two specimens reveal 
similar initial stiffness but different post-cracking stiffness 
and strength, with the larger specimen having a smaller 
post-cracking stiffness and peak load. Also shown in this 
figure are plot comparisons for Specimens S1 and L1, which 
showed a similar trend.

Load strain
Figure 9 shows applied load versus longitudinal bar strain 

for four specimens (L1, S1, L3b, and S3a). These specimens 

Fig. 6—Layout of: (a) strain gauges; and (b) upper displacement transducers.

Fig. 7—Applied force versus downward displacement 
plots for all specimens. (Note: 1 mm = 0.0394 in.; 1 kN = 
0.224 kip.)

Fig. 8—Comparison of load versus downward displacement 
for: (top) S3a and L3b; and (bottom) S1 and L1. (Note: 
1 mm = 0.0394 in.; 1 kN = 0.224 kip.)
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were selected because they lie at the extreme ends of vari-
ables tested in this study in terms of size and number of layers 
of reinforcement. Initially, there is virtually no strain in the 
steel. At cracking, steel strain starts to increase rapidly with 
applied load. This cracking occurs earlier in Specimen  L1 
at approximately 6000 kN (1350 kip), compared with 
500 kN (112 kip) for Specimen S1 (equivalent to 8000 kN 
[1800 kip] at L-scale). This parallels the trend observed for 
specimens with three layers of reinforcement, although the 
maximum load was reached at a smaller peak strain. Further-
more, Fig. 9 also highlights that both in one-layer and three-
layer specimens, the strain is well below the yield value, 
indicating that the reinforcement remained elastic until the 
failure in all specimens, thereby validating the shear failure 
of test specimens. This is expected, as all specimens were 
designed to fail in shear rather than flexure.

Failure mechanism
Figure 10 shows a failed specimen after the removal of 

loose concrete, with an idealized STM illustration super-
imposed. The superimposed simplified STM with added 

nomenclature is presented on the right side of Fig. 10. The 
observed failure was similar in shape to those observed in 
previous tests by Miguel-Tortola et al.6 and to the idealized 
punching shear mechanism described by Jensen and Hoang11 
in their study describing an upper-bound plasticity approach 
for estimating pile-cap strength.

To understand resistance mechanisms better, selected 
specimens were cut after testing to generate three- 
dimensional (3-D) crack maps. These cuts were made from 
the top bearing plate toward the lower supports. Readers 
should note that these section cuts represent cracks that could 
have formed and propagated in the post-peak stage as well, 
and therefore may have more crack density and width rela-
tive to the cracking near the peak-load (strength) stage. One 
crack map is illustrated in Fig. 11 alongside images showing 
similar cuts for Specimens S3b, M3b, and M1. Here, the 
inclined plane at which sliding is assumed to have occurred 
is clearly visible, emanating from the upper bearing plate 
downward. The crack in M1 in this figure appears shallower 
than its counterparts, but subsequent cutting of the other 
planes revealed a steeper crack. Not all specimens were cut 

Fig. 9—Vertical load versus measured strain in longitudinal bars. Predicted strains based on idealized STM are also shown for 
comparison. Note that nominal yield strain would correspond approximately to 3400 × 10–6. (Note: 1 kN = 0.224 kip.)
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along multiple axes following testing and, for brevity, not all 
specimen cuts are included in this paper. The figure shown is 
meant to highlight observed behavior.

Downward movement of the concrete directly beneath the 
upper bearing plate relative to the surrounding concrete is 
referred to herein as “sinking” displacement, which is shown 
in Fig. 12. This “sinking” displacement does not necessarily 
correspond to overall downward movement of the under-
side of the specimen. In other words, it is possible for the 
top platen to move downward without causing underside 
deflection, as sinking is most apparently caused by localized 

crushing of the concrete surrounding the loading plate 
rather than by crushing of concrete immediately beneath 
the loading plate. Concrete beneath the loading plate 
experiences a near-hydrostatic state of stress owing to the 
surrounding compressive stress state. This near-hydrostatic 
state results in larger localized capacity of the concrete. This 
can explain the intactness of concrete beneath the plates 
following testing (Fig. 11).

The specimen plate vertical “sinking” deformations rela-
tive to adjacent concrete were driven by vertical displace-
ment of the upper loading plate (Fig. 12) caused by sliding 

Fig. 10—(Right) failed Specimen L1 after removal of upper loose concrete, with STM superimposed; and (left) simplified STM.

Fig. 11—Three-dimensional crack map showing plane at which specimens were cut after testing, and photographs of sliced 
specimens showing crack pattern and sliding plane. Positions of loading plates are indicated by orange rectangles. (Note: Full-
color PDF can be accessed at www.concrete.org.)
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of the concrete along an inclined plane from the edges of the 
upper plate to the edges of the lower support plates (Fig. 11). 
This vertical displacement was measured in Specimens L3b, 
L3H, and L1 along the periphery of the upper plate using 
transducers.9 The movement began at approximately 70 to 
80% of the peak load, at which it was on the order of 0.5 to 
0.6 mm (0.002 in.) based on the average of the three upper 
transducers, as shown in Fig. 6. At the peak load, observed 
local downward movement surrounding the top plate 
was between 3 and 4 mm (0.12 and 0.16 in.), which was 
approximately one-half of the total deflection at that state. 
This corroborates that upper-plate vertical “sinking” defor-
mation was not always accompanied by underside vertical 
movement. At the maximum deflection, the movement was 
between 17 and 24 mm (0.67 and 0.94 in.), which was close 
to the total deflection. The large deflection and apparent 
ductility beyond the peak load can be attributed to dowel 
action, which was engaged after primary cracking, as well 
as sliding along the internal critical shear crack. In the case 
of the specimens tested in this study, this critical crack and 
the corresponding struts were fully surrounded by concrete, 
which facilitated larger ductility. Said dowel action would 
have been engaged after initiation of the sinking and would 
have increased as sinking increased.

DISCUSSION
Load versus deformation

Due to variations in size, specimen strengths had to be 
normalized to facilitate comparison. The two measures of 
strength most pertinent here are measured two-way shear 
stress and bearing stress. Two-way shear stress was calcu-
lated as follows

	 vc2 = Pu/Av2	 (2)

where Pu is the ultimate load carried by each specimen; 
and Av2 is the shear area at calculated distance d/2 from the 
edge of the top bearing plate. For the L-size specimens, this 
diameter is 800 mm + 2(1000 mm/2) = 1800 mm (70.87 in.). 
Two-way shear strength thus calculated is summarized in 
Table 3. Also shown in Table 3 are bearing stresses, normal-
ized relative to the top bearing area as follows

	 σb = Pu/Atop	 (3)

where Pu is the ultimate load carried by each specimen; and 
Atop is the bearing area below the top bearing. Recall from the 
“Test setup” section that the bottom bearings were sized such 
that support bearing stress would be approximately equal.

Fig. 12—Vertical settlement of top bearing area (Specimen L3a).

Table 3—Summary of concrete strengths and test results

Specimen

Cylinder 
strength fc′, 

MPa

Average 
fc′ (cores), 

MPa
Core average 
fc′,core, MPa

Capacity 
Pu, kN

Deflection  
 at peak load ∆u, 

mm

Bearing stress σb = 
Pu/Atop  (Eq. (3)), 

MPa

Two-way shear 
stress vc2 = Pu/Av2 

(Eq. (2)), MPa

Normalized shear stress ​​

v​ c2,norm​​  =  ​ ​√ 
_

 40 MPa ​ _ 
​√ 
_

 ​​fc ′ ​​ ,core​​ ​
  ​ ​v​ c2​​​  

 
(Eq. (4)), MPa

L3a 37.3 37.2 37.2 20,990  5.65  41.9 3.71 3.85

L3b 47.7 43.9 43.9 23,390  5.83  46.6 4.14 3.95

L3H 71 58.6 58.6 26,450  5.49  52.9 4.68 3.86

M3a 42.9 45.1

44.3

5690  2.31  45.4 4.02 3.82

M3b 38.3 39.6 6100  2.52  48.6 4.31 4.10

M3c 39.8 48.9 5790  3.19  46.2 4.10 3.89

S3a 46.7 43.0

 42.1

1630  1.34  53.4 4.61 4.50

S3b 44.5 41.9 1710  1.55  55.4 4.84 4.72

S3c 45.3 41.8 1570  2.14  50.3 4.44 4.33

L1 49.7 44.9  44.9 16,480  7.31  32.8 2.91 2.75

M1 42.7 43.4  44.3 3820  3.45  30.4 2.70 2.57

S1 42.1 41.5  42.1 1160 1.85  38.5 3.28 3.20

Note: 1 mm = 0.0394 in.; 1 MPa = 145 psi; 1 kN = 0.224 kip.
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Effect of concrete strength
Nominal concrete compressive strength was varied delib-

erately in L3-series specimens from fc′ = 40 to 60 MPa (5800 
to 8700 psi). Figure 13 shows the normalized strength for 
L3-type specimens plotted against concrete compressive 
strength. Additional curves in this figure represent estimates 
from: 1) a linear regression from the origin; and 2) a square-
root regression from the origin. Although the STM assumes 
a linear variation of capacity with concrete strength, this 
figure shows that strength tracks better with the square root 
of concrete compressive strength.

Strength normalization
The primary objective of this test program was to study 

the size effect. Results shown in the previous section were 
meant to calibrate the study and provide additional insight 
into the effect of concrete compressive strength. However, 
concrete compressive strength can seldom be held constant 
in any test program. Variations in concrete compressive 
strength across specimens with nominally equal strengths 
and sizes mean that additional normalization relative to 
concrete strength was needed to bring test results to the same 
reference compressive strength before comparing the effects 
of other factors.

Specimen strength was observed to track well with the 
square root of concrete compressive strength, as shown in 
Fig. 13, which is consistent with the approach followed by 
ACI 318-19. Measurements of cylinder cores sampled after 
testing best represent the true strengths of specimens given 
actual curing conditions and sizes. For this reason, measured 
strengths were normalized to the square root of the ratio of 
the target compressive strength (fc′ = 40 MPa [5800 psi]) to 
the measured core compressive strength as follows

	​ ​v​ c2,norm​​  =  ​ 
​√ 

____________
  ​f​ c​​′  =  40 MPa ​
  _____________ 

​√ 
_

 fc′,core ​
  ​ ​ v​ c2​​​	 (4)

where fc′,core is the average compressive strength obtained 
for a group of cores for a given specimen size. Thus, where 

observed concrete compressive strength was larger than 
nominal, the aforementioned approach would normalize 
observed strength to a 40 MPa (5800 psi) baseline. Concrete 
cores were sampled from undisturbed regions of the speci-
mens after testing. Ordinarily, a design engineer would use 
cylinder compressive strength for this purpose, as cores are 
not always taken for new structures. But because cores were 
taken for the test specimens, and because these cores better 
reflect curing conditions and concrete compressive strength 
for each specimen, these cores were used instead to obtain 
the best estimate of concrete strength. The average strength 
of two cores sampled after testing from undisturbed regions 
of each specimen was used as the basis for this normaliza-
tion. The L-size specimens were each cast using a single 
batch of concrete, so they were normalized relative to indi-
vidual core averages. The M- and S-size specimens were 
cast altogether from one batch of concrete and cured under 
similar conditions. For these sizes, the average of all cores 
for a given size was used.

Effect of size on strength
Strengths after compressive strength normalization were 

normalized one last time such that the group mean ratios for 
S3- and S1-size specimens were unity. The purpose of this 
normalization was to facilitate comparison with current size 
effect provisions, for which the size effect factor is λs = 1.0 
for specimens with effective depth d = 250 mm (9.84  in.) 
(S-size). These results are plotted in Fig. 14. Although 
Fig.  14 shows a reduction in strength, it is not as severe 
as current ACI 318-19 two-way shear provisions would 
suggest. As effective depth increased from 250 to 500 mm 
(9.84 to 19.68  in.), as with S3- to M3-size specimens, 
strength reduced by 13% on average. As effective depth 
increased again from 500 to 1000 mm (19.68 to 39.37 in.), 
the reduction was even smaller at 1%. This total reduction of 
only 14% is much smaller than the 37% reduction required 

Fig. 13—Strengths of largest specimens with three layers 
of reinforcement versus group mean core compressive 
strengths. Approximate linear and square-root scaling with 
concrete compressive strength superimposed. Fig. 14—Size-normalized stress ratios plotted alongside 

ACI 318-19 size effect factor.
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in ACI 318-19 for d = 1000 mm (39.37 in.) and the 29% 
estimated in JSCE12 using a quadratic root of effective depth.

This observation highlights that the square-root term in 
Eq. (1) currently used by ACI 318-19 can underestimate 
strength for very deep foundations. It also highlights that, 
such as what was proposed by Kim et al.13 for size effect in 
compression, there may be a saturation point beyond which 
further reductions are negligible (that is, a floor to the size 
effect reduction factor). A similar floor has been adopted in 
Eurocode 2 for reinforced concrete.14

Effect of size on stiffness
Perhaps the most notable difference observed between 

specimens was that of post-cracking stiffness, as observed 
in Fig. 7 and 8. Cracking occurs after 750 kN (169 kip) for 
S3a  and after 9000 kN (2023 kip) for L3b. The change in 
stiffness after cracking is also clearly visible in Fig. 9, where 
steel strain in S3a approaches the STM idealization more 
gradually than it does in L3b. This tendency is consistent 
with expectations based on tension stiffening, as described 
previously by Bentz.15 Bentz describes the proportionality 
of tension stiffening to a “bond parameter,” M, as follows

	 M = Ac/Σdbπ	 (5)

where Ac is the area of concrete reinforced by the bar; and 
db is the reinforcing bar diameter. In this expression, smaller 
tension stiffening is expected for elements with larger M 
(that is, larger ratios of concrete area to bar surface area). 
Here, bond parameter M for L3-series specimens is four 
times that of M for S3-series specimens. As a result, less 
tension stiffening would be expected for the larger specimen 
and a shallower slope in the plot of load versus strain or 
deformation, as was observed in shallower slopes for both 
one- and three-layer L-size specimens compared with S-size 
counterparts in Fig. 8.

Effect of reinforcement ratio
Recall that all specimens were over-reinforced such 

that shear failures would occur prior to flexural yielding. 
Although reinforcement remained elastic during the test 
program, the reinforcement ratio does affect how much 
concrete is active in resisting applied load. Figure 15 shows 
test results normalized as per Fig. 14 plotted against longi-
tudinal reinforcement ratio ρl. Also shown in this plot are 
curves based on the stress ratios varying with either the cube 
root or square root of the reinforcement ratio. Designers typi-
cally use these factors in determining shear strength, which 
are incorporated by both ACI and JSCE. ACI provisions 
use a cube root on longitudinal reinforcement for one-way 
shear (ACI  318-19, 22.5.5.1(b) and (c)). JSCE provisions 
use a cube root in general for one-way shear (JSCE 15-2017, 
Section 9.2.3). To facilitate comparison, these curves have 
been multiplied by constants such that they intersect at the 
same average stress at approximately ρl = 0.5% across all 
scales. It is notable that the cube root tends to provide a better 
estimate of peak strength when compared with the square 
root. This observation is also consistent with recommenda-
tions proposed by Mogili et al.16 to add a cube-root factor of 
ρ to current ACI 318 two-way shear strength provisions for 
more accurate estimations. In the sections that follow herein, 
the behavior and failure mechanisms of the specimens are 
described in detail.

Approximate STM
Figure 10 shows an approximate STM of the pile caps 

herein overlaid upon a test specimen, alongside a simplified 
model with added nomenclature. This representation shows 
the struts at an idealized 45-degree inclination. Based on this 
inclination and an equilateral triangle-shaped bottom layer 
of steel, an applied load on the top plate P would be expected 
to result in an average steel tensile force of P/(6 × cos30°). 
This tensile force can be normalized by the total bar area to 
obtain the tensile stress, and then again by the modulus to 
obtain the strain. Restated

	​ ​ε​ avg​​  =  ​  P _ 6cos30° ​ ∙ ​ 1 _ ​A​ b​​ ​ ∙ ​ 
1 _ ​E​ s​​ ​​	 (6)

where P is the applied load at the top plate; Ab is the total 
bottom bar area; and Es is the elastic modulus of steel. 
Equation (6) can be used to create a plot of expected load 
versus average strain, which are shown as straight lines in 
Fig. 9. Notably, in both figures, measured strains converge 
near this line at the observed peak load. The average strain 
calculated following this simplified method shows reason-
able agreement with the load-deformation response of these 
specimens.

SUMMARY AND CONCLUSIONS
This paper presents results from a study of tripod 

pile-cap specimens loaded in two-way shear. Specimens 
were geometrically proportional to one another, with effec-
tive depths of 250, 500, and 1000 mm (9.84, 19.68, and 
39.37  in.). Maximum aggregate size was held constant at 
10 mm (0.39  in.). Specimens contained either three layers 

Fig. 15—Size-normalized stress ratios plotted against rein-
forcement ratio.
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or one layer of high-strength reinforcement. All specimens 
were over-reinforced with high-strength steel such that 
strength would be driven by shear failure. Observations 
from this study are summarized as follows.

1. Within the ranges of variables considered, results show 
a diminishing decrease in unit strength with increasing 
effective depth. For the specimens tested, as effective depth 
doubled from 250 to 500 mm (9.84 to 19.68 in.), normalized 
unit strength decreased by 13%. As effective depth doubled 
again, unit strength decreased by another 1% for a total 
of 14%. These observations suggest the possible need for 
a floor for size effect in compression, as proposed by Kim 
et al.13

2. Shear strengths of specimens were proportional to the 
square root of the concrete strength and the cube root of the 
reinforcement ratio.

3. Specimen behavior was dominated by vertical move-
ment of the top plate, followed by sliding along a crack that 
emanated from the edge of the top plate to the edge of the 
support plate.

4. Observed strains in the bottom reinforcement at peak 
load agreed well with the predictions of simple strut-and-tie 
models (STMs).
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Ultra-high-performance concrete (UHPC) has the potential to 
create more-durable structures that can be economized based 
on performance criteria. An experimental program consisting of 
47 small-scale, noncontact lap splice specimen tests under four-
point loading was conducted to investigate the bond strength and 
slip mechanisms within UHPC. Parameters studied in the testing 
matrix included aspect ratio, clear cover, lap length, and bar size. 
An inverse analysis on a numerical model of the flexural tests was 
employed to compute the bond stress-slip parameters representa-
tive of each specimen group. Results showed an enhanced bond 
stress-slip behavior inducing reinforcing bar yielding for clear 
cover greater than 1.5db and lap splice lengths of 9db. The post-
peak response of all specimens exhibited ductile behavior, including 
those that experienced slip. By controlling the lap parameters and 
using this ductile mechanism, the maximum bar stress can be 
limited to a target value in the design process.

Keywords: bond strength; cover; development length; noncontact lap 
splice; slip; ultra-high-performance concrete (UHPC).

INTRODUCTION
Ultra-high-performance concrete (UHPC) is a type 

of ultra-high-performance fiber-reinforced cementitious 
composite material that is a relatively new innovation in 
concrete materials for structural engineering. This class of 
concrete became commercially available in the 1990s with 
applications in bridges and building structures. UHPC-
class materials are characterized by improved mechanical 
and durability properties that surpass conventional and 
high-strength concrete. The dense pore structure improves 
durability to freezing and thawing and other environmental 
conditions, with a significant improvement in service life 
compared to conventional concrete.1 The rapid expansion 
of material and structural research on UHPC is covered in 
Hung et al.2

UHPC is defined as having a compressive strength greater 
than 21.7 ksi (150 MPa) and a post-cracking tensile strength 
greater than 0.72 ksi (5.0 MPa).3 These mechanical prop-
erties are affected by many factors, including curing type 
(thermal, steam, ambient, and so on), curing time, and steel 
microfiber reinforcement. Earlier studies have shown that 
volume fractions up to 5% of high-strength steel microfiber 
reinforcement facilitates tension hardening, higher tensile 
ductility, increased post-peak energy dissipation capacity, 
spalling resistance, and enhanced bond strength.3 UHPC 
offers improved bond strength and confinement behavior 
over conventional reinforced concrete (RC), allowing for the 
reduction of development and lap splice length requirements 
and the reduction of required confining reinforcement.

In the United States, the Federal Highway Administration 
(FHWA) investigated and promoted the use of UHPC in 
highway bridges. Since then, the number of bridges using 
UHPC elements has grown exponentially. Among the initial 
applications were field-cast connections, typically used in 
bridge construction with precast elements. Lap-spliced deck 
connections using UHPC closure pours were demonstrated 
to achieve desired performance under static and cyclic 
loads.4,5 In recent years, the Florida Department of Trans-
portation (FDOT) conducted research for the use of UHPC 
in closure pours between Florida slab beams for improved 
interfacial bond and simplified reinforcement.6

The expected behavior of any RC member is dependent on 
the bond performance between concrete and the reinforcing 
steel. Without sufficient bond, the reinforcing bars will slip 
within the concrete, leading to splitting cracks, spalling, 
and failure. The bond strength depends on key parame-
ters, including concrete strength, bar spacing, bar strength, 
embedment length, concrete cover, and bar size. As a RC 
section is first loaded, the axial force of the reinforcing bar 
is transferred as radial pressure to the surrounding concrete 
by bearing force from the outermost lugs, friction force, and 
chemical adhesion.3 This transfer of forces is linear until 
the concrete around the reinforcing bar lugs begin to crush, 
which breaks the friction and adhesion bond, allowing the 
bar to slip. The presence of this slip allows the reinforcing 
bar lugs in the surrounding area to contribute to resisting the 
axial force until all of the lugs are evenly bearing against the 
concrete.

Numerous bond and development length investigations 
use pullout tests on reinforcing bars embedded in UHPC.7-12 
Many studies concluded that increased cover, embedment 
length, and bar strength are the primary parameters that 
control bond performance; however, there is also a depen-
dence on the fiber volume fraction and tensile strength. With 
sufficient arching action and fiber bridging in the UHPC 
cover when properly sized (clear cover is usually 2 to 3db), 
relatively short development lengths are needed to yield 
normal-strength steel (NSS) bars, usually 10db, and high-
strength steel (HSS) bars, usually 12db.

Lap splices are typically used throughout a concrete 
structure and are critical elements that rely on fully bonded 
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behavior. The splice length must be long enough to fully 
develop the bond and transfer tensile forces to the adjacent 
bars.3 For conventional RC, this relationship has been exten-
sively researched and well defined; however, the behavior 
of UHPC lap splices do not conform to standard models due 
to the improved compressive strength and enhanced tensile 
strength from steel fibers. The fiber bridging effect and 
crack localization provide the ductile post-peak behavior 
in UHPC, facilitating the post-cracking strain-hardening 
effects.3 Fibers in tension lead to discrete regions of internal 
confinement—referring to the augmentation of the concrete’s 
strength and ductility due to the inclusion of fibers—that 
further increase bond performance.13 The lap splice length 
is frequently assumed to be shorter than the development 
length from direct tension setups,8 although more appro-
priate states of bar-concrete stresses in flexural lap splice 
studies are limited.

Select flexural studies showed 8 to 14db may not be suffi-
cient to yield even normal-strength bars without sufficient 
cover.10,14 However, other flexural tests have shown that 
yield occurs under shorter splice lengths and outside cover,9 
particularly in the case where confinement is present.15 Flex-
ural studies using one side of the reinforcing bar debonded 
in polyvinyl chloride (PVC) tubes have suggested bonded 
lengths as low as 2 to 5db are sufficient to develop bar yielding 
prior to bond failure.13,16,17 Studies employing noncontact 
lap splices have usually erred on the conservative side for 
lap length in both flexural members and columns—that is, 
24db for a column repair.18 Cyclic testing showed deteriora-
tion of strength but similar bond ductility to monotonic tests 
in unconfined specimens.19

To develop efficient and economical structural connec-
tions, the bond strength behavior of UHPC must be thor-
oughly researched and detailed. The objective of this study is 
to investigate the flexural behavior of lap splices in UHPC in 
the shorter range of lap lengths and cover dimensions where 
slip occurs. The results from an experimental program of 47 
small-scale flexural specimens and material characterization 
tests are presented and interpreted. Parameters studied in the 
testing matrix included aspect ratio, clear cover, lap length, 
and NSS bar size. The flexural load-displacement and load-
strain results are used to compute bond-slip parameters by 
employing inverse analysis on a numerical model of the 
flexural tests.

RESEARCH SIGNIFICANCE
Past research has demonstrated an important benefit of 

UHPC is a reduction in the length necessary (over normal- 
strength concrete) to fully develop both NSS and HSS 
longitudinal reinforcement. The research presented extends 
these findings to noncontact lap-spliced reinforcement and 
demonstrates that slip is a ductile mechanism that can be 
used to control the stress transfer between the bars for capac-
ity-controlled design. Experimental results on 47 small-scale 
flexural specimens demonstrate a range of acceptable flex-
ural behaviors between bar yielding (longer lap lengths) and 
slip before yielding (shorter lap lengths).

EXPERIMENTAL PROGRAM
Materials

A commercially available UHPC product was used. The 
target compressive strength is 25 ksi (172 MPa) under 
controlled curing conditions. The UHPC is composed of 
proprietary preblended constituents, local masonry sand, 
portland cement, water, high-range water-reducing admix-
ture (HRWRA), corrosion inhibitor, and 2% smooth straight 
steel fiber content by volume. The fibers are 0.008 in. 
(0.203 mm) in diameter and 0.5 in. (12.7 mm) in length.

Various material tests were conducted on the UHPC to 
identify the uniaxial compressive strength, tensile strength, 
flexural strength, modulus of elasticity, and Poisson’s ratio. 
The ASTM C1856 uniaxial cylinder compression test results 
and specimen areas are shown in Table 1 for various testing 
ages and curing types. The strength of the material gradually 
increased with time to approximately 25 ksi (172 MPa) at 
time of testing.

Two third-point loading flexural performance tests (ASTM 
C1609) were conducted after 29 days of ambient curing the 
specimens. The standard beam dimensions of 4 x 4 x 14 in. 
(101.6 x 101.6 x 355.6 mm) were used for these tests. The 
average peak load and deflection at peak load for both tests 
are 15.8 kip (70.3 kN) and 0.018 in. (0.46 mm), respec-
tively. A single split cylinder tensile test (ASTM C496) was 
conducted after 28 days of ambient curing the specimen. 
The specimen behaved linear up to failure at a strength of 
2.5 ksi (17.2 MPa). A single modulus of elasticity/Poisson’s 
ratio test (ASTM C469) was also conducted after 28 days of 
ambient curing. The specimen was loaded for three cycles to 
40% of the ultimate load, approximately 8.8 ksi (60.7 MPa). 
The average rounded modulus of elasticity and Poisson’s 
ratio are 7225 ksi (49,815 MPa) and 0.19, respectively.

Beam specimens
The experimental program consists of 47 total small-scale 

beam flexural tests split into two tiers of 20 and 27 speci-
mens, respectively. The first test tier primarily investigated 
the influence of variable aspect ratios with respect to vari-
able splice lengths, while maintaining the reinforcing bar 
clear cover. The second test tier examined the effect of vari-
able beam sizes, clear cover, and bar size with respect to 
variable splice lengths, while maintaining the aspect ratio. 
The test matrix variables include beam dimensions, splice 
length ls (6, 9, and 12db), reinforcing bar diameter db (0.75, 
1.0, and 1.27 in. [19.1, 25.4, and 32.3 mm]), reinforcing bar 

Table 1—Material ASTM C1856 compression tests

Test age, days Curing type Average strength, ksi (MPa)

4 Thermal 26.3 (181.2)

7 Thermal 25.8 (178.2)

7 Ambient 15.5 (106.7)

14 Ambient 18.5 (127.2)

21 Thermal 28.1 (193.9)

21 Ambient 21.8 (150.2)

28 Thermal 25.7 (177.3)

28 Ambient 22.2 (152.9)

70 Ambient 24.2 (166.6)
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clear cover Cs (1, 1.5, and 2db), and shear aspect ratio a/H 
(1.5, 1.75, 2.5, and 3.5). All parameters of the 47 beam spec-
imens are detailed in Table 2.

Specimens 1-7 to 1-12 have a 32 in. (813 mm) clear span, 
while all others have a 24 in. (610 mm) clear span. Two main 
types of reinforcement layouts are included in the program, 
lap-spliced and continuous, with a third control case with no 
reinforcing bars. All reinforcement is ASTM A615 Grade 60 
mild steel with 90-degree hooks at each beam end. The corre-
sponding longitudinal steel reinforcement ratios (As/Ac) vary 
between 1.5% and 4.1% for all beam specimens, excluding 
1-13, 1-14, and 1-15 (UHPC only). The length of bar from 
the end of the lap to the end of the hook was selected to be 
larger than the lap length for all specimens, thereby ensuring 
failure in the lapped region and minimizing transverse stress 
generated. No transverse shear reinforcement was used in 
any of the specimens. The beam specimens with lapped bars 
included a lateral bar-to-bar clear spacing of 0.5db.

The fabrication and layout of beam specimen 1-3 is shown 
in Fig. 1; all other specimens are similar. All splices are 
placed such that half the splice length lies on each side of the 
beam midspan. All specimens were cast in plywood form-
work, which was initially painted with interior latex-based 
paint. The formwork was then coated in mineral oil before 
casting to facilitate removal; refer to Fig. 1(a). Each spec-
imen was cast from the center to ensure even fiber disper-
sion and flow alignment at the midspan. All specimens were 
wetted with a proprietary solution and ambient cured for 
70 days prior to testing.

Testing methods
The four-point bending test setup for beam specimen 

1-3 is shown in Fig. 2; all other tests are similar. All beams 
are tested with a 6 in. (152.4 mm) loading span; refer to 
Fig.  1(b). The four-point setup was selected so that only 
flexural stresses impacted the lap response (the center of 
the lapped region in all cases was in the constant moment 
region). The beams were tested under displacement control 
at a rate of 0.1 in./min (2.5 mm/min) in a universal testing 
machine (UTM). The testing protocol was terminated when 
the load was reduced to approximately 20% of the peak load 
capacity, or when excessive displacement occurred. Two 
support and two midspan linear variable displacement trans-
ducers (LVDTs) were mounted to each specimen to capture 
support displacement effects and torsional movement to 
measure the average midspan deflection.

The specimens with reinforcing bars included two strain 
gauges affixed to the bottom surface of the longitudinal rein-
forcing bars. The strain gauges were 120 Ω foil-backed resis-
tive gauges with a 5000 με maximum. For the specimens 
with continuous (single) bars, only a single strain gauge 
was installed at the midspan of the beam. For the specimens 
with lap splices, one strain gauge was installed on each bar, 
located at the termination point of the adjacent lapped bar 
(that is, strain was measured at the initiation of the transfer 
region), as shown in Fig. 1.

EXPERIMENTAL RESULTS
The force-displacement responses of the beam specimens 

exhibited similar characteristics for all cases except those 
control cases with continuous bars. The peak force versus 
deflection at peak force is shown in Fig. 3. The control cases, 
continuous bar cases, and beams with 32 in. (813 mm) clear 
span are excluded from the figure. In addition, the two 
outliers exhibiting larger deflections at lower peak forces 
(Specimens 1-6 and 2-9 from groups Cs = 1.5db, Lsp = 12db, 
and Cs = 2.0db) were excluded from the results because 
they exhibited asymmetrical (one-sided) lap failure, as 
discussed later. The coefficient of determination R2 in Fig. 3 
is displayed for each linear trend line and color-coded to 
match each data set. For all beam specimens, the correlation 
of force to deflection decreased with the increase in concrete 
cover, which can be attributed to the more consistent ductile 
strength plateau displayed in beams with larger cover and 
splice length.

The normalized force versus normalized displacement 
curves for all lapped specimens in tier two are shown in 
Fig.  4. The normalized force is relative to the peak force, 
whereas the normalized displacement is relative to the 

Fig. 1—Beam specimen 1-3: (a) fabrication; and (b) layout.

Fig. 2—Beam specimen 1-3 test setup.
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Table 2—Specimen description and test parameters

ID Size W x H, in. (mm) Clear span Lc, in. (mm) Aspect ratio, a/H Cs/db Bar size db, in. (mm) As/Ac Lsp/db

1-1 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 6

1-2 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 9

1-3 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 12

1-4 5.5 x 5.5 (140 x 140) 24.0 (610) 1.75 1.5 1.0 (25.4) 2.6% 6

1-5 5.5 x 5.5 (140 x 140) 24.0 (610) 1.75 1.5 1.0 (25.4) 2.6% 9

1-6 5.5 x 5.5 (140 x 140) 24.0 (610) 1.75 1.5 1.0 (25.4) 2.6% 12

1-7 5.5 x 5.0 (140 x 127) 32.0 (813) 2.5 1.5 1.0 (25.4) 2.9% 6

1-8 5.5 x 5.0 (140 x 127) 32.0 (813) 2.5 1.5 1.0 (25.4) 2.9% 9

1-9 5.5 x 5.0 (140 x 127) 32.0 (813) 2.5 1.5 1.0 (25.4) 2.9% 12

1-10 5.5 x 3.5 (140 x 89) 32.0 (813) 3.5 1.5 1.0 (25.4) 4.1% 6

1-11 5.5 x 3.5 (140 x 89) 32.0 (813) 3.5 1.5 1.0 (25.4) 4.1% 9

1-12 5.5 x 3.5 (140 x 89) 32.0 (813) 3.5 1.5 1.0 (25.4) 4.1% 12

1-13 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 N/A N/A N/A N/A

1-14 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 N/A N/A N/A N/A

1-15 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 N/A N/A N/A N/A

1-16 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% N/A

1-17 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% N/A

1-18 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% N/A

1-21 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% N/A

1-22 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% N/A

2-1 3.5 x 6.0 (89 x 152) 24.0 (610) 1.5 1.0 0.8 (19.1) 2.1% 6

2-2 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.5 0.8 (19.1) 1.6% 6

2-3 5.0 x 6.0 (127 x 152) 24.0 (610) 1.5 2.0 0.8 (19.1) 1.5% 6

2-4 3.5 x 6.0 (89 x 152) 24.0 (610) 1.5 1.0 0.8 (19.1) 2.1% 9

2-5 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.5 0.8 (19.1) 1.6% 9

2-6 5.0 x 6.0 (127 x 152) 24.0 (610) 1.5 2.0 0.8 (19.1) 1.5% 9

2-7 3.5 x 6.0 (89 x 152) 24.0 (610) 1.5 1.0 0.8 (19.1) 2.1% 12

2-8 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.5 0.8 (19.1) 1.6% 12

2-9 5.0 x 6.0 (127 x 152) 24.0 (610) 1.5 2.0 0.8 (19.1) 1.5% 12

2-10 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.0 1.0 (25.4) 2.9% 6

2-11 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 6

2-12 6.5 x 6.0 (165 x 152) 24.0 (610) 1.5 2.0 1.0 (25.4) 2.0% 6

2-13 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.0 1.0 (25.4) 2.9% 9

2-14 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 9

2-15 6.5 x 6.0 (165 x 152) 24.0 (610) 1.5 2.0 1.0 (25.4) 2.0% 9

2-16 4.5 x 6.0 (114 x 152) 24.0 (610) 1.5 1.0 1.0 (25.4) 2.9% 12

2-17 5.5 x 6.0 (140 x 152) 24.0 (610) 1.5 1.5 1.0 (25.4) 2.4% 12

2-18 6.5 x 6.0 (165 x 152) 24.0 (610) 1.5 2.0 1.0 (25.4) 2.0% 12

2-19 6.0 x 6.0 (152 x 152) 24.0 (610) 1.5 1.0 1.3 (32.3) 3.5% 6

2-20 7.0 x 6.0 (178 x 152) 24.0 (610) 1.5 1.5 1.3 (32.3) 3.0% 6

2-21 8.5 x 6.0 (216 x 152) 24.0 (610) 1.5 2.0 1.3 (32.3) 2.5% 6

2-22 6.0 x 6.0 (152 x 152) 24.0 (610) 1.5 1.0 1.3 (32.3) 3.5% 9

2-23 7.0 x 6.0 (178 x 152) 24.0 (610) 1.5 1.5 1.3 (32.3) 3.0% 9

2-24 8.5 x 6.0 (216 x 152) 24.0 (610) 1.5 2.0 1.3 (32.3) 2.5% 9

2-25 6.0 x 6.0 (152 x 152) 24.0 (610) 1.5 1.0 1.3 (32.3) 3.5% 12

2-26 7.0 x 6.0 (178 x 152) 24.0 (610) 1.5 1.5 1.3 (32.3) 3.0% 12

2-27 8.5 x 6.0 (216 x 152) 24.0 (610) 1.5 2.0 1.3 (32.3) 2.5% 12
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deflection at peak force. The results showed increased post-
peak strength with the increase of splice length and concrete 
cover. In general, beam specimens with smaller splice length 
and concrete cover showed reduced peak force accompa-
nied with a rapid strain-softening phase. Beam specimens 
with larger splice length and cover showed increased peak 
force followed by an extended, gradually decreasing strain- 
softening phase. All beams demonstrated substantial residual 
capacity at large post-peak displacements.

Table 3 summarizes the key results from each of the spec-
imen tests, including the deflection at peak force Δpeak as 
a percentage of clear span length, maximum applied force 
Fmax, maximum strains in the north and south reinforcement 
εs,max, the cracking pattern as classified in Fig. 5, the average 
maximum steel force fs,max, the average bond stress of the 
reinforcing bars μTEST, the normalized moment Mmax/bd2, and 
the shape factor (E50/Epeak). The shape factor is defined as 
the ratio of the energy (integral of force-deformation curve) 
up to 50% post-peak strength to the energy up to the peak 
strength. All specimens achieved yielding strain or larger 
in one or both lapped bars, except for specimens 2-1, 2-10, 
2-11, and 2-19 (Lsp = 6db specimens with increasing bar 
sizes) and 2-23 (Lsp = 9db). Although these beam specimens 
successfully developed both sides of the lap splice, they ulti-
mately experienced unloading before yielding due to slip-
page of both reinforcing bars.

Failure modes and cracking patterns
Each specimen was visually inspected to identify the 

UHPC cracking pattern and ultimate failure mode. The 
UHPC cracking damage was denoted flexural (F), shear (S), 
compression (C), tension (T), or a combination of these four. 
All damage patterns and combinations are shown in Fig. 5 
to establish criteria for the classification used in Table 3. The 
flexure-only cracking pattern was observed exclusively in 
the control cases without reinforcement; all other specimens 

with reinforcement had a combination cracking pattern of 
flexural with shear, compression, or tension.

The flexure-compression cracking pattern was the most 
common, with no bias toward a specific splice length. The 
shear-compression pattern only occurred in splice lengths of 
9 and 12db; all other cracking patterns did not exhibit any 
trends with varying splice length.

The beam specimens that experienced failure in the lapped 
region displayed a distinct diagonal cracking pattern on the 
bottom side, as shown in Fig. 6. This type of failure mode, 
known as splitting failure, occurs between the ends of adja-
cent lapped bars within the flexure region. It is often observed 
in lap splices with shorter lap splice lengths, insufficient 
cover, and lack of confinement. In general, the specimens 
that showed no yielding in at least one bar had a smaller 
splice length. This can be attributed to not fully developing 
the required bond strength to reach the yield strain; these 
beams are slip-controlled. For larger splice lengths and 
cover, the improved compressive strength and sustained 
post-cracking tensile strength of the UHPC allows for the 
tensile reinforcement to fully develop before the concrete 
crushes, resulting in most specimens reaching yielding of 
both reinforcing bars.

One-sided failure was characteristic of specimens with 
longer lap length (9 to 12db) and larger cover (1.5 to 2db). 
Asymmetrical beam failure was prominent in specimens 
1-3, 1-6, 1-9, 1-11, 1-12, 1-21, 1-22, 2-8, 2-9, 2-15, 2-17, 
2-24, and 2-27; this mechanism explains why specimens 
1-6 and 2-9 produced exceptionally low peak force. With 
the same dimensions, specimens with larger Mmax/bd2 dissi-
pated  larger energy. Specimens with a larger shape factor 
(E50/Epeak) have more ductile behavior. When the shape 
factor is larger than 2.5, concrete flexural failure happens 
before lap-splice slipping. If the shape factor is smaller than 
2.5, the slipping of the lap splice is the main reason for the 
failure of the beam.

Bond strength
At the peak force of the beam specimen, the average bond 

strength can be calculated by dividing the maximum rein-
forcing bar tensile force by the overall contact area between 
the reinforcing bar and concrete, using the following 
equation

	​ ​μ​ TEST​​  =  ​ 
​f​ s,max​​​A​ b​​ _ π​d​ b​​​L​ sp​​

 ​  =  ​ 
​f​ s,max​​ ​d​ b​​ _ 4​L​ sp​​  ​​	 (1)

where Ab and db are the nominal bar area and diameter; fs,max 
is the maximum tensile bar stress; and μTEST is the average 
bond strength at maximum tensile stress assuming the force 
is uniformly distributed along the splice length Lsp. Using 
the average peak reinforcing bar strains measured during the 
beam tests, the average bond strength can be calculated for 
each specimen (refer to Table 3).

The maximum stress in the reinforcing bars is calculated 
from the measured strains shown in Table 3 using lab-mea-
sured stress-strain behavior for each size reinforcing bar 
with a yield strength of 60 ksi (413.7 MPa). The average 
bond stress (averaged between the two bars) versus the 
splice length Lsp/db is shown in Fig. 7(a). In general, the 

Fig. 3—Peak force versus deflection at peak force. (Note: 
1 in. = 25.4 mm; 1 ksi = 6.89 MPa.)
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maximum stress is indirectly proportional to the splice 
length, with a stronger correlation for larger Cs/db specimens. 
The average bond stress versus Cs/db and bar diameter db 
are shown in Fig. 7(b) and (c), respectively. As the concrete 
cover and splice length (Lsp) increases, the variation between 
groups becomes larger with little correlation; the correlation 
between the linear trends is exceptionally low, suggesting 
there are other variables affecting the maximum stress that 
should be included in the regression evaluation. The control 
cases, continuous bar cases, and beams with 32 in. (813 mm) 
clear span are excluded from Fig. 7(a) to (c). The outlier 

from group Lsp/db = 12 with low average bond stress was 
excluded from the correlation results.

Moment capacity
To better understand the dependence of the achieved 

strength on the parameter space studied, the results 
are presented in Fig. 8 in the form of normalized moments 
(Mmax/bd2). These normalized moments have units of stress 
and can be understood relative to the value obtained for the 
control specimens with continuous reinforcing bars (1-16 
to 1-18) of approximately 3.0. The lapped specimens with 
longer splice length achieved higher capacity values than 

Fig. 4—Normalized load-displacement curves for tier two specimens. Vertical axis is load normalized by peak load; and hori-
zontal axis is midspan displacement normalized by displacement at peak load.
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this due to the presence of two bars in the lapped region. 
Comparison with the capacity of approximately 5.0 from 
control specimens with two bars (1-21 and 1-22) bound 
these behaviors.

Results show the two-factor interaction between each 
pair of parameters, in addition to the trends with aspect 
ratio. While increased moment capacity with lap length and 
cover were evident in Fig. 3 and Table 3, the figure also 
confirms an increase in capacity with bar size (as would 
be expected), implying the total bond force increased with 
larger bar diameters. The bond strength investigation in the 
next section confirms this finding. In addition, there is an 
increase in moment capacity with aspect ratio (for a constant 
lap length). However, the moment capacity did not increase 
(or decrease for some specimens) between Lsp = 9db and 
12db, particularly for larger aspect ratios.

BOND STRENGTH CALIBRATION
Bond strength is a critical component for lap-spliced 

connections. While loading the beam specimens to failure, 
the bond stress may vary nonlinearly along the lapped length, 
which affects the flexural strength and failure mode. Due to 
the continuously bonded lap splice in the experimental spec-
imens (as opposed to other flexural setups where bond is 
average over a short distance), the material-point bond-slip 
behavior was obtained using inverse analysis. To capture the 
bond-slip backbone parameters, a nonlinear least-squares 

regression was performed by calls to a unique parameterized 
nonlinear numerical model developed in OpenSees for each 
flexural specimen.

The specimens’ force-deformation and strain-deformation 
responses were used in the nonlinear fitting. For each spec-
imen, the deformation was sampled at 200 points of equal 
displacement increment. The corresponding force, strain in 
the north reinforcing bar, and strain the south reinforcing bar 
at each displacement were differentiated with the predicted 
numerical value to obtain the residual for minimization. The 
force responses were weighted by a factor of 4 (over the 
strains) to influence the search more heavily. The parame-
ters used for fitting included five points on the bond stress 
versus bond-slip material-point curve, as described in more 
detail in the “Constitutive Model” section. Using the least 
squares nonlinear curve-fitting function lsqcurvefit with the 
Levenberg-Marquardt algorithm, the bond-slip inputs are 
calibrated based on the force-deflection data gathered from 
the experimental program.

Numerical model geometry
The general geometry layout used to model each beam 

specimen within OpenSees is illustrated in Fig. 9. This layout 
has six main components: a beam with concrete rectangular 
fiber section with layers through the depth (representing the 
compression block and tension block), a beam with steel 
circular fiber section for each lapped bar (or single beam in 
continuous case), a bond-slip (horizontal) spring connected 
to reinforcing bar, a dowel action (vertical) spring connected 
to reinforcing bar, a rigid link connecting the concrete to the 
reinforcing bar springs, and a stiff elastic spring to simulate 
the 90-degree hook at each end of the beam. The explicit 
reinforcing bar beam element is located at the correct geom-
etry relative to the geometric centroid of the concrete beam 
element. The rigid links ensure that the correct kinematics 
are recovered for the overall beam under small loads (plane 

Fig. 5—UHPC cracking pattern classifications: (a) flexure; (b) flexure-compression; (c) flexure shear-compression;  
(d) flexure-shear; (e) shear-compression; and (f) shear-tension.

Fig. 6—Cracking pattern on bottom of beam specimen 1-2.
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Table 3—Summary of test results

ID
Δpeak

(% of Lc)
Fmax,

kip (kN)
εs,max

(north)*
εs,max  

(south)*
Cracking
pattern†

fs,max,
ksi (MPa)

μTEST,
ksi (MPa)

Mmax/bd,2 
ksi (MPa) E50/Epeak

1-1 0.36% 45.1 (201) 0.0021 0.0023 F-C 65.2 (450) 2.7 (19) 2.3 (16) 2.5998

1-2 0.46% 57.0 (253) 0.0031 0.0061 F-C 65.6 (453) 1.8 (13) 2.9 (20) 4.4189

1-3 0.51% 66.3 (295) 0.0191 0.0056 F-C 77.8 (536) 1.6 (11) 3.4 (23) 5.7407

1-4 0.34% 33.9 (151) 0.0032 0.002 F-C 65.4 (451) 2.7 (19) 2.3 (16) 2.0232

1-5 0.47% 43.3 (193) 0.0029 0.0034 F-S-C 65.4 (451) 1.8 (13) 2.9 (20) 2.8908

1-6 0.80% 41.6 (185) 0.0229 0.0016 F-S-C 81.3 (561) 1.7 (12) 2.8 (19) 6.889

1-7 0.56% 24.0 (107) 0.0033 0.0024 F-S-C 65.4 (451) 2.7 (19) 2.9 (20) 2.97

1-8 0.64% 29.8 (133) 0.0030 0.0038 F-S-C 65.5 (451) 1.8 (13) 3.6 (25) 4.1734

1-9 0.91% 30.2 (135) 0.0033 0.0197 F-C 78.5 (541) 1.6 (11) 3.7 (25) 6.3869

1-10 1.17% 10.3 (46) 0.0021 0.0045 F-C 65.5 (452) 2.7 (19) 5.0 (34) 2.8361

1-11 1.33% 13.3 (59) 0.0194 0.0078 F-C 78.1 (539) 2.2 (15) 6.4 (44) 4.0227

1-12 1.32% 11.4 (51) 0.0155 0.0034 F-C 73.8 (509) 1.5 (11) 5.5 (38) 3.3066

1-13 0.06% 13.9 (62) N/A N/A F N/A N/A 0.3 (2) 0.16251

1-14 0.21% 19.1 (85) N/A N/A F N/A N/A 0.4 (3) 0.78121

1-15 0.20% 20.8 (93) N/A N/A F N/A N/A 0.5 (3) 0.84876

1-16 3.89% 60.7 (270) >0.05‡ N/A F-S-C N/A N/A 3.1 (21) 52.826

1-17 0.41% 58.5 (260) >0.05‡ N/A F-C N/A N/A 3.0 (21) 3.5422

1-18 0.51% 59.4 (264) >0.05‡ N/A F-C N/A N/A 3.0 (21) 4.7907

1-21 0.78% 98.4 (438) 0.004 0.028 F-S-C 75.5 (520) N/A 5.0 (35) 4.2743

1-22 0.76% 89.5 (398) 0.02 0.009 F-S-C 72.6 (500) N/A 4.6 (32) 6.1304

2-1 0.18% 23.0 (102) 0.0015 0.0015 F-S 39.4 (272) 1.6 (11) 1.2 (9) 13.608

2-2 0.28% 30.5 (136) 0.0018 0.0028 F-S 66.7 (460) 2.8 (19) 1.5 (10) 10.752

2-3 0.36% 33.0 (147) 0.0028 0.0027 F-S 66.7 (460) 2.8 (19) 1.7 (12) 0.64549

2-4 0.26% 30.0 (133) 0.0024 0.0024 S-C 60.9 (420) 1.7 (12) 1.6 (11) 1.2855

2-5 0.30% 34.2 (152) 0.0035 0.0019 F-C 67.5 (465) 1.9 (13) 1.7 (12) 2.0363

2-6 0.46% 40.0 (178) 0.0027 0.0028 F-C 66.7 (460) 1.9 (13) 2.1 (15) 1.2943

2-7 0.31% 37.0 (164) 0.0028 0.0029 F-S 67.1 (463) 1.4 (10) 2.0 (14) 1.739

2-8 0.40% 41.3 (184) 0.0123 0.0037 F-S 73.1 (504) 1.5 (11) 2.0 (14) 3.0145

2-9 0.78% 41.8 (186) 0.0107 0.0091 F-S 71.0 (489) 1.5 (10) 2.2 (15) 1.8061

2-10 0.23% 35.8 (159) 0.0016 0.0021 F-S 65.1 (449) 2.7 (19) 1.8 (12) 4.0896

2-11 0.22% 39.0 (174) 0.0014 0.0017 S-T 60.1 (414) 2.5 (17) 2.0 (14) 6.5291

2-12 0.37% 42.9 (191) 0.0035 0.0034 F-C 65.4 (451) 2.7 (19) 2.4 (17) 1.388

2-13 0.26% 43.8 (195) 0.0023 0.0024 S-T 65.3 (450) 1.8 (13) 2.2 (15) 2.3297

2-14 0.33% 45.8 (204) 0.0027 0.0029 F-S 65.4 (451) 1.8 (13) 2.3 (16) 2.7167

2-15 0.61% 64.7 (288) 0.0222 0.0043 F-C 80.8 (557) 2.2 (15) 3.7 (25) 2.0105

2-16 0.34% 53.8 (239) 0.0037 0.0027 S-T 65.5 (451) 1.4 (9) 2.7 (18) 2.4939

2-17 0.62% 60.7 (270) 0.0057 0.0198 F-C 78.6 (542) 1.6 (11) 3.1 (21) 6.7473

2-18 0.57% 63.2 (281) 0.0238 N/A S-C 82.2 (567) 1.7 (12) 3.6 (25) 2.9995

2-19 0.29% 48.2 (214) 0.0018 0.0018 F-C 49.7 (343) 2.1 (14) 2.2 (15) 6.0159

2-20 0.51% 51.9 (231) 0.0032 0.0019 F-S 67.4 (464) 2.8 (19) 2.8 (19) 6.1211

2-21 0.67% 60.3 (268) 0.0036 0.0031 F-C 67.4 (465) 2.8 (19) 4.0 (28) 2.4049

2-22 0.48% 66.9 (298) 0.0035 N/A F-S 67.4 (465) 1.9 (13) 3.0 (21) 3.8941

2-23 0.48% 69.3 (308) 0.0017 0.002 F-C 54.5 (376) 1.5 (10) 3.7 (26) 7.281
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sections remain plane). The modeling approach is consistent 
with that taken by Al-Jelawy and Mackie.20

Horizontal discretization of the model was calibrated to 
ensure sufficient springs in the lapped region. The results 
presented used 15 displacement-based beam elements 
in each of the shear spans and a proportional number of 
elements within the loading span such that the element sizes 
remained constant along the length. Large displacements 
were enabled with the corotational coordinate transforma-
tion for the concrete beam, reinforcing bar beam, and rigid 
link elements.

Each component of the model has a specific constitutive 
model associated with it to capture all nonlinear effects of 
the flexural specimens. Two-point loads were applied to the 
concrete beam at the same locations as the experimental 
specimen, and the boundary conditions were pinned at the 
left end and roller at the right end of the concrete beam. The 
analysis used displacement control based on the midspan 
deflection and automatically adjusted the step size to ensure 
convergence up to the maximum displacement from the 
experiment.

ID
Δpeak

(% of Lc)
Fmax,

kip (kN)
εs,max

(north)*
εs,max  

(south)*
Cracking
pattern†

fs,max,
ksi (MPa)

μTEST,
ksi (MPa)

Mmax/bd,2 
ksi (MPa) E50/Epeak

2-24 0.86% 76.6 (341) 0.0027 0.0116 F-C 69.6 (480) 1.9 (13) 5.1 (35) 5.5786

2-25 0.59% 74.0 (329) 0.0032 0.0027 S-C 67.4 (464) 1.4 (10) 3.3 (23) 5.4522

2-26 0.76% 83.8 (373) 0.002 0.0028 F-S 67.3 (464) 1.4 (10) 4.5 (31) 12.761

2-27 1.09% 77.0 (342) 0.0016 >0.05‡ F-C 44.6 (308) 0.9 (6) 5.1 (35) 8.1583

*Highlighted values indicate yielding of reinforcing bar.
†F is flexural; S is shear; C is compression; T is tension (refer to Fig. 5).
‡Out of strain gauge limit (max 0.05).

Table 3 (cont.)—Summary of test results

Table 4—OpenSees UHPC material properties

Parameter Symbol Value

Uniaxial compressive strength, ksi (MPa) fc 22.0 (152)

Young’s modulus, ksi (MPa) Ec 7000.0 (48,263)

Tensile strength, ksi (MPa) ft 0.90 (6.2)

Ultimate tensile strength, ksi (MPa) ftu 1.10 (7.6)

Ultimate tensile strain εu 0.0035

Residual tensile strength, ksi (MPa) ftres 0.13 (0.9)

Residual tensile strain εres 0.025

Maximum strain εmax 0.035

Ultimate compression strain multiplier cmax 2.0

Ultimate tension strain multiplier tmax 1.0

Fig. 7—Average bond stress versus: (a) Lsp/db; (b) Cs/db; and (c) db.
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Constitutive models
The OpenSees Hysteretic material model was selected to 

represent UHPC. This model constructs a uniaxial trilinear 
material with damage formulation due to ductility and 
energy; refer to Fig. 10(a). All material properties used 
for UHPC hysteretic material are summarized in Table 4. 
The ReinforcingSteel material model was selected to repre-
sent the embedded reinforcement. This model constructs a 
uniaxial nonlinear material specifically implemented for RC 
fiber sections. Refer to Table 5 for all reinforcing steel mate-
rial properties.

The reinforcing steel interacts with the surrounding 
concrete through two mechanisms: bond-slip and dowel 
action. The bond-slip relates the transverse movement of 

the reinforcing bar to the stress required to slip. The bond-
slip mechanism is represented by the MultiLinear material 
model, having slip and stress inputs. The shape of the bond-
slip curve was adopted from Eligehausen et al.21; the general 
bond-slip material model is shown in Fig. 10(b). The slip 
inputs u1 to u3 and bond inputs fpeak and fres are the values 
calibrated for each beam specimen using the nonlinear least-
squares regression on the parameterized nonlinear numer-
ical model. Unlike the infinite plateau residual stress fres in 
most models, u4 and f4 were assumed to be 0.2 in. (5.1 mm) 
and 0.1 ksi (0.7 MPa), respectively, to improve convergence 
of the optimization algorithm. The variable ΔL denotes the 
discretized length of reinforcing bar used to calculate the 
contact area for each bar element. It was assumed that the 
bond stress between the reinforcement and cementitious 
matrix is uniformly distributed along the perimeter of the 
reinforcing bar. This assumption becomes unreliable as the 
ratio of db/H increases (that is, larger curvatures). The cali-
brated slip and bond values are summarized in Table 6 for 
each beam specimen.

Dowel action is the ability of reinforcing bars to carry 
shear force due to slipping of cracked surfaces normal to 
the reinforcing bar. This is used to define the perpendicular 
interaction between the reinforcing bar and the surrounding 
concrete. The dowel action mechanism is represented by 
uniaxial elastic-perfectly plastic gap (ElasticPPGap) and 

Fig. 8—Normalized moment capacity with respect to experimental parameters.

Fig. 9—OpenSees geometry layout.
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elastic no tension (ENT) OpenSees material models. The 
strength was based on shear plane area for pulling through 
bottom cover multiplied by the tension strength of UHPC. 
The stiffness was obtained from a similar calculation for the 

displacement d0 = 0.0004 in. (0.01 mm) from Xia et al.,22 
which is from (ft/Ec)lc, where lc is critical crack width equal 
to 2/3H. The flexural stress to crack width was assumed to be 
applicable even though it was applied to failure of the bottom 
cover. The other two inputs to the nonlinear curve-fitting 
function are the UHPC yield strength and stiffness multipliers 
for the dowel action material model. These parameters will 
be changed to better fit the experimental force-deformation  
plot, with a minimum and maximum allowable limit of 0.1 
and 25, respectively. The general dowel action material 
model is shown in Fig. 10(c).

Bond-slip results
All calibrated bond-slip and dowel action parameters 

are summarized in Table 6. Because specimens 1-13 to 
1-18 are the control cases and continuous bar cases, they 
are excluded  from the analysis. Due to issues encountered 
during the analysis, beam specimens 1-12, 2-10, 2-12, and 
2-15 could not produce results. This is caused by either 
convergence problems or insufficient quality of measured 
force-deformation curve used to calibrate the parameters. 
For all other specimens, the calibrated results are plotted 

Fig. 10—OpenSees material model for: (a) UHPC; (b) general bond-slip; and (c) dowel action.

Fig. 11—Normalized bond stress versus slip/db.

Fig. 12—Average normalized bond stress versus slip/db.
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Table 5—OpenSees reinforcing material properties

Parameter Symbol Value

Yield stress in tension, ksi (MPa) fy 65.0 (448)

Ultimate stress in tension, ksi (MPa) fu 104.0 (717)

Initial elastic tangent, ksi (MPa) Es 29,000 (199,948)

Tangent at initial strain hardening, ksi (MPa) Esh 1305.0 (8998)

Strain at initial strain hardening εsh 0.0070

Strain at peak stress εult 0.1170

Table 6—Specimen bond-slip results

ID u1, mm u2, mm u3, mm fpeak, MPa fres, MPa Ω* Ψ*

1-1 0.0127 1.0055 2.2187 11.00 1.98 0.1 5.2

1-2 0.1813 0.3946 3.0113 14.12 1.00 0.6 12.6

1-3 0.4142 2.4460 4.8642 14.00 0.26 0.1 1.4

1-4 0.0400 0.1270 2.9689 11.85 0.30 0.1 2.6

1-5 0.4052 0.4365 2.7089 13.27 2.88 0.1 0.2

1-6 0.4366 0.4198 5.0800 11.11 0.07 25.0 2.0

1-7 0.0739 0.6962 3.6697 16.01 1.55 25.0 17.3

1-8 0.0127 0.5886 2.4562 15.93 4.51 0.1 25.0

1-9 0.2968 0.1270 3.5231 15.04 0.86 14.9 7.7

1-10 0.2102 0.3841 2.6660 11.73 1.50 10.9 6.6

1-11 0.0127 0.4118 2.0088 14.32 4.87 1.3 0.3

2-1 0.0127 0.1575 4.0291 7.39 2.38 0.1 0.1

2-2 0.0127 0.9701 2.7526 13.04 1.31 0.1 0.1

2-3 0.0592 0.9836 2.6853 11.54 2.29 0.1 0.1

2-4 0.0767 0.1270 2.4511 9.71 2.81 25.0 2.3

2-5 0.2215 0.2936 2.6351 12.01 2.83 2.5 2.5

2-6 0.1867 1.2700 2.7594 14.08 3.11 2.5 2.5

2-7 0.1887 0.4893 2.5988 9.84 1.04 3.1 2.3

2-8 1.0510 2.2377 0.2540 5.12 5.46 3.1 1.6

2-9 0.3600 1.7227 3.6281 13.75 0.84 0.1 6.9

2-11 0.0127 1.2235 2.6569 8.91 1.03 0.1 0.1

2-13 0.0312 0.3908 2.7342 7.27 1.00 0.1 2.6

2-14 0.1538 0.3752 3.1447 10.17 0.76 2.8 25.0

2-16 0.1042 0.7585 3.3254 8.01 0.71 2.2 25.0

2-17 0.0127 0.1270 2.2327 9.46 4.18 24.8 25.0

2-18 0.0127 0.7497 3.3207 8.65 2.63 25.0 25.0

2-19 0.1309 0.4980 2.3335 8.70 0.96 7.6 1.2

2-20 0.2289 0.6448 2.5769 11.25 1.48 0.1 1.6

2-21 0.1890 1.1274 2.2107 19.28 8.51 0.1 12.9

2-22 0.4199 0.9000 3.0632 12.03 0.45 0.2 12.9

2-23 0.3187 0.6737 3.9529 12.93 0.65 25.0 25.0

2-24 0.0363 2.5400 4.7253 14.99 6.31 25.0 25.0

2-25 0.2424 1.9504 3.6410 9.34 0.52 0.1 25.0

2-26 0.3073 2.3403 4.2764 12.77 0.57 0.2 25.0

2-27 0.3529 2.5400 4.6952 12.87 1.93 25.0 25.0

*Ω is stiffness multiplier; Ψ is yield strength multiplier.

Note: 1 in. = 25.4 mm; 1 ksi = 6.89 MPa.
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versus either lap splice length or concrete cover, depending 
on which has a greater correlation.

The calibrated bond stress normalized by √fcꞌ versus slip 
normalized by db for all beam specimens separated by Cs/db 
is shown in Fig. 11. The average bond-slip curves from each 
category are summarized in Fig. 12. Due to poor bond-slip 
parameter results, beam specimens 1-6, 1-9, and 2-8 were 
excluded from their respective average curves. In general, Cs/
db is directly proportional to the yield limit (fpeak) and length 
of yield plateau, while the average initial elastic response is 
constant for all beam specimens. The curves, which follow 
the backbone introduced by Eligehausen et al.,21 show a 
higher correlation to Cs/db than Lsp/db. Increasing db and Cs/
db independently led to an increase in normalized peak bond 
stress (fpeak). However, the increase of fpeak and the decrease 
of normalized residual bond stress (fres) is only slightly 
affected by the bar diameter. The improvement in bond and 
residual strengths is attributed to fiber bridging and internal 
confinement effects around the reinforcement.

The limitations of the model mechanics used in the inverse 
analysis include the use of one-dimensional elements, 
absence of out-of-plane behavior, and uncoupled bond-
slip springs on both lapped bars. These restrict the ability 
to accurately predict the flexural behavior of all specimens, 
particularly those that fail on one side of the lap due to 
imperfections or small spacing differences. An alternative 
approach that has the potential to overcome these limitations 
is the incorporation of a three-dimensional nonlinear finite 
element analysis with a coupled damage-plasticity micro-
plane concrete material model. However, such an approach 
is only practical for single-specimen investigations, not the 
inverse analysis performed herein.

CONCLUSIONS
The experimental program of 47 small-scale flexural 

specimens presented was used to investigate the mechanical 
properties and behavior of ultra-high-performance concrete 
(UHPC) noncontact lap splices. Compared to conven-
tional reinforced concrete (RC), UHPC exhibits improved 
compressive, tensile, and bond behaviors that do not conform 
to standard concrete models. The parameters considered in 
the experimental program included lap splice lengths (6, 9, 
and 12db), bar diameters (0.75, 1.0, and 1.27 in. [19.1, 25.4, 
and 32.3 mm]), clear cover (1, 1.5, and 2db), and aspect 
ratios (1.5, 1.75, 2.5, and 3.5).

Results from the small-scale beam tests showed that splice 
lengths of 9 to 12db coupled with cover of 1.5 to 2db allows 
for the tensile reinforcement to fully develop prior to large 
concrete compressive strains being reached. To achieve 
yield, the lap length necessary was dependent on bar size 
and occurred in specimens with smaller db with Cs  ≥ 1.5db. 
However, regardless of whether the lap was sufficient to 
transfer the yield stress in the bar, all specimens exhibited 
a ductile post-peak response regardless of the degradation 
of the post-peak strength. Conclusions are limited to UHPC 
beams having 2% fiber volume, 0.90 ksi (6.2 MPa) tensile 
strength, and the aspect ratios, bar diameters, and span 
lengths used in the flexural tests.

A numerical model using one-dimensional elements 
was developed to represent the small-scale flexural tests 
and used with an inverse analysis to investigate the mate-
rial-point bond stress versus slip relationships. Each beam 
was analyzed to compute the unique bond-slip and dowel 
action properties, which simulate the specimen test force- 
deformation response through parameter optimization. The 
bond-slip backbone curve, shown in Fig. 10(b), was adopted 
from Eligehausen et al.,21 while the dowel action mechanics, 
considering the flexural stress-crack width relation to the 
stress-strain, were adopted from Xia et al.22 The normalized 
concrete cover Cs/db is directly proportional to the normal-
ized bond strength (0.28, 0.39, and 0.42 √ksi [0.74, 1.02, 
and 1.10 √MPa] corresponding to Cs = 1db, 1.5db, and 2db, 
respectively), and the correlation with bar diameter and lap 
length are weak, as would be expected. The inverse analysis 
modeling assumptions restrict the capability of capturing 
one-sided lap failure and cases where large curvatures lead 
to a large strain gradient around perimeter of the reinforcing 
bar. Further investigation may be necessary to evaluate 
different UHPC material models (such as Hognestad or 
FHWA3) and bond-slip constitutive models (such as expo-
nential or models characterized by decreased strain-soft-
ening properties) functional forms.

In the noncontact lap splice specimens investigated exper-
imentally and for the associate bond strength calibration, slip 
served as a ductile mechanism that effectively controlled the 
stress transfer between bars that can be adopted for a capacity- 
controlled design philosophy. However, further research 
is required to determine the design limit states for ductile 
mechanisms in this context, as well as a larger array of spec-
imen sizes and parameters. Additional research is required 
to establish a stronger correlation between the findings of 
bond-slip and bond strength in direct tension pullout tests 
and their applicability to flexural testing, particularly the 
influence of bar curvature on the bottom clear cover.
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This paper focuses on retrofitting reinforced concrete (RC) beam-
column joints using a new method—namely, fabric-reinforced 
cementitious matrix (FRCM). This method is expected to be a 
substitute for externally bonded FRP, as it works better in a moist 
and flammable environment. In this study, basalt fiber-reinforced 
polymer (BFRP) grids were used as reinforcement and high-
strength mortar and engineered cementitious composites (ECCs) 
were used as a cementitious matrix. ECC is ductile and good 
for crack distribution. High-strength mortar is good for its high 
compressive strength, applicability, shrinkage resistance, lack of 
pores, and high bonding strength. The retrofitted specimens were 
originally fabricated by taking out the concrete cover around the 
joint area, and it was filled back by the cementitious matrix to make 
up the original dimension using two different retrofitting types. 
As a result, the overall performances of the retrofitted specimens 
were improved regarding failure level, ductility, energy dissipation, 
strength, and stiffness degradation. The working mechanism of the 
retrofitted specimen tended to change as the stress concentration 
also attempted to shift from joint to beam for the ECC specimen.

Keywords: basalt fiber-reinforced polymer (BFRP) grid; engineered 
cementitious composite (ECC); fabric-reinforced cementitious matrix 
(FRCM); high-strength mortar; joint failure.

INTRODUCTION
Beam-column joints play the most important role in 

making a structure stable, as a progressive collapse of a 
whole structure can occur once they fail.1,2 The joints are 
very vulnerable to failure because a great extent of stress 
from different directions of all members is transferred to 
them when a structure is subjected to repeating horizontal 
loads such as earthquakes.3 Hence, modern design codes 
attempt to prevent joint failure by placing more transverse 
reinforcement inside to shift the failure to nearby members. 
Transverse reinforcement averts excessive inelastic defor-
mation from going through the joint by producing concrete 
confinement and preventing buckling of longitudinal column 
reinforcement.4 Despite that, failure still appears at joints, as 
observed from recent earthquakes, because based on basic 
hypotheses in structural analysis, the joint is assumed to 
be powerful enough to deliver load from one member to 
another without considering the shear effect produced inside 
the joint from nearby members5—not to mention pre-1970s 
buildings, which were designed to support only gravity 
load.6,7 The construction details of structures built before 
the 1970s are recognized to have poor seismic design and 
nonseismic reinforcement detailing, which lead to nonduc-
tile structural failure.3,5-8 After realizing this problem, 
numerous studies have been made by researchers around 

the globe to propose quality solutions in retrofitting joints to 
avert progressive collapse. Different strategies and materials 
have been brought up, such as section enlargement; retro-
fitting using fiber-reinforced polymer (FRP) in the shape 
of sheets, bars, and fans; prestressed steel angles; haunch 
elements; alloy bars; steel jackets; and fiber-reinforced 
concrete.3,5,6,8-25 The aforementioned retrofitting methods 
indeed illustrate promising efficacy in strengthening joints. 
However, they also provide some drawbacks that need to 
be considered. For instance, retrofitting joints using haunch 
elements, steel jackets, or section enlargement increases the 
weight of a structure. Moreover, they also take up a large 
space for installation. Furthermore, using steel for retrofit-
ting is very sensitive to corrosion over time. Then, FRP was 
introduced to overcome these problems. FRP can be made 
using many types of fiber such as basalt, glass, and carbon, 
and it can also be fabricated in different shapes as well such 
as sheets, bars, fans, and grids. FRP possesses a great extent 
of benefits such as easy installation, chemical and corrosion 
resistance, light weight, durability, high tensile strength, and 
formability.26,27 Currently, FRP is often used to strengthen 
structural members as shear and flexural reinforcement 
as an external bonding method.28 Akguzel and Pampanin8 
experimentally investigated the effectiveness of the external 
retrofitting method using glass fiber-reinforced polymer 
(GFRP) sheet on an exterior beam-column joint specimen 
under uni- and bi-directional lateral loading. Wang et al.23 
conducted an experimental study on the performance of a 
retrofitted deficient reinforced concrete (RC) beam-column 
joint using externally bonded carbon fiber-reinforced 
polymer (CFRP) sheet and near-surface-mounted CFRP 
strip. Similarly, Murad et al.29 used CFRP sheet to strengthen 
damaged RC connections repaired by recycled concrete. The 
results demonstrated that the performance of the specimens 
improved in many aspects such as strength, ductility, and 
failure mode. The externally bonded FRP method is effective 
and easy to implement. However, what concerns this method 
is debonding and rapid degradation of mechanical properties 
when performing in flammable environments.30-36 To over-
come this weakness, a new method needs to be invented.

Mostofinejad and Akhlaghi9 proposed a two-dimensional 
(2-D) beam-column joint retrofitting method by placing an 
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FRP anchor fan slightly in the concrete using the externally 
bonded reinforcement on grooves (EBROG) technique with 
an extra reinforcement of externally bonded CFRP sheet 
to slow down the debonding of the FRP. The groove was 
filled back using epoxy. This technique was further inves-
tigated by Mostofinejad and Hajrasouliha37 by retrofitting 
a three-dimensional (3-D) beam-column joint using the 
same material. Furthermore, Golias et al.38 implemented a 
similar technique to retrofit a rehabilitated damaged RC joint 
using a newly developed material, CFRP ropes. The speci-
mens were grinded to make U-shaped notches for placing 
the CFRP ropes using epoxy resin. In the same study, they 
also compared this technique with the widely applied use 
of externally bonded CFRP sheet. This technique was 
more thoroughly studied by Karayannis and Golias39 using 
different retrofitting configurations. As a result, the proposed 
method provided a promising result in strengthening RC 
joints. It was also able to change from shear failure at the 
joint to bending failure at the beam. However, as the notches 
in this retrofitting method were filled by epoxy resin, it is 
still vulnerable in flammable environment as the epoxy resin 
is exposed to air directly without any covers.

A new method—namely, fabric-reinforced cementitious 
matrix (FRCM)—is introduced to solve this problem. FRCM 
is a new externally bonded method that can be used to replace 
externally bonded FRP.28 The FRCM system is good for 
stress distribution from the interface to the concrete because 
engineered cementitious composite (ECC) is able to produce 
multiple cracks and it also possesses ductile behavior with a 
high tensile strain up to 7%.40 The fire resistance of FRCM 
is better than that of FRP due to the noncombustible nature 
of ECC. The flammability resistance of ECC performs better 
than normal mortar due to the presence of polyvinyl alcohol 
(PVA), which prevents explosion in compression and makes 
ECC still ductile at elevated temperatures.41,42 Moreover, 
PVA also helps improve the durability of ECC in the long 
term in regards to permeability and crack resistance.43 The 
FRCM system also works better in moist environments 
compared to FRP.44,45 Recently, the FRCM system has been 
widely used to ameliorate the flexural and shear strength 
of structural members. For example, Guo et al.46 used a 
combination of CFRP grids with polymer cement mortar 
(PCM) to strengthen the shear strength of I-shaped beams. 
Zheng et al.47 increased the flexural strength of beams using 
a combination of basalt fiber-reinforced polymer (BFRP) 
grid and ECC. Yang et al.28 experimented with retrofitting 
the shear strength of RC beams using the combination of 
BFRP and CFRP grid with ECC. The aforementioned liter-
ature all used the combination of FRP grid and ECC to 
strengthen beams, and the results illustrate that the strength 
of the specimens increased from 30 to 160%. FRCM has 
also been slightly used to retrofit beam-column joints as 
well. Qian et al.24 conducted an experiment on beam-column 
joints retrofitted by ECC and superelastic shape memory 
alloy bars by preinstalling them, but this method can only 
be applied to newly built structures. To strengthen existing 
structures, Khan et al.17 used a cementitious matrix only—
without FRP—to retrofit the beam-column joint by casting 
in-place and bonding over the joint area of the specimen. 

However, a large amount of space is taken up by this retrofit-
ting method. It also affects the architecture of the structure as 
the ECC cover stands out alone. To overcome this drawback, 
Lim et al.3 performed an experiment on beam-column joints 
using a CFRP grid with high-strength mortar and ECC. 
The concrete cover was taken out and replaced by ECC to 
make up the old dimensions as the benchmark specimen. 
As a result, the performance of the retrofitted specimen 
shows better performance in terms of energy dissipation and 
strength. It was also able to move the failure from the joint 
to the end of ECC on the beam.

Therefore, in this study, a combination of BFRP grids with 
two different cementitious matrixes is used to retrofit a joint 
specimen. BFRP grid will be used instead of the CFRP grid 
because BFRP grid is cost-effective, and it is considered as 
green and environmentally friendly material compared to 
CFRP. BFRP grid is solely fabricated from volcanic rock 
without additional materials.48,49 ECC and high-strength 
mortar are chosen as the cementitious matrixes. ECC is well-
known for its ductility, while high-strength mortar is used 
for its high strength, applicability, and shrinkage resistance. 
Moreover, the high-strength mortar used herein is expected 
to be pore-free and have a high bonding strength. The spec-
imens used in this study are fabricated in two-thirds scale 
following buildings constructed prior to the 1970s in New 
Zealand.8 The goal of this study is to enhance the failure 
mode, ductility, strength, stiffness, and energy dissipation of 
the specimen by keeping the dimensions of the specimen the 
same as those of the reference.

RESEARCH SIGNIFICANCE
External bonding using FRP has been widely used 

to retrofit RC beam-column joints due to the enormous 
advantages of FRP. However, this retrofitting method also 
provides some downsides, such as weak performance under 
moisture and flammable environments. They can also easily 
get damaged by external factors as they are not covered by 
anything. Therefore, the preliminary study of this paper 
presents a new retrofitting method for reinforced beam-
column joints to overcome the aforementioned problem by 
using an environmentally friendly material, BFRP grid, with 
cementitious matrixes.

EXPERIMENTAL PROGRAM
Specimen detailing

One normal and four retrofitted specimens representing the 
exterior joints were fabricated in two-thirds scale following 
a building in New Zealand.8 The length of the beam and 
the height of the column are considered from the inflection 
point of the beam and the contraflexure points of the top and 
bottom columns from the actual structure, respectively. The 
height of the column is 2000 mm with a cross section of 
230  x 230 mm. Six 10 mm diameter reinforcing bars are 
placed in the column with a 10 mm diameter stirrup with a 
spacing of 100 mm. The length of the beam measured from 
the face of the column is 1550 mm with a cross section of 
230 mm in width and 330 mm in height. The main rein-
forcement is made of eight 10 mm diameter reinforcing 
bars (four at the top and four at the bottom) with a 10 mm 
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diameter stirrup with a spacing of 133 mm. The geometry 
of the specimen and the location of the steel strain gauge is  
demonstrated in Fig. 1.

The concrete cover of the retrofitted specimen at the 
joint location and at the beam and column with a distance 
of 250  mm, a development length for BFRP grid,50 was 
initially taken out, to be replaced with a cementitious matrix. 
The specimens are labeled in “T-B-X-Y” style, where “T” 
stands for T-shaped specimen, “B” means BFRP grid, “X” 
represents the retrofitting style (for example, “W” for wrap-
ping retrofitting style and “S” for side retrofitting style), and 
“Y” denotes the type of cementitious matrix at the joint (for 
example, “E” for ECC and “M” for high-strength mortar). 
Table 1 illustrates the name and details of each specimen.

Material properties
Ready mixed concrete with compressive strength of 

24 MPa at 28 days was used to make the specimens. The 
yield strength of stirrups and main reinforcement are 300 

and 400 MPa, respectively. BFRP grid was used to retrofit 
the joint with the involvement of two different types of 
cementitious matrix, high-strength mortar and ECC. The 
BFRP grid was fabricated using continuous fibers impreg-
nated with thermoset resin with 15% weight fraction. Table 2 
demonstrates the detailed properties of the BFRP grid.

ECC was produced using 19.23 μm diameter PVA fibers 
with a length of 11 mm. The tensile strength and elastic 
modulus of PVA are 1393 and 26080 MPa, respectively. 
Table 3 exhibits the mixing table of ECC obtained from 
the work of Jeong et al.51 The ECC specimen was fabri-
cated in rectangle shape for tensile testing, as demonstrated 
in Fig. 2. The compressive and tensile strength of ECC are 
47.5 and 2.43 MPa, respectively, with an elastic modulus of 
15,451 MPa. Figure 3 demonstrates the stress-strain curve 
of ECC. High-strength mortar, supplied by a local Korean 
company, was made by mixing water and cement with a ratio 
of 0.15:1 (water:cement) by weight. A high-strength mortar 
specimen was made in cubic shape for compressive testing. 
The compressive strength was 58 MPa. All the properties of 
the materials are the results of tests in the laboratory.

Fig. 1—Specimen detailing and strain gauge position.3

Table 1—Specimen types

Specimen name Concrete compressive strength, MPa Type of cover BFRP wrap around beam and column

T-B-0-0 26.13 — —

T-B-S-E 20.86 ECC No

T-B-S-M 20.86 Mortar No

T-B-W-E 26.13 ECC Yes

T-B-W-M 24.39 Mortar Yes

Table 2—Properties of BFRP grid

Resin weight ratio, % Fiber weight ratio, % Ultimate strength, MPa Cross section, mm2 Elastic modulus, MPa Rupture strain, %

15 85 1192 1.89 51,795 2.3

Table 3—Mixing table of ECC, kg/m3

Cement Water Silica sand Fly ash Slag Defoamer HPMC PCSP PVA fiber

500.5 375 591.68 166.675 166.675 0.833 1.667 2.5 39 (2%)

Note: HPMC is hydroxypropyl methylcellulose; PSCP is polycarboxylic high-range water-reducing admixture.

Fig. 2—Schematic detailing of ECC tensile specimen.
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Retrofitting methodology
Before applying grids to the specimen, the concrete surface 

where the cover was taken out was smoothened by grinding, 
polishing, and applying primer. Smoothening the surface of 
concrete ensures good bond and prevents the existence of 
a gap between the BFRP grid and the concrete. Then, the 
BFRP grid was impregnated with the specimen using epoxy. 
For the specimens with retrofitting style type “S,” the BFRP 

grid was applied to only the side of the beam and column, 
but for the specimen with the retrofitting style type “W,” one 
more layer of BFRP grid was applied by wrapping around 
the beam and column next to the joint. The wrapping is to 
provide stronger bond strength to the grid at the joint as well 
as to strengthen the structure. A schematic drawing of both 
retrofitting types is illustrated in Fig. 4. Lastly, cementitious 
matrixes were cast to make up the initial dimensions of the 
specimen. In this study, the specimens were laid down hori-
zontally for casting the cementitious matrixes as the speci-
mens cannot stand alone. However, cementitious matrixes 
can be cast on the existing vertical beam-column joint in 
a real structure by spraying. Spraying does not change the 
performance of ECC.52 Detailing of the retrofitting methods 
for both types is illustrated in Fig. 5.

Experimental setup and test procedure
The specimens were placed on a one-directional hinge 

on a steel deck connected to a reaction floor, where the end 
of the beam was placed on an assembled support to repre-
sent a roller support made up of two hinges and one load 
cell. A constant 112 kN axial load was applied to the top of 
the column. The lateral load was applied at the top of the 
column by a horizontal actuator. Figure 6 demonstrates the 
experimental setup of the specimens. The lateral load was 
applied to the specimen in form of displacement ductility (μ) Fig. 3—Tensile stress-strain curve of ECC.

Fig. 4—Schematic drawing of retrofitted specimens.
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of the benchmark specimen under displacement rate. Each 
ductility level possessed only one full cycle. The first cyclic 
load started at 1μ, and it rose by 0.5μ every cycle until the 
specimens failed. Figure 7 illustrates the loading steps for 
the specimens. The ductility of the specimens is calculated 
by the proportion of the displacement when the maximum 

load decreases to 20% (Δu) of the displacement when the 
reinforcing bar exceeds elastic range (Δy).

The deformation and crack patterns of the specimens were 
demonstrated by the digital image correlation (DIC) tech-
nique analyzed in an open-source program named Ncorr.53 
A speckled pattern was added to the white background of 

Fig. 5—Procedure of specimen using BFRP grid and ECC.3

Fig. 6—Experimental setup.3
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the joint area. A camera with a source light was employed 
to capture images of the specimen throughout the test. 
The results of the test were recorded concurrently with a 
frequency of 10 Hz. The captured image and testing results 
were matched time by time, and the images were analyzed in 
Ncorr, which operates in a MATLAB environment.

EXPERIMENTAL RESULTS
Failure mode and general behavior of specimens

Benchmark specimen T-B-0-0—Flexural cracks formed 
in vertical direction were noticed on the beam at the first 
ductility level, as illustrated in Fig. A1 in the Appendix.* 
Then, the cracks moved to concentrate in the joint, forming 
a cross shape, while an abrupt drop in the hysteretic curve 
of the benchmark specimens coincidentally occurred in the 
same ductility level, as illustrated in Fig. 8(a), ductility level 
2.5. It is the effect of excessive shear force inside the joint. 
Subsequently, the stress concentrated on the cross-shaped 
crack, expanding it bigger and bigger until the specimen 
abruptly collapsed at ductility level 8 because of splitting 
of the back concrete cover resulting from the crack at the 
joint to the bottom and top column, plus buckling of the 
vertical reinforcing bars caused by immoderate compressive 
stress  and the crushing of the concrete inside the joint, as 
demonstrated in Fig. 9(a).

Specimen T-B-W-E—Smear cracks were first observed 
on the beam at the end of ECC of the retrofitted region at 
ductility level 2.5, as demonstrated in Fig. A2. The cracks 
expanded to the whole height of the beam, making a small 
drop of load in the load-displacement curve of the specimen, 
as shown in Fig. 8(b) at ductility level 3.5. Then another 
crack appeared to form at the intersection of the beam and 
joint, and they expanded slowly and vertically along the face 
of the beam until ductility level 8.5. Subsequently, the crack 
started to propagate diagonally on the column, while the 
hysteretic curve of the specimen shows a faster force drop 
rate from the same ductility level. Finally, the specimen 
failed abruptly at ductility level 14.5 because of the splitting 
of the back face cover of the column and excessive shear 
force inside the joint. The BFRP grid along the crack on the 
ECC cover also broke according to post-test observation.

Specimen T-B-W-M—As shown in Fig. A3, cracks initially 
occurred at the corner of the column and beam at ductility 
level 1.5. Then they expanded vertically before propagating 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

diagonally into the column at ductility level 3, when the 
load-displacement curve of the specimen coincidentally 
illustrates a drop of load, as shown in Fig. 8(c). Subse-
quently, the crack concentrated only at the joint, spalling 
the mortar cover and at the same time; it also went verti-
cally along the rear face of the column. The strength of the 
specimen decreases with a greater rate from ductility level 5. 
Finally, the specimen collapsed abruptly at ductility level 9 
because of the rupture of the mortar cover at the rear face of 
the column and crashing of the concrete inside the joint, as 
demonstrated in Fig. 10(a). It was also because of debonding 
of the cover. Moreover, because of extreme compressive 
stress, the joint began bulging, breaking the BFRP grid at the 
corner of the side and rear face of the joint. The BFRP grid at 
the intersection of the beam and joint also broke according to 
post-test observation.

Specimen T-B-S-E—A crack was observed as early 
as ductility level 1 at the outermost ECC on the beam, as 
demonstrated in Fig. A4. Then, the crack remained concen-
trated at the same place on the beam, leaving the ECC cover 
intact; no cracks were seen on the ECC cover. However, 
the whole ECC cover debonded slowly from the specimen, 
and it was barely noticed until ductility level 7, where the 
concrete cover of the rear face of the column was broken. As 
shown in Fig. 8(d), the load-displacement graph of the spec-
imen illustrates a steady decrease rate after the peak load. 
It is assumed that the ECC cover debonded slowly until the 
specimen broke down at ductility level 11.5. The cause of 
specimen failure was not only because of cover debonding, 
but also because of excessive shear force inside the joint, 
leaving a cross-shaped crack according to post-test observa-
tion, as demonstrated in Fig. 10(b). The joint bulged and all 
BFRP grids along the crack were also broken.

Specimen T-B-S-M—At ductility level 1, as illustrated 
in Fig. A5, cracks initially took place at the corner of the 
beam and joint and the end of mortar on the beam. The 
cracks expanded and penetrated the column as the load of 
the specimen suddenly dropped at ductility level 2.5, as  
demonstrated in Fig. 8(e). Then the mortar cover at the rear 
face of the column split, resulting from the expansion of the 
cracks. The specimen withstood the lateral load until ductility 
level 9, before progressively collapsing. The specimen failed 
because of splitting of the rear cover of the column plus 
crushing of the concrete inside the joint. The joint swelled 
with the breaking of the BFRP grid at the corner of the rear 
and side face of the joint, as shown in Fig. 9(e).

Effect of retrofit scheme on specimen mechanism
All retrofitted specimens show an overall improve-

ment such as ductility, strength, and energy dissipation, as 
demonstrated in Table 4. However, the failure still occurred 
at the same place as the benchmark specimen, yet the retro-
fitted specimens could withstand longer. The maximum load 
of Specimen T-B-W-E increased by approximately 23% 
and 15% in the pulling and pushing directions, respectively, 
compared to the benchmark specimen. The corresponding 
displacement to the maximum load in both directions also 
increased by approximately 128% and 143%, respectively. It 
shows that the retrofitting scheme using the combination of 

Fig. 7—Loading protocol for specimens.3
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BFRP and ECC wrapping around the member near the joint 
improves the strength and makes the specimen more ductile. 
Specimen T-B-W-E could withstand six ductility levels longer 
than the benchmark specimen before it collapsed. Though 
the failure mode of the specimen still took place at the joint, 
the working mechanism of the specimen did change. Unlike 
the benchmark specimen, in which the stress concentrated 
at the joint from the start as the strain of the reinforcing bar 
near the joint yielded longer than that at a 250 mm distance 
from the joint (as shown in Fig. 11 and 12), the stress of 
Specimen T-B-W-E concentrated at the end of ECC on the 
beam at the early loading step. It clearly illustrates that the 
failure mode of the specimen can be shifted from joint to 
beam. However, due to weak bonding between the ECC and 
the specimen, the stress went back to concentrate at the joint 

area after debonding, which led to joint failure at the end 
of the test. As shown in Fig. 13, the BFRP grid along the 
beam made the joint stronger, with smaller yielding of the 
grid near the joint compared to the yielding of reinforcing 
bar at the end of the ECC on the beam at the early stage. The 
strain of the grid in Fig. 13 increased again at ductility level 
4 because the stress concentration went back to the joint.

The maximum load of Specimen T-B-W-M rose by 
approximately 6% and 13% in the pulling and pushing direc-
tions, respectively, compared to the benchmark specimen. 
The corresponding displacement to the maximum load also 
increased by approximately 106% and 27% in the pulling 
and pushing directions, respectively. Specimen T-B-W-M 
failed at ductility level 9, which lasted 0.5 ductility levels 
longer than the reference. Although the specimen lasted 

Fig. 8—Hysteretic and envelope curve of all specimens.
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slightly longer, the failure still occurred at the joint same as 
the benchmark specimen. Even though the BFRP grid tried 
to strengthen the joint, the specimen could not distribute 
the stress to the end of the cementitious matrix on the beam 
like Specimen T-B-W-E due to the brittleness of the mortar 
cover. The crack concentrated only at the interface of the 

beam and column, making the strain of HB31 (the strain 
gauge on bottom bar at the interface of the beam and joint) 
bigger than that of HB41 (the strain gauge on the bottom 
bar at the end of mortar on the beam) throughout the test. 
Finally, the concrete inside the joint crushed under excessive 
compressive stress when the BFRP grid was broken, which 

Fig. 9—Final state of all specimens.

Fig. 10—Post-observation state of tested retrofitted specimens.

Table 4—Test results summary

Specimen
Ductility μ = 

Δu/Δy
Maximum load, 

kN

Corresponding 
displacement of 

maximum load, mm
Failure 

ductility level

Cumulative 
dissipated 

energy, kN∙mm Failure mode

T-B-0-0
Pushing 5.79 19.13 18.05

8.50 7703.28 Joint shear
Pulling 7.00 –16.87 –20.07

T-B-W-E
Pushing 11.13 22.07 43.9

14.50 36,676.01 Joint shear
Pulling 11.96 –20.7 –45.73

T-B-W-M
Pushing 6.38 21.6 22.93

9.00 11,038.00 Joint shear
Pulling 7.46 –17.89 –41.373

T-B-S-E
Pushing 7.89 23.06 22.91

11.50 18,265.00 Debonding and joint 
shearPulling 8.76 –19.06 –21.08

T-B-S-M
Pushing 7.21 23.04 21.56

9.00 10,486.68 Joint shear
Pushing 3.55 –20.08 –22.9

Note: Δu is displacement when load decreases to 20% of ultimate load of each specimen; Δy is displacement when reinforcing bars yield; positive (+) and negative (−) values of 
maximum load and corresponding displacement refer to pushing and pulling directions, respectively.
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led to the vanishing of the confinement effect made by the 
BFRP grid, resulting in a bulging joint.

The maximum load of T-B-S-E increased by approxi-
mately 13% and 21% in the pulling and pushing directions, 
respectively. Simultaneously, the corresponding displace-
ment also rose by approximately 5% and 27% in the pulling 
and pushing directions, respectively. The specimen became 
more ductile compared to the benchmark specimen. The 
specimen also lasted three ductility levels longer. Moreover, 
the retrofitting method also affected the working mechanism 
of the specimen. The stress concentrated at the end of ECC 
on the beam rather than at the intersection of the beam and 
column in the early stage as shown in Fig. A4. However, 
due to weak bonding strength between the ECC and the 
specimen, the ECC cover debonded from the specimen. The 
shear inside the joint was resisted by only the concrete of 
the specimen and the BFRP grid; the ECC cover did not 
contribute. As a result, the shear cracks only occur on the 
specimen, leaving cross-shaped cracks on the concrete joint, 
and the BFRP grid also broke along the cracks as demon-
strated in Fig. 10(b). However, the ECC cover was intact, 
showing no significant cracks on it.

The maximum load of T-B-S-M increased approximately 
19% and 20% in the pulling and pushing directions, respec-
tively. The corresponding displacement also increased by 
approximately 14% and 19% in the respective directions as 
well. It shows that the specimen became stronger and more 
ductile; however, the specimen lasted only 0.5 ductility 
levels longer than the benchmark specimen. Nevertheless, 
the working mechanism of the specimen did change slightly 
as the stress first concentrated at the end of mortar on the 
beam rather than the interface of the joint and beam, as in 
the benchmark specimen, shown by comparing the strain of 
the reinforcing bar near the joint and at the end of mortar on 
the beam, as illustrated in Fig. 11 and 12. Despite that, the 
stress still went back to concentrate on the joint because the 
mortar cover is not ductile enough in distributing the stress 
to the end of the mortar. Once the cracks occurred on the 
mortar cover at the joint, the stress went back to concentrate 
only on that crack, making the joint fail at the end of the test. 
Besides the debonding of the mortar cover, the joint mainly 
failed due to concrete crushing after the confinement made 

by the BFRP grids vanished when they were broken. The 
joint swelled as demonstrated in Fig. 10(c).

Stiffness degradation
The stiffness of the specimen demonstrates how it 

responds to the applied loading. The stiffness will decrease 
after going through a larger deformation. In this paper, the 
secant stiffness of the specimen is computed at every loading 
step based on the maximum and minimum loads with their 
corresponding displacements as determined by

	​ ​K​ i​​  =  ​ ​F​ i​ +​ − ​F​ i​ −​ _ ​D​ i​ +​ − ​D​ i​ −​ ​​	 (1)

where Ki is the secant stiffness in cycle i; Fi
+ and Fi

– repre-
sent the maximum and minimum loads in the pushing and 
pulling directions in cycle i, respectively; and Di

+ and Di
– 

are the corresponding displacements to the maximum and 
minimum loads in cycle i, respectively. The secant stiff-
ness degradation of all specimens in each loading step is  
demonstrated in Fig. 14. It shows that the stiffness of Spec-
imen T-B-S-M is the greatest in the first ductility level, and 
the stiffness of Specimen T-B-0-0 is the smallest. However, at 
ductility level 3, the stiffness of T-B-S-M sharply decreases, 
making its stiffness similar to that of T-B-W-M and weaker 
than other retrofitted specimens, yet still stronger than the 

Fig. 11—Strain of HB31 strain gauge on reinforcing bar. Fig. 12—Strain of HB41 strain gauge on reinforcing bar.

Fig. 13—Strain of HBR strain gauge on grid on beam.
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benchmark specimen. At ductility level 3, the stiffness of 
the benchmark specimen also indicates a sharp drop because 
at that loading step, the crack happened at the joint of both 
specimens. Among all specimens, the stiffness of T-B-W-E 
decreased at the slowest rate, and it is bigger than the rest, 
while the stiffness of the benchmark specimen remained the 
smallest in the subsequent cycle until the specimen collapsed. 
What makes the stiffness of T-B-W-E bigger than the rest is 
because of the rate of cracking. With the ductile behavior 
of the ECC, the stress in the specimen can be distributed, 
making the specimen remain strong with less-severe cracks. 
Moreover, the cover debonding did not occur on Specimen 
T-B-W-E as it did with T-B-S-E.

Cumulative energy dissipation
Energy dissipation is calculated as the closed area inside 

the hysteretic curve of the specimen in every cycle. It 
demonstrates the energy needed to produce inelastic defor-
mation in the specimen. Figure 15 illustrates the sum of the 
energy released due to inelastic deformation in each loading 
step for the specimens. Overall, it illustrates that the retro-
fitting makes the specimen more ductile by producing more 
dissipated energy. The energy produced from all speci-
mens does not show any significant differences at the early 
stage. However, Specimen T-B-W-E illustrates far more 
and the biggest cumulative energy dissipation compared to 
other counterparts, and the benchmark specimen possesses 
the least cumulative energy dissipation until the specimen 
collapsed in the consecutive loading step. What makes the 
cumulative energy dissipation of T-B-W-E much bigger 
than the rest is due to the ductile behavior of the ECC cover, 
which assisted the specimen in distributing the crack. Never-
theless, the cover of Specimen T-B-S-E was also made from 
ECC, but its dissipated energy is similar to the specimen 
retrofitted using mortar if the cumulative dissipated energy 
is compared in each loading step because debonding made 
the ECC cover unable to perform to its full potential to help 
the specimen in resisting and distributing the crack as it did 
in Specimen T-B-W-E. As a result, the cumulative dissipated 
energy produced by T-B-W-E is approximately 376% bigger 
than that of the benchmark specimen, followed by T-B-S-E, 

T-B-W-M, and T-B-S-M with approximately 137%, 43%, 
and 36% greater dissipated energy compared to the bench-
mark specimen, respectively. The dissipated energy of 
T-B-W-M and T-B-S-M are alike because both specimens 
possess similar failure mechanisms, which were cracks in 
the joint, splitting of the back cover, and concrete crushing 
inside the joint after losing the confinement effect by BFRP 
grids.

Pinching width ratio
Pinching effect happens when the specimen produces low 

stiffness in resisting flexural bending or shear force, which 
induces slippage between reinforcing bars and concrete. The 
pinching effect can be observed where the displacement 
is approximately zero in the hysteretic curve of RC spec-
imens under cyclic loading. The pinching effect produced 
by the joint significantly influences the performance of the 
structure, such as reduction of energy absorption, change of 
number of hysteretic cycles, and demand for column ductility 
at the base.54 The pinching width ratio (Pr), introduced by 
Mostofinejad and Akhlaghi,9 is used to define the pinching 
effect that occurred in a particular specimen. The pinching 
width ratio can be used to illustrate how much damage the 
specimen encounters in each loading step. The index can be 
used to compare the effect of other specimens regardless of 
failure mode, reinforcement detailing, and geometry of the 
specimen. The formula for calculating the pinching width 
ratio is

	​ ​P​ r​​  =  ​ ​P​ a​​ _ ​P​ i​​ ​​	 (2)

where Pi is the least distance between the negative and positive 
loading directions near the zero displacements in a particular 
cycle of the ideal load-displacement graph of the specimen; 
and Pa is the least distance between the negative and positive 
loading direction near the zero displacements in a particular 
cycle of the real load-displacement graph of the specimen. 
Figure 16 explains the true definition of the pinching width 
ratio parameters. Figure 17 shows the pinching width ratio 
of all specimens. The bigger the pinching width ratio, the 
smaller the pinching effect. The value of the pinching width 

Fig. 14—Stiffness degradation of all specimens. Fig. 15—Cumulative energy dissipation.
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ratio independently demonstrates the pinching effect in 
the specimen from one step to another. Overall, the values 
of the pinching width ratio of all specimens show similar 
behavior at early stages. However, the value of the pinching 
width ratio of Specimen T-B-W-E shows better performance 
compared to others from ductility level 3, yet the value of the 
pinching width ratio of the benchmark specimen decreases 
and remains smaller compared to other specimens because 
of the propagation of the crack on the column. When the 
specimen is under flexural bending, the value of the pinching 
width ratio will increase as it did in Specimen T-B-W-E from 
ductility level 2 to 5, where the flexural crack is concentrated 
only on the beam. Once the cracks occur on the cover and 
penetrate the column, the value of the pinching width ratio 
starts to decrease.

Comparison of mortar and ECC cover
Mortar and ECC were used to replace the removed concrete 

cover. They both distinctly enhance the overall performance 
of the specimen; however, both materials are good in their 
own way. All specimen failures took place at the joint due to 
weak bonding between the specimen and cementitious matrix 
covers. Hence, it shows no different effect between ECC and 
mortar on the failure mode. Nonetheless, mortar exhibited a 
larger extent of cover spalling compared to ECC, especially 
in the column at the joint area. In terms of strength, the spec-
imen retrofitted by ECC is approximately 8% stronger than 
the specimen retrofitted by mortar for retrofitting type “W,” 
yet the specimen retrofitted by mortar is 2% stronger than 
the specimen retrofitted by ECC for retrofitting type “S”. 
It shows that the strength of the retrofitted specimen does 
not entirely depend on the type of cementitious matrix but 
also retrofitting type. With the ductile behavior of ECC and 
brittle behavior of mortar, the specimen retrofitted by ECC 
produced approximately 232% and 74% bigger cumulative 
dissipated energy compared to its counterpart in retrofitting 
types “W” and “S”, respectively. In terms of failure ductility 
level, ECC cover shows better performance than mortar 
cover in both types of retrofitting. The specimen retrofitted 

by ECC lasted 5.5 and 2.5 ductility levels longer than the 
specimen strengthened by mortar with types “W” and “S” 
retrofitting, respectively. Owing to the ductile behavior of 
the ECC, the ECC cover could change the stress concentra-
tion in the specimen by focusing at the outmost of the ECC 
on the beam if debonding did not exist. Unlike the mortar 
cover, the crack focused directly on the joint from the early 
stage after mortar cracking. Moreover, the ECC cover also 
makes the specimen more ductile compared to the mortar 
cover in all types of retrofitting types, as shown in Table 4. 
However, the ductility of T-B-S-M and T-B-S-E illustrates 
similar behavior in Fig. 8(f) and similar values of ductility 
in Table 4 in the pushing direction. The hysteretic curve of 
each specimen demonstrates similar behavior after the peak 
because after the peak load, the ECC in Specimen T-B-S-E 
did not contribute to the strength of the specimen because 
of debonding, and the mortar in Specimen T-B-S-M did not 
either because it was broken. After the peak, only the BFRP 
grids of both specimens were there to assist the specimen 
in resisting lateral force. Nevertheless, in the pulling direc-
tion, the high-strength mortar spalled as well, so it could not 
further assist the column in compression, yet ECC could 
still help the specimen in withstanding the lateral load as it 
was still able to take a share of compressive load from the 
column, preventing early concrete crushing and buckling of 
reinforcing bar in the column at the joint, which would have 
led to the failure of the specimen.

Comparison of retrofitting type
Specimens were retrofitted using two different styles, type 

“W” and type “S.” Both retrofitting types played different 
roles in supporting the specimen. The maximum loads of 
specimens retrofitted by ECC using both types of retrofit-
ting are slightly different. Retrofitting using type “W” is 
approximately 2% stronger than that of retrofitting using 
type “S” with ECC cover in terms of strength. However, for 
mortar cover, retrofitting with type “S” is approximately 9% 
stronger than that of retrofitting type “W.” It is because when 
retrofitting the specimen using type “W” with ECC cover, 
the ECC block still performed together, though debonding 
occurred due to the ductile behavior of ECC, which made 

Fig. 16—Definition of pinching width ratio parameters.3

Fig. 17—Pinching width ratio.
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the ECC block interlock with the specimen and collaborate 
until the deformation exceeded the ultimate strain of ECC. 
However, with the brittle behavior of mortar, once the cracks 
and debonding happened on the mortar cover, the effec-
tive section of the specimen became smaller in retrofitting 
type “W” as the concrete cover was taken out more than 
in retrofitting type “S”. The mortar cover cannot continue 
collaborating with the specimen under large deformation 
to resist higher load, so only concrete was there to support 
the member. For this case, the effective section from type 
“S” retrofitting remained bigger than that of type “W” retro-
fitting when cracks and debonding occurred. Anyway, the 
specimen using retrofitting type “W” becomes more ductile 
as the value of ductility is bigger than that of the specimen 
strengthened with type “S” for both types of cementitious 
matrixes, as shown in Table 4. Moreover, retrofitting type 
“W” also made the specimen last longer compared to its 
counterpart. The cumulative dissipated energy of retrofitting 
type “W” is also bigger than that of retrofitting type “S”. It 
is because more BFRP grids were applied to the specimen in 
retrofitting type “W” than in retrofitting type “S” as the grids 
were used to wrap around the members near the joint.

SUMMARY AND CONCLUSIONS
An experimental study had been conducted to investi-

gate the retrofitting method using a basalt fiber-reinforced 
polymer (BFRP) grid combined with high-strength mortar 
and engineered cementitious composite (ECC) on reinforced 
concrete (RC) beam-column joints. Two-hundred fifty milli-
meters of concrete cover around the joint area, which is the 
development length of BFRP, was taken out of the joint. 
Then the BFRP grid was applied, and it was covered back 
by cementitious matrixes. The specimens were retrofitted 
using two different configurations. One style was to remove 
the concrete cover only from the side face of the specimen; 
another style was to remove the concrete cover on all nearby 
members at 250 mm from the face of the joint. After retro-
fitting, the specimen was tested under a quasi-static load test 
under displacement control corresponding to the ductility of 
the benchmark specimen. The specimen was tested until it 
collapsed. As the result, the following conclusions can be 
made:

1. All the retrofitted specimens become stronger compared 
to the benchmark specimen in terms of strength. The 
maximum load of the retrofitted specimens increased from 
6 to 23%, though the size of the specimen remained the 
same. Furthermore, the specimens became more ductile 
as the displacement corresponding to the maximum load 
increased from 5 to 143%. Moreover, the cumulative dissi-
pated energy of the retrofitted specimen increased from 43 to 
376% compared with that of the benchmark specimen.

2. Stress concentration tended to shift from the joint to 
the end of ECC on the beam, as shown in the early loading 
stage; however, due to weak debonding between the ECC 
and the specimen, the stress went back to the joint, resulting 
in concrete crushing inside the joint. To prevent debonding, 
a connector between the ECC and the specimen should 
be introduced in a future study. However, the specimen 

retrofitted by ECC withstood from three to six ductility 
levels longer than the benchmark specimen.

3. For the specimen retrofitted by mortar, stress cannot 
be shifted to the end of the mortar on the beam as in the 
ECC specimen because of the brittle behavior of mortar. It 
concentrated at the face of the beam and joint as early as 
ductility level 1. Moreover, the specimen lasted very slightly 
longer than the benchmark specimen, which is only 0.5 
ductility levels longer.

4. Neither the type of cementitious matrix nor retrofitting 
style can determine the strength of the specimen alone due 
to the debonding of the cover. Retrofitting type “W” with the 
combination of ECC provides higher strength than retrofit-
ting type “S” with ECC; however, retrofitting type “S” with 
mortar provides higher strength than retrofitting type “W” 
with mortar. Nevertheless, using high-strength mortar as the 
cover exhibited a higher level of spalling than using ECC.

5. The specimen retrofitted by ECC lasted longer than 
the specimen retrofitted by mortar for both types of retro-
fitting styles. Moreover, due to the ductile behavior of ECC, 
the specimens retrofitted by ECC became more ductile and 
produced higher total dissipated energy than that of the spec-
imens retrofitted by mortar.

6. The type “W” retrofitted specimen could withstand 
lateral load longer than the type “S” retrofitted specimen. 
Furthermore, retrofitting type “W” also makes the specimen 
more ductile compared with retrofitting type “S”.

7. Specimen T-B-W-E showed the best performance 
compared to its counterparts.
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This study proposes a unified shear design provision for slender 
steel- and fiber-reinforced polymer (FRP)-reinforced concrete (RC) 
members. The proposed model is a modification of the ACI 318-19 
model to include the axial stiffness of the longitudinal reinforcement 
by introducing a new modification term, nc, representing the elastic 
modular ratio of the longitudinal reinforcement to the concrete. 
The new relation is Vc = (0.4 [nc ρfl]1/3 λs√fcꞌ + Nu/[6Ag])bwd.  
The unified shear model was assessed with five experimental data 
sets: FRP-RC beams without shear reinforcement (288 beams), 
steel-RC beams without shear reinforcement (759 beams), FRP-RC 
beams with shear reinforcement (56 beams), steel-RC beams with 
shear reinforcement (157 beams), and steel-RC beams with axial 
force (prestressed) but without shear reinforcement (209 beams). 
The unified shear model provided better performance than the ACI 
318-19 and ACI CODE-440.11-22 provisions in terms of mean, 
coefficient of variation, standard deviation (SD), and absolute 
average error (AAE). The unified model also showed improved 
performance over a wider range of material properties. In addi-
tion, reliability analysis using Monte Carlo simulation indicated 
that the unified shear model provides a consistent satisfactory 
safety level with a reliability index between 3.5 and 4.0 for both 
steel- and FRP-RC members. The reliability index provided by the 
unified model is similar to the reliability index provided by the ACI 
318-19 shear provision. In contrast, the ACI CODE-440.11-22 
results in highly conservative estimates with a reliability index 
between 4.5 and 5.0.

Keywords: ACI 440; axial stiffness; code evaluation; fiber-reinforced 
polymer (FRP)-reinforced concrete (RC) beams; fiber-reinforced polymer 
(FRP) reinforcement; reliability analysis; shear strength; steel-reinforced 
concrete beams; steel reinforcement.

INTRODUCTION
The shear strength of reinforced concrete (RC) beams has 

been extensively investigated. Researchers have also exam-
ined different mechanisms describing the shear behavior of 
RC members over the past 50 years.1-4 These researchers, 
however, have indicated that the shear strength of RC 
members cannot be easily estimated, considering the nonho-
mogeneous nature of concrete, the effect of dowel action, 
and aggregate interlock. Several shear force transfer mech-
anisms have been proposed to estimate the shear strength 
of RC beams.5-8 While the truss analogy theory9 and other 
more sophisticated approaches have greatly enhanced the 
understanding of RC shear behavior, the complexity of 
these prediction models makes it challenging to incorporate 
them directly into design code equations. Consequently, the 
majority of design codes adopt semiempirical approaches that 
are calibrated with experimental databases.10 Nevertheless, 

this approach does not allow for a straightforward exten-
sion of the design model to cover new advancements in 
reinforcement properties and behavior.10 As a result, further 
extensive experimental testing and investigation of a wide 
range of design parameters are often required to establish a 
new shear capacity model for a new type of reinforcement, 
such as fiber-reinforced polymer (FRP) reinforcing bars.

Over the last decade, FRP reinforcing bars have emerged 
as a promising alternative to steel in harsh environments, 
given their corrosion resistance, high tensile strength-to-
weight ratio, and high fatigue resistance properties. FRP 
bars encompass aligned fibers made of carbon (CFRP), glass 
(GFRP), basalt (BFRP), or aramid (AFRP). They are recog-
nized for their linear-elastic behavior until failure with no 
yielding plateau behavior. Generally, FRP bars have higher 
tensile strength than steel reinforcing bars; however, they 
have a lower elastic modulus, ranging from 20 to 80% of 
the steel elastic modulus, depending on the type of fibers.11

Several research studies have been devoted to inves-
tigating the shear capacity of FRP-RC members. These 
studies indicating that FRP-RC beams exhibited a similar 
shear mechanism similar to that of steel-RC beams10 but 
with overall lower shear capacity.12,13 This can be attributed 
to the lower axial stiffness (elastic modulus) of FRP bars. 
Compared with steel reinforcement, the lower axial stiffness 
in FRP reinforcement tends to increase the width and depth 
of diagonal cracks due to higher deflection, reducing the 
shear transfer through aggregate interlock and the contribu-
tion of the uncracked concrete in the compression zone.13,14 
The shear contribution through dowel action in FRP rein-
forcement is also small because of its low transverse strength 
and stiffness.15,16 In addition, it should be acknowledged that 
the bent portion of FRP stirrups exhibits significantly lower 
tensile strength than the straight portion, implying a lower 
contribution of the shear reinforcement, which decreases 
the load resistance contribution considering the low elastic 
modulus of FRP bars.16

Relationships in ACI 318-14 for calculating the concrete 
contribution to shear resistance Vc in RC members have 
been replaced by one general relationship in ACI 318-19. 
The model considers the combined effects of member depth 
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(size effect λs), longitudinal reinforcement percentage ρw, 
concrete compressive strength fcꞌ, and axial stress’s effect Nu 
on the predicted shear-strength capacity.17,18 Although the 
model accounts for several influencing factors that were not 
directly considered in previous versions of the Code and has 
been calibrated with a large database, the model does not 
account for the axial stiffness of reinforcing bars. This can 
be justified because the elastic modulus for steel is constant. 
As a result, the model cannot be generalized to FRP-RC 
members due to the lower and varying elastic modulus of 
FRP reinforcement compared to steel.

The ACI 440.1R-1519 model (proposed by 
Tureyen  and  Frosh14) uses the same simplified ACI shear 
model (0.17​​√ 

_
 ​​f​ c​​​​ ́​ ​​bwd [MPa]) multiplied by 2.5k to reduce the 

effective depth. The model assumes that only the uncracked 
flexural compression zone contributes to shear resistance. 
Various studies have indicated that the ACI 440.1R-15 
model is less accurate and much more conservative than 
other design models.16 The recent edition of ACI CODE-
440.11-2220—released in September 2022—uses the same 
shear model modified to include size effect and imposing a 
minimum shear strength.

To fill this gap, this study presents a unified shear model 
applicable to both design practices of steel- and FRP-RC 
beams. The proposed model is based on a modification of 
the ACI 318-19 model to account for the axial stiffness of 
the reinforcing bars. As the ACI 318-19 model is familiar 
to structural designers, the proposed model should be 
easy to use and implement in the design process of steel- 
and FRP-RC beams. The proposed model’s applicability 
and accuracy have been evaluated statistically using five 
surveyed experimental datasets with over 1400 tested spec-
imens of steel- and FRP-RC beams, as highlighted in detail 
in the next section. The model reliability has been assessed 
using data-driven reliability analysis.

RESEARCH SIGNIFICANCE
Design codes adopt simple semiempirical approaches for 

shear design that are calibrated with experimental databases. 
Nevertheless, this approach does not allow for a straight-
forward extension of the design model to cover new rein-
forcement materials. ACI 318-19 and ACI CODE-440.11-22 
have different shear models for steel- and FRP-RC despite 
the similar shear mechanism. This study presents a unified 
shear model for steel- and FRP-RC beams. The proposed 
model is based on a modification of the ACI 318-19 model to 
account for the axial stiffness of the reinforcing bars applied 
to a wide range of experimental data. Detailed statistical 
evaluation and comparison of the proposed model have been 
conducted with five experimental data sets: FRP-RC beams 
without shear reinforcement (288 beams), steel-RC beams 
without shear reinforcement (759 beams), FRP-RC beams 
with shear reinforcement (56 beams), steel-RC beams with 
shear reinforcement (157 beams), and steel-RC beams with 
axial force (prestressed) but without shear reinforcement 
(209 beams). In addition, the model safety has been assessed 
using Monte Carlo reliability analysis.

REVIEW OF ACI 318-19 AND ACI CODE-440.11-22 
SHEAR DESIGN METHODS

Similarly to other design codes, the shear design philos-
ophy adopted by ACI for RC members considers the beam 
nominal shear capacity Vn as the combined contribu-
tions of concrete Vc and shear reinforcement Vf or Vs. The 
updated shear provision in ACI 318-19 aimed to resolve-
different concerns in past shear provisions, including: 1) 
Vc does not consider size effect in shear-stress capacity for 
members without shear reinforcement; 2) ACI 318-14 has 
eight different relationships for Vc for different conditions; 
3) several influencing factors are not directly considered, 
including reinforcement and size effect; and 4) design rela-
tionships are calibrated with experimental test results for 
beams that are not representative of common practice.17 
ACI  318-19 adopts one general relationship for concrete 
shear resistance (shown in Eq. (1)) that considers the 
combined effects of member depth (Eq. (2)), percentage of 
longitudinal reinforcement, and the effect of axial stress on 
predicted shear-strength capacity. The shear resistance of 
stirrups—which is based on a 45-degree truss model—was 
not changed (Eq. (3)).

Tremendous effort and collaboration between different 
ACI committees went into updating the shear provi-
sion. Updating the concrete shear resistance Vc included  
developing an extensive database, an open call for proposals, 
and an assessment of proposed models. The comparative 
evaluation of the proposed models was based on the rela-
tive merits of the different methods and how they could be 
modified to balance accuracy, ease, practicality of use, and 
transparency.17 Therefore, the concrete shear resistance in 
ACI 318-19 had better accuracy than previous models.

	​ ​

⎧

 
⎪

 ⎨ 
⎪

 

⎩

​ 
​A​ v​​ ​< A​ v, min​​ ​, V​ c​​ =​[0.66λ ​​(​ρ​ w​​)​​​ ​ 

1 _ 3 ​​ ​√ 
_

 fcʹ ​ + ​ ​N​ u​​ _ ​6A​ g​​ ​]​ ​b​ w​​ d 
​    
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_
 fcʹ ​ + ​ ​N​ u​​ _ ​6A​ g​​ ​]​ ​b​ w​​ d

​​​ 	 (1)

		​  ​λ​ s​​ = ​√ 
_

 ​  2 _ 1 + 0.004d ​ ​  ≤ 1.0​	                    (2)

	​ ​V​ f​​  =  ​ 
​A​ v​​ ​f​ y​​ d _ s  ​ ​	 (3)

Tureyen and Frosh14 proposed the shear model adopted 
in ACI CODE-440.11-22 for FRP-RC (Eq. (4) to (6)). The 
model assumes that only the uncracked flexural compression 
zone contributes to shear resistance, considering the axial 
stiffness of longitudinal FRP bars Efl Af. This assumption 
is justified by the lower axial stiffness of FRP bars, which 
results in wider cracks and a smaller concrete compression 
region (smaller neutral axis depth) compared to steel-RC. 
In addition, a lower limit for the shear capacity is included 
(Eq. (7)), as recommended by Nanni et al.21 The lower limit 
was proposed because Eq. (4) may lead to unreasonably low 
estimates of shear capacity for lightly reinforced members 
such as slabs and foundations.20 The contribution of shear 
reinforcement Vf is given in Eq. (8), which is similar to the 
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steel shear reinforcement contribution equation. The stress 
in the shear reinforcement should be limited to avoid failure 
at the bent region, according to Eq. (9)

	​ ​V​ c​​ =  0.4​√ 
_

 fcʹ ​​λ​ s​​​b​ w​​kd​	 (4)

	​ k = ​√ 
_____________

  ​2ρ​ fl​​n + ​​(​ρ​ fl​​n)​​​ 2​ ​ − ​ρ​ fl​​n​ 	 (5)

	​ n  =    ​ 
​E​ fl​​ _ ​E​ C​​ ​ ​ 	 (6)

	​​ V​ ​c​ min​​​​  =  0.067​√ 
___

 ​​f​ c​​ ′ ​ ​​b​ w​​ d​	 (7)

	​ ​V​ f​​  =    ​ 
​A​ fv​​  ​f​ fv ​​d _ s  ​ ​	 (8)

	​ ​f​ fv​​  =  0.005​E​ fv​​  ≤  ​f​ fb​​  ≤  ​f​ fu​​ ​	 (9)

EXPERIMENTAL DATABASE
A comprehensive data base comprising five experimental 

data sets was used in developing and verifying the applica-
bility of the unified one-way shear model. The first two data 
sets are for one-way shear tests of slender steel-RC beams, 
with and without shear reinforcement. Steel-RC evaluation 
data sets were created and examined through the combined 
efforts of Joint ACI-ASCE Committee 445 and the German 
Committee of Reinforced Concrete (DAfStb), as presented 
by Reineck et al.22,23 The data sets originally consisted of 
784 RC members without shear reinforcement Av and 157 
tests on RC members with Av ≥ Av,min. Out of the 941 beams, 
29 were excluded for having either a depth less than 10 mm, 
a depth greater than 1500 mm, or a width less than 70 mm. 
These 29 specimens were excluded due to their impractical 
dimension range or for not constituting a representative 
sample set.

Two other experimental data sets with a total of 344 
beams for FRP-RC one-way shear (with and without FRP 
shear reinforcement) were compiled from experimental 
studies published in the literature.10,12,14,24-64 Out of the 344 
specimens, 288 beams were tested without FRP shear rein-
forcement Avf and 56 beams with FRP shear reinforcement. 
Collecting the database was subject to several conditions, 
including: 1) only specimens exhibiting shear failure were 
included; 2) only slender beams with a shear span-depth 
ratio a/d > 2.5 were retained16; and 3) all specimens were 
tested in a simply supported configuration under three-point 
or four-point loading test and reinforced with different types 
of FRP bars: CFRP, GFRP, or BFRP.

Lastly, the fifth data set consisted of 209 prestressed 
concrete elements with a shear span-depth ratio a/d > 2.5. 
This data set has been included to test the effect of axial 
compression Nu induced by prestressing, as in Eq. (1). 
The original dataset was presented in a research report by 
Reineck et al.65 Specimens that experienced flexural failure 
were excluded. The number of specimens in each database is 
controlled by available experimental studies on it.

MODIFICATION OF ACI 318-19 MODEL 
CONSIDERING REINFORCEMENT 

AXIAL STIFFNESS
The ACI 318-19 model was originally developed for 

steel-RC beams and did not account for the axial stiffness 
of longitudinal reinforcement because the elastic modulus 
of steel is a common value regardless of the grade. Several 
studies on the shear capacity of FRP-RC beams, however, 
have indicated that the axial stiffness of the tensile rein-
forcement influences the shear strength contribution of 
concrete.37,38 To examine the effect of the longitudinal rein-
forcement on the experimental shear capacities (of FRP- and 
steel-RC beams without shear reinforcement) and modify 
the ACI 318-19 model accordingly, the experimental shear 

Fig. 1—Correlation between normalized experimental shear capacities and: (a) longitudinal reinforcement ratio ρfl for FRP-RC 
beams; (b) longitudinal reinforcement ratio ρw for steel-RC beams; (c) nc ρfl for FRP-RC beams; and (d) nc ρw for steel-RC 
beams.
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capacities were normalized for size effect, beam width 
and depth, and the square root of the concrete compres-
sive strength. The normalized capacities were then plotted 
against the reinforcement ratio, as shown in Fig. 1(a) and 
(b) for FRP- and steel-RC beams, respectively. The figures 
show an increase in the shear stress with higher reinforce-
ment axial stiffness. Statistical correlation analysis indi-
cated a Pearson correlation coefficient of 0.37 and 0.61 for 
the FRP- and steel-RC beams, respectively. The Pearson 
correlation coefficient ranges from –1 to 1, where 0 indicates 
no correlation, and –1 and 1 indicate the highest negative 
and positive correlations, respectively. Steel-RC beams are 
expected to have a higher correlation because the steel has 
a constant elastic modulus. In addition, the power-function 
trend line results in an R2 of 0.16 and 0.41 for FRP- and 
steel-RC beams, respectively.

To improve the correlation of normalized capacities and 
account for the axial stiffness of different FRP types, the rein-
forcement ratio was multiplied by the elastic modular ratio 
between the reinforcing bars and concrete nc = Ernft./Ec 
(Fig. 1(c)). It can be seen that including the modular ratio 
significantly improved the trend line’s correlation and accu-
racy for FRP-RC members. Including elastic modular nc also 
improved the accuracy for steel-RC members (Fig. 1(d)) but 
not as significantly as for FRP-RC. The R2 improved to 0.61 
and 0.46 for FRP- and steel-RC beams, respectively.

In addition, the power-function trend lines indicate a func-
tion of power of 0.335 and 0.363, which is consistent with 
the power of 1/3 used in ACI 318-19 and other design codes, 
such as Eurocode 2. Accordingly, the power of 1/3 in ACI 
318-19 was maintained.

Various shear models66,67 for FRP-RC beams account 
for the axial stiffness effect by including the modular ratio 
between the reinforcing bars and the steel (Ernft./Es). In this 
study, however, the modular ratio nc = Ernft./Ec was selected 
for two reasons: 1) Ernft./Ec provided higher correlation and 
accuracy for FRP- and steel-RC beams than Ernft./Es; and 
2) to adjust for the reduction in the conservatism of the 
ACI 318-19 model for shear strength at high compressive 
strength (which is why a limitation on compressive strength 
was imposed), as discussed by Kuchma et al.17 and in the 
“Comparative Assessment of ACI 318-19, ACI CODE-
440.11-22, and Proposed Model” section of this study. 
Table 1 provides the proposed model. The constant 0.4 has 
been shown to provide an acceptable level of reliability, as is 
shown in the “Reliability-Based Assessment for ACI 318-19, 
ACI CODE-440.11-22, and Proposed Models” section. The 
effect of axial compression on the shear capacity of FRP-RC 

beams has not been included due to the lack of a large data-
base to prove its applicability.

COMPARATIVE ASSESSMENT OF ACI 318-19, 
ACI CODE-440.11-22, AND PROPOSED MODEL
This section presents a comparative assessment of the 

proposed unified shear-strength model for slender beams 
and one-way slabs (Table 1) and the ACI 318-19/ACI 
CODE-440.11-22 provisions (Eq. (1) to (9)). Five data sets 
from the literature were used for the assessment; no range 
limitations were imposed on the mechanical properties of 
materials in the assessment to evaluate the accuracy of each 
model and range of applicability. The comparison was based 
on statistical measures, including the mean, standard devi-
ation (SD), coefficient of variation (CoV), and the average 
absolute error (AAE) of the strength ratio Vexp./Vpred.. The 
percentage of specimens with a strength ratio of less than 
0.75 (strength reduction factor for shear) was also included. 
Moreover, the comparative assessment examined the trends 
of the Vexp./Vpred. with key design parameters, such as effec-
tive beam depth, concrete compressive strength, reinforce-
ment ratio, and axial stiffness.

The AAE was considered among the statistical measures 
as it provides a direct indication of the absolute error in the 
forecasted shear strength, while CoV might be a misleading 
measure. For instance, a very high mean model will result in 
a low CoV, where the SD is divided by the mean of predicted 
values to measure the CoV. The AAE is calculated according 
to Eq. (10)

	​ AAE  =  ​ 1 _ N ​ ​ ∑ 
i =1

​ 
N
 ​​​|​ ​V​ pred.,i​​ − ​V​ exp.,i​​  ___________ ​V​ exp.,i​​  ​|​​	 (10)

Comparative assessment of ACI CODE-440.11-22/
ACI 318-19 and proposed models for FRP- and 
steel-RC beams without Avf or Nu

Figure 2 presents the Vexp./Vpred. for FRP-RC members 
without shear reinforcement versus depth d, axial stiff-
ness, and concrete compressive strength (fcꞌ) based on ACI 
CODE-440.11-22 (Fig. 2(a) to (c)) and proposed unified 
methods (Fig. 2(d) to (f)). The figure shows significantly less 
scatteredness with the proposed unified model. This is also 
evidenced by the significantly lower SD and AAE, where the 
unified model resulted in 33% and 53% lower SD and AAE, 
respectively, than the ACI CODE-440.11-22 method. This is 
due to considering the stiffness of the reinforcement mate-
rial nc compared to considering only the uncracked concrete 
in the design equation. Despite the unified model having a 

Table 1—Proposed unified model

Reinforcement Criteria Vc

Steel reinforcement
Av < Av,min 	​ ​V​ c​​ =​[0.4λ ​​(​n​ c​​ ​ρ​ w​​)​​​ 1/3 ​ ​√ 

_
 fc′ ​  +  ​ ​N​ u​​ _ ​6A​ g​​ ​]​ ​b​ w​​d​

Av > Av,min 	​ ​V​ c​​ =​[​0.4λλ​ s​​ ​​(​n​ c​​ ​ρ​ w​​)​​​ 1/3 ​ ​√ 
_

 fcʹ ​  +  ​ ​N​ u​​ _ ​6A​ g​​ ​]​ ​b​ w​​d​

FRP reinforcement
Avf  < Av,min 	​ ​V​ c​​ =​[0.4λ ​​(​n​ c​​ ​ρ​ w​​)​​​ 1/3 ​ ​√ 

_
 fcʹ ​  ]​ ​b​ w​​d​

Avf > Av,min 	​ ​V​ c​​ =​[​0.4λλ​ s​​ ​​(​n​ c​​ ​ρ​ w​​)​​​ 1/3 ​ ​√ 
_

 fcʹ ​  ]​ ​b​ w​​d​
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lower mean, neither model had specimens with a strength 
ratio of less than 0.75. In addition, the unified model resulted 
in a flatter trend line with fcꞌ compared to ACI CODE-
440.11-22. This can extend the range of applicable compres-
sive strength in the model.

Figure 3 presents the Vexp./Vpred. for the steel-RC members 
without shear reinforcement versus effective beam depth d, 
longitudinal steel reinforcement ratio ρw, and fcꞌ based on 
the ACI 318-19 (Fig. 3(a) to (c)) and the proposed unified 
methods (Fig. 3(d) to (f)). The unified model also provides 
less scatteredness and lower mean, SD, CoV, and AAE than 
the ACI 318-19 method.

As shown in Fig. 3(c) and as discussed in Kuchma et al.,17 
the ACI 318-19 model has a steep downward trend line for 
the shear-strength ratio versus fcꞌ. This downward slope led 
to limiting the fcꞌ to 70 MPa in ACI 318-19 for beams with 
shear reinforcement under the minimum (Section 22.5.3.1). 
In contrast, the slope of the strength ratio was nearly hori-
zontal with the proposed unified model. Based on the 
proposed model, the fcꞌ limit can be increased to 100 MPa, as 
the trend line shows consistency in prediction accuracy. This 
increase in the range of fcꞌ is significant as the use of high-
strength and ultra-high-performance concrete is becoming 
more common. That notwithstanding, the number of spec-
imens with fcꞌ higher than 100 MPa is limited.

Fig. 2—Strength ratio Vexp./Vpred. for FRP-RC beams without shear reinforcement using: (a) to (c) ACI CODE-440.11-22 provi-
sions; and (d) to (f) proposed unified shear model.

Fig. 3—Strength ratio Vexp./Vpred for steel-RC beams without shear reinforcement using: (a) to (c) ACI 318-19; and (d) to 
(f) proposed unified shear model.
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Comparative assessment of ACI CODE-440.11-22/
ACI 318-19 and proposed models for FRP- and 
steel-RC beams with Avf and Av but no Nu

Figures 4 and 5 present a comparative assessment of the 
unified shear model and the ACI CODE-440.11-22 and ACI 
318-19 models, respectively, for FRP- and steel-RC beams 
with shear reinforcement. The stress in the FRP shear rein-
forcement was fixed at 0.005Efv for comparison reasons 
(Eq. (9)). The results indicate a 5% and 14% improvement 
in the prediction accuracy when using the unified model 
proposed herein as compared to the ACI CODE-440.11-22 
and ACI 318-19 predictions. The improvement, however, is 
not as evident as in specimens without shear reinforcement, 

because both cases have similar contributions from the shear 
reinforcement. Both models result in a low percentage of 
specimens with Vexp./Vpred. under 0.75.

When shear reinforcement is provided (in excess of 
minimum shear reinforcement), ACI 318-19 does not 
consider the size effect (that is, λs = 1). Figure 5(a), however, 
shows a downward trend for the Vexp./Vpred. of the steel-RC 
data set with shear reinforcement. Kuchma et al.17 observed 
this downward slope. Because there are only a few tests with 
Vexp./Vpred. between 0.7 and 0.75, it was considered unneces-
sary to include the size effect for members with minimum 
shear reinforcement. Figure 6 shows the Vexp./Vpred. for 
steel-RC beams with steel shear reinforcement using the 

Fig. 4—Strength ratio Vexp./Vpred. for FRP-RC beams with FRP shear reinforcement using: (a) to (c) ACI CODE-440.11-22 
provisions; and (d) to (f) proposed unified shear model.

Fig. 5—Strength ratio Vexp./Vpred. for steel-RC beams with shear reinforcement using: (a) to (c) ACI 318-19 provisions; and (d) 
to (f) proposed unified shear model.
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unified model. The results suggest that the yield stress of the 
steel shear reinforcement up to 690 MPa could be used with 
no change in Vexp./Vpred..

Comparative assessment of ACI 318-19 and 
proposed unified models for steel-RC beams with 
Nu but no Avf

Both the ACI 318-19 and proposed unified models 
behaved similarly for steel-RC members (Fig. 7), with the 
proposed unified model providing slightly better predic-
tions. Figures 7(b) and (e) show a downward-sloping trend 
line of Vexp./Vpred.; high Vexp./Vpred. at low a/d are expected 
due to the arch action, which is more effective for beams 
with a net axial compression and where the member might 
be uncracked in flexure.17 It should be highlighted that a/d 
stands for shear-span ratio. The impact of a/d is not directly 
considered in the ACI 318-19 provisions. The performance 
of the ACI 318-19 shear provisions is considered reasonable 
because most members have a slenderness ratio of a/d  > 
4. The performance of the ACI 318-19 shear provisions is 
considered reasonable in this range. Figures  7(c) and (f) 
show no discernable trend with increasing levels of axial 

compressive stress. Table 2 presents a summary of the statis-
tical measures for the five data sets.

RELIABILITY-BASED ASSESSMENT FOR  
ACI 318-19, ACI CODE-440.11-22, AND 

PROPOSED MODELS
The level of reliability of a design equation and the corre-

sponding factor of safety requires including the uncertainty 
of the applied load, material properties, distribution of the 
normalized strength Vexp./Vpred., and the probability of failure 
at different load ratios (that is, live-to-dead load ratio [L/D]). 
A data-driven reliability analysis was conducted to assess 
the reliability level in the proposed unified shear model in 
comparison to current code provisions (ACI 318-19/ACI 
440.1R-15) in terms of the probability of failure and the 
associated reliability index β. The probability of failure 
and β are considered direct measurements of the level of 
reliability. Statistically, the reliability index represents the 
number of SDs between zero and the mean in the resis-
tance-load distribution. Current design practices recommend 
reliability indexes based on the consequences of failure and 
the economic design aspects. The reliability index β is taken 
between 3.5 and 4 for sudden failures or failures having 
severe consequences.68,69

The procedure adopted in this study for data-driven reli-
ability analysis using Monte Carlo simulation (MCS) is an 
improved version of the Farrow et al.70 procedure. Farrow 
et al. conducted reliability analyses for anchors loaded in 
shear and tension to assess the reliability of the design model 
and to calibrate the appropriate strength reduction factors, 
which were adopted in ACI 318-19. Their procedure, 
however, assumes normal distributions for load and resis-
tance, considers only live load, and conducted only 10,000 
simulations, which does not guarantee convergence.70 Their 
procedure was modified and improved to overcome such 
limitations by considering more realistic distribution types, 
adding combinations of live and dead loads to cover a wide 
range of L/D, and using up to 100 million simulations to 
guarantee convergence.

A failure state occurs when the applied load exceeds the 
capacity. This definition can be written in equation form 

Fig. 6—Strength ratio Vexp./Vpred. for steel-RC beam using 
proposed unified shear model with respect to yield stress of 
stirrups.

Table 2—Statistics of one-way shear provisions versus unified shear model based on five data sets

Experimental data set Method Mean SD CoV AAE <0.75, %

Steel-RC without Av 
(759 beams)

ACI 318-19 model 1.40 0.30 0.21 0.27 0.5

Proposed unified model 1.20 0.24 0.20 0.17 1.0

Steel-RC with Av 
(157 beams)

ACI 318-19 model 1.32 0.26 0.19 0.23 0.6

Proposed unified model 1.24 0.24 0.19 0.20 1.3

FRP-RC without Avf 
(288 beams)

ACI CODE-440.11-22 
model 1.68 0.33 0.2 0.38 0.0

Proposed unified model 1.21 0.22 0.18 0.18 0.0

FRP-RC with Avf 
(56 beams)

ACI CODE-440.11-22 
model 1.49 0.36 0.24 0.30 0.0

Proposed unified model 1.28 0.27 0.21 0.22 0.0

Steel-PC without Av 
(209 beams)

ACI 318-19 model 1.78 0.50 0.28 0.40 0.0

Proposed unified model 1.59 0.44 0.28 0.34 0.0
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(Eq. (11)), where R is the resistance; PD is the dead load; and 
PL is the live load. A negative G value in Eq. (11) indicates a 
failure state. Accordingly, statistical distributions for PD, PL, 
and capacity must be established (Fig. 8). First, PD distribu-
tion was assumed to have a nominal mean of 1.0. Szerszen 
and Nowak71 reported that PD exhibited a normal distribution 
with a bias of 1.05 and CoV of 10%. In contrast, PL distri-
bution exhibited an extreme Type I distribution with a bias 
and CoV of 1.00 and 18%, respectively. The nominal mean 
for live-load distribution equaled 1 (mean of PD) multiplied 
by the L/D. The actual mean was equal to the nominal mean 
multiplied by the bias in each distribution. In this paper, the 
analysis was conducted on a range of L/D from 0 to 4 to 
cover the probable load range.

	​ G  =  R − ​P​ D​​ − ​P​ L​​​	 (11)

The nominal mean for the capacity distribution is deter-
mined with the load and resistance factor design (LRFD) 

Eq. (12), where the controlling load combination is divided 
by the strength reduction factor. A strength reduction 
factor  of 0.75 according to ACI 318-19 was used through 
the analysis. The resistance distribution type and properties 
were informed from the Vexp./Vpred. data.

	​ max​{​ 
1.4​P​ D​​

​ 1.2​P​ D​​ + 1.6​P​ L​​​​  ≤  ∅ ​R​ n​​​	 (12)

After establishing the three distributions, an MCS was 
performed to generate 5 × 109 simulations (points) in each 
distribution (Fig. 8). To calculate the probability of failure, 
the limit state function in Eq. (11) was calculated. A negative 
value for the G function represents a failure state, while a 
safe state is otherwise. The probability of failure was calcu-
lated by dividing the frequency for which the G function 
presented a failure state by the total number of simulations.

Fig. 8—Illustration of adopted MCS reliability analysis.

Fig. 7—Strength ratio Vexp./Vpred. for steel-RC beams with Nu and no Avf using: (a) to (c) ACI 318-19; and (d) to (f) proposed 
unified shear model.
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In reliability analysis, L/D is usually expressed by the 
term D/(D + L). The adopted range of L/D corresponds to a 
D/(D + L) of 0.2 to 1. In addition, the probability of failure 
is expressed by the term reliability index β.

The reliability index was evaluated for: 1) steel-RC 
beam without Av using ACI 318-19 model; 2) steel-RC 
beam without Av using the proposed unified shear model; 
3) FRP-RC beam without Avf using ACI CODE-440.11-22 
model; and 4) FRP-RC beam without Avf using proposed 
unified shear model. These four cases were selected because 
the proposed unified shear model is for Vc, and no changes 
in the shear contribution were made. The results of the reli-
ability analysis are presented in Fig. 9. For steel-RC beams 
(labeled in blue [refer to the full-color PDF online at www.
concrete.org]), it can be seen that both ACI 318-19 and the 
proposed model result in a similar reliability index between 
3.5 and 4.0. Although the unified model has a lower mean, 
the unified shear model has a similar reliability index due 
to its higher accuracy. For the FRP-RC beam (labeled in 
red), the proposed unified model results in a reliability index 
between 3.5 and 4.0, similar to the steel-RC models previ-
ously discussed. However, the ACI CODE-440.11-22 model 
results in conservative estimates with a reliability index 
between 4.5 and 5.0. It can be concluded that the unified 
shear model results in a consistent reliability index (safety 
level) for both steel and FRP-RC members.

CONCLUSIONS
The majority of design codes use semiempirical models 

that are calibrated using experimental databases. These 
design models cannot, however, be simply extended to 
include new reinforcement properties. A unified shear model 
for both slender steel and fiber-reinforced polymer (FRP)- 
reinforced concrete (RC) beams is presented in this paper 
that is calibrated using a large experimental database and 
accounts for the contribution of the axial stiffness of the 
reinforcement material as one of the critical design param-
eters. The proposed model modifies the ACI 318-19 model 
by introducing a new term, nc, that represents the modular 
ratio between the modulus of elasticity of reinforcement and 

the concrete to account for the axial stiffness of the rein-
forcing bars. Detailed statistical evaluation and comparison 
of the proposed model have been conducted over five exper-
imental data sets comprising over 1400 test results. The five 
databases include: FRP-RC beams without shear reinforce-
ment (288 beams) and with shear reinforcement (56 beams), 
steel-RC beams without shear reinforcement (759 beams) 
and with shear reinforcement (157 beams), and steel-RC 
beams with axial force (prestressed) and without shear rein-
forcement (209 beams). In addition, the model reliability 
was assessed using Monte Carlo reliability analysis. The 
following conclusions can be drawn from the study:

1. The unified shear model considers the reinforcement 
material’s axial stiffness, resulting in significantly high accu-
racy and less scatteredness for FRP-RC beam without shear 
reinforcement. The unified model resulted in 33% and 53% 
lower standard deviation (SD) and average absolute error 
(AAE), respectively, than ACI CODE-440.11-22. In addi-
tion, the unified model resulted in a flatter trend line with 
fcꞌ compared to ACI CODE-440.11-22. This can extend the 
range of applicable compressive strength in the model.

2. The unified model shows promising performance in 
predicting the shear strength for steel-RC beams without 
shear reinforcement by providing less scatteredness and 
lower mean, SD, coefficient of variation (CoV), and AAE. 
This is due to considering the axial stiffness of the rein-
forcing bars as a critical design parameter using the factor nc. 
The ACI 318-19 model showed a steep downward-sloping 
trend line of shear-strength ratio to fcꞌ. In contrast, with the 
proposed unified model, the slope of the strength ratio was 
nearly horizontal as the predictions were corrected consid-
ering the variable elastic modulus of the concrete. Based on 
the proposed model, the limitation of fcꞌ could be increased 
to 100 MPa as the trend line shows consistency in the predic-
tion accuracy. Nevertheless, the model should be calibrated 
against more experimental data involving specimens with fcꞌ 
higher than 100 MPa when it becomes available.

3. For FRP- and steel-RC beams with shear reinforce-
ment, the unified model showed improvement in prediction 
accuracy. The improvement was not as evident as in the 
specimens without shear reinforcement, because both cases 
have similar contributions from the shear reinforcement. For 
members with axial compression but no shear reinforcement, 
both the ACI 318-19 and proposed unified models behaved 
similarly for steel-RC members, with slightly better predic-
tions with the proposed unified model.

4. Monte Carlo simulation (MCS) reliability analysis indi-
cated that both ACI 318-19 and the proposed model result 
in a similar reliability index between 3.5 and 4.0. Although 
the unified model has a lower mean, the unified shear model 
has a similar reliability index due to its higher accuracy. For 
the FRP-RC beam, the proposed unified model also results 
in a reliability index between 3.5 and 4.0. The ACI CODE-
440.11-22 model, however, yielded conservative estimates 
with a reliability index between 4.5 and 5.0. The unified 
shear model can be confidently used to predict the shear 
strength of both steel and FRP-RC members with consistent 
reliability indexes.

Fig. 9—Reliability analysis results for ACI 318-19, 
ACI CODE-440.11-22, and proposed unified shear model.
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NOTATION
Af	 =	 area of longitudinal FRP bars
Ag	 =	 beam gross cross-sectional area
Av	 =	 shear reinforcement area
Avf	 =	 FRP shear reinforcement area
a/d	  =	 shear span-depth ratio  
bw	 =	 longitudinal FRP reinforcement ratio
d	 =	 beam effective depth
Ec	 =	 elastic modulus of concrete
Efl	 =	 elastic modulus of FRP longitudinal bars
Efv	 =	 elastic modulus of FRP shear reinforcement

Ereft.	 =	 elastic modulus of longitudinal bars
Es	 =	 elastic modulus of steel reinforcement
fcꞌ	 =	 concrete compressive strength
Nu	 =	 axial compression force
Rn	 =	 nominal resistance
s	 =	 shear reinforcement center-to-center spacing
Vc	 =	 concrete shear resistance
Vexp.	 =	 experimental shear capacity
Vf	 =	 FRP shear reinforcement resistance
Vpred.	 =	 predicted shear capacity
Vs	 =	 steel shear reinforcement resistance
β	 =	 reliability index
λs	 =	 size effect factor
ρfl	 =	 longitudinal FRP reinforcement ratio
ρvf	 =	 FRP shear reinforcement ratio
ρw	 =	 longitudinal reinforcement ratio
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This paper investigates the bond behavior between plain steel 
bars and high-performance concrete (HPC) to study the effect 
of embedment length and concrete compressive strength on bond 
performance. A total of 48 concrete specimens were cast and tested 
under uniaxial load. The main test parameters include the active 
bond length and concrete compressive strength. Test results show 
that the ratio of maximum bond stress to concrete compressive 
strength ranges from 0.12 to 0.17. Moreover, it can be concluded 
that the maximum bond stress is increased with an increase in 
concrete compressive strength and is decreased with a longer 
embedment length of plain steel bars. The adhesive bond stress is 
approximately 55% of the maximum bond stress. Finally, a new 
bond stress-slip model was proposed, and good agreement can be 
achieved between the test research and the theoretical prediction 
based on the proposed model.

Keywords: bond behavior; bond stress-slip relationship; high-performance 
concrete (HPC); pullout test.

INTRODUCTION
Nowadays, ribbed reinforcing bars are used to construct 

reinforced concrete (RC) structures. Due to that fact, most 
research regarding the characteristics of bond stress-slip 
relationships is based on elements made with ribbed rein-
forcing bars. Bond stress-slip relationships for plain bars 
are still not well recognized, and existing terms (equations) 
defined experimentally are still not accurate enough.

For the last 20 years, for RC structures, high-strength 
concrete (HSC) with ribbed reinforcing bars made of 
normal-strength steel has been used more and more often, 
as well as concrete containing bars made of higher-ten-
sile-strength steel of 700 to 800 MPa. HSC—in particular, 
a high-performance one whose compressive strength equals 
80 to 120 MPa—is used in prefabricated units for manu-
facturing pretensioned girders and other precast members. 
In the case of both HSC/high-performance concrete (HPC) 
uses, it is crucial to define the bond stress-slip relation-
ships between HSC and ribbed reinforcing bars, as well as 
between HSC and steel prestressing strands.1,2 Although, 
for obvious reasons, plain reinforcing bars are not used in 
RC elements made of HSC, it was considered fully justi-
fied, for educational reasons, to analyze the phenomenon of 
bond stress-slip relationships for both of these materials. It 
is particularly important to define adhesion and its relation 
to maximum and residual bond stress. It allows specifying 
or correcting existing calculation models used for both plain 
and ribbed bars, as well as for strands.

Plain bars were used to reinforce concrete structures 
in the United States and Canada until approximately the 

mid-1950s. In Europe, they were used as reinforcement until 
the mid-1960s, while in the United Kingdom, they were 
used for a few years in the mid-1970s. Although they are no 
longer used in new construction, a significant proportion of 
existing structures are reinforced with plain bars.3 In Italy, 
70% of concrete structures were reinforced with plain bars 
until 2002.4

The mechanisms by which forces transfer between rein-
forcement and the surrounding concrete differ for plain 
and ribbed bars. While ribbed bars transfer a large portion 
of these forces by mechanical interlock between surface 
deformations on the bars and the surrounding concrete, plain 
bars must rely on the transfer of forces by adhesion between 
the concrete and the reinforcement prior to bar slip, and by 
the wedging action of small particles that break free from 
the concrete surface following a slip, otherwise known as 
sliding friction.5

ACI 318-636 was the last to include provisions for the 
bond of plain bars. Research relating to plain bars essentially 
ceased once ribbed bars became the norm in construction, 
and so provisions for the bond of plain bars as included in 
historical editions of U.S. concrete codes were based on a 
limited number of investigations.3 The 1970 edition of the 
Canadian standard CSA A23.3-19707 was the last to include 
provisions for plain reinforcement.

For RC structures built before the 1970s, designed 
according to old codes, and built with plain reinforcing 
bars, the influence of the bond-slip relationship is particu-
larly important. In these types of structures, the bond stress 
developed at the interface between the concrete and steel is 
insufficient to avoid the slippage of the bar, and consequently, 
the deformations of the structures are largely increased. This 
phenomenon was discussed in recent studies carried out on 
RC elements built with plain bars.8,9

This paper aims to study the bond stress-slip relationship 
for RC elements built with plain bars and proposes a new 
bond stress-slip model based on experimental results. HPC 
is used for the production of test samples with varied embed-
ment lengths.
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BACKGROUND
A limited number of studies are available in the literature 

on bond-slip mechanisms in structural elements with plain 
bars. Few expressions are also available for the parameters 
used in the definition of the constitutive bond-slip relation-
ship. For ribbed reinforcing bars, several theoretical models 
may be found for the interaction mechanisms between steel 
bars and the surrounding concrete.10-12

One of the first studies on bond-slip behavior in RC was 
conducted by Abrams,5 who describes the results of more 
than 1000 tests carried out on beams and pullout speci-
mens with plain and ribbed bars. Different variables were 
studied, such as bar diameter, embedment length, concrete 
block dimensions, bar surface, age and concrete mixture, 
anchoring ends, and storage conditions. Abrams concluded 
that the bond between concrete and plain reinforcing bars 
is influenced in terms of resistance by two main compo-
nents: adhesive and sliding resistance.8 Adhesive resistance 
takes place before the slippage starts and is responsible 
for approximately 60% of the maximum bond stress (fb,a = 
0.60fb,max). This ratio does not vary much for a wide range of 
mixtures, ages, bar sizes, and conditions of storage. Sliding 
resistance starts when the relative movement between both 
materials begins. Another conclusion was that the maximum 
bond stress fb,max = 0.19fc is reached at the slip value (smax) 
of approximately 0.25 mm. The frictional bond stress fb,f = 
0.50fb,max.

In the twenty-first century, Feldman and Bartlett13,14 
performed bond tests on pullout specimens made of concrete 
with a compressive strength equivalent to that used by 
Abrams (12 to 14 MPa). Additional specimens were cast 
with a target compressive strength of 40 to 45 MPa. Embed-
ment lengths of 12, 24, and 48 times the bar diameter were 
selected. Both round and square (to represent historical 
uses) steel bars with diameters of 16 and 32 mm were inves-
tigated. For all specimens, failure occurred at the interface 
between the reinforcing bar and the surrounding concrete. 
The maximum load Pmax occurred at negligible end slip and 
is (principally) a function of the adhesion bond mechanism. 
The load then dropped asymptotically to a limiting residual 
load Pres. The load-slip curve exhibited the same shape as 
reported for polished bars by Abrams.13 No maximum load 
plateau was observed. The maximum tensile load occurred at 
a very small slip s = 0.01 mm. Separate regression analyses 
of each specimen group confirmed that bond μmax and μres 
are proportional to the square root of concrete compressive 
strength.

Stocker and Sozen15 stated that the bond-slip on plain 
reinforcing bars is provided by two mechanisms: a physical 
interlocking between the microscopic, rough steel surface 
and the surrounding concrete before the slip starts; and a 
frictional mechanism between two sliding contact surfaces 
after the original interlocks have sheared off. Stocker and 
Sozen15 also stated that the bond-slip relationship may be 
represented by a curve idealized by three linear branches: 
one vertical to represent the initial interlocking mechanism 
between steel and concrete, followed by a descending transi-
tion linear branch, and one horizontal branch to represent the 
mechanism of sliding friction. The bond strength increases 

by approximately 10% per 6.9 MPa of concrete compressive 
strength. fb,max increases approximately linearly with the bar 
diameter.

The CEB-FIP Model Code16 and fib Bulletin No. 1017 
provide design guidelines for plain reinforcement. For plain 
hot-rolled bars, the bond-slip relationship is given by Eq. (1)

	​ ​τ​ b​​  =  ​τ​ b,max​​ ⋅ ​​(​  s _ ​s​ max​​ ​)​​​ 
α
​​	 (1)

The model includes a nonlinear branch until smax, followed 
by a second constant branch. In this case, smax is defined as 
the slip value corresponding to the maximum bond stress. 
Reports16,17 suggest smax = 0.10 mm and the empirical factor 
α = 0.5. A maximum bond stress (τb,max) equal to 0.30(fck)1/2 
is proposed for good bond conditions and 0.15(fck)1/2 for 
poor bond conditions, where fck is the characteristic cylin-
drical concrete compressive strength (in MPa).

Verderame et al.18,19 realized a series of monotonic and 
cyclic pullout tests with plain bars. Based on the experi-
mental results, they proposed a modification of the bond-
slip model presented by Eligehausen et al.20 for ribbed bars. 
The proposed model is very similar to the model suggested 
by Eligehausen et al.20 but without the plateau. The exper-
imental pullout tests were carried out on samples with a 
12 mm reinforcing bar diameter, an embedment length equal 
to 120  mm, and an average concrete cylindrical strength 
equal to 15.8 MPa. Based on the results obtained from 
experimental investigation, Verderame et al.18,19 proposed 
the following parameters for the model: τb,max = 0.31(fc)1/2, 
smax = 0.23 mm, α = 0.26, τb,f = 0.43τb,max, and p = 0.06, where 
τb,max, smax, and α have the same meaning as in the CEB-FIP 
Model Code.16 fc is the cylindrical concrete compressive 
strength, fb,f is the frictional bond stress, and p represents the 
slope of the softening branch expressed as a function of the 
secant stiffness (τb,max/smax).

Melo et al.9 proposed a new empirical bond-slip model 
that is derived based on the results of 27 experiments. This 
model adopts the Verderame et al.19 shape up to the peak 
but better characterizes the descending branch of the bond-
slip model. A series of monotonic and cyclic pullout tests 
were carried out on specimens built with plain bars to char-
acterize the bond-slip relationship in old RC structures. 
Plain steel bars of 10, 12, and 16 mm diameter were used 
to build concrete samples (fcm = 15.8 MPa). For each bar 
diameter and specimen type studied, a set of three specimens 
was built. One set was built with deformed bars of 12 mm 
diameter for comparison with the results for the specimens 
with plain bars. In total, 33 specimens were tested: 30 under 
monotonic pullout and three under cyclic pullout.

In the Verderame et al.19 and Melo et al.9 models, the 
ascending branch is defined by Eq. (1), where α is computed 
so that the area underneath (A1,mod) the bond-slip curve until 
smax equals the corresponding area from experimental results. 
The Verderame et al. model for slip values larger than smax 
is defined by two linear branches: a softening branch (from 
smax to sf), followed by a plateau until the ultimate slip (su). 
In the Melo et al. model, after smax, the bond-slip relationship 
is defined by a third-degree polynomial function until the 
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ultimate slip (su) and is followed by a plateau. A value of 
10 mm is assumed for su, which is based on experimental 
observation.

To investigate bond-slip behaviors of reinforcement in 
high-volume fly ash concrete (HVFAC), Zhao et al.11 studied 
189 pullout specimens under monotonic static load. The 
main research variables involved the volume of fly ash (FA), 
the type and diameter of the steel bars, and the water-cement 
ratio (w/c). The tensile loading in their study was applied 
to the steel bar, which increased stably by controlling the 
gradual increase of the steel bar’s slip until the end of the 
tests. The obtained results indicate that the bond strengths 
of the steel bars increased along with the decrease in the w/c 
and decreased when the diameter of the steel bar increased. 
Moreover, other results also show that the type of steel 
bar has a significant influence on bond and slip behavior, 
and similar bond-slip relationship curves are presented in 
HVFAC, compared to conventional concrete (CC).

In the experimental program, Zhao et al.11 used natural 
crushed granite stone with a maximum diameter of 20 mm 
and natural river sand. To obtain better workability in the 
concrete, lime admixture was also added to the concrete 
in quantities of 0.8 to 1.5% of cementitious material mass. 
Ordinary portland cement (OPC) and FA (Type II) were used. 
Two types of steel bars were used in the investigations: plain 
steel bars (HPB 235) and deformed steel bars (HRB 335). 
All the pullout specimens were designed as cubic concrete 
with dimensions of 150 mm, and the reinforcing bars were 
embedded at the center of the cross section of the concrete. 
All tested specimens were divided into three major groups, 
with a w/c of 0.30 (fc′ = 64.6 MPa), 0.34 (fc′ = 61.5 MPa), 
and 0.41 (fc′ = 54.9 MPa), respectively. Each of these major 
groups included seven small groups with different replace-
ment ratios of FA in the concrete, where FA replaced 0, 20, 
30, 40, 50, 60, and 70% of cement in the concrete, respec-
tively.11 The embedment length of the plain steel bar of 
12 mm diameter was equal to 138 mm.

The complete bond-slip relationship curve can describe the 
bond-slip behavior of the reinforcing bar in fly ash concrete 
(FAC)/HVFAC. For the specimens with plain steel bars, the 
bond strength ratio-slip curves of the steel bars specimens 
with different w/c are similar to each other when using the 
same volume of FA. Before reaching the peak bond stress, 
the curves exhibit a linear increase stage, which has a slope 
that mainly depends on the w/c of the concrete. The slopes 
increase with an increasing w/c, while the slips smax corre-
sponding to the ultimate bond stress ratio become lower 
when the w/c are decreased. At the post-peak stage, the bond 
stress ratio begins to decline slowly until a relatively stable 
slip stage starts from 3 or 4 mm for all the specimens using 
w/c with 30 or 70% of the FA replacement ratio. The cemen-
titious action of cement paste around the surface of the rein-
forcing bar was small. It indicates that the friction between 
the concrete and the steel bar, and the interlocking action 
caused by the slight surficial erosions or the manufacturing 
technology of the steel bar, was a crucial influence factor of 
the bond-slip behavior of plain steel bar.

Compared with CC specimens, the bond strengths of plain 
steel bars in the FAC specimens reduced with the increasing 

volume of FA, especially when FA was used to replace 70% 
of the cement. This reduction could be attributed mainly 
to the fact that the addition of FA resulted in a change in 
microstructure, such as porosity,21 which in turn decreased 
the compressive strength, which will affect the gripping 
capacity of concrete. While the start points of the residual 
bond stresses are from the slip of approximately 3 mm, 
the residual levels of the specimens are dependent on the 
replacement ratio of FA in the concretes. With an increasing 
FA replacement ratio, the residual bond stresses decreased 
from 50 to 23%, corresponding to the ultimate bond strength 
when concrete contained 0 to 70% FA, respectively. In the 
specimens with the deformed steel bars, the residual bond 
stresses stayed at a relatively constant level of 25% of the 
ultimate bond strength in the specimens from a slip of 6 mm.

In 1997, Magnusson22 conducted experimental research 
aimed at comparing the behavior of bond stress-slip rela-
tionships in HSC and normal-strength concrete. He used 
cylindrical samples with diameters of 300 and 350 mm, rein-
forced with ribbed bars with diameters of 16 and 20 mm. 
The length of the specimens in both cases was 260 mm. The 
active length of bar adhesion to concrete equaled 2.5  times 
the bar diameter, that is, 40 and 50 mm, respectively. The 
assumed concrete compressive strength equaled 25 and 
100 MPa. The pullout test method used in the experimental 
research showed that the maximum bond stress increases 
in proportion to the average compressive strength both for 
normal- and high-strength concrete. Based on the results 
obtained, Huang et al.23 proposed the following Eq. (2)

	 τb,max = 0.45fcm	 (2)

In their opinion, in the case of HSC, maximum bond 
stress is reached with bar slip s1 = smax = 0.5 mm. In the 
model proposed by them, the same relation was kept as in 
CEB-FIP Model Code 199016 for the ascending branch (α = 
0.3), introducing at the same time certain modifications to 
the descending branch due to the different behavior of HSC. 
They also proposed adopting residual bond stress in Eq. (3)

	 τb,f = 0.40τb,max	 (3)

There is no experimental research on specimens made 
from HSC with plain steel bars.

RESEARCH SIGNIFICANCE
The use of HPC technology in constructing structures is 

becoming common, even when there are no current standard 
provisions for describing concrete-steel bond behavior. The 
lack of research on the bond performance led to executing 
necessary bond experimental tests. A thorough study of the 
bond is important to provide guidelines for design. In this 
research, two sets of series of pullout tests with different 
bar embedment lengths for HPC specimens with different 
compressive strengths were conducted to study bond 
behavior. Furthermore, these results may also be used to 
predict development and lap length for reinforcement.
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EXPERIMENTAL INVESTIGATION
To define bond stress-slip relationships of HPC and plain 

steel bars, the experimental research was carried out on 
pullout specimens measuring 160 x 160 x 160 mm, rein-
forced with an axially embedded plain bar with a diameter of 
16 mm. The program of this experimental research took into 
account the following factors having a substantial impact on 
describing those relations: bond embedment length (lemb = 
40, 80, and 120 mm), and concrete compressive strength 
(fc = 40, 60, 72, and 88 MPa).

In this paper, a detailed analysis was performed for 
mechanically compacted concrete design Class C80/95.

Test program
Research pertaining to HSC bond stress to a plain steel bar 

with a diameter of 16 mm was performed on concrete cube 
specimens whose sides equaled 160 mm, which is 10 times 
the diameter of a reinforcing bar, after 1, 3, 7, and 28 days 
of concrete curing.

Based on performed pilot studies, as well as taking into 
account research results obtained in various scientific 
centers22,23 on HPC specimens, it was decided to complete 
the adopted test program with active bond lengths equaling 
2.5 and 7.5 bar diameter. Thus, three active bond lengths 
were under investigation: 40, 80, and 120 mm. All these 
lengths can be realized in a module form equipping bars with 
rigid protective polyvinyl chloride  (PVC) tubes 120, 80, 
and 40 mm long accordingly (Fig. 1). Free space between 
a bar and its PVC tube and between the PVC tube and the 
front side of the mold was filled with silicon to prevent the 
leakage of cement paste.

Concrete
The specimens were made from cement concrete compo-

sition Class C80/95, whose ingredients per 1 m3 of concrete 
are given in Table 1.

The specimens were made in two series (labeled I and 
II). In each series, there were 24 specimens prepared (eight 
specimens for each embedment length). Standard samples 
ϕ150 x 300 mm and 150 x 150 x 150 mm were also collected 
to determine concrete compressive strength, together with 
the modulus of the concrete elasticity under compression. 

All the specimens and standard samples, once cast, were 
covered with several layers of polyethylene sheet, ensuring 
stable concrete curing conditions for 22 hours. After this 
period, the specimens were taken out of their mold, and 
some of them were prepared for experimental research.24

Experimental research was conducted after 1, 3, 7, and 
28  days of concrete curing. At a given stage, four speci-
mens (two from Series I and two from Series II) with the 
same active bond length were tested and analyzed. After 
demolding, all specimens and samples for standard testing 
were stored under three layers of polyethylene sheet. At 
each testing stage, the mechanical properties of concrete 
were defined, and the obtained results can be found in 
Table 2. Mechanical properties were tested for up to 90 days. 
During strength tests, particular samples were measured 
and weighed, which made it possible to define volumetric 
concrete density.

Plain steel bars
Plain reinforcing bars with a diameter of 16 mm, made 

of St3Sx-b steel, were used. Steel strength tests were 
performed with a materials testing machine. Tensile strength 
was measured automatically by an in-built force gauge. 
Displacement and strains were registered by an incremental 
extensometer synchronized with the machine software.

The extensometer’s measuring base was 180 mm. Load 
steering was performed at the speed of 20 MPa/s up to the 
yield point, and then it was automatically switched into 
displacement control at the speed of 0.003 1/s in the range 
of flow. Experimental research was conducted on nine 
bars. Figure 2 shows load-strain relationships for particular 
samples. The average values and coefficients of variation of 
the tested mechanical properties of reinforcing steel are in 
Table 3.

The tensile force corresponding to high and low yield 
points are 63.93 kN and 61.20 kN, respectively.

Test procedure
The specimens for testing the bond stress-slip relationship 

with an axially embedded steel reinforcing bar were placed 
in a specially designed and constructed three-dimensional 
steel frame (Fig. 3). The structure consists of two rigid steel 
plates, upper and lower, joined to each other by four steel 
hangers made of steel bars with a hexagonal cross section. 

Fig. 1—Dimensions of tested specimens with different bond 
embedment lengths. (Note: Dimensions in mm; 1 mm = 
0.0394 in.)

Table 1—High-performance concrete mixture 
composition (per 1 m3)

Composition kg

Cement CEM I 42.5R 475

River sand 0 to 2 mm 665

Basalt aggregate 2 to 8 mm 650

Basalt aggregate 8 to 16 mm 580

Water 156

Silica fume 24

Polycarboxylate-based high-range  
water-reducing admixture 5.2

Note: 1 m3 = 1.31 yd3; 1 kg = 2.20 lb.
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The frame structure is hung through a hinge to the strength 
measuring machine with a steel joint (a bar made of steel, 
strength of 700 MPa) screwed to the upper steel plate of the 
frame. The bottom steel plate has a centrally drilled hole 
through which it is possible to pass the bar coming from the 
concrete specimen. A hard fiberboard is placed between the 
concrete specimen and the steel bottom plate, ensuring better 
fitting of this specimen and the steel plate. A longer, lower 
bar section is chucked in the gripping jaws of a new-gen-
eration testing machine. The jaw pressure on the plain bar 
was 250 bar. The force from the steering mechanism lifts the 
frame structure, which transfers the load onto the concrete 
specimen through pressure on the bottom surface. Chucking 
the reinforcement in the gripping jaws of the testing machine 
made it impossible to move it together with the concrete 
specimen, which resulted in the slip of the plain bar toward 
the concrete. The load was controlled by displacement with 
a loading rate of 0.01 mm/s. The force value was continu-
ously recorded digitally. The initial force value was 1 kN. 
Relative displacement for the given force was measured by a 
measured system of two arms of the incremental extensom-
eter. The upper arms recorded displacement of the free-end 
plain steel bar, and the lower arms registered displacement 
of the aluminum angles glued to the concrete surface with 
regard to their original location (Fig. 4). The margin of error 
of the extensometer reading is 0.12 μm. The research was 
carried out until the displacement value set in the program, 
that is, 10 mm, was reached. The machine was switched off 
automatically when a displacement of 10 mm was reached, 
or the force was below 50% of its maximum value in a given 
measurement session.

EXPERIMENTAL RESULTS AND DISCUSSION
Figures 5 to 8, respectively, present the results of the 

experimental research regarding the pullout force-slip rela-
tionships for specimens with active bond lengths of 40, 80, 
and 120 mm, made of HPC whose compressive strength was 
40, 60, 72, and 88 MPa.

	​ ​f​ b​​  =  ​  F _ ϕπ​l​ emb​​
 ​​	 (4)

where F is the pullout force measured during the test; ϕ is the 
bar diameter; and lemb is the embedment bar length.

For all tested pullout elements, the failure mode was the 
same. It was observed that a slip of the bar at the free end 
increased gently with the pullout force. Splitting cracks did 
not occur along the centerline of the bar in any specimen.

To analyze the results obtained, taking into account depen-
dency, bond stress for the slip value of 10 for each spec-
imen was calculated; these results for concrete compres-
sive strength of 40, 60, 72, and 88 MPa are displayed in 
Tables 4 to 7, respectively. Additionally, these tables contain 
maximum values of bond stress and slip corresponding to 
them, as well as bond stress values where adhesion loss 
was registered. What is more, the tables contain calculated 
average bond stress values, standard deviations, and coeffi-
cients of variation.

On the basis of the results presented, the average bond 
stress-slip relationship was calculated for each analyzed 
active bond length of a plain bar 16 mm in diameter, 
depending on concrete compressive strength. Figures 9 to 
11 present the bond stress-slip relationships obtained. It can 
be seen that the bond stress of HPC increases together with 

Table 2—Mechanical properties of high-performance concrete

Concrete age
fc,cyl, MPa

(ϕ150 x 300 mm)
fc,cube, MPa

(150 x 150 x 150 mm)
fct,dir, MPa

(ϕ150 x 300 mm)
Ec, MPa

(ϕ150 x 300 mm)

24 hours 39.50 47.54 — 35,300

2 days 53.47 64.08 3.10 39,360

3 days 59.83 72.29 3.39 42,270

7 days 71.53 80.82 4.05 46,000

28 days 88.39 93.13 4.83 49,660

90 days 93.19 100.19 6.14 53,100

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Fig. 2—Tensile force-elongation relationships for plain steel 
bars of ϕ16 mm. (Note: 1 mm = 0.0394 in.; 1 kN = 0.225 
kip.)

Table 3—Mechanical properties of  
reinforcing steel

Tensile strength fu = 465.09 MPa v = 0.54%

High yield point ReH = 317.96 MPa v = 2.03%

Low yield point ReL = 304.37 MPa v = 0.69%

Modulus of elasticity Es = 207, 260 MPa v = 1.83%

Maximum tensile force Fm = 93.51 kN v = 0.54%

Cross-section area As = 201.06 mm2 156

Elongation of  
measuring base A180 = 29.65% v = 5.49%

Note: 1 MPa = 0.145 ksi; 1 kN = 0.225 kip; 1 mm2 = 0.00155 in.2.
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concrete compressive strength for each analyzed active bond 
length of the plain bar.

Additionally, Fig. 12 to 15 present the distribution of 
average bond stress-slip relationships for three analyzed 
active bond lengths, calculated for concrete compressive 
strengths of 40, 60, 72, and 88 MPa, respectively. It can be 
noticed that maximum bond stress was obtained for the active 
bond length of 40 mm in the case of concrete compressive 
strength of 60, 72, and 88 MPa.

The distribution of average bond stress in the slip function, 
defined for a given concrete compressive strength taking into 
account the analyzed active bond bar lengths, is shown in 
Fig. 16. The falling branch is noticed to be descending very 
regularly after reaching the maximum value of bond stress 
for each analyzed concrete compressive strength value.

Analysis of results obtained and assessment of 
proposed calculation models

To verify the calculation model in the 2010 and 1990 
Model Codes10,16 and the models proposed by the other 
researchers, the average values of the adhesive bond, the 
maximum values of bond stress, and the average values of 
bar slip corresponding to the last one are summarized in 
Table 8. Moreover, one can also find the average values of 
residual bond stress corresponding to the slip value of s = 
10 mm, obtained for four analyzed concrete compressive 
strength values and three active bond lengths. Additionally, 
there is the comparison of calculated values of adhesive 
bond, maximum bond stress, and residual bond stress to 
average concrete compressive strength. The ratios of adhe-
sive bond and residual bond stress to the maximum bond 
stress, as well as the ratio of residual bond stress to adhesive 
bond, are also presented.

Based on the experimental study and analysis of the distri-
bution shape of bond stress-slip relationships (Fig. 16) and 
analysis of compared numerical values and calculated coef-
ficients (Table 8), one can notice a clear difference between 
these relations for HPC and the models proposed for normal-
strength concrete.

First, the slip value s1 changes substantially. It is the value 
needed to reach the maximum value of bond stress. One can 
adopt an average value for four analyzed concrete compres-
sive strength values equaling 0.46 mm. This value is very 
close to the value of 0.50 mm proposed by Huang et al.23 in 
their simplified model for HSC.

Other important parameters, calculated as average values 
for four analyzed concrete compressive strength values, are 
close to the values proposed by Abrams5,9:
•	 Average adhesive stress fb,a = 0.56fb,max in comparison to 

proposed value of 0.60fb,max
•	 Average maximum bond stress fb,max = 0.13fcm in 

comparison to proposed value of 0.19fcm

Fig. 3—General view of testing setup: (a) scheme (dimensions in mm); and (b) real setup. (Note: 1 mm = 0.0394 in.)

Fig. 4—Extensometer mounted at free end of plain steel bar 
during testing.
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•	 Average residual bond stress fb,res = 0.68fb,max in compar-
ison to proposed value of 0.50fb,max

•	 Average adhesive stress fb,a = 0.073fcm
The experimentally proved substantial increase in the 

slip value s1 is doubtless caused by high adhesion equaling 
between 3.2 and 6.3 MPa and sufficiently high maximum 
bond stress between 6.8 and 10.7 MPa. It is also important 

to mention that after reaching fb,max, the post-critical curve 
of bond stress-slip relationships falls very gently, which 
is proven by the reached value of fb,res = 0.68fb,max for s = 
10 mm. This value substantially exceeds the adhesive bond 
(1.23fb,a).

In the case of HPC, especially concrete containing silica 
fume, there is a considerable adhesive bond, higher than the 

Fig. 5—Tensile force-slip relationship of plain steel bar of 16 mm diameter with effective bond length of 40, 80, and 120 mm, 
in specimens of HPC, fc = 40 MPa.

Fig. 6—Tensile force-slip relationship of plain steel bar of 16 mm diameter with effective bond length of 40, 80, and 120 mm, 
in specimens of HPC, fc = 60 MPa.

Fig. 7—Tensile force-slip relationship of plain steel bar of 16 mm diameter with effective bond length of 40, 80, and 120 mm, 
in specimens of HPC, fc = 72 MPa.
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maximum bond stress reached in normal-strength concrete 
elements reinforced with plain steel bars. Therefore, it can 
be concluded that the proposed Eq. (1) for the ascending 
branch (based on the results obtained from the pullout test 
method) cannot be reliable for HPC. It should be underlined 
that slip values were measured at the free end of the plain 

steel bar. The adopted test method enables the evaluation of 
the real adhesive bond.

The initial bond strength fb,a (adhesive bond) depends on 
reinforcing bar diameter, concrete compressive strength, 
and embedment length. It can be observed from Tables 4 

Fig. 8—Tensile force-slip relationship of plain steel bar of 
16 mm diameter with effective bond length of 40, 80, and 
120 mm, in specimens of HPC, fc = 88 MPa.

Table 4—Bond strength of HPC to plain steel bars of 16 mm diameter tested on specimens of concrete 
compressive strength of 40 MPa

s, mm

fb (lemb = 40 mm), MPa fb (lemb = 80 mm), MPa fb (lemb = 120 mm), MPa Distribution parameters

1.I 1.II 2.I 2.II 1.I 1.II 2.I 2.II 1.I 1.II 2.I 2.II fb,ave, MPa CoV, MPa

Adhesion 2.16 3.22 3.15 2.97 2.89 — 3.53 3.35 3.58 4.04 2.6 3.8 3.21 16.9

0.01 2.37 3.35 3.31 3.09 2.9 — 3.96 3.57 3.85 4.07 2.78 3.85 3.37 16.2

0.025 2.78 3.91 3.49 3.57 3.17 — 4.66 4.15 4.01 4.35 2.99 4.25 3.76 16.08

0.1 5.34 5.03 4.65 5.68 4.68 — 6.85 6.04 4.76 5.33 3.97 5.62 5.27 14.86

0.254 7.54 6.45 6.04 7.44 6.25 — 7.93 7.14 5.61 5.72 5.33 6.49 6.54 13.17

1 7.26 6.5 6.28 6.85 6.3 — 7.18 6.45 5.77 5.55 5.49 6.2 6.35 9.34

2.54 6.12 5.73 5.55 5.7 5.42 — 5.93 5.2 5.34 5.12 4.73 5.43 5.48 7.11

4 5.5 5.22 5.27 5.06 4.91 — 5.1 4.6 5.22 4.97 4.39 5.12 5.03 6.2

6 5.03 4.94 4.92 4.51 4.5 — 4.51 4.13 5.08 4.89 4.11 4.89 4.68 7.41

8 4.62 4.63 4.86 4.17 4.24 — 4.08 3.85 5.03 4.85 3.91 4.73 4.45 9.32

10 4.46 4.59 4.78 3.85 4.07 — 3.73 3.58 5.03 4.86 3.8 4.65 4.31 11.94

fb,max, MPa 7.83 6.81 6.42 7.57 6.59 — 8 7.22 5.83 5.78 5.69 6.61 6.76 12.1

s(fb,max), mm 0.41 0.5 0.56 0.36 0.52 — 0.34 0.36 0.58 0.4 0.57 0.4 0.45 20.25

Note: Specimen 1.II was damaged by a worker during the demolding process; CoV is coefficient of variation. 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Fig. 9—Average values of bond stress-slip relationship in 
HPC specimen with plain steel bar (lemb = 40 mm).

Fig. 10—Average values of bond stress-slip relationship in 
HPC specimen with plain steel bar (lemb = 80 mm).

Fig. 11—Average values of bond stress-slip relationship in 
HPC specimen with plain steel bar (lemb = 120 mm).
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to 7 for the specimens with longer embedment lengths that 
the chemical adhesion is increased with the bond area, and 
a larger bond area can be provided by the specimens with 
longer embedment lengths.

The decrease in maximum bond stress with larger embed-
ment length is also observed in the aforementioned tables as 
well as in Fig. 12, 13, and 15. In each case, the maximum 
value of the bond stress-slip relationship is attained for the 
embedment length equal to 40 mm. The decrease in ulti-
mate bond strength with larger embedment length has also 
been reported by other researchers.12 The main reason is 
the nonlinear distribution of bond stress carried by fric-
tion and mechanical locking action along the embedment 

length, which becomes more nonuniform with the increasing 
embedment length.

Taking into consideration the results of the bond stress-slip 
relationship obtained for specimens with embedment lengths 
of 40, 80, and 120 mm for analyzed concrete compressive 
strength, the dependency of the relative bond stress fb/fcm and 
fb/(fcm)1/2 was examined. The influence of HPC compressive 
strength and the square root of the strength on the relative 
bond stress-slip relationship for 16 mm diameter plain steel 
bars is shown in Table 9. It can be concluded that the bond 
strength increases proportionally to the square root of the 
compressive strength of concrete.

Table 5—Bond strength of HPC to plain steel bars of 16 mm diameter tested on specimens of concrete 
compressive strength of 60 MPa

s, mm

fb (lemb = 40 mm), MPa fb (lemb = 80 mm), MPa fb (lemb = 120 mm), MPa Distribution parameters

3.I 3.II 4.I 4.II 3.I 3.II 4.I 4.II 3.I 3.II 4.I 4.II fb,ave, MPa CoV, MPa

Adhesion 4.24 3.97 4.62 3.88 3.59 5.06 4.23 4.13 3.05 3.78 3.76 4.14 4.04 12.59

0.01 4.52 4.28 5.04 4.12 3.70 5.14 4.35 4.21 3.15 3.81 3.82 4.25 4.20 13.17

0.025 4.71 4.75 5.45 4.37 4.02 5.19 4.68 4.25 3.74 3.98 3.98 4.72 4.49 11.6

0.1 5.71 6.39 6.57 5.58 5.46 6.24 5.80 5.76 5.71 5.57 5.02 6.23 5.84 7.56

0.254 7.25 7.88 7.84 6.99 6.86 7.54 6.87 7.49 6.98 6.82 5.96 7.18 7.14 7.36

1 7.63 7.88 8.03 6.97 7.08 7.33 6.56 7.26 6.82 6.60 6.00 6.78 7.08 8.29

2.54 6.74 6.92 7.35 6.39 6.23 6.43 5.41 5.94 5.91 5.59 5.43 5.74 6.17 9.98

4 6.35 6.32 6.81 6.26 5.83 5.88 4.81 5.20 5.23 5.10 5.13 5.30 5.69 11.25

6 6.05 5.81 6.34 5.74 5.57 5.53 4.30 4.75 4.87 4.69 4.95 4.87 5.29 11.95

8 5.80 5.49 6.08 5.40 5.37 5.31 4.01 4.38 4.57 4.43 4.82 4.67 5.03 12.66

10 5.72 5.22 6.04 5.31 5.31 5.15 3.80 4.16 4.42 4.16 4.76 4.52 4.88 14.05

fb,max, MPa 7.76 8.22 8.21 7.26 7.31 7.78 7.04 7.83 7.21 7.04 6.20 7.29 7.43 7.66

s(fb,max), mm 0.59 0.54 0.54 0.43 0.53 0.44 0.43 0.42 0.47 0.43 0.53 0.38 0.48 13.92

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Table 6—Bond strength of HPC to plain steel bars of 16 mm diameter tested on specimens of concrete 
compressive strength of 72 MPa

s, mm

fb (lemb = 40 mm), MPa fb (lemb = 80 mm), MPa fb (lemb = 120 mm), MPa Distribution parameters

5.I 5.II 6.I 6.II 5.I 5.II 6.I 6.II 5.II 5.II 6.I 6.II fb,ave, MPa CoV, MPa

Adhesion 5.76 4.51 5.65 4.97 6.28 5.77 4.11 5.34 5.67 5.62 4.8 5.82 5.36 11.79

0.01 6.06 4.69 6.49 5.12 6.5 5.85 4.38 5.37 5.69 5.64 4.87 6.08 5.56 12.38

0.025 6.32 5.11 7.18 5.51 6.85 6.22 5.11 5.78 6.14 5.98 5.32 6.58 6.01 11.16

0.1 7.35 6.8 7.71 7.33 7.66 7.37 7.38 7.07 6.87 7.39 7.09 7.88 7.32 4.47

0.254 8.5 8.33 8.16 8.88 8.29 8.25 8.91 7.89 7.4 8.55 9.08 8.68 8.41 5.58

1 8.89 8.19 8.23 8.72 8.36 7.94 8.73 7.61 7.46 8.44 9.23 8.2 8.33 6.19

2.54 8.29 7.26 7.7 7.83 7.84 6.96 7.77 6.64 7.07 7.45 8.23 7.16 7.52 6.8

4 7.99 6.8 7.57 7.35 7.51 6.41 7.3 6.21 6.9 6.95 7.84 6.41 7.1 8.19

6 7.58 6.46 7.26 6.96 7.36 6.08 7.1 5.96 6.77 6.69 7.61 5.81 6.8 9.12

8 7.33 6.16 7.19 6.57 7.19 5.87 6.8 5.74 6.65 6.48 7.43 5.6 6.59 9.64

10 7.17 5.99 7.31 6.22 7.14 5.64 6.57 5.69 6.56 6.31 7.36 5.3 6.44 10.89

fb,max, MPa 9.01 8.57 8.34 9.21 8.5 8.4 9.21 8.02 7.56 8.81 9.55 8.79 8.66 6.4

s(fb,max), mm 0.65 0.45 0.66 0.48 0.5 0.4 0.47 0.41 0.52 0.47 0.52 0.37 0.49 18.13

Note: fcm = fc,cyl; 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.
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Table 7—Bond strength of HPC to plain steel bars of 16 mm diameter tested on specimens of concrete 
compressive strength of 88 MPa

s, mm

fb (lemb = 40 mm), MPa fb (lemb = 80 mm), MPa fb (lemb = 120 mm), MPa
Distribution 
parameters

7.I 7.II 8.I 8.II 7.I 7.II 8.I 8.II 7.I 7.II 8.I 8.II
fb,ave, 
MPa

CoV, 
MPa

Adhesion 7.18 5.15 6.25 6.51 6.65 5.71 7.09 5.95 4.89 7.05 6.68 6.13 6.27 11.85

0.01 7.54 5.21 6.32 6.74 7.16 5.95 7.92 6.24 5.05 7.23 6.84 6.17 6.53 13.48

0.025 7.76 5.91 6.58 7.15 7.48 6.61 8.34 6.97 5.93 7.53 7.33 6.46 7 10.53

0.1 10.7 9.09 7.67 9.21 8.4 9.07 9.58 9.41 8.14 9.13 8.88 8.66 8.99 8.54

0.254 13.07 11.14 8.83 10.71 9.01 10.54 10.32 10.95 9.19 10.87 10.24 10.25 10.43 10.89

1 12.69 10.81 9.14 10.56 8.7 10.05 9.67 10.23 8.65 10.81 9.9 10.31 10.13 10.8

2.54 10.85 9.34 8.64 9.28 7.99 8.85 8.4 8.84 7.45 9.77 8.9 9.29 8.97 9.66

4 9.82 8.43 8.24 8.75 7.71 8.1 7.83 8.26 6.86 9.34 8.49 8.86 8.39 9.19

6 9.01 7.7 7.93 8.22 7.57 7.67 7.26 7.71 6.45 9.05 8.16 8.48 7.93 9.14

8 8.37 7.2 7.92 7.85 7.41 7.4 6.83 7.47 6.08 8.84 7.82 8.28 7.62 9.68

10 7.31 6.75 7.74 7.6 7.24 7.15 6.52 7.06 5.78 8.63 7.63 8.14 7.3 10.27

fb,max, MPa 13.55 11.43 9.3 11.02 9.09 10.76 10.39 11.05 9.31 11.22 10.39 10.67 10.68 11.23

s(fb,max), mm 0.39 0.42 0.56 0.42 0.39 0.43 0.36 0.36 0.38 0.5 0.41 0.55 0.43 16.25

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Fig. 12—Average values of bond stress-slip relationship for 
HPC of fc = 40 MPa to plain steel bar with varied effective 
bond length.

Fig. 13—Average values of bond stress-slip relationship for 
HPC of fc = 60 MPa to plain steel bar with varied effective 
bond length.

Fig. 14—Average values of bond stress-slip relationship for 
HPC of fc = 72 MPa to plain steel bar with varied effective 
bond length.

Fig. 15—Average values of bond stress-slip relationship for 
HPC of fc = 88 MPa to plain steel bar with varied effective 
bond length.
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The most critical factor for bond strength under a certain 
bar diameter is concrete compressive strength. Based on the 
obtained results, a new bond stress-slip model was proposed 
as follows

	​​f​ b​​  =  ​
{

​
​f​ b,a​​ + ( ​f​ b,max​​ − ​f​ b,a​​ )  ⋅ ​​(​  s _ ​s​ max​​ ​)​​​ 

α
​
​ 

0  ≤  s  ≤  ​s​ max​​
​    

​f​ b,max​​ − a ⋅ ln​(​  s _ ​s​ max​​ ​)​
​ 

​s​ max​​  <  s  ≤  10 ​​mm
​
}

​​		

		  (5)

where fb,a = 0.58(fc)1/2; fb,max = 1.04(fc)1/2; concrete compres-
sive strength fc = fc,cyl; s is slip; slip at maximum bond smax = 
0.46 mm; and the coefficients a = 0.85 and α = 0.35.

The starting point for the consideration of the bond 
model was the model developed by Melo et al.9 However, 
the assumptions made by Melo et al.9 involved a complex 
calculation of the function coefficients, making their model 
impractical.

The basic aims for the construction of the new model were: 
1) a reflection of the real phenomenon in HPC; 2) simplifica-
tion of functions for practical applications; and 3) consider-
ation of adhesive bond.

The ascending branch starts from the adhesive bond and 
represents the contribution of mechanical micro-interlocking 
and friction on the bond strength. The descending branch 
represents progressive friction degradation and second-
order micro-interlocking. The proposed model formulation 
is limited to HPC with a compressive strength range of 40 
to 90 MPa.

CONCLUSIONS
Based on the experimental study and analysis conducted 

on the bond behavior of plain steel bars with high-perfor-
mance concrete (HPC), the main conclusions can be drawn 
as follows:

1. The bond stress-slip relationships are stable for a 
concrete compressive strength range of 40 to 90 MPa. The 
maximum bond stress value fb,max = 0.13fcm can be predicted 

Fig. 16—Average values of bond stress-slip relationship for 
HPC to plain steel bar taking into consideration all tested 
specimens.

Table 8—Average values of HPC bond strength to plain steel bar of 16 mm diameter

fc, MPa fba, MPa fb,max, MPa fb,res, MPa smax, mm fb,a/fcm fb,max/fcm fb,res/fcm fb,a/fb,max fb,res/fb,max fb,res/fb,a

40 3.21 6.76 4.31 0.45 0.080 0.169 0.108 0.475 0.637 1.343

60 4.04 7.43 4.88 0.48 0.067 0.124 0.081 0.544 0.657 1.208

72 5.36 8.66 6.44 0.49 0.074 0.120 0.089 0.619 0.744 1.201

88 6.27 10.68 7.30 0.43 0.071 0.121 0.083 0.587 0.683 1.164

Average — — — 0.46 0.073 0.133 0.090 0.556 0.680 1.229

Notes: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Table 9—Influence of HPC compressive strength and square root of strength on relative bond stress-slip 
relationship for plain steel bar of 16 mm diameter

s, mm

fb/fc

CoV, %

fb/(fc)1/2

CoV, %40 60 72 88 Average 40 60 72 88 Average

Adhesion 0.080 0.067 0.074 0.071 0.073 7.45 0.508 0.522 0.632 0.668 0.582 13.71

0.01 0.084 0.070 0.077 0.074 0.076 7.85 0.533 0.542 0.655 0.696 0.607 13.45

0.025 0.094 0.075 0.083 0.080 0.083 9.84 0.595 0.580 0.708 0.746 0.657 12.57

0.1 0.132 0.097 0.102 0.102 0.108 14.63 0.833 0.754 0.863 0.958 0.852 9.91

0.254 0.164 0.119 0.117 0.119 0.129 17.55 1.034 0.922 0.991 1.112 1.015 7.84

1 0.159 0.118 0.116 0.115 0.127 16.77 1.004 0.914 0.982 1.080 0.995 6.87

2.54 0.137 0.103 0.104 0.102 0.112 15.24 0.866 0.797 0.886 0.956 0.876 7.49

4 0.126 0.095 0.099 0.095 0.104 14.32 0.795 0.735 0.837 0.894 0.815 8.27

6 0.117 0.088 0.094 0.090 0.097 13.66 0.740 0.683 0.801 0.845 0.767 9.25

8 0.111 0.084 0.092 0.087 0.093 13.27 0.704 0.649 0.777 0.812 0.735 9.94

10 0.108 0.081 0.089 0.083 0.090 13.39 0.681 0.630 0.759 0.778 0.712 9.67

Note: 1 mm = 0.0394 in.
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at the bar slip of 0.46 mm. The residual bond stress at the 
level of 0.09fcm is predicted for the bar slip of 10 mm.

2. The initial bond strength (adhesive bond) is increased 
with longer embedment length and compressive concrete 
strength. The adhesive bond stress is approximately 55% of 
the maximum bond stress. In practical engineering applica-
tions, the relationship fb,a = 0.07fcm may be adopted in the 
case of HPC members in which the concrete is mechanically 
compacted.

3. The maximum bond stress is decreased with a longer 
embedment length of the plain steel bar. Moreover, the differ-
ence between the maximum bond stress values resulting 
from these experimental investigations (lemb = 40, 80, and 
120 mm) with HPC strength varied from 40 to 90 MPa is at 
a level of 10%.

4. The experimental investigations demonstrated that the 
bond strength increases proportionally to the square root 
of the compressive strength independently of the concrete 
compressive strength. Suitable calculation coefficients are 
listed in Table 9.

5. A new bond stress-slip model with the initial bond 
strength (adhesive bond) and the lower convex property in 
predicting the post-peak branch is proposed, and good agree-
ment can be achieved by comparing the test results with the 
theoretical predictions. The bond stress against free-end slip 
was adopted in the experimental study.
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Reinforced concrete flat-plate systems are widely adopted in build-
ings owing to ease of construction and facilitating larger clear 
story heights. Flat plates are routinely designed for two-way 
shear to preclude brittle punching failures. Accurate assessment 
of concrete contribution to shear strength is particularly important 
for flat plates in carrying out a reliable and economical design. To 
address this, an efficient analytical method based on the softened 
strut-and-tie model to estimate punching capacity of flat plates 
without shear reinforcement under gravity loading is presented. 
The proposed method can account for the influence of various 
key parameters such as concrete strength, plate thickness, column 
geometry, longitudinal reinforcement area, and arrangement of 
tension reinforcement. The proposed method, when verified against 
data from 224 specimens reported in the literature, showed reason-
ably good accuracy with a mean test-to-estimated capacity ratio 
of 1.20 and a coefficient of variation (CoV) of 0.19. In compar-
ison, average capacity ratios using ACI 318-19 and Eurocode 2 
provisions were 1.60 and 1.27 (CoV of 0.34 and 0.29), respectively. 
A comprehensive discussion on the effects of key parameters on 
punching behavior of flat plates without shear reinforcement is 
presented, and suggestions to improve existing design provisions 
are provided.

Keywords: ACI 318; analytical model; design codes; Eurocode 2; flat 
plates; punching; reinforced concrete; shear strength; softened strut-and-tie 
(SST).

INTRODUCTION
Reinforced concrete (RC) flat-plate systems consist of 

slabs and columns without beams or capitals, offering consid-
erable benefits in clear floor height, fast constructability, and 
overall economy. Flat plates are routinely adopted in high-
rise buildings as the improved floor height per story, archi-
tectural ease, and construction speed can result in notable 
time and cost savings. Nevertheless, the use of these systems 
comes with a drawback as they are particularly susceptible to 
brittle punching failure near column-slab connections owing 
to severe stress demands. This vulnerability can potentially 
lead to progressive cascading collapse.1,2

Punching in flat plates is typically viewed as a case of 
two-way shear with additive contributions from concrete 
and shear reinforcement. Although the addition of shear rein-
forcement in flat plates benefits punching capacity, there are 
practical difficulties in placing shear reinforcement due to 
restrictive thickness requirements for flat plates. As a result, 
researchers have focused on investigating the concrete 
contribution more extensively by conducting experimental 
studies on flat plates without shear reinforcement. Addi-
tionally, several experimental efforts were undertaken to 

quantify the benefits of shear reinforcement addition in the 
form of stirrups, as well as in special forms such as stud 
rails and steel plates on punching.3-7 However, these are 
not within the scope of this paper. Instead, this study aims 
to understand and accurately estimate the contribution of 
concrete toward two-way shear strength in RC flat plates. 
It should also be noted that designers sometimes choose to 
add drop panels or column capitals (commonly known as flat 
slabs) for improving shear strength, albeit at the expense of 
increased material and construction costs. However, these 
specific elements are not the focus of this work. Nonethe-
less, the recommendations provided herein are also relevant 
for flat slabs. Hereon, the discussion is limited to interior 
flat plates without any shear reinforcement under monotonic 
gravity loading.

Current design codes such as ACI 318-198 and Euro-
code  29 adopt empirical equations for estimating concrete 
contribution to punching resistance. These are summarized 
as follows:

For interior slab-column connections with normal-strength 
concrete, ACI 318-19, Section 22.6.5.2 recommends the 
least of Eq. (1), (2), and (3) for two-way shear strength esti-
mation. Equation (2) is based on data10 showing less effi-
cient two-way shear action in members with higher column 
aspect ratios (β), whereas Eq. (3) accounts for reduction in 
shear strength with increase in bo/d based on Vanderbilt.11 In 
general, Eq. (2) governs the design when β is greater than 
2, and Eq. (3) is applicable when bo/d is over 20; otherwise 
Eq. (1) controls. In addition, shear strength not increasing in 
direct proportion with member depth, defined as size effect, 
is accounted for using Eq. (4). Detailed discussion of these 
geometric effects is continued in later sections. Notably, 
ACI 318-19 does not consider the influence of tension rein-
forcement on two-way shear strength for flat-plate members.

	​ ​v​ ACI​​  =  P/​b​ o​​ d  =  0.33 ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′  ​(MPa)​ or 4 ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′ ​(psi)​​	 (1)

​​v​ ACI​​  =  0.17​(1 + 2 / β)​ ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′  ​(MPa)​ or 

	 2​(1 + 2 / β)​ ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′  ​(psi)​​	 (2)
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	​ ​v​ ACI​​  =  0.17​(1 + 20d/​b​ o​​)​ ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′  ​(MPa)​ or 

	  2​(1 + 20d/​b​ o​​)​ ​λ​ s​​ ​√ 
_

 ​f​ c​   ​ ​′ ​(psi)​​	 (3)

	​ ​λ​ s​​  =  ​√ 
____________

  2 /​(1 + d / 250)​ ​  ​(d in mm)​ or  ​√ 
___________

 2 /​(1 + d / 10)​ ​ ​
(d in in.)​  ≤ 1.0​		  (4)

Another design code, Eurocode 2 through Section 6.4.4 
prescribes Eq. (5) for the estimation of punching strength of 

flat plates without stirrups.

	 υEC2 = P/b′od = 0.18/γc × k[100ρfc′]1/3 (MPa) or 

	 0.95/γc × k[100ρfc′]1/3 (psi)	 (5)

	​ k  =  1 + ​√ 
_

 200/d ​  ​(d in mm)​ or 1 + ​√ 
_

 8/d ​  ​(d in in.)​  ≤  2.0​		
		  (6)

The size effect factor in Eurocode 2 is represented by 
k, determined using Eq. (6). Eurocode 2 sets a lower limit 
of one for size effect factor (k = 1), while no such limit is 
enforced in ACI 318-19.

In contrast to ACI 318-19, which does not account for 
the contribution of tension reinforcement on two-way shear 
strength, Eurocode 2 guidelines suggest that the concrete 
contribution to shear strength is proportional to the cube 
root of tension reinforcement ratio. Another difference is 
that Eurocode 2 suggests that shear strength is proportional 
to the cube root of concrete strength, as opposed to a square 
root of concrete strength in ACI 318-19. Furthermore, ACI 
318-19 and Eurocode 2 adopt different ways of defining the 
critical or control sections for punching shear. ACI 318-19 
places the critical section at a distance d/2 away from 
column face, whereas Eurocode 2 positions it at four times 
that distance. This results in different shear stress values 
per each code for the same punching load. It should also be 
noted that design understrength is enforced in ACI 318-19 
through capacity reduction factors, whereas in Eurocode 2, 
material safety factors address this aspect. However, for this 
study, both factors are disregarded and assumed to be 1.0, 
with any design implications overlooked. This is a common 
practice to provide analysts with confidence in mean predic-
tions before introducing safety factors.

There is a lack of consensus in design provisions on what 
parameters are important and how much they contribute to 
two-way shear strength. Bridging this gap and enhancing 
existing code guidelines necessitates a thorough analysis of 
experimental data, where the goal is to verify and incorpo-
rate essential parameters into empirical code equations. This 
is achieved through a robust analytical model with consis-
tent load-transfer mechanisms, which clarifies physical 
significance of key parameters. Estimations from such an 
analytical method should align reasonably well with results 
from available parametric test studies in the literature, 
thereby providing broadly accurate estimations for punching 

capacity. Based on experimental and analytical results, 
inclusions or modifications of key parameters in code equa-
tions for design are suggested in this study.

RESEARCH SIGNIFICANCE
This paper proposes a simple yet accurate analytical 

method to estimate the punching strength of RC flat plates 
without shear reinforcement under gravity loading. The 
proposed analytical approach can aid engineers in under-
standing the importance of key parameters such as tension 
reinforcement and other geometric variables by clarifying 
their role in load resistance. Punching estimations of 224 
isolated flat plates without shear reinforcement using the 
proposed analytical model are compared with test results, as 
well as with estimations through code equations. Based on 
these comparisons, a need for improvement in code equa-
tions for better accuracy is highlighted, and suitable recom-
mendations are made. The results and suggestions presented 
in this paper can help engineers advance knowledge of 
concrete contribution toward the two-way shear strength and 
punching behavior in flat plates.

PREVIOUS STUDIES
Several tests on RC flat plates have been reported by 

researchers in the past, studying the influence of key mate-
rial, geometric, and reinforcement parameters on punching 
behavior of flat plates without shear reinforcement under 
vertical loading. A brief review of observed capacity vari-
ations associated with changes in tension reinforcement, 
concrete strength, column geometry, and slab geometry is 
provided as follows. Due to length limitations, only selected 
studies are discussed herein.

Tension reinforcement
The influence of tension reinforcement on punching 

capacity observed using two parametric studies12,13 is 
compiled in Fig. 1(a). In this figure, punching strength is 
expressed as peak two-way shear stresses calculated on the 
ACI critical section (υ) and further normalized for concrete 
strength using ​​√ 

_
 ​f​ c​   ​ ​′​. A general trend of improvement in ​v / ​

√ 
_

 ​f​ c​   ​ ​′​ could be seen with increase in ρ. For instance, tests by 
Marzouk and Hussein12 showed that an increase in ρ from 
0.5 to 2.4% in 120 mm (4.7 in.) thick plates resulted in an 
improvement of ​v / ​√ 

_
 ​f​ c​   ​ ​′​ by 155%. A similar improvement was 

also reported in both 150 and 90 mm (5.9 and 3.5 in.) thick 
plates. Likewise, Rankin and Long13 also reported a substan-
tial benefit in ​v / ​√ 

_
 ​f​ c​   ​ ​′​ (by 121%) when ρ was increased from 

0.4 to 2.0% for 51 mm (2.0 in.) thick plates, with similar 
trends observed in 46 and 64 mm (1.8 and 2.5 in.) thick 
slabs as shown in Fig. 1(a). Several other studies14-17 also 
reported notable improvements in punching strength with 
higher ρ values, which led to a broad research agreement on 
this matter.

Tension reinforcement arranged in nonuniform distribu-
tion with more concentration near the column region was 
also reported to benefit flat-plate performance in terms of 
higher loads at initial yielding, smaller maximum crack 
widths, and higher punching capacities when compared with 
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specimens with similar reinforcement areas but distributed 
uniformly.14,18-20 An important caveat while dealing with 
specimens with concentrated reinforcement near columns 
(sometimes referred to as banded reinforcement) is the 
increased risk of anchorage failure, which is detrimental to 
punching capacity. When failure is initiated by anchorage 
failure, benefits from the concentration of tension rein-
forcement may not be realized.21 Concentration of tension 
reinforcement was also reported to be beneficial in the 
post-punching performance of flat plates resisting vertical 
movement of the punched slab through catenary action and 
providing valuable post-punching resistance.22,23

Concrete compressive strength
The influence of concrete compressive strength on 

punching strength is depicted in Fig. 1(b) by plotting υ versus 

fc′ through data from three studies.12,14,24 As expected, higher 
concrete strength is shown to benefit punching strength in 
flat plates. The rate of increase in υ is largely proportional 
to ​​√ 

_
 ​f​ c​   ​ ​′​. However, this appears to be somewhat unconserva-

tive for flat plates with low ρ (~0.6%) tested by Ramdane,24 
where failure was reportedly due to the yielding of tension 
reinforcement. In such cases, variation of υ appears to be 
proportional to ​​

3
 √ 
_

 ​f​ c​   ​ ​′​. Current ACI 318-19 provisions advo-
cate ​v  ∝  ​√ 

_
 ​f​ c​   ​ ​′​, whereas the current Eurocode 2 suggests ​v  ∝ ​

3
 √ 
_

 ​f​ c​   ​ ​​′, as shown by Eq. (1) and (5), respectively.
Furthermore, lightweight aggregate concrete was reported 

to reduce punching capacity in flat plates. Based on several 
tests, Ramdane24 proposed additional strength reduction 
proportional to the ratio of aggregate densities when using 
lightweight aggregates. In another study,25 performance 
of flat plates with high-strength concrete with lightweight 
aggregates was observed to be only as good as those with 
normal-strength concrete with normal aggregates. A detailed 
discussion on the performance of flat plates with lightweight 
aggregates is beyond the scope of this paper.

Geometry
ACI 318-19, through Eq. (2), advocates a reduction in 

two-way shear strength for flat plates with rectangular 
columns with β (equal to cmax/cmin) greater than 2, noting 
that peak shear stress on the critical section reduces along 
the long side of column due to inefficient two-way action 
as compared with flat plates consisting of square columns.10 
To further examine this, ​v / ​√ 

_
 ​f​ c​   ​ ​′​ reported in tests26-29 studying 

column rectangularity are plotted against cmax/cmin (equal to 
β) in Fig. 2(a). In several specimens plotted in Fig. 2(a), crit-
ical perimeter bo was not controlled while varying cmax/cmin. 
As a result, ​v / ​√ 

_
 ​f​ c​   ​ ​′​ is also plotted in Fig. 2(b) against the ratio 

of ACI control perimeter to effective depth (bo/d), defined as 
geometric ratio. Although Fig. 2 demonstrates a weak trend, 
indicating a reduction in ​v / ​√ 

_
 ​f​ c​   ​ ​​′ with increase in cmax/cmin, a 

closer look in conjunction with the effect of bo/d suggests 
that this reduction may be due to an increase in column 
perimeter and associated critical perimeter at larger values 
of cmax/cmin. In other words, when column perimeter (and 
consequently bo/d) is controlled, the influence of cmax/cmin on  
​v / ​√ 

_
 ​f​ c​   ​ ​​′ may not be appreciable. Results from two studies26,28 

with controlled bo/d corroborate this. Furthermore, 
ACI  318-19 recommends a reduction in two-way shear 
strength of flat plates with higher bo/d through Eq.  (3). 
When bo/d is less than 20, this reduction is not enforced as 
shear strength estimated using Eq. (1) is lower than Eq. (3). 
However, as bo/d exceeds 20, Eq. (3) controls the shear 
strength of interior flat plates. While the rationale behind 
Eq. (3) cannot be directly verified through Fig. 2(b), as bo/d 
values for these specimens are lower than 18, there appears 
to be a reduction in ​v / ​√ 

_
 ​f​ c​   ​ ​′​ even when bo/d is below 20.

Another aspect of flat-plate geometry is plate thickness. 
Selected tests14,16,27,30,31 capturing the influence of plate 
thickness (and effective depth) on normalized shear strength 
(​v / ​√ 

_
 ​f​ c​   ​ ​′​) are represented in Fig. 3, where a notable reduction 

Fig. 1—Variation of observed normalized shear strengths 
with: (a) tension reinforcement ratio; and (b) concrete 
strength.
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in unit shear strength could be observed. This phenom-
enon, known as size effect, is an important consideration for 
shear-dominant RC members without shear reinforcement.32 
The data from Fig. 3 affirm that size effect is apparent for flat 
plates likely failing in shear. For flat slabs with low ρ values 
(≤0.4%) reported by Guandalini et al.,31 no reduction in 
strength with size was observed. Ignoring these data points 
from lightly reinforced specimens associated with probable 
flexural failure, Fig. 3 illustrates a general decline in ​v / ​√ 

_
 ​f​ c​   ​ ​​ 

with size, which is safely captured by ACI 318-19 size effect 
provisions, with all data points located above the trend line 
plotted using Eq. (4).

Comparing the size effect provisions in design codes, 
ACI 318-19 suggests that size effect is expected in members 
with d over 250 mm (10 in.), whereas Eurocode 2 proposed 
size effect begins at d over 200 mm (8 in.). However, both 
Eq. (4) and (6) indicate that the rate of strength reduction due 

to size is proportional to ​1 / ​√ 
_

 d ​​; and both equations would 
result in similar rate of strength reduction, as highlighted in 
Fig. 3. Readers are encouraged to refer to relevant litera-
ture33,34 for a comprehensive discussion and design implica-
tions of size effect in two-way shear members.

The foregoing discussion highlights that punching perfor-
mance and strength of flat slabs are significantly influenced 
by several key parameters. However, as underscored previ-
ously in the introduction of this paper, current design codes 
adopting an empirical approach do not (or only partially) 
consider influence of some key parameters on shear strength 
estimation. In this study, an effort to fill this gap is carried out 
by proposing a reliable analytical method based on consistent 
force transfer mechanisms and capturing major parameters. 
This analytical method is based on the softened strut-and-tie 
model (SST).35 Performance of this analytical method is 
evaluated with estimations from existing design codes using 
a large database of 224 isolated interior flat-plate specimens 
collated by the authors. The database covers a wide range of 
material and geometric parametric variations. Details of all 
these specimens are tabulated in the Appendix* of this paper.

ANALYTICAL PROCEDURE FOR PUNCHING 
CAPACITY ESTIMATION

The proposed analytical approach for punching capacity 
estimation of RC flat-plate members without shear rein-
forcement is based on the SST model. This model has 
been proven to be accurate and reliable in predicting the 
strength of D-regions (D stands for deformed or discontin-
uous regions) such as beam-column joints, deep beams, and 
squat walls.35,36 The SST model is also efficient in predicting 
punching capacities of two-way members such as pile caps 
by evaluating multiple single D-regions formed between 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.	

Fig. 2—Variation of observed normalized shear strengths 
with: (a) column aspect ratio; and (b) geometric ratio.

Fig. 3—Variation of normalized shear strengths with size.
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columns and piles.37,38 The analytical procedure proposed for 
estimating the punching capacity of flat plates under vertical 
loading is extended from the previously cited authors’ 
work on pile caps. Unlike pile caps, flat plates are slender 
members typically characterized by D-B-D regions within 
a single span. Herein, the term B-region refers to a region 
where the Bernoulli compatibility condition is satisfied. In 
the proposed approach, shear and flexural performances 
of flat plates are separately assessed, and the smaller value 
of the two is chosen as the member capacity. This section 
outlines in detail the force transfer mechanisms and capacity 
estimation procedures used in the proposed approach.

Shear capacity
Shear resistance under vertical loading in flat plates is 

facilitated by the formation of concrete struts emerging from 
the column. Typical strut formation in a square flat-plate 
system vertically loaded through a square column is shown 
in Fig. 4. Shear failure in flat plates is characterized by the 
development of severe stresses near the column and crushing 
of concrete struts toward the column. Consequently, the 
strength of each concrete strut originating from the column 
region contributes to the overall shear capacity of flat plates. 
Thus, shear capacity corresponds to the cumulative capacity 
of all concrete struts originating from the column. The 
capacity of each strut is dependent on both inclination and 
area of the concrete strut providing punching resistance.

The inclination of diagonal struts in members with a 
single D-region within each shear span, such as pile caps 
and deep beams, depends on the shear span-depth ratio 
of these members—that is, struts extend from column or 
loading area to support. However, flat plates typically have 
high shear span-depth ratios, resulting in the formation of 
D-B-D regions between column and support. In flat plates, 
considering concrete struts to extend directly from column 
to support would lead to very small angles of strut incli-
nations that are not practical. Thus, a constant inclination 
angle of 26.6 degrees is assumed for concrete struts in flat 
plates, which is the lower limit allowed in the conventional 
strut-and-tie method based on strut stability.39 Similar incli-
nations of struts (26.6 degrees relative to the longitudinal 
axis) were also observed in nonductile columns with insuf-
ficient shear reinforcement.40,41 This limit is commonly 
accepted, with ACI 318-19 also advocating a similar angle 
(rounded off to 25 degrees) as a lower limit through Section 
23.2.7, particularly for members with insufficient or no shear 
reinforcement.

Concrete strut area is influenced by both bearing stresses 
from the column and horizontal compressive stresses gener-
ated through flexural actions in flat plates. For the strut 
formation, which occurs at an early stage of loading, it is 
not reasonable to consider reinforcement over the entire 
width. Instead, only the tension reinforcement bars located 
within a 45-degree influence of truncated pyramid as high-
lighted in Fig. 4(c) are considered effective for struts. This 
follows an assumption that bearing pressure is transmitted at 
a 45-degree angle relative to the direction of loading. Thus, 
for a typical flat plate depicted in Fig. 4 with a uniformly 
distributed tension reinforcement of average ratio ρ, equal 

to At/Ld, the reinforcement effective for struts (Ate), which 
contributes to flexural compression, is given by Eq. (7). 
If tension reinforcement is nonuniformly distributed, ρ is 
calculated using bar spacing near the column region rather 
than using an average value.

	 Ate = ρ × d × (c + 2d)	 (7)

The width of concrete strut is established through the 
concept of effective loading width (be) that represents the 
width of stressed region surrounding the column. Both 
bearing and flexural actions developed within flat plate are 
considered simultaneously for deriving be. This follows an 
iterative procedure that aims to capture consistent interac-
tions of flexural and bearing actions illustrated in Fig. 5. 
This iterative procedure aims to derive mutually consistent 
flexural width (bf) and shear width (bs). The procedure can 
be initialized with any practical value of bf. However, it is 
suggested to use c + d/2 as a reasonable initial estimate for 
fast convergence. The corresponding reinforcement ratio is 

Fig. 4—Strut formation in typical flat-plate member.
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calculated using Eq. (8). Assuming a singly reinforced beam 
with a width bf and a corresponding reinforcement ratio ρe, 
flexural compression depth is calculated using Eq. (9)

	 ρe = Ate/bfd	 (8)

	​ kd  =  ​(​√ 
____________

  ​​(n​ρ​ e​​)​​​ 2​ + 2n​ρ​ e​​ ​ − n​ρ​ e​​)​ × d​	 (9)

In the next step, bs is calculated at the centroid of linearly 
varying flexural compression zone of depth kd considering 
the bearing stress dispersion into the plate at a 45-degree 
angle. Thus, bs in the current iteration is calculated through 
Eq. (10) and compared with the assumed bf in the same 
cycle. If they are not equal, bf is modified and the next iter-
ation is carried out by selecting a larger value for bf when bs 
is larger than the current bf, and vice versa.

	 bs = c + 2 × kd/3	 (10)

This iterative procedure is repeated until bf and the resul-
tant bs are equal. The width from the final iteration where bf 
equals bs is chosen as the width of the concrete strut (be). The 
area of concrete strut is then estimated as follows

	 Astr = be × kd	 (11)

The compression capacity of concrete strut takes into 
account softening behavior of concrete caused by the 
presence of transverse tensile strains within the strut. The 
compression capacity is calculated through Eq. (12). For the 
calculation of ζ, a simplified expression proposed by Hwang 
and Lee,42 as shown in Eq. (13), is adopted.

	 Cd = ζfc′ × Astr	 (12)

	​ ζ  =  3.35 / ​√ 
_

 fcʹ ​​(  ​f​ c​   ​′  in MPa)​ or 

	 40 / ​√ 
_

 fcʹ ​​( ​f​ c​   ​ ′ in psi)​ ≤  0.52​	 (13)

Thus, for a typical square flat plate and column arrange-
ment as shown in Fig. 4, vertical punching load required 
to develop capacities in all four concrete struts (inclined at 
26.6 degrees) is calculated using Eq. (14). Subsequently, 
the ACI-proposed Eq. (4) is adopted to account for size 
effect. Recall that ACI size effect factor is effective in flat 
plates when d exceeds 250 mm (10 in.). In case of circular 
columns, it is recommended to transform them into an equal-
area square column for punching capacity estimations. For 
more complex conditions such as rectangular columns, 
rectangular plates, or nonequal orthogonal reinforcement 
arrangements, compression capacities of struts in orthogonal 
directions may not be equal but considered to contribute 
fully to the shear capacity.

	 Psh = λsƩCdsinθ = 4λs × Cd × sin 26.6°	 (14)

Flexural capacity
Flat plates with low reinforcement ratios are character-

ized by ductile response initiated by the yielding of tension 
reinforcement. Large ductility enables flat plates to undergo 
more significant deformations, engaging more reinforce-
ment and eventually developing a folded plate action. Such 
flat plates experience flexural punching failure as a result of 
concrete crushing in flexural compression at flexural critical 
sections. In such scenarios, adopting the yield-line theory for 
flat-plate capacity estimations is deemed reasonable.13 Thus, 
the flexural punching capacity in flat plates is determined 
using Bernoulli sectional analysis. Flexural critical sections 
are positioned at column edges and span the entire length of 
flat plates between opposite supports. Both compression and 
tension reinforcement orthogonal to each critical section and 
located between respective supports are taken into account 
for calculating the corresponding nominal bending moment 
capacity. The vertical column load required to generate these 
nominal bending capacities at critical sections is calculated 
using the clear spans from the column face to respective 
supports. Flexural actions on a typical isolated flat-plate 
specimen with a square column are illustrated in Fig. 6. 
Line supports in the isolated specimen shown in Fig. 6 
represent the inflection line in a prototype structure of a flat 
plate supported by grids of columns. The total vertical load 
required to develop nominal bending moments at all crit-
ical sections—assumed to occur simultaneously—is given 
by Eq. (15) for a square flat plate and square column setup. 
In cases where either the flat plate or column is rectangular, 
unequal spans in orthogonal directions must be considered 
to derive the flexural capacity.

	 Pf = ƩMn/a = 4 × Mn/a	 (15)

The lesser of shear and flexural capacities, obtained by 
Eq. (14) and (15), respectively, govern the failure mode and 
overall punching capacity of flat plates using the proposed 
method.

	 PSST = min(Psh, Pf)	 (16)

Fig. 5—Flowchart for effective loading width.
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VERIFICATION OF PROPOSED 
ANALYTICAL METHOD

To verify the robustness and efficacy of the proposed 
analytical approach, it is important to validate it using a 
diverse range of test data covering various material, rein-
forcement, and geometric parameters. To achieve this, the 
authors gathered a total of 224 isolated flat-plate specimens 
from 21 different test studies. These studies and the specific 
parameters varied in each study are listed in Table 1. Detailed 
information on all specimens can be found in the Appendix.

Capacity estimations for all 224 specimens were deter-
mined using three methods: proposed analytical (SST) 
method, ACI 318-19 method, and Eurocode 2 method. 
This section presents a comparison of results obtained from 
these three methods and conducts a relevant discussion. 
These three methods share a common approach when esti-
mating flexural capacity, but they differ in their assessments 
of shear capacity. Hence, analyzing the variations in their 
performances can provide valuable insights into evaluating 

two-way shear strength provisions in ACI 318-19 and Euro-
code 2.

Accuracy of capacity estimations
The punching capacity of flat plates as a function of 

various key parameters discussed in “Previous Studies” 
demonstrates the significance of geometry, reinforcement, 
and material properties. The proposed approach is employed 
to estimate punching capacities of all 224 specimens in the 
database, and these estimations are then compared with 
observed capacities. To gauge the accuracy of the estimates, 
test-to-estimated capacity ratios (or simply, capacity ratios) 
are presented. Mean capacity ratios and coefficients of vari-
ation (CoV) for each study are reported in Table 1. A mean 
ratio close to 1.0 and a low CoV indicate accurate predic-
tions. Capacity ratios using ACI 318-19 and Eurocode  2 
provisions, which are summarized in the introduction of 
this manuscript, are also added to Table 1 for comparison. 
Results in Table 1 show that the proposed SST approach 
performed reasonably well in estimating the punching 
capacity of flat plates with a wide range of parametric varia-
tions, showing an overall average capacity ratio of 1.20 and 
a low CoV of 0.19. Eurocode 2 specifications also proved to 
be reasonably accurate with an overall mean capacity ratio 
of 1.27, though with a slightly higher CoV of 0.29. On the 
other hand, ACI 318-19 estimations were more conservative, 
exhibiting an average capacity ratio of 1.60 and a relatively 
high CoV of 0.34. Further analysis is conducted to assess the 
efficiency of these three methods in capturing the influence 
of key parameters on punching capacities.

Influence of concrete strength and tension 
reinforcement

Capacity ratios obtained through three methods are 
compared visually in Fig. 7, along with respective failure 
modes, to illustrate their efficiency in capturing the influ-
ence of concrete strength fc′ (refer to Fig. 7(a) to (c)) and 
tension reinforcement ratio ρ (refer to Fig. 7(d) to (f)). For 
readability, x-axes in Fig. 7(d) to (f) are capped at 5% and 
data from eight specimens with higher ρ values are projected 
onto this limit line.

As discussed earlier in this manuscript, a higher fc′ is 
expected to improve punching capacity. The proposed 
approach suggests that punching capacity is directly propor-
tional to softened concrete strength (ζfc′) based on Eq. (12). 
Further, as per  Eq. (13), ζ assumes an upper limit of 0.52 
when fc′ is less than 42 MPa (6092 psi) and decreases as ​
∝ 1 / ​√ 

_
 ​f​ c​   ​ ​′  ​ for above 42 MPa (6092 psi). As a result, capacity 

predictions using the proposed approach are proportional to 
fc′ for normal-strength concrete and proportional to ​​√ 

_
 ​f​ c​   ​́ ​​ for 

high-strength concrete due to the softening phenomenon. 
For convenience, the term “high strength” is used in this 
discussion to refer to concrete with a strength greater than 
42 MPa (6092 psi). Results of specimens that failed in shear 
from Fig. 7(a) indicate that the proposed method effectively 
captured the influence of fc′ for both normal- and high-
strength concretes, resulting in consistent capacity ratios 
close to 1.0. In comparison, ACI 318-19 suggests ​v ∝​√ 

_
 fc ​​  , 

Fig. 6—Flexural capacity of typical flat-plate member.
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which may be reasonable for high-strength concrete but 
moderately overconservative for normal-strength concrete, 
which is reflected in Fig. 7(b). On the other hand, Euro-
code 2 proposes ​v  ∝  ​

3
 √ 
_

 fc ​​, which could result in underesti-
mating the influence of fc′ on shear strength, especially for 
normal-strength concrete. However, this over-conservative-
ness is not reflected in Fig. 7(c), as observed in Fig. 7(b) for 
ACI 318-19, on account of ρ factor in Eurocode 2.

Furthermore, the effect of tension reinforcement ratio 
(ρ) on punching capacity is particularly noteworthy from 
Fig.  7(e), revealing that ACI capacity ratios were increas-
ingly over-conservative with addition of tension reinforce-
ment. Recall that ACI 318-19 does not account for the 
effect of ρ on two-way shear strength. On the other hand, 
Eurocode 2 estimations performed relatively better (refer to 
Fig. 7(f)) because these provisions consider shear strength 
proportional to ​​3 √ 

_
 ρ ​​ (refer to Eq. (5)). However, even with 

Eurocode 2, underestimation in specimens with high ​ρ​ 
values (>3%) remained. The underestimation in heavily 
reinforced flat plates is the primary reason for a large scatter 
of ACI 318-19 and Eurocode 2 results shown in Fig. 7(b) 
and (c), respectively. The proposed approach considers the 
effect of ρ through the calculation of kd: high ρ values result 

in larger kd, which enhances strut capacity, and vice versa. 
As a result, the proposed analytical approach produced 
consistent capacity ratios over a wide range of ρ values, as 
depicted in Fig. 7(d). Additionally, the benefit to punching 
capacity with concentration of tension reinforcement near 
the column region is also well captured through the proposed 
SST method. The concentrated tension reinforcement is 
considered in Ate (Eq. (7)), which enhances strut depths and 
their corresponding capacities. Overall, the SST estimated 
punching capacities closely match test capacities in flat 
plates despite wide variation in ρ. This lends support to the 
function of tension reinforcement suggested by the proposed 
approach in punching resistance in flat-plate members.

It is also worth noting that previous research52,53 on 
one-way shear members recognizes the softened concrete 
strength (ζfc′) and tension reinforcement ratio (ρ) as two 
critical factors influencing failure due to shear compression. 
This aligns with the view of the proposed analytical model 
that shear punching in flat plates is a form of shear compres-
sion failure. Only 23 out of 224 specimens were predicted 
to experience flexural failure by the proposed approach, and 
all of them with ρ under 0.6%. Therefore, it is reasonable to 
conclude that punching in flat plates (except those with very 
low ρ) is generally controlled by shear.

Table 1—Previous experimental studies and prediction accuracies

S. No. Reference No. Parameters varied

Test-to-estimated capacity ratio

SST ACI 318-19 Eurocode 2

AVG CoV AVG CoV AVG CoV

1 Alexander and Simmonds19 8 fc′, d, ρ, ρ* 1.11 0.12 1.14 0.10 1.12 0.11

2 Banthia et al.43 1 — 1.32 — 1.32 — 1.32 —

3 Chen44 7 fc′,ρ 1.40 0.12 1.47 0.16 1.18 0.05

4 Chen et al.45 2 c, c/d 0.90 0.07 0.99 0.05 0.79 0.04

5 Corley and Hawkins5 2 c, ρ, c/d 1.22 0.01 1.35 0.06 0.96 0.02

6 Guandalini et al.31 11 da, fc′, L, d, c, ρ, c/d, λs 1.02 0.14 0.99 0.28 0.84 0.10

7 Hassan et al.46 1 — 1.04 — 1.29 — 0.90 —

8 Li30 6 L, d, c, ρ, c/d, a/d, λs 1.09 0.07 1.21 0.12 0.89 0.19

9 Liao47 6 fc′, L, ρ, a/d 1.10 0.15 1.40 0.22 1.26 0.15

10 Lin et al.15 64 fc′, fy, d, c, ρ, cmax/cmin, c/d, a/d 1.31 0.22 2.15 0.27 1.68 0.23

11 Marzouk and Hussein12 17 fc′, d, c, ρ, c/d, a/d 1.07 0.13 1.37 0.19 1.09 0.12

12 Matthys and Taerwe48 4 c, ρ, c/d 1.45 0.08 2.03 0.19 1.65 0.02

13 McHarg et al.18 2 ρ* 0.98 0.01 1.24 0.07 0.98 0.07

14 Ospina et al.49 1 — 1.01 — 1.02 — 1.02 —

15 Rankin and Long13 27 fc′, d, c/d 1.20 0.11 1.47 0.25 1.27 0.10

16 Regan14 18 da, fc′, fy, L, d, c, ρ, ρ*, c/d, a/d 1.18 0.13 1.47 0.18 1.13 0.13

17 Roll et al.50 8 fc′, fy, ρ 1.04 0.04 1.47 0.15 1.10 0.06

18 Sistonen et al.51 10 fc′, L, c, ρ, c/d 1.32 0.20 1.41 0.08 1.27 0.05

19 Swamy and Ali20 3 ρ, ρ* 1.06 0.07 1.07 0.08 1.04 0.10

20 Tomaszewicz16 13 fc′, L, d, c, ρ, c/d, a/d 1.12 0.07 1.50 0.07 0.91 0.08

21 Urban28 13 fc′, fy, c, ρ, cmax/cmin, c/d 1.14 0.16 1.40 0.22 0.99 0.07

TOTAL 224 — 1.20 0.19 1.60 0.34 1.27 0.29
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Influence of geometric variations
The variation of ACI normalized peak shear stresses with 

geometric ratios such as c/d, cmax/cmin, and bo/d are shown in 
Fig. 8. For failure classification, SST predicted failure modes 
were adopted. The influence of geometric parameters on 
punching strength, as well as relevant provisions from ACI 
318-19, are assessed through subplots Fig. 8(a) to (c). These 
plots show that much scatter is observed in normalized shear 
strengths with all three geometric parameters considered; and 
importantly, no clear trend in strength is observed with these 
parameters. ACI 318-19 penalizes two-way shear strength 
when cmax/cmin ≥ 2 and bo/d ≥ 20 through Section 22.6.5.2(b) 
(Eq. (2)) and Section 22.6.5.2(c) (Eq. (3)) respectively, 
whereas no specific provisions are applicable to capture 
the effect of c/d. While Fig. 8(b) showing no obvious trend 
in reduction of shear strength in flat plates with cmax/cmin ≥ 
2 suggests that penalizing shear strength for higher aspect 
ratio through Eq. (2) may not be necessary, more data on flat 
plates with bo/d  ≥ 20 are necessary to comment on Eq. (3).

The proposed SST approach efficiently captured the influ-
ence of geometric parameters, resulting in more consis-
tent stress ratios (test-to-estimated) close to 1.0 with all 
geometric variations, as shown in Fig. 8(d) to (f). These plots 
demonstrate that the proposed model efficiently captured 
geometric effects on shear strength, thereby reducing the 

scatter substantially. According to the proposed model, 
impact of c/d is accounted for through strut area calculations: 
a larger c value increases the strut area and corresponding 
capacity, and vice versa. Column rectangularity is taken into 
account by considering different strut areas (and capacities) 
in orthogonal directions. By reasonably capturing the influ-
ence of these two parameters, the proposed model produced 
consistent capacity ratios, even with variation in bo/d, which 
can be seen as a derivative of c/d and cmax/cmin.

RECOMMENDATIONS FOR CODE PROVISIONS
Normalized test shear strengths of all 224 flat plates are 

plotted in Fig. 9 against fc′ and ρ to analyze current design 
provisions of ACI 318-19 and Eurocode 2, specifically 
Eq. (1) and (5), respectively. Recall that shear strength varies 
in proportion to ​​√ 

_
 fc ​​ in ACI 318-19 versus ​​3 √ 

_
 fc ​​ in Eurocode 2. 

Additionally, ACI 318-19 does not consider the effect of ρ 
on two-way shear strength, whereas Eurocode 2 provisions 
consider that shear strength varies in proportion to ​​3 √ 

_
 ρ ​​. Due 

to these differences, normalization is carried out separately 
for ACI 318-19 and Eurocode 2, considering respective 
parameters. Strictly speaking, Eq. (1) and (5) are applicable 
only in case of specimens with shear failure. Thus, a clas-
sification of data with failure modes (flexure versus shear) 
becomes necessary. Ideally, experimental failure modes 

Fig. 7—Comparison of test-to-estimated capacity ratios.
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should be used to segregate shear-controlled specimens. 
However, such information is not available in many studies. 
Therefore, failure modes predicted using the proposed SST 
approach are chosen for classification in Fig. 9.

Variation of test strengths calculated upon ACI critical 
sections with fc′ is shown in Fig. 9(a). Although a handful of 
specimens lie below the green-colored ACI prediction line 
(indicating unsafe estimation), many of them failed in flexure 
and therefore can be ignored for assessing Eq. (1) (Note: Full-
color PDF of this paper can be accessed at www.concrete.
org.). Despite a considerable scatter, observed trends support 
ACI’s consideration that shear strength conservatively varies 
in proportion with ​​√ 

_
 fc ​​ for concrete strength up to 100 MPa 

(14.5 ksi). From Fig. 9(c), it is evident that higher normal-
ized strengths are observed in heavily reinforced flat plates, 
which is the main cause of a large scatter in Fig. 9(a). It is 
also evident that Eq. (1) produced unsafe predictions in flat 
plates with ρ less than 1%. The function of tension reinforce-
ment as highlighted and validated by the proposed analytical 
approach underscores the need for incorporating a reinforce-
ment factor into ACI 318-19 provisions for two-way shear 
strength. Such an inclusion could significantly enhance 
estimation accuracy and help designers address practical 
engineering challenges more efficiently. This is illustrated in 
Fig. 9(c) where the inclusion of ​​3 √ 

_
 100ρ ​​ to Eq. (1) (indicated 

by the dashed line) is shown to capture the increasing trend 

in shear strengths reasonably well. Because ACI 318-19 
already adopts a cube root expression for one-way shear, it 
is reasonable and convenient to extend the same to two-way 
shear. This modification not only mitigates severe underesti-
mation in heavily reinforced plates but also addresses some 
unsafe shear estimations in flat plates with ρ less than 1%. 
Overall, this modification would improve the accuracy of 
ACI 318-19 for two-way shear strength while maintaining a 
reasonable level of conservatism. The cube root expression 
for reinforcement factor is also supported by Cladera et al.,54 
who suggested that neutral axis depth is proportional to ​​3 √ 

_
 ρ ​​.

Variation of test strengths calculated upon the Eurocode 2 
suggested critical section with fc′ is shown in Fig. 9(b). 
As Eurocode 2 includes reinforcement factor, predictions 
(magenta lines) using different ρ values at 0.5% (typical) and 
2% (maximum permitted in Eq. (5)) are plotted separately. 
Several data points are considerably farther from the upper 
magenta line, indicating severe underestimation in many 
specimens. Further analysis using Fig. 9(d) reveals that even 
after eliminating the upper limit of 2% for ρ in estimation 
of two-way shear strength, predictions remained reasonably 
conservative. Hence, it is recommended that the upper cap 
for ρ (currently set at 2%) for shear strength estimation in 
Eurocode 2 may not be necessary. This recommendation is 
also consistent with the suggested ACI 318-19 modification, 
as well as with the proposed analytical approach.

Fig. 8—Model efficiency with geometric parameters.
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Furthermore, concerning size effect in two-way shear, 
Fig. 10 compares the provisions of ACI 318-19 and Euro-
code  2 with observed normalized shear strengths varying 
with d. Normalization was carried out with all ACI param-
eters in Eq. (1) other than λs in Fig. 10(a). Comparisons 
with the ACI size effect (green-colored line) show some 
unsafe shear estimations—that is, data points lying below 
the prediction line. However, as previously discussed in this 
paper, this could be attributed to the absence of ρ factor. 
Therefore, shear strengths in Fig. 10(a) are further normal-
ized with 100ρ1/3 to plot modified ACI normalized shear 
strengths in Fig. 10(b). The results demonstrate satisfactory 

performance of modified ACI provisions, including the size 
effect recommendation by conservatively capturing the unit 
shear strength reduction in thick plates (d over 250 mm 
[10 in.]). Therefore, it is recommended that quantification 
of strength drop due to size effect should be evaluated with 
normalization of shear strength incorporating the ρ factor. It 
is also worth noting that the authors’ suggestion to improve 
the ACI size effect based on pile cap tests to use cube root 
(denoted by λp) instead of square root also provided safe size 
effect estimations. However, it must be noted that differences 
in λs versus λp may be significant for pile caps but not as 
much for flat plates, where d rarely exceeds 600 mm (24 in.).

Fig. 9—Performance of code equations and proposed suggestions.
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A similar plot is generated for Eurocode 2, wherein 
observed shear strengths are normalized with all Eurocode 2 
parameters other than k and plotted against d, as shown in 
Fig. 10(c). The findings indicate that estimations provided 
by Eurocode 2 may be slightly inadequate for thicker 
slabs.  This is despite both λs and k/2 exhibiting propor-
tionality to ​1/​√ 

_
 d ​​, which results in similar size effect penal-

ties. Thus, Eurocode 2 overestimation in thick slabs is not 
attributed to k.  Instead, the reason for this overestimation 
lies in normalization, particularly in the control perimeter of 
Eurocode 2. For instance, the control perimeter boʹ in Euro-
code 2 is located at a distance 2d away from the column, as 
opposed to bo in ACI 318-19, which is located at one-fourth 
that distance. As d increases, boʹ increases at a faster rate 
than bo, thereby more severely suppressing normalized 
shear strength in thicker plates. One way to address this is to 
shift the control section inwards, closer to bo for the calcu-
lation of Eurocode 2 punching shear capacity, especially 
in thick flat plates. Furthermore, a comparison with the 
proposed approach reveals that punching is more accurately 
depicted through concrete crushing around the column. In 
other words, be is a more realistic measure to assess the 
punching phenomenon. Based on the collated database, the 
average be is found to be close to c + 0.3d. The ACI control 
section width is closer to this value and therefore resulted 
in better estimates in thick slabs, as shown in Fig. 10(b). 
On the contrary, the control section width in Eurocode 2 is 
positioned much farther away, especially for thick plates, 
resulting in unsafe Eurocode 2 predictions for such cases. 
Therefore, it is suggested that the location of control section 
for punching in two-way shear should be consistent with 
the concrete crushing phenomenon, and therefore, a control 
section width closer to be is more reasonable for punching. 
However, to comprehensively tackle this problem, a more 
extensive investigation of deep two-way shear members is 
necessary.

CONCLUSIONS
A novel analytical approach is proposed for assessing 

punching capacity in flat plates. In this approach, the load 
resistance is determined by considering multiple concrete 
struts in shear, with the strength of each strut independently 
evaluated using the softened strut-and-tie (SST) model. 

For estimating flexural capacity, nominal flexural bending 
moments in the flat plate are used. The proposed approach 
can not only account for primary parameters such as 
concrete strength and tension reinforcement ratio but also 
capture effects of geometric ratios such as c/d, cmax/cmin, and 
bo/d. The analytical model also highlighted the functions 
of these parameters in punching resistance. The proposed 
model is verified using a database of 224 monotonically 
loaded isolated interior flat-plate specimens gathered from 
various studies and also compared with estimations using 
ACI 318-19 and Eurocode 2 two-way shear provisions. 
Test-to-estimated capacity ratios show that the proposed 
model is reasonably accurate in punching capacity predic-
tions with an overall mean of 1.20 and a low coefficient of 
variation of 0.19, compared to 1.60 (0.34) for ACI 318-19 
and 1.27 (0.29) for Eurocode 2. The proposed approach is 
simple yet accurate and it can be adopted for design purposes 
by engineers.

The underestimation of ACI 318-19 in punching capacity 
is primarily attributed to the omission of the tension rein-
forcement factor for two-way shear strength. Based on an 
analysis of normalized test shear strengths, it is proposed 
to enhance the existing ACI 318-19 provisions by incorpo-
rating ​​3 √ 

_
 100ρ ​​ as a reinforcement factor. Furthermore, it is 

also suggested to reconsider the upper limit of 2.0% for ρ in 
Eurocode 2 provisions. Omission of this limit is shown to 
result in better (yet conservative) shear strength estimations, 
particularly in heavily reinforced flat plates with ρ exceeding 
2.0%. Underestimation of punching strength using Euro-
code  2 in thick flat plates is highlighted and attributed to 
the definition of control perimeter. It is also recommended 
to assess the size effect in two-way shear after incorporating 
the reinforcement factor for the calculation of unit shear 
strength.
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NOTATION
Ac	 =	 total area of compression reinforcement in each orthogonal 

direction
Astr	 =	 area of concrete strut
At	 =	 total area of tension reinforcement in each orthogonal direction
Ate	 =	 tension reinforcement area located within c + 2d in each orthog-

onal direction
At

*	 =	 extra tension reinforcement provided near column within c + 
2d in each orthogonal direction (beyond standard uniformly 
distributed reinforcement), representing concentration of 
reinforcement

a	 =	 perpendicular distance from column face to support
be	 =	 effective loading width (also, width of concrete strut)
bf	 =	 equivalent concrete width resisting flexural actions
bo	 =	 perimeter of critical section located d/2 away from column in all 

directions
boʹ	 =	 perimeter of critical section located 2d away from column in all 

directions
bs	 =	 shear width activated by bearing actions
Cd	 =	 compression capacity of strut
cmax	 =	 long dimension of rectangular column
cmin	 =	 short dimension of rectangular column
d	 =	 effective depth, measured from compression face to centroid of 

tension reinforcement
fc′	 =	 cylinder concrete compressive strength
k	 =	 size effect factor in Eurocode 2
kd	 =	 depth of flexural compression zone
L	 =	 geometric plan dimension of flat-plate specimens
​ℓ​	 =	 perpendicular distance between opposite supports in flat-plate 

specimens
Mn	 =	 nominal bending capacity of section located at column face of 

width ​ℓ​
n	 =	 ratio of elastic moduli of reinforcing steel and concrete
P	 =	 vertical punching load acting on flat plates
PACI	 =	 punching load capacity estimated using ACI 318-19
PEC2	 =	 punching load capacity estimated using Eurocode 2
Pf	 =	 flexural capacity estimated using proposed method
Psh	 =	 shear capacity estimated using proposed method
PSST	 =	 overall punching capacity estimated using proposed method
PTest	 =	 experimental vertical punching load capacity
β	 =	 ratio of long to short sides of column or reaction area—that is, 

cmax/cmin
γc	 =	 partial safety factor for concrete in Eurocode 2
λp	 =	 size effect factor suggested by authors
λs	 =	 size effect factor in ACI 318-19
θ	 =	 strut inclination in flat plates (assumed to be 26.6 degrees)
ρ	 =	 average longitudinal tension reinforcement ratio in each orthog-

onal direction
ρ′	 =	 average longitudinal compression reinforcement ratio in each 

orthogonal direction
ρ*	 =	 concentrated tension reinforcement ratio, estimated as ​​A​ t​ *​ /​

(c + 2d)​d​
ρe	 =	 effective tension reinforcement ratio for strut width
υ	 =	 experimental two-way shear strength calculated on ACI-defined 

critical section
υACI	 =	 two-way shear strength estimated using ACI 318-19 provisions
υEC2	 =	 two-way shear strength estimated using Eurocode 2 provisions
ζ	 =	 softening coefficient adopted in SST model
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