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Additive construction (that is, three-dimensional [3-D] 
construction printing) has gained significant momentum in 
a short time frame, with the first buildings being completed 
in 2014/2015 and the first major publication on materials in 
2012. While there are several potential options, the field of 
additive construction (AC) has been dominated by mortar/ 
concrete materials. This method of construction places material 
without formwork present, resulting in a unique relationship 
between material and structural performance during construc-
tion that is not considered in traditional concrete construction. 
The popularity is a result of the potential of the technology 
to improve productivity and cost of construction, as well as 
improving structural performance through geometrical free-
dom, the ability to mobilize, and the ability to produce struc-
tures in dangerous or remote places. As a result, the number 
of high-visibility and high-risk projects being executed and 
proposed has become more common, while the industry is left 
without a general knowledge of the construction practices and 
structural performance or a structural code/guidance to assist 
designers, contractors, and inspectors. Therefore, it is impera-
tive that the concrete industry be educated in the current state 
and limitations of the technology. 

The intent of this joint special issue is to provide aware-
ness to professionals in the concrete industry to the tech-
nical construction (materials and structural) aspects of the 

technology. This joint special issue of the ACI Structural 
Journal and ACI Materials Journal contains nine manu-
scripts focused on construction aspects of additive construc-
tion using cement-based materials. It should be highlighted 
that the number of manuscripts received/accepted for this 
joint special issue is indicative of the difference in the 
amount of research or publicly shared information on struc-
tural and construction aspects of AC compared to the amount 
of research on materials, as showcased in the November 
2021 special issue of the ACI Materials Journal. The papers 
in these joint special issues cover a wide range of topics 
including structural topics on testing reinforced beams and 
modeling the construction process, and materials topics on 
the characterizing extrusion, enhancing, and testing mechan-
ical properties; shoreline resiliency; fracture behavior; and 
quality control methods. It is the hope of the editors that 
this brief introduction will help to provide the readers with 
insight to the current state of research on structural/materials  
performance and the construction process, the structural/
materials considerations that come into play when consider-
ing this technology, and how research in this area can benefit 
the concrete construction industry as a whole.

Liberato Ferrara
Eric L. Kreiger
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The damage in reinforced concrete (RC) columns under concen-
tric compressive load conditions tends to localize within certain 
regions. The softening branches of the stress-strain curves 
for confined concrete are gauge-length-dependent. The size- 
dependent confined model, when applied to numerical simulations, 
will bring in mesh-dependency problems. This paper develops a 
compressive fracture energy model for confined normal-strength 
concrete to predict the strain-softening behavior of RC columns. 
The compressive load-deflection response data of 47 normal-
strength RC columns under concentric load conditions are 
collected to form a database. Then, an exponential function, with 
the best fit to the tested post-peak softening curves, is adopted to 
compute the compressive fracture energy. The effect of confinement 
on the compressive fracture energy is studied, and an empirical 
expression is proposed to predict the compressive fracture energy. 
For validation, the proposed compressive fracture energy model is 
introduced into a uniaxial concrete model to simulate the softening 
responses of RC columns under large deformations. It is found that 
the predicted force-displacement response without compressive 
fracture energy regularization is extremely brittle, which deviates 
significantly from the test results. While the proposed compressive 
fracture model provides an objective and accurate prediction of the 
softening responses of RC columns, it can also be used for collapse 
assessment of RC structures against extreme load conditions.

Keywords: compressive fracture energy; confined concrete; crack 
band approach; mesh-size dependence; normal-strength concrete; strain 
softening.

INTRODUCTION
Owing to its extensive availability and relatively lower 

costs, concrete is one of the most widely used materials in 
civil engineering. As a brittle material, concrete exhibits 
significant strain-softening responses beyond the peak 
compressive strength (Chen and Han 1988). To improve 
the ductility and provide sufficient deformation capacity for 
concrete structures against extreme load conditions, care-
fully designed transverse steel hoops are set up for a better 
confinement of the concrete. Over the past 50 years, exten-
sive research efforts have been carried out to develop analyt-
ical models for confined concrete for a better understanding 
of the confinement effect provided from the steel hoops. 
Among these studies, the concept of effective confinement 
area proposed by Sheikh and Uzumeri (1982) and further 
extended by Mander et al. (1988b) has received wide appli-
cation and become the basis of many analytical models. 
Table 1 summarizes some of the stress-strain (σ-ε) models 
for confined normal-strength concrete. These confinement 
models (Scott et al. 1982; Mander et al. 1988b; Saatcioglu 
and Razvi 1992; Hoshikuma et al. 1997; Légeron and Paultre 

2003) are established according to different tests. Using a 
regression analysis, the predicted equations of confined peak 
stress, peak strain, and the slope of the softening branch, 
with the best fit to the test data, are developed.

Based on the existing confinement models, two square 
reinforced concrete (RC) columns are selected as a refer-
ence, to compare their performance. Figure 1 shows the rein-
forcement details of the two columns, with the volumetric 
ratio of the steel hoop as the main difference. Figure 2 shows 
the predicted σ-ε curves for the confined concrete of the 
two RC columns. As shown in Fig. 2, the predicted peak 
stress and peak strain from different analytical models are 
relatively consistent with each other. However, the predicted 
strain-softening behavior, that is, the slope of the softening 
branches, deviates significantly. The inconsistent prediction 
of the softening branch lies in the fact that the damage in RC 
columns under compressive load conditions tends to localize 
within certain regions, which is termed as the compressive 
damage zone (CDZ) according to Markeset and Hiller-
borg (1995). If the external load applied on the specimen 
moves toward the softening branches, the material strains 
in the CDZ will continuously increase according to the σ-ε 
laws, while the region outside the CDZ unloads elastically 
to maintain the mechanical equilibrium. It has been experi-
mentally observed by Jansen and Shah (1997) and van Vliet 
and van Mier (1996) that most of the inelastic deformation 
of the specimen concentrated in the CDZ. This localized 
deformation in the CDZ makes the measured strain gauge 
length-dependent. For example, Hoshikuma et al. (1997) 
took the whole specimen length as the gauge length. The 
measured deformation contains a great portion of elastic 
unloading deformation. Therefore, the analytical model 
developed gives much smaller post-peak strains because 
the localized deformation in the CDZ is averaged over the 
whole specimen. These confinement models, when applied 
to numerical simulations, will produce mesh-size-dependent 
results. The post-peak behavior of the overall structure will 
depend on the number of elements. Coleman and Spacone 
(2001) discussed the mesh-size dependence problem in 
force-based beam-column elements through three numerical 
examples. In all the cases, the force-deflection responses 
of the RC members lost the objectivity. Pugh et al. (2015) 

Title No. 121-S14

Development of Compressive Fracture Energy Model for 
Confined Normal-Strength Concrete
by Xiaoran Song

ACI Structural Journal, V. 121, No. 2, March 2024.
MS No. S-2020-532.R2, doi: 10.14359/51740284, received June 25, 2021, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.
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studied the flexural response of RC shear walls and found 
that for compressive failure specimens, the conventional 
material model showed mesh-size dependency in the predic-
tion of the drift capacity of shear walls. Li et al. (2017) found 
that the post-blast residual resistance of RC columns is very 
sensitive to the size of finite elements.

To eliminate the mesh-size dependence problem in finite 
element (FE) simulation, extensive regularization algorithms 
have been proposed. Coleman and Spacone (2001), Jirásek 
and Bauer (2012), and Kunnath (2018) summarize different 
regularization techniques to address this issue. Generally, 
the regularization method can be grouped as the crack band 
approach and nonlocal model. In the crack band approach, the 
σ-ε curve input into the FE simulation is adjusted according 
to the length of the element so that the areas enclosed under 
the softening branch will integrate into a constant fracture 
energy. In the nonlocal model, internal variables need to be 
weighted spatially averaged (for integral type) or incorporate 
a higher-order gradient (for gradient type) before updating 
the constitutive relations. In both integral and gradient types, 
the implementation of the nonlocal model is rather sophisti-
cated. Besides, owing to the lower computational efficiency, 
the nonlocal model might not be applied to large-scale struc-
tures. The crack band approach, as the simplest remedy with 
easy implementation, has received wide application in civil 

engineering. The core of the crack band approach is the frac-
ture energy, which is denoted by the area enclosed under 
the post-peak stress-displacement curves. The compressive 
fracture energy of unconfined concrete has been well studied 
(Jansen and Shah 1997; Lertsrisakulrat et al. 2001; Wu and 
Wei 2016). However, research on compressive fracture 
energy of confined concrete is limited. Wu and Wei (2016) 
proposed a compressive fracture energy model for fiber- 
reinforced polymer (FRP)-confined concrete to predict 
the post-peak compressive stress-strain curve, including 
the localization failure. Akiyama et al. (2010) developed 
a compressive fracture energy model for confined high-
strength concrete. Most of the test data in the Akiyama 
model are high-strength concrete with compressive strength 
greater than 100 MPa (14.5 ksi), confined by high-strength 
steel hoops (yield strength > 1000 MPa [145 ksi]). These 
models (Wu and Wei 2016; Akiyama et al. 2010) might not 
be applicable to confined normal-strength concrete due to 
the different confinement mechanism and failure modes.

Motivated by the limitations, the present paper develops 
a compressive fracture energy model for confined normal-
strength concrete. To this end, load-deflection data of 
47 normal-strength RC columns under concentric load condi-
tions are collected to form a database. Then, an exponential 
function with the best fit to the tested post-peak softening 

Fig. 1—Reinforcement details of RC columns.

Table 1—Summary of confinement models for normal-strength concrete

Reference Ascending branch σ-ε Descending branch σ-ε

Hoshikuma et al. 
(1997)

​σ  =  ​E​ c​​ε​[1 − ​ 1 _ n ​​​(​ ε _ ​ε​ cc​​ ​)​​​ 
n−1

​]​​
​n  =  ​  ​E​ c​​​ε​ cc​​ _ ​E​ c​​​ε​ cc​​ − ​f​ cc​​

 ​​

σ = fcc – Edes(ε − εcc)

​​E​ des​​  =  ​  11.2 _ ​ρ​ s​​​f​ yh​​/​f​ co​ 2 ​ ​​

Mander et al. 
(1988b)

​σ  =  ​ 
​f​ cc​​xr
 _ r − 1 + ​x​​ r​ ​ , x  =  ε/​ε​ cc​​​

​r  =  ​  ​E​ c​​ _ ​E​ c​​ − ​f​ cc​​/​ε​ cc​​
 ​​

​σ  =  ​ 
​f​ cc​​xr
 _ r − 1 + ​x​​ r​ ​ , x  =  ε/​ε​ cc​​​

​r  =  ​  ​E​ c​​ _ ​E​ c​​ − ​f​ cc​​/​ε​ cc​​
 ​​

Scott et al. 
(1982)

​σ  =  K ​f​ co​​​[​  2ε _ 0.002K ​ − ​​(​  ε _ 0.002K ​)​​​ 2​]​​
K = 1 + ρsfyh/fco

σ = fcc[1 – Zm(ε − 0.002K)] > 0.2fcc

​​Z​ m​​  =  0.5/​[​(​  3 + 0.29​f​ c​​ ___________ 145​f​ c​​ − 1000 ​)​ + 0.75​ρ​ s​​​√ 

_

 ​ ​b​ s​​ _ s ​ ​ − 0.002K]​​
Saatcioglu and 
Razvi (1992) ​σ  =  ​f​ cc​​​​[2​(​ ε _ ​ε​ cc​​ ​)​ − ​​(​ ε _ ​ε​ cc​​ ​)​​​ 

2
​]​​​ 1/(1+2κ)

​​​κ  =  ​k​ 1​​​f​ le​​/​f​ co​​​
​σ  =  ​f​ cc​​ − ​ 

0.15​f​ cc​​ _ ​ε​ 85​​ − ​ε​ cc​​ ​​(ε − ​ε​ cc​​)​​
ε85 = 260ρε1 + 0.0038

Légeron and 
Paultre (2003)

​​σ​ c​​  =  ​f​ cc​​​[​  k​(ε/​ε​ cc​​)​ _____________  k − 1 + ​​(ε/​ε​ cc​​)​​​ k​
 ​]​​

k = Ec/(Ec – fcc/εcc)

σ = fccexp[k1(ε − εcc)k2]
k1 = ln0.5/(εcc50 − εcc)k2

k2 = 1 + 25(Ie50)2
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curves is adopted to compute the compressive fracture energy 
using numerical integration. The effect of confinement on 
the compressive fracture energy is studied, and an empirical 
expression is proposed to predict the compressive fracture 
energy. For validation purposes, the developed compressive 
energy model, together with a uniaxial concrete material, is 
introduced into a beam-column fiber element to simulate the 
softening responses of RC columns under combined axial 
load and large flexural deformation.

RESEARCH SIGNIFICANCE
The damage in RC columns under concentric compressive 

load conditions tends to localize within certain regions. The 
softening branches of the stress-strain curves for confined 
concrete are gauge-length-dependent. The size-dependent 
confinement model, when applied to numerical simulations, 
will bring in mesh-size dependence problems. This paper 
develops a fracture energy model for objective modeling 
of compressive strain-softening responses of RC columns. 
The proposed model can be used for the collapse assessment 
of RC structures against extreme load conditions, where 

accurate modeling of the softening responses is significant. 
In these cases, the softening branch of the compressive σ-ε 
curve needs to be adjusted to maintain constant fracture 
energy.

EXPERIMENTAL DATABASE
Overall database

A database is assembled according to the tests of confined 
RC columns under concentric compressive load conditions 
in the literature. The published test data need to be carefully 
selected, and some of the test data need to be discarded. 
The database is developed according to the following three 
criteria. First, the main research target of the present study 
is to develop a compressive fracture energy model for 
normal-strength concrete. Therefore, the tested specimen 
with unconfined concrete strength fco > 50 MPa (7.3 ksi) 
is not considered. It is well acknowledged that the high-
strength RC column poses less-ductile behavior than the 
normal-strength RC column. Besides, for the high-strength 
specimen, additional active mixtures of superfine powder, 
such as silica fume, need to be used to reach the target 
compressive strength (Guo 2014), while for normal-strength 
concrete, silica fume is not required in the mixture design. 
The presence of additional mixtures is believed to have an 
impact on the compressive fracture energy. Second, the 
specimen with the yield strength of steel hoop fyh > 500 MPa 
(72.5 ksi) is also discarded. For RC columns tied with high-
strength steel hoops, it has been observed by Akiyama et al. 
(2010) and Cusson and Paultre (1994) that the stresses in the 
hoop were much lower than the yield strength at the peak 
resistance of the specimen. The confinement provided by 
the high-strength hoop is different from those tied with a 
normal-strength hoop. Third, the test program should report 
load-deflection data for both unconfined and confined speci-
mens for better investigation of the effect of confinement on 
the compressive fracture energy.

Table 2 presents the experimental database of confined 
and unconfined RC columns, including 26 circular columns 
and 21 square columns. The outer perimeters of the spec-
imens range from 400 to 500 mm (15.7 to 19.7 in.). The 
volumetric ratios of the transverse steel hoops range from 
0.22 to 3.1%. In addition to the confined RC columns, the 
unconfined specimen is also included in the database.

Extraction of compressive fracture energy
The compressive fracture energy (Gfc) is defined as the 

area enclosed under post-peak stress-inelastic displacement 
curves, as presented in Fig. 3(b). Most of the experimental 
studies simply reported the stress-strain curves of the spec-
imens. Therefore, the post-peak stress-inelastic displace-
ment curves need to be computed based on the stress-strain 
curves. First, based on the reported stress-strain curves, 
the stress-displacement curve of the specimen is obtained 
by multiplying the strain with the gauge length. Second, 
using the stress-displacement curves developed, the post-
peak inelastic displacement is obtained by subtracting 
the displacement at the peak stress and adding the elastic 
recovery owing to the reduction of stress in the post-peak 
region. The slope of the unloading path of the σ-ε curve 

Fig. 2—Comparison of stress-strain curves calculated from 
different confinement models.
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is taken as the elastic modulus of the material (Markeset 
and Hillerborg 1995). As shown in Fig. 3(c), the inelastic 
displacement with respect to σ can be expressed as

	​ ​δ​ d​​​(σ)​  =  δ − ​ 
σ − ​f​ cc​​ _ ​E​ c​​  ​​L​ u​​​	 (1)

where δd is the post-peak inelastic displacement corre-
sponding to the stress level σ; fcc is the peak strength of the 
confined concrete specimen; Ec is the elastic modulus of the 
material; and Lu is the gauge length of the specimen.

Figure 4(a) presents some of the test results of circular 
specimens from Mander et al. (1988a). Based on the tested 
σ-ε curves, σ-δd curves are computed correspondingly and 
presented in Fig. 4(b). As shown in Fig. 4, none of the test 
results presents complete σ-ε curves. Most of the tests were 
prematurely stopped with a relatively large residual strength, 
especially for those specimens tied with large volumetric 
hoop ratios. One of the reasons might be attributable to the 
fact that in the post-peak σ-ε curve, localized deformations 
are developed in the CDZ, making it difficult to measure 

the deformation over that region. Another reason is that the 
longitudinal steel bars might be subjected to buckling failure 
after the fracture of the hoop. Note that the load sustained by 
the core concrete is computed by subtracting the contribution 
of longitudinal steel bars and the cover concrete from the 
total load. The start of bar buckling is not easily detectable 
during the test process, which makes it difficult to separate 
the contribution from the steel bars and core concrete. The 
incomplete σ-δd curve cannot be directly used to compute 
the compressive fracture energy, which is defined as the 
entire area under the σ-δd curve.

To establish the compressive fracture energy of confined 
concrete, the tested post-peak σ-δd curve is fitted using a 
nonlinear function. The fitted post-peak σ-δd curves are 
further numerically integrated to compute the compressive 
fracture energy. As shown in Table 1, different post-peak 
models have been proposed. The post-peak model should 
match well with the test results. In the present study, an 
exponential function, similar to Légeron and Paultre (2003), 
Akiyama et al. (2010), and Wu and Wei (2016), is selected. 
The function is formulated as

Table 2—Test results of confined and unconfined RC columns

Reference No.
d,

mm
c,

mm
dh,
mm

s,
mm

ρw,
%

fyh,
MPa

fco,
MPa ke

fle,
MPa fle/fco

Gfc0, Gfc,
N/mm Gfc/Gfc0 A B

Mander et al.
(1988a)

1* 500 25 12 41 2.50 340 29 0.983 4.18 0.144 3036.52 86.03 58.64 0.80

2 500 25 12 69 2.50 340 29 0.950 2.42 0.083 1020.15 28.90 19.25 0.79

3 500 25 12 103 1.00 340 29 0.911 1.55 0.053 491.40 13.92 11.35 0.80

4 500 25 10 119 0.60 320 29 0.890 0.85 0.029 283.88 8.04 8.31 1.15

5 500 25 10 36 2.00 320 29 0.986 3.13 0.108 2279.66 64.59 45.83 0.82

6 500 25 16 93 2.00 307 29 0.926 2.83 0.098 1330.40 37.69 29.99 1.11

Plain 500 25 — — — — 29 — 0.00 0.000 35.29 1.00 1.36 1.44

7 500 25 12 52 2.00 340 32 0.987 3.33 0.104 962.91 51.40 30.34 0.91

8 500 25 12 52 2.00 340 30 0.987 3.33 0.111 1093.71 34.25 24.32 1.32

9 500 25 12 52 2.00 340 32 0.987 3.33 0.104 1626.91 50.97 28.45 0.84

10* 500 25 12 52 2.00 340 30 0.986 3.33 0.111 3329.03 104.24 69.06 0.84

11 500 25 12 52 2.00 340 30 1.002 3.39 0.113 1089.16 34.12 19.81 0.96

12 500 25 12 52 2.00 340 32 0.986 3.33 0.104 1445.89 45.31 27.42 0.95

Plain 500 25 — — — — 32 — 0.00 0.000 31.51 1.00 1.08 1.30

Hoshikuma et al.
(1997)

LC1 500 0 10 300 0.21 295 28.8 0.711 0.22 0.008 147.98 5.42 1.42 1.36

LC2 500 0 10 150 0.43 295 28.8 0.866 0.55 0.019 197.42 7.23 14.66 1.27

LC3 500 0 10 100 0.64 295 28.8 0.917 0.87 0.030 423.63 15.52 13.00 1.01

LC4 500 0 10 50 1.28 295 28.8 0.969 1.83 0.064 443.16 16.23 1.52 1.59

LC5 500 0 13 300 0.36 295 28.8 0.713 0.38 0.013 229.11 8.39 26.65 1.11

LC6 500 0 16 300 0.55 295 28.8 0.714 0.58 0.020 157.06 5.75 36.70 1.02

Zahn (1985)

Plain 400 13 — — — — 27.3 — 0.00 0.000 35.15 1.00 1.42 1.36

1 400 13 12 135 0.91 328 27.3 0.855 1.29 0.047 393.63 11.20 14.66 1.27

2 400 13 10 135 0.63 466 27.3 0.853 1.28 0.047 387.94 11.04 13.00 1.01

Plain 400 13 — — — — 27.2 — 0.00 0.000 36.96 1.00 1.52 1.59

3 400 13 12 75 1.63 328 27.2 0.941 2.56 0.094 763.00 20.65 26.65 1.11

4 400 13 10 75 1.13 466 27.2 0.938 2.52 0.093 829.24 22.44 36.70 1.02
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	​ ​ σ _ ​f​ cc​​
 ​  =  exp​[− ​​(​ ​δ​ d​​ _ A ​)​​​ B​]​​	 (2)

where A and B are the model parameters, which control the 
shape of the post-peak curve and can be determined according 
to the tested σ-δd results using the least-squares regression 
method. Based on the fitted function, the compressive frac-
ture energy can be obtained

	​ ​G​ fc​​  =  ​∫ 
0
​ ∞​ σd​δ​ d​​ =​ ​∫ 

0
​ ∞​ ​f​ cc​​exp​[− ​​(​ ​δ​ d​​ _ A ​)​​​ B​]​d​δ​ d​​​​	 (3)

Figure 5 shows the extracted σ-δd curves and the fitted 
exponential functions. The test results in the literature 
(Mander et al. 1988a; Scott et al. 1982; Zahn 1985; Hoshi-
kuma et al. 1997) do not report σ-δd curves. Therefore, σ-δd 
curves are computed based on the proposed algorithm. As 
shown in Fig. 5, the fitted exponential function can match 
well the test results of the post-peak responses of the confined 
and unconfined specimens. The fitted σ-δd curves are further 
implemented to compute the compressive fracture energy. 
The results are summarized in Table 2.

DEVELOPMENT OF COMPRESSIVE  
FRACTURE ENERGY

Compressive fracture energy for unconfined 
concrete

Confined concrete will degenerate into unconfined 
concrete when the confinement effect is diminished. The 
compressive fracture energy for unconfined concrete is 
fundamental for confined concrete. Several research efforts 
have been carried out to study the compressive fracture 
energy for unconfined concrete. Based on the test results, 
Akiyama et al. (2010) proposed an equation

	 Gfc0 = 134 – 93.3kb	 (4)

where Gfc0 is the compressive fracture energy for unconfined 
concrete; kb is a model parameter; and kb = min(40/fco, 1.0);  
and fco is the unconfined strength of concrete, in MPa.

Wu and Wei (2016) reviewed the definition of compres-
sive fracture energy for unconfined concrete. The proposed 
model from Wu and Wei (2016) is given as

	​ ​ 
​G​ fc0​​ _ ​G​ f30​​ ​  =  ​​(​ ​f​ co​​ _ ​f​ 30​​

 ​)​​​ 0.15

​​	 (5)

Reference No.
d,

mm
c,

mm
dh,
mm

s,
mm

ρw,
%

fyh,
MPa

fco,
MPa ke

fle,
MPa fle/fco

Gfc0, Gfc,
N/mm Gfc/Gfc0 A B

Scott et al.
(1982)

1 450 20 — — — — 21.76 — 0.00 0.000 26.07 1.00 1.18 0.91

2 450 20 0 0 1.82 309 21.76 0.755 2.12 0.097 611.87 23.47 19.66 1.03

3 450 20 10 72 1.82 309 21.76 0.755 2.12 0.097 537.08 20.60 14.06 1.04

6 450 20 10 72 1.74 309 21.76 0.687 1.85 0.085 598.95 22.97 20.03 1.08

7 450 20 10 72 1.74 309 21.76 0.687 1.85 0.085 497.85 19.09 13.47 1.00

11 450 20 — — — — 29.02 — 0.00 0.000 46.11 1.00 1.71 1.21

12 450 20 10 98 1.40 309 29.02 0.703 1.52 0.052 329.85 7.15 8.70 1.04

13 450 20 10 72 1.82 309 29.02 0.755 2.12 0.073 560.04 12.15 13.96 1.02

14 450 20 10 88 2.24 296 29.02 0.723 2.40 0.083 470.62 10.21 12.44 1.31

15 450 20 10 64 3.09 296 29.02 0.772 3.53 0.122 879.19 19.07 21.00 1.38

17 450 20 10 98 1.34 309 29.02 0.640 1.32 0.045 321.66 6.98 9.25 1.16

18 450 20 10 72 1.74 309 29.02 0.687 1.85 0.064 534.46 11.59 13.76 1.05

19 450 20 12 88 2.13 296 29.02 0.664 2.09 0.072 606.05 13.14 15.24 1.01

20 450 20 12 64 2.93 296 29.02 0.709 3.07 0.106 1585.16 34.38 34.85 0.89

26 450 20 — — — — 30.73 — 0.00 0.000 22.53 1.00 0.67 0.63

22 450 20 10 98 1.40 309 30.73 0.703 1.52 0.049 286.88 9.77 9.47 1.62

23 450 20 10 72 1.82 309 30.73 0.755 2.12 0.069 929.99 31.67 24.68 0.91

24 450 20 12 88 2.24 309 30.73 0.728 2.52 0.082 1110.10 37.81 26.20 0.79

25* 450 20 12 64 3.09 309 30.73 0.777 3.71 0.121 2189.67 74.58 49.88 0.86

21 450 20 — — — — 23.47 — 0.00 0.000 22.79 1.00 0.79 1.19

27 450 20 — — — — 26.62 — 0.00 0.000 29.36 1.00 1.17 1.12

*Test data deviated significantly from majority trend of data and are not incorporated into development of Gfc.

Note: d is cross-section dimensions; c is cover concrete to steel hoop; fco is unconfined compressive strength of concrete; dh is diameter of steel hoop; s is space between two 
adjacent hoops; fyh is yield strength of steel hoop; ρw is volumetric ratio of steel hoops (ρw should be measured by area of core concrete, which is defined by central lines between 
steel hoops); ke is confinement effectiveness coefficient; fle is effective confinement pressure; Gfc is compressive fracture energy for confined concrete; Gfc0 is compressive fracture 
energy for unconfined concrete; A and B are parameters in fitted curve.

Table 2 (cont.)—Test results of confined and unconfined RC columns
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where f30 is a normalized factor and f30 = 30 MPa (4.35 ksi); 
and Gf30 is the compressive fracture energy of Grade 30 
concrete and Gf30 = 27.5 N/mm (0.157 kip/in.), according to 
Wu and Wei (2016).

As shown in Eq. (4) and (5), the unconfined strength fco 
is the sole parameter considered in the proposed models. 
Lertsrisakulrat et al. (2001) introduced an additional factor 
related to the dimensions of the specimen in developing the 
compressive fracture energy model

	​ ​ 
​G​ fc0​​ _ ​L​ d​​  ​  =  0.086 ​​f​ co​​​​ 1/4​​	 (6)

where Ld is defined as

	​ ​L​ d​​  =  ​
⎧

 
⎪

 ⎨ 
⎪

 
⎩

​
1.36                                        ​D​​ *​  <  100

​    − 3.53 × ​10​​ −5​​​(​D​​ *​)​​​ 2​ + 1.71     100  ≤  ​D​​ *​  ≤  180​    
0.57                                   ​    D​​ *​  >  180

  ​​​	
	     	 (7)

where D* is defined as the square root of the cross- 
section area, in mm. According to the equations proposed 
by Lertsrisakulrat et al. (2001), a large-scale specimen will 
have a higher Gfc0 than a small-scale one, given the same fco.

Equations (4) to (6) were based on the tests of small-scale 
cylinder specimens with the diameter d = 100 or 150 mm 
(3.9 or 5.9 in.). These models might not be applicable to 
large-scale specimens. Figure 6 presents the comparison 
results of compressive fracture energy for large unconfined 
RC columns. The proposed models from Akiyama et al. 
(2010), Wu and Wei (2016), and Lertsrisakulrat et al. (2001) 
are also added. As shown in Fig. 6, there is a clear increasing 
trend of the compressive fracture energy with the increasing 
of the compressive strength. While the effect of cross- 
section dimensions on the Gfc0 is not evident by comparing 
the test results of large-scale specimens with small-scale 
ones, the proposed model from Akiyama et al. (2010) over-
estimates most of the unconfined specimens for fco < 50 MPa 
(7.3 ksi). The increasing trend of Gfc0 along with fco is also 
not reasonably considered in the model. Among the existing 
models, the compressive fracture energy model proposed 
by Wu and Wei (2016) can match well with the tests of 
large-scale specimens. Considering the difficulty of testing 
the descending branches of σ-ε curves, the scatter between 
the tested results and Wu and Wei’s model is acceptable. 
Currently, it is assumed that fco is the only model param-
eter that affects Gfc0. Other factors, such as the maximum 

Fig. 3—Extraction of compressive fracture energy from test results: (a) stress-strain curve; (b) stress-displacement curve; and 
(c) post-peak stress-inelastic displacement curve.
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aggregate size and the shape of the aggregate, are not consid-
ered. If these factors are taken into consideration in devel-
oping Gfc0, the scatter will be further reduced.

Compressive fracture energy for confined 
concrete

Based on the compressive fracture energy of unconfined 
concrete, the effect of confinement on the Gfc is studied. The 
effect of confinement on the peak strength and peak strain 
of normal-strength concrete has been well studied (Mander 
et al. 1988b; Scott et al. 1982; Zahn 1985; Hoshikuma et 
al. 1997). Generally, the improvements in the peak strength 
and peak strain are expressed as a function of confinement 
pressure fl provided by the steel hoops. Based on the equa-
tions of equilibrium, the confinement pressure applied on 
the core concrete should be equal to the tensile forces from 
the steel hoops. For uniformly reinforced circular and square 
columns, fl can be formulated as

	 fl = 0.5ρwfsh	 (8)

where ρw is the volumetric ratio of the hoops; and fsh is 
the stress of the steel hoops at the peak strain. For normal-
strength concrete tied with normal-strength hoops, the steel 
hoop can reach its yield strength at the peak resistance of the 
specimen. Therefore, fsh is taken as the yield strength of the 
steel hoops.

Owing to the arching effect, the confinement pressures 
are not uniformly applied onto the core concrete. The 
area of effectively confined concrete is less than the core 
area bounded by the steel hoops. The concept of effective 
confined area, first proposed by Sheikh and Uzumeri (1982) 
and further refined by Mander et al. (1988b), is used to 
calculate the effective confinement pressure fle as

	 fle = kefl	 (9)

where ke is the confinement effectiveness coefficient, which 
is defined as the effective confined area divided by the area 
of the core concrete. According to Mander et al. (1988b), for 
spirally reinforced circular columns, ke can be formulated as

	​ ​k​ e​​  =  ​ 
​(1 − 0.5s′/​d​ s​​)​ ______________ ​(1 − ​ρ​ cc​​)​ ​​	  (10)

where s′ is the net space between the two adjacent hoops; ds 
is the diameter of the spiral between bar centers; and ρcc is 
the area ratio for the longitudinal steel bars, measured with 
respect to the area of the core concrete.

For square columns, ke is given as (Mander et al. 
1988b)	

	​ ​k​ e​​  =  ​ 
​(1 − ​∑ 

i=1
​ 

n
 ​​ 
​​(wi′)​​​ 2​ _______ 6​b​ c​​​d​ c​​

 ​​)​​(1 − ​  s′ ____ 2​b​ c​​
 ​)​​(1 − ​  s′ ____ 2​d​ c​​

 ​)​
   ____________________________  ​(1 − ​ρ​ cc​​)​ ​​	  (11)

where wi is the net space between the adjacent restrained 
longitudinal bars; and bc and dc are the dimensions of the 
core concrete. The definition of the variables in Eq. (11) is 
demonstrated in Fig. 7. By introducing ke into the defini-
tion of effective confinement pressure, the effects of cross- 
section type, as well as the placements of longitudinal bars, 
are considered.

Based on the effective confinement pressure fle, Fig. 8 pres-
ents the σ-δd curves for specimens with different magnitudes 
of fle/fco. As clearly shows in Fig. 8, with the increasing of 
fle/fco from 0.03 to 0.10, the slope of the descending branch 
is gradually reduced. As a result, the compressive fracture 
energy, denoted by the area enclosed under the σ-δd curves, 
gradually increases with the increasing of effective confine-
ment pressures. It is also deduced from Fig. 8(b) that the σ-δd 
curve of the square RC column tested by Scott et al. (1982) 
coincides well with those of circular RC columns tested by 
Zahn (1985). As a result, the areas enclosed under the σ-δd 
curves are almost the same, demonstrating that RC columns 
with a similar value of fle/fco will share approximately the 
same amount of compressive fracture energy. The compar-
ison study indicates that the cross-section shape is not an 
influential factor with respect to the post-peak response 
of the confined concrete specimen. Therefore, the effect 
of cross-section shape is only implicitly considered in the 
proposed model by introducing ke into the definition of fle.

Finally, by comparing the σ-δd curves with different 
magnitudes of fle/fco, it is clearly shown that the scatter of 
the post-peak responses is gradually increasing. The large 
data scatter for higher values of fle/fco might be attributable to 

Fig. 4—Test results from Mander et al. (1988a): (a) stress-
strain curves; and (b) extracted stress-inelastic displace-
ment curves.
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the buckling of longitudinal bars during the testing process. 
For RC columns with closely spaced hoops, larger axial 
demand needs to be applied onto the specimens, making the 
longitudinal bars more likely to initiate buckling failure. The 

buckling failure is hard to detect, which makes it difficult to 
accurately evaluate the load sustained by the core concrete. 
The larger axial demands also cause local distortion of the 

Fig. 5—Comparison of extracted stress-inelastic displacement curves and fitted functions. (Note: Solid lines are extracted test 
results; dashed lines are fitted functions.)
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RC section, as pointed out by Scott et al. (1982). It becomes 
quite difficult to accurately record the concrete strain.

Based on the foregoing discussions, the normalized effec-
tive confinement pressure fle/fco is taken as the sole model 
parameter in developing the compressive fracture energy 
model for confined concrete. To make the predicted equa-
tion dimensionless, the compressive fracture energy for 
unconfined concrete is used as a normalized factor. Table 2 
presents the test results used to calibrate the model. Some of 
the test data, denoted by an asterisk, deviated significantly 
from the majority trend of the data and are not incorporated 
into the development of Gfc. Using the Bisquare regression 
algorithm, a robust regression analysis is carried out to study 
the relationship between Gfc/Gfc0 and fle/fco. Compared with 
the least-squares regression method, robust regression is less 
sensitive to the outliers of the data points. After trial-and-
error analysis, a quadratic function is selected to describe 
the relationship between Gfc/Gfc0 and fle/fco. The developed 
formula shown in Fig. 9 is expressed as

	​ ​G​ fc​​  =  ​G​ fc0​​​{1 + 157​(​ ​f​ le​​ _ ​f​ co​​
 ​)​ + 1204​​(​ ​f​ le​​ _ ​f​ co​​

 ​)​​​ 2​}​​	 (12)

The constant term 1.0 is selected so that Gfc degenerated 
into Gfc0 when fle/fco = 0.

Comparison with existing model
Akiyama et al. (2010) proposed an equation to predict 

the compressive fracture energy for confined high-strength 
concrete. The proposed model is given as

           ​​G​ fc​​  =  ​G​ fc0​​​{1 + 157​(​ ​f​ le​​ _ ​f​ co​​
 ​)​ − 77.3​​(​ ​f​ le​​ _ ​f​ co​​

 ​)​​​ 2​}​​	 (13)

Most of the test data used to calibrate Eq. (13) are high-

strength RC columns tied with high-strength steel hoops 
(fyh > 1000  MPa [145 ksi]). For validation purposes, the 

performance of the proposed model and Akiyama’s model 
is examined by comparing the tested and predicted Gfc/Gfc0.

Figure 10 shows the comparison study results. Generally, 
the proposed model has a higher model accuracy—with a 
mean predicted-to-test ratio of 1.02 and a standard deviation 
of 0.39—while Akiyama’s model underestimates the Gfc/
Gfc0, with a mean predicted-to-test ratio of 0.72 and a stan-
dard deviation of 0.28. The unsatisfactory performance of 
Akiyama’s model lies in the fact that most of the tested spec-
imens are high-strength RC columns. It has been observed 
by several researchers that high-strength RC columns 
exhibit a much more brittle failure compared with normal-
strength concrete. As reported by Hong et al. (2006) and 
Cusson and Paultre (1994), RC columns with fco > 100 MPa 
(14.5 ksi) quickly lost the load-carrying capacity after the 
peak strength, even though the RC columns were densely 
reinforced. Owing to the higher elastic modulus and smaller 
internal cracks, the lateral expansions of the high-strength 

Fig. 7—Definition of effective confinement area (from 
Mander et al. [1988b].)

Fig. 6—Comparison of test results of compressive fracture energy for unconfined concrete with various models. (Note: Circles 
are test results of large-scale specimens from Table 2; asterisks are test results of small cylinder specimens from Wu and Wei 
[2016].)
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concrete are not fully developed, leading to a less effective 
confinement pressure in the steel hoops. The transverse steel 
hoops might not be an effective measure to ensure a ductile 
post-peak behavior of high-strength RC columns.

VALIDATION AND APPLICATION
Test information

To further examine the accuracy of the proposed model, 
RC columns tested by Sheikh and Yeh (1990) are numerically 
studied with and without compressive fracture energy regu-
larization. Figure 11(a) shows the test setup from Sheikh and 
Yeh (1990). The reinforcement details for the specimens with 

configurations E, A, and D, shown in Fig. 11(b), are further 
summarized in Table 3. As shown in Fig. 11, two specially 
designed hinges were placed at the end of the specimens. 
During the test, a constant axial load N was applied onto the 
specimens using the horizontal hydraulic jack. Then, two 
equal vertical loads were applied using the actuator at the third 
points of the specimen, creating a shear force-free region. 
Meanwhile, the horizontal hydraulic jack needs several 
adjustments to keep a constant axial load condition. The test 
was stopped until the lateral load dropped to zero or the axial 
load could not maintain the predetermined axial load.

Fig. 8—Effect of confinement pressure on post-peak responses of confined concrete: (a) fle/fco = 0.03; (b) fle/fco = 0.05; and 
(c)  fle/fco = 0.10.
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Numerical model
The RC column is modeled using a fiber-section beam-

column element in LS-DYNA, an explicit code software. 
The cross section of an RC column is divided into fibers, and 
only uniaxial material models are required in the numerical 
analysis. It is well accepted that the fiber-section element 
is reliable in predicting the axial-bending interaction effects 
on RC members. For concrete under compression, the 

monotonic envelope curve follows the model proposed by 
Scott et al. (1982), with a parabolic function in the ascending 
branch and a linear softening branch. The unloading and 
reloading behavior of concrete under compression follows 
the hysteresis rules proposed by Yassin (1994). The details 
of the hysteresis rules can also be found in Spacone et al. 
(1996). For concrete under tension, elastic behavior is 
assumed until the stress reaches the ultimate tensile strength 
ft. Beyond ft, the stress reduces linearly with the increasing 
of the tensile strain. As shown in Fig. 12, the compressive 
envelope curve is controlled by the peak strength fcc at peak 
strain εcc and the strain ε20 in the softening branch at which 
the stress drops to 20% fcc. For fcc and εcc, the predicted equa-
tions proposed by Scott et al. (1982) are

	 fcc/fco = K	 (14a)

	 εcc/εc = K	 (14b)

	 K = 1 + ρsfyh/fco	 (14c)Fig. 9—Effect of confinement pressure on compressive frac-
ture energy.

Fig. 10—Performance of compressive fracture energy model for confined concrete: (a) Akiyama et al. (2010) model; and 
(b) proposed model.

Table 3—Geometric and material properties of RC columns from Sheikh and Yeh (1990)

Specimen
b,

mm (in.)
c,

mm (in.)
fc,

MPa (ksi)
Longitudinal

bar
dh,

mm (in.)
s,

mm (in.)
fyh,

MPa (ksi)
ρw,
% N/fcA

A-3 305
(12)

14
(0.55)

31.809
(4.61) 8 No. 6 10

(0.39)
107.95
(4-1/4)

489.9
(71) 1.68 0.61

A-11 305
(12)

16
(0.63)

27.945
(4.05) 8 No. 6 6

(0.24)
107.95
(4-1/4)

469.2
(68) 0.77 0.74

D-5 305
(12)

14
(0.55)

31.257
(4.53) 12 No. 5 10

(0.39)
114.3

(4-1/2)
489.9
(71) 1.68 0.46

D-7 305
(12)

16
(0.63)

26.22
(3.80) 12 No. 5 6

(0.24)
53.975
(2-1/8)

469.2
(68) 1.62 0.78

E-2 305
(12)

12.5
(0.49)

31.395
(4.55) 8 No. 6 13

(0.51)
114.3

(4-1/2)
483
(70) 1.69 0.61

E-8 305
(12)

14
(0.55)

25.944
(3.76) 8 No. 6 10

(0.39)
127
(5)

483
(70) 0.84 0.78

Note: b is cross-section dimensions; c is cover concrete to steel hoop; fc is compressive strength of concrete using standard cylinder tests; dh is diameter of steel hoop; s is space 
between two adjacent hoops; N is axial load on RC column; A is gross section area.
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where K is the improvement factor of fcc and εcc, due to the 
confinement from steel hoops; fco is the unconfined concrete 
strength; and ρs is the volumetric ratio of the steel hoop with 
respect to the area of the core concrete, which is computed 
from the outside of the hoops. Scott el al. (1982) does not 
give an expression of ε20. Instead, the slope of the post-peak 
curve is developed by a regression analysis, which is given 
as

	​ ​Z​ m​​  =  0.5/​[​(​ 
3 + 0.29​f​ co​​ ____________  145​f​ co​​ − 1000 ​)​+ 0.75​ρ​ s​​​√ 

_

 ​ ​b​ s​​ _ s ​ ​ − 0.002K]​​	

(15)

where bs is the width of the core concrete, measured from the 
outside of the steel hoops. Substitute Zm into the compres-
sive envelope curve (Table 1), and ε20 according to Scott’s 
model is obtained

	 ε20 = 0.8/Zm + εcc	 (16)

As shown in Eq. (15) and (16), ε20 is not relevant to the 
length of the integration point Lc. Therefore, one can expect 
that the areas enclosed under the post-peak σ-ε curves will 
not integrate into a constant compressive fracture energy 
when using different element sizes or different numbers of 
integration points.

To make the results of numerical simulation objective, ε20 
needs to be adjusted according to Lc to reach a constant Gfc. 
Considering the definition of Gfc, the shaded area in Fig. 12 
is equal to Gfc/Lc. This leads to the following expression for 
ε20R                                                                                      	
  

                        ​​ε​ 20R​​  =  0.8​(​ 2​G​ fc​​ _ ​L​ c​​​f​ cc​​
 ​ − ​ 

​f​ cc​​ _ ​E​ c​​ ​)​ + ​ε​ cc​​​	 (17)

where Lc is the length of the integration point. The present 
study adopted a single integration-point beam element. In 
this case, Lc degenerates into the size of the FE.

RESULTS AND DISCUSSION
Figure 13 presents the predicted force-displacement 

curves, together with the test results. The numerical analysis 
is carried out with the three different element sizes Lc = 75, 
100, and 150 mm (3.0, 3.9, and 5.9 in.). With the increasing 
vertical displacement, a plastic hinge will gradually develop 
at the shear-free region of the specimen. As shown in Fig. 13, 
the analysis results based on the original Scott et al. model 
are extremely brittle. In nearly all the cases, the RC columns 
quickly lose the load-carrying capacity instantaneously 
beyond the peak resistance. This is because the Scott et al. 
model is developed based on the tests of RC columns with 
a 400 mm (15.7 in.) gauge length, which is not consistent 
with the element size in the numerical model. It is clear from 
the numerical simulations that the strain concentrates into 
one element at the midspan position. The inelastic strain in 
this element increases rapidly as the RC column enters the 
softening responses. The post-peak σ-δ curve from a smaller 
element size will present more brittle behavior and less dissi-
pated energy (area under the curve) if the softening branches 
of the σ-ε curve are not adjusted correctly according to Gfc.

The predicted force-displacement responses based on the 
developed compressive fracture energy model are nearly 
the same for different element sizes. Based on the proposed 
compressive fracture energy model, the softening branch of 
the σ-ε curve is adjusted so that the elements with different 
sizes will dissipate the same amount of energy in the post-
peak responses. Besides, the analysis results match well with 
the test results. For specimens with configurations A and D, 
the mean predicted-to-test results of ultimate displacement 
at which the resistance drops to zero is 1.13. If the softening 
branch of the σ-ε curve is not correctly adjusted, the predicted- 
to-test ratio is 0.26. The comparison results demonstrate the 
accuracy of the proposed Gfc model for confined concrete. 
For specimens with configuration E, the overpredicted soft-
ening response is because of the buckling of the middle 
longitudinal steel bar, which is not restrained by any steel 

Fig. 11—Test setup and reinforcement details of specimens: 
(a) test setup; and (b) reinforcement details.

Fig. 12—Uniaxial concrete model with compressive fracture 
energy regularization.
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hoop, as reported by Sheikh and Yeh (1990). The buckling 
of the steel bars reduces the confinement pressure, leading 
to the crushing failure of the core concrete, accompanied 
by the quick loss of resistance of the specimen. As pointed 
out by Welt et al. (2018), the Mander model might overesti-
mate the effective confinement area of confined RC sections 
if every other longitudinal bar is restrained by the hoops. 
Despite the divergence in specimens with configuration E, 
the proposed compressive fracture energy model provides an 
accurate and objective prediction of the softening responses 

of RC structures. The proposed model can be used for the 
collapse assessment of RC structures against extreme load 
conditions. In these cases, the collapse of the overall struc-
ture is dominated by the crushing failure of RC columns, and 
accurate modeling of the softening responses is significant.

CONCLUSIONS
This paper presents a systematic study of a compressive 

fracture energy model Gfc for confined normal-strength 
concrete. The conclusions of the present work are:

Fig. 13—Comparison of numerical and tested force-deflection responses of RC columns: (a) A3; (b) A11; (c) E2; (d) E8; 
(e)  D5; and (f) D7. (Note: Lc is element size.)
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1. The existing confinement models for normal-strength 
concrete give a consistent prediction of the confined peak 
stress and peak strain; however, significant differences are 
observed in predicting the softening branches of the stress-
strain curves. The post-peak strain relies on the gauge length 
used in the tests.

2. For unconfined concrete, the compressive fracture 
energy model developed by Wu and Wei (2016) matches 
well with the test results of large-scale reinforced concrete 
(RC) columns. The compressive fracture energy gradually 
increases along with the unconfined concrete strength fco. For 
confined concrete, the compressive fracture energy increases 
substantially along with the effective confinement pressure 
fle. Both circular and square RC columns with a similar 
value of fle/fco will share approximately the same amount 
of compressive fracture energy. The cross-section type and 
dimensions are not influential factors for the compressive 
fracture energy of either confined or unconfined concrete.

3. The proposed Gfc model provides an objective predic-
tion of the softening force-displacement responses of RC 
columns under large deformations. Meanwhile, the analysis 
results match well with the test results. The mean predicted- 
to-test result of ultimate displacement at which the resis-
tance drops to zero is 1.13. The analyzed force-displacement 
responses without compressive fracture energy regulariza-
tion significantly underestimate the softening responses 
and the ultimate displacement of the RC column, with an 
average predicted-to-test ratio of 0.26.

4. The proposed model can be used for the collapse assess-
ment of RC structures against extreme load conditions. In 
these cases, the collapse of the overall structure is domi-
nated by the crushing failure of RC columns, and accurate 
modeling of the softening responses is significant.
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An experimental study was conducted to evaluate the cyclic 
behavior of reinforced concrete (RC) flexural members with 
different design parameters. Twenty-five large-scale beam speci-
mens were tested under lateral displacement reversals using a test 
setup intended to impose single-curvature deformation. Test param-
eters investigated include: 1) specimen aspect ratio, a/d; 2) desig-
nated shear stress demand, VMpr/bwd​​√ 

____
 ​fc ′ ​ ​​; 3) spacing of transverse 

reinforcement, s; 4) diameter of longitudinal reinforcement, db; 
and 5) tension-to-compression reinforcement ratio. All specimens 
were designed in compliance with ACI 318-19 using Grade 60 
(fy = 60 ksi [414 MPa]) reinforcing steel and a specified concrete 
strength of 4 ksi (27.6 MPa). Test results indicated that specimen 
peak lateral strength, Vpeak, can be acceptably estimated by VMn, 
the shear corresponding to the development of the nominal flexural 
strength at the beam fixed end. The Vpeak/VMn ratio increased as 
the normalized peak shear stress, Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​, decreased, where 

bw, d, and fcm were the beam width, effective depth, and concrete 
cylinder strength, respectively. Specimen ultimate drift, du, was 
also found to be more sensitive to the normalized peak shear stress, 
Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​. Specimen ultimate drift, du, tended to increase as the 

Vpeak/bwd​​√ 
_

 ​f​ cm​​ ​​ decreased. The average normalized energy dissipa-
tion capacity generally increased as the specimen normalized peak 
shear stress decreased, the aspect ratio increased, and the spacing 
of transverse reinforcement was reduced. Finally, specimen effec-
tive lateral stiffness increased as the shear span decreased or the 
reinforcement ratio on the tension side increased.

Keywords: aspect ratio; deformation; diameter of longitudinal reinforce-
ment; energy; reinforcement ratio; shear stress; stiffness; strength; trans-
verse reinforcement spacing.

INTRODUCTION
In high seismic regions, buildings are expected to 

respond nonlinearly when subjected to strong ground 
motions (ASCE/SEI 7-22 [ASCE 2022]). For moment- 
resisting frames, the design concept of strong-column/
weak-beam, typically adopted by building codes such as 
ACI 318-19 (ACI Committee 318 2019), intends to stimu-
late the nonlinear response of the frame, which is primarily 
attributed to the formation of plastic hinges in beams. As a 
result, the beam force-deflection characteristics, particularly 
under cyclic loading, both within and beyond the elastic 
limit, have a great influence on the seismic performance of 
the moment-resisting frame. Several previous studies inves-
tigated cyclic responses of reinforced concrete (RC) flexural 
members, and key findings are briefly reviewed.

Brown and Jirsa (1971) tested 12 specimens to investi-
gate the influences of loading history, amount of longi-
tudinal reinforcement, shear span, and stirrup spacing on 

the cyclic behavior of RC beams. Specimens were loaded 
to shear stress levels of approximately 1.6 to 5.5​​√ 

_
 ​f​ cm​​ (psi) ​​ 

(0.13 to 0.46​​√ 
_

 ​f​ cm​​ (MPa) ​​), where fcm was the tested concrete 
cylinder strength. Based on test results, Brown and Jirsa 
(1971) concluded that specimens with closer stirrup spacing 
maintained load and energy absorption capacity over a larger 
number of cycles. Specimens that had the same amount of 
longitudinal reinforcement but with reduced shear span 
resulted in failure within fewer cycles. Specimens subjected 
to larger shear force (with more longitudinal reinforcement) 
also failed in fewer cycles than those subjected to smaller 
shear force.

Based on the test results of two specimens (Specimens 35 
and 43), Popov et al. (1972) indicated that larger and more 
closely spaced stirrups in beams resulted in reduced stiffness 
deterioration, improved energy dissipation capacity, and 
increased rotational capacity. Both beam specimens had a 
shear span-to-effective depth ratio of 3.1 and were subjected 
to cyclic load with a maximum shear stress level of approx-
imately 5.5​​√ 

_
 ​f​ cm​​ (psi) ​​ (0.46​​√ 
_

 ​f​ cm​​ (MPa) ​​).
The shear decay behavior of RC flexural members was 

later investigated by Scribner and Wight (1978) through tests 
of 12 specimens. The maximum shear stress of test speci-
mens ranged from 2.0​​√ 

_
 ​f​ cm​​ (psi) ​​ (0.17​​√ 
_

 ​f​ cm​​ (MPa) ​​) to approx-
imately 6.0​​√ 

_
 ​f​ cm​​ (psi) ​​ (0.50​​√ 
_

 ​f​ cm​​ (MPa) ​​). Test results showed 
that maximum shear stress was the most important factor 
in determining a member’s ability to withstand repeated 
inelastic loading. Specimens with higher shear stress 
demand exhibited a more severe loss of strength and energy 
dissipation capacity.

More recently, the effects of hoop spacing on the cyclic 
response of two large RC beam specimens were reported 
(Panagiotou et al. 2013). Two specimens had identical 
geometry and longitudinal reinforcement design but with 
different transverse reinforcement ratios due to different 
hoop spacing. The shear stress demand for the two speci-
mens was around 1.7​​√ 

_
 ​f​ cm​​ (psi) ​​ (0.14​​√ 
_

 ​f​ cm​​ (MPa) ​​). Test results 
showed that damage initiation and damage progression in 
both specimens were dominated by the buckling of longitu-
dinal reinforcement. Reducing the s/db ratio from 7.8 to 4.3 
resulted in an increase in specimen drift capacity from 2.7 to 
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5.3%, where s was the hoop reinforcement spacing, and db 
was the longitudinal reinforcement diameter.

These past researchers identified key design parame-
ters affecting the cyclic behavior of RC flexural members. 
However, conflicts were observed regarding the influences 
of some design parameters. For example, although the 
majority of the research results indicated that providing 
more and closely spaced transverse reinforcement improved 
the seismic performance of the specimens, the shear slippage 
along the cracks that developed perpendicularly to the longi-
tudinal axis raised questions about the effectiveness of trans-
verse reinforcement at closer spacing (Jirsa 1973; Scribner 
and Wight 1978; Wibowo et al. 2017). There is still some 
room for research to further understand the cyclic behavior 
of RC flexural members.

A systematic test program consisting of 25 large-scale RC 
beam specimens tested under lateral displacement rever-
sals was developed for this study. Primary test parameters 
included: 1) shear span-to-effective depth ratio; 2) shear stress 
demand; 3) amount/spacing of transverse reinforcement; 4) 
diameter of longitudinal reinforcement; and 5)  tension-to- 
compression reinforcement ratio. Mechanisms that limited 
the peak strength and initiated the force loss are identified 
first. The influences of these parameters on the specimen 
peak strength, deformation capacity, and energy dissipation 
capacity are then discussed.

RESEARCH SIGNIFICANCE
Previous tests on the cyclic response of RC flexural 

members typically involved multiple design parameters that 
presented difficulties in identifying the influence of individual 
parameters on a certain response. Through a systematic test 
program, the influences of the selected design parameters on 
the cyclic behavior of RC flexural members were investigated 
in this research. The test program was deliberately designed 
such that the effects of each selected design parameter can be 
examined as independently as possible. Findings from this 
study are expected to be useful for the design and modeling 
of RC flexural members.

EXPERIMENTAL PROGRAM
Test specimens

Specimens were constructed and tested in an upright posi-
tion. Each specimen consisted of a top concrete block, a 
beam segment, and a concrete base block. Lateral displace-
ment reversals were applied at the top concrete block, while 
a fixed boundary condition was provided by the concrete 
base block. This test setup (with more details described 
later) imposed single-curvature deformation to the test spec-
imens, where moment increased linearly from the center of 
the load application to the fixed end of the beam, and shear 
was constant along the beam span.

An identical beam cross section of 18.9 x 29.5 in. (480 x 
750 mm) was used for all specimens. The span of the spec-
imen was determined based on the shear span-to-effective 
depth ratio, a/d, where a was the shear span measured 
from the center of the load application to the fixed end of 
the beam, and d was the beam effective depth. Three a/d 
ratios of approximately 2.0, 3.5, and 5.0 were investigated. 

Please note that a/d of 2.0 represents the smallest dimension 
permitted by ACI 318-19, while a/d of 5.0 represents a beam 
having a clear span of approximately 22 ft (6740 mm) if the 
inflection point is assumed at midspan. Specimen nominal 
dimensions and section reinforcement layout with respect to 
the loading direction are illustrated in Fig. 1. The key design 
parameters of all specimens are summarized in Table 1.

All specimens were designed using the specified concrete 
strength, fc′, of 4000 psi (27.6 MPa) and Grade 60 (fy = 
60 ksi [414 MPa]) reinforcing steel. Longitudinal reinforce-
ment was provided based on the designated shear stress 
demand, VMpr/bwd​​√ 

____
 ​fc ′ ​ ​​, where VMpr was defined as the prob-

able flexural strength, Mpr, divided by the shear span, a; bw 
was the beam width; d was the beam effective depth; and 
fc′ was the specified concrete strength. This VMpr/bwd​​√ 

____
 ​fc ′ ​ ​​ 

represented the shear corresponding to the development of 
Mpr at the beam fixed end. The probable flexural strength, 
Mpr, was determined using the ACI 318-19 equivalent rect-
angular concrete stress distribution and steel stress of 1.25fy. 
For specimens with a/d of approximately 2.0, longitudinal 
reinforcement was provided to induce low, medium, and high 
VMpr/bwd of approximately 2​​√ 

_________
 ​fc ′ ​ (psi) ​​ (0.17​​√ 

__________
 ​fc ′ ​ (MPa) ​​), 5​​

√ 
_________

 ​fc ′ ​ (psi) ​​ (0.42​​√ 
__________

 ​fc ′ ​ (MPa) ​​), and 8​​√ 
_________

 ​fc ′ ​ (psi) ​​ (0.67​​√ 
__________

 ​fc ′ ​ (MPa) ​​  ), 
respectively. The smallest tensile longitudinal reinforce-
ment in these specimens, VMpr/bwd of approximately 2​​
√ 

_________
 ​fc ′ ​ (psi) ​​ (0.17​​√ 

__________
 ​fc ′ ​ (MPa) ​​  ), was approximately 40% higher 

than the minimum required by ACI 318-19 as the larger of 3​​
√ 

_________
 ​fc ′ ​ (psi) ​​/fy (0.25​​√ 

__________
 ​fc ′ ​ (MPa) ​​/fy) and 200/fy (psi) (1.4/fy (MPa)). 

To satisfy the maximum longitudinal reinforcement ratio of 
2.5% per ACI 318-19, specimens with a/d of approximately 
3.5 were designed with VMpr/bwd of approximately 2 or 5​​
√ 

_________
 ​fc ′ ​ (psi) ​​ (0.17 or 0.42​​√ 

__________
 ​fc ′ ​ (MPa) ​​), while specimens with 

a/d of 5.0 were designed with VMpr/bwd of approximately 2​​
√ 

_________
 ​fc ′ ​ (psi) ​​ (0.17​​√ 

__________
 ​fc ′ ​  (MPa) ​​) only.

Symmetric longitudinal reinforcement was typically 
provided at the top and bottom of the cross section, except 
for six specimens where the area of the top reinforcement 
was two times the area of the bottom reinforcement to inves-
tigate the effect of the tension-to-compression reinforce-
ment ratio. Top longitudinal reinforcement was subjected to 
tension when the specimen was loaded in the positive direc-
tion (W side), as shown in Fig. 1 and 2.

No. 8 (D25) longitudinal reinforcement was typically 
used, except for four specimens. Compared to specimens 
L6_3.5 and M6_3.5, where No. 8 (D25) longitudinal rein-
forcement was used, specimens L6_3.5D and M6_3.5D 
using No. 10 (D32) longitudinal reinforcement were meant 
to investigate the effects of s/db, a ratio of the spacing of 
the transverse reinforcement, s, to the diameter of the longi-
tudinal reinforcement, db. For specimens L5_5.0D and 
L6_5.0D with a/d of 5.0, using No. 10 (D32) longitudinal 
reinforcement was meant to have the same configuration of 
transverse reinforcement (two legs per set) as those in spec-
imens with the same shear stress but with different a/d, as 
shown in Fig. 1. Please note that using No. 8 (D25) longitu-
dinal reinforcement to achieve that designed shear stress of 
2​​√ 

_________
 ​fc ′ ​ (psi) ​​ (0.17​​√ 

__________
 ​fc ′ ​ (MPa) ​​) in these two specimens resulted 

in more than three longitudinal bars in each row; therefore, 
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crossties would be required to provide lateral support on 
alternate bars in accordance with ACI 318-19.

Transverse reinforcement was first determined using a 
spacing, s, of 6 in. (150 mm) in the longitudinal direction to 
ensure Vs per Eq. (1) was greater than VMpr, assuming spec-
imen shear capacity was contributed by transverse reinforce-
ment only, as suggested by ACI 318-19 for beams in high 
seismic regions. In Eq. (1), Av is the total leg area per set of 
transverse reinforcement; fyt is the nominal yield stress of 
transverse reinforcement; d is the effective depth; and s is 
the spacing of transverse reinforcement in the longitudinal 

direction. The larger VMpr was considered for the Vs provided 
in specimens with an asymmetric longitudinal reinforcement 
layout. The 6 in. (150 mm) spacing resulted from the smallest 
value of d/4 (~6.4 in. [162 mm]), six times the longitudinal 
bar diameter, db (6 in. [150 mm] for No. 8 bar), and 6 in. 
(150 mm) required by ACI 318-19. To investigate the effects 
of the amount/spacing of transverse reinforcement, the same 
set of transverse reinforcement was then provided in another 
two specimens having the same longitudinal reinforcement 
(same VMpr) but with reduced spacings at 5 and 4 in. (125 and 
100 mm). These two specimens, consequently, had reduced 

Fig. 1—Specimen geometry and reinforcement layout.
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Table 1—Specimen design parameters

Specimen
fc′, ksi 
(MPa) a, in. (mm) d, in. (mm) a/d ​​ 

​V​ Mpr​​
 ____________ 

​b​ w​​d​√ 
________

 ​fc ′ ​ (psi) ​
 ​​†  (MPa)

Longitudinal reinforcement
(Grade 60) Transverse 

reinforcement
(Grade 60) s/db Vs/VMpr

†Top Bottom

L6_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±2.7 (±0.22) 3 No. 8 (D25) 3 No. 8 (D25) 2 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9 ±1.3

L5_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±2.7 (±0.22) 3 No. 8 (D25) 3 No. 8 (D25) 2 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9 ±1.5

L4_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±2.7 (±0.22) 3 No. 8 (D25) 3 No. 8 (D25) 2 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9 ±1.9

L6_3.5 4 (27.6) 92.9 (2360) 25.9 (657) 3.6 ±2.5 (±0.21) 5 No. 8 (D25) 5 No. 8 (D25) 2 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9 ±1.4

L5_3.5 4 (27.6) 92.9 (2360) 25.9 (657) 3.6 ±2.5 (±0.21) 5 No. 8 (D25) 5 No. 8 (D25) 2 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9 ±1.6

L4_3.5 4 (27.6) 92.9 (2360) 25.9 (657) 3.6 ±2.5 (±0.21) 5 No. 8 (D25) 5 No. 8 (D25) 2 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9 ±2.1

L6_3.5D 4 (27.6) 92.9 (2360) 26.8 (681) 3.5 ±2.4 (±0.20) 3 No. 10 (D32) 3 No. 10 (D32) 2 legs No. 4 (D13)
@ 6 in. (150 mm) 4.6 ±1.4

L6_5.0D 4 (27.6) 132.7 (3370) 25.7 (653) 5.2 ±2.7 (±0.22) 5 No. 10 (D32) 5 No. 10 (D32) 2 legs No. 4 (D13)
@ 6 in. (150 mm) 4.6 ±1.3

L5_5.0D 4 (27.6) 132.7 (3370) 25.7 (653) 5.2 ±2.7 (±0.22) 5 No. 10 (D32) 5 No. 10 (D32) 2 legs No. 4 (D13)
@ 5 in. (125 mm) 3.9 ±1.5

M6_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±5.2 (±0.43) 6 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9 ±1.3

M5_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±5.2 (±0.43) 6 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9 ±1.6

M4_2.0 4 (27.6) 53.2 (1350) 27.0 (685) 2.0 ±5.2 (±0.43) 6 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9 ±2.0

M6_3.5 4 (27.6) 92.9 (2360) 25.6 (650) 3.6 ±5.6 (±0.47) 12 No. 8 (D25) 12 No. 8 (D25) 4 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9 ±1.2

M5_3.5 4 (27.6) 92.9 (2360) 25.6 (650) 3.6 ±5.6 (±0.47) 12 No. 8 (D25) 12 No. 8 (D25) 4 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9 ±1.5

M4_3.5 4 (27.6) 92.9 (2360) 25.6 (650) 3.6 ±5.6 (±0.47) 12 No. 8 (D25) 12 No. 8 (D25) 4 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9 ±1.8

M6_3.5D 4 (27.6) 92.9 (2360) 26.1 (665) 3.6 ±6.1 (±0.51) 8 No. 10 (D32) 8 No. 10 (D32) 4 legs No. 4 (D13)
@ 6 in. (150 mm) 4.6 ±1.1

H6_2.0 4 (27.6) 53.2 (1350) 25.6 (650) 2.1 ±8.3 (±0.69) 10 No. 8 (D25) 10 No. 8 (D25) 5 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9 ±1.0

H5_2.0 4 (27.6) 53.2 (1350) 25.6 (650) 2.1 ±8.3 (±0.69) 10 No. 8 (D25) 10 No. 8 (D25) 5 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9 ±1.2

H4_2.0 4 (27.6) 53.2 (1350) 25.6 (650) 2.1 ±8.3 (±0.69) 10 No. 8 (D25) 10 No. 8 (D25) 5 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9 ±1.5

H6_2.0X 4 (27.6) 53.2 (1350)
25.6 (650) 2.1 +8.3 (+0.69)

10 No. 8 (D25) 5 No. 8 (D25) 5 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9

+1.0

27.0 (685)* 2.0* –4.4 (–0.37) –1.9

H5_2.0X 4 (27.6) 53.2 (1350)
25.6 (650) 2.1 +8.3 (+0.69)

10 No. 8 (D25) 5 No. 8 (D25) 5 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9

+1.2

27.0 (685)* 2.0* –4.4 (–0.37) –2.3

H4_2.0X 4 (27.6) 53.2 (1350)
25.6 (650) 2.1 +8.3 (+0.69)

10 No. 8 (D25) 5 No. 8 (D25) 5 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9

+1.5

27.0 (685)* 2.0* –4.4 (–0.37) –2.9

M6_3.5X 4 (27.6) 92.9 (2360)
25.6 (650) 3.6 +5.6 (+0.47)

12 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 6 in. (150 mm) 5.9

+1.2

27.0 (685)* 3.4* –3.0 (–0.25) –2.3

M5_3.5X 4 (27.6) 92.9 (2360)
25.6 (650) 3.6 +5.6 (+0.47)

12 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 5 in. (125 mm) 4.9

+1.5

27.0 (685)* 3.4* –3.0 (–0.25) –2.7

M4_3.5X 4 (27.6) 92.9 (2360)
25.6 (650) 3.6 +5.6 (+0.47)

12 No. 8 (D25) 6 No. 8 (D25) 4 legs No. 4 (D13)
@ 4 in. (100 mm) 3.9

+1.8

27.0 (685)* 3.4* –3.0 (–0.25) –3.4

*Negative loading direction wherein side with lower flexural reinforcement is in tension.
†The “+” and “–” signs refer to positive and negative loading directions, respectively.
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s/db and increased Vs/VMpr compared to the counterpart spec-
imen with 6 in. (150 mm) transverse reinforcement spacing. 
In all of the test specimens, the first hoop was placed at 
2 in. (50 mm) distance away from the fixed end of the beam 
segment. The closed transverse reinforcement consisted of 
a stirrup having seismic hooks at both ends and a crosstie 
with a 90-degree hook at one end and a 135-degree hook at 
another end. The crosstie was placed consistently on the W 
side of the test specimens (refer to Fig. 1).

	​ ​V​ s​​  =  ​ 
​A​ v​​ ​f​ yt​​d _ s  ​​	 (1)

Experimental setup and instrumentation
The experimental setup for all test specimens is sche-

matically presented in Fig. 2. The concrete base block was 
fixed to the strong floor using four 2.7 in. (69 mm) diameter 
high-strength threaded rods. Lateral displacement reversals 
were applied at the top concrete block through two 220 kip 
(100 tonf) actuators. This test setup was intended to impose 
single-curvature deformation to the test specimen with 
negligible axial force.

Actuators were deformation-controlled during the test. 
The loading history is presented in Fig. 3, where drift ratio 
is defined as the lateral deformation measured at the load 
application divided by the specimen shear span, a. The posi-
tive drift corresponds to the actuator pushing toward the east 
direction.

A total of five linear variable differential transformers 
(LVDTs) were used to measure exterior movement of the 
specimen. One LVDT was placed at the center of the load 
application. Two LVDTs were installed at midheight of the 
concrete base block and the other two LVDTs were installed 
1.0 in. (25 mm) below the top face of the concrete base block 
to measure the lateral movement, in-plane rotation, and 
out-of-plane rotation (twist) of the concrete base block. An 
optical infrared-based system was used to monitor the exte-
rior deformation of the beam segment. This system tracked 
the movements of multiple points, referred to as “markers,” 
which were attached on the N face of the specimens in a 6 in. 
(150 mm) grid pattern. Typical marker and LVDT layouts for 
all specimens are shown in Fig. 4. In addition, strain gauges 
were attached to the reinforcing bars at several locations.

EXPERIMENTAL RESULTS
Materials

Concrete materials were supplied by a local ready mixed 
concrete company. The requested maximum coarse aggre-
gate size for all concrete materials was 0.5 in. (13 mm). 
Specimens were constructed in an upright position. The 
concrete base block was cast first, followed by the beam 
segment and the top concrete block. Concrete compressive 
strength for the beam segment of each specimen is shown in 
Table 2. Concrete strength, fcm, was determined based on the 
average of the compressive strengths of four 4 x 8 in. (100 x 
200 mm) cylinders, which were tested within 24 hours after 
the test of the corresponding beam specimen.

The direct tensile test, in accordance with ASTM A370 
(2020), was conducted to determine the mechanical proper-
ties of the reinforcing steel. A set of three steel coupons with 
a length of at least 24 in. (610 mm) was prepared for each Fig. 2—Experimental setup.

Fig. 3—Loading history.
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bar size per delivery of reinforcement, and steel strain was 
determined using an optical infrared-based system where 
markers were installed with a gauge length of 8 in. (203 

mm). The measured yield stress (fym or fytm) and peak stress 
(fum or futm), obtained from the average of the three coupons, 
are summarized in Table 2.

Fig. 4—Markers and LVDT locations.

Table 2—Tested material properties

Specimen

Longitudinal reinforcement Transverse reinforcement

fcm, ksi (MPa)Size fym, ksi (MPa) fum, ksi (MPa) Size fytm, ksi (MPa) futm, ksi (MPa)

L6_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.5 (38)

L5_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 6.0 (42)

L4_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 6.1 (42)

L6_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.3 (30)

L5_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.2 (36)

L4_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.1 (35)

L6_3.5D No. 10 (D32) 68.5 (472) 80.7 (557) No. 4 (D13) 67.2 (463) 85.2 (587) 5.0 (35)

L6_5.0D No. 10 (D32) 68.5 (472) 80.7 (557) No. 4 (D13) 67.2 (463) 85.2 (587) 5.8 (40)

L5_5.0D No. 10 (D32) 68.5 (472) 80.7 (557) No. 4 (D13) 67.2 (463) 85.2 (587) 5.5 (38)

M6_2.0 No. 8 (D25) 66.0 (455) 86.0 (593) No. 4 (D13) 67.2 (463) 85.2 (587) 5.3 (36)

M5_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.1 (35)

M4_2.0 No. 8 (D25) 69.8 (481) 89.2 (615) No. 4 (D13) 67.2 (463) 85.2 (587) 5.7 (39)

M6_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.3 (36)

M5_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.0 (35)

M4_3.5 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.5 (31)

M6_3.5D No. 10 (D32) 68.5 (472) 80.7 (557) No. 4 (D13) 67.2 (463) 85.2 (587) 5.6 (39)

H6_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 3.8 (26)

H5_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.5 (31)

H4_2.0 No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.2 (29)

H6_2.0X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.4 (30)

H5_2.0X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.3 (29)

H4_2.0X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 4.4 (30)

M6_3.5X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.4 (37)

M5_3.5X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.7 (39)

M4_3.5X No. 8 (D25) 65.7 (453) 85.5 (589) No. 4 (D13) 67.2 (463) 85.2 (587) 5.6 (39)
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Progression of damage
Both horizontal and inclined cracks were observed on the 

S side of all test specimens during the first loading cycle 
to 0.25% target drift. During 1.00% target drift cycles, 
new cracks developed. The number of cracks was similar 
for specimens reinforced with the same longitudinal rein-
forcement regardless of transverse reinforcement spacing 
(refer to Fig. 5(a)). With the same aspect ratio, however, 
specimens with higher shear demand appeared to have a 
larger number of horizontal cracks (Fig. 5(b)). This pattern 
was also observed in specimens with asymmetric longitu-
dinal reinforcement. As shown in Fig. 5(c), more horizontal 
cracks developed on the W side, where more longitudinal 
reinforcement was provided.

During 1.0% target drift cycles, sliding along the inter-
face between the beam fixed end and the concrete base block 
was observed in specimens with less longitudinal reinforce-
ment, as in specimen L6_2.0. For comparison, sliding was 
not obvious in specimen L5_5.0D until the 4.0% target drift 
cycles. Peak forces were achieved in most of the specimens 
between 3.0 and 4.0% target drift cycles. The major inclined 
crack(s), defined as the one(s) with a relatively larger crack 
width among the observed cracks, became obvious during 
the 3.0 to 4.0% target drift cycles. Abrasion along inclined 
cracks was typically observed during the 3.0% target drift 
cycles and became obvious during the 4.0% target drift 
cycles, as shown in Fig. 5(d). This abrasive action deterio-
rated the concrete in the web region.

After reaching peak lateral strength, Vpeak, corner concrete 
at the fixed end spalled off. The continuous loosening of 
concrete cover caused the longitudinal reinforcement to 
be exposed in some specimens. Loud “bang” sounds were 

heard, each accompanied by a kinking response on the 
load-deflection curve, in most of the test specimens during 
the 6.0 to 8.0% target drift cycles. The “bang” sound 
appeared to be associated with the debonding of the trans-
verse reinforcement.

At the final state, buckling of longitudinal reinforcement 
was observed in all test specimens. Buckling of longitudinal 
reinforcement was more severe in the longitudinal reinforce-
ment on the W side, where crossties were provided to form 
the closed transverse reinforcement. Except for specimens 
M6_2.0, M4_2.0, H6_2.0, H5_2.0, M6_3.5X, M5_3.5X, 
and M4_3.5X, the 135-degree hook of either the crosstie 
(parallel to the shear direction) or the U-shaped stirrup 
was pushed out from the core. After the removal of loose 
concrete, the integrity of the core concrete (concrete within 
the closed transverse reinforcement) appeared to be better 
in specimens with a low aspect ratio and low shear demand. 
The final states of all test specimens are presented in Fig. 6.

Specimen hysteretic responses, expressed in terms of 
lateral load versus drift, are presented in Fig. 7. The drift 
presented in Fig. 7 has been adjusted from the target values 
to account for the lateral movements and rotations of the 
concrete base block. The key test results for all test speci-
mens are summarized in Table 3.

DISCUSSION
Mechanisms

In this section, a quantitative way to determine the mech-
anisms that limit the force and initiate the force loss are 
presented. To achieve that, four deformation components, 
including: 1) flexural deformation; 2) shear deformation; 
3) deformation due to fixed-end rotation; and 4) fixed-end 

Fig. 5—Specimen damage progression.
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sliding were determined first using data from the optical 
tracking system. Each deformation component represented a 
mechanism through which the force was transferred. Flexural 
deformation, evaluated using markers between Row 2 and 

the topmost row of markers (center of load application), as 
shown in Fig. 4, represented the deformation due to the rota-
tion of the beam. Flexural deformation was obtained based 
on the moment-area theorem, where curvature was assumed 

Fig. 6—Specimen final state.
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to be uniformly distributed between two consecutive rows 
of markers. This uniformly distributed curvature was the 
average of the curvature values of all marker elements in 
the same row, and the element curvature was determined 

using the data from the four markers at the corners of a 
marker element, as shown schematically in Fig. 4. Shear 
deformation referred to the rest of the deformation between 
Row 2 and the topmost row of markers. Deformation due 

Fig. 7—Hysteretic response.
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to fixed-end rotation and fixed-end sliding were determined 
using the rows of markers immediately above and below 
the interface between the wall and concrete base block, that 
is, Row 1 and Row 2 markers in Fig. 4. Due to damaged 
concrete cover, marker results were typically available only 
up to the drift level when the specimen achieved the peak 
lateral force.

Specimens were subjected to three loading cycles at each 
target drift level. Using the results of specimen L4_3.5 in the 
positive loading direction as a typical example, the force- 
displacement envelopes of the three loading cycles for each 
deformation component are shown in Fig. 8. Comparing 
first-cycle envelopes of the four deformation components 
in Fig. 8, the deformation due to fixed-end rotation exhibits 
an apparent change in stiffness from 0.5 to 1.0% target drift 

(symbol “◇” → symbol “○”), while the other three defor-
mation components exhibited a limited increase in displace-
ment between these two drift levels. The apparent change of 
stiffness (slope) in the load-deformation hysteretic response 
of specimen L4_3.5 was primarily attributed to the inelastic 
response of the deformation due to fixed-end rotation. Given 
that, it should be acceptable to conclude that the mechanism 
that limited the force was associated with the deformation 
due to fixed-end rotation.

It can also be observed in Fig. 8 that as the force drops 
in the repeated cycles, corresponding displacements in the 
four deformation components either increase or decrease. A 
drop in force accompanied by a decrease in displacement 
indicates a “recovery” response where force is likely to be 
restored once the displacement increases again. However, a 

Fig. 7 (cont.)—Hysteretic response.
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Table 3—Summary of test results

Specimen
Loading 
direction Vpeak, kip (kN) ​​ 

​V​ peak​​ ____________ 
​b​ w​​d​√ 
_

 ​f​ cm​​ (psi) ​
 ​​ (MPa) VMn

*, kip (kN)
Vpeak/
VMn

Vs/
Vpeak 

* dpeak, % du, %
Force loss 
initiation†

Peak 
force limit 

mechanism†

L6_2.0
East (+) 88.5 (393.7) 2.34 (0.19) 76.5 (340.5) 1.16 1.39 2.95 6.64 SH FR

West (–) –83.9 (–373.4) –2.22 (–0.18) –76.5 (–340.5) 1.10 1.46 –2.96 –6.05 SH, FS FR

L5_2.0
East (+) 87.7 (390.2) 2.22 (0.18) 76.9 (341.9) 1.14 1.68 2.86 6.28 SH, FS, SR FR

West (–) –87.5 (–389.1) –2.22 (–0.18) –76.9 (–341.9) 1.14 1.68 –2.93 –5.99 FR, SH, FS FR

L4_2.0
East (+) 88.9 (395.4) 2.23 (0.19) 76.9 (342.2) 1.16 2.07 2.96 6.00 SH, FS, FR FR

West (–) –86.2 (–383.5) –2.17 (–0.18) –76.9 (–342.2) 1.12 2.14 –2.89 –5.96 SH, FS FR

L6_3.5
East (+) 79.2 (352.1) 2.47 (0.21) 68.5 (304.6) 1.16 1.49 4.01 4.72 SH, FS FR

West (–) –80.7 (–359.2) –2.52 (–0.21) –68.5 (–304.6) 1.18 1.46 –3.95 –3.97 FR, SH, FS FR

L5_3.5
East (+) 81.7 (363.6) 2.32 (0.19) 69.5 (309.0) 1.18 1.73 3.91 5.39 SH, FS FR

West (–) –79.4 (–353.1) –2.25 (–0.19) –69.5 (–309.0) 1.14 1.78 –3.89 –4.69 SH, FR, FS FR

L4_3.5
East (+) 80.5 (357.9) 2.31 (0.19) 69.4 (308.5) 1.16 2.19 3.98 6.21 SH, FS FR

West (–) –82.0 (–364.6) –2.35 (–0.19) –69.4 (–308.5) 1.18 2.15 –3.93 –4.56 SH, FL FR

L6_3.5D
East (+) 78.9 (350.8) 2.20 (0.18) 70.9 (315.3) 1.11 1.55 5.93 6.00 SH, FS FR

West (–) –79.9 (–355.3) –2.23 (–0.19) –70.9 (–315.3) 1.13 1.53 –3.95 –5.05 SH, FR, FS FR

L6_5.0D
East (+) 86.8 (386.3) 2.35 (0.19) 78.3 (348.4) 1.11 1.35 5.95 6.01 SH, FS, FR FR

West (–) –84.4 (–375.5) –2.28 (–0.19) –78.3 (–348.4) 1.08 1.39 –3.91 –5.85 SH, FR, FS FR

L5_5.0D
East (+) 84.7 (376.7) 2.35 (0.20) 78.1 (347.2) 1.09 1.66 5.84 6.00 FR, SH, FS FR

West (–) –85.6 (–380.5) –2.37 (–0.20) –78.1 (–347.2) 1.10 1.64 –3.90 –4.71 SH, FR, FS FR

M6_2.0
East (+) 172.1 (765.3) 4.64 (0.39) 148.8 (661.8) 1.16 1.43 3.83 3.86 SH, SL FR

West (–) –174.9 (–778.0) –4.71 (–0.39) –148.8 (–661.8) 1.18 1.40 –2.72 –3.77 SH, SR FR

M5_2.0
East (+) 164.2 (730.2) 4.51 (0.37) 147.9 (658.0) 1.11 1.79 3.67 5.75 SH FR

West (–) –164.3 (–730.8) –4.51 (–0.37) –147.9 (–658.0) 1.11 1.79 –3.73 –5.87 SH FR

M4_2.0
East (+) 170.2 (757.1) 4.42 (0.37) 157.5 (700.4) 1.08 2.16 3.89 5.96 SH, FS FR

West (–) –175.2 (–779.3) –4.55 (–0.38) –157.5 (–700.4) 1.11 2.10 –3.87 –3.90 SH, FS FR

M6_3.5
East (+) 175.3 (779.6) 4.98 (0.41) 154.6 (687.5) 1.13 1.33 3.86 4.54 SH, FS FR

West (–) –183.5 (–816.3) –5.21 (–0.43) –154.6 (–687.5) 1.19 1.27 –3.93 –3.96 SH, FR, FS FR

M5_3.5
East (+) 173.6 (772.4) 5.08 (0.42) 154.1 (685.2) 1.13 1.61 3.95 4.73 SH, FR, FS FR

West (–) –177.2 (–788.1) –5.18 (–0.43) –154.1 (–685.2) 1.15 1.58 –3.87 –4.36 SH, FR, FS FR

M4_3.5
East (+) 174.5 (776.4) 5.38 (0.45) 153.2 (681.3) 1.14 2.00 3.96 6.02 SH, FR, FS FR

West (–) –182.8 (–813.0) –5.63 (–0.47) –153.2 (–681.3) 1.19 1.91 –3.91 –4.61 SH, FR, FS FR

M6_3.5D
East (+) 189.0 (840.9) 5.11 (0.42) 177.6 (790.1) 1.06 1.26 3.94 3.99 SH, FS FR

West (–) –190.2 (–846.2) –5.14 (–0.43) –177.6 (–790.1) 1.07 1.25 –3.85 –3.88 SH, FR, FS FR

H6_2.0
East (+) 237.2 (1055.3) 7.96 (0.66) 223.3 (993.4) 1.06 1.23 2.77 4.17 SH, FS FR

West (–) –239.9 (–1067.0) –8.05 (–0.67) –223.3 (–993.4) 1.07 1.21 –2.71 –3.51 SH, FS FR

H5_2.0
East (+) 238.1 (1059.1) 7.34 (0.61) 225.5 (1003.0) 1.06 1.47 2.72 4.04 SH, FS, FR FR

West (–) –240.6 (–1070.4) –7.42 (–0.62) –225.5 (–1003.0) 1.07 1.45 –2.72 –3.48 SH, FS FR

H4_2.0
East (+) 241.1 (1072.3) 7.69 (0.64) 224.6 (998.9) 1.07 1.81 3.75 3.81 SH, FS, FR FR

West (–) –250.6 (–1114.6) –8.00 (–0.66) –224.6 (–998.9) 1.12 1.74 –2.74 –3.79 SH, FS FR

H6_2.0X
East (+) 237.6 (1056.8) 7.41 (0.61) 225.6 (1003.6) 1.05 1.23 2.78 3.82 SH, FS FR

West (–) –147.7 (–657.1) –4.37 (–0.36) –128.1 (–569.6) 1.15 2.08 –3.91 –3.96 SH, FS FR

H5_2.0X
East (+) 241.5 (1074.1) 7.61 (0.63) 225.3 (1002.3) 1.07 1.45 2.74 5.74 SH, FS FR

West (–) –155.6 (–692.4) –4.66 (–0.39) –127.8 (–568.6) 1.22 2.37 –3.76 –5.84 SH, FS FR
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drop in force accompanied by an increase in displacement 
indicates a “softening” response, which contributes to the 
loss of the force in the repeated cycles. As shown in Fig. 8, the 
softening response was first observed in fixed-end sliding at 
0.75% target drift (symbol “◻”) and became more apparent 
thereafter. The softening response was also first observed 
in shear deformation at 1.5% target drift (symbol “△”) and 
became more apparent afterward. Flexural deformation and 
deformation due to fixed-end rotation did not show apparent 
softening responses up to 3.0% target drift. As a result, it 
should be acceptable to conclude that the mechanisms asso-
ciated with shear deformation and fixed-end sliding were 
responsible for the loss of force in pecimen L4_3.5. Using 
the described approaches, mechanisms that limit the peak 
force and initiate the force loss for all test specimens are 
summarized in Table 3. Available data indicated that shear 

was responsible for the initiation of force loss in all test 
specimens.

Component deformation percentage
The influences of the transverse reinforcement spacing/

amount on the drift contribution of the four deformation 
components were investigated first. As shown in Fig. 9(a), 
for example, drift contribution of each deformation compo-
nent is determined at the peak of the first cycle of every drift 
for a specimen trio (M6_3.5, M5_3.5, and M4_3.5) with 
the same longitudinal reinforcement layout but different 
spacing/amount of transverse reinforcement. Results from 
Fig. 9(a) suggest that the influence of transverse reinforce-
ment spacing/amount on drift contribution of each defor-
mation component appears to be limited and inconsistent, 
even in shear deformation. The overall trend at different 

Table 3 (cont.)—Summary of test results

H4_2.0X
East (+) 240.3 (1068.8) 7.49 (0.62) 225.6 (1003.6) 1.06 1.82 2.79 3.82 SH, FS, FR FR

West (–) –150.7 (–670.3) –4.46 (–0.37) –128.1 (–569.6) 1.18 3.05 –3.89 –5.43 SH, FS FR

M6_3.5X
East (+) 176.8 (786.3) 4.97 (0.41) 155.2 (690.2) 1.14 1.32 2.91 4.99 SH, FS FR

West (–) –105.4 (–468.7) –2.81 (–0.23) –87.9 (–390.8) 1.20 2.33 –3.91 –5.99 FR, SH, FS FR

M5_3.5X
East (+) 165.7 (737.0) 4.54 (0.38) 155.6 (692.1) 1.06 1.69 2.91 5.42 SH, FS FR

West (–) –104.7 (–465.8) –2.72 (–0.23) –88.2 (–392.3) 1.19 2.81 –3.82 –5.53 SH FR

M4_3.5X
East (+) 173.9 (773.6) 4.81 (0.40) 155.4 (691.5) 1.12 2.01 3.97 6.10 SH, FS FR

West (–) –108.1 (–480.7) –2.83 (–0.24) –88.1 (–391.8) 1.23 3.41 –3.93 –5.91 SH, FS FR

*Using tested material properties.
†FL is flexure; SH is shear; FR is fixed-end rotation; FS is fixed-end sliding.

Fig. 8—Loss of force mechanism for L4_3.5.
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drift levels appears to be similar in all three specimens. Due 
to length limitation, only the results from specimens with 
transverse reinforcement spaced at 6 in. (150 mm) are shown 
in Fig.  9(b) to (k) to explore the effects of other design 
parameters.

For specimens with an aspect ratio of 2.0, based on test 
results among specimens L6_2.0, M6_2.0, and H6_2.0, it 
appeared that specimens with larger shear stress demands 
resulted in a smaller percentage of fixed-end sliding after 
approximately 0.75% target drift, which was more apparent 
between specimens L6_2.0 and M6_2.0. This trend, however, 
was not obvious for specimens with an aspect ratio of 3.5. 
The increased fixed-end sliding from approximately 0.5 to 
1.0% drift was believed to be associated with the yielding of 
the longitudinal reinforcement, and this increment was more 

obvious in specimens with low longitudinal reinforcement 
ratios.

Comparing test results among specimen trio L6_2.0, 
L6_3.5, and L6_5.0D and specimen pair M6_2.0 and 
M6_3.5, it may be concluded that specimen aspect ratio had 
the most significant impact on the drift contribution percent-
ages at all drift levels. As the aspect ratio increases, with 
a similar shear stress demand, the drift contributions from 
fixed-end sliding and shear deformation decrease and drift 
contribution from flexural deformation increases, while drift 
contribution from the deformation due to fixed-end rotation 
is similar.

For specimens with an asymmetric longitudinal reinforce-
ment layout, the overall trend of specimens H6_2.0X and 
M6_3.5X in the positive loading direction, where the tension 

Fig. 9—Deformation component drift contribution.
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side had more longitudinal reinforcement, was similar to 
that of specimens H6_2.0 and M6_3.5, respectively. In the 
negative loading direction, however, the drift contributions 
from fixed-end sliding were slightly lower at a drift ratio 
greater than 0.75% in specimens H6_2.0X and M6_3.5X 
when compared to those in specimens M6_2.0 and L6_3.5, 
respectively.

Strength
From Table 3, it appears that specimen peak lateral force, 

Vpeak, was limited by the mechanism associated with the 
deformation due to fixed-end rotation. As a result, an attempt 
was made to estimate the peak strength using VMn. The VMn, 
representing the shear corresponding to the development 
of nominal flexural strength at the base of the specimen, 
was determined as Mn/a, where Mn was the nominal flex-
ural strength per ACI 318-19 using tested material proper-
ties, and a was the shear span. As reported in Table 3, the 
Vpeak/VMn exceeded 1.0 for all test specimens, which ranged 
between 1.05 and 1.18 in the positive loading direction, and 
1.07 and 1.23 in the negative loading direction. As a result, 
using VMn to predict specimen peak strength, Vpeak, was a 
good approximation.

The influences of a/d, s/db, and Vpeak/bwd​​√ 
_

 ​f​ cm​​ ​​ on Vpeak/VMn 
were investigated through the plots presented in Fig.  10. 
All presented values were calculated based on tested mate-
rial properties. From Fig. 10, it appears that Vpeak/VMn was 
highly influenced by the normalized peak shear stress, 
Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​. The trend in Fig. 10 suggests that Vpeak/VMn 

increases approximately linearly as Vpeak/bwd​​√ 
_

 ​f​ cm​​ ​​ decreases. 
Another possible design parameter that influenced the Vpeak/
VMn, although only based on the two pairs of specimens 
in this study, appeared to be the bar size. As can be seen 
in Table 3 and Fig. 10, specimens L6_3.5D and M6_3.5D 
using No. 10 longitudinal bars showed relatively lower Vpeak/
VMn compared to specimens L6_3.5 and M6_3.5 using No. 8 
longitudinal bars and with other design parameters almost 
identical.

The aforementioned observations may be explained as 
follows: under proper conditions, tensile reinforcement can 

be stressed into the strain-hardening range, which is believed 
to be the primary contributor to the flexural overstrength. 
The degree of strain hardening in the longitudinal reinforce-
ment in tension positively correlates with the degree of Vpeak/
VMn. When subjected to large inelastic deformation, as in the 
cases of all specimens tested in this study, factors that may 
affect the degree of strain hardening in the tensile longitu-
dinal reinforcement include at least the: 1) bond properties; 
and 2) stability of compression force.

Bond demand increased as the shear stress or bar size 
increased. Increasing concrete strength could improve bond 
properties. Concrete strength in the concrete base block and 
the beam segment did not vary significantly among the test 
specimens. Providing more and closer transverse reinforce-
ment, on the other hand, was expected to improve not only 
the bond properties but also the stability of compression 
force. However, test results showed that the change in the 
amount/spacing of transverse reinforcement for specimens 
having the same longitudinal reinforcement layout had a 
negligible influence on Vpeak/VMn. On the other hand, the 
confinement term for the development length of straight 
reinforcement, (cb + Ktr)/db, as per ACI 318-19, ranged from 
1.34 to 3.23 in the tested specimens. It suggested that bond 
properties within the beam segment appeared to be similar 
when this confinement term was greater than 1.34.

The Vpeak/VMn for specimens with an asymmetric longi-
tudinal reinforcement layout was consistently higher in the 
negative loading direction when the less-reinforced side was 
subjected to tension, as can be seen in Table 3 and Fig. 10. 
Furthermore, the Vpeak/VMn of those specimens, on average, 
were even higher than the rest of the specimens in the nega-
tive loading direction. This trend was likely attributed to 
the lower shear stress demand and more stable compression 
force when the less-reinforced side was subjected to tension.

Deformation
The ultimate drift, du, reported in Table 3, was determined 

based on the following two scenarios, whichever was met 
first: 1) when force dropped by 20% between the first and 
third loading cycles within the same target drift level, and 
the peak force in the first loading cycle of the next target 

Fig. 10—Design parameters on Vpeak/VMn.



33ACI Structural Journal/March 2024

drift level was lower than the peak force in the third loading 
cycle of the drift of concern; or 2) when force dropped 
by 20% from the peak force on the envelope of hysteretic 
response. Using the minimum corresponding drifts of these 
two scenarios would avoid overestimation of du when the 
specimen failed to sustain the load in the repeated cycles at 
the same target drift level. Test results in Table 3 indicate 
that a minimum drift capacity of 3.5% can be achieved for 
all specimens designed with a wide range of parameters and 
in compliance with ACI 318-19.

The influences of a/d, s/db, and Vpeak/bwd​​√ 
_

 ​f​ cm​​ ​​ on du were 
investigated through the plots presented in Fig. 11. The 
scatter of results suggested that it was not possible to predict 
specimen du with good accuracy using the parameters inves-
tigated. Despite that, specimen peak shear stress, Vpeak/bwd​​
√ 
_

 ​f​ cm​​ ​​, appeared to have relatively more influence on spec-
imen du. Results from Fig. 11(c), on average, indicate that 
specimen du tends to decrease from 6 to 4% as the peak 
shear  stress increases from 2 to 8​​√ 

_
 ​f​ cm​​ (psi) ​​ (0.17 to 0.67​​

√ 
_

 ​f​ cm​​ (MPa) ​​). This trend supports the previous discussion that 
the mechanism that initiated the loss of force in all speci-
mens was associated with shear. The trend that du increased 
as the specimen shear stress demand decreased has been 
reported before from tests of RC squat walls (Cheng et  al. 
2021).

Reducing a/d has been reported to result in smaller drift 
capacity of RC members in some existing research. Test 
results from this study, however, showed that the influence 
of a/d on specimen du was not apparent when specimens had 
similar normalized peak shear stress, Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​ (refer 

to Fig. 11(a)). A typical experimental program in previous 
studies used specimens with the same longitudinal rein-
forcement layout but with different a/d, wherein specimen 
peak shear stress increased as the a/d decreased, thus leading 
to the decrease in specimen du.

There was no consistent trend to identify the effects of 
the amount/spacing of transverse reinforcement on du. 
Among all specimens tested in this study, only specimen trio 
M6_3.5, M5_3.5, and M4_3.5 showed that du consistently 
increased as the s/db of transverse reinforcement reduced in 
both loading directions. Based on the experimental obser-
vation, the du not being improved by the reduced spacing 
or increased amount of transverse reinforcement in several 

specimens was likely due to two reasons. First, the major 
inclined cracks in specimens with larger amount of, and 
more closely spaced, transverse reinforcement developed at 
a shallower angle with respect to the transverse direction, 
as can be observed in specimen trio L6_2.0, L5_2.0, and 
L4_2.0, presented in Fig. 12. Thus, transverse reinforcement 
became less effective in this case. Second, specimens typi-
cally lost the concrete cover severely after 4.0% target drift, 
and the anchorage of transverse reinforcement deteriorated, 
which made the transverse reinforcement less effective at a 
similar drift level.

For specimens with asymmetric longitudinal reinforce-
ment, test results showed that du was typically smaller in the 
positive loading direction where the less-reinforced side was 
subjected to compression. As can be seen in Fig. 11(b), the 
obtained du in the positive and negative loading directions 
from specimens with asymmetric longitudinal reinforcement 
layouts was within the range of other symmetrically rein-
forced specimens with a similar shear stress demand.

ENERGY DISSIPATION
In this study, the normalized energy dissipation capacity 

in each loading cycle was determine based on Fig. 13(a), 
where Aloop was the area enclosed by the hysteresis loop, and 
AT

+ and AT
– were the elastic strain energies in the positive 

and negative loading directions, respectively. The average 
of the normalized energy dissipation capacities in the three 
loading cycles at each drift level is presented in Fig. 13(b) to 
(i), where the horizontal axis is the average drift level in the 
positive and negative loading directions.

The average normalized energy dissipation capacity gener-
ally increased as the normalized peak shear stress decreased, 
the aspect ratio increased, and the spacing of transverse 
reinforcement was reduced (amount increased). The amount 
and spacing of transverse reinforcement appeared to have 
more influence on energy dissipation capacities in speci-
mens with an aspect ratio of approximately 2.0. The influ-
ence of the aspect ratio on the energy dissipation capacity 
was not obvious before 3.0% drift. In specimens with the 
same aspect ratio, the average normalized energy dissipation 
capacity consistently increased as the normalized peak shear 
stress decreased. The results in specimens with an asym-
metric longitudinal reinforcement layout appeared to be 

Fig. 11—Design parameters on du.
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close to the specimens with a symmetric longitudinal rein-
forcement layout, and the amount of longitudinal reinforce-
ment on each side was identical to the more-reinforced side. 
The normalized energy dissipation capacities of specimens 

using larger diameters of longitudinal reinforcement were 
consistently lower than their counterpart specimens with 
smaller diameters of longitudinal reinforcement.

Fig. 13—Normalized energy dissipation capacity.

Fig. 12—Inclined crack angle at 4.0% target drift.
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EFFECTIVE LATERAL STIFFNESS
Specimen effective lateral stiffness, Keff, was determined 

based on the idealized bilinear load-deformation response 
as per ASCE/SEI 41-17 (ASCE 2017). The effective lateral 
stiffness of all specimens versus the reinforcement ratio 
on the tension side, determined as the area of longitudinal 
reinforcement on the tension side divided by the width of 
the beam, bw, and effective depth, d, is presented in Fig. 14. 
Results suggest that Keff increased as the shear span decreased 
or the reinforcement ratio on the tension side increased. The 
influence of transverse reinforcement spacing/amount on 
Keff was not apparent.

CONCLUSIONS
Twenty-five reinforced concrete (RC) beam specimens 

subjected to lateral displacement reversals were tested. The 
key test parameters were specimen aspect ratio, shear stress 
demand, transverse reinforcement spacing, diameter of 
longitudinal reinforcement, and tension-to-compression rein-
forcement ratio. Based on limited test results, the following 
conclusions are drawn:

1. Analytical results indicated that the mechanism limiting 
the force in the test specimens was associated with the rota-
tional deformation at the beam fixed end, while the mecha-
nism that initiated the loss of force was generally associated 
with shear deformation and/or fixed-end sliding.

2. The amount/spacing of transverse reinforcement consid-
ered in this study appeared to have a negligible effect on the 
strength and deformation capacity of the beam specimens.

3. Peak shear strength, Vpeak, of all test specimens can be 
reasonably predicted by VMn, the shear associated with the 
development of nominal flexural strength at the beam fixed 
end.

4. The Vpeak/VMn appeared to increase linearly as the 
normalized peak shear stress, Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​, decreased.

5. A minimum drift capacity of 3.5% was achieved for all 
specimens designed with a wide range of parameters and in 
compliance with ACI 318-19. Among the test parameters 
investigated, specimen drift capacity, du, appeared to be 
more sensitive to the normalized peak shear stress, 
Vpeak/bwd​​√ 

_
 ​f​ cm​​ ​​.

6. The average normalized energy dissipation capacity 
generally increased as the specimen normalized peak shear 
stress decreased, the aspect ratio increased, and the spacing 
of transverse reinforcement was reduced.

7. Specimen effective lateral stiffness increased as the 
shear span decreased or the reinforcement ratio on the 
tension side increased.
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NOTATION
Aloop	 =	 area enclosed by each hysteresis loop; refer to Fig. 13
AT

+	 =	 elastic strain energy in positive loading direction; refer to Fig. 13
AT

–	 =	 elastic strain energy in negative loading direction; refer to 
Fig. 13

Av	 =	 total leg area per set of transverse reinforcement
a	 =	 beam shear span, defined as distance between center of loading 

application and beam fixed end
bw	 =	 beam width
cb	 =	 lesser of: a) distance from center of bar to nearest concrete 

surface; and b) one-half center-to-center spacing of bars being 
developed

d	 =	 beam effective depth
db	 =	 diameter of longitudinal reinforcement
dpeak	 =	 corresponding drift at specimen peak shear strength, Vpeak
du	 =	 specimen ultimate drift
fc′	 =	 specified concrete compressive strength
fcm	 =	 average measured concrete compressive strength
fum	 =	 average measured peak stress of longitudinal reinforcement
futm	 =	 average measured peak stress of transverse reinforcement
fy	 =	 nominal yield stress of longitudinal reinforcement
fym 	     =      average measured yield stress of longitudinal reinforcement
fyt	 =	 nominal yield stress of transverse reinforcement
fytm     =      average measured yield stress of transverse  reinforcement

Fig. 14—Effective lateral stiffness.
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he	 =	 average height of marker element; refer to Fig. 4
hl	 =	 height of left side of marker element; refer to Fig. 4
hr	 =	 height of right side of marker element; refer to Fig. 4
Keff	 =	 specimen effective lateral stiffness
Ktr	 =	 transverse reinforcement index
Mn	 =	 nominal flexural strength
Mpr	 =	 probable flexural strength
s	 =	 spacing of transverse reinforcement
VMn	 =	 shear associated with development of Mn at beam fixed end, 

VMn = Mn/a
VMpr	 =	 shear associated with development of Mpr at beam fixed end, 

VMpr = Mpr/a
Vpeak	 =	 specimen peak shear strength
Vs	 =	 specimen shear capacity contributed by transverse reinforce-

ment only
ϕe	 =	 curvature of marker element; refer to Fig. 4
θb	 =	 rotation of bottom row of markers in marker element; refer to 

Fig. 4
θt	 =	 rotation of top row of markers in marker element; refer to Fig. 4
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Extrusion-based concrete printing technology allows the fabrica-
tion of permanent formwork with intricate shapes, into which fresh 
concrete is cast to build structural members with complex geome-
tries. This significantly enhances the geometric freedom of concrete 
structures without the use of expensive temporary formwork. In 
addition, with proper material choice for the permanent formwork, 
the load-bearing capacity and durability of the resulting structure 
can be improved. This paper investigates the concrete printing of 
permanent formwork for reinforced concrete (RC) beam construc-
tion. A three-dimensional (3-D)-printable engineered geopolymer 
composite or strain-hardening geopolymer composite (3DP-EGC 
or 3DP-SHGC), recently developed by the authors, was used to 
fabricate the permanent formwork. The 3DP-EGC exhibits strain- 
hardening behavior under direct tension. Two different printing 
patterns were used for the soffit of the permanent formwork to inves-
tigate the effect of this parameter on the flexural performance of RC 
beams. A conventionally mold-cast RC beam was also prepared as 
the control beam for comparison purposes. The results showed that 
the RC beams constructed using the 3DP-EGC permanent form-
work exhibited superior flexural performance to the control beam. 
Such beams yielded significantly higher cracking load (up to 43%), 
deflection at ultimate load (up to 60%), ductility index (50%), and 
absorbed energy (up to 107%) than those of the control beam. The 
ultimate load was comparable with or slightly higher than that of the 
control beam. Furthermore, the printing pattern at the soffit of the 
permanent formwork was found to significantly influence the flexural 
performance of the RC beams.

Keywords: engineered geopolymer composite (EGC); permanent form-
work; reinforced concrete beam; strain hardening; three-dimensional (3-D) 
concrete printing.

INTRODUCTION
The use of temporary formwork for concrete construc-

tion has a significant impact on construction speed, cost, 
and wastage.1,2 The cost of temporary formwork, which 
is commonly made of timber or metal, is estimated to be 
approximately 35 to 60% of the overall cost of concrete 
construction.1 The cost of a temporary formwork system 
generally includes, but is not limited to, the material cost; 
the labor cost for fabricating, assembling, and stripping the 
formwork; the equipment cost for handling the formwork; 
and the cost of the releasing agent applied on the formwork 
system.3 Temporary timber formwork is a major source of 
wastage in construction as it would be eventually discarded 
after several times of use. Moreover, the geometric freedom 
of concrete structures is considerably limited by the form-
work shape, unless a high cost is paid for the manufacture of 

bespoke formwork with complex geometry. Using concrete 
printing technology to manufacture permanent formwork 
can be a potential solution to tackle the aforementioned 
issues. Unlike conventional temporary formwork, three- 
dimensional (3-D)-printed concrete (3DPC) permanent 
formwork serves to mold the fresh concrete to the required 
shape and dimensions. The 3DPC permanent formwork also 
becomes part of the concrete member, contributing to the 
final structural capacity of the member throughout the service 
life of the concrete structure.4 In addition, 3DPC permanent 
formwork with complex geometry can be easily manufac-
tured, which significantly enhances the geometric freedom 
of the concrete structure. With the proper material choice for 
the fabrication of the 3DPC permanent formwork, the dura-
bility of the resulting structure can also be enhanced when 
the formwork serves as a protective coating. It is important to 
point out that no additional cost is associated with increasing 
the complexity of 3DPC permanent formwork.5 A compre-
hensive review of the potential economic impact of concrete 
printing technology on the current construction industry can 
be found in De Schutter et al.6

Over the past few years, several studies have been 
conducted on the construction of reinforced concrete (RC) 
column or beam specimens using engineered cementitious 
composites (ECC), strain-hardening cement-based compos-
ites (SHCC), or other types of high-performance fiber- 
reinforced cementitious composites (HPFRCC) as precast 
permanent formwork.7-13 For instance, Pan et al.7 inves-
tigated the seismic behavior of the RC columns produced 
using precast steel-reinforced ECC permanent formwork. 
The results showed that such RC columns exhibited higher 
energy dissipation capacity, shear capacity, and ductility 
than those of the conventionally mold-cast RC column 
under seismic loading conditions. Tian et al.8 investigated 
the axial behavior of the RC column constructed using 
grid-reinforced ultra-high-performance concrete (UHPC) as 
the precast permanent formwork. Carbon fiber-reinforced 
polymer (CFRP) grid and stainless-steel grid were used as 
the reinforcement. The results showed that such RC columns 
exhibited higher axial load-carrying capacity and stiffness 
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than those of the conventionally mold-cast RC column. 
However, the ductility and crack resistance of the RC 
columns decreased due to the brittle nature of UHPC. The 
authors reported that the use of CFRP grids could improve 
the ductility and toughness of the RC columns as compared 
to the stainless-steel grid.

The effects of surface treatment of permanent formwork 
on the mechanical performance of structural elements have 
also been studied. Leung and Cao10 investigated the flex-
ural performance of concrete beams constructed using ECC 
as the precast permanent formwork with different surface 
treatments. The results showed that the beams constructed 
using the ECC permanent formwork with transverse grooves 
along the surface exhibited significantly higher flexural 
capacity than that of the beam with a smooth surface. Zhang 
et al.11 studied the shear behavior of the RC beams without 
shear reinforcement constructed using precast ECC perma-
nent formwork. Three different surface conditions—namely 
smooth interface, anchored interface, and rugged interface—
were prepared to investigate the interface bond strength 
between the ECC permanent formwork and concrete core. 
The RC beam constructed using ECC permanent formwork 
significantly improved the shear and deformation capacities 
compared to those of the conventionally mold-cast RC beams 
without shear reinforcement. The ECC permanent formwork 
with a rugged interface exhibited the highest interface bond 
strength compared to that with a smooth or anchored inter-
face. The interface bond strength between the ECC perma-
nent formwork and concrete core was found to have a limited 
correlation to the shear capacity of the RC beams.

Recently, some studies have been conducted to build RC 
structures using 3DPC permanent formwork.14-16 Vantyghem 
et al.14 manufactured and tested a 4 m long topology- 
optimized post-tensioned concrete girder constructed using 
3-D-printed hollow girder segments. The girder segments 
were produced using a 3-D-printable ordinary portland 
cement (OPC)-based mortar. The printed girder segments 
and post-tensioning cables were assembled, and a shrinkage- 
compensating high-strength OPC mortar was then used to 
fill the hollow interior of the post-tensioning cables. Finally, 
a post-tensioning force of 50 kN was applied. The topology- 
optimized beam made of 3-D-printed girder segments 
saved nearly 20% volume of concrete when compared to 
the conventional beam constructed with a T-section girder 
with the same dimensions and total deflection. Anton et al.15 
manufactured nine 2.7 m high columns with complex geom-
etry and surface texture. The hollow permanent formwork 
was 3-D-printed using an OPC mortar. Subsequently, a 
conventional steel reinforcement cage was placed in the 
printed permanent formwork, followed by the casting of 
fresh concrete. In another study, Zhu et al.16 investigated the 
structural performance of the RC columns under compres-
sion. The 3DPC permanent formwork for the columns 
was made using a 3-D-printable OPC mortar. The print-
able mortar contained 6 mm long polyethylene fibers and 
calcium carbonate whisker to reduce shrinkage and enhance 
the micromechanical performance of the printing material. 
Subsequently, the conventional steel reinforcement cages 
with three different longitudinal steel reinforcement ratios 

(0.0, 1.9, and 2.5%) were placed inside the 3DPC perma-
nent formwork, and fresh concrete was cast into it. Conven-
tional mold-cast RC columns with the same reinforcement 
ratios were also manufactured for comparison. The results 
showed that the load-bearing capacity and stiffness of the 
RC column made with the 3DPC permanent formwork were 
higher than those of the control RC columns. This was due 
to the higher strength of the printable mortar used for manu-
facturing the 3DPC permanent formwork as compared to the 
cast-in-place concrete (40 MPa as compared to 30 MPa), as 
well as the higher confinement effect from the 3DPC perma-
nent formwork. Furthermore, good bonding was observed at 
the interface of the concrete core and the 3DPC permanent 
formwork.

It should be noted that the aforementioned 3DPC perma-
nent formwork systems were manufactured using 3-D-printed 
OPC mortars, which have very limited or no contribution 
to the final load-bearing capacity and crack control of the 
concrete structure. In addition, OPC was used as the main 
binder in the mixture compositions, which compromises 
the sustainability credentials of concrete printing due to the 
high carbon emissions and embodied energy associated with 
OPC production.17,18 Therefore, the study at hand aims to 
investigate the performance of RC beams constructed using 
permanent formwork made of a 3-D-printable engineered 
geopolymer composite (3DP-EGC) or strain-hardening 
geopolymer composite (3DP-SHGC). The authors recently 
developed a 3DP-EGC. Similar to 3-D-printable ECC (3DP-
ECC), the 3DP-EGC shows strain-hardening behavior under 
uniaxial tension.19 However, the environmental footprint of 
the 3DP-EGC is significantly lower than that of the 3DP-ECC, 
as the 3DP-EGC is made of geopolymer. Geopolymer uses 
industrial waste materials such as fly ash and slag and does 
not contain any OPC, thereby reducing carbon emissions 
by as much as 80%.20 In addition, EGC exhibits superior 
sulfuric acid resistance to ECC.21 Two permanent formwork 
systems with different printing patterns were manufactured 
using the 3DP-EGC. The flexural performance of the RC 
beams constructed with the permanent formwork was eval-
uated by conducting four-point bending tests. The results 
were also compared with those of the conventionally mold-
cast RC beam.

RESEARCH SIGNIFICANCE
Using temporary formwork for concrete construction often 

leads to high material, labor, and machinery costs, as well as 
noticeable time delays, negative environmental footprints, 
and limited geometrical freedom. To tackle this, concrete 
printing technology can be used to produce 3DPC permanent 
formwork with complex shapes, into which fresh concrete 
can be cast to build concrete structures with complex geom-
etries. In addition, when a suitable type of concrete is used 
to produce 3DPC permanent formwork, the durability and 
load-bearing capacity of the resulting concrete structure can 
be enhanced. This study investigates the use of a recently 
developed 3DP-EGC, exhibiting strain-hardening behavior 
in direct tension, to produce 3DPC permanent formwork for 
the construction of RC beams.
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PROPERTIES OF 3DP-EGC AND CONCRETE  
FOR CASTING RC BEAMS

The 3DP-EGC mixture developed in the authors’ previous 
study19 was used to print the permanent formwork in this 
investigation. The details of the 3DP-EGC mixture, including 
the mixture proportions, printing performances, and rheolog-
ical and mechanical properties, were presented and discussed 
in the authors’ previous study.19 The key mechanical proper-
ties of the 3DP-EGC and its counterpart mold-cast EGC at 
28 days are given in Table 1. The typical tensile stress-strain 
curves of the 3DP-EGC are shown in Fig. 1. It should be 
noted that the repeatability of the key performance charac-
teristics and robustness of the 3DP-EGC have been investi-
gated in the authors’ previous study.19 The current paper only 
deals with the application of the developed 3DP-EGC for 
the production of 3DPC permanent formwork for RC beam 
construction.

The concrete used in this study for casting the RC beam 
specimens was a conventional OPC concrete with a target 
characteristic compressive strength exceeding 40 MPa at 
28  days and had a maximum nominal aggregate size of 
14 mm. The slump test performed before casting the RC 
beam specimens yielded a value of approximately 130 mm. 
To determine the compressive strength of the concrete, 12 
concrete cylinders (100 mm diameter x 200 mm height) were 
produced during casting of the RC beam specimens. The 
compression test on the concrete cylinders was conducted on 
the same day as the bending tests. The density of the concrete 
cylinders was determined by weighing the air-dried speci-
mens before the compression test. The average compressive 
strength (fcm) and density (ρ) of the concrete were measured 
to be 44.6  ± 2.2 MPa and 2395 ± 16 kg/m3, respectively. 
According to AS 1379-2007,22 the characteristic compres-
sive strength of the concrete (fc′) at 28 days was calculated 
to be 41.5 MPa.

EXPERIMENTAL PROCEDURES
Details of beam specimens

As shown in Fig. 2, all beam specimens had a 200 x 
300 mm (W x D) rectangular cross section and a length of 
1800 mm. The tensile reinforcements were 2N20 (that is, two 
20 mm ribbed steel bars with yield stress fsy of 500 MPa). The 
compressive reinforcements were 2N10 (that is, two 10 mm 
ribbed steel bars with fsy of 500 MPa). To avoid shear failure 
prior to flexural failure, stirrups made of 12 mm ribbed steel 
bars (with fsy of 500 MPa) were placed 100 mm center-to-
center with a cover of 25 mm.

The flexural load-bearing capacity and shear capacity of 
the conventionally mold-cast RC beam with the aforemen-
tioned reinforcement were determined in accordance with 
AS 3600:2018,23 as shown in Appendix A.* Using the calcu-
lated ultimate shear capacity (Vu) value (refer to Appendix A) 
as the applied shear force, the applied bending moment was 
calculated to be 259.0 kN‧m, which was much higher than the 
ultimate moment capacity (Mu) of the RC beam (71.9 kN‧m). 
Therefore, the RC beam would fail in flexural mode rather 
than in shear mode. In addition, the cracking moment (Mcr) 
of the mold-cast RC beam was calculated to be 12.9 kN‧m.

3-D printing process and testing of specimens
A gantry-type concrete printing machine was used in this 

study. A detailed description of the printer can be found in 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Table 1—Mechanical properties of 3DP-EGC and 
its counterpart mold-cast EGC at 28 days (adopted 
from authors’ previous study19)

Mechanical properties Mold-cast EGC 3DP-EGC

Average compressive strength 62.1 MPa 58.2, 53.6, and 
47.4 MPa*

Average density 1921 kg/m3 1874 kg/m3

Average modulus of rupture 6.9 MPa 8.0 MPa†

Average uniaxial tensile strength 3.4 MPa 3.8 MPa‡

Average tensile strain capacity 2.1% 1.8%‡

*Measured in longitudinal, lateral, and perpendicular directions, respectively.
†Measured in perpendicular direction.
‡Measured in longitudinal direction.

Fig. 1—Typical tensile stress-strain curves of 3DP-EGC; 
reproduced from authors’ previous study.19

Fig. 2—Dimensions and reinforcement detailing of RC beam specimens.
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Bong et al.24 A 20 mm circular nozzle was used for printing 
the permanent formwork. The dimensions of the formwork 
are schematically illustrated in Fig. 3. Two different printing 
patterns (Fig. 4) for the soffit (that is, tension region) of the 
permanent formwork were designed and used to investi-
gate the effect of this parameter on the flexural performance 
of the RC beam. The RC beam made using the 3DP-EGC 
permanent formwork with a Type A printing pattern was 
denoted as the Type A beam. Similarly, the beam made using 
the 3DP-EGC permanent formwork with a Type B printing 
pattern was denoted as the Type B beam. The printing speed 
and extrusion rate were 25 mm/s and ~0.75 L/min, respec-
tively. After printing, the 3DP-EGC permanent formwork 
systems were covered with a plastic sheet and left in the 
laboratory environment at room temperature (23 ± 3°C).

After 21 days of ambient temperature curing, the rein-
forcement cages were placed inside the printed formwork, 
and the OPC concrete was cast (Fig. 5). The conventionally 
mold-cast RC beam (that is, the control cast-in-place beam) 
with the same dimensions was also prepared using tempo-
rary formwork for comparison purposes. Subsequently, all 
RC beam specimens were covered with a plastic sheet and 
left in the laboratory environment at room temperature until 
testing. All specimens were tested after 28 days of age.

The flexural performance of the RC beam specimens was 
evaluated by conducting four-point bending tests; Fig. 6 
shows the test setup schematically. All specimens were tested 
with the midspan measuring 400 mm under displacement 
control at the rate of 0.5 mm/min. A linear variable differen-
tial transformer (LVDT) was used to determine the midspan 
deflection, and two more LVDTs were used to monitor the 
vertical displacement at the supports. The resulting force 
versus midspan deflection curves are presented in the 
“Results and Discussion” section.

Flexural capacity of RC beam made with 3DP-EGC 
permanent formwork

Similar to the calculation of Mcr of the conventionally 
mold-cast RC beam presented in Appendix A, the Mcr of 
the RC beam specimens produced using the 3DP-EGC 
permanent formwork was calculated by transforming the 
3DP-EGC permanent formwork sections to an equiva-
lent area of concrete, as schematically illustrated in Fig. 7. 
It should be noted that the anisotropic behavior due to the 
3D-printing process was ignored in the calculations. In other 
words, only for the purpose of this calculation, the 3DP-EGC 
permanent formwork was assumed to be a mold-cast EGC 
permanent formwork. In addition, it was assumed that the 

Fig. 3—Dimensions of 3DP-EGC permanent formwork.

Fig. 4—Printing patterns at soffit of 3DP-EGC permanent formwork. Dotted line represents moving path of printhead.
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steel reinforcement in the compressive region has a negli-
gible effect on the Mcr. Table 2 presents the material char-
acteristics of the concrete, the EGC, and steel reinforcement 
used for the calculation of the Mcr of the cross section. The 
calculation procedure to determine the Mcr of the RC beam 
specimens made using the 3DP-EGC permanent formwork 
is summarized in Appendix B. Based on the calculations 
presented in Appendix B, the Mcr of the RC beam specimens 
made using the 3DP-EGC permanent formwork was calcu-
lated to be 16.9 kN‧m.

The Mu of the RC beam specimens made using the 
3DP-EGC permanent formwork can be calculated using 
the equilibrium equations. The corresponding stress and 
strain diagrams for the cross section are presented in Fig. 8. 
It is assumed that the steel is in yield condition, while the 
steel reinforcement in the compressive region has a negli-
gible effect on the Mu. The anisotropic behavior due to the 
3D-printing process was also ignored. Table 3 presents the 
material characteristics of the EGC used for the calculation 

of the Mu of the cross section. The calculation procedure to 
determine the Mu of RC beam specimens made using the 
3DP-EGC permanent formwork is presented in Appendix B. 
Based on the calculations presented in Appendix B, the Mu 
of the RC beam specimens constructed using the 3DP-EGC 
permanent formwork was calculated to be 78.8 kN‧m.

RESULTS AND DISCUSSION
Figure 9 presents the force versus midspan deflection 

curves of all RC beam specimens. As shown in Fig. 9(b), 
after reaching the yielding force, both Type A and Type B 
beams exhibited deflection-hardening behavior, while the 
control beam showed typical deflection-softening behavior. 
Table 4 summarizes the cracking force (Pcr), yielding force 
(Py), ultimate force (Pult), and the corresponding deflection 
values of all RC beam specimens. In both Type A and Type 
B beams, the Pcr values and their corresponding deflection 
values (δcr) were higher than those of the control beam. The 
Pcr and δcr of the Type A beam were 11% and 20% higher than 
those of the control beam, respectively. The corresponding 
values for the Type B beam were 43% and 40%, respectively. 
When comparing the results obtained for Type A and Type B 
beams, the Pcr and δcr of the Type B beam were 29% and 17% 
higher than those of the Type A beam, respectively. This is 
because, in the Type B beam, the tensile stresses are parallel 
to the printing direction, where the tensile ductility of EGC 
contributes to a greater extent to the cracking resistance of the 
beam. However, in the Type A beam, the tensile stresses are 
perpendicular to the printing direction of the filaments at the 
soffit of the formwork. Therefore, the resistance of the Type A 
beam to cracking is mainly governed by the bond strength 

Fig. 5—(a) Reinforcement cages placed inside 3DP-EGC 
permanent formwork and temporary formwork; and (b) OPC 
concrete cast inside 3DP-EGC permanent formwork and 
temporary formwork.

Fig. 6—Four-point bending test setup.

Table 2—Material characteristics used to  
calculate Mcr

Concrete modulus of elasticity* Ec, MPa 31,887

EGC modulus of elasticity† EE, MPa 17,835

Mean value of flexural tensile strength‡ MOR, MPa 6.9

Characteristic flexural tensile strength§ fct,f′, MPa 6.2

Steel modulus of elasticity Es, MPa 200,000

*Derived in accordance with Clause 3.1.2 of AS 3600.23

†Derived in accordance with Section 3.4 of JSCE.25

‡Adopted from authors’ previous study19 for ambient temperature-cured mold-cast EGC.
§fct,f′ = MOR – 1.645 × (standard deviation), in accordance with Section 3.2.2 of 
JSCE.25
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of the adjacent printed filaments, which is generally weaker 
compared to the strength of the printed filaments.

The Py and its corresponding deflection (δy) of the RC beam 
specimens were well comparable as identical steel reinforce-
ment was used in all RC beams. As shown in Table 4, the Pult 
of the Type A beam was comparable with that of the control 
beam. However, the deflection at the ultimate load (δult) was 
59% higher than that of the control beam. The Pult and δult 
of the Type B beam were 5% and 60%, respectively, higher 
than those of the control beam. The significantly higher δult 
of Type A and Type B beams is attributed to the strain hard-
ening of the 3DP-EGC layers at the soffit of the permanent 
formwork. It should be noted that the Pult of the Type B beam 
was slightly higher (5%) than that of the Type A beam. This 

is due to the higher fiber-bridging efficiency of 3DP-EGC 
in the Type B beam as the tensile stresses are parallel to the 
printing direction in this beam.

Using the Mcr and Mu values calculated in the previous 
sections, the calculated cracking force (Pcr.cal) and the calcu-
lated ultimate force (Pult.cal) of all RC beam specimens are 
summarized and compared with the test results in Table 5. It 
should be noted that the Pcr.cal and Pult.cal values are based on 
theoretical calculations for comparison purposes only,  and 
not aimed to be used for prediction. The Pcr and Pcr.cal values 
of the control beam were comparable (Pcr/Pcr.cal = 0.96). 
Similar to the control beam, the Pcr and Pcr.cal values of 
the Type B beam were also comparable (Pcr/Pcr.cal = 1.05). 
However, the Pcr value of the Type A beam was lower 
than its Pcr.cal value (Pcr/Pcr.cal = 0.81). This is because the 
3DP-EGC permanent formwork was assumed to be a quasi-
mold-cast EGC permanent formwork in the calculations. In 

Fig. 7—Transformed sections of steel and 3DP-EGC permanent formwork to equivalent concrete area.

Fig. 8—Stress and strain diagrams of cross section of RC beams made using 3DP-EGC permanent formwork.

Table 3—Material characteristics of EGC used to 
derive Mu

Mean value of compressive strength* fCE′, MPa 62.1

Characteristic compressive strength† fCEk′, MPa 55.4

Mean value of ultimate tensile strength* σult, MPa 3.4

Characteristic ultimate tensile strength‡ fultk, MPa 3.2

Material factor γc
§ 1.3

*Adopted from authors’ previous study19 for ambient temperature-cured mold-cast EGC.
†fCEk′ = fCE′ – 1.645 × (standard deviation), in accordance with Section 3.1 of JSCE.25

‡fultk = σult – 1.645 × (standard deviation), in accordance with Section 3.2.4 of JSCE.25

§According to Section 3.2.1 of JSCE.25

Table 4—Flexural test results of RC beam specimens

Properties Control Type A Type B

Cracking force Pcr, kN 38.2 42.2 54.5

Deflection at cracking force δcr, mm 0.5 0.6 0.7

Yielding force Py, kN 203.4 198.7 206.6

Deflection at yielding force δy, mm 5.4 5.6 5.6

Ultimate force Pult, kN 239.9 240.4 252.4

Deflection at ultimate force δult, mm 7.3 11.6 11.7
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addition, in the Type A beam, cracking was initiated at the 
interfaces between printed filaments, which are generally 
weaker compared to the strength of the printed filaments. 
The cracking patterns of the RC beams are discussed in the 
following paragraphs. As shown in Table 5, the Pult values of 
all RC beam specimens were comparable with their corre-
sponding Pult,cal values. The ratios of Pult/Pult.cal of the control 
beam, Type A beam, and Type B beam were equal to 1.08, 
0.99, and 1.04, respectively.

Table 6 presents the ductility index and absorbed energy 
of all RC beams. This index gives δult/δy—that is, the ratio 
of deflection at ultimate force to deflection at yielding force. 
The absorbed energy of the RC beam specimens was calcu-
lated from the area under the load versus midspan deflec-
tion curves (refer to Fig. 9(a)) up to the midspan deflection 
corresponding to Pult. As shown in Table 6, the ductility 
indexes of both Type A and Type B beams were identical and 
50% higher than that of the control beam. This is due to the 
significantly higher δult of Type A and Type B beams. Similar 
to the ductility index, the absorbed energy values of Type A 
and Type B beams were 94% and 107% higher than that of 

the control beam, respectively. The absorbed energy of the 
Type B beam was approximately 7% higher than that of the 
Type A beam, which is due to the higher ultimate force of 
the Type B beam (refer to Table 4). The significantly higher 
ductility index and absorbed energy of Type A and Type B 
beams (constructed using the 3DP-EGC permanent form-
work) clearly show their superior flexural performance to 
the conventionally mold-cast RC beam specimen.

Figures 10 to 12 show the cracking patterns of the control, 
Type A, and Type B beams at the ultimate loads, respec-
tively. It should be noted that white paint was sprayed on the 
specimens before conducting the four-point bending tests 
to obtain clear visible cracks. Figure 10(a) shows a typical 
cracking pattern of flexural failure of the conventionally 
mold-cast RC beam. The flexural cracks initiated from the 
bottom (tension region) of the beam and propagated toward 
the two loading points (refer to Fig. 10(b) and (c)) as the load 
increased. In addition, several inclined cracks were observed 
along the shear span; refer to Fig. 10(d) and (e).

For the Type A beam, a single large crack accompanied by 
multiple fine cracks was observed at the bottom of the beam; 
refer to Fig. 11(d). It should be pointed out that these cracks 
developed at the interfaces between printed filaments; refer 
to Fig. 11(c) and (d). This can be traced back to the fact 
that the bond strength between the adjacent printed filaments 
is weak compared to the strength of the printed filaments. 
As the load increased, the existing large crack propagated 
toward the two loading points. However, the crack did not 
propagate as far from the bottom of the beam as in the control 
beam, and multiple fine cracks developed in the 3DP-EGC 
permanent formwork; refer to Fig. 11(b) to (e). In contrast, 
in the Type B beam, a significant number of fine cracks were 
observed in the tension region at the ultimate load; refer 
to Fig. 12(b) to (e). The cracking behavior observed in the 
Type B beam is very beneficial for improving the cracking 
resistance and durability of the RC beam. This is because 
multiple microcracks (with widths typically below 100 μm) 
can significantly delay the transport of aggressive agents (for 
example, chlorides) to steel bars.26

Figures 13 to 15 show the cracking pattern of the control, 
Type A, and Type B beams at 16 mm midspan deflection, 
respectively. It should be noted that all RC beam specimens 
exhibited deflection softening at a midspan deflection of 

Fig. 9—(a) Force-versus-midspan deflection curves of RC 
beam specimens; and (b) enlargement of area shown in rect-
angle in (a) showing ultimate forces of RC beam specimens.

Table 5—Comparison of measured and calculated cracking and ultimate forces of RC beam specimens

RC beam ID
Measured cracking 

force Pcr, kN
Calculated cracking force 

Pcr.cal, kN Pcr/Pcr.cal

Measured ultimate 
force Pult, kN

Calculated ultimate 
force Pult.cal, kN Pult/Pult.cal

Control 38.2 39.8 0.96 239.9 221.3 1.08

Type A 42.2 52.0 0.81 240.4 242.4 0.99

Type B 54.5 52.0 1.05 252.4 242.4 1.04

Table 6—Ductility index and absorbed energy of 
RC beam specimens

RC beam ID Ductility index Absorbed energy, kJ/m2

Control 1.4 1046

Type A 2.1 2026

Type B 2.1 2162
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16 mm. Figure 12(a) shows that in the control beam, the 
cracks at the midspan significantly widened as the deflection 
increased. In addition, the concrete crushing in the compres-
sion zone (that is, between two loading points) of the control 
beam was observed; refer to Fig. 13(a). In the Type A beam, 
the large crack shown in Fig. 14(d) was widely opened and 
propagated toward the compressive region as the deflection 

increased. However, in the Type B beam, the existing fine 
cracks shown in Fig. 15(d) developed into a larger crack that 
propagated toward the compressive region as the deflection 
increased.

Figure 16 shows the cracking pattern of the bottom side 
of all RC beams after unloading. Multiple fine cracks were 
observed on the bottom side of the control and Type A 

Fig. 10—(a) Cracking pattern of control beam at ultimate load; and (b), (c), (d), and (e) 300% enlargement of areas shown in 
rectangles in (a).

Fig. 11—(a) Cracking pattern of Type A RC beam at ultimate load; and (b), (c), (d), and (e) 300% enlargement of areas shown 
in rectangles in (a) showing multiple fine cracks.
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beams. However, only a single large crack was observed 
on the bottom side of the Type B beam. These observations 
demonstrated that the printing pattern of the formwork base 
has a significant influence on the cracking pattern of the RC 
beam constructed using the 3DP-EGC permanent formwork.

Similar to the control beam, concrete crushing in the 
compression zone of both Type A and Type B beams was 

observed (Fig. 16). It is interesting to note that in the Type A 
and Type B beams, concrete crushing in the compression 
zone was not observed on the 3DP-EGC permanent form-
work; compare Fig. 13(a) with Fig. 14(a) and 15(a). It was 
also noted that in the compression zone, the 3DP-EGC 
permanent formwork was debonded from the cast concrete 
at the midspan of the beams (Fig. 17).

Fig. 12—(a) Cracking pattern of Type B RC beam at ultimate load; and (b), (c), (d), and (e) 300% enlargement of areas shown 
in rectangles in (a) showing multiple fine cracks.

Fig. 13—(a) Cracking pattern of control beam at midspan deflection of 16 mm; and (b), (c), (d), and (e) 300% enlargement of 
areas shown in rectangles in (a).
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CONCLUSIONS
This paper evaluates the behavior and performance of 

three-dimensional (3-D)-printable engineered geopolymer 
composite (3DP-EGC) permanent formwork for the construc-
tion of reinforced concrete (RC) beams. Two different printing 
patterns were used at the soffit of the permanent formwork 
to investigate the effect of printing direction on the flexural 

performance of RC beams. The results were compared with 
those obtained for a conventionally mold-cast RC beam (that 
is, the control beam). Based on the experimental results, the 
following conclusions are drawn:

1. The RC beams made using the 3DP-EGC perma-
nent formwork exhibited superior flexural performance in 
comparison to the control beam. In addition, the experimental 

Fig. 14—(a) Cracking pattern of Type A RC beam at midspan deflection of 16 mm; and (b), (c), (d), and (e) 300% enlargement 
of areas shown in rectangles in (a) showing multiple fine cracks.

Fig. 15—(a) Cracking pattern of Type B RC beam at midspan deflection of 16 mm; and (b), (c), (d), and (e) 300% enlargement 
of areas shown in rectangles in (a) showing multiple fine cracks.
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results indicated that the interface between the 3DP-EGC 
permanent formwork and concrete core did not initiate any 
premature failure.

2. The RC beams produced using the 3DP-EGC permanent 
formwork exhibited significantly higher cracking load (up to 
43%), deflection at the ultimate load (up to 60%), ductility 
index (50%), and absorbed energy (up to 107%) than those 

of the control beam. However, the ultimate flexural load 
capacity for the RC beams made using the 3DP-EGC perma-
nent formwork was not significantly higher than that of the 
control beam.

3. After steel yielding, both Type A and Type B beams with 
the 3DP-EGC permanent formwork exhibited deflection- 
hardening behavior, while the control beam showed typical 
deflection-softening behavior. Type A and Type B beams had 
printed filaments perpendicular and parallel, respectively, 
to the principal tensile stress on the bottom of the beams. 
The ability of the ductile EGC in the permanent formwork 
to continue sharing the load with steel beyond yielding 
contributes to the superior performance of the beams with 
the 3DP-EGC permanent formwork. In contrast, the cracked 
concrete in the control beam gave up carrying tensile forces 
at this stage of loading.

4. The printing pattern at the soffit of the permanent form-
work was found to have a significant influence on the flex-
ural performance of the RC beams. For the Type A beam, 
the cracking initiated at the interfaces between printed fila-
ments and was accompanied by multiple fine cracks as the 
load increased. In the case of the Type B beam, a significant 
number of fine cracks were observed in the tension region 
and ultimately developed into a larger crack that propagated 
toward the compression zone as the deflection increased. The 
formation of multiple fine cracks with tight crack widths is 
very beneficial for improving the durability of the RC beam, 
as they can significantly delay the transport of aggressive 
agents (for example, chlorides) to steel bars.

The work presented in this paper proves the effectiveness 
of using the 3DP-EGC permanent formwork system for the 
construction of RC beams. The following can be explored 
in future studies: a) the interface bond between the perma-
nent formwork and concrete core in relation to different 

Fig. 16—Cracking pattern of bottom side (tension region) 
of RC beam specimens; photos were taken after unloading.

Fig. 17—Debonding of 3DP-EGC permanent formwork from cast concrete in compression zone at midspan; photos of top 
views of beam specimens were taken after unloading.
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printing patterns; b) the durability of RC beams built by the 
3DP-EGC permanent formwork; c) the shear behavior of RC 
beams without stirrups made by using the 3DP-EGC perma-
nent formwork; and d) the topology optimization of the RC 
beams built by the 3DP-EGC permanent formwork.

AUTHOR BIOS
Shin Hau Bong is a Postdoctoral Research Fellow at the National Univer-
sity of Singapore, Singapore. He received his BSc and PhD from Swinburne 
University of Technology, Melbourne, VIC, Australia. His research interests 
include low-carbon concrete and fiber-reinforced cementitious materials 
for three-dimensional (3-D) concrete printing applications.

Behzad Nematollahi is an Assistant Professor at the University of 
Sheffield, Sheffield, UK. Previously, he was an Assistant Professor 
and Australian Research Council Discovery Early Career Researcher 
Award (DECRA) Fellow at Swinburne University of Technology. 
His research interests include 3-D concrete printing, geopolymer 
concrete, low-carbon concrete, and high-performance fiber- 
reinforced cementitious composites.

ACI member Viktor Mechtcherine is a Professor at the Technische Univer-
sität Dresden in Dresden, Saxony, Germany.

Victor C. Li, FACI, is the E.B. Wylie Collegiate Chair Professor in the 
Department of Civil and Environmental Engineering at the University 
of Michigan, Ann Arbor, MI. His research interests include the microme-
chanics and design of ultra-ductile and green cementitious composites, 
their application to innovative and sustainable infrastructure systems, and 
the integration of materials and structural design.

Kamal H. Khayat, FACI, is a Professor at Missouri University of Science 
and Technology, Rolla, MO.

ACKNOWLEDGMENTS
This project was supported by the Australian Research Council 

Discovery Project DP210101680, Discovery Early Career Researcher 
Award DE180101587, and Linkage Infrastructure, Equipment and Facili-
ties Grant LE170100168, as well as the funding received under the 2018 
Australia-Germany Joint Research Cooperation Scheme funded by Univer-
sities Australia and German Academic Exchange Service. The first two 
authors also acknowledge the comments from Professor J. Sanjayan at 
the Swinburne University of Technology on designing the cast reinforced 
concrete beam and for reviewing the initial draft of the manuscript.

REFERENCES
1. Johnston, D. W., “Design and Construction of Concrete Formwork,” 

Concrete Construction Engineering Handbook, E. G. Nawy, ed., CRC 
Press, Boca Raton, FL, 2008, pp. 7.1-7.48.

2. Jha, K. N., Formwork for Concrete Structures, Tata McGraw Hill 
Education Private Limited, New Delhi, India, 2012, 573 pp.

3. Arumsari, P., and Xavier, C., “Cost and Time Analysis on the Selec-
tion of Formwork Installation Method,” IOP Conference Series: Earth 
and Environmental Science, V. 426, 2020, Article No. 012042. doi: 
10.1088/1755-1315/426/1/012042

4. Wringley, R. G., “Permanent Formwork in Construction (CIRIA 
C558),” CIRIA/The Concrete Society, London, UK, 2001, pp. 13-16.

5. García de Soto, B.; Agustí-Juan, I.; Hunhevicz, J.; Joss, S.; Graser, K.; 
Habert, G.; and Adey, B. T., “Productivity of Digital Fabrication in Construc-
tion: Cost and Time Analysis of a Robotically Built Wall,” Automation in 
Construction, V. 92, 2018, pp. 297-311. doi: 10.1016/j.autcon.2018.04.004

6. De Schutter, G.; Lesage, K.; Mechtcherine, V.; Nerella, V. N.; 
Habert,  G.; and Agusti-Juan, I., “Vision of 3D Printing with Concrete—
Technical, Economic and Environmental Potentials,” Cement and Concrete 
Research, V. 112, 2018, pp. 25-36. doi: 10.1016/j.cemconres.2018.06.001

7. Pan, Z.; Zhu, Y.; Qiao, Z.; and Meng, S., “Seismic Behavior of 
Composite Columns with Steel Reinforced ECC Permanent Formwork 
and Infilled Concrete,” Engineering Structures, V. 212, 2020, Article 
No. 110541. doi: 10.1016/j.engstruct.2020.110541

8. Tian, H.; Zhou, Z.; Zhang, Y.; and Wei, Y., “Axial Behavior of 
Reinforced Concrete Column with Ultra-High Performance Concrete 
Stay-In-Place Formwork,” Engineering Structures, V. 210, 2020, Article 
No. 110403. doi: 10.1016/j.engstruct.2020.110403

9. Huang, B.-T.; Li, Q.-H.; Xu, S.-L.; and Li, C.-F., “Development of Rein-
forced Ultra-High Toughness Cementitious Composite Permanent Formwork: 
Experimental Study and Digital Image Correlation Analysis,” Composite 
Structures, V. 180, 2017, pp. 892-903. doi: 10.1016/j.compstruct.2017.08.016

10. Leung, C. K. Y., and Cao, Q., “Development of Pseudo-Ductile Perma-
nent Formwork for Durable Concrete Structures,” Materials and Structures, 
V. 43, No. 7, 2010, pp. 993-1007. doi: 10.1617/s11527-009-9561-4

11. Zhang, R.; Hu, P.; Zheng, X.; Cai, L.; Guo, R.; and Wei, D., “Shear 
Behavior of RC Slender Beams without Stirrups by Using Precast U-Shaped 
ECC Permanent Formwork,” Construction and Building Materials, V. 260, 
2020, Article No. 120430. doi: 10.1016/j.conbuildmat.2020.120430

12. Li, H.; Leung, C. K. Y.; Xu, S.; and Cao, Q., “Potential Use of 
Strain Hardening ECC in Permanent Formwork with Small Scale Flexural 
Beams,” Journal of Wuhan University of Technology-Materials Science 
Edition, V. 24, No. 3, 2009, pp. 482-487. doi: 10.1007/s11595-009-3482-5

13. Qiao, Z.; Pan, Z.; Xue, W.; and Meng, S., “Experimental Study on 
Flexural Behavior of ECC/RC Composite Beams with U-Shaped ECC 
Permanent Formwork,” Frontiers of Structural and Civil Engineering, 
V. 13, No. 5, 2019, pp. 1271-1287. doi: 10.1007/s11709-019-0556-0

14. Vantyghem, G.; De Corte, W.; Shakour, E.; and Amir, O., “3D 
Printing of a Post-Tensioned Concrete Girder Designed by Topology Opti-
mization,” Automation in Construction, V. 112, 2020, Article No. 103084. 
doi: 10.1016/j.autcon.2020.103084

15. Anton, A.; Bedarf, P.; Yoo, A.; Dillenburger, B.; Reiter, L.; 
Wangler,  T.; and Flatt, R. J., “Concrete Choreography: Prefabrication of 
3D-Printed Columns,” Fabricate 2020: Making Resilient Architecture, 
J. Burry, J. Sabin, B. Sheil, and M. Skavara, eds., UCL Press, London, UK, 
2020, pp. 286-293.

16. Zhu, B.; Nematollahi, B.; Pan, J.; Zhang, Y.; Zhou, Z.; and Zhang, Y., 
“3D Concrete Printing of Permanent Formwork for Concrete Column 
Construction,” Cement and Concrete Composites, V. 121, 2021, Article 
No. 104039. doi: 10.1016/j.cemconcomp.2021.104039

17. Huntzinger, D. N., and Eatmon, T. D., “A Life-Cycle Assessment of 
Portland Cement Manufacturing: Comparing the Traditional Process with 
Alternative Technologies,” Journal of Cleaner Production, V. 17, No. 7, 
2009, pp. 668-675. doi: 10.1016/j.jclepro.2008.04.007

18. Taylor, M.; Tam, C.; and Gielen, D., “Energy Efficiency and CO2 
Emissions from the Global Cement Industry,” Energy Efficiency and CO2 
Emission Reduction Potentials and Policies in the Cement Industry, Inter-
national Energy Agency (IEA), Paris, France, 2006, pp. 61-67.

19. Bong, S. H.; Nematollahi, B.; Nerella, V. N.; and Mechtcherine, V., 
“Method of Formulating 3D-Printable Strain-Hardening Alkali-Activated 
Composites for Additive Construction,” Cement and Concrete Composites, 
V. 134, 2022, Article No. 104780. doi: 10.1016/j.cemconcomp.2022.104780

20. Duxson, P.; Provis, J. L.; Lukey, G. C.; and van Deventer, J. S. J., 
“The Role of Inorganic Polymer Technology in the Development of ‘Green 
Concrete’,” Cement and Concrete Research, V. 37, No. 12, 2007, pp. 1590-
1597. doi: 10.1016/j.cemconres.2007.08.018

21. Ohno, M., and Li, V. C., “Sulfuric Acid Resistance of Strain Hard-
ening Fiber Reinforced Geopolymer Composite,” The Indian Concrete 
Journal, V. 93, No. 12, 2019, pp. 47-53.

22. AS 1379-2007, “Specification and Supply of Concrete,” Standards 
Australia, Sydney, NSW, Australia, 2007, 42 pp.

23. AS 3600:2018, “Concrete Structures,” Standards Australia, Sydney, 
NSW, Australia, 2018, 256 pp.

24. Bong, S. H.; Xia, M.; Nematollahi, B.; and Shi, C., “Ambient 
Temperature Cured ‘Just-Add-Water’ Geopolymer for 3D Concrete 
Printing Applications,” Cement and Concrete Composites, V. 121, 2021, 
Article No. 104060. doi: 10.1016/j.cemconcomp.2021.104060

25. JSCE, “Recommendations for Design and Construction of High 
Performance Fiber Reinforced Cement Composites with Multiple Fine 
Cracks (HPFRCC),” Concrete Engineering Series No. 82, Japan Society of 
Civil Engineers, Tokyo, Japan, 2008.

26. Li, V. C., “Durability of Engineered Cementitious Composites 
(ECC) and Reinforced ECC (R/ECC) Structural Members,” Engineered 
Cementitious Composites (ECC): Bendable Concrete for Sustainable and 
Resilient Infrastructure, Springer-Verlag GmbH, Berlin, Germany, 2019, 
pp. 225-260.



49ACI Structural Journal/March 2024

ACI STRUCTURAL JOURNAL� TECHNICAL PAPER

Despite all the recent advances in the development of three- 
dimensional (3-D) concrete printing (3DCP), this technology still 
has many unresolved problems. In most of the completed projects 
with the application of 3DCP, the focus was mainly on mastering 
the printing of vertical walls, while horizontal structural elements 
were produced with conventional methods—that is, using form-
work, which reduces the level of technology automation, or using 
prefabricated elements, which makes the construction dependent 
on their availability and supply.

In this contribution, the authors propose new methods of manu-
facturing slabs and beams directly on site by extruding concrete 
onto a textile reinforcement mesh laid on a flat surface. Specimens 
obtained from a slab produced following this method were used for 
mechanical testing and investigation of the concrete-reinforcement 
interface zone. Finally, as proof of the feasibility of the proposed 
approach, a demonstrator representing a full-scale door lintel was 
manufactured.

Keywords: additive manufacturing (AM); concrete extrusion; digital 
concrete; digital construction; textile reinforcement; three-dimensional 
(3-D) concrete printing (3DCP).

INTRODUCTION
In the past few years, large-scale additive manufacturing 

(AM) technologies have become increasingly widespread in 
the construction industry.1 Of all of the available AM tech-
nologies, extrusion-based three-dimensional (3-D) concrete 
printing (3DCP) seems to be the most suitable for large-
scale applications and is surely the most commonly applied 
in the practice of construction.2 However, some aspects of 
construction using 3DCP by layered extrusion still need to 
be developed. One of these aspects is the creation of hori-
zontal and inclined structural elements, such as floors and 
roofs, as well as window and door lintels.

In most of the completed projects, the slabs were produced 
by conventional methods—that is, using formwork or 
prefabricated elements. While such traditional methods are 
highly reliable, they have their drawbacks when applied in 
the context of 3DCP. Formwork and supports need to be 
assembled manually, which reduces the level of technology 
automation and the speed of construction. The use of prefab-
ricated elements, in contrast, offers high construction speeds 
but also makes the construction dependent on the availability 
and supply of these elements (refer to Fig. 1(a)).

An alternative approach was demonstrated at ETH 
Zurich. In the Fast Complexity project, a modular soffit was 
assembled from prefabricated modules produced using 3-D 
printing.5 These modules can be created directly in-place, 
thereby making the process independent of external 

supplies; however, creating the slab in this way can be very 
time-consuming.

In addition to the methods used in conventional construc-
tion, the roof can be built directly on the construction site 
by 3-D printing arches and domes.6 With this approach, full 
automation can be achieved, but very fast-setting concrete 
must be used to ensure adequate printing speed. The use 
of fast-setting concrete can have a negative impact on the 
strength characteristics of the printed structure, especially 
when printing large structures, because the long time inter-
vals between printing the layers reduce the strength of the 
interlayer bond. This method is also less reliable as there is 
a risk of collapse when cantilevers are printed, especially in 
poorly controlled construction site conditions. A company4 
presented a vision of how arch printing can be used to create 
flat slabs, but so far, no examples of the implementation of 
this approach have been presented (refer to Fig. 1(b)).

The creation of openings in printed walls can also be real-
ized by methods similar to those presented previously for 
the creation of slabs and roofs, with similar advantages and 
disadvantages. The first possible solution is the manual erec-
tion of the formwork (refer to Fig. 2(a)). The second option is 
the use of prefabricated beams or frames (refer to Fig. 2(b)). 
Beams can be made of different materials, including wood, 
steel, and reinforced concrete. In this case, the size of the 
openings is limited by the length of the available elements. 
The third approach to creating openings is printing arches 
(refer to Fig. 2(c)).

It can be concluded that all available technologies for 
creating horizontal and inclined structural elements have 
their disadvantages. The use of formwork slows down 
construction and makes it difficult to automate it, the use of 
prefabricated elements limits the self-sufficiency of 3DCP, 
and printing arches does not yet have sufficient reliability.

RESEARCH SIGNIFICANCE
3DCP technology has the potential to revolutionize 

the construction industry, enabling faster, cheaper, and 
safer construction.9 However, at the current stage, all 
existing methods for creating non-vertical elements have 
certain disadvantages. In this paper, a new approach 
for creating reinforced beams and slabs directly at the 
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construction site is proposed. It uses 3-D printing and over-
comes the disadvantages of the other approaches. The proposed  
methodology simultaneously enables rapid construction 
with high geometrical freedom in fabrication, is reliable, and 
makes construction using 3-D printing independent of the 
availability of prefabricated elements.

PROPOSED APPROACH
With the proposed approach, beams and slabs are 

produced on site using a 3-D printer. This requires a flat hori-
zontal surface of sufficient size within the reach of the 3-D 
printer to serve as a printing bed. Such a surface could be, 
for example, a foundation slab covered with a polyethylene 
film to prevent adhesion between the slab and the freshly 
printed concrete.

Fabrication of beams
Within the framework of the proposed approach, three 

different methods can be used. In the first method, the entire 
volume of a reinforced beam is created using full-width 
printing (FWP) (refer to Fig. 3(a)). FWP implies that the 
width of the extruded layer is equal to the width of the wall.10 
The second method uses filament printing (FP), in which the 
nozzle width is smaller than the printed wall, and the beam 
is created by extruding several concrete filaments parallel 
to each other (refer to Fig. 3(b)). In the third proposed 
method, only the contour of the beam is printed to serve as 
integrated formwork, and its interior is filled with flowable 
concrete (refer to Fig. 3(c)). Self-consolidating concrete can 
be used for the filling, or alternatively, concrete used for 3-D 
printing, but with an increased dose of high-range water- 
reducing admixture (HRWRA). In the second case, however, 
additional compaction may be required, including the use 

Fig. 2—Existing approaches to create 3D-printed wall openings: (a) using supporting structures4; (b) using frames or lintels7; 
and (c) printing arches with fast-setting concrete.8

Fig. 1—Approaches to fabrication of slabs: (a) using precast concrete forms3; and (b) 3-D printing arches using fast-setting 
concrete.4
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of vibrators. In this case, special attention should be paid 
to whether the printed contour of the element is sufficiently 
hardened.

Reinforcement strategies are similar for all three methods, 
and they all use a reinforcement mesh precut to the dimen-
sions of the beam being fabricated. In addition to reinforce-
ment in the longitudinal direction of the beam, textile meshes 
also increase tensile strength in the perpendicular direction, 
which is especially important for beams fabricated using FP.

The reinforcement of the lower surface of the beam can 
be performed by laying textile mesh directly on the printing 
bed and then depositing concrete layers on top of it. This is 
possible because the textile reinforcement, which is usually 
made of carbon, alkali-resistant (AR) glass, or basalt fibers, 
is resistant to corrosion and does not require full coverage 
with concrete. It is also lighter and has a higher tensile 
strength in comparison to conventional steel reinforce-
ment.11 The advantages of this method of reinforcement are 
the high production speed of beams and that the entire cross 
section of the beam works in compression. However, а (too) 
small concrete cover potentially can lead to a lack of bonding 
between the reinforcement and the concrete and poor protec-
tion of the reinforcement against high temperatures in case 
of fire, but both these disadvantages can be compensated by 
subsequent shotcreting the bottom of the beam.12 The use 
of this approach can be justified when shotcrete is already 
planned in construction—for example, to level internal 
walls. Another approach to increase the concrete cover is 
to use a special textile mesh, which has pins in the direc-
tion perpendicular to the plane of the mesh.13 In this case, 
the printed concrete must be flowable enough to penetrate 
through the mesh.

Alternatively, reinforcement meshes can be placed 
between the layers during printing. To avoid the formation 
of cold joints, the time interval between the printing of the 
layer on which the mesh is placed and the subsequent layer 
should be as short as possible. In this case, steel mesh can 
also be used because a sufficient concrete cover is provided to 
protect it against corrosion. The minimum possible concrete 
cover is equal to the height of one printed layer. If needed, 
reinforcement mesh can be placed at various heights of the 
beam. Figure 3 shows examples of different reinforcement 

options: a) reinforcement mesh placed only at the bottom; 
b) two reinforcement meshes at the bottom; and c) bottom 
and top reinforcement of the beam. It should be noted that 
the beams produced by the proposed method do not have 
shear reinforcement, so they can only be used in cases where 
the expected shear loads do not exceed the shear resistance 
of the concrete used.

Fabrication of slabs
The proposed slab fabrication methods are similar to 

those previously presented for beam production. In the first 
method, the entire volume of the slab is created by extrusion, 
similar to the manufacturing of a beam in Fig. 3(b). This 
method requires no additional flowable concrete or equip-
ment beyond the 3-D printer itself, but it also has several 
drawbacks. First, creating a slab in this manner is associated 
with a long printing path, which can be time-consuming, 
especially when printing large slabs by depositing  fila-
ments with a small-nozzle cross section. Second, there is a 
risk of cavities forming inside the slab in case of extrusion 
difficulties.

In contrast, the use of the second method, in which a 
contour is printed and then filled with flowable concrete, has 
a number of advantages. Slabs can be created quickly due 
to much shorter printing paths, and the risk of void forma-
tion is minimal. The contour of a slab can be printed in any 
shape, including nonlinear ones, allowing the geometrical 
freedom provided by 3-D printing technology to be used 
to a high extent. Obviously, the fabrication of curved slabs 
using traditional casting methods is more expensive and 
time-consuming.

Another advantage is the possibility of placing the neces-
sary utilities inside the printed contour of the slab. In addi-
tion, while the printed contour of the slab is not yet hardened, 
the necessary holes can easily be cut into it and utilities can 
be routed through them. Furthermore, before the contour of 
the slab is filled, steel wire loops can be tied to the reinforce-
ment and later used to attach the slab to the crane slings. The 
possibility of using a 3-D printer as a construction crane will 
increase the degree of automation and avoid the need for 
additional machinery at the construction site.14

Fig. 3—Schemes for production of beams according to proposed methods: (a) with full-width printing; (b) with filament 
printing; and (c) with printing of integrated formwork.
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In the proposed methods, the slabs are reinforced with 
meshes, and, as for the beams, it is possible to reinforce the 
bottom surface of the slab with a textile mesh by placing it 
on the printing bed and creating the slab on top of it. A textile 
or steel reinforcement mesh can also be installed between 
the printed layers, but it must be ensured that there is no 
excessive sagging of the mesh, otherwise the uniform width 
of concrete cover will not be provided. This can be achieved 
by printing additional supports inside the contour, on which 
the reinforcement mesh will lie.

Figure 4 shows an example of the fabrication process of 
a slab with a circular opening. The slab is reinforced with a 
mesh placed between the first and second layers only. In the 
first step, the first layer of the slab contour and the opening 
contour, as well as additional supports for the reinforcement 
mesh, are printed. In the second step, the reinforcement 
mesh is installed. Then, the contours of the slab and the 
opening are printed until the required slab height is reached. 
Finally, the space between the slab contour and the opening 
contour is filled with flowable, preferably self-consolidating, 
concrete. If it is necessary to install utilities inside the slab, it 
is possible to place only part of the concrete, just above the 
level of the reinforcement. After the fill concrete has suffi-
ciently stiffened, the utilities can be installed on its surface, 
and then the remaining concrete can be placed.

EXPERIMENTAL PROCEDURE
The main objective of the experiments carried out in 

this study was to evaluate the feasibility of the proposed 
methods for fabricating beams and slabs. The possibility 
of integrating reinforcement meshes between printed layers 
has been proven previously.15 In the research at hand, partic-
ular attention was paid to integrating reinforcement by 3-D 
concrete printing on top of a textile mesh laid on the printing 
base surface.

Materials
The composition of the fine-grained concrete used for 3-D 

printing in this study is similar to that presented earlier in 
the research by Nerella et al.,16 denoted there as Mixture A. 
However, several changes have been made. In this investi-
gation, the cement was replaced by CEM I 52.5R and the 
dosage of HRWRA was reduced to 1.0% by mass of binder 
(bmob) (refer to Table 1). A similar mixture composition, 
but with a higher dosage of HRWRA equal to 1.5% bmob, 

was used to fill the slab. The compressive strength of both 
mixtures after 1 day was 26 MPa and slightly exceeded 
100 MPa at a concrete age of 28 days.

Carbon textile mesh impregnated with epoxy resin was 
used to reinforce the fabricated elements. The strands of the 
mesh were perpendicular to each other, and the distances 
between the axes of adjacent strands were 38 mm in both 
directions.

Fabrication of structural elements
To validate the approach of manufacturing structural 

elements using the proposed methods, a scaled-down model 
of the slab and a full-size beam were produced. In both cases, 
3-D printing was performed by means of a gantry concrete 
printer developed at Technische Universität Dresden.10

A 1 m long single-layer beam was produced by printing 
over a textile mesh laid on the printing bed. The printing 
was performed using a horizontally oriented nozzle with a 
rectangular outlet of 150 x 50 mm.

A slab with dimensions of 600 x 600 mm was produced by 
printing its contour on the surface of a textile mesh and then 
filling it with flowable concrete (refer to Fig. 5). Because 
the concrete used to fill the slab was not self-consolidating 
concrete, but the same concrete used for 3-D printing with 
an increased dose of HRWRA, a trowel was used to facil-
itate its distribution. The contour consisted of two layers, 
each approximately 20 mm high. The printing was carried 
out with a vertically oriented circular nozzle with a diameter 
of 60 mm. The day after the slab was created, it was cut to 

Table 1—Mixture compositions

Constituents
Density,  
kg/m3

3-D printing Casting

Weight per unit volume, kg/m3

CEM I 52.5R 3100 391 391

Fly ash 2271 213 213

MSS* 1400 213 213

Sand, 0.06 to 0.2 mm 2650 252 252

Sand, 0 to 1 mm 2650 252 252

Sand, 0 to 2 mm 2650 756 756

Tap water 1000 138 138

HRWRA PCE 1010 7 11

*Aqueous suspension of microsilica with dry mass content of 50 ± 2%.

Note: PCE is polycarboxylate ether.

Fig. 4—Step-by-step scheme for manufacturing reinforced slab with circular opening according to proposed method.
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produce specimens for the bending test and for microscopic 
examination.

Bending test
The prisms cut from the slab were made in such a way that 

in each of them, the textile strand was parallel to the longi-
tudinal axis and passed through the center of the bottom 
surface. The length of the samples was 140 mm. The width 
of all the samples was 38 mm, which is equal to the spacing 
between the axes of the neighboring threads in the textile 
mesh used. The height of the samples was 34 mm and was 
obtained after leveling the top surface of the plate with a 
saw.

Six samples produced in this manner were tested in a 
three-point bending test the day after the slab was produced. 
The time of testing was chosen based on the fact that the 
proposed technology implies the mounting and loading of 
the elements the very next day after their manufacturing. The 
test was performed using a testing machine with a distance 
between supports equal to 120 mm and under a constant 
loading rate of 2 mm/min.

EXPERIMENTAL RESULTS AND DISCUSSION
Concrete cover

Inspection of the fabricated elements showed that the 
concrete used for the 3-D printing did not penetrate under 
the reinforcement mesh, but tightly enveloped it from the 
other sides (refer to Fig. 6(a)). Concrete used for filling/

casting was more flowable and thus able to penetrate under 
the textile mesh and cover it from all sides, although there 
were still places, mostly at the intersections of the strands, 
where the reinforcement was not completely covered (refer 
to Fig. 6(b)).

Samples cut from the slab were examined with a digital 
microscope. Inspection of the samples showed that the width 
of the concrete cover reached approximately 1.8 mm in the 
central part of the slab (refer to Fig. 7). In addition, no cavi-
ties or cracks were found along the perimeter of the rein-
forcing strands, which may indicate good bond between the 
reinforcement and the concrete used to fill the slab.

Bending test results
The results of the bending test are shown in 

Fig. 8(a). All specimens yielded two peaks in the recorded 
force-displacement diagrams. The first, smaller peak 
occurred at beam deformations between 0.12 and 0.17 mm 
in conjunction with the opening of a vertical crack in 
the concrete originating from the tension zone (refer to 
Fig.  8(b)). The average value of maximum force at the 
smaller peak among all specimens Fcr was 1004 N, with a 
relative standard deviation (RSD) value of 5.3%.

After the first peak, the force decreased slightly, but then 
increased again until the specimen failed. The average value 
of the ultimate force Fu was 2563 N, with an RSD value 
of 16.9%. In all experiments, the failure occurred due to 
the destruction of concrete in the zone of its contact with 

Fig. 5—Demonstration of process of creating a slab: (a) 3-D printing of slab contour; and (b) contour filled with concrete.

Fig. 6—View of bottom surface of manufactured elements: (a) beam; and (b) slab.
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the reinforcement, while the reinforcement itself remained 
intact. The relatively low strength of the concrete on the first 
day and the small width of the concrete cover are among the 
possible reasons for such behavior.

Beam calculation
Because the specimens in the bending test exhibited flex-

ural failure, the maximum moment of resistance of the cross 

section before cracking Mcr can be calculated based on the 
test results using Eq. (1)

	​ ​M​ cr​​  =    ​ ​F​ cr​​·​l​ s​​ _ 4  ​  =  30.1 N·m​	 (1)

where Fcr is the maximum value of the applied force required 
to initiate concrete cracking, obtained during experiments; 
and ls is the span of a specimen in the bending test equal to 
0.12 m (refer to Fig. 9, left).

The width​  w​ of the specimens in the bending test was 
38 mm, which is also the spacing between adjacent strands of 
the reinforcement mesh used. Therefore, it can be assumed that 
the wider beam, which has the same height hs of 34 mm and is 
made using the same reinforcement mesh as the samples in the 
bending test, consists of several segments—beams with cross 
sections equal to those of the specimens tested in the bending 
test (refer to Fig. 9, right). In this case, the maximum moment 
that can act on each of these segments before cracking will be 
equal to the value of Mcr obtained previously.

Assuming that this beam is used as a lintel, in which case 
the fresh concrete laid on top of the beam would exert a 
uniformly distributed load, Mcr can be represented as follows

	​ ​M​ cr​​  =    ​ 
​q​ cr​​·​l​ b​ 2​ _ 8  ​​	 (2)

Fig. 7—Concrete cover formed in central part of slab after 
filling with flowable concrete.

Fig. 8—(a) Results of bending test; and (b) crack formation in tensile zone of specimen during test.

Fig. 9—Schemes of bending test (left); and lintel loaded with fresh printed concrete (right), with corresponding moment 
diagrams.
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where lb is the span of the beam; and qcr is the maximum 
value of a uniformly distributed load on a segment of the 
lintel with a width ​w​ required to initiate cracking.

Assuming the span lb equal to 0.8 m, which is a typical 
width of a window or a door, it is possible to find qcr, which 
will be equal to 376 N/m. This value also can be expressed 
using Eq. (3)

	​ ​q​ cr​​  =   ρ·g·w·​h​ cr​​​	 (3)

where ρ is the concrete density, which is 2108 kg/m3 for the 
concrete used; g is the gravitational acceleration equal to 
9.81 m/s2; and hcr is the maximum height of concrete that 
can be deposited above the lintel without the formation of 
cracks in it. Using Eq. (3), the hcr can be obtained equal to 
0.48 m.

Similarly, the ultimate height of concrete hu required for 
failure of a lintel can be calculated. To do this, in Eq. (1), 
the ultimate force Fu required for the beam fracture should 
be used instead of Fcr. In this case, the maximum moment 
of resistance of the section Mu will be 76.9 N∙m and the 
maximum allowable height of the fresh concrete hu will be 
1.22 m.

It can be concluded that a reinforced lintel, fabricated using 
the proposed method and having a height of 34 mm, can 
only withstand a load from 0.48 m of fresh concrete placed 
above it without cracking 1 day after its production. This 
may be sufficient for buildings with relatively low ceiling 
heights, but the presented calculation is a very conserva-
tive one. With the continuing stiffening and hardening of 
concrete printed over the lintel, its weight will be increas-
ingly redistributed to the walls next to the opening, thereby 
considerably reducing the load on the lintel. Hardened layers 
of concrete printed above the lintel will also redistribute the 
loads from the next floor or roof.

Demonstration of application
To demonstrate the feasibility of the proposed method 

of creating load-bearing horizontal elements for and with 
3DCP technology, a full-size demonstrator was created, 
representing a lintel over a doorway (refer to Fig. 10). 

A beam with a length of 1 m and a cross section of 150 x 
50 mm was fabricated by 3DCP on a textile mesh laid on the 
printing bed and used as a lintel. It was placed on two printed 
concrete supports so that the resulting span was 800 mm. 
Ten layers of concrete were printed on top of this beam, each 
layer 50 mm high. No deformations or damages to the lintel 
were observed during or after the printing of layers above it.

SUMMARY AND CONCLUSIONS
This paper proposes new methods for fabricating rein-

forced beams and slabs for three-dimensional (3-D)-printed 
concrete structures. These methods are outperforming all 
existing approaches because they enable the production of 
load-bearing horizontal elements of free geometry quickly 
and directly at the construction site. According to the tech-
nology proposed, the elements can be reinforced either by 
placing a reinforcement mesh between the layers, or by 
depositing concrete directly on a textile mesh laid on the 
printed surface. The paper at hand focused on the second 
approach, which had not been investigated as of yet.

For this purpose, a beam and a slab were produced using 
the proposed method. The examination of the produced 
slab showed that the depth of the concrete cover obtained 
after placing a flowable concrete in top of the mesh reached 
approximately 1.8 mm. While the results of tests on spec-
imens made from the slab indicated the possibility that 
the protective layer of concrete created was insufficient to 
make full use of the reinforcement’s mechanical properties, 
the performance of the slab has been proved fully satisfac-
tory for the purpose of creating horizontal supports such as 
lintels. The calculations based on the bending test results 
showed that the bending strength of a beam produced using 
the proposed technology and having a height of 34 mm only 
is absolutely sufficient for some applications on the first day 
after its fabrication.

To demonstrate the feasibility of the proposed tech-
nology, a full-size demonstrator, representing a lintel over 
an 800 mm wide doorway, was successfully fabricated and 
tested by printing concrete layers upon it.

Fig. 10—(a) Scheme of doorway; and (b) manufactured demonstrator. (Note: Units in mm.)
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A multilayer perceptron artificial neural network (MLP-ANN) 
was developed to calculate the cracking stress, tensile strength, 
and strain at tensile strength of ultra-high-performance concrete 
(UHPC), using the mixture design parameters and strain rate 
during testing as inputs. This tool is envisioned to provide reference 
values for direct tension test results performed on UHPC speci-
mens, or to be employed as a framework to determine the tension 
response characteristics of UHPC in the absence of experimental 
testing, with minimal computational effort to determine the tensile 
characteristics. A database of 470 data points was compiled from 
19 different experimental programs with the direct tensile strength, 
cracking stress, and strain at tensile strength corresponding to 
different UHPC mixtures. The model was trained, and its accuracy 
was tested using this database. A reasonably good performance 
was achieved with the coefficients of determination, R2, of 0.91, 
0.81, and 0.92 for the tensile strength, cracking stress, and strain at 
tensile strength, respectively. The results showed an increase in the 
cracking tensile stress and tensile strength for higher strain rates, 
whereas the strain at tensile strength was unaffected by the strain 
rate.

Keywords: artificial neural network (ANN); cracking stress; machine 
learning; multilayer perceptron (MLP); tensile strength; ultra-high-perfor-
mance concrete (UHPC).

INTRODUCTION
Ultra-high-performance concrete (UHPC) is widely 

recognized as a cementitious composite with a discontin-
uous pore structure, incorporating steel fiber reinforcement.1 
UHPC is attracting increased use due to its outstanding 
material properties, such as high compressive strength, high 
tensile strength, excellent crack control properties, self- 
consolidating workability, and exceptional durability in 
aggressive environments.2,3 These characteristics make 
it possible, in some cases, to significantly reduce or elim-
inate conventional reinforcement and allow the use of 
thinner concrete sections in practical applications.4 As a 
result, UHPC becomes an advantageous choice in high- 
performance applications, such as long-span precast preten-
sioned elements, bridge decks, offshore platforms, nuclear 
power plant buildings, and blast- and impact-resistant 
structures.5

UHPC was introduced for the first time in 1994,6,7 and it 
differs from ordinary concrete in various aspects, including 
low water-cement ratio (w/c), the incorporation of silica fume 
with optimized quantities of portland cement, fine aggre-
gates, and the absence of coarse aggregates.8 Recent efforts 
have concentrated on the formulation of UHPC mixtures 
that are more economical and have enhanced sustain-
ability characteristics,9-17 resulting in the incorporation of 

additional supplementary cementitious materials (SCMs) 
within the UHPC mixture, such as fly ash (FA), granulated 
blast-furnace slag (GBFS), metakaolin, and the use of lime-
stone powder.13-16

The incorporation of fiber reinforcement in the UHPC 
mixture, such as steel or propylene fibers, results in post-
cracking ductility and enhanced energy absorption capac-
ities that are not superior to conventional concrete. As a 
result, UHPC provides a reliable solution for cases when 
high strain rates are generated by impact loads, blast, 
and seismic loading.18 While the strain-rate sensitivity of 
conventional concrete is known to be strongly dependent on 
the quality of the concrete mixture,19,20 for fiber-reinforced 
concrete, the strain-rate sensitivity is highly influenced by 
additional factors, such as fiber volume percentage, fiber 
type, and fiber bond strength.21,22 Several studies examined 
the tensile behavior of various UHPC mixtures at varying 
strain rates21-26 and shed light on its influence on mechanical 
properties such as the cracking stress, tensile strength, and 
the strain at tensile strength. The findings demonstrate that 
UHPC has a complex behavior, depending on the strain rate, 
and the mixture composition in terms of SCMs, fiber rein-
forcement type, and the overall mixture design.

Numerous empirical models were developed to estimate 
the dynamic increase factor for UHPC,27,28 all indicating that 
the response of UHPC is even more sensitive to the strain 
rate than conventional concrete due to the presence of the 
fiber reinforcement.29 In addition, the low w/c and inclusion 
of SCMs promote the formation of a denser structure,30,31 
which in turn increases strain-rate sensitivity according to 
the Stefan effect.32

The direct tension tests, splitting tensile tests, and flexural 
tests are the three most commonly used testing procedures 
for characterizing the behavior of UHPC in tension.32-34 
The experimentally measured tensile strength values vary 
depending on the tensile stress distribution and boundary 
conditions corresponding to these different tests.35 Among 
them, the direct tension test presents the advantage of 
a uniform stress condition and the ability to record the 
complete stress-strain response before and after cracking. 
As such, in terms of insight for material characterization, the 
authors view the direct tension test as superior compared to 
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the splitting tensile and flexural tests. Nevertheless, it pres-
ents well-known challenges pertaining to the execution of 
the test, especially, ensuring a uniform uniaxial stress condi-
tion before and after cracking.

Typically, UHPC mixtures are classified according 
to their post-cracking stress-strain response into strain- 
softening or strain-hardening materials.36 Figure 1 displays 
typical strain-softening and strain-hardening behavior. The 
cracking stress (fcr) is defined as the stress at which the 
first crack occurs, the tensile strength (ft′) is defined as the 
maximum tensile stress, and the strain at tensile strength 
(εt′), refers to the strain corresponding to ft′. The work 
presented herein was performed to provide values for the 
cracking stress, tensile strength, and the strain at peak stress 
of UHPC mixtures tested under different strain rates, based 
on information related to the mixture design.

Overall, the tensile response of UHPC is highly influenced 
by numerous factors, including the w/c, SCMs-to-cement 
ratio, high-range water-reducing admixture-to-cement ratio, 
and fiber volume and type, in addition to the tensile strain 
rate. These factors were observed from previous exper-
imental programs to have a higher impact on the  tensile 
strength than the compressive strength of UHPC; conse-
quently, the empirical approaches commonly used to esti-
mate the tensile strength of conventional concrete as a 
function of the compressive strength only would not be 
adequate for UHPC.37 For example, the fiber volume of a 
mixture was shown to have a higher degree of influence 
on the tensile strength than the compressive strength.25-27 
At the same time, in the design of structural elements cast 
with UHPC, the tensile strength of the UHPC material is 
usually considered as a contributing factor to the strength 
of the element. Therefore, there is an urgent need for a reli-
able approach to determine the tensile strength of UHPC. 
The work presented herein is an effort toward this endeavor. 
Previously, multilayer perceptron artificial neural network 
(MLP-ANN) models have been effectively used in a 
variety of UHPC applications, including the prediction of 
the mechanical properties of UHPC mixtures, such as their 
compressive strength, modulus of elasticity, flowability, and 
porosity.38-42 The goal of this research was to develop an 
MLP-ANN framework for calculating the cracking stress, 
tensile strength, and the strain at tensile strength of UHPC, 
using as inputs the parameters found to be influential, as 
previously mentioned. This tool is envisioned to provide 
reference values for direct tension test results performed on 
UHPC, or to be employed as a framework to determine the 
tension response characteristics of UHPC in the absence of 
experimental testing.

RESEARCH SIGNIFICANCE
In contrast to structural elements cast with conventional 

concrete, the tensile strength of UHPC is typically a design 
factor contributing to the strength of UHPC members. 
Determining the tensile strength of UHPC, however, poses 
several challenges and introduces a degree of uncertainty 
that is not yet well understood. An MLP-ANN model 
was developed for calculating the cracking stress, tensile 
strength, and the strain at the tensile strength of UHPC using 
as input information pertaining to the mixture design. To the 

authors’ best knowledge, no previous studies address the 
prediction of the aforementioned tensile properties of UHPC 
using MLP-ANN. The authors believe that the procedures 
proposed in this study will be of general interest to the prac-
ticing engineers and standards committees, with the goal of 
accelerating the widespread adoption of UHPC components 
in structural applications. The MLP-ANN presented herein 
was developed based on a database of 470 data points, and it 
is hoped to be used to provide a baseline for the experimen-
tally determined tensile properties in an effort to reduce the 
inherent uncertainty associated with tensile testing, or to be 
employed as a framework to establish the tension response 
characteristics of UHPC in the absence of experimental 
testing.

ARTIFICIAL NEURAL NETWORKS
Overview

An artificial neural network (ANN) is a data processing 
paradigm inspired by the biological neural system. This para-
digm is reliant on the shape of the information processing 
system. ANNs have a mechanism for extracting interconnec-
tions from complex data and can be used to discover patterns 
and identify trends that would typically be obscured.43 An 
ANN is a type of nonlinear function approximator that 
creates mapping between the input and output parameters. 
The network uses learning capabilities derived from the 
given inputs,44 making this approach ideal for predicting the 
UHPC tensile properties due to the relatively large number 
of input parameters controlling these properties and the 
nonlinear relationship between the given inputs and outputs. 
A flowchart representing the general design and develop-
ment procedure for an ANN is shown in Fig. 2.

The perceptron is the most basic type of neural network 
architecture and is being used in numerous advanced neural 
network applications. It is composed of multiple weighted 
connections and an activation function that connects the 
input and output layers.45,46 The activation function decides 
whether to activate the neuron based on the input values and 
their weights, as explained in the following section. The 

Fig. 1—Typical UHPC stress-strain response in tension: 
(a) strain-softening behavior; and (b) strain-hardening 
behavior.36
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basic mechanism of the artificial neuron used in ANNs is 
shown in Fig. 3.

Feed-forward networks and recurrent networks are the 
two main types of ANNs. The MLP-ANN is one of the most 
widely used feed-forward ANNs,47 and it represents a modifi-
cation of Rosenblatt’s perceptron model that includes hidden 
layers between the input and output layers. The goal of the 
architecture is to optimize the number of layers and neurons 
in each layer so that the network can solve the regression or 
classification problem with the given parameters.48 Figure 4 
shows the input layer variables, hidden layers, and output 

layer variables in a schematic diagram of the preliminary 
layout of the MLP-ANN structure used in this study. The 
algorithm was developed using the Python programming 
language.

Activation functions
The challenge with employing neural network architec-

tures consists of the difficulty in designing algorithms that 
successfully learn patterns in data sets. Numerous strategies 
were explored to increase the effectiveness of these learning 
algorithms, such as normalizing the data points and opti-
mizing the activation functions used in the ANN. An acti-
vation function determines whether to activate the given 
neuron, providing an output depending on the input values 
multiplied by their corresponding weights.

The hyperbolic tangent, sigmoid functions, and the 
rectified linear unit function (ReLU) are some of the most 
commonly used activation functions. The ReLU has been 
shown to be the most effective activation function for both 
regression and classification purposes.49 The graphical 
representation of the ReLU activation function is depicted in 
Fig. 5; the function receives modified inputs, multiplying by 
their respective weights and adding the bias values. Finally, 
the neuron outputs a value depending on the weighted values 
of the inputs. The benefit of using the ReLU consists of 
its capacity to discard neurons with negative weights and 
biases in the learning process, allowing for a faster and more 
precise learning process. The ReLU function was employed 
as the activation function for the hidden layers in this study, 
whereas a linear activation function was used for the output 
layer.

Training model
The ANN’s training phase is critical, and it represents a 

function minimization problem in which an error function is 
minimized, assisting in the selection of the optimal weights. 
Rumelhart et al.50 developed one of the most widely used 
training algorithms, the backpropagation method for neural 
networks, in which the neural network procedure repeatedly 
customizes the weights of the connections in the network 
to minimize the difference between the actual output vector 
(experimentally measured tensile properties) and the 
predicted output vector (predicted tensile properties).

The backpropagation technique analyzes the information 
in two steps: initially, in the forward pass, it calculates the 
outputs and the error at the output layer. This is followed 
by the backward pass, as it updates the weights of the same 
units using the error at the output layer. This technique is 
repeated until the error converges to a minimum value, at 
which point the cost function is specified. For convergence, 
several optimization techniques are generally applied, 
including the schematic gradient descent51-53 and the Adam 
optimizer.54 In this work, the Adam optimizer was used as 
the optimization algorithm.

Model performance evaluation
After the training phase, the accuracy of the model was 

verified with respect to calculating the cracking stress, the 
tensile strength, and the strain at the tensile strength. The 

Fig. 2—ANN design and development procedure flowchart.
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root-mean-square error (RMSE) and coefficient of determi-
nation (R2) were used as statistical parameters to determine 
the accuracy of the predictions of the model, calculated as 
shown in Eq. (1) and (2)

	​ RMSE   =  ​√ 

_______________

  ​ 
​∑ i=1​ n  ​​ ​​(​Y​ pred​​ − ​Y​ ref​​)​​​ 2​

  _______________ n  ​ ​​	 (1)

	​ ​ R​​ 2​  =  1 − ​ 
​∑ i=1​ n  ​​ ​​(​Y​ pred​​ − ​Y​ ref​​)​​​ 2​

  _______________  ​∑ i=1​ n  ​​ ​​(​Y​ ref​​)​​​ 2​  ​​	 (2)

where n is the total number of data points; Ypred is the calcu-
lated value; and Yref is the experimental value.

The RMSE is one of the most frequently used error-index 
statistics.55 RMSE compares experimental and predicted 
values and evaluates the square root of the mean residual 
error, indicating the error in units of the constituent of interest. 
The optimum RMSE value is zero, indicating a perfect 
match. The coefficient of determination (R2) compares the 
accuracy of the model to that of a basic benchmark model, 
where the prediction is the mean of all samples.56 The R2 
statistics are based on linear relationships between experi-
mental and predicted values and may produce biased find-
ings when the relationship is not linear or when the database 
contains numerous outliers. The value of R2 is unity when 
there is equality between the observed and predicted values. 
A combination of the performance indicators described 
previously can provide an impartial estimate of the neural 
network models’ prediction ability.

DATABASE
Whereas recently, the focus in the literature has been 

primarily on the prediction algorithms in machine learning 
applications and the optimization of these algorithms, the 
importance of a dependable, representative, and sufficient 
database is oftentimes neglected, even though the database 
characteristics have a crucial role in developing a successful 
model. Sufficient data size is regarded as data that cover Fig. 3—Mechanism of artificial neuron depicting biological 

neuron.

Fig. 4—Schematic representation of MLP-ANN.
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all possible parameter combinations that determine the 
outputs the model is to predict, allowing the entire problem 
to be effectively simulated. A reliable database is especially 
important in the case of experimental databases, which 
frequently exhibit a considerable variance between results 
due to both unforeseen errors that were not accounted for 
while planning the experiment and inherent biases while 
implementing the experiment.

A database of 470 data points was compiled from 
19  different experimental programs with the direct tensile 
strength,18,25,26,57-72 cracking stress, and strain at the tensile 
strength of UHPC mixtures. These values were obtained 
from tests conducted on UHPC specimens that were tested 
under uniaxial tension at different strain rates. Table A1 in 
the Appendix summarizes the specimens compiled from the 
literature. Using this database, each input training vector was 
assigned 16 parameters, summarized in Table 1. The output 
vector includes the value of the tensile strength, cracking 
stress, and the strain at the tensile strength. The range, mean, 
and standard deviation values of the parameters included in 
the database are listed in Table 1.

A nonlinear relationship was found between the fiber aspect 
ratio (fiber length/fiber diameter) and the UHPC mechan-
ical properties characterizing the tensile response. This is 
primarily due to the fact that the fiber diameter has a more 
pronounced influence compared to the fiber length.29,66,72 
For example, Park et al.70 tested UHPC specimens cast with 
fibers having the same aspect ratio but different lengths 
and diameters and observed different tensile responses. As 
such, in this study, the fiber aspect ratio was disaggregated 
to capture the fact that the length and diameter of the fibers 
influence the tensile response differently and, therefore, need 
to be assigned different weights in the MLP-ANN model.

For the mixtures that contained fibers of the same type 
but with different lengths or diameters, a weighted average 
length or diameter was set as representative for the sample. 
The number of threads of the twisted fibers, the number of 
bends on hooked fibers, and the ultimate tensile strength of 
the fibers were not considered as parameters in the predic-
tion model, as observations from experimental testing in 

the literature indicate they have negligible effects on the 
tensile strength properties.66,72 Following similar reasoning, 
the influence of the curing regime and duration were also 
neglected in the formulation of the model, as were the 
constituents of the fine aggregate component, such as silica 
flour and glass sand.

The reliability of this database stems from the fact that 
its data points are based on experimental results reported in 
the literature rather than simulated values, which can often 
be subjective based on the models selected. A frequency 
assessment conducted on the database showed that the input 
parameters captured a reasonably acceptable range for the 
model to be accurate in predicting the dependent variables. 
This is illustrated in Fig. 6, which shows a pairplot distribu-
tion graph, constructed using Python’s seaborn module.73,74 
Figure 6 allows the visualization of the given data such 
that the interrelationships between the different input and 
output parameters are illustrated. In addition, the range of 
the collected data is also displayed. For example, for the 
collected database, the average tensile strength of the UHPC 
mixtures is approximately 10 MPa and the w/c is approxi-
mately 0.2. These ranges can also help identify the limita-
tions of the current database—for instance, more data are 
needed to fully analyze the effect of FA on the tensile prop-
erties of UHPC. This is illustrated by the frequency distribu-
tion plot for FA, with the majority of the data points having 
no FA in the mixture design. Only a minor portion of the 
data points have FA, with a percentage of up to 25% replace-
ment. Overall, Fig. 6 illustrates that the constructed database 
covers a wide range of parameters that are used in UHPC 
mixtures. The relationships between the input and output 
parameters can also be visualized from Fig. 6. For example, 
for the tensile strength, analyzing the plot including the w/c 
and tensile strength, an inverse correlation can be observed. 
On the other hand, a positive correlation is revealed between 
the strain rate and tensile strength.

It should be noted that some of the concrete variables can 
be dependent on each other. Hence, the correlation coeffi-
cients between all possible variables have been derived and 
are presented in Fig. 7. Positive unity indicates a perfect 
positive correlation, negative unity shows a perfect nega-
tive correlation, and zero shows no correlation between the 
parameters. As expected, there is a strong positive correla-
tion, with values higher than 0.75 between the strain rate 
and the cracking stress and tensile strength, whereas there 
is no clear correlation between the strain rate and the strain 
at tensile strength. In addition, the preliminary analysis indi-
cates that the polyethylene fibers have a more pronounced 
influence on the strain at tensile strength of UHPC, compared 
to the steel fibers.

As part of data processing, outliers were identified and 
removed from the database. For the experimental studies that 
performed tests on multiple specimens of the same mixture 
design, the standard deviation and the mean values were 
calculated for the tensile properties. The experimental data 
with values that were higher or lower than twice the standard 
deviation difference from the mean value were considered 
outliers and were removed accordingly.

Fig. 5—Graphical representation of ReLU activation 
function.
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Data normalization
Following the removal of outliers from the database, the 

next stage was data normalization. In general, the input and 
output data have different identities with no or minimal 
similarities. Data normalization removes the risk of neural 
network bias toward various identities. To prevent difficul-
ties connected with the learning rate of the MLP-ANN, the 
min-max normalization method was used in this work73; 
data scaling between 0 and 1 was performed.

Data leakage
Data leakage is one of the main challenges facing machine 

learning applications75; it occurs when the data used to train 
a machine learning algorithm contains the information about 
the validation model that might not be available in the prac-
tical applications of the model. Data leakage can cause the 
machine learning algorithm to show good prediction results 
in both the test and training data sets but perform poorly in 
practical prediction applications.

There are mainly two types of data leakage76: feature and 
train-test leakage. Feature leakage is common in classifica-
tion problems and occurs when one of the parameters used 
includes data that will not be available in the practical appli-
cations. Train-test leakage is more common in regression 
problems and occurs when training data has leaked infor-
mation of the test data; this can be avoided by removing 
the randomization in sectioning the test and train ing sets 
to ensure that the algorithm is not trained on data similar to 

the one the algorithm is to be tested on. Train-test leakage 
was avoided by using different experimental programs in the 
training and testing phases.

Data fitting
Figure 8 depicts the three possible outcomes for data 

fitting. Underfitting occurs when the learning algorithm 
is unable to find a solution that fits the training examples 
well, while overfitting occurs when the learning algorithm 
finds an excellent solution for the training data but predicts 
unusual results in terms of new data other than the data for 
which it was trained. Overfitting can be a major issue in the 
machine learning process as it hinders the ability to gener-
alize models. This can be caused due to a variety of reasons, 
such as presence of noise in the data set, insufficient data 
used for the training phase, or overly complex prediction 
algorithms.77,78

To avoid overfitting in the developed MLP-ANN model, 
the data was partitioned into two sets: training and test data 
sets. The training data set included 80% of the total data 
points and was used to aid the model in learning the predic-
tion patterns, while the test data set comprised 20% of the 
total data. Underfitting would show the model having low 
accuracies in both the training and test data sets, while over-
fitting would show the model having high accuracy in the 
training phase with low accuracy in the test phase. Neither 
issue is observed for the model developed in this study.

Table 1—Descriptive statistics of input and output variables in database

Parameter Symbol Units Category Min. Mean Max. Standard deviation

Water-cement ratio w/c — Input 190 22.2 35 4.25

Fly ash-cement ratio FA/C — Input 0.0 1.5 25 5.4

Sand-cement ratio Sa/C — Input 12.5 134 164 22.2

Silica fume-cement ratio SF/C — Input 0.0 23.6 39 8.0

GGBFS-cement ratio BFS/C — Input 0.0 5.0 107 19.5

High-range water-reducing admixture S/B — Input 0.5 3.6 6.7 2.6

Straight fiber, %* SF ― Input 0.0 1.0 3 0.9

Straight fibers length SFL mm Input 0.0 11.3 30 9.2

Straight fibers diameter SFD mm Input 0.0 0.1 0.40 0.1

Hooked fiber, %* HF ― Input 0.0 0.26 3.6 0.6

Hooked fibers length HFL mm Input 0.0 7.1 62.0 14.3

Hooked fibers diameter HFD mm Input 0.0 0.1 0.9 0.2

Twisted fiber, %* TF ― Input 0.0 0.4 3.0 0.8

Twisted fibers length TFL mm Input 0.0 4.9 30.0 9.6

Twisted fibers diameter TFD mm Input 0.0 0.06 0.3 0.1

Polyethylene fibers, %* PE ― Input 0.0 0.2 2.1 0.6

Tensile strain rate SR s–1 Input 0.00006 18.5 161 39.4

Tensile strength TS MPa Output 3.8 17.3 68.1 9.6

Cracking stress CTS MPa Output 4.8 11.3 32.7 4.8

Strain at tensile strength STS ×10–3 Output 0.2 11.8 80 13.2

*Fibers are provided by percentage of fiber volume to entire mixture volume.

Note: C is percentage relative to cement weight; B is percentage relative to total binder weight; 1 mm = 0.039 in.; 1 MPa = 145 psi.
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DISCUSSION OF RESULTS
The architecture of the MLP-ANN was developed 

to achieve the lowest mean squared error (MSE) in the  
development phase and the corresponding R2 and RMSE 
when comparing the experimental and predicted results. 
Table 2 shows the corresponding MSE with the different 
number of neurons for the MLP-ANN model predicting 
the cracking stress, tensile strength, and the strain at tensile 
strength. Using a trial-and-error approach, testing neuron 
configurations with numbers ranging from five to 40 
neurons, the optimum number of neurons converged to 25 
neurons in each hidden layer, reaching the minimum MSE 
of 6.8, as shown in Table 2.

The results of the performance evaluation of the selected 
models are presented in Table 3; similar values were obtained 

in terms of the performance measures for the training and 
test sets discussed previously, indicating a proper perfor-
mance of the MLP-ANN model developed. Figure 9 shows 
the comparison between the experimental and predicted 
results for the cracking stress, tensile strength, and the strain 
at tensile strength. The model shows accurate results in 
predicting the tensile strength characteristics based on the 
mentioned input parameters. In addition, the similarity of 
the R2 and RMSE values between the training and test data 
sets indicates overfitting was not an issue in the prediction 
process, with no need for compensating techniques such as 
regularization.

Shown in Fig. 9 is the comparison between experimental 
and predicted values of the tensile properties, differen-
tiating based on the strain rate employed during testing 

Fig. 6—Pairplot distribution analysis between database variables. (Note: Abbreviations are provided in Table 1.)
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and identifying the values obtained at strain rates below 
or above 0.1 s−1. A strain rate of 0.1 s−1 was shown to be 
the threshold  beyond which the strain rate effects become 
significantly more pronounced for UHPC materials.79,80 The 

overall accuracy for predicting the cracking stresses and 
the tensile strength decreases for UHPC specimens tested 
under higher strain rates (over 0.1 s−1), illustrated in Fig. 9. 
The prediction of the strain at the tensile strength, however, 

Fig. 7—Correlation analysis between database variables.

Table 2—Corresponding MSE relative to number of neurons in first and second hidden layer

Number of neurons in first layer

Number 
of neurons 
in second 

layer

― 5 10 15 20 25 30 35 40

5 22 10.5 11.3 11.5 9 8.2 8.4 7.6

10 14.3 10.8 9.5 10.2 7.9 7.8 7.8 7.8

15 12.4 12.5 8.9 9.2 7.7 8.7 7.4 7.5

20 17.2 10.4 8.5 7.8 7.5 7.5 7.2 9

25 16.5 12.3 8.2 7.6 6.8 8.6 7.1 8.4

30 16.2 12 9.2 7.1 7.2 7 8.3 7.8

35 10.7 11 8.5 7.5 8.6 7.5 7 7.3

40 11 9.1 7.7 9.3 7 6.9 7.3 7
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does not appear to be impacted by the higher strain rates. As 
shown in Fig. 9 and reported in previous studies,56-59,64 
increased tensile strengths are obtained for higher strain 
rates. This is likely due to UHPC’s dense structure and the 
increased bond strength between the cement matrix and the 
fiber reinforcement at elevated tensile strain rates.80

The model successfully differentiates between strain- 
hardening and strain-softening behavior based on the calcu-
lated values for the cracking stress and the tensile strength. 
Strain-softening mixtures result in equal values between 
the cracking stress and the tensile strength, whereas strain- 
hardening mixtures display a lower cracking stress compared 
to the tensile strength, as expected.

As shown in Fig. 9, the accuracy of the prediction algo-
rithm was not significantly impacted by the assumptions 
made to characterize the database, including the use of the 
weighted average approach for UHPC mixtures containing 
fibers of the same type (straight, hooked, or twisted) but with 
different lengths and diameters. In addition, assumptions 
such as neglecting the number of bends in hooked fibers and 
threads in twisted fibers, not including the curing regime 
and duration, also had a minor effect on the accuracy of the 
predicted tensile properties.

The limitations of the proposed algorithm are largely 
related to the range of parameters covered in the database 
compiled. This model should not be expected to perform 
adequately for UHPC mixture designs that differ signifi-
cantly from the ones analyzed herein. For example, there was 
insufficient data in the literature on the response of mixture 
designs that include basalt or cellulose fibers or metakaolin 
as SCMs. As such, the authors recommend against using 
the proposed model for these types of mixtures. However, 
should more data be available, the model could be expanded 
to include a broader range of mixture designs.

CONCLUSIONS
A multilayer perceptron artificial neural network (MLP-

ANN) was developed for the prediction of cracking stress, 
tensile strength, and strain at tensile strength of various 
ultra-high-performance concrete (UHPC) mixtures. The 
following can be concluded:

1. The proposed MLP-ANN model proved to be an effec-
tive tool in predicting the tensile behavior of UHPC mixtures. 
An indication of the accuracy of the model consists of the 
coefficient of determination. The results of the predictions 
for the MLP-ANN algorithm showed R2 values of 0.91, 
0.81, and 0.92 for the tensile strength, cracking stress, and 
strain at tensile strength, respectively.

2. This procedure has the potential to decrease the 
effort, costs, and time to design a UHPC mixture without 

performing multiple mixture trials. This method should also 
be useful in the preliminary design and analysis of struc-
tural members by providing an initial estimate of the tensile 
strength based on the used UHPC mixture design.

3. The model was developed to achieve the lowest 
mean squared error (MSE) in the development phase and 
the corresponding R2 and root-mean-square error (RMSE) 
when comparing the experimental and predicted results. 
Employing a trial-and-error approach and testing various 
configurations of neurons ranging from 5 to 40 neurons, the 
optimum number of neurons converged to 25 neurons in 
each hidden layer, reaching the minimum MSE of 6.8.

4. The similarity of the R2 and RMSE values between the 
training and test data sets indicates overfitting was not an 
issue in the prediction process, with no need for correction 
techniques such as regularization.

5. The correlation analysis and the test results displayed 
the strain rate’s pronounced influence on the cracking stress 
and the tensile strength of UHPC mixtures. In contrast, the 
strain rate has minimal effect on the strain at tensile strength 
of the mixtures investigated in this study.

6. A nonlinear relationship was found between the fiber 
aspect ratio (fiber length/fiber diameter) and the UHPC 
tensile properties. As such, in this study, the fiber aspect ratio 
was disaggregated to capture the fact that the length and 
diameter of the fibers influence the tensile response differ-
ently and, therefore, were assigned different weights in the 
MLP-ANN model.

7. The mixture design constituents, including the water- 
cement ratio (w/c), high-range water-reducing admixture 
ratio, supplementary cementitious materials (SCMs) ratio, 
sand ratio, and fiber reinforcement characteristics, in addi-
tion to the tensile strain rate, proved to be sufficient in accu-
rately predicting the tensile behavior of UHPC mixtures.

DATABASE AND ALGORITHM AVAILABILITY
The database, MLP-ANN algorithm, and user instruc-

tions are available for sharing upon request from the corre-
sponding author.
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Table 3—MLP-ANN model performance evaluation 
for predicting UHPC tensile properties

Data set Tensile strength Cracking stress
Strain at tensile 

strength

R2 RMSE R2 RMSE R2 RMSE

Train 0.92 2.5 0.92 1.4 0.92 2.4

Test 0.91 2.4 0.81 1.8 0.92 2.7
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Fig. 9—Comparison between experimental and calculated values of UHPC in terms of train-test and strain rates. (Note: 1.0 MPa 
= 145 psi.)
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Table A1—Database description

Ref.
Speci-
mens w/c FA/C Sa/C SF/C 

GGBFS
/C S/B SF SFL SFD HF HFL HFD TF TFL TFD PE SR DTS CTS SC 

Unit N/A % % % % % % % mm mm % mm mm % mm mm %
S-1 

(×10–3) MPa MPa με

Park 
et al.57 53

20 
to 
35

0 to 
25

100 
to 

125

0 to 
25 0 0.9 to 

6.7 1 13 0.2 1 30 0.375 0 0 0 0 0.3 to 
161,000

10.4 to 
43.2 N/A 4 to

 2.1

Pyo 
et al.25 36 22 0 134 25 0 0.5 0 to 

3
0 to 
25

0 to 
0.4 0 0 0 0 to 3 18 to 

25 0.3 0 0.1 to 
100

8.11 to 
24.1

6.22 
to 

14.6

1.7 to 
48

Reanade 
et al.58 36 20.8 0 70 39 0 1.8 0 0 0 0 0 0 0 0 0 2.14

0.1 to 
10,000

14.5 to 
22.8

6.6 to 
14.6

22 to 
48

Tran 
and Kim59 46 20 0 110 25 0 6.7 0 to 

1.5
0 to 
30

0 to 
0.3

0 to 
1.5 30 0.375 0 to 

1.5

24.3 
to 
30

0.27 
to 
0.3

0 0.167 to 
37,000

9.2 to 
39.4 N/A 2.3 to 

20

Tran 
et al.60 72 20 0 110 25 0 6.7 0 to 

1.5
0 to 
19

0 to 
0.2 0 0 0 0 to 

1.5 20 0.2 0 0.167 to 
23,700

10.1 to 
37.4 N/A 44,606

Wille 
et al.26 36 19 0 92 25 0 6.7 0 to 

3
0 to 
13

0 to 
0.2

0 to 
3 30 0.38 0 to 3 18 0.3 0 0.1 to 

100
11.1 to 
24.9

7.3 to 
17.1 44,659

Chun and 
Yoo61 12 25 0 110 25 0 2 0 to 

2
13 to 

30
0.2 to 

0.3
0 to 

2 30 0.38 0 to 2 30 0.3 0 0.083
12.25 

to 
17.68

5.91 
to 

11.35
44,720

Bian and 
Wang62 6 20 0 164 30 0 1.3 1 to 

2 16 0.2 0 0 0 0 0 0 0 0.2 9.3 to 
10.6

10.1 
to 12

0.2 to 
4.5

Wang 
and Guo63 9 20 0 134 30 0 0.5

1.5 
to 
2.5

13 0.2 0 0 0 0 0 0 0 0.2 7.7 to 
10.8

7.7 to 
13

0.2 
to 4

Yoo and 
Kim64 12 20 0 110 25 0 6.5 0 to 

2
0 to 
19.5

0 to 
0.2 0 0 0 0 to 2 30 0.3 0 to 

1.5 0.3 12 to 
20.3

4.76 
to 

9.98
44,671

Pyo 
et al.65 38 22 0 134 25 0 0.5 0 to 

3
0 to 
25

0 to 
0.4 0 0 0 0 to 3 25 0.3 0

66,000 
to 

146,000

19.9 to 
68.1

13.2 
to 

32.7
44,640

Le Hoang 
and 

Fehling66
36 20 0 147 21 0 3 1.5 

to 3
9 to 
20

0.15 
to 

0.25
0 0 0 0 0 0 0 0.067 7.71 to 

14.4

5.05 
to 

15.3
N/A

Wille 
and 

Naaman18
7 22 0 129 25 0 0.54 0 to 

2.5
0 to 
13

0 to 
0.2

0 to 
2 30 0.38 0 to 2 0 to 

30
0 to 
0.3 0 0.33 8 to 

15.5 N/A 1.7 to 
6.1

Kamal 
et al.67 3 20 0 12.5 25 0 2

0.5 
to 
1.5

6 0.012 0 0 0 0 0 0 0 2 3.8 to 
10 N/A 28 to 

58

Ranade 
et al.68 6 21 0 60 to 

97 39 0
0.009 

to 
0.024

0 0 0 0 to 
3.6

0 to 
30

0 to 
0.55 0 0 0 0 to 

2 0.03 10.4 to 
14.5 N/A 1.8 to 

35

Yu et al.69 14 33 0 71 21.4 107 0.005 0 0 0 0 0 0 0 0 0
1.5 
to 
3

0.2
10.29 

to 
17.89

8.15 
to 

12.09

22 to 
80

Park 
et al.70 16 20 0 110 25 0 0.067 0 to 

2
13 to 

24
0.2 to 

0.3
0 to 

1
0 to 
62

0 to 
0.775 0 to 1 0 to 

30
0 to 
0.3 0 0.04 8.08 to 

18.56

7.09 
to 

11.35

0.9 to 
6.4

Yavaş 
et al.71 16 29 0 157 20 40 0.016 0 to 

1.5
0 to 
13

0 to 
0.16

0 to 
1.5

0 to 
60

0 to 
0.9 0 0 0 0 0.07 4.2 to 

9.4 N/A N/A

Voss 
et al.72 10 21 0 97.5 9.7 19.3 0.03 0 to 

2.78
0 to 
13

0 to 
0.2 0 0 0 0 to 

2.78
0 to 
13

0 to 
0.5 0 0.3 4.9 to 

7.0 N/A N/A

Note: Abbreviations are provided in Table 1.
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Three-dimensional (3-D) concrete printing is invariably accompa-
nied by slippage between the printed structure and the platform, 
which affects the shape of the printed object. This study employs 
a physics-based friction model in a finite-deformation interfacial 
kinematic framework to model relative slipping between the bottom 
layer and the supporting surface. The constitutive model that is 
specialized for cementitious materials is based on an extension 
of the Drucker-Prager plasticity model. The evolution of material 
parameters due to thixotropy and hydration reaction results in 
increased stiffness that gives rise to the non-physical bounce-back 
phenomenon. A bounce-back control algorithm is presented and 
used in conjunction with the plasticity model as well as the inter-
facial frictional model. The printing process is simulated through 
an algorithm that controls the kinematics of the nozzle and links 
the material timescales of curing with the timescales of layered 
printing. The model and method are validated against experimental 
data, and several interesting test cases are presented.

Keywords: concrete printing; geometric instability; material instability; 
printing-induced deformation; structural failure.

INTRODUCTION
The growing interest in additive construction (AC) tech-

nologies for the placement of cementitious materials (for 
example, mortars and concrete) is creating new opportuni-
ties for the construction industry (Khan et al. 2020). This 
formwork-free method, shown in Fig. 1, delivers a cementi-
tious material by pumping it through a nozzle (Fig. 1(a)) and 
placing materials in consecutive layers using an AC platform 
(Fig. 1(b)), commonly referred to as a three-dimensional 
(3-D) printer. This technology allows for the construction of 
complex geometries and a higher degree of automation than 
other construction methods. Without geometric constraints 
from formwork, designers have greater flexibility in selecting 
the shape of structures, thereby allowing topologically opti-
mized designs that have the potential to reduce the volume 
of material used, optimize the geometry, lower costs, and 
increase the speed of construction (Jagoda 2020; Kreiger et 
al. 2019, 2020; Wangler et al. 2019). Therefore, considerable 
efforts have been devoted to the development of concrete 
printing technology (Ngo et al. 2018; Paolini  et  al. 2019), 
including modeling the AC process (Roussel et  al. 2020; 
Suiker 2018), where the rheological properties of early-age 
cementitious materials play an important role (Le et al. 
2012a; Roussel 2018).

To ensure safety, quality, and economy, engineers design 
formwork for concrete to resist the lateral pressure of fresh 
concrete (ACI Committee 347 2004). Similarly, structures that 
use AC must meet specific strength and stability requirements. 

Specifically, designs should consider the evaluation of the 
structure’s geometry to resist two modes of failure: elasto-
plastic buckling and plastic collapse (Wolfs and Suiker 2019), 
as shown in Fig. 2. It is important to note that the assumption 
of elastic buckling—that is, buckling that occurs when the 
structure is completely elastic—has been used extensively in 
the literature (Suiker et al. 2020). In general, buckling may 
occur when part of the structure has been plasticized. In the 
present paper, the assumption of elastic buckling, which may 
in fact be an approximation of the in-place experimental 
observation reported in the literature, is not used. This results 
in a method that gives a more accurate prediction of buckling 
when part of the structure has plasticized.

While failure is inherently a structural design 
problem, the design of components to main-
tain stability and withstand construction loads 
requires: 1) an understanding of the very-early- 
age (0 to 120 minutes) development of material properties 
(elastic modulus and compressive strength) (Harbouz et al. 
2023; Reiter et al. 2018; Kupwade-Patil et al. 2016); and 
2) possible small-scale misalignments during the layering 
process. At this stage, constitutive models are necessary 
to describe the mechanical properties of very-early-age 
cementitious materials that exhibit thixotropy (Roussel 
2006) and evolve through the flocculation and hydration 
processes (Gawin et al. 2006; de Miranda et al. 2023; Perrot 
et al. 2016). Because the layering of cementitious mate-
rials induces deformations as the material is extruded from 
the printer nozzle, the material evolution intimately links 
material property evolution (material timescales) with the 
geometric shape evolution of the structure (construction 
timescales) (Diggs-McGee and Kreiger 2021; Perrot et al. 
2016). The evolution of material properties at very early 
ages for specific materials can be evaluated by determining 
the compressive stress-strain behavior through uniaxial 
compression tests at different time increments. Work has 
shown that the early-age behavior of cementitious mate-
rials follows a bilinear elastoplastic model (Tripathi et  al. 
2022). Accounting for the evolution of mechanical proper-
ties is important as a high rate of construction (high build 
rate) can trigger instabilities as the material may not have 
gained enough strength or stiffness to carry the load of the 
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subsequent layers (Wolfs et al. 2018). On the other hand, 
a lower build rate can result in reduced interfacial strength 
between layers due to differential curing (Le et al. 2012b). 
Another consideration is the deformation that occurs during 
the construction process. Because very-early-age concrete 
has a relatively low stiffness, the local deformation induced 
during the construction process may lead to significant devi-
ation from the intended design specifications. These consid-
erations motivate the development of models that accom-
modate material timescales and build rates, while featuring 
a variational framework that can account for the large defor-
mations that invariably occur prior to failure. Such a model 
can then be used to optimize the printing rate and predict 
the onset of failure that may be triggered by material or 

geometric instabilities. In the reported literature, this has 
been done experimentally by evaluating the buildability, or 
the stable height before failure, of specific geometries that 
are designed to promote failures (Suiker et al. 2020; Tripathi 
et al. 2022; Wolfs and Suiker 2019).

While some have presented the use of design equations 
that can be employed for evaluating simple structures (for 
example, square or circular shell structures) (Roussel 2018; 
Suiker 2018), more complicated structures require sophisti-
cated numerical modeling methods to evaluate the compo-
nent stability during construction. Numerical modeling 
has been used to evaluate the placement process by mate-
rial extrusion (Comminal et al. 2020; Reinold et al. 2022; 
Roussel et al. 2020; Spangenberg et al. 2021) and to evaluate 

Fig. 2—Failure modes: (a) elastic buckling; and (b) plastic collapse. (Note: U.S. Army Corps of Engineers images by 
M. Kreiger.)

Fig. 1—AC process: (a) material extrusion; and (b) printing machine. (Note: U.S. Army Corps of Engineers images by 
J. Eastman.)
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the construction process after the material has been placed 
(Nedjar 2022; Wijaya et al. 2022). By employing numer-
ical modeling methods to optimize the build rate, compo-
nent  geometry, and material properties, it will be possible 
to evaluate larger structures and structurally optimized 
non-rectilinear components.

Modeling the layered deposition process in AC is a nonclas-
sical problem as it involves material evolution. Therefore, 
the mechanical material coefficients that are needed in the 
constitutive equations change during the initial phase of the 
problem. These evolving coefficients can also have conse-
quences on the validity of the constitutive equations. For 
example, satisfaction of the Legendre-Hadamard or ellipticity 
conditions can be compromised. Furthermore, material evolu-
tion can also lead to the violation of the second law of thermo-
dynamics when standard constitutive models are employed. 
In addition, the geometric evolution leads to a mathematical 
problem because the free surface of the previously layered 
material becomes the domain interior contact surface when 
a subsequent layer of material is deposited. The continuously 
evolving domain and Neumann boundaries changing into 
domain interior interlayer surfaces lead to a nonclassical vari-
ational problem that can trigger numerical instability in the 
computational framework.

A previous publication by the authors developed a model 
that accounts for the expected elastoplastic behavior of 
the fresh layered material (Wijaya et al. 2022). The model 
employs a finite-deformation framework so that it can simu-
late the mechanism of structural failure without using restric-
tive assumptions such as elastic buckling. It also accounts 
for the evolution of material properties using an elastoplastic 
model with evolving constitutive parameters. Modeling 
the evolving mechanical properties of materials through 
time-dependent constitutive parameters was previously 
evaluated and was determined to lead to stiffening effects 
that violate the second law of thermodynamics (Bažant 
1979, 1988; Wijaya et al. 2022). In addition, it also produces 
a non-physical behavior: deformation reduction, termed as 
“bounce-back.” These issues were addressed in Wijaya et al. 
(2022) through a bounce-back control (BBC) algorithm, 
which can be invoked alongside the return-mapping algo-
rithm employed in the plasticity model. It is important to 
note that the inelastic constitutive relation implies the depen-
dence of the model on the loading history. In the context 
of printing concrete, the loading history is a function of 
the printing rate and trajectory. This effect is captured by 
simulating the printing process through an algorithm that is 
based on the notion of the ghost-mesh method. Because a 
finite-deformation elastoplastic constitutive relation is used, 
the model can capture the two modes of failure commonly 
observed during the cementitious material AC process: elas-
toplastic buckling and plastic collapse.

Another important consideration is the potential slip 
between the printed structure and substrate that is induced 
during the material placement process that has been shown 
experimentally (Wolfs et al. 2018). The magnitude of the 
slip depends on the tribology of the structure-substrate 
interface and the contact area. Depending on its magnitude, 

the slip may contribute significantly to the deviation of the 
printed structure from the intended design specification. 
More importantly, the slip can also contribute to the onset of 
component failure. This aspect, which was not modeled in 
Wijaya et al. (2022), will be explored in this paper. The slip 
will be modeled through the contact-friction model (Laursen 
and Simo 1993; Masud et al. 2012), which is integrated into 
the method proposed in Wijaya et al. (2022). The objec-
tives  of this paper are to present a penalty-based contact-fric-
tion formulation that can model this interfacial slip and to 
demonstrate how the proposed method can account for more 
realistic scenarios encountered in 3-D printing.

RESEARCH SIGNIFICANCE
This paper addresses an important issue of structure- 

substrate slipping in 3-D layered printing of materials. 
A physics-based contact-friction model is embedded in 
a finite-deformation framework together with a modified 
form of the Drucker-Prager plasticity model. The effect of 
evolving material properties alongside the printing rate and 
the print trajectory are accounted for in the proposed method. 
The method can simulate both material and geometric failure 
during the process of printing the structure. It is tested 
on problems for which experimental data exists and then 
applied to the printing of a complex engineered structure to 
show the range of applicability of the method to problems of 
practical interest.

CONTINUUM FORMULATION OF CONTACT-
FRICTION PROBLEM

This paper explores the effect of slip between the printed 
structure and the substrate. The slip contributes to the devi-
ation from the intended design specifications. It may also 
significantly alter the stress distribution and the onset of 
failure. To model the slip, a formulation for the contact- 
friction problem was employed based on the framework 
presented in Laursen and Simo (1993). In this formulation, 
a deformable solid Ω with boundary Γ that undergoes finite 
deformation given by the deformation map φt was consid-
ered. The impenetrability constraint and contact friction 
are imposed between φt(Γ) and the contact plane ΓP. The 
constraint is imposed by applying contact traction tc on ΓP, 
where tc can be resolved into normal (tNν) and tangential 
components (tT), as shown in Fig. 3. For the sake of compu-
tational efficiency, the constraint is imposed only on the 
part of the boundary φt(ΓC) that comes in contact with ΓP. 
The gap function g(x) = g(φt(X)) is defined as the shortest 
distance between x ϵ φt(ΓC) and ΓP. The normal traction tN is 
defined as follows

	​ ​t​ N​​ = ​ ε​ N​​​<g>​​	 (1)

where εN is the penalty parameters for the impenetrability 
constraint; and < ∙ > is the Macaulay bracket, which returns 
the positive part of the operand as follows

	​ ​<g>​  =  ​ 
g + ​|g|​

 _ 2  ​​	 (2)
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The frictional response is modeled through the regular-
ized Coulomb friction model. First, the yield function ϕ is 
defined, which puts an inequality constraint to the tangential 
traction tT

	 ϕ = ||tT|| – μftN ≤ 0	 (3)

where μf is the frictional coefficient. Then, the flow rule for 
the tangential slip is defined as follows

	 ​​​φ ̇ ​​ T​​ − ζ​  ​t​ T​​ _ ​‖​t​ T​​‖​ ​  =  ​ 1 _ ​ε​ T​​ ​​ℒ​ v​​​t​ T​​​	 (4)

	 ζ ≥ 0, ϕζ = 0	 (5)

where εT is the tangential penalty parameter; and ζ is the 
consistency parameter. The boundary value problem is solved 
through an incremental solution procedure. Quantities at time 
tn are denoted by variables with subscript n, while variables 
without the subscript refer to quantities at time tn+1. In this 
work, the backward Euler method was employed. However, 
any other appropriate time integrator can also be used. To 
integrate in time from a known state tn, first, a trial state is 
computed. If the constraint condition (Eq. (3)) is violated, 
then a return map is applied that enforces the constraint for 
the tangential slip such that Eq. (3) to (5) are satisfied. The 
resulting scheme is a return-mapping algorithm, which is 
commonly used in elastoplastic problems (Simo and Hughes 
1998). To make the discussion precise, the return-mapping 
algorithm for the regularized Coulomb friction is as follows

	 ​​t​ T​ trial​  =  ​t​ Tn​​ + ​ε​ T​​​[φ − ​φ​ n​​]​​	 (6)

	​ ​ϕ​​ trial​  =  ​‖​t​ T​ trial​‖​ − ​μ​ f​​ ​t​ N​​  ≤  0​	 (7)

	​ ​t​ T​​  =  ​
⎧

 
⎪

 ⎨ 
⎪

 
⎩

​
​t​ T​ trial​

​ 
if  ​ϕ​​ trial​  ≤  0 (stick)

​   
μ ​t​ N​​ ​  ​t​ T​ trial​ _ 

​‖​t​ T​ trial​‖​
 ​
​ 

otherwise (slip)
  ​​​	 (8)

The contact traction is included in the balance equation 
presented in Appendix A.*

MODELING CEMENTITIOUS MATERIAL FOR AC
Early-age concrete belongs to the family of yield-stress 

fluids. In the fresh state, it behaves like a solid when the 
applied stress is below a critical stress and behaves like a 
fluid otherwise. Because the interest is in the structural 
behavior before and up to the onset of failure, printed 
concrete is modeled as an elastoplastic solid. To be able to 
capture the two dominant modes of failure in the concrete 
printing process—namely, elastoplastic buckling and plastic 
collapse, a finite-deformation elastoplastic constitutive rela-
tion is needed. Following Wijaya et al. (2022), the Drucker- 
Prager plasticity model is employed to capture the plastic 
behavior of cementitious materials. To keep the discussion 
self-contained, the model is summarized in this section. For 
a more detailed discussion, the reader is referred to Wijaya 
et al. (2022).

It should be noted that the properties of cementitious 
materials change during the printing process. This evolution 
is often modeled by the dependence of constitutive param-
eters on time. However, the evolution of parameters asso-
ciated with the stiffening of materials, when employed in 
standard constitutive models, results in bounce-back. It was 
shown in Wijaya et al. (2022) that for the constitutive model 
in Eq. (12), this phenomenon indicates the violation of the 
second law of thermodynamics. The bounce-back issue was 
addressed in Wijaya et al. (2022) with a newly proposed 
BBC algorithm. This section presents a concise discussion 
on bounce-back and the numerical implementation of the 
BBC algorithm.

Elastoplastic constitutive model for cementitious 
materials

To begin the discussion, consider a multiplicative decom-
position (Kröner 1959; Lee 1969) of the deformation 
gradient F into the elastic Fe and plastic Fp parts.

	 F = FeFp	 (9)

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Fig. 3—Contact-friction problem in finite deformation.
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The elastic left Cauchy-Green tensor be and its spectral 
decomposition are given as follows

	 be = FeFe,T	 (10)

	​ ​b​​ e​  =  ​ ∑ 
A=1

​ 
3
  ​​​(​λ​ A​ e ​)​​​ 2​ ​n​​ A​ ⊗ ​n​​ A​​​	 (11)

where Fe,T is the transpose of the elastic deformation 
gradient; λe are the principal stresses; and nA are the eigen-
vectors. The following hyperelastic model is used to repre-
sent the elastic part of the material behavior

	​ ψ  =  ​ 1 _ 2 ​ κlog​​[​J​​ e​]​​​ 2​ + μ​ ∑ 
A=1

​ 
3
  ​log​​[​​λ ̅ ​​ A​ e ​]​​​ 2​​​	 (12)

	​ ​J​​ e​  =  ​λ​ 1​ e ​ ​λ​ 2​ e ​ ​λ​ 3​ e ​​	 (13)

	​ ​​λ ̅ ​​ A​ e ​  =  ​​(​J​​ e​)​​​ −1/3​ ​λ​ A​ e ​​	 (14)

where κ is the bulk modulus; μ is the elastic modulus; and ​​​λ ̅ ​​​ e​​
represents the stretch from the volume-preserving part of 
the deformation. The yield function for the Drucker-Prager 
model П(σ) is defined in term of Cauchy stress σ as follows

	​ Π​(σ)​  =  Π​(​I​ 1​​ , ​J​ 2​​)​  =  ​​[2 ​J​ 2​​]​​​ 1/2​ + ​ α _ 3 ​ ​I​ 1​​ − ​σ​ y​​  ≤  0​	 (15)

	 I1 = σ1 + σ2 + σ3	 (16)

	​ ​J​ 2​​  =  ​ 1 _ 2 ​​(​s​ 1​ 2​ + ​s​ 2​ 2​ + ​s​ 3​ 2​)​​	 (17)

	​ ​s​ A​​  =  ​σ​ A​​ − ​ 1 _ 3 ​ ​I​ 1​​​	 (18)

where σA is the eigenvalue of σ; and A ranges from 1 to 3. α 
and σy are the material parameters. Let ​​ℒ​ v​​​ be the Lie deriva-
tive operator and ​​γ ̇ ​​ be the plastic consistency parameter. The 
associative flow rule is defined in terms of the normal to the 
yield function N as follows.

	​ ​ℒ​ v​​​b​​ e​  =  − 2​γ ̇ ​​J​​ −1​N​b​​ e​​	 (19)

	​ n  =  ​ ∂ Π _ ∂ σ ​​	 (20)

The implementation of the proposed constitutive model is 
presented in Box A in Wijaya et al. (2022).

Modeling material evolution: BBC algorithm
One way to model evolving material properties in cemen-

titious materials during the printing process is through the 
evolution of the material parameters in the hyperelastic 
model. The time dependence of the material parameters 
can be described directly, as a function of time, or indi-
rectly, through differential equations, such as in the curing 
models. In either case, the time dependency of parameters 
results in the dependence of the constitutive models on time. 
To understand the implication of this stiffening effect when 

used in conventional constitutive models, consider the case 
of constant traction loading (constant Neumann boundary 
conditions) on a block of material. Assuming that the direct 
form of constitutive equations is used, the increase in stiff-
ness results in the reduction in the deformation even though 
the traction is held constant. This is a non-physical behavior 
that is manifested by the model and is termed as bounce-back. 
It has been shown in Wijaya et al. (2022) that for a class of 
constitutive models, such as presented in Eq. (12), bounce-
back indicates a violation of the second law of thermody-
namics. In the present work, the BBC algorithm is employed 
(Wijaya et al. 2022), which was designed to prevent the 
bounce-back effect in the constitutive models when the 
evolving material parameters result in the stiffening of the 
material. Furthermore, for the constitutive model presented 
in Eq. (12), it has been shown that the algorithm ensures the 
satisfaction of the second law of thermodynamics (Wijaya 
et al. 2022).

The BBC algorithm for the constitutive model (Eq. (12)) is 
presented in Box 1. Note that the material parameters κ and 
μ are a function of time, and therefore the value should be 
computed with respect to the current time. The output of the 
bounce-back algorithm presented in Box 1 is the corrected 
value of the elastic left Cauchy-Green tensor be emanating 
from the last converged step, which then becomes an input 
to the return-mapping algorithm for the plasticity model. For 
a more detailed discussion, the reader is referred to Wijaya 
et al. (2022).

Box 1—BBC algorithm (Wijaya et al. 2022)
•	 Step 1: Retrieve data at the integration point: {Fn, σn}

•	 Step 2: Spectral decomposition: ​​σ​ n​​  =  ​ ∑ 
A=1

​ 
3
  ​​σ​ A,n​​ ​n​ n​ A​ ⊗ ​n​ n​ A​​​, 

 τA,n = det(Fn)σA,n
•	 Step 3: Compute elastic strain:

a) ​​​ε ̃ ​​ A,n​ e  ​  =  ​ 1 _ 2μ ​ ​τ​ A,n​​ + ​ 1 _ 3 ​​(​τ​ 1,n​​ + ​τ​ 2,n​​ + ​τ​ 3,n​​)​​(​ 1 _ 3κ ​ − ​ 1 _ 2μ ​)​​

b) ​​​λ ̃ ​​ A,n​ 
e
  ​  =  exp​[​​ε ̃ ​​ A,n​ e  ​]​​

c) ​​b​ n​ e​  =  ​ ∑ 
A=1

​ 
3
  ​​​(​​λ ̃ ​​ A,n​ 

e
  ​)​​​ 

2
​ ​n​ n​ A​ ⊗ ​n​ n​ A​​​

MODELING AC PROCESS WITH  
CEMENTITIOUS MATERIALS

Because the Drucker-Prager model and BBC algorithm 
bring inelastic processes into the constitutive model, the solu-
tion of the governing equation (Eq. (A4) in the Appendix) is 
dependent on the loading history. In the context of additive 
manufacturing, the loading comes from the self-weight of 
the printed object. Therefore, it is necessary to also model 
the process of printing to be able to properly capture the 
inelastic effects induced during the layering process.

The algorithm proposed in Wijaya et al. (2022) is adopted 
in the present work. The governing equation (Eq. (A4)) 
is numerically solved through the finite element method, 
where the Gaussian quadrature rule is used for numerical 
integration. The geometry to be printed is associated with 
domain Ω0, which is then discretized into a finite element 
mesh. The printing process is modeled through the assign-
ment of material parameters at integration points g ϵ Ω0, 
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which keeps track of the time of deposition of the material 
and, therefore, its curing, as the time evolves. Let ΩPR ⸦ 
Ω0 be part of the domain that has been printed and ΩNPR ⸦ 
Ω0 be part of the domain that is yet to be printed. If an inte-
gration point is in g ϵ ΩPR, then the material parameters of 
the cementitious material are used. Otherwise, scaled-down 
material parameters are used such that the material point has 
negligible stiffness and zero density, thereby constituting 
what is termed as the ghost element. An internal variable 
Θ assigned to the integration point is used to mark whether 
the integration point is in ΩPR or ΩNPR. The value of Θ = 1 
denotes that the integration point belongs to ΩPR, while the 
value Θ = 0 denotes that the integration point belongs to 
ΩNPR. This notion is similar to that in the level-set method, 
which is commonly used to implicitly represent the geom-
etry of an object.

The printed domain ΩPR can be monitored by controlling 
the value of Θ. At time t = 0, all integration points are 
assigned the value Θ = 0. Then, a moving point p(t) and an 
associated printing region RPR ⸦ Ω around p(t) are defined to 
represent the kinematics of the printing nozzle and a region 
around the nozzle where the material is being printed. As the 
nozzle moves, the integration point in the printing region, 
g  ϵ RPR, is assigned a value of Θ = 1. Consequently, with 
time, the size of ΩPR increases, and the printing process ends 
when ΩPR = Ω.

The time when an integration point is printed is recorded 
by assigning the current time tn+1 to an internal variable 
tg when g ϵ RPR for the first time. This variable represents 
the deposition time needed to compute the evolving mate-
rial parameters. The summary of the printing algorithm is 
presented in Box 2, where εE is the scale factor for the inte-
gration points in ΩNPR. At this point, all the ingredients to 
model the AC process are present, as illustrated in Fig. 4.

Remark—Sensor-based information on the evolving field 
variables at select points in the printed structure can be 
incorporated in forward simulations in the 3-D print process 
(Masud and Goraya 2022).

Box 2—Algorithm for simulation of printing 
process
•	 Step 1: Retrieve data: {tn+1, Θn, tg, g}
•	 Step 2: Compute current location of the moving point: 

p(tn+1) = (xp(tn+1), yp(tn+1), zp(tn+1))

•	 Step 3: Determine whether the current integration point 
is in g ϵ RPR and update Θ: If g ϵ RPR then Θn+1 = 1

else Θn+1 = Θn
•	 Step 4: Use the appropriate material parameters.

If Θn = 1 then tg = tg,n, E = E(tn+1 – tg), ρ = ρ(tn+1 – tg)
else tg = tn+1, E = εEE(0), ρ = 0

NUMERICAL RESULTS
All numerical test cases presented in this paper are contact 

problem in ℝ3, where the contact plane ΓP is represented by 
the plane z = 0. For this choice of contact plane

	 ν = (0,0,1)	 (21)

	 τα = eα	 (22)

where ν is the unit normal frictional surface; and eα is the 
standard basis function for ℝ3. None of the test cases impose 
Dirichlet boundary conditions. A standard eight-node linear 
hexahedral element is used to discretize the domain in all the 
cases. Because the model presented in Eq. (12) gives close to 
a linear response before yielding, the elastic material param-
eters are approximated in terms of elastic modulus E and 
Poisson’s ratio ν using the following relations.

	​ κ  =  ​  E _ 3​(1 − 2ν)​ ​ ,  μ  =  ​  E _ 2​(1 + ν)​ ​​	 (23)

For all printing simulations, the scale factor εE = 10–4 is used.

Sliding of elastic block
To validate the formulation and the numerical imple-

mentation of the frictional contact model, an elastic block 
that slides against a rough rigid floor was considered, as 
presented by Simo and Laursen (1992). The block has 4 x 
1 x 2 dimensions and is discretized into 20 x 1 x 10 elements. 
The boundary conditions are shown in Fig. 5(a). The mate-
rial has elastic modulus E = 1000 and Poisson’s ratio ν = 
0.3. A Coulomb friction law is imposed at the contact plane 
between the block and the rigid surface with frictional 
constant μf = 0.5, εN = 108, and εT = 105. No frictional trac-
tion is allowed in the thickness direction by imposing [tT]2 = 
0. Frictional traction is also not allowed at the first and last 
nodes of the contact surface ΓC to conform with the problem 

Fig. 4—Modeling AC process.
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described in Simo and Laursen (1992). This zero-friction at 
the first and last node is imposed by setting μf = 0 for the 
closest integration points to the edge of the block (x = 1 and 
x = 4). For surface integration on the hexahedral element, 
the 10 x 10 integration rule is used to integrate the fric-
tional term in Eq. (4). The resulting deformation is shown 
in Fig. 5(b).

The results are compared with the no-augmentation case 
presented by Simo and Laursen (1992). The comparison of 
contact traction is presented in Fig. 6(a), where a good match 
with the reference data can clearly be seen. The only signif-
icant deviation is in the tangential traction at x = 0.2 and 
x = 3.8. In the present simulation, the tangential traction at 
these two nodes is smaller in magnitude compared to the 
neighbor nodes. This is because the tangential traction was 
set to be zero at x = 1 and x = 4. The interface slip displace-
ment is compared in Fig. 6(b). In the present simulation, the 
slip occurs at x > 3.2, while the data from Simo and Laursen 
(1992) show that the slip occurs at x > 3. The discrepancy 
may be attributed to the difference in how zero tangential 
traction at the first and last nodes is imposed. Neverthe-
less, the general behavior of the overall slip is comparable 
between the two methods.

Printing of hollow cylinder
This section presents simulations of the printing process 

of a hollow cylinder. The cylinder has a centerline radius 
of 250 mm. The width and height of each layer is 40 and 

10 mm, respectively. Linear hexahedral elements are used 
to discretize the domain. Each layer is discretized into 8 x 
2 elements in the cross section, and 40 elements are used 
along the circumference. The algorithm in Box 2 is used 
to simulate the printing process. The description of nozzle 
trajectory and the print region are given in Wijaya et al. 
(2022). The simulation was performed with time-step size 
Δt = 0.9425 seconds. Two cases are considered: in the first 
case, the base of the cylinder is held fixed; in the second 
case, instead of applying Dirichlet boundary conditions, the 
contact-friction model is used at the base of the cylinder with 
εN = εT = 0.1 and μf = 0.045. The frictional coefficient is 
chosen such that the displacement of the base of the cylinder 
matches well with the experiments in Wolfs et al. (2018). 
Furthermore, simulations are carried out with and without 
BBC, and the response is compared.

Material parameters for the constitutive model are obtained 
through the uniaxial compression and direct shear tests in 
Wolfs et al. (2018). The procedure for the extraction of mate-
rial parameters and conversion between Mohr-Coulomb and 
Drucker-Prager parameters can be found in Wijaya et al. 
(2022). Because the material is evolving during the printing 
process, it is necessary to conduct the tests at several time 
points. It is also important to note that in Wolfs et al. (2018), 
it is reported that to be able to conduct the uniaxial compres-
sion and direct shear tests, material that is extracted from the 
3-D printer needs to be compacted to obtain a homogeneous 
sample. This results in material parameters that give stiffer 

Fig. 5—Sliding block problem: (a) boundary conditions; and (b) deformation.

Fig. 6—Comparison with Simo and Laursen (1992): (a) contact traction; and (b) slip displacement.
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and stronger modeled responses than the actual printed 
concrete that is not compacted during the actual printing 
process. Therefore, the material parameters used in this 
section are adjusted to match the lower bound of the uniaxial 
compression test results. The lower bound is chosen as 1.75 
standard deviation below the mean. Figures 7(a) to (c) show 
the mean, upper bound, and lower bound for three different 
time points, respectively. Material parameters are obtained 
by fitting the material parameters to the lower-bound curve. 
Figure 7(d) shows the comparison between simulations 
using the material parameters given in Table 1 and the lower 
bound of the uniaxial compression test results. Linear inter-
polation is used to calculate the material parameters between 
the time points reported in Table 1.

The temporal and spatial evolution of the elastic modulus 
is shown in Fig. 8. Figures 9 and 10 include the experimen-
tally obtained data (Wolfs et al. 2018) on the vertical align-
ment of five cylinders, which are used as reference data for 
comparison with the current numerical simulations. Figure 9 
compares simulations with and without BBC. At the comple-
tion of layer 23, there is a small difference between simu-
lations with and without BBC. However, this small differ-
ence becomes more significant as the subsequent layers are 
placed and the structure gets closer to the point of buckling 
failure. Halfway through the printing of layer 26 (denoted 
by layer 25.5), the difference between simulations with and 
without BBC becomes noticeable. This is expected because 
BBC contributes to the plastic deformation. The structure 

simulated with BBC collapsed before the completion of 
layer 26. Figure 10 shows the comparison between the case 
with a fixed cylinder base and the case where the friction 
model is used on the cylinder base. Failure also occurs 
earlier when the base of the cylinder is allowed to move. 
The case with the friction model and BBC reaches failure 
before the completion of layer 26. The rest of the cases reach 
failure at approximately the start of the printing of layer 27. 
These simulation-based failures match well with the experi-
ments presented in Wolfs et al. (2018), where the five printed 
cylinders collapsed after the printing of layers 25, 27, 30, 31, 
and 31, respectively.

Printing structural system with crosslinking  
infill pattern

This section presents the simulation of a structure with the 
embedded structural mechanics concept of crosslinking of 
components to show the applicability of the method to large-
scale systems. The objective of this test problem is to show 
that the digital twin can be used to simulate the AC process, 

Fig. 7—Uniaxial compression test results at: (a) 0 minutes; (b) 15 minutes; (c) 30 minutes; and (d) comparison between simu-
lation and lower bound.

Table 1—Material parameters

E, kPa ν σy, kPa α ρ, kg/m3

0 minutes 32.5 0.3 3 0.47453 2070

15 minutes 45 0.3 3.5 0.47453 2070

30 minutes 70 0.3 4.5 0.47453 2070
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and also show that by changing the process parameters, 
failure can be induced. As such, this methodology can be 
implemented to optimize the various variables that can affect 
successful printing of the structure and result in a stable and 
buildable structure.

The structure comprises two straight walls with two 
half-cylinders at the two ends. The cross-sectional dimen-
sions of the structure are given in Fig. 11, and the height of 
the structure is 2 m. Figures 12 and 13 show the infill patterns 
for the straight and curved sections of the wall, respectively. 

The layer width and height are 5 and 2.5 cm, respectively. 
In this simulation, the base of the structure is held fixed. 
The printing speed and nozzle trajectory are selected such 
that one layer of the structure can be printed in 24 minutes, 
which results in good bond strength between successive 
layers, according to the study presented in Le et al. (2012b). 
First, the inside shell is printed, which takes 6 minutes. Next, 
the outer shell is printed, also taking 6 minutes. Lastly, the 
zigzag infill pattern is printed, which takes 12 minutes. The 
details of the print trajectory along with the corresponding 

Fig. 8—Evolution of elastic modulus during printing process.

Fig. 9—Effect of BBC: maximum radial deformation compared with experimental data in Wolfs et al. (2018).

Fig. 10—Effect of slippage: maximum radial deformation compared with experimental data in Wolfs et al. (2018).
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timeline are shown in Fig. 14. The simulation is conducted 
with a time-step increment Δt = 60 seconds.

The evolution of material parameters is taken as follows

	​ E  =  ​{​0.015 MPa + 0.0002t MPa/min​  if t  ≤  240 min​    0.063 MPa + 5.5t MPa/min​  if t  >  240 min​​​		

		  (24)

	 ν = 0.3	 (25)

	​ ​σ​ y​​  =  ​{​0.015 MPa + 0.0002t MPa/min​  if t  ≤  240 min​    0.0055t MPa/min​  if t  >  240 min​​​		

		  (26)

	 α = 0.47453	 (27)

The elastic modulus and yield stress rapidly increase after 
240 minutes because it is assumed that curing due to the 
hydration process starts at this point. The spatial distribution 
of the evolving elastic modulus in the first layer at the 24th 
minute is shown in Fig. 15. This layout follows the printing 
trajectory shown in Fig. 14.

This numerical example demonstrates the capability of 
the method to simulate and analyze the effect of material 
evolution, print speed, and nozzle trajectory on the printed 
structure. Fresh concrete typically has low stiffness, and 
there is a risk that the printed parts can significantly deform 
and therefore deviate from the intended geometric shape. 
Figure 16 shows the print-induced displacement, which 
indicates how much the print has deviated away from the 
intended design geometry. A significant part of the displace-
ment magnitude shown in Fig. 16(d) comprises the vertical 
component of the displacement shown in Fig. 16(c). The two 
semicircular sections deform outward, causing the straight 
segments to lean inwards, thereby leading to a global mode 
of deformation. This global mode has an effect on the local 
stress distribution in the inner and outer walls. The line plots 
of the deformed shape along the height in the z-direction and 
stress induced due to self-weight of the inner and outer walls 
at two different locations are shown in Fig. 17 and 18. The 
deviation from the vertical alignment of the printed geom-
etry is the result of the inelastic behavior of the material and 
the incremental deposition of the material in the AC process. 
Figure 19 shows the zoom view of the in-plane connectivity 
of the inner and outer walls of the topmost layer. The purpose 
of the infill is to tie the two walls, thereby providing lateral 
stability to the structure. The points where infill connects 
the inner and outer walls are relatively stiff and, therefore, 
result in higher local stresses. The deformation and stress 
along one of the semicircles at different heights are shown 
in Fig. 20 to 22. The displacement line plots represent the 
outer surface of the outer wall and the inner surface of the 
inner wall. In Fig. 20, it can be clearly seen that the radius 
of the outer wall fluctuates by 0.7 cm about the mean radius. 
This pattern may be a combined effect of the lateral restraint 
provided by the infill that couples the inner and outer walls 
to stabilize the structure and the local deformation in the 
outer wall due to the hoop stresses.

One of the main concerns in 3-D printing with concrete 
is the potential failure during the printing process. The 
proposed method is able to capture both modes of failure that 
are encountered in 3-D concrete printing. To demonstrate this, 
the same structure was printed with the same material param-
eters, but with five times the printing speed as compared to 
the case shown in Fig. 14. A faster rate of printing results in 
less time for the printer to come around and place the next 
layer of material. However, the material may not have had 
enough time to gain strength and stiffness to carry the load. 
Figure  23 shows the simulation at five times the printing 
speed, where the outer shell displays local buckling of the 
wall. The structure fails before it reaches 0.5 m in height, 
and the mode of failure is buckling of the outer shell, which 
triggers geometric failure of the structure. This ability to 

Fig. 11—Maximum radial deformation compared with 
experimental data.

Fig. 12—Straight wall infill pattern.

Fig. 13—Circular wall infill pattern.
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computationally verify the buildability of the structure is 
a significant contribution of the method presented in this 
paper and can be employed to check whether the structure 
is buildable and that the printing-induced deformations are 
acceptable.

CONCLUSIONS
Modeling the process of layered deposition of material 

is a nonclassical problem from the perspective of material 
and structural modeling. Unlike the standard modeling and 
analysis problems in solid and structural mechanics, it involves 
materials that evolve. Therefore, the mechanical material 
parameters that are needed in the constitutive equations change 
during the simulation of the construction process, which can 
lead to the violation of the second law of thermodynamics 
when standard constitutive models are employed. Secondly, 
additive construction (AC) involves a systematic process 

through which the material is deposited, thereby leading to 
the evolving shape of the structure.

These two evolving processes—material property evolu-
tion and geometric shape change—are both intricately 
coupled in the computational framework. The buildability 
of the structure in the physical manufacturing process and 
the stability of the digital twin in the virtual environment are 
a function of the intricate interplay of timescales that come 
from intrinsic material properties and physical timescales of 
the printing process.

This paper presents a numerical method wherein both 
issues are addressed such that a stable numerical method 
emerges. The method accounts for slippage between the first 
printed layer and the supporting surface through a penalty- 
based contact-friction model. It also employs an algorithm 
that is based on a novel ghost-mesh method to account 
for the printing path and speed. This algorithm, together 

Fig. 14—Printing trajectory and corresponding time point.

Fig. 15—Spatial variation of evolving elastic modulus during printing process.
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Fig. 17—Cross section y = 0, wall at x = 4.5 m: (a) y-z-coordinate of inner and outer walls; and (b) σzz in inner and outer walls.

Fig. 18—Cross section x = 0, wall at y = 2.5 m: (a) x-z-coordinate of inner and outer walls; and (b) σzz in inner and outer walls.

Fig. 16—Displacement of printed structure: (a) disp-X; (b) disp-Y; (c) disp-Z; and (d) magnitude.
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with the inelastic constitutive relations, tightly couples the 
timescales of material evolution with the timescales of the 
layering of the material. The method is tested on carefully 
designed problems for which experimentally obtained data 
are available, and it is then applied to a complex geometric 
structure to highlight its range of application.

A numerical three-dimensional (3-D) printing simula-
tion of a hollow cylinder is presented. The cases where the 
base of the cylinder is held fixed and where frictional slip 
is permitted are simulated and compared. It is shown that 
the simulated structure experienced earlier failure when 
slippage is accounted for in the simulation. In addition, 
constitutive models with and without bounce-back control 
(BBC) are also compared. To establish the scalability of 
the proposed method, the last test case presents printing 
of a structure comprising two straight walls and two half- 
cylinders at either end, along with an infill for structural 
stability. To highlight the advantages of numerical modeling, 

the rate of printing is increased, which shows that the struc-
ture reaches failure much earlier when the material has 
not gained enough strength to be able to carry the load of 
subsequent layers, thereby triggering material instability. 
These examples demonstrate the capability of the method to 
analyze the effects of material evolution, printing speed, and 
trajectory on the buildability of the printed structure. They 
also highlight that simulation-based design of the printing 
process can not only help optimize the printing rate but can 
also predict the onset of failure that may get triggered by 
material or geometric instability. These simulations can also 
provide insights into the stability of a structure and help 
in  setting limits on acceptable tolerances for manufactur-
ing-induced deformations in printed structures.
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A great deal of attention has been applied recently to machine 
learning (ML) algorithms to solve difficult engineering problems in 
the field of structural engineering. Using borrowed features of ML 
algorithms (implemented), a solution to one of the most troublesome 
problems in concrete structures—namely, shear—is proposed. The 
understanding of shear failure in reinforced concrete (RC) struc-
tures has led to numerous laboratory investigations and analytical 
studies over the last century. Due to decades of efforts afforded by 
researchers, significant experimental shear test results have been 
created and archived. This data provides an opportune environ-
ment to implement ML techniques and evaluate model efficiency 
and accuracy. The focus of this paper is on ML modeling of the 
shear-transfer mechanism for slender RC beams without transverse 
reinforcement. Test results for 1149 RC beams were incorporated 
in the ML analysis for training (80%) and testing (20%) purposes. 
Prior to the ML analysis, a correlation coefficient analysis was 
conducted to determine if given design parameters affected shear 
strength. When compared to the data used, code-based shear equa-
tions provided with large safety margins gave reasonable predic-
tions. Exponential-based Gaussian process regression (GPR) ML 
models yielded comparable predictions. Of the 19 ML models 
employed, most were considered as an effective strength predictive 
tools. These ML model predictions were compared to each other 
and with design provision shear equations.

Keywords: machine learning (ML); prediction; reinforced concrete (RC) 
slender beams; shear database; shear strength.

INTRODUCTION
Traditionally, structural conundrums bound by param-

eter effects and interdependency have been verified through 
experimental testing and numerical modeling. This definitive 
approach, however, requires significant expenditure, time, 
and effort. Modeling is also difficult in addressing variability 
and complex parameter interdependency. Current provisions 
in concrete design rely on empirical equations derived from 
limited experimental testing results. Conservatively, safety 
margin excess is inevitable to prevent unexpected failure. 
As an alternative to traditional applied empirical equations, 
machine learning (ML) techniques—a subfield of artificial 
intelligence (AI)-based approaches—have gained attention 
in the field of structural engineering over the past decade due 
to their accuracy in spite of large variability and parameter 
interdependency. Software applications and ML techniques 
ascertain trends and patterns amidst massive data without 
explicit programming.

Among uses in structural engineering, ML algorithms 
have been employed to monitor structure health, evaluate 

performance, and predict behavior (Feng et al. 2021). The 
application of ML algorithms (for example, risk and resil-
ience analysis) has thrived, given the enormity of data 
present. Examples of ML applications in monitoring health 
and evaluating performance are available in Butcher et al. 
(2014), Gui et al. (2017), Vitola et al. (2017), Yan et al. 
(2013), Chou et al. (2014), and Omran et al. (2016). Previ-
ously conducted structural and mechanical experimental test 
data may also be used in the ML approach to predict behav-
ioral characteristics of structures, such as material proper-
ties, component capacities, and seismic resistance. The field 
is promising in that it affords the ability to replace (or supple-
ment) difficult and/or costly experimental tests. However, 
application is in its infancy due to limited available data. 
Thoughts pertaining to recent studies using the ML approach 
for reinforced concrete (RC) structures to predict capacities 
are introduced as follows.

Zhang et al. (2022) applied the random forest (RF) ML 
model to account for variables in evaluating ultimate shear 
capacity of RC beams, whose hyperparameters were tuned 
using the beetle antennae search algorithm. In this study, 
two sets of databases consisting of 194 RC beams with 
stirrups and 1849 RC beams without stirrups were used to 
edify the ML model. The ML models developed performed 
well in predicting shear capacities with correlation coeffi-
cients at 0.94. However, the study failed to consider shear 
span-to-effective depth ratios (a/d) governing shear mech-
anisms between deep and slender beams (Lee and Mander 
2022, 2023). By separating input data for deep and slender 
beams based on a/d = 2.5, predictions using the ML model 
would have significantly improved.

Alotaibi et al. (2021) predicted punching shear capacity 
of fiber-reinforced concrete (FRC) slabs using 20 ML algo-
rithms, including: regression learner; tree ensemble; support 
vector machine (SVM); regression decision tree; Gaussian 
process regression (GPR); and artificial neural networks 
(ANNs). The ML models were prepared, tested, and vali-
dated using 148 experimental test results. The authors found 
highest accuracy in the ANN models. To render ease of acces-
sibility to the structural practitioner, the authors developed a 
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neuro-nomograph technique based on ANN model results. 
Predictions using the neuro-nomograph approach showed 
remarkable accuracy with mean and coefficient of variation 
values between tested versus predicted of 1.00 and 0.05, 
respectively.

Feng et al. (2021) implemented ensemble ML methods, 
including: RF; adaptive boosting; gradient boosting regres-
sion tree, and extreme gradient boosting (XGBoost) to create 
predictive models for reinforced RC deep beams with and 
without transverse reinforcement. In this study, the authors 
used 271 test results, which were split into training and testing 
sets through tenfold cross-validation. The hyperparameters 
were determined by the grid search  method with feature 
importance and partial dependence analysis conducted. 
When compared to mechanic-driven models in design provi-
sions, such as the Chinese code (GB 50010-2010), U.S. code 
(ACI 318), Canadian code (CAN/CSA A23.3-04), and Euro-
pean code (Eurocode  2), the predictive models based on 
ensemble ML showed a significantly superior outcome.

Given current design provisions’ limitations regarding 
ultra-high-performance concrete (UHPC) hinder its use in 
concrete structures, Solhmirzaei et al. (2022) presented an 
ML-based flexural design approach for UHPC beams. The 
authors applied support vector machine regression (SVMR) 
to predict flexural capacity and multi-gene genetic program-
ming (MGGP) to derive an equation through data-driven 
analysis. A parametric study conducted regarding the flex-
ural capacity of UHPC beams demonstrated the merit of the 
proposed ML data-driven equation and application in design 
of concrete structures.

To overcome the low accuracy and dissemination gener-
ally found in existing design equations for prediction 
of punching shear capacity in fiber-reinforced polymer 
(FRP)-RC slabs having no transverse reinforcement, Truong 
et al. (2022) investigated ML algorithms. In their study, three 
ML techniques, including support vector regression (SVR), 
RF, and XGBoost, were considered with a grid search 
method and a fivefold cross-validation. Against an experi-
mental database consisting of 104 specimens, all three ML 
showed better agreement than code-based design methods 
and existing models. In particular, the XGBoost-based ML 
model showed superior outcomes.

The aforementioned studies show promising potential in 
ML algorithms based on previously conducted test results 
and that various types of structural performance can be eval-
uated with reasonable accuracy. Among them, application 
of ML in predicting the shear strengths of RC beams may 
have the greatest potential as significant efforts have already 
been made in the past decades to combine and archive broad 
shear testing results. Several large shear databases have been 
developed (Reineck et al. 2013, 2014; Reineck and Todisco 
2014; Todisco et al. 2015) and used to verify various shear 
theories and equations (Collins et al. 1996; Lee and Wata-
nabe 2000; Tureyen and Frosch 2003; Bentz et al. 2006; 
Brown and Bayrak 2008; Hsu et al. 2010; Choi et al. 2016). 
However, ML applications using these shear databases have 
been limited or inappropriately used. For example, Feng 
et al. (2021) focused only on deep beams, and Zhang et al. 
(2022) did not account for differing shear mechanisms. To 

address these shortcomings, the focus of this study is on the 
application of ML methods to slender non-shear-reinforced 
beams whose a/d are greater than 2.5. To lessen ML method 
implementation barriers, models available in MATLAB 
Toolbox were used. A total of 19 ML models were exercised 
and verified using experimental results from 1149 beam 
tests. Their outcomes were compared with each other and 
with those derived from shear equations found in design 
codes.

RESEARCH SIGNIFICANCE
The behavior and mechanism of shear failure are some of 

the most complicated problems in RC structures. To date, 
no rational or prevailing model explains this phenomenon 
due to the number of parameters and their interdependency 
associated with the shear failure as well as uncertainties tied 
to concrete embedment. Therefore, shear design provisions, 
including AASHTO LRFD and ACI building codes, use 
empirical equations, indued with complications and limita-
tions. This study aims to provide an alternative to solve the 
issue using an ML approach. Expensive and time-consuming 
testing can be partially replaced with ML methods.

MACHINE LEARNING MODELS
A description of several ML algorithms implemented in 

this study is provided in the following discussion.

Linear regression model
Regression represents the method of finding the relation 

between input parameters and output variables. Among 
regression methods, linear regression captures the relation-
ship between independent variables (parameters) and depen-
dent variables (outcomes) by fitting a straight line. Linear 
regression models are applied and extensively used in prac-
tical applications because statistical properties are easily 
determined (Yan and Su 2009). The study presented herein 
considers normal, interaction, robust, and stepwise linear 
models. Linear models include an intercept and linear terms 
for each predictor, whereas an interaction model contains all 
products of pairs of distinct predictors in addition to inter-
cept and linear terms. Robust and stepwise methods refer 
to the means with which the model is fit to the data. The 
robust fit creates a model whereby outliers have little effect 
and the manual process of discarding them is not required, 
whereas the stepwise fit starts from a simple model such as a 
constant and adds or subtracts terms one at a time, choosing 
the optimal term each time until no further improvement is 
achieved.

Regression decision tree
As a supervised learning technique, regression decision 

trees have been widely used in ML to derive a strategy to 
reach a particular goal in data mining (Rokach and Maimon 
2014). Decision trees employ an order of simple rules to 
predict outcomes through the iterative segmentation process. 
The decision tree is comprised of roots, leaves, and branches. 
In general, data sets are arranged at the root and their paths 
along the tree branches are determined based on the condi-
tional criteria at every node in the tree. MATLAB Toolbox 
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provides three decision tree algorithms, including: 1) coarse 
tree; 2) medium tree; and 3) fine tree. All three tree algo-
rithms have fast prediction speeds, small memory use, and 
easy interpretability. The difference that distinguishes one 
from the other is the flexibility of the model, which is low 
in the coarse tree and high in the fine tree. The maximum 
number of splits (leaves) to make coarse, medium, and fine 
distinctions between classes is 4, 20, and 100, respectively.

Support vector machines (SVMs)
Another supervised learning model based on statistical 

learning frameworks is known as SVM. It is often consid-
ered one of the most robust prediction methods. Grounded 
on finding an optimal hyperplane, an SVM training algo-
rithm constructs a model that assigns data into two catego-
ries with the largest margin. Along with performing linear 
classification, SVMs can conduct nonlinear classifications 
using various kernel functions that allow mapping input data 
into high-dimensional feature spaces. The detailed training 
algorithm of SVMs is available in Deng et al. (2012). Five 
different SVM models available in the MATLAB Toolbox 
were implemented in this study: 1) linear; 2) quadratic; 
3)  fine Gaussian; 4) medium Gaussian; and 5) coarse 
Gaussian.

Tree ensemble 
Tree ensembles create multiple learning models and 

combine them to improve result accuracy. Because the  
decision-making process is based on various models, 
increased accuracy is expected when the models have more 
significant diversity. Tree ensembles are suitable for regres-
sion and classification. Two popular ensemble methods 
used in the present study are bagging and boosting, which 
use different approaches to produce weak learners. Using 
bootstrap sampling, bagging generates weak learners in 
parallel. Boosting creates weak learners in sequential so 
that the previous weak learner affects the sequent learners. 
Bagging increases the accuracy of models by reducing vari-
ance and eliminating overfitting, whereas boosting generates 
better predictions through studying errors from previous 
predictions.

Gaussian process regression
As a generic supervised ML tool, the Gaussian process is 

commonly used to solve regression and probabilistic classifi-
cation problems. GPR is a nonparametric regression method 
that implements Gaussian processes for regression purposes 
based on Bayesian principles. GPR provides uncertainty 
estimates for its prediction, which is widely applied in the 
field and in practice. Rather than determining specific rela-
tions of parameters with outcome, GPR attempts to repre-
sent probability distributions over admissible functions that 
fit the data. Thus, training data are implemented through 
different learning processes compared to other supervised 
learning tools, which calculate the probability distribution 
of parameters of a specific model (Wang 2022). Squared 
exponential GPR, Matern 5/2 GPR, exponential GPR, and 
rational quadratic GPR are taken into account in the present 

study. Details regarding differences among those GPRs are 
available in Sanders (2019).

CHARACTERISTICS OF DATABASE
Experimental shear database

Test results of non-shear-reinforced RC beams assembled 
by Collins et al. (2008) were used in the present study. Simi-
larly, Zhang et al. (2022) conducted ML analysis using 1848 
RC beams from the same database. However, the authors 
considered the data set as a single case for RC beams with no 
transverse reinforcement, whereas the data set should have 
been divided to address deep and slender beams. As a result, 
ML analysis showed unsatisfactory outcomes. Reported 
root-mean-square error (RMSE) and coefficient of deter-
mination (R2) for the testing data set were 53.91 and 0.88, 
respectively. Other studies using ML algorithms as strength 
predictive tools showed better performance with less data. 
For example, Feng et al. (2021) showed RMSE = 50.34 and 
R2  = 0.93 for 271 RC deep beams, Olalusi and Awoyera 
(2021) had RMSE = 32.68 and R2 = 0.94 for 326 steel FRC 
(SFRC) slender beams, and Alotaibi et al. (2021) showed 
RMSE = 18.48 and R2 = 0.98 for 148 FRC slabs. Given that 
differing shear-transfer mechanisms take place depending 
on the a/d, such as arch action governing in deep beams  at 
a/d < 2.5 and truss action in slender beams at a/d > 2.5, the 
analysis must be conducted separately for the two cases (Lee 
2020).

To address the shortcomings of Zhang et al. (2022), the 
present study divided the original shear database of Collins 
et al. (2008) into two categories based on a/d and focused 
only on slender beams. In addition, members with section 
heights less than 100 mm (4.3 in.) were filtered out, due 
to non-representation of actual RC beam shear behavior. 
Experimental test results of 1149 slender RC beams were 
used in the ML analysis. Characteristics of the shear database 
considered several types of loading (simply supported beam 
versus continuous beams and point load versus uniform 
load). The majority of these tests involved simply supported 
beams subjected to point loads (84%). Effect of loading type 
was not taken into account and deemed not within the scope 
of this paper.

Distribution of design parameters in the shear database is 
presented in Fig. 1. Parameters known to affect the shear 
strength of RC beams include both dependent and indepen-
dent variables, and are identified as: 1) effective depth (d) 
from 80 to 3000 mm (3.15 to 118 in.); 2) effective section 
width (bw) from 71 to 3000 mm (2.8 to 118 in.) (note: web 
width was used for T-sections); 3) concrete compressive 
strength (fcꞌ) from 6.1 to 127.5 MPa (870 to 13,200 psi); 
4) yield strength of flexural reinforcement (fy) from 276 to 
1779 MPa (39 to 254 ksi); 5) amount of flexural reinforce-
ment (As) from 35.7 to 18,450 mm2 (0.055 to 28.6 in.2); 
6) aggregate size (ag) from 1 to 50 mm (0.039 to 2 in.); 7) 
steel ratio (ρf = As/bwd) from 0.001 to 0.066; and 8) a/d from 
2.5 to 15. Due to variable ranges in design parameters, ulti-
mate shear strengths (outcomes) varied widely from 12.6 to 
1575 kN (2.8 to 354 kip), with those having few data points 
not shown in the distributions.
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Correlation of design parameters
Prior to running ML analysis, it is important to consider 

design parameters (input data) investigated among the 
factors considered in the analysis to improve accuracy and 
running speed. To determine related parameters and relative 
contribution to shear capacity, the correlation coefficient 
between input parameters (fcꞌ, bw, d, As, ρf, ag, fy, and a/d) 
and output (Vtest) was obtained using Pearson’s approach as

	​ ​r​ xy​​  =  ​ 
​∑ i=1​ n  ​​​(​x​ i​​ − ​ x ̅ ​)​​(​y​ i​​ − ​ y ̅ ​)​  _________________________   

​√ 
___________

  ​∑ i=1​ n  ​​ ​​(​x​ i​​ − ​ x ̅ ​)​​​ 2​ ​ ​√ 
___________

  ​∑ i=1​ n  ​​ ​​(​y​ i​​ − ​ y ̅ ​)​​​ 2​ ​
 ​​	 (1)

where rxy is correlation coefficient; n is sample size; xi and yi 
are individual sample points for input and output variables 
indexed with i, respectively; and x̅ and y̅ are average values 
for input and output variables, respectively.

The correlation between parameters and tested ultimate 
shear strength Vtest is depicted in Fig. 2. Considered design 

parameters include bw, d, fcꞌ, fy, As, ag, ρf, and a/d. Given 
few data points exist over 400 kN (90 kip) (less than 1%), 
measured shear capacities exceeding 400 kN (90 kip) are 
not shown for clarity. Linear regression lines and calculated 
correlation coefficients rxy are provided along the data points 
to evaluate the magnitude of each parameter’s effect on shear 
strength. Three sectional properties, bw, d, and As, presented 
the strongest correlation with shear strengths for RC beams 
(rxy is 0.752, 0.634, and 0.858, respectively). Effects of fcꞌ, ρf, 
and a/d also revealed strong correlation coefficients: 0.122, 
–0.093, –0.146, respectively, whereas, ag (rxy = 0.005) and fy 
(rxy = 0.031) had almost no influence, and their effect may be 
negligible. Based on correlation, design parameters of bw, d, 
fcꞌ, As, ρf, and a/d were considered in the ML analysis.

Noted is that the decreasing trend with the increase in ρf 
contrasts with findings from several experimental studies 
(Angelakos et al. 2001; Lubell et al. 2004; Brown et al. 2006). 
Discrepancy is attributed to potential data bias, because ρf 

Fig. 1—Distribution of main design parameters in database. (Note: 1 mm = 0.039 in.; 1 MPa = 0.145 ksi; 1 kN = 0.224 kip.)
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shown is primarily less than 0.04. Should ρf increase, the 
correlation of coefficient based on ρf may differ.

IMPLEMENTATION OF MACHINE LEARNING 
ALGORITHMS

Overview
Using the regression learner toolbox of MATLAB R2020a, 

a total of 19 ML algorithms considering six design variables 
(bw, d, fcꞌ, As, ρf, and a/d) were employed to predict ulti-
mate shear strength of RC slender beams without transverse 
reinforcement. Variables identified were determined based 
on correlation analysis results. The database of the experi-
mental test results was randomly divided into two data sets: 
training and testing. Of the 1149 experimental beam shear 
tests, 80% of the test results were allocated to training (920 
beams) and 20% were assigned to testing (229 beams). This 
80:20 allocation ratio was based on previous studies (Feng 
et al. 2021; Truong et al. 2022). In guiding the ML algo-
rithms, the fivefold cross-validation was used, meaning the 
training data set was divided into five folds. Among the five 
folds, four folds were used to direct the ML algorithms, with 
a single fold held in reserve to validate the data model for 
each iteration. Said cross-validation is repeated five times 
until each of the five folds is used to validate the data once. 
After preparing the ML models using data from the 920 
tested beams, the performance of each model was assessed 
in view of the testing set consisting of 229 beams. The ML 
models were run using the default setting of the regression 
learner toolbox, where hyperparameter options are disabled.

Evaluation criteria of ML algorithms
To evaluate performance of the ML methods, several 

statistical parameters including RMSE, mean absolute error 

(MAE), mean absolute percent error (MAPE), and R2, were 
used. RMSE and MAPE are two of the most common statis-
tical measures to gauge the accuracy of predicted values 
with actual values. R2 is a statistical measure representing 
the proportion of the variation between tested and predicted 
values. Its range lies between 0 and 1, where an ideal model 
fit occurs at R2 = 1. Statistical parameters denoted were 
calculated by

	​ RMSE  =  ​√ 

_________________

  ​ 
​∑ i=1​ n  ​​ ​​(​y​ test,i​​ − ​y​ pred,i​​)​​​ 2​

  ________________ n  ​ ​  ​(kN)​​	 (2)

	​ MAPE  =  ​(​ 100 _ n  ​)​ ​∑ 
i=1

​ 
n
 ​​​(​ 

​|​y​ test,i​​ − ​y​ pred,i​​|​
 ___________ ​y​ test,i​​  ​)​ ​(%)​​	 (3)

	​ ​R​​ 2​  =  ​ 
​​[​∑ i=1​ n  ​​​(​y​ test,i​​ − ​​ y ̅ ​​ test​​)​​(​y​ pred,i​​ − ​​ y ̅ ​​ pred​​)​]​​​ 2​

   _______________________________   ​∑ i=1​ n  ​​ ​​(​y​ test,i​​ − ​​ y ̅ ​​ test​​)​​​ 2​ ​∑ i=1​ n  ​​ ​​(​y​ pred,i​​ − ​​ y ̅ ​​ pred​​)​​​ 2​
 ​  ​(kN / kN)​​		

		  (4)

where n is sample size; ytest,i and ypred,i are individually 
tested and predicted values indexed with i, respectively; 
and y̅test and y̅pred are average of tested and predicted values, 
respectively.

Assessment of ML algorithms
Training and testing data sets—The comprehensive 

results of 19 ML techniques for the given shear data set are 
summarized in Table 1. Statistical metrics for the two data 
sets (training and testing) are provided. The top five ML 
approaches exhibiting preeminent values in terms of each 
metric are marked in bold, except for R2, whose range (0.88 
and 0.96) did not significantly differ. Comparisons between 

Fig. 2—Correlation between shear strength and design parameters. (Note: 1 mm = 0.039 in.; 1 MPa = 0.145 ksi; 1 kN = 
0.224 kip.)
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training and testing values are provided in the third column 
for each evaluation criterion. Consumed time to run each 
model is presented in the rightmost column.

In Fig. 3, ML analysis results are graphically depicted. 
Results significantly differed based on ML algorithm and 
regression model used. Overall performance is discussed as 
follows.
•	 Linear regression algorithm—Interaction and stepwise 

models displayed finer predictions in terms of metrics 
when compared to normal and robust models.

•	 Tree algorithm—A better outcome was obtained for 
more sophisticated regression, with the best perfor-
mance found in the fine model, followed by medium 
and coarse models.

•	 SVM—Among the six, cubic and quadratic models 
showed relatively precise predictions. Cubic SVM 
had small RMSE (train: 2.44; test: 2.77) and MAPE 
(train: 10.3%; test: 9.8%) values with reasonable test/
train ratios (RMSE: 1.14 and MAPE: 0.95). All three 
SVM Gaussian models generally showed less appealing 
performance with relatively high RMSE and MAPE 
when compared to the other ML models. Also, training 

and testing sets showed quite large differences, espe-
cially in RMSE, where the test/train ratio was 0.48.

•	 Tree ensemble algorithms—Both boosted and bagged 
trees showed similar trends for all four metrics, with 
reasonable but not outstanding performance observed.

•	 GPR-based algorithms—Showed good overall perfor-
mance in all metrics. Four of the top five smallest 
RMSE and MAPE for both training and testing data sets 
are found in the GPR algorithm categories. Addition-
ally, only minor differences existed between training 
and testing sets. Test/train ratios were within 1.01 to 
1.27 for RMSE, 0.89 to 1.00 for MAPE, and 0.98 for 
R2. Among them, the GPR exponential model produced 
predictions surprisingly close to the test results, with 
four metrics near ideal values with only minor differ-
ences between training and testing (RMSE = 0.97 to 
1.23, MAPE = 3.3%, and R2 = 0.92 to 0.94). This is 
significantly improved performance when compared to 
the previous study by Zhang et al. (2022), which used 
the modified beetle antennae search-random forest 
(MBAS-RF) algorithm for the same database and had 
an RMSE = 37.53 and R2 = 0.93 for the training set 

Table 1—Analysis results from 19 machine learning models

ML models

Performance evaluation parameters

RMSE, kN MAE, kN MAPE, % R2, kN/kN

Time(s)Train Test Test/train Train Test Test/train Train Test Test/train Train Test Test/train

Linear regression

Normal 6.99 6.32 0.90 3.82 3.88 1.02 25.3 25.5 1.01 0.92 0.88 0.96 0.30

Interaction 3.39 3.92 1.16 2.18 2.36 1.08 13.4 14.9 1.11 0.96 0.91 0.95 0.35

Robust 9.48 6.85 0.72 3.51 3.17 0.90 17.2 19.4 1.13 0.95 0.90 0.95 0.44

Stepwise 3.40 3.93 1.16 2.20 2.36 1.07 13.8 15.2 1.10 0.96 0.92 0.96 11.7

Tree

Fine 6.60 3.64 0.55 1.93 1.42 0.74 8.1 7.3 0.90 0.95 0.92 0.97 0.17

Medium 9.67 4.17  0.43 3.04 2.37 0.78 13.6 14.0 1.03 0.94 0.93 0.99 0.15

Coarse 15.48 10.40  0.67 4.79 4.24 0.89 20.4 20.3 1.00 0.92 0.88 0.96 0.16

SVM

Linear 8.36 6.40 0.77 3.39 3.21 0.95 17.9 19.9 1.11 0.92 0.88 0.96 1.00

Quadratic 3.38 3.68 1.09 2.01 2.04 1.01 12.1 12.7 1.05  0.93 0.89 0.96 2.95

Cubic 2.44 2.77 1.14 1.56 1.53 0.98 10.3 9.8 0.95 0.94 0.90 0.96 17.2

Fine Gaussian 20.47 11.38 0.56 4.27 2.78 0.65 11.1 10.5 0.95 0.94 0.90 0.96 0.41

Medium Gaussian 17.84 8.60 0.48 3.45 2.45 0.71 12.4 12.8 1.03 0.93 0.89 0.96 0.32

Coarse Gaussian 13.84 6.71 0.48 3.64 2.99 0.82 15.9 17.6 1.11 0.93 0.89 0.96 0.27

Tree ensembles

Boosted 7.08 3.43 0.48 2.55 2.13 0.84 14.3 14.6 1.02 0.93 0.90 0.97 1.92

Bagged 7.88 3.63 0.46 2.37 1.74 0.73 10.7 9.6 0.90 0.93 0.90 0.97 1.61

GPR

Squared exponential 2.04 2.07 1.01 1.40 1.33 0.95 9.5 8.8 0.93 0.93 0.91 0.98 10.6

Matern 5/2 1.82 1.84 1.01 1.23 1.15 0.93 8.2 7.4 0.90 0.94 0.92 0.98 12.7

Exponential 0.97 1.23 1.27 0.55 0.58 1.05 3.3 3.3 1.00 0.94 0.92 0.98 12.3

Rational quadratic 1.84 1.85 1.01 1.25 1.16 0.93 8.4 7.5 0.89 0.95 0.93 0.98 29.9

Note: Top five ML approaches with most ideal values in terms of each metric are marked in bold.
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(70% of the entire data) and RMSE = 53.91 and R2 = 
0.88 for the testing set (30% of the entire data). Result 
difference can be ascribed to the fact that the present 
study divided the data set into slender and deep beams 
based on a/d. The conclusion is that separate ML-based  
analyses need to be conducted for deep and slender 
beams to obtain an accurate prediction of the shear 
strength for RC beams.

Entire data—Figure 4 illustrates the comparison of tested 
and ML-predicted shear strengths against the entire data set 
(red circle symbol for training set and blue square symbol 
for testing set [Note: full-color PDF can be accessed at www.
concrete.org.]). Log scale was used for both x- and y-axes to 
effectively capture widely spread data points.

In assessing each ML model, the shear strength 
ratio,  tested shear strength divided by predicted strength 
(Vtest/Vpred), was used to make a comprehensive evaluation. 
Statistical parameters of shear strength ratios are summa-
rized along with the scatter plot in the figure. Overall, most 
ML approaches predicted shear strengths well, with data 
points gathered in general near the red solid line, which is 
indicative of Vtest = Vpred. However, some ML models, espe-
cially linear normal regression, linear robust regression, and 
boosted tree ensemble models, created unreasonably high 
or low predictions, with data points significantly far from 
the Vtest = Vpred line. Additionally, although not shown due to 
implemented log scale, several cases had negative strength 
values, which are physically precluded. Statistical parame-
ters used to measure results for the 19 ML models placed 
against the entire data are presented in Table 2. The nine 
parameters used include mean, standard deviation (STD), 
coefficient of variation (COV) for shear strength ratios, 
maximum, minimum, RMSE, MAPE, and R2. Values close 
to 1.0 are ideal for mean, maximum, minimum, and R2, 
whereas smaller values are preferred for STD, COV, RMSE, 
and MAPE. Ranking scores from 1 to 19 were awarded to 
each of the ML approaches according to closeness of its 
ideal value. Overall rank based on total score is provided in 
the rightmost column in the table.

Overall, the GPR exponential model showed greater 
performance and is ranked first in six of the nine statistical 
parameters (STD, COV, maximum, minimum, RMSE, and 

MAPE), followed by the GPR Matern 5/2 model, fine tree 
model, GPR rational quadratic model, and GPR squared 
exponential model. The accuracy of these top five models 
may be viewed in Fig. 4, with most data points closely scat-
tered near the line of Vtest = Vpred. Linear normal regression, 
linear robust regression, SVM linear, and all three  SVM 
Gaussian models are not recommended for this analysis 
given their predictions were inaccurate and scattered in 
many cases. For example, the linear normal regression 
model showed maximum and minimum shear strength ratios 
as high as 155.7 and as low as –432, respectively. The impli-
cation is that some ML models can be used with great accu-
racy as a powerful shear predictive tool. However, selection 
should be based on purpose, with results double-checked 
with other ML, theoretical, or empirical models.

Comparison with current design provisions
Shear strengths of RC beams in the database may be 

predicted using shear equations found in design codes such 
as ACI 318-19 (ACI Committee 318 2019) and AASHTO 
LRFD Bridge Design Specifications (2022). In determining 
the shear strength of RC beams with no shear reinforcement, 
a single equation for one-way shear strength is used in ACI 
318-19, whereas three different methods can be used in 
AASHTO. The three AASHTO methods are herein referred 
to as AASHTO simplified procedure, AASHTO general 
procedure with equations, and AASHTO general procedure 
with tables. ACI and AASHTO equations used to calculate 
shear strength of concrete Vc for slender beams whose shear 
transferring action is governed by truss action, without the 
consideration or contribution of shear reinforcement Vs, are 
summarized in Table 3. Full descriptions and detailed infor-
mation about said shear equations are denoted in Collins et 
al. (1996), Bentz et al. (2006), and Kuchma et al. (2019).

When AASHTO general procedures with equations or 
tables are used for problem analysis, several trial/error iter-
ations are necessary to determine shear strength. Based on 
Lee (2023), the iterative processes may be replaced with 
a V-M (shear versus moment) interaction approach. In the 
V-M interaction approach, shear and moment strengths of 
a given section at several strain values (εx = 0 to 0.001) are 
obtained. By connecting shear and moment strength results 

Fig. 3—Graphical comparison of ML analysis results for testing data set.



94 ACI Structural Journal/March 2024

of the V-M interaction envelope, shear strength may be 
obtained by finding the interaction point between the V-M 
envelope and a loading line representing the ratio of shear 
and moment demands. Details regarding the V-M interaction 
approach are available in Lee (2023). Previous work by the 
author presented analysis results using AASHTO equations 
with the same database, but considered rectangular beams 
only. In the present study, T-beams are also included in the 
analysis by assuming the compressive zone exists within the 
flange depth when calculating nominal flexural capacity Mn.

Figure 5 presents scatter plots of tested strengths Vtest 
versus shear strength ratio Vtest/Vpred for code design equa-
tions and the two representative ML models, GPR exponen-
tial and Matern 5/2 models. Reduction factors were not taken 
into account to provide a direct comparison, and a log scale 
was used for tested strengths Vtest on the x-axis for legibility. 
Shear strength ratios varied from 0.48 to 4.60, 0.37 to 4.36, 
0.67 to 2.85, and 0.58 to 2.50 for ACI, simplified AASHTO, 

AASHTO equation, and AASHTO table methods, respec-
tively. These ranges are significantly wider than that denoted 
in the ML approach (0.77 to 1.30 for GPR exponential 
model and 0.55 to 1.55 for GPR Matern 5/2 model). All 
design equations provided reasonable predictions; degree 
of conservatism given ranges of average and COV of shear 
strength ratios were 1.20 to 1.47 and 20.1 to 35.5%, respec-
tively. Statistical parameters used to measure the accuracy of 
each model are summarized in Table 4. In general, AASHTO 
with table had the most accurate outcomes, with ideal 
values of statistical parameters among design equations, 
followed by AASHTO with equations, ACI, and simplified 
AASHTO. Ideal metrics included smallest COV (=20.1%), 
RMSE (=5.68), MAPE (=18.56%), and R2 (0.90) near 1.0. 
The implication is that enhanced sophisticated equations 
tend to generate more accurate predictions. The percentage 
of conservative predictions Vtest/Vpred < 1.0 due to overes-
timated strengths was 13.3%, 16.5%, 6.8%, and 18.0%, 

Fig. 4—Comparison of ML predicted versus experimental shear strengths. (Note: 1 kN = 0.224 kip.)
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respectively, which implies that existing shear equations will 
likely provide safe design solutions. Furthermore, conserva-
tive predictions by AASHTO versus ACI shear equations are 
anticipated to diminish with application of strength reduc-
tion factors (for example, ϕ for shear are 0.9 and 0.75 for 
AASHTO LRFD and ACI 318-19, respectively).

Although shear design equations, especially AASHTO 
equations with tables, display good performance in assessing 
shear strengths with reasonable safety, too conservative of a 
design was found in many cases (Vtest/Vpred > 2.0). To avoid 

waste of materials due to oversizing members, adjustment in 
over-conservative design is needed. Given that ML showed 
remarkably superior performance to design equations in 
predicting shear strengths (average shear strength ratio of 
ML over 1149 RC beams was 1.00, which is ideal, with 
COV as small as 4.7%), ML can be used as a supplementary 
method to mitigate over-conservative aspects.

Thus, it is concluded that while ACI and AASHTO shear 
equations generally provide reasonable estimations of shear 
strength for non-shear-reinforced RC beams with a safety 

Table 2—ML performance measures results for entire data

ML models

Statistical parameters

RankMean STD COV Max. Min. RMSE MAPE MAE R2

Linear regression

Normal 0.82 13.93 16.99 155.74 −432.21 6.86 3.83 25.38 0.92 19

Interaction 1.01 0.18 0.18 1.79 0.50 3.50 2.22 13.73 0.95 7

Robust 1.13 3.07 2.72 104.37 −3.06 9.02 3.45 17.62 0.95 16

Stepwise 1.01 0.19 0.19 1.81 0.49  3.51 2.23 14.06 0.96 9

Tree

Fine 1.00 0.11 0.11 1.64 0.53 6.12 1.83 7.94 0.95 3

Medium 1.00 0.17 0.17 1.95 0.48 8.85 2.90 13.65 0.94 10

Coarse 1.00 0.27 0.27 3.76 0.35 14.61 4.68 20.41 0.91 14

SVM

Linear 1.15 4.07 3.53 138.14 −7.57 8.01 3.36 18.32 0.91 18

Quadratic 1.02 0.18 0.18 2.38 0.49 3.44 2.02 12.25 0.92 11

Cubic 1.02 0.15 0.15 1.86 0.54 2.51 1.56  10.21 0.93 6

Fine Gaussian 1.07 0.60 0.56 11.75 0.32  19.01 3.98 10.99 0.93 17

Medium Gaussian 1.03 0.41 0.39 8.87 0.43 16.42 3.25 12.52 0.92 13

Coarse Gaussian 1.03 0.24 0.23 4.17 0.36 12.74 3.51 16.22 0.92 15

Tree ensembles

Boosted 1.02 0.18 0.18 1.88 0.44 6.52 2.47 14.37 0.92 12

Bagged 0.99 0.13 0.14 1.87 0.55 7.23 2.24 10.46 0.92 8

GPR

Squared exponential 1.00 0.13 0.13 1.65 0.49 2.05 1.38 9.40 0.93 5

Matern 5/2 1.00 0.11 0.11 1.55 0.55 1.83 1.21 8.01 0.93 2

Exponential 1.00 0.05 0.05 1.30 0.77 1.03 0.55 3.26 0.94 1

Rational quadratic 1.00 0.11 0.11 1.58 0.53 1.84 1.23 8.21 0.94 4

Note: Top five ML approaches with most ideal values in terms of each metric are marked in bold.

Table 3—Shear design equations in ACI 318-19 and AASHTO LRFD

ACI 318-19* AASHTO

​ ​V​ c​​  =  ​[8 ​λ​ s​​ λ ​​(​ρ​ w​​)​​​ 1/3​ ​√ 
_____

 fcʹ ​]​ ​b​ w​​ d​
ρw is reinforcement steel ratio

λ is light concrete factor

​​λ​ s​​ is size effect factor ​(​√ 
_

 ​  2 _ 1 + d / 10 ​ ​  ≤  1)​​

​​V​ c​​  =  0.0316βλ ​√ 
_

 fcʹ ​ ​b​ w​​ d​
β = 2.0†

​β  =  ​  4.8 _ ​(1 + 750​ε​ s​​)​
 ​ ​  51‡

 _ ​(39 + ​s​ xe​​)​
 ​​

​β​ determined from Table B5.2-1§

*ACI shear equation for Av < Av,min with elimination of terms related to axial load (ACI 318-19, Section 22.5.5).
†AASHTO simplified procedure for nonprestressed sections based on AASHTO, Section 5.7.3.4.1.
‡AASHTO general procedure (AASHTO, Section 5.7.3.4.2).
§AASHTO general procedure with tables (AASHTO, Appendix B5).
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margin, the ML approach can be used as an alternative tool 
to avoid overly excessive designs by accurately predicting 
shear capacities. Because both approaches possess different 

scopes and purposes, it is not appropriate to conclude that 
the ML approach outperforms code-based shear equations.

CONCLUSIONS
In this study, the possibility of assessing shear strengths 

using machine learning (ML) algorithms was explored. 
To bridge gaps in previous studies and determine accu-
rate performance, this study focused on shear test data of 
non-shear-reinforced slender reinforced concrete (RC) 
beams. By filtering previously published shear database 
data, test results of 1149 beams were obtained and used for 
training (80%) and testing (20%) purposes. Results from 19 
different ML models were compared with each other and 
results from shear equations found in design codes. Key 
conclusions based on this study can be drawn as follows:
•	 Prior to applying ML approaches, the correlation coef-

ficient between influencing parameters and the shear 
strength needs to be investigated. Correlation analysis 
illustrated the strongest influencers being bw, d, and As 
with intermediate influencers of fcꞌ, ρf, and a/d. No influ-
ence on shear strength was exhibited by ag and fy. An 
increasing trend in the shear strength was found based 
on the expansion of d, bw, and fcꞌ, and the decrease of 
a/d and ρf.

•	 A total of 19 ML models were employed to create shear 
strength predictions. It was found that accuracy and 
effectiveness of ML mechanisms in predicting shear 
strength of RC beams can vary depending on ML model 
used. The Gaussian process regression (GPR) exponen-
tial ML model showed surprisingly accurate predic-
tions, whereas inferior performance was prominent in 
several other ML models, such as linear normal regres-
sion and support vector machine (SVM) linear models. 
The outcome is that the selection of the ML model used 
for shear prediction must be chosen carefully.

•	 Design-provision shear equations were used to predict 
shear strength. All shear equations generally provided 
reasonable predictions with a somewhat high conserva-
tive aspect. However, over-conservative and unconser-
vative predictions were also obtained even after strength 
reduction factors were taken into consideration. Two 
ML models, which displayed greatest accuracy among 
the 19 ML models, identified better outcomes than 
code-based shear equations.

Fig. 5—Comparison of shear equations in design codes 
versus ML model. (Note: AASHTO[1] is AASHTO simplified 
procedure; AASHTO[2] is AASHTO general procedure with 
equations; and AASHTO[3] is AASHTO general procedure 
with tables. 1 kN = 0.224 kip.)

Table 4—Summary of statistical parameters from shear equations and ML models

Average COV R2 RMSE MAE MAPE <1.0

ACI 318-19 1.46 0.341 0.90 10.95 5.55 29.79 13.3%

AASHTO* 1.47 0.355 0.90 21.29 7.46 35.16 16.5%

AASHTO† 1.39 0.208 0.90 6.72 4.56 26.44 6.8%

AASHTO‡ 1.20 0.201 0.90 5.68 3.41 18.56 18.0%

GPR Matern 5/2 1.00 0.107 0.93 1.83 1.21 8.01 51.6%

GPR exponential 1.00 0.047 0.94 1.03 0.55 3.26 51.7%

*AASHTO simplified procedure for nonprestressed sections based on AASHTO, Section 5.7.3.4.1. 
†AASHTO general procedure (AASHTO, Section 5.7.3.4.2). 
‡AASHTO general procedure with tables (AASHTO, Appendix B5).
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•	 Based on this study, current shear design equations 
supplemented with the use of ML algorithms can help 
provide more reasonable predictions by eliminating 
unsafe or too conservative estimations. Selection of 
an appropriate ML model(s) should consider review of 
several models.

•	 Some limitations are present in this study, as only 
commonly known influential factors on shear were 
considered. To improve the accuracy of predictions, it 
would be beneficial to incorporate additional factors 
that were not accounted for, such as loading type and 
variations in material properties, into the ML model. 
Additionally, the analysis in this study excluded overly 
small RC beams that do not exhibit typical shear behav-
iors. Therefore, the findings of this study may not be 
applicable to such beams.

The present study focused on slender RC beams without 
shear reinforcement. Future studies may be conducted to 
verify effectiveness of ML algorithms for slender RC beams 
with shear reinforcement, and deep RC beams with/without 
shear reinforcement.
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This paper presents the details of experimental testing of block 
masonry triplets using the direct shear test to investigate the shear 
behaviors of block unit-mortar interfaces. Hollow blocks of 100 
and 150 mm (4 and 6 in.) thickness and solid blocks of 100 mm 
(4 in.) thickness were included in the testing program. These were 
combined with mortars of three grades to cast a total of 84 trip-
lets. In addition to testing the triplets in an unconfined state, three 
increasing levels of precompression stresses were used separately 
to test the confined specimens. The shear behaviors of the tested 
triplets were not influenced by block strength, while shear strength 
increased (almost) linearly with mortar strength. The mean peak 
shear stress for the unconfined triplets was 0.4 MPa (58 psi), 
whereas the average shear modulus of the joint for these triplets 
was 6.20 times the mortar compressive strength. The Mode II 
fracture energy of the masonry joints increased at higher precom-
pression levels. The methods of determining shear strength, shear 
modulus, and shear strength parameters for the mortar joint in 
block masonry are proposed using the observed data.

Keywords: block masonry triplets; fracture energy; mortar grade; precom-
pression stress; shear modulus; shear strength.

INTRODUCTION
Unreinforced masonry (URM) structures are common 

building types in different parts of the world. The walls in 
URM structures are made of masonry units that are joined 
together by mortar. A variety of masonry units and mortar 
types are employed in the construction of URM buildings. 
The masonry unit types include sun-dried adobe bricks, 
fire-clay bricks, cement concrete blocks, and stone units,1,2 
while the mortar types are cement mortar, mud mortar, and 
cement-lime mortar. Despite variations in the construction 
practices and quality, this particular building typology is 
witnessed in both developed and developing countries,3-5 
which is the result of several advantages associated with 
URM buildings, such as rapid construction, low construc-
tion and maintenance costs, ease of availability of materials, 
inexpensive labor,6,7 and lesser technological demands for 
construction.

The walls in URM structures act as the main load-resisting 
elements that support the gravity load and resist the lateral 
load applied due to earthquakes or wind. These walls gener-
ally provide satisfactory resistance to compressive forces 
but are weak in tension and shear. Because masonry is also 
a brittle material, these weaknesses often result in the cata-
strophic failures of URM structures during earthquakes, 
which have been documented by different researchers in 
the existing literature.8-23 The most common failure mode 
observed during these instances was sliding shear failure of 

the URM in-plane walls. This failure is influenced by the 
shear strength of the unit-mortar bed joint.8,11 Therefore, 
shear strength is an important parameter for the seismic 
design of masonry structures.24

Although masonry is a composite material, the bond 
between masonry units and mortar allows the composite 
structure to behave monolithically,25,26 and the mechanical 
properties of masonry structures are controlled by masonry 
units, mortar, and their bond.27,28 The bond strength in shear 
sliding at the unit-mortar interface depends on interface 
cohesion and friction. The quantification of these parameters 
is vital for conducting the nonlinear numerical analysis of 
masonry structures.

Block masonry URM buildings are constructed using 
both solid and hollow concrete blocks in the parts of Paki-
stan where clay bricks are not available. These, however, 
are non-engineered structures (in most cases), as they are 
constructed without any engineering design due to the 
absence of a design code. Because Pakistan is a seismically 
active region, the presence of these non-engineered struc-
tures creates a vulnerable built environment. This vulnera-
bility has been illustrated during several past earthquakes in 
different parts of the country. The damage to property and 
loss of life during these incidents cause tremendous direct 
and indirect economic losses. There is an urgent need to 
conduct research to formulate the necessary design guide-
lines for block masonry URM structures in the country. This 
paper addresses this gap in knowledge in part. The results 
of an experimental study to investigate the relationship 
between the block and mortar compressive strength and joint 
shear strength have been reported in this paper. This inves-
tigation was carried out by conducting shear-compression 
testing on block masonry triplets. This test method is used to 
characterize the nonlinear shear-sliding behavior of masonry 
along the unit-mortar interface without the need to make 
complex testing arrangements.29,30 The connecting planes 
between the unit and mortar are subjected to pure shear 
stresses in this test method. The present study is unique in 
that this is the first effort (to the best of the authors’ knowl-
edge) to study this aspect of seismic behavior of block 
masonry URM structures locally in Pakistan. However, the 
models suggested in this paper are general in nature and may 
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be applicable in other regions of the world where similar 
construction practices exist.

RESEARCH SIGNIFICANCE
Adequate shear capacity must be provided in structural 

members, as shear failure causes rapid strength degrada-
tion and substantial loss of energy dissipation capacity.31 
Presently, guidelines for designing masonry structures are 
unavailable in Pakistan. Given the geographical position of 
the country in a seismically active zone, these guidelines 
must be made available to reduce earthquake losses. This 
paper addresses a significant gap in the existing knowledge 
to understand and quantify the shear behavior of block 
masonry URM structures. The proposed models for the esti-
mation of shear strength and shear modulus may apply to 
block masonry structures elsewhere owing to their general 
nature.

TESTING PROGRAM
Materials

Three types of cement concrete blocks were employed in 
the testing program described in this paper, which included 
100 and 150 mm (4 and 6 in.) thick hollow blocks and 100 mm 
(4 in.) thick solid blocks. These blocks were purchased 
from a local supplier. The typical details of both types of 
blocks are illustrated in Fig. 1. Solid blocks are designated 
as SB100 (100 mm [4 in.] thick blocks). Similarly, 100 and 
150 mm (4 and 6 in.) thick hollow blocks are designated 
as HB100 and HB150, respectively. The net areas of the 
HB100 and HB150 blocks were 29,848 and 41,640 mm2 (46 
and 64.5  in.2), respectively. The compressive strengths of 
blocks of each type (average of three blocks) are as follows: 
HB100 = 5.07 MPa (735 psi), HB150 = 4.72 MPa (685 psi), 
and SB100 = 8.40 MPa (1218 psi).

Three grades of cement-sand mortars were used for the 
casting of specimens. The ratio of cement to sand in these 
mortars was 1:2 (designated as M2), 1:3 (designated as 
M3), and 1:6 (designated as M6) by weight. The employed 
mortar grades cover the full range of typical mortars to 

simulate modern masonry construction.32 The strengths 
obtained from testing different batches of these mortar 
grades covered a wide range representing strong, interme-
diate, and weak mortars, as discussed later. Natural sand was 
used in the mortar mixtures, which had a fineness modulus 
of 1.95. The water-cement ratio (w/c) for mortars was kept 
at 0.7, and potable tap water was used to prepare the mortar 
mixture. The cement was ordinary portland cement, which 
complied with ASTM C150-04.33 The unit mass of cement 
was 1075 kg/m3 (67 lb/ft3).

Specimens and testing program
Masonry triplets were employed to determine the shear 

strength along the block-mortar interface. A total of 84 trip-
lets were cast and tested by combining the aforementioned 
block and mortar types. These were based on a compara-
tive analysis approach of the experimental data to charac-
terize the shear behaviors of the tested specimens, which is 
discussed in the forthcoming sections.

Each masonry triplet was made using three block units 
with full mortar bed joints. The thickness of the mortar joints 
was kept constant at 12 mm (0.47 in.) (Fig. 2). These triplets 
were cast on a level surface as vertical prisms by an expert 
mason in the Material Testing Laboratory of NED Univer-
sity of Engineering and Technology in Pakistan. Each block 
unit was leveled appropriately, and the plumb of the prism 
was also checked. The completed specimens were closed in 
plastic bags, which were opened after 24 hours of casting to 
spray water on the mortar joints before the bags were closed 
again. This process was repeated continuously for 7 days. 
The bags were then closed until the 26th day after casting. 
The triplets of each type were cast using a single batch of 
mortar. The mortar strength in compression was determined 
for each batch by testing respective 100 x 200 mm (4 x 8 
in.) cylinders on the 28th day after casting. The details of 
the triplets and corresponding mortar strength (fm) are given 
in Table 1. The triplets are designated using a nomenclature 
based on the combination of block and mortar types. For 

Fig. 1—Schematic of solid and hollow blocks.
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example, HB150M3 represents the triplets made of HB150 
blocks and Grade M3 mortar.

The test setup for the triplets and instrumentation are 
shown in Fig. 2. The testing of the triplets was carried out 
in displacement-controlled mode using a 500 kN (112 kip) 
universal testing machine (UTM). The loading rate of the 
specimen corresponded to a constant machine-head move-
ment of 0.5 mm/min (0.02 in./min). It is seen in Fig. 2 that 
the blocks on both sides of the central block were supported 
on thick rectangular steel plates, which were placed on the 
bottom plate of the UTM.

The triplets were tested with (confined) and without (uncon-
fined) applying precompression. Unconfined triplets were 
tested to obtain the initial shear strength of the mortar joint. 
Three specimens of each type (with and without precom-
pression) were tested to determine an average of interface 
shear strength properties. Three levels30 of precompression 
(axial) stresses of 0.265, 0.536, and 0.79 MPa (38.44, 77.74, 
and 114.58 psi) were applied normally to the bed joint for 
the confined triplets. These were based on estimated vertical 
loads for two-, four-, and six-story high walls made of the 
same type of block units. The aforementioned precompres-
sion levels will be referred to as Confined I, Confined II, 
and Confined III, respectively, in the forthcoming discus-
sion. Garcia-Ramonda et al.34 suggested a precompres-
sion stress of 0.3 MPa (43.5 psi) for a two-story masonry 

building, which is similar to the value used in this paper. 
Similarly, Cavalheiro and Pedroso35 employed precompres-
sion stresses of 0.57 and 1.14 MPa (82.67 and 165.34 psi), 
corresponding to vertical loads applied by four- and eight-
story buildings, respectively. Therefore, the precompression 
stresses corresponding to a four-story building are similar in 
the present study and the study conducted by Cavalheiro and 
Pedroso.35 Precompression load was applied by manually 
tightening the nuts of four horizontal steel rods, as shown in 
Fig. 2. This load was monitored with the help of a load cell. 
The failure of the triplet in shear was caused by the separa-
tion of the end block for the unconfined triplets. Conversely, 
the failure was arbitrarily taken for the confined triplets at a 
point where considerable slip has taken place and the post-
peak load has stabilized to a residual load level (zero cohe-
sion). The ultimate displacement for triplets can be taken at a 
point where the post-peak load has reached 50% of the peak 
load.11 The data of central block displacement/slip were 
measured with the help of two linear variable differential 
transducers (LVDTs), which were mounted on end blocks to 
record the relative displacement of the central block (Fig. 3). 
An average of data recorded by both LVDTs was taken as 
block displacement. The data of load and slip were analyzed 
to determine the shear strength, shear modulus, cohesion, 
friction coefficient, and fracture energy of the mortar joints.

RESULTS AND DISCUSSION
Failure mode

Typical failure modes were observed in the unconfined 
triplets, which were not influenced by either mortar or 
block unit types. The failure in these triplets occurred on the 
block-mortar interface (pure shear bond failure) without any 
damage to the block units. As a result, the shear strength of 
unconfined triplets was governed by the block-mortar inter-
face bond strength. These specimens failed immediately 
as sliding/slip started at one of the two mortar joints at the 
maximum load due to the formation of a shear-sliding crack, 
and the end block detached from the rest of the specimen 
(Fig. 3). This signifies that failure was brittle for unconfined 
triplets.

The confined triplets exhibited behaviors that differed 
from the unconfined triplets in a few respects. First, the 
failure of these specimens was not brittle, and the central 
block slipped gradually with a decrease in the post-peak 
shear load. The failure in these triplets started with the 

Fig. 2—Testing arrangement for confined triplet.

Table 1—Mortar strength, shear strength, and shear modulus of joints of triplets

S. No Triplet Mortar strength, MPa 

Unconfined Confined I Confined II Confined III

τmax, MPa Gm, MPa τmax, MPa Gm, MPa τmax, MPa Gm, MPa τmax, MPa Gm, MPa

1. HB100M2 16.62 0.314 573.74 0.962 487.07 1.288 314.97 1.298 296.24

2. HB150M2 19.37 0.342 582.86 0.922 523.64 1.10 262.15 1.355 344.61

3. HB100M3 19.40 0.30 583.60 0.848 542.12 1.288 232.31 1.47 326.69

4. HB150M3 20.58 0.350 629.72 0.855 537.01 1.159 329.00 1.337 325.72

5. HB100M6 6.53 0.206 199.29 0.657 813.66 0.867 304.08 0.988 362.71

6. SB100M2 25.34 0.422 833.10 1.130 196.85 1.417 104.42 1.686 198.05

7. SB100M6 8.14 0.249 269.36 0.803 265.091 1.006 116.00 1.168 172.83

Note: 1 MPa = 145 psi.
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formation of a shear-sliding crack at one of the two inter-
faces at a load level less than the peak load. The confine-
ment provided by the axial load (precompression) locked the 
central block without any decrease in the applied shear load. 
The mortar at the second interface cracked in shear at the 
maximum load for the confined triplets, which initiated the 
shear sliding of the central block.

A few exceptions, however, apply for the triplets made of 
M2 and M3 mortars and subjected to Confined II (0.536 MPa 
[77.74 psi]) and Confined III (0.79 MPa [114.58 psi]) levels 
of precompression. Some cracking and crushing of the 
central block at the second interface in the direction of the 
applied shear load were observed in these triplets, resulting 
from a slight increase in the applied precompression caused 
by the dilatancy effects of the cracked joint. As a result, the 
fracture passed through both the block unit and mortar in 
these triplets at the second interface. The crushing of the 
block was more pronounced in the triplets made of M2 
mortar tested at the Confined III level of precompression. In 
particular, it was so severe for the 150HBM2-type triplets at 
the Confined III level that hardly any slip occurred in these 
specimens, and the failure of the triplet resulted from the 
block crushing at the interface. It can be inferred from this 
that the failure in these specimens was not pure shear-sliding 
failure. Nevertheless, the influence of unit deformation on 
the triplet failure behavior can be neglected owing to higher 
block stiffness as compared to the mortar.28 In addition, the 
British standard BS EN 1052-3:200230 has suggested that 

the data of triplets failing by crushing and splitting of the 
units can be used as a lower bound to the shear strength.

Shear stress-strain behavior
Figure 4 illustrates shear stress-strain curves for a few 

triplet types to investigate the effects of block strength on 
the shear behavior of the mortar joints. The results of trip-
lets made of HB150, HB100, and SB100 blocks are shown 
in Fig. 4 for the triplet tested in the unconfined state and 
at the Confined III (0.79 MPa [114.58 psi]) precompression 
level. Shear stress was obtained by dividing the shear load 
by twice the area of the central block, whereas the strain was 
calculated by dividing the slip by the joint thickness (12 mm 
[0.47 in.]). As noted earlier, the compressive strength of 
HB150, HB100, and SB100 was 4.72, 5.07, and 8.40 MPa 
(685, 735, and 1218 psi), respectively. It is seen in Fig. 4 that 
the peak shear stress (τmax) of the triplets made with SB100 
block was the lowest, even though the compressive strength 
of this block was the highest. The results for triplets made 
with other mortar grades and block types and tested at other 
precompression levels are similar. It can be inferred that the 
shear behavior of the block-mortar interface was not influ-
enced by the block type (hollow or solid block), thickness, 
or strength. These findings are similar to those reported by 
Tomaževič24 for hollow blocks made of various geometrical 
proportions. Given this, triplets were not tested using all 
three block types at each mortar grade.

It is seen in Fig. 4 that the shear stress-strain curve for 
an unconfined triplet can be idealized as a bilinear curve 

Fig. 3—Failure mode of triplet: (a) unconfined triplet; and (b) confined triplet.

Fig. 4—Comparison of stress-strain curves of triplets made with different block strengths: (a) unconfined triplets; and 
(b) Confined III level triplets.
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comprising an ascending branch up to the peak shear stress 
and a following descending branch, which is formed due to 
decreasing joint friction. Conversely, the stress-strain curve 
for a confined triplet is quadrilinear. The first part of the 
ascending branch is formed by the elastic deformation of 
the joint, where shear stress increases rapidly and remains 
proportional to the strain. The second part of the curve has 
a lesser slope and is a result of decreased friction and cohe-
sion of the joint. This is followed by a third branch, which is 
formed at the beginning of the slip at the first cracked inter-
face. This cracking causes a further decrease in the slope of 
the curve. This branch is extended up to τmax. The fourth and 
final branch is the descending part of the curve, where the 
behavior of the joint is similar to the unconfined triplet and 
is controlled by decreasing friction.

The data of shear stress-strain curves plotted in Fig. 4 
indicate the influence of mortar strength on τmax. This aspect 
is further investigated in Fig. 5 by comparing typical shear 
stress-strain curves for a few triplet types that were cast 
with different mortar grades using the same block type. The 
results at two precompression levels are shown in Fig. 5 
due to the similarity of behaviors with the unconfined trip-
lets and triplets tested at the Confined III level of precom-
pression. It is seen in Fig. 5 that the shear resistance of the 
interface is influenced by mortar compressive strength, and 
the triplets cast with higher mortar strength provided higher 
shear strength for the joint. Although Tomaževič24 reported 
that shear strength was not dependent on the mortar strength, 
the behaviors of triplets observed in this study are different.

Figure 6 illustrates typical plots that can be used to study 
the effects of levels of confinement on the shear stress-strain 
behaviors of the tested specimens. It is seen in Fig. 6 that 
the shear resistance of the interface increased at higher 
precompression. This is because higher precompression 
provides larger confinement to the interface against shear 
failure. The post-peak softening branches of the confined 
triplets are considerably longer than those of the unconfined 
triplets, which confirms the earlier observation related to 
the brittle response of the latter triplet types. A summary of 
τmax of all the tested triplet types is given in Table 1. It is 
noted that τmax for the unconfined triplets varied from 0.21 
to 0.422 MPa (30.46 to 61.21 psi), which is referred to as 
initial shear strength. These values correspond to 0.032fm 
and 0.017fm, respectively, with an average of 0.021fm. Paulay 
and Priestley36 suggested 0.03fm as the initial shear strength 
for masonry, which is slightly higher than the average value 
observed in this study.

Figure 7 illustrates a correlation between τmax and fm 
for  unconfined and confined triplets. A linear regression 
analysis of the data in each plot in Fig. 7 provided a correla-
tion coefficient, which is also shown in each plot. A reason-
ably good fitting of the experimental data is seen in Fig. 7 
with the regression line, which is indicated by R2 > 0.75.

The obtained relationships from the regression analyses in 
Fig. 7 are described by Eq. (1) to (4), which can be used to 
obtain, respectively, initial shear strength (unconfined) and 
shear strength at the Confined I, II, and III levels of precom-
pression for fm varying from 6.5 to 25 MPa (943 to 3626 psi). 

Fig. 5—Effects of mortar strength on shear stress-strain curves of triplets: (a) Confined I level triplets; and (b) Confined II 
level triplets.

Fig. 6—Effects of precompression on shear stress-strain curves of triplets.
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Linear interpolation between the employed precompression 
levels can provide shear strength at an intermediate precom-
pression level.

	​ ​τ​ max​​  =  ​  1 _ 104 ​ ​f​ m​​ + 0.15​	 (1)

	​ ​τ​ max​​  =  ​ 1 _ 53 ​ ​f​ m​​ + 0.58​	 (2)

	​ ​τ​ max​​  =  ​ 1 _ 42 ​ ​f​ m​​ + 0.77​	 (3)

	​ ​τ​ max​​  =  ​ 1 _ 35 ​ ​f​ m​​ + 0.86​	 (4)

The values of the chord shear modulus of the mortar joint 
(Gm) are provided in Table 1, which were determined using 
Eq. (5)37 by employing the shear stress-strain curves of the 
triplets

	​ ​G​ m​​  =  ​  ​v​ 2​​ − ​v​ 1​​ ____________  ​γ​ 2​​ − 0.000050 ​​	 (5)

where v2 is the shear stress corresponding to 33% of τmax; 
v1 is the shear stress corresponding to a shear strain of 
50  millionths; and γ2 is the shear strain caused by stress 
v2. It is noted in Table 1 that Gm values for the unconfined 
triplets are in the range of 199 to 833 MPa (28,863 to 
120,816  psi). These increased with fm and varied between 
30.1fm and 34.52fm, with an average of 31.68fm. The average 
values for the Confined I, II, and III triplets as a function 

of fm are 29.40fm, 14.60fm, and 15fm, respectively. This indi-
cates that the highest Gm values were obtained for the uncon-
fined triples, which decreased with increasing precompres-
sion. In particular, the decrease was considerable between 
the Confined I and II levels of precompression. Further, 
Gm values were similar at the Confined II and III levels of 
precompression.

Figure 8 illustrates variations of Gm with fm for the uncon-
fined and confined triplets. Regression analyses provided 
the relations between these parameters, which are given by 
Eq. (6) to (9), respectively, for the unconfined, Confined I, 
Confined II, and Confined III triplets. The regression lines 
shown in each plot in Fig. 8 indicate high correlation coef-
ficients with the experimental data, as the lowest R2 value 
was 0.85.

	 Gm = 31.91fm – 0.88	 (6)

	 Gm = 28.28fm + 12.25	 (7)

	 Gm = 12.53fm + 29.90	 (8)

	 Gm = 10.29fm + 119.12	 (9)

Joint shear strength parameters
The shear failure behaviors of masonry joints are repre-

sented by the Coulomb shear failure criterion (Eq. (10)), 
which relates shear and normal stresses linearly.

Fig. 7—Correlation between peak shear stress and mortar strength.
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	 τmax = c + μfp	 (10)

where c is the cohesion between the masonry unit and mortar, 
which is taken as τmax at zero precompression (unconfined 
shear strength); μ is the coefficient of friction between the 
unit and mortar at the joint, which is taken as tanϕ; fp is the 
axial stress (precompression stress); and ϕ is the angle of 
internal friction.

Figure 9 illustrates the plots of τmax versus fp for all the 
tested triplet types. It is seen that the shear behaviors of the 
triplets made with different types of mortar changed margin-
ally at a particular level of precompression. In particular, the 
differences in τmax for the triplets made of M2 and M3 mortars 
are small at each level of precompression stress. Further, the 

triplets cast with M2 and M6 mortars provide upper and 
lower bounds for τmax, respectively, at each precompression 
level. Given this, an average curve was used to propose a 
generalized relationship between τmax and fp. The average 
curve is also shown in Fig. 9. Note that Barattucci et al.32 
reported τmax for the unconfined clay brick masonry triplet 
as 0.93 and 0.80 MPa (135 and 116 psi) by using 1:3 and 
1:6 mortars, which also supports the finding in this paper 
related to small changes in τmax with mortar strength for the 
unconfined triplets.

The observed average curve (Fig. 9) was used to obtain 
the relationship between τmax and fp by conducting a linear 
regression analysis. The resulting expression is given by 
Eq. (11)

Fig. 8—Shear modulus of joint versus mortar strength.

Fig. 9—Relation between shear strengths.
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	 τmax = 0.32 + 1.14fp	 (11)

The average values of c, μ, and ϕ from Eq. (11) came out 
to be 0.32 MPa (58 psi), 1.14, and 49 degrees (0.785 rad), 
respectively. The correlation coefficient for Eq. (11) was 
nearly 1.0, which indicates an excellent correlation of exper-
imental data with the regression line. Therefore, Eq.  (11) 
can be used for estimating shear strength parameters of the 
block unit-mortar interface over a range of fm employed in 
this study. Alternatively, Eq. (1) to (4) may be employed for 
determining τmax at different levels of fp for a particular fm 
value, which can be used to estimate c and ϕ values more 
accurately by carrying out a regression analysis. Further, 
although 150 mm (6 in.) thick solid blocks were not used 
in the testing program, it can be inferred that the presented 
results in Eq. (1) to (4), (6) to (8), and (11) apply to these 
blocks as well.

Table 2 provides c, μ, and ϕ values reported by different 
researchers in the available literature. It is noted in Table 2 
that large variations exist in the shear strength parameters 
reported by authors from different regions. This signi-
fies their dependence on the variability of materials from 
place to place. Further, the c values reported by Barattucci 
et al.32 for the 1:3 and 1:6 mortars are considerably higher 
compared to the value of 0.32 determined in this study and 
some of the other studies10,11,41,43-45 included in Table 2. This 
is despite the smaller μ value in the study conducted by 
Barattucci et al.32 compared to the present study. Further, a 
considerably small value of c for the clay brick masonry has 
been reported by Incerti et al.10 Finally, Eurocode 647 recom-
mended c and μ of 0.2 MPa (29 psi) and 0.4, respectively, 
for concrete masonry with mortar grades ranging from M10 
to M20. It is noted that both of these are considerably low as 
compared to those obtained from Eq. (11).

Fracture energy
The amount of energy required to form a shear crack along 

the unit-mortar interface is called Mode II fracture energy 
(Gf

II). This energy is calculated as the area under the shear 
stress-slip curve for the region of the curve corresponding to 
zero cohesion.48,49 Figure 10 illustrates a plot of Gf

II versus 
fp for all the triplet types tested in this study. It is seen that 
fracture energy for the triplet types made of the same mortar 
grade is similar and is uninfluenced by the block type. An 
exception to this is the triplets made of M2 mortar. Of the 
three triplet types made of this mortar grade, a considerably 
higher energy dissipation at all three levels of confinement 
is seen in Fig. 10 for the HB100M2-type triplets. Further, 
although the fracture energy increased at higher applied 
precompression for all triplet types, HB150M2-type trip-
lets showed a decrease in fracture energy at the Confined II 
and III levels of precompression, which could be the result 
of the mixed failure of shear sliding and block crushing 
for these triplet types, as mentioned earlier. This resulted 
in a very small amount of energy for these triplets at the 
Confined III level of precompression. Although Jafari et al.28 
reported decreased fracture energy with an increase in the 
applied precompression stress, this type of behavior was not 
found for the triplets tested in this study. Small variations 
in fracture energy, however, were observed at the Confined 
III level of precompression for similar triplet types made of 
either Grade M3 or M6 mortar.

CONCLUSIONS
This paper describes the details of the experimental testing 

of triplets made of concrete blocks. Hollow blocks of 100 and 
150 mm (4 and 6 in.) thickness and solid blocks of 100 mm 
(4 in.) thickness of each type were used and were combined 
with three mortar grades. The mortar grades were described 
by mortars made of 1:2 (Grade M2), 1:3 (Grade M3), 
and 1:6 (Grade M6) ratios of cement and sand by weight. 

Table 2—Shear strength parameters available in literature

Author Masonry unit type c, MPa μ ϕ, rad

Incerti et al.10 Clay brick 0.27 0.36 0.34

Pavan and Nanjunda Rao11 Clay brick 0.43 0.43 0.40

Barattucci et al.32 Clay brick with 1:3 mortar 0.93 1.0 0.78

Barattucci et al.32 Clay brick with 1:6 mortar 0.80 1.0 0.78

Barattucci et al.32 Clay brick with 1:9 mortar 0.36 1.0 0.78

Lourenço et al.38 Clay brick 1.39 1.03 0.79

Almeida et al.39 Clay brick — 1.15 0.855

Abdou et al.40 Clay brick 1.27 1.05 0.81

Lizárraga and Pérez-Gavilán41 Concrete block 0.55 1.05 0.81

Lizárraga and Pérez-Gavilán41 Concrete block 0.46 1.21 0.88

Bolhassani et al.42 Concrete block — 0.99 0.78

Pasquantonio et al.43 Concrete block 0.37 0.61 0.552

Singhal and Rai44 Clay brick 0.43 1.2 0.88

Abdelmoneim Elamin Mohamad and Chen45 Self-insulating concrete 0.54 0.67 0.60

Ferretti et al.46 Calcium silicate brick masonry 0.13 0.50 0.463

Note: 1 MPa = 145 psi.
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A total of 84 specimens were tested using three levels of 
precompression stress. The applied stresses in these levels 
were 0.265 MPa (38.44 psi) (designated as Confined  I), 
0.536  MPa (77.74 psi) (designated as Confined  II), and 
0.79  MPa (114.58 psi) (designated as Confined III). Trip-
lets in unconfined states were also tested to determine initial 
shear strength. The following conclusions can be drawn 
from the study presented in this paper:

1. Although the confinement of the mortar joint provided 
by the precompression stress increased its shear capacity, 
higher levels of confinement caused the splitting of the block 
unit at the interface when the mortar strength was signifi-
cantly greater than the block strength.

2. No influence of block thickness, type, or strength was 
found on the shear strength of the block unit-mortar inter-
face. This, however, increased (almost) linearly with the 
mortar strength.

3. The shear modulus of the mortar joint varied linearly 
with the mortar strength. The average shear modulus for the 
unconfined triplets was 31.7 times the mortar strength. The 
shear modulus increased at the Confined I level of precom-
pression. The shear modulus decreased with increased levels 
of applied precompression although it was nearly the same 
at higher levels of applied precompression (Confined II 
and III).

4. Triplets made of M2 and M6 mortars provided upper 
and lower bounds for shear strength, respectively, at each 
level of confinement. Owing to small differences in shear 
strength at the unconfined state and each confinement level, 
an average curve of shear stress versus precompression 
stress was employed to determine shear strength parameters.

5. Relationships were proposed for determining shear 
modulus, shear strength, and shear strength parameters of 
block masonry joints as a function of the mortar strength.

6. Shear fracture (Mode II fracture) energy increased with 
the level of confinement. It was similar for the triplet types 
made of M3 and M6 mortar up to the Confined II level of 
precompression and was not influenced by the block type. 
Nevertheless, changes in fracture energy of triplets made of 
different block types using M2 mortar at different levels of 
confinement were inconsistent.

7. It is understood that the findings reported in this paper 
apply to the type of concrete blocks and mortar grades 
employed and may not apply to other types of blocks and 
mortars used in construction.
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An alternative method to retrofit reinforced concrete (RC) columns 
with insufficient shear reinforcement is investigated. The retrofit 
involves external prestressing of the columns in the transverse 
direction to increase both shear strength and drift capacity. 
External post-tensioned clamps, consisting of high-strength steel 
rods connecting a set of steel angles, were applied around the 
columns at different spacings and initial post-tensioning stresses. 
The tension induced in the steel rods exerts lateral confining pres-
sure on the column by bearing of the angles against the corners of 
the column. Ten RC columns furnished with external post-tensioned 
clamps were tested under cyclic loads and approximately constant 
axial loads. In addition, six RC beams with clamps were tested 
under monotonically increasing loads. Both the column and beam 
specimens were fabricated with no transverse reinforcement in 
the form of conventional steel ties. Therefore, the external clamps 
were the only source of reinforcement resisting shear. The lateral 
prestress provided by the clamps was observed to increase the shear 
stress at the formation of the first inclined crack and at failure. As a 
result, the mode of failure of columns vulnerable in shear changed 
from shear failure to a more ductile failure dominated by flexure. 
The observed increase in shear strength is dependent on the lateral 
prestress and the tensile strength of the concrete. A simple equa-
tion, based on the mechanics of materials, is presented to calculate 
the shear strength of RC columns with external prestressing.

Keywords: external post-tensioned clamps; lateral prestress; reinforced 
concrete (RC) columns; retrofit; shear strength.

INTRODUCTION
The work presented in this paper was undertaken to 

investigate the effects of external prestressing with clamps 
on the shear strength of reinforced concrete (RC) columns. 
This report focuses on the ability of clamps to prevent shear 
failure before flexural yielding of the longitudinal reinforce-
ment. That is one of the most brittle and dangerous modes of 
failure in RC. It not only affects the ability of the structure to 
resist strong shaking but also the capacity of the structure to 
resist its own weight.1-3 To prevent brittle shear failure, the 
shear strength of RC members must be designed to exceed 
the shear demand associated with the flexural strength. 
Nevertheless, the building stock in seismic regions is heavily 
populated by buildings that do not meet that demand. Reports 
of RC building collapses during past earthquakes have iden-
tified column failures as one of the primary causes.4-9 What 
is more, shear failure of RC columns due to inadequate 
transverse reinforcement is a recurring observation.

A considerable amount of work on the topic of shear 
strength of RC for cyclic demands has been done. Yet, the 

subject is not well understood. Wight and Sozen10 observed 
that displacement reversals beyond the yield displacement 
decrease the shear strength and/or stiffness of RC columns. 
Loss of shear strength and/or stiffness was related to the 
formation of inclined cracks, spalling of the concrete cover, 
expansion of the ties, and loss of interlock resistance of the 
concrete along inclined cracks. Nonetheless, RC columns 
with light transverse reinforcement can fail in shear at low 
drift ratios before yielding of the longitudinal reinforcement.

Recent work by Joint ACI-ASCE Subcommittee 445-B11,12 
suggests that resistance to shear is not affected in a critical 
fashion by cycles in the linear range of response. That obser-
vation reduces the problem of shear failure before flexural 
yielding to that studied early on by Mörsch13 and Richart.14 
The literature on the subject of shear failure before flexural 
yielding is abundant and spans from simple solutions (for 
example, Richart) to highly elaborate ones (for example, the 
Modified Compression Field Theory [MCFT]15). A review 
of the state of the art was produced by Belarbi et al.16

Nevertheless, the scope of these studies has mostly been 
limited to specimens with conventional ties. Studies of the 
shear strength of RC columns with post-tensioning trans-
verse reinforcement have been scarce. Two relevant inves-
tigations into the topic were carried out by Yamakawa 
et al.17 and Skillen.18 Yamakawa et al.17 tested 31 small-scale 
RC columns with widely spaced conventional ties. Of the 
31 specimens, 22 were strengthened with post-tensioned 
external clamps, and the remaining nine had no external 
clamps. Yamakawa et al.’s test results showed that the 
post-tensioned clamps were effective in preventing shear 
failure in the retrofitted columns. Skillen18 tested two large-
scale RC columns to study the effect of lateral pressure 
by means of external clamps. His proposed clamps were 
simpler to fabricate and easier to install in comparison with 
the clamps used by Yamakawa et al. Skillen’s test results 
suggested again that the shear strength of columns with 
light transverse reinforcement can be increased by applying 
post-tensioning transverse reinforcement. Still, a number 
of questions remain. In relation to the work of Yamakawa 
et  al., there are questions about how to extrapolate their 
results from small-scale columns to full-scale columns with 

Title No. 121-S22

Shear Strength of Reinforced Concrete Columns with 
External Post-Tensioned Clamps
by Julian D. Rincon, Yu-Mei Chen, Santiago Pujol, Aishwarya Y. Puranam, and Shyh-Jiann Hwang

ACI Structural Journal, V. 121, No. 2, March 2024.
MS No. S-2022-384.R2, doi: 10.14359/51740248, received September 10, 2023, and 

reviewed under Institute publication policies. Copyright © 2024, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.



112 ACI Structural Journal/March 2024

sizes more representative of what is common in the field. 
The specimens studied by Skillen were larger, but he tested 
only two columns, and that is not enough in a problem with 
as much uncertainty as shear has.

Olesen et al.’s19 work on the shear of RC beams is of critical 
relevance to this investigation because it provides a method 
to consider the effects of lateral prestress on shear strength. 
Prestressing of concrete structures is generally performed 
to control flexural cracks and deflections with tendons in 
the axial direction of a given member. In an attempt to 
delay the onset and development of shear cracking, tests 
on columns and beams with post-tensioned transverse rein-
forcement were conducted at the University of Canterbury 
(UC) in New Zealand and the National Center for Research 
on Earthquake Engineering (NCREE) in Taiwan. Lateral 
prestress was observed to increase the shear stress at the 
first diagonal cracking and to preclude the formation of large 
crisscrossing inclined cracks caused by cyclic demands.

RESEARCH SIGNIFICANCE
A method consisting of applying external lateral prestress 

to retrofit RC columns vulnerable in shear is investigated. 
The proposed method is easy to design and implement 
and lends itself as a practical solution for retrofitting large 
inventories of structures, or in developing countries. Exper-
imental tests conducted on large-scale RC columns showed 
the effectiveness of external lateral prestress in increasing 
column shear strength and drift capacity. A simple equation, 
based on mechanics, for calculating the shear strength of RC 
columns with lateral prestress is presented.

TECHNICAL FRAMEWORK
The shear strength, denoted as vc, can be approximated as 

the shear at the point of first inclined cracking.14 An expres-
sion for the load causing shear cracking in a concrete element 

subjected to lateral prestress is derived using the procedure 
outlined by Olesen et al.19

In Fig. 1(a), an RC column is depicted under axial 
compressive stress and lateral confinement in two directions 
perpendicular to its longitudinal axis. In this figure, σa is the 
normal longitudinal stress, σL is the normal transverse stress 
in the x-direction, and σt is the normal transverse stress in the 
z-direction. An infinitesimal element within the column is 
labeled as “A” and illustrated in Fig. 1(b). A two-dimensional 
view of element A is presented in Fig. 2. Equilibrium of this 
element requires the shear stresses τxy and τyx to be equal in 
magnitude and opposite in direction (τxy = τyx). The Mohr’s 
circle in Fig. 3 illustrates the relationship among σL, σa, and 
τxy required for equilibrium.

In Fig. 3, σ1 and σ2 represent the maximum and minimum 
principal stresses, respectively, acting on inclined planes 
free of shear, as shown in Fig. 4. Compressive stresses are 

Fig. 1—(a) RC column under axial and lateral stresses; and (b) infinitesimal three-dimensional element oriented to x-y-z-axes. 
(Note: σa is normal longitudinal stress, σL is normal transverse stress in parallel direction to x-axis, σt is normal transverse 
stress in parallel direction to z-axis, τxy is shear stress acting on x-face in direction of y-axis, and τyx is shear stress acting on 
y-face in direction of x-axis.)

Fig. 2—Two-dimensional view of same element shown in 
Fig. 1(b).
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drawn as positive, while tensile stresses are drawn as nega-
tive. Stress σ2 is expected to be tensile at inclined cracking.

The principal stresses σ1 and σ2 can be calculated using 
Eq. (1)

	​ ​σ​ 1,2​​  =  ​ ​σ​ a​​ + ​σ​ L​​ _ 2  ​ ± ​√ 

______________

  ​​(​ ​σ​ a​​ − ​σ​ L​​ _ 2  ​)​​​ 2​ + ​τ​​ 2​ ​​	 (1)

where σ1 is the algebraically larger principal stress (compres-
sive stress); σ2 is the algebraically smaller principal stress 
(tensile stress); σa is the normal longitudinal stress; σL is 
the normal transverse stress in the parallel direction to the 
x-axis; and τ is shear stress.

In Fig. 5(a), element A is shown on a plane constructed 
parallel to the directions of stresses σ1 and σt, while Fig. 5(b) 
illustrates element A on a plane parallel to the directions 
of stresses σ2 and σt. Notice that the directions parallel to 
stresses σ1, σ2, and σt represent the principal stress directions. 

The corresponding Mohr’s circles for these stresses are 
presented in Fig. 6.

Note that the circles depicted in Fig. 6 are drawn for the 
case where σL > σt, with both being compressive stresses. 
The vertical line on the left represents the tensile strength 
of the concrete, denoted as ft. An inclined shear crack is 
assumed to occur when the principal stress σ2 exceeds the 
tensile strength of the concrete ft. Equating the principal 
stress σ2 to the tensile strength ft gives the following equa-
tions for the shear stress in the concrete at inclined cracking.

	​ − ​f​ t​​  =  ​ ​σ​ a​​ + ​σ​ L​​ _ 2  ​ − ​√ 

______________

  ​​(​ ​σ​ a​​ − ​σ​ L​​ _ 2  ​)​​​ 2​ + ​τ​​ 2​ ​​	 (2)

Solving for τ

	​ τ  =  ​f​ t​​ ⋅ ​√ 
________________

  ​(1 + ​ ​σ​ a​​ _ ​f​ t​​
 ​)​​(1 + ​ ​σ​ L​​ _ ​f​ t​​

 ​)​ ​​	 (3)

Equation (3) can be rewritten as follows

	​ ​v​ c​​  =  ​v​ ​c​ o​​​​ ⋅ ​√ 
_

 1 + ​ ​σ​ L​​ _ ​f​ t​​
 ​ ​​	 (4)

where vc is the shear strength attributable to the concrete 
in the presence of lateral confining stress σL; ​​v​ ​c​ o​​​​​ is the 

Fig. 3—Mohr’s circle corresponding to stresses acting on 
element shown in Fig. 2.

Fig. 4—Principal stresses. (Note: σ1 is algebraically larger 
principal stress [compressive stress], σ2 is algebraically 
smaller principal stress [tensile stress], and σt is normal 
transverse stress in parallel direction to z-axis.)

Fig. 5—(a) Stresses seen on plane σ1 – σt; and (b) stresses 
seen on plane σ2 – σt.

Fig. 6—Mohr’s circles for three-dimensional element A 
shown in Fig. 1.
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resistance to shear attributable to concrete in the absence of 
lateral prestress; σL is the lateral confining stress; and ft is the 
tensile strength of concrete, and it is assumed to be close to 
1/3​​√ 

____
 ​f​ c​​′ ​​ MPa.

The primary conclusion drawn from Eq. (4) is that the 
shear strength attributable to the concrete is proportional 

to ​​√ 
_

 1 + ​ ​σ​ L​​ _ ​f​ t​​
 ​ ​​, and this dependence hinges on both the lateral 

confining stress σL and the tensile strength of the concrete ft.

EXPERIMENTAL DATA
Column tests

Specimen description—Ten RC columns furnished 
with clamps were tested under displacement reversals and 
approximately constant axial loads (Tables 1 and 2). Of 
these 10  columns, six were tested at the Structures Labo-
ratory of UC, and four were tested at NCREE. The UC 
columns were tested as single-curvature cantilevers, and the 
NCREE columns were tested in double curvature. Following 
the nomenclature by Skillen,18 the UC columns were labeled 
C3, C5, C6, C7, C8, and C9, and the NCREE columns were 
labeled SC1, SC2, SC3, and SC4. The test columns at UC 
were part of a larger project that also included the testing of 
columns with post-tensioned clamps as a repair measure.20 
Figures 7 to 9 provide details of the columns tested at UC and 
NCREE. The UC columns had cross-sectional dimensions 

of 500 x 500 mm, a clear height of 1530  mm, and eight 
32 mm diameter longitudinal reinforcing bars. The NCREE 
columns had cross-sectional dimensions of 750 x 750 mm, a 
clear height of 3000 mm, and twelve 32 mm diameter longi-
tudinal reinforcing bars. The shear span-to-effective depth 
ratio (a/d) was 3.6 for UC columns and 2.2 for NCREE 
columns. The longitudinal reinforcement ratio was approxi-
mately 2.6% for UC columns and 1.7% for NCREE columns. 
All the columns were fabricated with no internal ties. This 
was done for two reasons: 1) to represent an extreme case of 
an older RC column with wide tie spacing; and 2) to simplify 
the estimation of the shear that is resisted by the external 
transverse reinforcement (clamps). Table 2 summarizes the 
measured properties of the longitudinal reinforcement and 
the post-tensioning transverse reinforcement.

At UC, specimens were cast lying on their sides in a single 
lift and cured for 7 days under plastic, with water dousing 
occurring during at least the first 3 days. The concrete 
mixture was supplied by a ready mixed concrete supplier. 
The cement used was ASTM Type I portland, and the coarse 
aggregate was a blend of 60% crushed stone (maximum size 
of 13 mm) and 40% natural alluvial “Greywacke” aggre-
gate (maximum size of 19 mm). The cylinder compressive 
strength ranged from 21 to 36 MPa.

The specimens at NCREE were also cast on their sides and 
cured with water dousing three times a day for 7 days. The 

Table 1—Specimen details

Specimen Type of test Application of P.T. A.L.R. a/d fc′, MPa ft/​​√ 
____

 ​f​ c​​′ ​​, MPa Ec, GPa

C3

C

2

0.15 3.6

30 0.49 21

C5 2 36 0.37 20

C6 2 24 0.46 29

C7 2 26 0.48 32

C8 2 31 0.40 29

C9 2 23 0.40 29

SC1

C

2

0.3
2.2

21 — —

SC2 2 23 — —

SC3 2 25 — —

SC4 2 0.4 25 — —

B1A

M

N.A. 0

2.2 41 0.53 27

B1B N.A. 0

B2A 2 0

B2B 2 0

B3A 2 0

B3B 2 0

B4A 1 0

B4B 1 0

B5A 1 0

B5B 1 0

B6A 2 0

B6B 1 0

Note: C is cylic; M is monotonic; P.T. is prestress applied in one or two directions; A.L.R. is axial load ratio P/fc′Ag; a/d is shear span-to-effective depth ratio; fc′ is concrete cylinder 
compressive strength; ft is concrete tensile strength determined as splitting strength of 100 x 200 mm cylinders; Ec is modulus of concrete.
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concrete mixture was supplied by a ready mixed concrete 
supplier. The cement used was ASTM Type I portland. The 
nominal coarse aggregate size was 19 mm. The cylinder 
compressive strength ranged from 21 to 25 MPa.

External post-tensioned clamps on columns
The clamps studied are similar to those used by Skillen.18 

They consisted of four corner brackets, each made with pairs 
of steel angles, and high-strength threaded rods connecting 
the brackets (Fig. 10). A key difference from the clamps 
used by Skillen18 is that the clamps used in this study were 
welded. Welding was applied to prevent the concentration 
of shear force in rods. Welding can be avoided if the clamps 
are sized assuming their strength is controlled by the rod 
sections working in shear. That is, vs = rpt·0.6fpty instead of 
vs = rpt·fpty.

For the tests at UC, clamps were fabricated with 16 mm 
thick angles and 16 mm diameter threaded rods with a 
measured yield stress of 820 MPa. The spacing between 
clamps spt was either 200 or 300 mm (Table 3). The post- 
tensioned transverse reinforcement area ratio rpt, calculated 
using Eq. (5), was 0.21 or 0.32%. The initial prestress in the 
threaded rods fpti ranged from 0.1fpty (low prestress) to 0.7fpty 

(high prestress), where fpty is the yield stress of the threaded 
rods. The equivalent lateral confining stress caused by the 
clamps on the column σL is expressed as the transverse rein-
forcement ratio times the initial prestress in the clamps, and 
it is calculated using Eq. (6). This stress ranged from 0.2 to 
1.7 MPa.

For the tests at NCREE, clamps were fabricated with 25 mm 
thick angles and 18 mm diameter threaded rods with a mean 
measured yield stress of 1250 MPa. The spacing between 
clamps spt was 200 or 300 mm (Table 3). The post-tensioned 
transverse reinforcement area ratio rpt was 0.18 or 0.27%. 
The initial prestress in the threaded rods ranged from 0.1fpty 
to 0.55fpty. The equivalent lateral confining stress caused by 
the clamps on the column σL ranged from 0.3 to 1.8 MPa

	​ ​r​ pt​​  =  ​ 
​A​ pt​​ _ b ⋅ ​s​ pt​​

 ​​	 (5)

	 σL = rpt ∙fpti	 (6)

where rpt is the post-tensioned transverse reinforcement 
area ratio; Apt is the total area of post-tensioned trans-
verse reinforcement within spacing spt; b is the width of 

Table 2—Longitudinal reinforcement and post-tensioning rods properties

Specimen

Longitudinal reinforcement Post-tensioning reinforcement

As, mm2 ρl, % fy, MPa fu, MPa Apt, mm2 spt, mm rpt, % fpty, MPa fptu, MPa

C3

6434

2.6
555 698

314

300 0.21

820* 922

C5 200 0.32

C6 200 0.32

C7

(8 ϕ 32 mm) (2 ϕ 16 mm)

300 0.21

C8 200 0.32

C9 518 647 300 0.21

SC1
9651

1.7 466 690

408
200 0.27

1245 1600
SC2 200 0.27

SC3
(12 ϕ 32 mm) (2 ϕ 18 mm)

300 0.18

SC4 200 0.27

B1A

982

2.0 550 680

57

— 0 — —

B1B — 0 — —

B2A 95 0.3

260 369
B2B 95 0.3

B3A 143 0.2

B3B 143 0.2

B4A

(2 ϕ 25 mm) (2 ϕ 6 mm)

143 0.2
290 452

B4B 143 0.2

B5A 95 0.3 289 468

B5B 95 0.3 290 452

B6A 190 0.15
290 468

B6B 190 0.15

*For clamps with no welds (as in C3), nominal resistance to shear provided by clamps is inferred to be close to vs = rpt ∙ 0.6fpty instead of vs = rpt ∙ fpty.

Note: As is total area of longitudinal reinforcement; ρl is longitudinal reinforcement ratio; fy is longitudinal reinforcement yield stress; fu is longitudinal reinforcement ultimate 
stress; Apt is area of post-tensioning transverse reinforcement (one clamp, two legs); spt is spacing of clamps; rpt is reinforcement ratio of post-tensioning transverse reinforcement; 
fpty is post-tensioning transverse reinforcement yield stress; fptu is post-tensioning transverse reinforcement ultimate stress.
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the compression face of the column; spt is the spacing of 
post-tensioned transverse reinforcement; σL is the lateral 
confining stress caused by the clamps; and fpti is the initial 
prestress in the clamps.

Application of clamps—Pairs of steel angles were posi-
tioned at the four corners of the concrete column and 
connected to each other with steel threaded rods. All rods 
were equipped with load cells, placed between the steel 
angle and a 12 mm thick washer (Fig. 11). Clamps with 
low initial prestress were snug-tightened using a spanner. 
In contrast, for clamps with intermediate or high prestress 
(fpti > 0.4fpty), additional force was applied using a hydraulic 
bolt tensioner. Gradual increments in force, following a 
crisscross tightening sequence, ensured even forces in the 
rods and prevented rotation of the clamps.

Fig. 7—Typical dimensions: (a) columns at UC; (b) columns 
at NCREE; and (c) beams.

Fig. 8—Details of columns tested at UC.

Fig. 9—Details of columns tested at NCREE.

Fig. 10—Post-tensioned clamps applied on column.
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Procedure for column tests
Figures 12(a) and (b) show the test setup at UC and NCREE, 

respectively. The axial load ratio (A.L.R. = P/Agfc′) was 0.15 
for columns tested at UC and 0.3 (SC1, SC2, and SC3) or 0.4 
(SC4) for columns tested at NCREE. The loading protocol 
is shown in Fig. 13. Three cycles were applied at each drift 
ratio. Testing was paused at points of peak displacement and 
zero lateral load to record data. Cracks were marked at each 

peak displacement. Testing concluded when the peak lateral 
load in a given cycle was less than 50% of the maximum.

Beam tests
Specimen description—Six simply supported RC beams 

furnished with clamps were tested under monotonic loads 
applied at midspan (Tables 1 and 2). Figures 7 and 14 
show typical details of the beam specimens. The test beams 
had cross-sectional dimensions of 200 x 300 mm, with a 
distance between support centerlines of 1500 mm. The clear 
distance between support faces was 550 mm. Longitudinal 
reinforcement consisted of two 25 mm diameter steel bars 
with a measured yield stress of 550 MPa (averaging results 
from three coupons). The longitudinal reinforcement ratio 
was 2%. The effective depth, defined as the distance from 
the centroid of the exterior layer of longitudinal steel to the 
outermost fiber in compression, was 250 mm. The a/d was 
2.2.

All six beams were cast from a single batch of concrete. 
After the concrete set, wet hessian cloth (burlap) and plastic 
were placed over the beams. Curing lasted for 7 days, with 
water dousing occurring once a day. The formwork was 
stripped after 3 days of casting. At 28 days, the measured 
compressive cylinder strength was 41 MPa on average. The 

Table 3—Summary of test results

Specimen fc′, MPa A.L.R. P.T.
spt, 
mm spt/d rpt, %

σL, 
MPa

vc, 
MPa

vc/​​√ 
____

 ​f​ c​​′ ​​, 
MPa

vmax, 
MPa vs, MPa

(vmax – vs), 
MPa (vmax – vs)/​​√ 

____
 ​f​ c​​′ ​​, MPa

C3 30

0.15

2 300 0.71 0.21 0.2 1.5 0.27 2.3 — — —

C5 36 2 200 0.47 0.32 0.3 1.9 0.32 2.7 — — —

C6 24 2 200 0.47 0.32 1.7 2.2 0.45 2.5 — — —

C7 26 2 300 0.71 0.21 0.7 1.9 0.37 2.5 — — —

C8 31 2 200 0.47 0.32 1.0 2.2 0.39 2.5 — — —

C9 23 2 300 0.71 0.21 1.1 2.0 0.42 2.5 — — —

SC1 21

0.3

2 200 0.29 0.27 0.3 2.0 0.44 2.9 — — —

SC2 23 2 200 0.29 0.27 1.8 2.9 0.62 3.2 — — —

SC3 25 2 300 0.44 0.18 1.2 2.5 0.51 3.1 — — —

SC4 25 0.4 2 200 0.29 0.27 1.8 3.1 0.64 3.5 — — —

B1A

41

0 — — — 0 0.0 1.8 0.30 2.0 0 2.0 0.30

B1B 0 — — — 0 0.0 1.8 0.27 2.1 0 2.1 0.27

B2A 0 2 95 0.38 0.3 0.0 1.7 0.27 2.9 1.11 1.8 0.28

B2B 0 2 95 0.38 0.3 0.6 2.0 0.31 3.6 1.11 2.5 0.55

B3A 0 2 143 0.57 0.2 0.0 1.8 0.28 2.5 0.74 1.8 0.39

B3B 0 2 143 0.57 0.2 0.4 2.3 0.37 3.2 0.74 2.5 0.50

B4A 0 1 143 0.57 0.2 0.0 1.8 0.28 2.8 0.90 1.9 0.30

B4B 0 1 143 0.57 0.2 0.5 — 0.34 3.8 0.90 2.9 0.59

B5A 0 1 95 0.38 0.3 0.8 2.1 0.31 3.4 1.40 2.0 0.34

B5B 0 1 95 0.38 0.3 0.0 2.0 0.33 3.6 1.36 2.2 0.32

B6A 0 2 190 0.76 0.15 0.4 2.0 0.31 2.7 0.70 2.0 0.31

B6B 0 1 190 0.76 0.15 0.4 2.1 0.33 2.8 0.70 2.1 0.33

Note: fc′ is concrete cylinder compressive strength; A.L.R. is axial load ratio P/fc′Ag; P.T. is prestress applied in one or two directions; spt is spacing of clamps; d is effective depth, 
distance from centroid of exterior layer of longitudinal steel to outermost fiber in compression; rpt is reinforcement ratio of post-tensioning transverse reinforcement; σL is lateral 
confining stress caused by clamps on column; vc is shear stress at inclined cracking; vmax is maximum measured shear stress; vs is shear strength contribution of transverse rein-
forcement, calculated as vs = rpt ∙ fptu (applicable to beams only).

Fig. 11—Application of clamps.
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concrete cylinders were kept under the same curing condi-
tions as the beams and were also cured for 7 days, with water 
dousing occurring simultaneously with the beams.

Similar to the columns, the test beams were fabricated 
with no conventional stirrups, with post-tensioning being the 
only source of steel resisting shear. The nominal resistance 
to shear vn was calculated using Eq. (7), which is based on 
observations made by Richart.14 Equation (7) expresses the 
nominal resistance to shear vn as the sum of contributions to 
shear attributed to the concrete vc and the transverse rein-
forcement vs.

	 vn = vc + vs	 (7)

The test beams were designed to fail in shear. In all cases, 
the nominal resistance to shear vn was smaller than the calcu-
lated unit plastic shear stress vp. The unit plastic shear stress 
is associated with the shear force at flexural yielding Vp. This 
force is obtained from a sectional moment analysis (Eq. (8) 

to (10)). The calculated shear plastic stress vp for measured 
properties was 3.8 MPa.

To obtain the contribution to the shear resistance of the 
concrete vc, in the absence of lateral prestress, one beam 
without clamps was tested (B1). The concrete resistance to 
shear vc averaged 1.8 MPa from tests of each beam span B1A 
and B1B. The remaining five beams were furnished with 
clamps at different spacings spt and, by varying the initial 
prestress in the clamps, different lateral confining pressures. 
The nominal shear resistance provided by the clamps ranged 
from 0.7 MPa (for beams B6A and B6B) to 1.4 MPa (for 
beam B5A)

	 Mp = As ∙ fy ∙ j ∙ d	 (8)

	​ ​V​ p​​  =  ​ 
​M​ p​​ _ a * ​​	 (9)

	​ ​v​ p​​  =  ​ 
​V​ p​​ _ b ⋅ d ​​	 (10)

where Mp is the moment at flexural yielding at the critical 
section; As is the cross-sectional area of the reinforcing bars; 
fy is the measured yield stress of the longitudinal reinforce-
ment; j is the ratio of the internal lever arm to the effec-
tive depth (assumed as 0.9); d is the effective depth; Vp is 
the shear force associated with Mp; a* is the distance from 
center of roller supports to face of midspan loading plate (in 
beams); vp is the unit shear stress associated with Vp; and b 
is the column width.

External post-tensioned clamps on beams
Two types of clamps were used for the RC beam tests: 

clamps applying prestress in one or two directions (Fig. 14). 
Table 1 provides information on the beams tested with 
prestress applied in one or two directions. Clamps applying 

Fig. 12—Test setup at: (a) UC; and (b) NCREE.

Fig. 13—Loading protocol for columns.
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prestress in one direction, parallel to the applied force, were 
fabricated from 40 x 40 x 4.0 mm rectangular hollow tubes, 
6 mm diameter threaded rods, and 75 mm wide bearing steel 
plates. The plates were placed on the face of the beam in 
compression, and their width matched the size of the two- 
directional clamps. Clamps applying prestress in two 
directions were similar to the clamps used for columns. 
They consisted of 12 mm thick angles and 6 mm diameter 
threaded rods. The measured ultimate stress of the threaded 
rods ranged from 368 to 468 MPa. The spacing of the clamps 
spt ranged from 95 to 143 mm (0.38 < spt/d < 0.76). The 
post-tensioned transverse reinforcement area ratio rpt, calcu-
lated using Eq.  (5), ranged from 0.15 to 0.3%. The lateral 
confining stress caused by the clamps on the beam σL, calcu-
lated using Eq. (6), ranged from 0 to 0.8 MPa.

Procedure for beam tests
Each beam underwent two tests (tests A and B), resulting 

in a total of 12 tests. Heavy-size clamps were applied to 
one side of the beam, aiming to induce failure on the oppo-
site side. The shear strength contribution of the heavy 
clamps was 4.5 MPa, which was approximately 1.2 times 
the calculated shear stress vp at yielding of the longitudinal 
reinforcement. On the opposite side of the beam, either no 
clamps, as in the case of the bare beam (tests B1A and B1B), 
or smaller clamps were installed. Figure 15 illustrates the 
beam specimen with heavy clamps on one side and smaller 
clamps on the other side. The applied load was increased in 
steps of approximately 10 kN. After each load increment, 
cracks were marked and measured. This process continued 
until shear failure occurred on one side of the beam. Subse-
quently, the heavy clamps were relocated to the failed side, 
and the beam underwent testing again.

EXPERIMENTAL RESULTS AND DISCUSSION
Results from columns

Hysteretic response—Table 3 provides a summary of the 
test results. The hysteretic responses for all the columns are 
shown in Fig. 16 and 17. Figure 16 focuses on the columns 
tested at UC. In this figure, the top three plots correspond 
to columns with a transverse reinforcement area ratio of 
0.21% (clamps spaced at 300 mm) but with different initial 
post-tensioning stresses. Column C3 had clamps with low 
initial prestress (fpti = 0.1fpty), C7 had intermediate initial 
prestress (fpti = 0.4fpty), and C9 had high initial prestress 
(fpti = 0.7fpty), resulting in equivalent σL values of 0.2, 0.7, 
and 1.1 MPa, respectively.

Moving to the bottom three plots in Fig. 16, these show the 
response of columns with a transverse reinforcement area 
ratio of 0.32% (clamps spaced at 200 mm). Columns C5, C8, 
and C6 had clamps with low, intermediate, and high initial 
prestress, respectively, resulting in equivalent σL values of 
0.3, 1.0, and 1.7 MPa.

Fig. 14—Details of beams.

Fig. 15—Test setup for beams.
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These data suggest that an increase in initial prestress led 
to a more ductile column response. For instance, Column C3 
exhibited shear disintegration of the concrete core, while the 
response of C9 was dominated by flexure with a larger drift 
capacity.

All the columns but C3 reached flexural yielding. Having 
no welds in clamps, C3 did not yield in flexure because its 

nominal shear strength was close to vc + rpt ∙ 0.6fpty (instead 
of vc + rpty ∙ fy), which is smaller than the unit shear associ-
ated with flexural yielding. For all other columns, yielding 
occurred at a drift ratio of approximately 1.5%. The peak 
measured load was 525 kN on average, and the associated 
shear stress was 2.5 MPa. Table 4 lists the measured peak 
loads and drift capacities for all 10 columns. The peak 

Fig. 16—Hysteretic response of columns tested at UC.

Fig. 17—Hysteretic response of columns tested at NCREE.
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loads reported in Table 4 represent the maximum shear 
forces applied in both pushing and pulling directions. Drift 
capacity is defined as the drift that the column reaches before 
its lateral load resistance drops to 80% of the maximum 
measured load. Testing concluded when the peak lateral load 
in a given cycle was less than 50% of the maximum.

Figure 17 shows the response from columns tested at 
NCREE. Column SC1 had clamps with low initial prestress 
(fpti = 0.1fpty), while SC2, SC3, and SC4 had clamps with 
intermediate initial prestress (fpti = 0.55fpty). The transverse 
reinforcement area ratio was 0.18% for SC3 and 0.27% for 

the other columns. The lateral confining stress σL, calculated 
using Eq. (6), was 0.3, 1.8, 1.2, and 1.8 MPa for SC1, SC2, 
SC3, and SC4, respectively.

All the columns reached yielding of the longitudinal 
reinforcement at a drift ratio of approximately 1.2%. The 
measured peak loads ranged from 1465 to 1780 kN. Differ-
ences in peak loads were likely due to the applied lateral 
prestress, ranging from 0.3 to 1.8 MPa, and the higher axial 
load (0.4Agfc′) in SC4. Table 4 shows the peak loads and drift 
capacities.

Clamp stress—Forces in the clamps were measured at one 
end of each threaded rod using load cells. Clamp stresses 
were calculated as the measured force divided by the net rod 
cross-sectional area (approximately 80% of the gross area; 
refer to Table 2). Figure 18 presents a graphical representa-
tion of clamp stresses measured in the test of SC1. The figure 
includes data for the first three clamps positioned at the ends 
of the column. Each curve in the figure shows the change in 
the stress in threaded rods parallel to the applied lateral force. 
The markers on the curves represent measurements taken at 
peak displacements during the first cycle at each displace-
ment target. Note that each curve has a different origin on the 
horizontal axis, and the spacing between vertical gridlines 
corresponds to 100 MPa. The vertical axis represents the 
applied unit shear stress V/bd divided by ​​√ 

____
 ​f​ c​​′ ​​, where V is the 

applied lateral force, b is the width of the column or dimen-
sion perpendicular to the direction of the applied force, d 
is the effective depth of the column, and fc′ is the concrete 
cylinder compressive strength on the day of testing in MPa.

All the curves in Fig. 19 show no change in clamp stress 
before the applied shear stress exceeded a threshold. This 
threshold indicates the formation of inclined cracks and 
has been assumed to be a reasonable approximation of the 
contribution to shear strength attributable to the concrete 
vc. Changes in clamp stress after inclined cracking were 
more noticeable in columns with low initial prestress. These 

Table 4—Peak loads and drift capacities

Specimen
fc′, 

MPa rpt, %
σL, 

MPa

Peak loads

D.C., 
%

Pushing 
direction, 

kN

Pulling 
direction, 

kN

C3 30 0.21 0.2 450 480 3.0

C5 30 0.32 0.3 570 550 5.5

C6 24 0.32 1.7 530 540 5.0

C7 26 0.21 0.7 530 520 4.0

C8 31 0.32 1.0 530 530 5.0

C9 23 0.21 1.1 530 540 4.0

SC1 21 0.27 0.3 1465 1495 2.5

SC2 23 0.27 1.8 1600 1625 4.0

SC3 25 0.18 1.2 1560 1575 3.5

SC4 25 0.27 1.8 1770 1780 3.0

Note: fc′ is concrete cylinder compressive strength; rpt is reinforcement ratio of 
post-tensioning transverse reinforcement; σL is lateral confining stress caused by 
clamps; D.C. is drift capacity, defined as drift ratio associated with 20% decrease in 
lateral load resistance of column. It is calculated with help of envelope of load- 
displacement loops. Two values of drift capacities are obtained (pulling and pushing 
directions), but only smaller value is reported.

Fig. 18—Total shear stress versus stress in key clamps, Column SC1. (Note: spt is spacing between clamps, rpt is post-tensioned 
transverse reinforcement area ratio, fpti is initial prestress in clamps [as fraction of yield stress of high-strength rods fpty], σL is 
lateral prestress caused by clamps on column, and fc′ is measured concrete cylinder strength at test day.)
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changes accelerated as applied shear stress increased. The 
slope of the curves relating applied shear stress and clamp 
stress approached rpt, as observed by Richart.14 For columns 
with clamps with initial prestress fpti > 0.4fpty, the applied 
shear stress causing the first variation in clamp stress was 
less clear. Larger lateral prestress σL not only caused an 
increase in the shear at inclined cracking but also a reduction 
in the width and length of inclined cracks. Inclined cracks not 
forming as extensions of flexural cracks were not observed 
in columns with σL > 1.7 MPa (0.3​​√ 

____
 ​f​ c​​′ ​​). As a consequence, 

estimating vc from clamp-stress measurements was more 
difficult for specimens C6, SC2, and SC4 (where σL was at 
least 1.7 MPa). Approximate estimates of the shear stress at 
inclined cracking (assumed to represent vc) were obtained 
from Fig. 19. Each curve in this figure represents the varia-
tion of clamp stress with increases in applied shear stress for 

the most critical clamp in each of the 10 test columns. The 
distance between vertical gridlines (100 MPa) represents the 
increase in clamp stress. The horizontal distance between 
the origin of each curve and the y-axis represents the initial 
lateral prestress σL. Curve labels indicate the specimen 
ID and clamp number. Colored markers indicate points 
chosen to represent the formation of inclined cracks, with y- 
coordinates representing estimates of vc. These points were 
chosen considering these criteria:
•	 Focus on clamps between d/2 and d from column ends;
•	 Consider rods parallel to the applied shear force;
•	 Identify a noticeable increase in clamp stress;
•	 Compare the slope of the shear stress-clamp stress curve 

with the transverse reinforcement area ratio rpt; and
•	 Corroborate the presence of inclined cracks in photos 

taken when the mentioned stresses were measured.

Fig. 19—Shear stress versus clamp stresses (selected clamps).

Table 5—Applied shear stress and clamp stresses, in MPa

C3 C5 C6 C7 C8 C9 SC1 SC2 SC3 SC4

v/​​√ 
____

 ​f​ c​​′ ​​
Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 3 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 3 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 2 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 15 v/​​√ 

____
 ​f​ c​​′ ​​

Clamp 
No. 14

0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0 0.00 0

0.15 0 0.16 0 0.20 –1 0.19 –1 0.16 –1 0.20 –1 0.33 2 0.34 –5 0.31 –2 0.31 –2

0.24 2 0.24 –1 0.29 –1 0.28 –3 0.24 –4 0.30 –3 0.36 6 0.41 –5 0.38 –6 0.40 –7

0.25 5 0.29 –1 0.35 –1 0.34 3 0.30 –6 0.37 –1 0.41 5 0.47 –4 0.40 –6 0.47 –8

0.28 8 0.35 13 0.41 2 0.37 9 0.35 –3 0.42 6 0.44 8 0.57 –2 0.42 –6 0.53 –6

0.32 57 0.38 42 0.45 9 0.40 22 0.39 0 0.46 13 0.47 14 0.60 –1 0.44 –6 0.59 –4

0.34 126 0.42 76 0.48 15 0.44 50 0.42 6 0.50 29 0.52 70 0.62 –1 0.49 –3 0.63 –1

0.37 186 0.43 119 0.48 20 0.47 72 0.43 8 0.51 44 0.56 111 0.64 15 0.54 5 0.65 5

0.36 218 0.44 130 0.50 24 0.47 123 0.44 12 0.52 50 0.59 146 0.65 25 0.59 33 0.67 8

0.38 276 0.44 176 0.50 23 0.48 139 0.44 19 0.51 71 0.61 172 0.66 36 0.59 50 0.69 17

— — — — 0.51 27 0.47 166 0.44 21 0.5225 76 0.63 233 0.65 37 0.61 71 0.68 20

— — — — — — 0.49 180 0.44 28 — — 0.64 245 0.66 49 0.62 106 0.70 28

— — — — — — — — 0.44 30 — — — — — — — — — —

Note: v is shear stress, calculated as V/bd; V is applied shear force; b is width of column; d is effective depth, distance from centroid of exterior layer of longitudinal steel to outer-
most fiber in compression; fc′ is concrete cylinder compressive strength.
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All stresses illustrated in Fig. 19 are listed in Table 5 to 
allow the reader to plot the data and select different estimates 
for vc if deemed necessary.

The estimates of vc obtained from Fig. 19 are plotted again 
versus the initial lateral prestress σL in Fig. 20, with shear 
stress normalized relative to a reference shear stress vo. This 
reference stress is meant to represent the shear strength of a 
column without lateral prestress and without ties. Because 
shear strength is expected to be sensitive to differences in 
axial load and reinforcement ratio, two values of vo were 
used: 0.4​​√ 

____
 ​f​ c​​′ ​​ MPa for the columns tested at NCREE (with 

0.3 < P/Agfc′ < 0.4), and 0.27​​√ 
____

 ​f​ c​​′ ​​ MPa for the columns tested 
at UC (P/Agfc′ = 0.15). For each column set, the reference 
value vo was obtained as the intercept with the y-axis of a 
regression line fitted through the colored markers in Fig. 19. 
Figure 20 shows that vc, as defined here, increased with 
increasing initial lateral prestress σL. Equation (4) produced 
a lower-bound estimate for this increase. The largest devi-
ations from Eq. (4) occurred for columns with large initial 
lateral prestress in which detecting the formation of inclined 
cracks was more difficult.

Fig. 20—Concrete shear stress versus lateral prestress.

Fig. 21—Load versus deflection curves of beams.
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Results from beams
Table 3 summarizes the test results. The load-deflection 

curves for all the beams are shown in Fig. 21. The objective 
of the beam tests was to study whether the increase in shear 
stress at inclined cracking observed in the column tests leads 
to a similar increase in monotonic shear strength. For this 
purpose, the test beams were proportioned to fail in shear 
before yielding in flexure. In all beams with clamps, shear 
failure occurred by fracture of the threaded rods after the 
formation of a large inclined crack in the beam.

Clamps installed on the beams were not instrumented. 
Therefore, the estimation of the load at inclined cracking 
relied purely on visual observation. Except for test 4B, in 
which a clear observation was not obtained, the load at 
inclined cracking was clearly identified—to the best judg-
ment of the writers—during each beam test. Assuming 
that the shear at inclined cracking and the contribution to 
shear strength attributable to the concrete are similar to 
one another, the former was compared with the difference 
between the total shear measured at failure vmax and the 
contribution to shear strength attributed to the clamps vs. 
Table 3 shows: a) the shear stresses at inclined cracking; b) 
the total shear stress at failure vmax; and c) vs obtained as 
the reinforcement ratio times the measured rod strength fptu. 
Figure 22(a) illustrates variations in shear stress at observed 
inclined cracking with increasing values of σL. Figure 22(b) 
illustrates variations in vmax – vs with increasing values of 
σL. The similarities between these two figures suggest that 
increases in shear stress at inclined cracking caused by 
increases in initial lateral prestress translated into similar 
increases in shear strength (for monotonically increased 
shear). In addition, Fig. 23 shows that increases in shear 
stress at inclined cracking observed in beams were compa-
rable to those observed in columns even in beams with initial 
lateral prestress in a single direction (parallel to the applied 
force), supporting Eq. (4) and the aforementioned theoret-
ical framework.

CONCLUSIONS
•	 Observations made by Richart14 on reinforced concrete 

(RC) beams with conventional ties led him to propose 
Eq. (7) (that is, vn = vc + vs). Equation (7) expresses 
the nominal resistance to shear vn as the contribution 

to shear resistance attributable to the concrete vc and 
the contribution attributable to the transverse reinforce-
ment vs. Although Eq. (7) was originally derived for RC 
beams with conventional ties, acceptable results were 
obtained assuming that post-tensioned clamps resist 
shear in a similar fashion to conventional ties.

•	 The shear strength attributable to the concrete vc, 
interpreted as the shear at the formation of the first 
inclined crack, was observed to be nearly proportional 

to ​​√ 
_

 1 + ​ ​σ​ L​​ _ ​f​ t​​
 ​ ​​, where σL represents the lateral prestress, and 

ft stands for the tensile strength of the concrete, assumed 
to be close to 1/3​​√ 

____
 ​f​ c​​′ ​​ in MPa. It follows that a high value 

of σL can delay the formation of shear inclined cracks. 
The beam tests showed an increase in vc at both inclined 
cracking and failure.

•	 The increase in the concrete resistance to shear vc in 
the beams was observed to be unaffected by whether 
prestress was applied solely in the loading direction 
or in both the loading and transverse directions. This 
observation is in agreement with the Mohr’s circle 
shown in Fig. 6. Confining stresses transverse to the 
loading direction (σt) are not expected to provide an 
additional benefit to the shear strength attributable to 
the concrete vc.

Fig. 22—Variations in vc: (a) at observed inclined cracking; and (b) calculated as vmax – vs.

Fig. 23—Concrete shear stress versus lateral prestress 
(including beams).
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•	 The proposed post-tensioned clamps can be used as an 
effective method to retrofit non-ductile RC columns 
with insufficient transverse reinforcement. The intro-
duction of post-tensioned clamps prevented non-ductile 
columns from shear failure before flexural yielding.
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This study proposes a practical design approach to estimate the 
web-shear strength of deep prestressed hollow-core slabs (PHCS). 
It explores the effects of critical factors such as the shear stress 
distribution, biaxial tensile strength, and the reduction in effec-
tive compressive stress in concrete, quantifying their impact on 
web-shear strength. A data set of 85 entries is used to undertake 
a comparative assessment, demonstrating the improved safety 
and accuracy of the proposed methodology against current design 
provisions and previous proposals. Moreover, it is shown that 
neglecting the beneficial effect of the prestressing force in the 
transfer region leads to a conservative estimation of the web-shear 
strength. Furthermore, the study introduces three modified design 
expressions based on ACI 318-19, fib Model Code 2010, and 
CSA A23.3-14 standards. The proposed methodology has practical 
implications for enhancing the safe and cost-effective use of deep 
PHCS in construction practice.

Keywords: biaxial tensile strength; deep members; prestressed hollow core 
slabs; shear stress distribution; web-shear strength.

INTRODUCTION
Pioneering experimental research1-3 on the shear behavior 

of prestressed hollow-core slabs (PHCS) demonstrated that 
the design methods used in prestressed concrete beams were 
suitable for estimating the shear strength of shallow PHCS 
(h < 315 mm). This is despite the fact that PHCS frequently 
lack the recommended minimum amount of shear reinforce-
ment. However, manufacturers and design practitioners have 
shown interest in applications requiring greater thicknesses 
to enhance the system’s efficiency.

As a result, over the last 25 years, several researchers4-15 
have investigated the web-shear strength Vcw of PHCS with 
thicknesses ranging from 300 to 500 mm. In Europe and the 
United States, respectively, Pajari4 and Hawkins and Ghosh5 
carried out seminal experimental programs on shear tests of 
deep PHCS (h > 315 mm). The authors reported that many 
predictions using traditional design methodologies were 
unconservative. The most concerning results were presented 
by Hawkins and Ghosh,5 where a measured-to-predicted 
ratio Vtest/Vpred of as low as 0.53 was computed. Reflecting 
on these findings, ACI Committee 318 (in ACI  318-19) 
established a reduction factor (RF) of 0.5 for estimating 
the web-shear strength of deep PHCS not satisfying the 
minimum amount of shear reinforcement required by the 
code.16

Subsequent experimental investigations, however, have 
shown that this reduction factor may be overly conserva-
tive, penalizing the system’s structural efficiency.6,8,11,13 
Furthermore, given the widespread global use of PHCS and 

ACI 318’s broad adoption as a reference code in design prac-
tice, there is a growing need to comprehend and quantify the 
factors that affect the web-shear of deep PHCS.

Hawkins and Ghosh5 identified several potential factors 
for the decay in web-shear strength, such as section 
width distribution, section geometry, bond strength, and 
prestressing force shear lag. Palmer and Schultz6 conducted 
comprehensive experiments and observed that decreases in 
web-shear strength were significantly associated with an 
increase in the initial end slip of the prestressing strands. 
This was attributed to the PHCS’s greater thickness, which 
may affect the compaction level induced by the hollow 
core equipment, leading to lower bond strength and longer 
transfer length (ltr). Additionally, Palmer and Schultz17 eval-
uated the web-shear strength of 198 PHCS ranging from 200 
to 500  mm thickness, concluding that there was no clear 
correlation between the size-effect phenomenon and the 
reduction in shear strength of deep PHCS.

Given the importance of the problem, several design 
expressions have been proposed in recent years (Table 1). 
For example, El Sayed et al.11 and Park et al.13 linked the 
overestimation of web-shear strength to the method used for 
computing the maximum shear stress in the cross section, 
proposing a strength modification factor to account for the 
parabolic shear stress distribution in the ACI 318 design 
approach. Brunesi and Nascimbene18 suggested an alterna-
tive design strategy based on PHCS void geometry. They 
calibrated a correction factor Cs to modify the web-shear 
strength estimated from Eurocode 2 (EC2).19 More recently, 
Fan et al.20 proposed an analytical solution using strut-
and-tie models (STMs), providing a simplified approach to 
calculate the shear strength using an approximate value of 
the inner lever arm (z) and avoiding the iterative process in 
the generation of the STM.

Despite considerable efforts to improve current design 
provisions, further development is necessary to enhance 
the safety and accuracy of design expressions. This paper 
introduces a practical design approach for estimating the 
web-shear strength of deep PHCS, extending previous 
concepts.3,17,21 Furthermore, the study identifies and quan-
tifies factors that modify the web-shear strength, integrating 
them into design provisions such as ACI 318-19,16 fib Model 
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Code (MC) 2010,22 and CSA A23.3-14.23 Finally, based 
on a data set of available test results in the literature, it is 
demonstrated that the proposed design approach improves 
on existing design provisions and previous proposals in the 
literature.

RESEARCH SIGNIFICANCE
Experimental evidence has revealed substantial limita-

tions in conventional design provisions for estimating the 
web-shear strength of deep PHCS. Furthermore, it has 
been demonstrated that incorporating an RF, as proposed 

by ACI 318, can often be excessively conservative. Conse-
quently, it is essential to develop a more reliable design 
method that can fully exploit the cost-effectiveness of 
deep PHCS. This study aims to contribute to this goal by 
quantifying and evaluating the critical factors that impact 
the web-shear strength of these members. Lastly, based on 
North American and European practice, three design expres-
sions are proposed and assessed using a compiled data set.

DATA SET
To assess the goodness of fit of code provisions and 

proposed modifications, a data set containing 85 entries was 
compiled (refer to Appendix A*). This data set extends the 
one compiled by Tawadrous and Marcous,8 which contains 
51 entries, with 34 entries from shear tests undertaken by 
references.7,9-15 A visual representation of the main vari-
ables in the compiled data set is illustrated in Fig. 1. These 
variables include the ultimate shear stress vult, compressive 
strength of the concrete fc′, the level of prestressing fse  × 
Aps/Ac, the shear span-depth ratio av/dp, the thickness of the 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Fig. 1—Data set distribution: (a) ultimate shear stress vult; (b) concrete compressive strength fc′; (c) axial stress in concrete 
outside transfer length fse × Aps/Ac; (d) shear span-depth ratio av/dp; (e) height of PHCS h; and (f) ratio of inner-to-outer web 
width bw,int/bw,ext.

Table 1—Summary of web-shear design method’s 
proposal for deep PHCS

Authors Reference code Modification factor

Park et al.13 ACI 318-19 ​η  =  ​{​0 . 76 for h  <  500​  0 . 50 for h  ≥  500 ​​​

El Sayed et al.11 ACI 318-19 ​k  =  ​  750 _ 450 + h ​  ≤  1​

Brunesi and 
Nascimbene18 Eurocode 2

​​C​ s​​  =  ​C​ 1​​ ​ 
​b​ 1​​ _ r ​ ​C​ 2​​ ​ 

​h​ 3​​ _ r ​ ​C​ 3​​ ​ 
​b​ 2​​ _ ​b​ 1​​ r

 ​​

where ​​

⎧
 

⎪

 ⎨ 
⎪

 
⎩

​
​C​ 1​​ ​ 

​b​ 1​​ _ r ​  =  1, if  ​ ​b​ 1​​ _ r ​  =  0
​  

​C​ 3​​ ​ 
​b​ 2​​ _ ​b​ 1​​

 ​  =  1, if  ​ ​b​ 2​​ _ ​b​ 1​​
 ​  =  0

 ​​​

and 1.1 ≤ Cs ≤ 2
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member h, and the ratio of the internal and external web 
widths bw,int/bw,ext.

FACTORS AFFECTING WEB-SHEAR STRENGTH 
OF DEEP PHCS

Several studies3,5,17,21,24,25 including experimental and 
numerical investigations have identified various factors that 
impact the web-shear strength of PHCS, aside from tensile 
strength and prestress level. These factors include member 
thickness, void geometry, shear span-depth ratio, shear slag 
of the prestressing force, prestressing strand bond strength, 
and shear stress distribution along the section width. While it 
may be impractical to incorporate all these strength modifi-
cation factors into a design expression for daily engineering 
practice, the authors suggest grouping and summarizing 
their effects through three categories: a) reduction of effec-
tive compressive stress in concrete; b) biaxial stress state 
at the critical point; and c) shear stress distribution along 
the section width. Each of these factors is discussed in the 
following sections.

Reduction of effective compressive stress in 
concrete

It is typically assumed that the effective compressive 
stress in concrete fpc depends only on the location of the 
critical point (CP) and distribution of the prestressing force 
along the transfer length. However, this assumption may not 
hold true for all scenarios due to factors such as void shape, 
bond strength, and shear lag, which can significantly impact 
fpc and ultimately affect the PHCS web-shear strength.3,17,24

For example, the CP location is traditionally defined at the 
intersection of a 45-degree failure plane and the neutral axis 
of the section (~h/2) (point 1 in Fig. 2). However, studies 
using finite element analysis12,18,24 and refined analytical 
techniques4 have demonstrated that this assumption is not 
suitable for PHCS with non-circular voids. In such cases, the 
CP location is closer to the flange-to-web junction (point 2 
in Fig. 2). This change in CP location reduces Fp and gener-
ates an additional normal and shear stresses. To account for 

this new CP location when calculating fpc, Yang24 proposed 
an advanced web-shear design methodology, which is eval-
uated in this study.

Moreover, significantly increases in the initial end slip of 
prestressing strands in deep PHCS have been reported by 
Palmer and Schutlz6 and Dudnik et al.9 Increases in initial 
end slip suggest decreases in bond strength, and therefore 
longer transfer lengths, leading to decreases in fpc.26 It is 
important to note that El Sayed et al.11 indicated the absence 
of any definitive correlation between the thickness of the 
member and the initial end slip of the strands.

Walraven and Mercx3 investigated the impact of shear 
lag of the prestressing force on fpc along the transfer length. 
Their analytical investigations suggested that the compres-
sive stress induced by the presstressing strands in this region 
should be distributed at a 45-degree angle to the axis of the 
strands. As a result, a lower fpc at the CP should be considered 
when predicting the web-shear strength of PHCS. To facil-
itate practical implementation, the authors recommended 
computing fpc using the prestressing force Fp at the inner face 
of the support and assuming a parabolic prestressing force 
distribution, as shown in Fig. 2(e) and (f).

To account for the aforementioned uncertainty in esti-
mating fpc, a sensitivity analysis is carried out assessing 
factors such as: 1) location of the critical point (point 1 
versus point 2 in Fig. 2(a)); 2) the reduction in fpc due to 
the larger anticipated initial end slip in deep members; and 
3) the shear lag of the compressive stress as suggested in 
Walraven and Mercx.3 Factors 2 and 3 were assessed by 
applying a factor φpc to fpc. The outcomes of the sensitivity 
analysis are outlined as follows.

Biaxial stress state at critical point
The stress analysis of simply supported PHCS shows 

that the CP is subjected to a biaxial tension-compression 
stress state, as shown in Fig. 2(d), in which the principal 
stresses are given by Eq. (1) and (2)

	 

Fig. 2—Location of critical point in: (a) elevation view, and (b) section view; (c) effective prestressing force applied by strands 
Fp; (d) stress at CP; (e) location of CP according to Walraven and Mercx3; and (f) effective prestressing force at CP considering 
shear lag.
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where σ1 and σ2 are the principal stresses in tension (+) and 
compression (–), respectively; and v is the shear stress. The 
correlation between the principal stresses is determined by 
adding Eq. (1) and (2), which reduces to

	 σ2 = –(σ1 + fcp)	 (3)

It is well known that this biaxial tension-compression 
stress condition can significantly reduce the uniaxial tensile 
strength of concrete.27-29 To account for this, the biaxial 
tension-compression failure envelope proposed by Kupfer 
and Gerstle30 is commonly used in literature. For instance, 
Marí et al.31 reported reduction factors in tensile strength 
ranging from 0.77 to 0.95 for prestressed concrete beams. 
Kupfer and Gerstle’s failure envelope is expressed as follows

	​ ​ ​σ​ 1​​ _ ​|​f​ ct​​|​ ​  =  1 + 0.8 ​ ​σ​ 2​​ _ ​|fcʹ|​
 ​​	 (4)

where fct is the uniaxial concrete tensile strength; and fc′ is 
the uniaxial compressive strength of concrete. Equation (4) 
quantifies the effect of the normalized compressive stress in 
the normalized uniaxial tensile strength in the range |σ2|/|fc′| ≤ 
0.8. The expression proposed by Kupfer and Gerstle30 for 
values |σ2|/|fc′| > 0.8 is irrelevant to this work.

The biaxial tensile strength of concrete f2ct is given by 
Eq. (5)

	 f2ct = R2ctfct	 (5)

The factor R2ct = σ1/fct is a tensile strength reduction factor 
accounting for the biaxial stress state. Based on Kupfer and 
Gerstle’s expression, the reduction factor can be determined 
by substituting Eq. (3) in (4) and solving for σ1/fct.

	​ ​R​ 2ct​​  =  ​(​ 
​​f​ c​​ ′ ​ − 0.8 ​f​ cp​​ ___________ ​​f​ c​​ ′ ​ + 0.8 ​f​ ct​​

 ​)​​	 (6)

Values of R2ct ranging from 0.88 to 0.94 are determined 
by applying Eq. (6) to the compiled data set. However, it is 
essential to note that Kupfer and Gerstle’s expression was 
calibrated for concrete with uniaxial compressive strength 
in the range of 18 to 58 MPa, which is not in the typical 
range for PHCS. Additionally, recent investigations in high-
strength concrete, ranging from 60 to 90 MPa, have reported 
a more detrimental tensile strength decay due to the biaxial 
stress state than for normal-strength concrete.27,32 Hence, 
to estimate the tensile strength reduction, a biaxial failure 
envelope for high-strength concrete derived by Hampel 
et al.27 and recommended by the fib bulletin 4233 is used in 
this work. Hampel et al.’s tension-compression failure enve-
lope is given by Eq. (7)

	​ ​ ​σ​ 1​​ _ ​f​ ct​​
 ​  =  ​(a ​3 √ 

_________

 ​ ​σ​ 2​​ ______ ​|​​f​ c​​ ′ ​|​ ​ + b ​ + c ​ ​σ​ 2​​ ______ ​|​​f​ c​​ ′ ​|​ ​ + d)​ ​ 
​​f​ c​​ ′ ​ _____ ​f​ ct​​

 ​​	 (7)

where a = –1.3 × 104|fc′| + 4.5 × 10–2; b = –4.5 × 10–4|fc′| + 
4.0 × 10–2; c = a​​

3
 √ 
_

 b − 1 ​​+ d; and d = (fct/|fc′|) – a​​
3
 √ 
_

 b ​​.
The implementation of Hampel et al.’s failure envelope 

requires an iterative approach. Figure 3(a) shows the iter-
ative solution for the normalized stress |σ2|/|fc′| for each 
entry in the compiled data set. For consistency reasons with 
Hampel et al.’s formulation, the values of fcp employed in 
Eq. (3) were calculated using the fib MC 201022 approach. 
Results indicated a mean |σ2|/|fc′| = 0.12 with and a standard 
deviation of ±0.02 for the compiled data set (Fig. 3(a)). 
Using these results, a simplified expression for calculating 
σ2, assuming σ1 ≈ 2/3fct, is given by Eq. (8)

	 σ2 ≈ –(2/3fct + fcp)	 (8)

Fig. 3—Predictions of: (a) principal stress in compression σ2; and (b) biaxial tensile strength reduction factor R2ct for compiled 
data set using Hampel et al.’s failure envelope.
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Hence, the approximation of σ2 presented in Eq. (8) can 
be employed in Eq. (7) to determine σ1/fct, with a mean error 
less than 1%. Figure 3(b) presents the calculated values R2ct =  
σ1/fct using the interactive and simplified approach. Based 
on these results, it was concluded that for the analyzed data 
set, a simpler approximation of the biaxial tensile strength 
reduction factor could be obtained by taking the mean value 
R2ct = 0.60.

Figure 4 compares the normalized biaxial tensile strength 
σ1/fct predicted by Kupfer and Gerstle’s and Hampel et al.’s 
failure envelopes, revealing substantial discrepancies 
between the two methods when applied to the compiled 
data set. Normalized biaxial tensile strength for the mean 
compressive stress value σ2/|fc′| = 0.12 were estimated at 
0.90 and 0.60 for Kupfer and Gerstle’s and Hampel et al.’s 
expressions, respectively. Furthermore, even for the member 
with the lowest |σ2|/|fc′| = 0.09, Hampel et al.’s expressions 
computed a significant tensile strength reduction σ1/fct = 
0.63.

Because PHCS are usually manufactured using high-
strength concrete, it is considered that Hampel et al.’s 
tension-compression failure envelope is better suited for this 
application. It is worth remarking that more than 72% of the 
entries of the compiled data set have compressive strengths 
greater than 60 MPa (Fig. 1(b)). Moreover, Hampel et al.’s 
expression is consistent with the current reduction factor 
implicitly adopted by ACI 318-19,16 approximated as 0.29​​
√ 

_____
 ​​f​ c​​ ′ ​ ​​/0.5​​√ 

_____
 ​​f​ c​​ ′ ​ ​​ = 0.58. As a result, proposed modifications to 

the ACI 318 provision preserve the current tensile strength 
reduction factor.

The effect of the biaxial stress state is not explicitly included 
in the fib MC 2010 design approach for PHCS. Moreover, fib 
MC 2010 uses the characteristic value of the tensile strength 
fctk for determining the design tensile strength, in contrast 
to Eurocode 2,19 which uses the 5% fractile tensile strength 
of concrete fctk,min = 0.7fctk. As a result, the reduction factor 

R2ct  = 0.6 is proposed to be adopted in the fib MC 2010 
design approach. The factor is based on an analysis of the 
compiled data set using Hampel et al.’s model (Fig. 3(b)).

Shear stress distribution along section width
In his research, Jonsson21 investigated how shear stresses 

are distributed across the width of PHCS (Fig. 5). He 
suggested that the web-shear capacity of a PHCS should 
be determined by the weakest or most stressed web. Webs 
with lower web-shear strength, including those without 
prestressing steel, should be excluded when calculating total 
web-shear strength. To account for shear stress distribution 
in design, Jonsson proposed using the second moment of 
area I to determine the shear stress acting on each web using 
its relative flexural stiffness. As a result, in a PHCS with 
equal web width and similar inner and outer voids, the outer 
webs would experience approximately 50% of the shear 
stress of the inner webs.

Building on Jonsson’s concept, Palmer and Schultz17 
proposed an alternative method for distributing the shear 
stress. The authors suggested using the relative web’s width 
to distribute the shear stress and named this approach the 
axial stiffness method. To validate this proposal, linear finite 
element analyses were conducted to assess both methodol-
ogies, concluding that neither the flexural stiffness nor the 
axial stiffness method accurately predicts the stress distribu-
tion across the section. However, results indicated that the 
axial stiffness method better approximates the shear stress 
distribution for practical purposes.

A comprehensive understanding of the impact of shear 
stress distribution on the web-shear strength can be achieved 

Fig. 4—Effect of biaxial tension-compression in tensile 
concrete strength according to Kupfer et al.’s and Hampel 
et al.’s failure envelopes.

Fig. 5—Schematic illustration of shear stress distribution 
along section width: (a) cross section; (b) shear stress distri-
bution; and (c) exterior and interior webs.
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by considering the cracking shear strength (Vcr). This param-
eter represents the shear force at which initial cracking occurs 
in either the outer or inner webs of the slab. To illustrate 
this concept, the PHCS section displayed in Fig. 5(a) will be 
examined, where different web thicknesses and prestressing 
steel are employed for the inner and outer webs.

Figure 6 provides two distinct force-displacement 
responses that can be expected from the PHCS. In Fig. 6(a), 
the member exhibits a poor post-cracking shear response, 
leading to a significant loss of strength and stiffness in the 
outer webs once they reach the cracking shear strength 
(ΣVcr,ext). Consequently, the shear force initially resisted 
by the outer webs is redistributed to the uncracked inner 
webs. If the cracking shear strength of the inner webs 
(ΣVcr,int) is unable to withstand the total shear force acting 
on the member, immediate failure of the PHCS occurs. This  
analysis reveals that the presence of weaker outer webs 
diminishes the web-shear strength of the inner webs from 
ΣVcr,int to ΣVcr,int′. Therefore, the total shear strength is 
approximated as Vcw ≈ ΣVcr,int′ + ΣVcr,ext.

Conversely, if the exterior webs exhibit a stable post-
cracking shear response, possibly due to the presence of 
transverse reinforcement or fibers, the deep PHCS may reach 
its theoretical web-shear strength, as illustrated in Fig. 6(b).

To incorporate and assess the shear stress distribution 
along the section width in current design expressions—that 
is, ACI 318-19, fib MC 2010, and CSA A23.3-14—a general 
design procedure is proposed as follows

Step 1: Neglect the web-shear strength of webs without 
prestressing strands such that ​​b​ w,unr​ *  ​​ = 0.

Step 2: Assume that the cracking stress equals the 
web-shear stress vcw,iʹ computed using the selected standards. 
For typical PHCS, only two types of webs are needed to be 
considered—that is, i = {exterior, interior}.

Step 3: Estimate the shear stress factor φw,i based on the 
web widths (Eq. (9)).

	​ ​φ​ w,i​​  =  ​ 
​b​ w,i​​ _ max​(​b​ w,i​​)​ ​​	 (9)

Step 4: Determine the effective web-shear stress using 
Eq. (10), which serves to identify the stress level at which 
the initial cracking will take place.

	​ ​v​ cw​​  =  min​(​ 
​​v​ cw,i​​ ′ ​ _________ ​φ​ w,i​​ ​)​​	 (10)

Step 5: Estimate the total web-shear strength of Vcw, 
accounting for the stress distribution according to the chosen 
design standards. For instance, for the ACI methodology, the 
web-shear strength is determined using

	​ ​V​ cw​​  =  ​v​ cw​​ ​∑ 
i=1

​ 
n
 ​​φ​ w,i​​ ​b​ w,i​​ ​d​ p,i​​​​	 (11)

Step 6 (optional): In members with significant differences 
between the web-shear strength of the inner and outer webs, 
the stronger webs may have enough resistance to carry the 
redistributed shear force after the first cracking. In those 
instances, the maximum shear force that can be carried out 
for web type is given by

V* = max(vcr,int′ ∙ bw,int ∙ dp ∙ Nint, vcr,ext′ ∙bw,ext ∙ dp ∙ Next)	 (12)

where Nint and Next are the number of inner and outer webs, 
respectively. Then, the total web-shear strength is taken as 
the maximum of Eq. (11) and (12). A visual representation 
of the design procedure is shown in Fig. 7.

ASSESSMENT OF FACTORS AFFECTING WEB-
SHEAR STRENGTH

The study evaluated the impact of different factors on 
various design expressions using the general design proce-
dure presented in Fig. 7. Size effect and other strength 
reduction factors were also compared among the method-
ologies. Observations 29, 45, and 75 were excluded from 
the analysis due to unusual test conditions. Figure 8 summa-
rizes the factors assessed in each design expression. Statis-
tical parameters including mean value, standard deviation, 
coefficient of variation (COV), minimum, and maximum 
values were used to compare the accuracy and safety of each  
analysis based on the measured-to-predicted ratios Vtest/Vpred. 
Normalized mean absolute error (NMAE) and root mean 
square error (RSME)34 were also evaluated for comparison 
purposes. The NMAE is calculated using Eq. (13)

	​ NMAE  =  ​ 
​ 1 _ n ​ ​∑​​​​​ i=1​ n  ​​|​y​ i​​ − ​​y ̂ ​​ i​​|​​  ___________ ​y​ H​​ − ​y​ L​​  ​​	 (13)

Fig. 6—Schematic force versus displacement response of deep PHCS failing in web-shear: (a) poor post-cracking shear 
strength; and (b) enhanced post-cracking shear strength.
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where yi and ​​​y ̂ ​​ i​​​ are the actual and predicted value for entry i; 
yH is the highest actual value; yL is the lowest actual value; 
and n corresponds to the number of entries in the data set. 
The RMSE is normalized similarly, as shown in Eq. (14)

	​ NRMSE  =  ​ 
​√ 

_____________

  ​ 1 _ n ​ ​∑​​​​​ i=1​ n  ​ ​​(​y​ i​​ − ​​y ̂ ​​ i​​)​​​ 2​​ ​  ______________ ​y​ H​​ − ​y​ L​​  ​​	 (14)

Analyses were assessed using modified demerit point clas-
sification criteria proposed in References 35 and 36, which 
assign a penalty (PEN) to each tier based on the measured-
to-predicted shear strength ratio (Table 2). The total number 
of penalty points determined the safety performance of each 
analysis. The demerit point classification penalizes the over-
estimation of strength and rewards accuracy.

The influence of each factor and a combination of factors 
in the ACI 318 provisions was assessed using a decision tree 

Fig. 7—Flowchart for estimation of web-shear strength.
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analysis (Fig. 9). Similar analyses were conducted for the 
fib MC 2010 and CSA A23.3-14 provisions. A maximum 
combination of three factors were considered for simplicity. 
Table 3 presents the results for each analysis. The statistical 
parameters and demerit point classification were optimized 
to evaluate the performance of each analysis.

Current design provisions and previous proposals were 
also evaluated, as shown in Table 4. In addition to the previ-
ously mentioned design provisions, the analyses included 
the design expressions proposed by the fib MC 2010 level of 
approximation 2, Yang,24 Park et al.,13 El Sayed et al.,11 and 
Brunesi and Nascimbene.18

Based on the results presented in Table 3, the modified 
expressions assessed in analyses 15, 32, and 35 are selected 
for estimating the web shear strength according to the ACI 
318-19, fib MC 2010, and CSA A23.3-14 standards, respec-
tively. In addition, two simplified and more conservative 
design expressions are proposed by assuming φpc = 0 for the 
ACI 318-19 and fib MC 2010 provisions—that is, analyses 
16 and 30, respectively. Similarly, a reduction factor of 0.8 
is applied to the CSA A23.3-14 provision to obtain a more 
conservative approach. Modifications to existing design 

methodologies are presented in detail in the following 
sections.

PROPOSED MODIFICATIONS TO CURRENT 
DESIGN PROVISIONS

The purpose of the proposed modifications is to improve 
the current design provisions without being overly conser-
vative or changing their underlying philosophy. To this end, 
two design expressions for determining the web-shear stress, 
detailed and simplified, are provided per design code. The 
detailed approach incorporates the reduction of fpc and the 
distribution of shear stresses, while the simplified approach 
applies only the stress distribution, ignoring the contribution 
of fpc to shear. This simplification results in more straight-
forward calculations. Nevertheless, it is important to note 
that the simplified methods, while conservative, exhibited 
greater accuracy than the current design provisions.

Modifications to ACI 318-19
The modified ACI 318-19 provision for the web-shear 

stress using the detailed and simplified methods are given by 
Eq. (15) and Eq. (15b), respectively

	​​​ v​ cw,i​​ ′ ​  =  0.29 ​√ 
_____

 ​​f​ c​​ ′ ​ ​ + 0.3 ​φ​ pc​​ ​α​ l​​ ​f​ pc,i​​​	 (15)

	​​​ v​ cw,i​​ ′ ​  =  0.29 ​√ 
_____

 ​​f​ c​​ ′ ​ ​​	 (15b)

where φpc = 0.5 is a reduction factor accounting for decreases 
in fpc to accommodate for the shear lag, increases in end slip 
of prestressing, and variations in the critical point location. 
The factor αl = lx/lt adjusts the effective prestress at the crit-
ical section. The transfer length is taken as ltr = 50db, where 
db is the largest diameter of prestressing strand, and lx is the 

Fig. 8—Overview of factors investigated in each design methodology.

Table 2—Modified version of Demerit Points 
Classification (DPC)36

Vtest/Vpred Classification Penalty

<0.5 Extremely dangerous 10

0.5 to 0.84 Dangerous 5

0.85 to 1.14 Appropriate safety 0

1.15 to 1.99 Conservative 1

≥2 Extremely conservative 2
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distance from the edge of the member to the critical point 
located at h/2 from the inner support face. The compressive 
strength in concrete per web is given by Eq. (16)

	​ ​f​ pc,i​​  =  ​ 
​A​ ps​​ ​f​ se​​ _ ​b​ w,i​​ h

 ​​	 (16)

where Aps is the area of prestressing steel; fse is the effective 
stress in prestressing steel (after allowance for all losses); and 
i is the web type, for typical cases {outer, inner}. The effective 
web shear stress vcw is computed using Eq. (10). Finally, the 
web-shear strength is computed using Eq. (17) as follows

	​ ​V​ cw​​  =  ​d​ p​​ ​v​ cw​​ ​ ∑ 
i=1

​ 
n
 ​​φ​ w,i​​ ​b​ w,i​​​​	 (17)

Modifications to fib MC 2010
The modified fib MC 2010 provision for the web-shear 

stress is given by Eq. (18) and Eq. (18b), respectively

	​​​ v​ cw,i​​ ′ ​  =  ​φ​ s​​ ​√ 
______________

  ​f​ 2ct​  2 ​ + ​α​ l​​ ​φ​ pc​​ ​f​ pc​​ ​f​ 2ct​​ ​​	 (18)

	​​​ v​ cw,i​​ ′ ​  =  ​f​ 2ct​​​	 (18b)

where φpc = 0.9 is a strength reduction factor determined 
from the statistical analysis; and φpc = 0.5 is a reduction 
factor accounting for decreases in fpc. The biaxial tensile 
strength of concrete is taken as f2ct = 0.6fct. The factor αl = 
lx/lbpt,95% adjusts the effective prestress at the critical section, 
in which the transfer length is taken as per the fib MC 2010

	​ ​l​ bpt,95%​​  =  ​ 
0.1φs ​f​ pi​​ _ ​f​ ctd,re​​

  ​​	 (19)

where fpi is the initial prestress; fctd,re = (fctk,min/1.5) is the lower 
design concrete tensile strength for the transmission length 
the strength at the time of release; fctk,min is the minimum 
characteristic tensile strength as per fib MC 2010, Section 
5.1.5; φs is the diameter of the prestressing strand; and lx is 
the distance from the edge of the member to the critical point 
located at yb from the inner support face. The compressive 
strength in concrete per web type is given by Eq. (16).

The web shear stress vcw is determined using Eq. (10). 
Finally, the web-shear strength is calculated as

	​ ​V​ cw​​  =  ​ I _ ​S​ c​​ ​ ​v​ cw​​ ​∑ 
i=1

​ 
n
 ​​φ​ w,i​​ ​b​ w,i​​​​	 (20)

Modifications to CSA A23.3-14
The design provision presented in CSA A23.3 considers 

the effect of compressive stress due to the prestressing force 
in the longitudinal strain parameter at the mid height of the 
section εx. However, in this paper, the longitudinal strain 
at midheight is taken as εx = 0, noting that the section is 
prestressed. Therefore, the shear web-shear stress is deter-
mined as follows using the detailed and simplified methods 
are given by Eq. (21a) and Eq. (21b), respectively

	​​​ v​ cw,i​​ ′ ​  =  β ​√ 
_____

 ​​f​ c​​ ′ ​ ​​	 (21a)

	​​​ v​ cw,i​​ ′ ​  =  0.8β ​√ 
_____

 ​​f​ c​​ ′ ​ ​​	 (21b)

where β is a factor to account for the interlocking of aggre-
gates in concrete members and given by

	​ β  =  ​  520 _ 1000 + ​S​ ze​​ ​​	 (22)

Fig. 9—Set of analysis for ACI 318 web-shear formulation. (Note: PSR is parabolic stress ratio; SEF is size-effect factor; and 
SSF is shear stress distribution factor along section width.)
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Table 3—Statistical parameters for modified design provisions

Reference

Analysis Statistical parameters Total
PENNo. Description Mean STD COV Min Max NMAE NRSME

Modifications to 
ACI 318-1916

1 No factor 1.02 0.24 0.23 0.57 1.61 0.137 0.179 114

2 RF = 0.5 as per code 2.05 0.47 0.23 1.14 3.23 0.397 0.436 162

3 PSR 1.19 0.25 0.212 0.74 1.79 0.162 0.201 137

4 SEF 1.14 0.25 0.222 0.64 1.75 0.158 0.197 142

5 SSF 1.01 0.20 0.196 0.68 1.63 0.128 0.156 142

6 φpc = 0.5 1.12 0.26 0.229 0.61 1.73 0.153 0.191 132

7 φpc = 0 1.24 0.29 0.230 0.65 1.86 0.188 0.228 150

8 SL 1.12 0.26 0.230 0.61 1.71 0.156 0.194 132

9 xcp 1.28 0.41 0.321 0.59 2.67 0.213 0.258 153

10 bw,eff 1.03 0.22 0.215 0.64 1.65 0.128 0.166 132

11 RF = 0.8 1.28 0.29 0.230 0.71 2.02 0.199 0.238 151

12 SSF+PSR 1.28 0.23 0.18 0.91 1.99 0.175 0.22 112

13 SSF+SEF 1.23 0.22 0.18 0.87 1.90 0.158 0.20 100

14 SSF+SL 1.25 0.22 0.18 0.88 1.87 0.165 0.21 100

15 SSF+ (φpc = 0.5) 1.21 0.21 0.18 0.86 1.83 0.148 0.19 90

16 SSF+ (φpc = 0) 1.36 0.25 0.18 0.92 1.96 0.210 0.25 128

17 SSF+SL+PSR 1.45 0.24 0.16 1.01 2.15 0.246 0.28 148

18 SSF+SL+SEF 1.39 0.24 0.17 0.99 2.06 0.225 0.27 138

19 SSF+(φpc = 0.5)+PSR 1.41 0.23 0.16 0.98 2.11 0.227 0.26 148

20 SSF+(φpc = 0.5)+SEF 1.35 0.23 0.17 0.96 2.02 0.206 0.25 130

21 SSF+(φpc = 0)+PSR 1.58 0.26 0.16 1.03 2.24 0.290 0.32 160

22 SSF+(φpc = 0)+SEF 1.52 0.27 0.18 1.01 2.15 0.270 0.31 156

Modifications to fib 
MC 201022 LoA-I

23 LoA-I with no factor* 1.01 0.21 0.21 0.64 1.57 0.125 0.162 121

24 SSF† 1.30 0.24 0.18 0.87 2.08 0.182 0.23 116

25 BT = 0.6 1.12 0.24 0.21 0.70 1.75 0.143 0.18 122

26 φcp = 0.5* 1.16 0.24 0.21 0.72 1.76 0.155 0.19 133

27 φcp = 0* 1.42 0.30 0.21 0.82 2.05 0.237 0.28 142

28 SL† 1.23 0.26 0.21 0.74 1.82 0.179 0.22 142

29 SSF+BF+(φpc = 0.5†) 1.20 0.20 0.17 0.86 1.84 0.143 0.18 88

30 SSF+BF+(φpc = 0†) 1.43 0.23 0.16 0.94 2.04 0.238 0.28 150

31 SSF+BF+SL† 1.62 0.30 0.18 1.09 2.60 0.299 0.33 160

32 SSF+BF+(φpc = 0.5)+(RF = 0.9) 1.33 0.22 0.17 0.96 2.05 0.197 0.24 126

33 SSF+BF+(φpc = 0)+(RF = 0.9) 1.59 0.26 0.16 1.05 2.26 0.292 0.33 160

Modifications to 
CSA A23

34 No factor 1.06 0.24 0.22 0.54 1.54 0.144 0.187 134

35 SSF 1.16 0.20 0.18 0.80 1.67 0.135 0.179 98

36 SSF+PSR 1.21 0.19 0.16 0.81 1.73 0.151 0.197 91

37 SSF+(RF = 0.8) 1.45 0.25 0.18 1.00 2.09 0.246 0.288 146

Note: PSR is parabolic stress factor; SEF is size-effect factor; SSF is shear distribution factor; STD is standard deviation; φpc is reduction factor multiplying fpc; SL is shear lag as 
in ref; xcp is location of critical point at junction flange-to-web; bw,eff is effective width neglecting width without reinforcement; BT is biaxial tensile strength factor multiplying fctm; 
RF is reduction factor multiplying web-shear strength.
*Expression using the design tensile concrete strength fctd.
†Expression without reduction factor of 0.8.
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The effective crack spacing Sze is calculated as follows

	​ ​S​ ze​​  =  ​  35 ​d​ v​​ _ 15 + ​d​ ag​​
 ​​	 (23)

with dv = max(0.9dp, 0.72h); and dag is the maximum aggregate 
size, taken not greater than 20 mm. The web shear stress vcw is 
determined using Eq. (10). Finally, the web-shear strength is 
estimated using Eq. (24)

	​ ​V​ cw​​  =  ​d​ v​​ ​v​ cw​​ ​∑ 
i=1

​ 
n
 ​​φ​ w,i​​ ​b​ w,i​​​​	 (24)

It is worth noting that, as the effect of the axial load is not 
explicitly considered in this approach, the simplified method 
should be regarded as a conservative approach.

Limit condition for assessing strength decay of 
deep PHCS

In this study, deep PHCS were defined as members with h ≥ 
315 mm, as recommended by the ACI 318 Code.16 However, 
as shown in Fig. 10, the Vtest/Vpred did not exhibit a strong 
correlation respect to the member thickness. In other words, 
in many cases, unmodified provisions were able to predict 
the web-shear strength of deep members. For instance, the 
application of the ACI 318-19 method in members with 
thicknesses within the range of 350 to 450 mm resulted in 
Vtest/Vpred ranging from 0.57 to 1.52. However, for members 
with h > 450 mm, Vtest/Vpred ranged from 0.91 to 1.21.

In response, this study proposes a new parameter based on 
the effective depth and the ratio of outer-to-inner web thickness 
dp(bw,ext/bw,int) as the limiting condition for using the proposed 
modified design provisions. Figures 10(d) to (f) show the 
measured-to-predicted ratios versus the proposed parameter 
for the current design provision. As can be seen, for values 

of the proposed parameter less than 400 mm, current design 
provisions predict the web-shear capacity of the members 
satisfactorily. Nonetheless, for greater values, significant 
decreases in web-shear strength are observed. Moreover, the 
correlation between the proposed parameter and Vtest/Vpred was 
indicated by the relatively high coefficient of determination R.

Example of application of modified ACI 318-19 
approach

This example considers observation 39 of the compiled 
data set, reported in Palmer and Schultz.6 The PHCS 
was reported to fail in web-shear at an applied shear of 
277.36 kN.

First, the suitability of the modified ACI 318-19 provisions 
needs to be checked. Because the parameter dp(bw,ext/bw,int) = 
365 mm × (72.5 mm / 48.4 mm) = 542 mm > 400 mm, the 
modified ACI 318-19 provision is used.

The cross section of the unit comprised six inner webs 
(48.8 mm wide) and two outer webs (72.5 mm wide). 
However, following the proposed design procedure in Fig. 7, 
two inner webs shall be neglected in the calculations due 
to their lack of prestressing strands. Therefore, Next = 2 and 
Nint = 4. The shear stress distribution factors are estimated as 
φw,int = (48.8/72.5) = 0.67 and φw,ext = (72.5/72.5) = 1, then 
the web shear stress, according to the modified ACI 318-19 
approach (Eq. (15)), is calculated as follows

	​ ​[​
​​v ′ ​​ cw,ext​​

​ ​​v ′ ​​ cw,int​​
 ​]​  =  0.29 ​√ 

_
 55.1 ​ + 0.3 × 0.5 × 0.48 × ​[​1.86​ 2.75​]​   

	 =  ​[​2.43​ 2.57​]​MPa​

with the effective shear stress computed as 

	 vcw = min​​(​ 2.43 _ 1  ​ ,  ​ 2.57 _ 0.67 ​)​​ = 2.43 MPa

Table 4—Statistical parameters for design provisions and previous proposals

Reference

Analysis Statistical parameters Total
PENNo. Description Mean STD COV Min. Max. NMAE NRSME

ACI 318-1916
1* No RF 1.02 0.24 0.23 0.57 1.61 0.137 0.179 114

2* RF = 0.5 per code 2.05 0.47 0.23 1.14 3.23 0.397 0.436 162

fib MC 201022

38 LoA-I with fctm 0.74 0.15 0.21 0.46 1.13 0.296 0.341 355

23* LoA-I with fctd 1.01 0.21 0.21 0.64 1.57 0.125 0.162 121

38 LoA-II with fctm 0.67 0.15 0.23 0.33 1.06 0.429 0.498 420

39 LoA-II with fctd 1.03 0.30 0.29 0.47 2.13 0.163 0.210 159

CSA A23.3-1423 34* No factor 1.06 0.24 0.22 0.54 1.54 0.144 0.187 134

Yang24
40 With fctm 0.67 0.17 0.26 0.32 1.03 0.444 0.551 395

41 with fctd 1.11 0.40 0.36 0.48 2.29 0.203 0.257 175

Brunesi and 
Nascimbene18

42 EC2+RF (Cs) with fctm 0.96 0.25 0.26 0.55 1.54 0.190 0.231 209

43 EC2+RF (Cs) with fctd 1.33 0.35 0.26 0.76 2.18 0.195 0.234 127

Park et al.13 44 ACI 318+RF = η
refer to Table 1 1.44 0.39 0.27 0.75 2.43 0.255 0.308 151

El Sayed et al.11 45 ACI+RF = k
refer to Table 1 1.19 0.27 0.23 0.65 1.83 0.177 0.216 155

*Analysis repeated for comparison reasons.
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Finally, for typical cases, the web-shear strength is given 
by Eq. (25)

	 Vcw = vcw(φw,extbw,extNext + φw,intbw,intNint)dp	 (25)

Therefore, Vcw = 2.43 × (1 × 72.5 × 2 + 0.67 × 48.8 × 4) × 
(363.5/1000) = 244 kN.

Using the simplified approach—that is, assuming φpc = 
0—the web-shear strength is computed as

	 Vcw = 0.29​​√ 
_

 55 . 1 ​​(1 × 72.5 × 2 + 0.67 × 48.8 × 4) × 		
	 (363.5/1000) = 216 kN

Thus, Vtest/Vpred = 277.36 kN/244 kN = 1.14 is calculated 
for the modified ACI 318 expression. For the simplified 
expression, the ratio is Vtest/Vpred = 277.36 kN/216 kN = 
1.28. For comparison purposes, the ACI 318-19 web-shear 
expression ratio is 1.47 (with RF = 0.5) and 0.73 (no RF), 
respectively. Similar procedures are used for the modified fib 
MC 2010 and CSA A23.3 design procedures.

COMPARATIVE ACCURACY AND SAFETY OF 
MODIFIED EXPRESSIONS

Comparison against current design provisions
Figure 11 shows measured-to-predicted ratios versus the 

dp(bw,ext/bw,int) parameter for current design provisions, the 
previous proposal, and modified provisions. The measured-
to-predicted ratios for the current design provisions 
(Fig.  11(a) to (c)) indicated that proposed modifications 
(Fig. 11(g) to (i)) offer safer predictions without compro-
mising accuracy. For instance, proposed modifications lead 

to an increase in minimum Vtest/Vpred values compared to 
current design provisions, with improvements ranging from 
0.57 to 0.86 (ACI 318-19), 0.64 to 0.86 (fib MC 2010), and 
0.54 to 0.80 (CSA A23.3). Mean values of modified design 
expressions are less than 1.25, with COV ranging from 0.17 
to 0.18, indicating a “very good” score based on the system 
presented by Frosch and Wolf.37

Modifications to the ACI 318-19 provisions led to notable 
improvements, including a 20% reduction in total PEN (from 
114 to 90) and decreased COV by 22% (from 0.23 to 0.18).

The current design approach of ACI 318, which involves 
an RF of 0.5, prioritizes safety over accuracy, as evidenced 
by the Vtest/Vpred ranging from 1.14 to 3.23, with a mean of 
2.05 and COV of 0.23. However, this degree of conserva-
tism may be unnecessary given that the simplified ACI-mod-
ified expression (φpc = 0) proposed in this study displayed 
significantly superior statistical parameters. The proposed 
simplified approach yielded Vtest/Vpred ranging from 0.92 to 
1.96, a mean of 1.36, and a COV of 0.18, and resulted in 
improvements in the total PEN by 21%, the NMAE by 47%, 
and the NRSME by 42%.

The proposed modifications to the fib MC 2010 expres-
sion showed significant improvements in safety. Despite 
using the design tensile strength fctd, unsafe Vtest/Vpred values 
were still calculated. The statistical parameters also showed 
enhancements, including an increase in the minimum value 
of Vtest/Vpred from 0.64 to 0.86 and a decrease in both COV 
from 0.21 to 0.17 and total PEN by 27% compared to the 
code provision.

For the CSA A23.3 provision, significant decreases in the 
COV of 18% (0.22 to 0.18) and total PEN of 27% (134 to 

Fig. 10—Measured-to-predicted ratios versus height and limiting parameter dp(bw,ext/bw,int).
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98) were computed. Meanwhile, minimal reductions were 
measured in the NMAE (6%) and the NRSME (4%).

Comparison against previous proposals in 
literature

Figures 11(d) to (f) display measured-to-predicted ratios 
for previous proposals in the literature. Similar to current 
design provisions, the modified design expressions outper-
formed the statistical parameters of previous proposals. For 
example, modifying the ACI 318 web-shear strength provi-
sion resulted in reductions of 31%, 33%, and 20% in COV 

compared to the formulations by Brunesi and Nascimbene,18 
Park et al.,13 and El Sayed et al.,11 respectively. The total PEN 
also decreased by 29%, 40%, and 41%, respectively. More-
over, the simplified ACI 318 approach proposed in this work 
also exhibited superior performance compared to previous 
proposals in terms of statistical parameters (refer to Tables 3 
and 4). Likewise, a safer minimum value of Vtest/Vpred of 0.96 
was measured, in comparison with the minimum Vtest/Vpred 
for the previous proposals of 0.76 (Brunesi and Nascim-
bene18), 0.75 (Park et al.13), and 0.65 (El Sayed et al.11).

Fig. 11—Measured-to-predicted ratios for code and modified methodologies.
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CONCLUSIONS
This study evaluated the main factors affecting the shear 

strength of deep prestressed hollow core slabs (PHCS). To 
this end, the accuracy and safety of three main design methods 
used to estimate deep PHCS’s web-shear strength were first 
assessed, confirming unsatisfactory demand-to-capacity 
ratios.

The effect of three factors on the web-shear strength—that 
is, effective compressive stress, biaxial tensile strength, and 
shear stress distribution across the section width—was iden-
tified and quantified.

A tensile strength reduction factor of 0.60 was found to 
be required due to the biaxial stress state at the critical point 
and the typical use of high-strength concrete in the manufac-
turing of PHCS.

In addition, a new approach was introduced for incorpo-
rating the shear stress distribution into design provisions. 
The proposals account for the typical differences in the 
width and prestressing level in outer and inner webs.

Furthermore, the study proved that reducing the effec-
tive compressive stress in concrete at the critical point to 
50% improved web-shear strength predictions. This reduc-
tion factor was supported by previous research attributing 
changes in the effective compressive stress to factors such as 
void shape, shear lag, and greater initial end slip, which are 
expected to be more critical in deep PHCS.

Although additional parameters such as size-effect factor 
and parabolic stress ratio were evaluated, they had minimal 
impact on the predictions and were excluded from the final 
expression for simplicity.

The proposed modifications to current design provisions 
improved safety and accuracy, increasing the minimum test-
to-predicted strength ratio, and decreasing the coefficient 
of variation (COV). Moreover, a simplified design proce-
dure was presented, which neglects the beneficial effect of 
the prestressing force on the shear capacity. The simpli-
fied approach showed significant improvements in safety 
and accuracy compared to current design provisions and 
previous proposals in the literature.

The study recommended a new parameter to limit the 
application of current design provisions based on the effec-
tive depth and the ratio of outer-to-inner web thickness. It 
was shown that for values greater than 400 mm, proposed 
modifications in design provisions are necessary to avoid 
overestimating web-shear strength. This parameter can 
also be a limiting condition for cross-section geometry, but 
further research is needed to validate its applicability.

Finally, although the proposed modifications can be easily 
integrated into design standards, experimental investigations 
and validations are recommended to refine the proposed 
methodologies.
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NOTATION
Ac	 =	 area of PHCS section
a, b, 
c, d	 =	 parameters in Hampel et al.’s failure envelope
av	 =	 shear span
bw	 =	 web width at neutral axis
bw,ext	 =	 outer web width at neutral axis
bw,i	 =	 width at web type i
bw,int	 =	 inner web width at neutral axis
bw,unr*	=	 width of unreinforced webs
Cs	 =	 strength modification factor taking into account void’s shape in 

Brunesi and Nascimbene’s method
C1, C2, 
C3	 =	 constants for determining Cs in Brunesi and Nascimbene’s 

method
dp	 =	 effective depth
Fp	 =	 prestressing force
fc′	 =	 concrete compressive strength
fcp	 =	 effective compressive stress in concrete
fcp,i	 =	 effective compressive stress in concrete at web i
fct	 =	 tensile strength
fctd	 =	 design tensile strength
fse	 =	 effective stress in prestressing steel after allowances for all 

prestress losses
f2ct	 =	 biaxial tensile strength
h	 =	 overall thickness or depth of member
I	 =	 second moment of area
lbpt,95%	=	 transmission length of prestressing strands according to fib MC 

2010
ltr	 =	 transfer of transmission length of prestressing strands
lx	 =	 distance from edge of member to critical point
n	 =	 number of entries in data set
Q	 =	 first moment of area above and about centroidal axis
R2ct	 =	 reduction factor for tensile strength
Sc	 =	 first moment of area above and about centroidal axis in fib MC 

2010 design provision
Vcr	 =	 cracking shear strength
Vcr,ext	 =	 cracking shear strength of outer webs
Vcr,int	 =	 cracking shear strength of inner webs
Vcw	 =	 web-shear strength
Vpred	 =	 predicted web-shear strength
Vtest	 =	 measured shear strength
V*	 =	 maximum web-shear strength per web type
ν	 =	 shear stress
νcw	 =	 effective web-shear stress considering shear distribution
νcw,iʹ	 =	 web-shear stress from design standards
yc	 =	 height of neutral axis
yi	 =	 actual value
​​​y​​ ^ ​​ i​​​	 =	 predicted value
φcp	 =	 reduction factor to effective compressive stress in concrete
φw,i	 =	 shear stress factor at web i
σ1	 =	 principal stress in tension
σ2	 =	 principal stress in compression
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In tall core-wall buildings with concrete unbonded post-tensioned 
flat-plate gravity framing, modeling the behavior of the slab-wall-
column framing under earthquake loading can be crucial to deter-
mining structural response quantities for the design of the flat-plate 
framing. The outrigger action of the gravity system also affects the 
overall dynamic properties of the building and may affect wall 
moment and shear demands. The outrigger effect can be modeled 
using a slab-beam model, which uses linear-elastic frame elements 
with concentrated nonlinear hinges at each end. In this study, the 
slab-beam model is calibrated using results from a slab-wall-
column laboratory test. Recommendations suitable for design- 
office practice are presented.

Keywords: earthquake engineering; flat plate; gravity framing; nonlinear 
modeling; outrigger action; plastic hinge; post-tensioned slab; slab-column 
joint; slab-wall connection.

INTRODUCTION
Reinforced concrete core walls are a prevalent seismic- 

force-resisting system in tall buildings. The typical layout 
is a centrally located core wall surrounded by gravity 
framing, which often consists of concrete unbonded post- 
tensioned slab-column framing. The slab-column framing 
acts as an outrigger for the overall building and thereby 
contributes to the overall overturning resistance. The 
resulting accumulation of axial forces on the perimeter 
columns can potentially be large enough to control the 
column design. For these reasons, guidelines for tall building 
design (PEER TBI 2017; LATBSDC 2020) recommend that 
gravity framing be included in the dynamic analysis model 
to obtain the best estimate of the expected response.

ASCE/SEI 7-16 (2017) and ACI 318-19 (ACI Committee 
318 2019) require gravity systems to be designed for 
gravity loads, including vertical seismic load effects. ASCE/
SEI 7 also requires the gravity system under risk-targeted 
maximum considered earthquake (MCER) loading to satisfy 
deformation compatibility using the mean building displace-
ments from the suite of nonlinear response-history analyses. 
The current prescriptive provisions of the building code 
are based on a traditional approach that requires that the 
prescribed lateral forces be resisted by vertical elements of 
the seismic-force-resisting system that have been detailed to 
be capable of lateral force resistance without critical strength 
decay. For reinforced concrete, only special moment frames 
and special structural walls (and not flat-plate frames) are 
permitted to resist prescribed lateral earthquake forces.

The coupling between a core wall and slab-column 
framing can be modeled by including equivalent slab-beams 
connecting the core walls to the perimeter columns. The 

slab-beam model can be an assembly of a linear-elastic 
frame element, representing the effective stiffness of the 
slab, and nonlinear moment-rotation hinges at both ends, 
representing the post-yield response of the slab-wall and 
slab-column connections. In this study, the stiffness and 
strength of the slab-beams are calibrated using test results 
reported by Klemencic et al. (2006). An example calculation 
using a typical story of a tall core-wall building with flat-
plate gravity framing shows the importance of considering 
the “outrigger effect” when determining column axial forces 
for design.

RESEARCH SIGNIFICANCE
This study proposes a model for the stiffness and strength 

of slab-wall-column outrigger framing systems calibrated by 
laboratory test data. An example calculation of the outrigger 
effect on column axial force in a typical story of a tall core-
wall building shows the potential importance of including 
the slab outrigger effect in design.

STRUCTURAL SYSTEM DESCRIPTION
This study is developed considering a 40-story-tall arche-

typal building with the floor plan shown in Fig. 1. The struc-
tural system includes a centrally located core wall, which 
supports gravity loads and is the primary lateral-force- 
resisting system, and slab-column framing, which is 
intended primarily to support gravity loads. For tall build-
ings on the West Coast of the United States, wall thicknesses 
typically range from 24 to 42 in. (610 to 1070 mm), and 
column cross-sectional dimensions typically range from 24 
to 48 in. (610 to 1220 mm). Typical unbonded post-tensioned 
flat-plate floors have thicknesses of approximately  8  in. 
(203 mm) with spans of approximately 25 to 35 ft (7.6 to 
10.7 m), although shorter spans sometimes occur to accom-
modate architectural requirements.

The two options for construction are either to cast the 
wall ahead of the slab-column framing and then cast the 
slab-column framing with connections to the previously cast 
wall, or to cast each level and its components sequentially 
along the height of the building. The first option creates a 
vertical cold joint between the flat plate and the core wall. 
The cold joint needs to be capable of resisting out-of-plane 
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shear and moment due to gravity and other loads as well 
as in-plane diaphragm forces, all while sustaining rotations 
as the building sways under earthquake shaking. A common 
approach is to anchor the slab post-tensioning just short 
of the wall and lap-splice it with mild reinforcement that 
connects across the vertical joint at the wall interface using 
form-saver mechanical splices. Questions about the perfor-
mance capability of this connection detail led to the develop-
ment of a laboratory testing program.

LABORATORY TESTS
Laboratory tests were conducted to study the behavior 

of the slab-wall-column framing described in the previous 
section (Klemencic et al. 2006). The present study focuses 
on Specimen 2 of that test program. The test specimen 
dimensions are shown in Fig. 2. The 10 ft (3.05 m) width 
of the specimen represents approximately one-third of a 
typical span in the transverse direction. The slab had six 
ASTM A416 Grade 270, 1/2 in. (13 mm) diameter unbonded 
post-tensioning tendons spaced at 18 in. (457 mm) on center, 
draped in the longitudinal direction to be 6.5 in. (165 mm) 
above the bottom of the slab at the column and 1 in. (25 mm) 
above the bottom of the slab at midspan, with anchors placed 
one slab thickness (8 in. [203 mm]) from the face of the 
wall. Figure 3 identifies additional details at the slab-wall 
connection. The slab-column connection was reinforced 
with 10 No. 5 (No.  16) top bars centered on the column 
in each direction and three No. 5 (No. 16) bottom bars 
through the column cage. All nonprestressed reinforcement 
was ASTM A615 Grade 60 (Grade 420). The slab-column 
connection had three stud rails extending from each face, 
each with nine 1/2 in. (13 mm) diameter studs at 3-3/4 in. 

(95 mm) spacing made from low-carbon steel C1015 in 
accordance with ASTM A108 (fy = 50 ksi [345 MPa]). The 
mean concrete compressive strength of the slab concrete was 
6.1 ksi (42 MPa).

In the test setup, lead weights were distributed over the 
plan area of the slab to simulate expected superimposed 
gravity loads of approximately 30.5 lb/ft2 (1.46 kPa). The 
wall and column were pinned at the base, and reversed 
cyclic lateral forces were applied simultaneously at the top 
of the wall and column in the loading direction, as shown in 
Fig. 2. The lateral forces resulted in reversed cyclic lateral 
displacements with progressively increasing amplitudes 
corresponding to drift ratios. Positive drift ratio was defined 
as the direction from the wall toward the column. In a real 
building, loading in the negative direction would subject 
the wall segment (representing the wall flange) to flex-
ural tension, resulting in wall flange uplift in upper stories 
that would increase the rotational demands on the slab. To 
approximate this effect, the testing protocol doubled the 
imposed displacements for loading in the negative direction 
(Klemencic et al. 2006).

Figure 4 presents the measured relationship between total 
lateral force and lateral drift ratio. (The building equivalent 
drift ratio is defined as the test specimen drift ratio for posi-
tive drifts and half those values for negative drifts to approx-
imate the uplift effect described in the previous paragraph.) 

Fig. 1—Plan view of mid-level floor of archetypal tall core-
wall building with flat-plate gravity framing.

Fig. 2—Isometric view of test specimen (adapted from 
Klemencic et al. [2006]). (Full-color PDF can be accessed 
at www.concrete.org.)

Fig. 3—Test specimen detailing at slab-wall connection for 
Specimen 2.
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The relationship shows nearly linear behavior for small drift 
ratios with progressively softer, nonlinear behavior as drift 
amplitudes increased. Strength degradation resulting from 
the fracture of slab top dowel bars is apparent for building 
equivalent drift ratios beyond –0.025.

The calculation of slab moment strength requires an esti-
mate of the post-tensioning force in the slab. Figure 5 shows 
the measured force in a single strand as a function of the 
test specimen drift ratio. This study is mainly interested in 
positive drift ratios, as these correspond to hogging rotation 
in the slab (that is, tension near the top surface) near the 
slab-column connection. The strand force increases with 
both increasing lateral drift and repeated cycles at the same 
drift level.

The increase in post-tensioning force with increasing 
drift can be explained in terms of the idealized connec-
tion deformations shown in Fig. 6, which is adopted from 
ACI 550.3-13 (Joint ACI-ASCE Committee 550 2013). The 
interface of the slab and column is assumed to develop a 
single crack that rotates about the neutral axis. The opening 
of the crack at the level of the strand is δprs = θ(dp – c), 
where θ is the crack opening angle, dp is the depth from the 
extreme compression fiber to the centroid of the strand, and 
c is the flexural compression depth at the probable moment 
strength. As a simplification, the opening angle θ is approx-
imated as being equal to the drift ratio. If the crack opening 
produces strand elongation that is spread uniformly along 
the unbonded strand length Lups, then the change in strain 
is Δεprs = δprs/Lups. Note that a significant change in stress 
would only occur under positive drift (hogging rotation at 
the column) because of the 6.5 in. (165 mm) elevation of the 
strand above the bottom of the slab at the column. A crack 
opening at the slab-wall connection does not produce strand 
elongation because the strand stops one slab thickness from 
the face of the wall. From this model, the change in strand 
force is ΔFps = ApsEpsΔεps, where the area of a single tendon 
Aps = 0.153 in.2 (98.7 mm2) and the modulus of elasticity 
Eps  = 27,000 ksi (197,000 MPa). Combining terms, the 
change in strand force ΔFps in terms of drift ratio (δx/hsx) is

	​ Δ ​F​ ps​​  =  ​A​ ps​​​E​ ps​​​ 
​d​ p​​ − c

 _ ​L​ ups​​  ​​(​ ​δ​ x​​ _ ​h​ sx​​
 ​)​​	 (1)

Figure 5 shows the calculated variation of strand tensile 
force with increasing drift ratio. The slope of the calculated 
relationship is close to the slope measured during loading 
cycles of increasing lateral drift. The calculated relationship 
falls short of the measured relationship overall, however, 
because the analytical model does not include the progres-
sive increase in tendon force for repeated load cycles at 
constant amplitude.

EQUIVALENT FRAME MODELING
Modeling a slab-wall-column framing system using 

plate-bending elements is usually impractical for nonlinear 
response-history analysis of a tall building. A more common 
approach is to subdivide the flat plate into a series of equiv-
alent frames spanning between the wall(s) and columns. 
Each equivalent frame consists of a slab-beam strip centered 
on a column representing the mechanical properties of 
the slab bounded by panel centerlines between columns 
(Fig.  7). Slab-column connections and slab-wall connec-
tions may have different mechanical properties because of 
their different support conditions. To represent this behavior, 
the approach adopted (Hwang and Moehle 2000) divides the 
slab-beam at the midpoint of the span, with different beam 
effective widths in the two beam halves (Fig. 7).

Fig. 4—Measured relationship between total horizontal 
force and drift ratio.

Fig. 5—Measured and calculated strand prestress force 
versus drift ratio.

Fig. 6—Rotation of slab-column joint elongates prestressing 
strand.



146 ACI Structural Journal/March 2024

In a complete building model, nonlinear behavior may 
occur in the slab, columns, and walls. A nonlinear response 
can be represented using a variety of nonlinear modeling 
approaches (for example, PEER TBI [2017]). To model the 
laboratory test specimen (Fig. 2), the model shown in Fig. 8 is 
adopted. The slab-beam model consists of three linear-elastic 
beam elements: one for the half span nearer the column, one 
for the half span nearer the wall, and another for the slab 
cantilever. A bilinear hysteretic moment-rotation hinge was 
placed at each end of the beam to represent the nonlinear 
slab-wall or slab-column response, which corresponds to a 
lateral side-sway mechanism that was confirmed by struc-
tural analysis. (Hinges distributed along the span should also 
be considered in cases where hinging could occur along the 
slab span.) The column and wall were significantly stronger 
than the slab connections and, consequently, were modeled 
using linear-elastic line elements.

Slab effective lateral stiffness
When a slab-column connection is subjected to lateral 

loading, the slab experiences moments and rotations that 
are largest near the column and decrease with increasing 
transverse distance from the column. Vanderbilt and Corley 
(1983) describe an equivalent or effective beam-width 
model in which the slab is replaced by a prismatic beam of 
width be = αℓ2 having equivalent rotational stiffness, where 
the coefficient α accounts for the nonuniform rotation of the 
slab across its width, and ℓ2 is the width of the slab panel 
perpendicular to the direction that slab moments are being 
determined (Fig. 7). Flexural stiffness is calculated from the 
gross section of the slab considering the slab-beam effective 
width and total thickness h. Vanderbilt and Corley (1983) 
proposed an additional reduction factor β to account for the 
effect of slab cracking on effective stiffness.

Hwang and Moehle (2000) proposed that the coefficient be 
for interior slab-column connections be determined as

	 be = 2c1 + ℓ1/3	 (2)

where c1 is the dimension of the rectangular or equivalent 
rectangular column measured in the direction of the span ℓ1, 
where ℓ1 is the span length in the direction that moments are 
being determined, measured center-to-center of supports. 

The equation was derived from the results of elastic-plate 
theory and finite element analyses for slab panels having 
2/3 ≤ ℓ2/ℓ1 ≤ 3/2. It is intended to be used in an analytical 
model that represents the slab-column joints as rigid. For a 
slab-wall connection in which the slab frames into the wall 
flange along its entire width, be = ℓ2 should be used. Based on 
a study summarized in Appendix A, for a slab-wall connec-
tion in which the slab frames into the wall flange along only 
a portion of its width, the value of be can be taken equal to 
the contact width plus 0.7 times the width of the equivalent 
frame extending beyond the flange.

For nonprestressed slabs, Hwang and Moehle (2000) 
proposed

	​ β  =  ​ 4​c​ 1​​ _ ​ℓ​ 1​​ ​  ≥  ​ 1 _ 3 ​​	 (3)

The lower limit of β = 1/3 is consistent with the proposal 
by Vanderbilt and Corley (1983). For post-tensioned slabs, 
Kang and Wallace (2005) proposed a lower limit of β = 1/2, 
considering reduced cracking due to the compression effects 
of prestressing. This approach to stiffness modeling using 
an effective beam width is recognized in ASCE/SEI 41-17 
(2017).

In a building model where column and wall yielding might 
occur, the adopted analytical models should adequately 
represent the effects of axial-flexural interaction. For walls, 
it is also important to model flange uplift associated with 
axial elongation and neutral axis migration. For modeling 
this test specimen, however, inelastic response and uplift are 
not expected, so linear-elastic line elements are adopted for 
columns and walls.

The effective width represented by Eq. (2) is not directly 
applicable to the slab-column connection of the laboratory 
test structure because the transverse dimension of the test 
slab (Fig. 2) is only approximately one-third of the trans-
verse span in a typical building (Fig. 1), and the slab aspect 
ratio falls outside the range for which Eq. (2) was derived. If 
this limitation is ignored, then the calculated effective width 
at the slab-column connection is equal to be = 2 ∙ 24 in. + 
348 in./3 = 164 in. (2 ∙ 0.61 m + 8.84 m/3 = 4.27 m), which 
exceeds the provided width of 120 in. (3.05 m). Here, be = 
120 in. (3.05 m) is taken at both the column and wall connec-
tions, which is the correct value at the slab-wall connection 
but slightly overestimates the effective width at the slab-
column connection. To account for slab cracking, the addi-
tional stiffness reduction factor β = 1/2 is applied.

Fig. 7—Framing system is modeled using series of equiva-
lent beam-column-wall frames.

Fig. 8—Analytical model of specimen from laboratory test.
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Slab-wall and slab-column connection strengths
In the general case, connection strength can be limited by 

either the strength of the slab or the strength of the supporting 
column or wall. In the test structure (Fig. 2), as in most tall 
buildings, connection strength is limited by the slab.

The slab-wall connection strength is taken as the probable 
moment strength Mpr following the method in ACI 318. Zero 
axial force in the slab is assumed because the prestressing 
stops short of the wall (Fig. 3) and the externally applied 
forces in the test setup produce negligible slab axial force. (In 
a real building, however, there may be some in-plane iner-
tial forces and precompression from the post-tensioned slab 
extending around the core wall.) Considering top and bottom 
Grade 60 No. 5 at 12 in. (Grade 420 No. 16 at 305 mm), the 
probable moment strength based on a maximum bar stress 
capacity of 1.25fy is calculated as 1640 kip∙in. (185 kN∙m). 
One-way shear strength at the connection with the wall does 
not limit connection moment transfer strength.

At a slab-column connection, strength can be limited by 
four different strength quantities (Fig. 9): 1) one-way shear 
strength of the full transverse width of the slab; 2) moment 
strength of the full transverse width of the slab; 3) moment 
transfer strength as limited by slab moment capacity near the 
column; and 4) two-way shear strength of a critical section 
about the column.

The one-way nominal shear strength of the full transverse 
width of the slab is the sum of shear strength contributions 
from concrete and shear reinforcement, Vn = Vc + Vs, taken at 

the critical section for prestressed slabs located at a distance 
h/2 from the face of the column. Vc is calculated following 
ACI 318 for concrete shear strength in prestressed flexural 
members, where Vc is the lesser of the flexure-shear strength 
and web-shear strength. The shear capacity provided by 
shear reinforcement in the form of three stud rails is Vs = 
3Av fytd/s, where Av is the area of a single stud, fyt is the stud 
yield strength, d is the effective depth of the slab (taken as at 
least 0.8h for prestressed two-way slabs), and s is the spacing 
of the studs measured perpendicular to the assumed one-way 
shear failure line. The moment at the face of the column 
corresponding to the development of Vn at h/2 from the face 
was estimated using a linear-elastic analytical model with 
geometry similar to the one shown in Fig. 8. The resulting 
moment greatly exceeded moments corresponding to other 
failure modes (Table 1), such that the details of the calcula-
tion were not critical.

The moment strength of the full transverse width of the 
slab is adapted from the ACI 318 method for the probable 
moment strength Mpr. The strain of the concrete section and 
bonded reinforcement is assumed to vary linearly through 
depth, with a peak compressive strain equal to 0.003. Stress 
in the bonded reinforcement is proportional to strain, up to a 
limiting stress of 1.25fy. Force in the unbonded prestressing 
strands is assumed to vary with lateral drift ratio, as described 
previously in relation to Fig. 6 and Eq. (1). The depth to the 
neutral axis c is obtained from iteration, assuming the axial 
force in the post-tensioned section is equal to the number 
of post-tensioning tendons multiplied by the calculated final 
prestress force per tendon, Fps. Given the specified effective 
prestress force Fpe = 26.8 kip/strand (119 kN) before testing 
and the drift ratio at MCER demand levels is assumed equal 
to 1.5  times the design limit of 0.02, the calculated final 
prestress force Fps for hogging rotation is

	​ Δ ​F​ ps​​  =  ​A​ ps​​​E​ ps​​​ 
​d​ p​​ − c

 _ ​L​ ups​​  ​​(​ ​Δ​ x​​ _ ​h​ sx​​
 ​)​  =   

​(0.153 ​in.​​ 2​)​​(27,000 ksi)​​(​ 6.5 in. − 1.22 in.  _______________ 400 in.  ​)​​(0.03)​ = 1.64 kip​

[​(9.871 × 10–5 ​m​​ 2​)​​(186,200 MPa)​​(​ 0.1651 m − 0.0310 m  _______________  10.16 m  ​)​ 
 
	 = 7.28 kN]​​

	 Fps = Fpe + ΔFps = 28.4 kip (126 kN) 

Fig. 9—Four limits on strength at slab-column connection. 

Table 1—Summary of strength limits at slab-column connection

Strength limit Expected strength at critical section Moment strength at column face, kip∙in. (kN∙m)

(a) One-way shear strength of full slab Vn = 162 kip (719 kN)* 23,000 (2600)

(b) Flexural strength of full slab
Hogging Mpr = 3150 kip∙in. (360 kN∙m) 3150 (360)

Sagging Mpr = 1260 kip∙in. (143 kN∙m) 1260 (143)

(c) Flexural strength of effective 
transfer width

Hogging Mpr = 1810 kip∙in. (205 kN∙m) 3020 (342)

Sagging Mpr = 764 kip∙in. (86.3 kN∙m) 1270 (144)

(d) Two-way shear transferred across connection Msc = 8490 kip∙in. (960 kN∙m)† 8030 (908)

*Located at h/2 from the face of the column.
†Located at the center of the critical section.
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The resulting probable moment strength is Mpr = 
3150 kip∙in. (360 kN∙m) for the top of the slab in tension and 
Mpr = 1260 kip∙in. (143 kN∙m) for the bottom of the slab in 
tension.

The slab-column connection moment transfer strength 
should also be checked using the two-way shear strength 
design model of ACI 318 and ACI 352.1R-11 (Joint 
ACI-ASCE Committee 352 2012). This requires checking 
both a bending moment strength limit and a two-way shear 
stress limit. According to the model, a fraction γf of the total 
connection transfer moment Msc is resisted by slab flexure 
across a width bslab centered on the column and extending 
1.5 slab thicknesses on both sides of the column. γf = 0.6 for 
columns with a square cross section (ACI 318). Following 
procedures for calculating probable moment strength 
outlined previously, Mpr = 1810 kip∙in. (205 kN∙m) for a 
width bslab when the top of the slab is in tension. The moment 
transfer strength limited by slab flexure when loading in the 
positive direction is Msc = Mpr/γf = 3020 kip∙in. (342 kN∙m). 
Using the same procedure for the bottom of the slab in 
tension, a moment transfer strength limited by slab flexure is 
calculated as Msc = 1270 kip∙in. (144 kN∙m).

The moment transfer strength can also be limited by 
the two-way shear strength of a critical section about the 
column. According to the model in ACI 318, the combina-
tion of direct shear Vu and moment transfer Msc produces 
shear stress vu that varies linearly along a critical section 
located d/2 from the column face, as defined by Eq. (4)

	​ ​v​ u​​  =  ​ ​V​ u​​ _ ​b​ o​​d
 ​ ± ​ 

​γ​ v​​​M​ sc​​​c ′ ​
 _ ​J​ c​​  ​​	 (4)

where bo is the perimeter of the critical section for two-way 
shear, γv = 1 – γf ; c′ is the distance from the centroid of the 
critical section to the location of the shear stresses vu; and Jc 
is the equivalent of the polar moment of inertia for the slab 
critical section. Details for the calculation of vu in Eq. (4) 
are provided in ACI 318 and standard texts (for example, 
Wight [2016]). For design, the ultimate shear stress vu is 
compared with a design shear-stress capacity ϕvn, and from 
Eq. (4), Msc can be solved as limited by nominal two-way 
slab shear capacity stress. For test specimens and checks at 
MCER loading, ϕ = 1.0. The resulting moment capacity is 
Msc = 8490 kip∙in. (960 kN∙m). Msc is defined at the center 
of the critical section and is transferred to the column face 
using the linear-elastic model, as described previously for 
one-way shear, resulting in a moment capacity of 8030 kip∙in. 
(908 kN∙m) at the face of the column.

Comparison of measured and calculated force-
displacement relationships

The analytical model of Fig. 8 was implemented in the 
finite element software OpenSees (McKenna et al. 2010). 
The nonlinear moment hinges representing the slab-wall 
(m1) and slab-column (m2) connections were modeled with 
zero-length plastic hinges using a uniaxial bilinear hyster-
etic material (“Hysteretic”), with strengths limited by the 
smallest values calculated in the preceding section consid-
ering various possible limiting strengths. The deformation 

capacities of the moment hinges were calibrated based on 
the observations from the laboratory experiment, with the 
limiting envelope relationships shown in Fig. 10. Both 
hinges are bilinear with infinite initial stiffness and reach 
their calculated moment strength at a rotation of 0.032, corre-
sponding to a drift ratio of 0.03 at MCER demand levels. A 
nominal amount of strain hardening (2%) was incorporated 
to reflect material strain hardening at both connections. The 
slab-wall hinge has a strength drop at a rotation of ±0.054, 
corresponding to a drift ratio of 0.05, which is when, during 
the experiment, several top bars at the slab-wall connection 
fractured. The residual strength of the slab-wall hinge is 
approximated as one-fifth of the calculated hinge strength. 
The slab-column connection performed well until the end 
of the test, so a rotation capacity of ±0.10 was somewhat 
arbitrarily assigned for the connection. Data reported in ACI 
352.1R-11 suggest a median rotation capacity of approxi-
mately 0.05 for nonprestressed slabs with shear reinforce-
ment, and a larger capacity would generally be expected for 
post-tensioned slabs. The hysteretic response of the model 
was calibrated using the hysteretic material parameters 
for pinching, damage, and unloading stiffness to achieve 
strength degradation similar to the experimental data. The 
OpenSees result was checked using an elastic-perfectly 
plastic limit analysis with good results.

Figure 11 compares the measured and calculated force- 
displacement relationships. The figure inset shows the first 
load cycles up to a drift ratio of 0.005, showing that the 
initial stiffness of the analytical model is in agreement with 
that of the test results. The upper limit of force measured 
during the experiment closely matches the upper limit of 
the force in the OpenSees analytical model for loading in 
the positive direction. In the negative direction of loading, 
the model overestimates strength. A plausible reason for the 
overestimation is that the effective slab width for moment 
transfer, bslab, is not applicable when the bottom of the slab 
is in tension. However, even when reducing the effective 
slab width to the width of the column, 24 in. (610 mm), 
the model still overestimates strength in the negative direc-
tion by approximately 20%. It is possible that the hogging 

Fig. 10—Moment-rotation hinge properties at slab-wall 
(m1) and slab-column (m2) connections.
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moment from the gravity load applied to the slab was not 
overcome by the lateral load in the negative direction at the 
drift ratios from the laboratory test, leading to the slab not 
fully developing its strength with the bottom of the slab-
column joint in tension.

EXAMPLE CALCULATION: OUTRIGGER EFFECT 
ON COLUMN AXIAL FORCES

This section presents an example calculation to illus-
trate the effect of slab-column outrigger framing on column 
axial forces for an archetypical tall core-wall building with 
40  stories. The building is assumed to be located in San 
Francisco, CA, assigned to Risk Category II, at a site with 
Site Class C, Seismic Design Category D, and SDS = 1.2g 
(ASCE/SEI 7). The building has a regular floor plan, as 
shown in Fig. 1, and a typical story height of 9 ft (2.7 m). 
Table 2 lists the design dead and live loads.

Forces in this example are calculated for a typical edge 
column in a single story using the ASCE/SEI 7 load combi-
nations, assuming the slab-column frame is not a part of the 
lateral-force-resisting system and considering lateral loading 
in one horizontal direction only. The axial force is calculated 
for a single story at the column shown on the right in Fig. 12. 
The forces would sum over the height of the building for 
the total column axial force, although it is plausible that not 
all the axial forces are at their peak value at the same time. 
The dead and live loads on the column are found using the 
tributary area method. The live loads are reduced by a factor 
of 0.4. By ASCE/SEI 7, columns should be designed for four 
load combinations: 1.4D, 1.2D + 1.6L, 1.2D + 0.5L + E, and 
0.9D – E, where E does not include the horizontal earthquake 

force Eh because the slab-column framing is assumed not 
to contribute to the lateral resistance of the building. Hori-
zontal earthquake forces cause the “outrigger effect” on the 
slab-column gravity framing and increase the axial forces on 
the columns. This example compares the effect of including 
the horizontal earthquake load on the column axial force.

The horizontal earthquake force Eh is taken as the lateral 
capacity of the slab-wall-column subsystem. The value of 
the axial force on the column for each of the four load cases 
is calculated with and without the inclusion of the horizontal 
earthquake force Eh.

The moment strength of the slab-wall connection is 
calculated according to the method for Mpr from ACI 318 
for the slab section at the wall, using Grade 60 No. 5 at 
12  in. (No.  16 at 305 mm) top and bottom, similar to the 
test specimen configuration. The section analysis of the full 
slab cross section with a width of 30 ft (9.14 m) results in a 
probable moment strength of 4920 kip∙in. (556 kN∙m) at the 
slab-wall connection. The slab-column connection in this 
example is identical to that of the test specimen, except the 
transverse dimension of the slab is 30 ft (9.14 m). Of the four 
checks for limiting moment strength, the moment strength, 
when limited by one-way shear, greatly exceeds moments 
corresponding to other failure modes. The one-way moment 
strength of the slab is Mpr = 3450 kip∙in. (390 kN∙m) at the 
column face. The moment transfer strength in flexure is the 
same as that of the test specimen when using an effective 
transfer width of bslab = c2 + 3h, while the moment transfer 
strength in two-way shear is Msc = 6690 kip∙in. (756 kN∙m), 
which translates to 6810 kip∙in. (770 kN∙m) at the column 
face. The limiting moment strength at the slab-column 
connection is controlled by the moment transfer strength in 
flexure, Msc = 3040 kip∙in. (344 kN∙m).

The resulting column axial forces calculated for the right-
hand column are shown in Table 3. The column axial force 
increases by 15% for load combination 3 (1.2D + 0.5L + 
E) when including the effect of the horizontal earthquake 
load. The substantial increase in axial force when accounting 
for the outrigger action of gravity framing under earthquake 

Fig. 11—Comparison of calculated plastic capacity from 
analytical model to experimental results from test specimen.

Table 2—Assumed dead and live loads

Load source Distributed load

Dead

Slab self-weight 100 lb/ft2 (4.79 kPa)

Additional per floor 25 lb/ft2 (1.20 kPa)

Cladding (perimeter) 15 lb/ft2 (0.72 kPa)

Column self-weight 600 lb/ft (8.76 kN/m)

Live Offices 50 lb/ft2 (2.39 kPa)

Fig. 12—Elevation view of example structure through 
section A-A (Fig. 1) under rotation from lateral earthquake 
forces.

Table 3—Resulting column axial force for each 
load combination

Case No. Load combination

Column axial force, kip (kN)

Without Eh With Eh

1 1.4D 123 (549)

2 1.2D + 1.6L 126 (560)

3 1.2D + 0.5L + Ev + Eh 133 (593) 153 (681)

4 0.9D – Ev – Eh 58.2 (259) 37.3 (166)
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loading indicates that earthquake loads may be significant 
enough to control the axial design of gravity columns in 
tall buildings with flat-plate gravity framing. This example 
demonstrates that for a structure with the given dimensions, 
which are typical among tall core-wall buildings, neglecting 
the behavior of the slab outriggers may result in under- 
designed gravity columns. The outrigger effect on column 
axial force would tend to increase for columns located closer 
to the core wall than is assumed in this example.

SUMMARY AND CONCLUSIONS
Many tall core-wall buildings use unbonded post- 

tensioned flat-plate gravity framing with perimeter 
columns. This framing participates in resisting lateral 
forces as a building sways under earthquake shaking and 
produces outrigger action that affects column axial forces. 
The outrigger effect can also modify the overall building 
dynamic properties and dynamic response, as well as modify 
the wall shears due to the frame-wall interaction between the 
wall and the outrigger slab-column frame. However, these 
additional effects are beyond the scope of this paper, which 
focuses instead on the outrigger modeling problem. An 
analytical model using outrigger slab-beams was developed 
to demonstrate an effective method for modeling the stiff-
ness, strength, and nonlinear force-deformation relationship 
of a slab-wall-column frame. The outrigger beams had stiff-
ness based on the effective beam-width model and strengths 
based on expected strengths calculated in accordance with 
ACI 318. The analytical model was calibrated to previous 
laboratory testing by Klemencic et al. (2006). Results of 
the analytical model were used to study the likely effects of 
outrigger action on the design axial forces for columns in an 
archetypal tall building.

The output load-deformation response from the analyt-
ical simulation showed that the effective beam-width model 
estimated the lateral stiffness of a slab-wall-column framing 
very well compared with test data. As part of the calcula-
tion for probable moment strength in a post-tensioned slab, 
a linear relationship was defined for the change in force due 
to the elongation of the post-tensioning tendons with an 
increasing drift ratio. The strength estimates for the slab-
wall and slab-column connections gave a good estimate 
of peak lateral force in the positive direction (slab top in 
tension at the slab-column connection) and an overestimate 
in the negative direction compared with test data.

For the given example story of a tall building, accounting 
for the outrigger effect by including horizontal earthquake 
loads in design load combinations for the gravity framing 
system resulted in a 15% increase in column axial force in 
a single story. The effect of this discrepancy may also be 
amplified over many stories in a tall building. It is recom-
mended to include the outrigger effect in typical tall build-
ings to obtain a better estimate of column design axial force.

AUTHOR BIOS
Connie I. Chen received her BS, MS, and PhD from the University of Cali-
fornia, Berkeley, Berkeley, CA. She received the 2019 National Science 
Foundation (NSF) Graduate Research Fellowship and the 2022-2023 
Earthquake Engineering Research Institute (EERI)/Federal Emergency 
Management Agency (FEMA) National Earthquake Hazards Reduction 

Program (NEHRP) Graduate Fellowship. Her research interests include 
tall buildings, reinforced concrete structures, and earthquake engineering.

ACI Honorary Member Jack P. Moehle is a Professor at the Graduate 
School in Civil and Environmental Engineering at the University of 
California, Berkeley. He is past Chair of ACI Committee 318, Structural 
Concrete Building Code. His research interests include the design and  
analysis of structural systems, with an emphasis on earthquake engi-
neering, reinforced concrete construction, and the development of profes-
sional design guidance.

ACKNOWLEDGMENTS
This material is based upon work supported by the National Science 

Foundation Graduate Research Fellowship under Grant No. DGE 1752814. 
Any opinions, findings, and conclusions or recommendations expressed in 
this material are those of the authors and do not necessarily reflect the views 
of the National Science Foundation.

NOTATION
Aps	 =	 area of single post-tensioned tendon
Av	 =	 area of single shear stud
be	 =	 effective beam width
bo	 =	 perimeter of critical section for two-way shear at slab-column 

connection
bslab	 =	 effective slab width for moment transfer in flexure at column
c	 =	 flexural compression depth at probable moment strength
c′	 =	 distance from centroid of column critical section to location of 

eccentric shear stresses
c1	 =	 dimension of rectangular column parallel to direction of loading
c2	 =	 dimension of rectangular column perpendicular to c1
d	 =	 slab effective depth
dp	 =	 depth from extreme compression fiber to centroid of post- 

tensioned reinforcement
Eps	 =	 modulus of elasticity of prestressing steel
Fpe	 =	 specified effective prestress force
Fps	 =	 final force in prestressing steel
fy	 =	 yield stress of nonprestressed steel
fyt	 =	 yield stress of shear reinforcing steel
h	 =	 slab thickness
hsx	 =	 height at story x
Jc	 =	 equivalent of polar moment of inertia for slab critical section in 

two-way shear
Lups	 =	 length of unbonded post-tensioning steel
ℓ1	 =	 length of span parallel to direction of loading
ℓ2	 =	 length of span perpendicular to direction of loading
Mpr	 =	 probable moment strength
Msc	 =	 moment transfer strength about slab-column connection
s	 =	 spacing of shear studs measured parallel to rail
Vc	 =	 shear strength contribution from concrete
Vn	 =	 one-way nominal shear strength
Vs	 =	 shear strength contribution from shear reinforcement
Vu	 =	 factored shear demand
vu	 =	 shear stress along column critical section in two-way shear
w	 =	 distributed load
α	 =	 factor of stiffness reduction due to rotation across transverse 

width of slab
β	 =	 factor of stiffness reduction due to concrete cracking
δprs	 =	 width of crack opening at height of post-tensioning steel at slab-

column connection
δx	 =	 lateral drift at story x
εprs	 =	 strain in prestressing steel
γf	 =	 fraction of transfer moment Msc transferred by slab flexure
γv	 =	 fraction of transfer moment Msc transferred by slab shear stress
θ	 =	 opening angle of crack at slab-column connection
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APPENDIX A: EFFECTIVE BEAM WIDTH FOR 
SLAB WITH PARTIAL CONNECTIVITY TO WALL
A study was done to calculate the moment-rotation stiff-

ness of a slab-wall connection in which the slab connects 
directly to a flanged wall along half of the slab equivalent 
frame width. An alternative approach would be required for 
a slab framing into the edge of a blade wall. Figure A1 shows 
the overall geometry of the assumed floor system with the 
equivalent frame under consideration shown shaded.

A linear-elastic model of the equivalent frame was imple-
mented using the software SAP2000 (CSI 2021). The slab 
was modeled using thin shell elements with infinite in-plane 
rigidity. Slab free edges were unrestrained, while the edges 
parallel to the equivalent frame (dashed lines in Fig. A1) 
were restrained to have zero rotation about the dashed lines. 
The wall and columns, including the regions common to 
the slab, wall, and columns, were modeled as rigid. Shear 
deformations were neglected, and a Poisson’s ratio of 0.2 
was assumed.

Two different imposed deformation patterns were consid-
ered. In the first, the core wall was assumed to rotate about 
gridline D in Fig. A1. This deformation pattern is considered 
to be representative of deformations occurring in the lower 
stories of a tall core-wall building and is referred to as the 
lower-story condition. In the second pattern, the core wall 
was assumed to rotate about gridline E. This deformation 
pattern is considered to be more representative of defor-
mations occurring in the upper stories of a tall core-wall 
building, where accumulation of flexural tension strain in 
the tension flange has resulted in wall uplift and is referred 
to as the upper-story condition. In both cases, the columns 
were assumed to rotate about their centroid at the base of 

the column. A unit rotation was imposed on the wall and 
columns in both deformation patterns.

The effective beam width coefficient was found by first 
determining the stiffness of the model with the full slab 
modeled using shell elements. The slabs in each equivalent 
frame are divided at the midpoint of the span and replaced 
with beams of effective widths, calibrated such that the beam 
end moment matches the total moment in the slab across the 
equivalent frame width at the wall and the column. Table A1 
lists the resulting effective beam widths.

Note that the calibrated effective beam widths on the 
column side are smaller than the values calculated from 
Hwang and Moehle (2000). The difference may relate to the 
different geometries of the framing spans, different modeling 
assumptions, and approximations in deriving the factors in 
Hwang and Moehle (2000).

The effective beam width coefficients ranged from 0.83 to 
0.90 and were not strongly affected by the two different rota-
tion axes considered. The effective beam width in this study 
comprised half the width of the equivalent frame that was 
rigidly connected to the wall, plus an additional effective 
width for the other half of the equivalent frame extending 
beyond the wall. In the interest of simplicity and applica-
bility to a wider range of geometries, it is recommended to 
use an effective width equal to the width of contact between 
the slab and wall plus 0.7 times the width of the equivalent 
frame extending beyond the wall.

Fig. A1—Floor plan used for finite element model.

Table A1—Effective beam width coefficients

Span AC Span EG

Lower-story 
boundary condition

b/ℓ2 at column* 0.40 0.40

b/ℓ2 at wall 0.88 0.88

Upper-story 
boundary condition

b/ℓ2 at column* 0.39 0.42

b/ℓ2 at wall 0.90 0.83

*Compare with Hwang and Moehle (2000); be/ℓ2 = 168 in./360 in. = 0.47.
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The lack of ductility is the main concern in the use of carbon 
fiber-reinforced polymer (CFRP) reinforcement as prestressing 
tendon in concrete members. To address this concern, a partially 
bonded concept has been proposed. In this approach, CFRP 
tendons are intentionally debonded from the concrete in the middle 
region of the prestressed concrete beam, while remaining bonded 
at each end. In this study, eight post-tensioned beams, including 
five beams with CFRP tendons and three beams with steel tendons, 
are tested under cyclic loading. Three bond conditions, including 
fully bonded, partially bonded, and fully unbonded, are considered. 
The results indicate that increasing the unbonded length of the 
tendon changed the failure mode from CFRP rupture to concrete 
crushing. There is a trend that the flexural capacity decreased with 
the increase of the unbonded length. The displacement ductility 
(μ) of partially bonded CFRP prestressed beams ranged from 5.38 
to 5.70, which is significantly higher than that of the fully bonded 
beam (μ = 2.83) and slightly lower than that of the fully unbonded 
beam (μ = 6.10). Finally, by introducing a relative bond length 
coefficient into the ultimate tensile stress equation for internally 
unbonded tendons, a modified design approach for estimating 
flexural capacities of the partially bonded beams is proposed. The 
experimental flexural capacities are in close agreement with the 
values predicted using the modified design approach.

Keywords: carbon fiber-reinforced polymer (CFRP); cyclic behavior; 
ductility; partially bonded; prestressed concrete beam.

INTRODUCTION
Corrosion-induced deterioration of steel strands is one of 

the major reasons that the structural integrity of prestressed 
concrete structures is compromised before the structures 
reach their expected lifespan (Grace et al. 2013). Substi-
tuting steel strands with fiber-reinforced polymer (FRP), 
particularly carbon FRP (CFRP), offers a viable solution 
due to its exceptional properties such as corrosion resis-
tance, high strength-to-weight ratio, fatigue resistance, and 
low relaxation (Grace et al. 2013; Peng and Xue 2018a). 
However, the inherent brittleness of FRP limits the ductility 
of structural members.

Enhancing the ductile behavior of the structural concrete 
members reinforced with FRP reinforcements has remained 
the focus of research in recent years. Various concepts 
have been investigated to achieve this objective, including 
promoting ductile compression failure through the use of 
fiber-reinforced concrete (FRC) (Fischer and Li 2003; Peng 
et al. 2023) and employing hybrid reinforcing schemes 
(Safan 2013; Peng and Xue 2018b). It is generally recom-
mended to design the flexural reinforcement ratio to exceed 

the balanced ratio (Peng and Xue 2019a; Poudel et al. 2022; 
Peng et al. 2023), at which the rupture of FRP tendons 
and concrete crushing occur simultaneously. However, 
employing a high FRP reinforcement ratio can be uneco-
nomical. An alternative approach to prevent tendon rupture 
and improve beam ductility is the use of unbonded FRP 
tendons. Unbonded tendons are allowed to slip, relieving 
strains from critical sections and distributing them along the 
beam length, thereby delaying or preventing FRP tendon 
rupture (Grace and Abdel-Sayed 1998; Heo et al. 2013; Sun 
et al. 2022; Au and Du 2008). This implies that even if a 
prestressed concrete beam with unbonded FRP tendons has a 
significantly lower flexural reinforcement ratio compared to 
the balanced reinforcement ratio in the bonded case, concrete 
crushing may occur prior to FRP tendon rupture (Au and 
Du 2008; Lee et al. 2017). Nevertheless, the anchorage of 
fully unbonded FRP prestressed concrete members remains 
a critical challenge. Despite efforts made over the past 
two decades, efficient and competitive prestressing anchor 
systems for FRP tendons are still limited (Jeong et al. 2019).

To address these issues, the concept of partially bonded 
FRP systems was introduced. Lees and Burgoyne (1999) 
first proposed partial bonding as a means to improve the 
ductility of concrete beams prestressed with FRP tendons. 
In their proposal, partial bonding was achieved in two ways, 
either by intermittently bonding sections of tendons, or by 
coating the tendon with a resin, as shown in Fig. 1(a) and 
(b), respectively. The flexural behavior of fully bonded, fully 
unbonded, and partially bonded pretensioned concrete beams 
was compared by Lees and Burgoyne (1999). The study 
concluded that partially bonded beams exhibited an ultimate 
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Fig. 1—Types of partial bonding of FRP tendons.
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load capacity equivalent to fully bonded beams and a rotation 
capacity comparable to fully unbonded beams. However, the 
construction complexity associated with these partial bonding 
patterns may limit their practical application. Latterly, several 
researchers (Rizkalla 2000; Dorian 2002) proposed an alter-
native partial bonding pattern, wherein the tendons were 
debonded from the concrete in the middle region of the beam 
and bonded to the concrete at each end, as shown in Fig. 1(c). 
This partial bonding pattern has been introduced to strengthen 
existing structural members using FRP strips (Choi et al. 
2011a; Sharaky et al. 2015; Chen et al. 2021).

Several studies have investigated the mechanical behavior 
of partially bonded CFRP prestressed concrete beams. 
Rizkalla (2000) and Dorian (2002) conducted flexural tests 
on pretensioned concrete beams containing a hybrid arrange-
ment of partially bonded CFRP tendon and nonprestressed 
stainless steel bars under static loading. The results indicated 
that an increase in the unbonded length led to a decrease 
in ultimate capacity while promoting improved deforma-
bility. Jeong et al. (2019) evaluated the fatigue performance 
of post-tensioned concrete beams with partially bonded 
CFRP tendons. It was found that the partially bonded CFRP 
prestressed beams exhibited satisfactory fatigue perfor-
mance, with no signs of cracks or stiffness degradation 
during fatigue loading. Furthermore, the ductility index of 
the partially bonded CFRP prestressed beams was compa-
rable to that of beams prestressed with steel tendons.

In summary, the partially bonded FRP reinforcing scheme 
offers a competitive technique in terms of ductility, end- 
anchored ability, and cost-effectiveness. Furthermore, 
the addition of fibers in concrete can further enhance the 
ductility of FRP prestressed concrete beams. However, there 
is limited research conducted on the mechanical behavior 
of partially bonded CFRP prestressed concrete beams. This 
paper, therefore, presents a detailed experimental study on 
FRC beams with partially bonded CFRP tendons. Eight 
post-tensioned beams are tested under low reversed cyclic 
loading. The test results are presented in terms of failure 
modes, hysteresis curves, skeleton curves, load capacity, 
displacement ductility, and energy dissipation capacity.

RESEARCH SIGNIFICANCE
Despite the competitiveness of the partial bonding concept 

in terms of ductility and end-anchoring ability, there is a lack 
of comprehensive research on the cyclic behavior of partially 
bonded CFRP prestressed concrete beams. The main objec-
tive of this research is to investigate the cyclic behavior the 
polypropylene FRC beams with partially bonded CFRP 
tendons. In addition, a design approach will be proposed for 
predicting the flexural capacity of these beams. The findings 
from this study will contribute to a better understanding of 
the cyclic performance of partially bonded CFRP prestressed 
concrete beams and provide a practical design tool for their 
structural application.

EXPERIMENTAL PROGRAM
Test specimens

In engineering practice, few concrete beams are 
prestressed exclusively with CFRP reinforcements due 

to their lack of ductility and control of crack distribution. 
To enhance ductile behavior and provide crack control, an 
alternative approach is to incorporate nonprestressed bars 
such as galvanized, epoxy-coated, or stainless steel (Peng 
and Xue 2018b). This study adopts a partially prestressed 
scheme where CFRP strands serve as prestressing tendons, 
and epoxy-coated steel bars are used as nonprestressed bars.

A total of eight post-tensioned concrete beam specimens, 
including five beams prestressed with CFRP strands and 
three beams prestressed with steel strands, were designed, 
constructed, and tested. Among the CFRP prestressed beams, 
one was fully bonded, one was fully unbonded, and the 
remaining beams were partially bonded. The fully bonded 
beam was designed to fail due to CFRP rupture, while the 
partially bonded beam, with the central portion of the tendon 
debonded from the concrete, was expected to fail through 
concrete crushing. All specimens were doubly reinforced, 
with the top flexural reinforcements chosen to produce 
negative flexural strength similar to positive loading cases. 
Each beam had a rectangular cross section of 150 x 250 mm 
(5.9 x 9.9 in.) and a span of 3500 mm (13.8 in.). Details of 
the tested beams are provided in Table 1 and Fig. 2. The 
test parameters included the unbonded length of prestressing 
tendon and the type of tendon used. In this study, all spec-
imens were designed with a consistent partial prestressing 
ratio (PPR) of 0.55, which is defined as

	​ PPR =  ​ 
​A​ p​​ ​f​ pu​​ _ ​A​ p​​ ​f​ pu​​ + ​A​ s​​ ​f​ y​​

 ​​	 (1)

where As is the area of steel bars in tension; Ap is the area of 
prestressing tendons; fy is the yield strength of steel bar in 
tension; and fpu is the ultimate tensile strength of prestressing 
tendon.

It should be noted that the effective cross-sectional area 
of CFRP strands differs from that of steel strands, making 
it challenging to maintain the same reinforcement ratio in 
beams with different prestressing tendon types. To inves-
tigate the influence of prestressing tendon type, the CFRP 
prestressed beams were designed to have the same PPR and 
jacking stress as the steel prestressed beams. To ensure a 
flexural failure mode, all specimens within the shear span 
were equipped with 8 mm (0.3 in.) diameter steel stirrups 
spaced at intervals of 100 mm (3.9 in.).

The specimens are referred to using acronyms that indicate 
their various characteristics. The first part of the acronym 
indicates the bond condition (“FB” for fully bonded, “PB” 
for partially bonded, and “UB” for unbonded). The second 
part of the acronym represents the type of prestressed tendon 
(“S” for steel strand and “C” for CFCC). The last part of the 
acronym indicates the unbonded length of the tendon, which 
can be 0, 1100, 1900, 2700, or 3500 mm (43.3, 74.8, 106.3, 
or 137.8 in.). Following this notation, Specimen PB-C-11 
is a beam prestressed with partially bonded CFCC tendons, 
with an unbonded length of 1100 mm (43.3 in.).

Material properties
All specimens were designed with concrete with a target 

compressive strength of 50 MPa (7.3 ksi). The concrete used 



155ACI Structural Journal/March 2024

in this study was a FRC previously developed by the authors 
previously (Xue et al. 2011). The mixture design consisted of 
260 kg/m3 (16.22 lb/yd3) of cement, 260 kg/m3 (16.22 lb/yd3)  
of grinded blast-furnace slags, 188 kg/m3 (11.74 lb/yd3) of 
water, 684 kg/m3 (42.70 lb/yd3) of middle grit, 1024 kg/m3  
(63.93 lb/yd3) of gravels, and 1.8 kg/m3 (0.11 lb/yd3) of 
polypropylene fibers. The inclusion of ground blast-furnace 
slags in concrete with a fineness of 5 × 103 cm2/g attempted 
to enhance the activity of admixtures. Additionally, the 
addition of polypropylene fibers (15 mm [0.6 in.] in length) 
with 2.3% volume fraction of cement attempted to increase 

the anti-dry-shrinkage cracking property of cement mortar 
in the hardening stage. On the day of testing, the concrete 
compressive strength, splitting strength, and modulus of 
elasticity for each beam were determined in accordance with 
the Chinese standard GB/T 50081 (2019). Table 2 lists the 
measured mechanical properties of the concrete for each 
beam.

The 12.5 mm (0.5 in.) diameter, seven-wire CFCC strand 
and 12.7 mm (0.5 in.) diameter, seven-wire steel strand were 
used as the prestressing tendons. The CFCC strand possessed 
an effective cross-sectional area of 75.6 mm2 (0.117 in.2) and 
a guaranteed ultimate tensile strength of 1860 MPa (270 ksi). 
The tensile properties of CFCC strands were determined as 
per ASTM D7205 (2021) with a measured tensile strength 
of 2400 MPa (348 ksi). The steel strand had an effective 
cross-sectional area of 98.7 mm2 (0.153 in.2) and an ultimate 
tensile strength of 1860 MPa (270 ksi). Mild steel bars were 
used as nonprestressed reinforcements and stirrups. Table 3 
lists the mechanical properties of the steel reinforcements 
used in this study.

Fabrication and prestressing
A partially bonded reinforcing scheme has a portion of 

the reinforcement intentionally unbonded. In this study, the 
unbonded length of the prestressing tendon was situated 
within the middle portion of the simply supported beam, 

Table 1—Details of specimens

Specimens Unbonded length, mm Tendons Effective prestress, MPa
Top longitudinal 
reinforcements

Bottom longitudinal 
reinforcements

FB-C-00 0 1ϕcfrp12.5 829 2F22 2F16

PB-C-11 1100 1ϕcfrp12.5 927 2F22 2F16

PB-C-19 1900 1ϕcfrp12.5 914 2F22 2F16

PB-C-27 2700 1ϕcfrp12.5 894 2F22 2F16

UB-C-35 3500 1ϕcfrp12.5 890 2F22 2F16

FB-S-00 0 1ϕs12.7 838 2F22 2F16

PB-S-27 2700 1ϕs12.7 880 2F22 2F16

UB-S-35 3500 1ϕs12.7 880 2F22 2F16

Note: 1 MPa = 0.145 ksi.

Fig. 2—Dimensions and reinforcement details of test specimens. (Note: Units in mm; 1 mm = 0.0394 in.)

Table 2—Material properties of concrete

Specimens
Modulus of  

elasticity Ec, MPa
Cube compressive 
strength fcu, MPa

Splitting strength 
fst, MPa

FB-C-00 3.62 × 104 65.20 4.62

PB-C-11 3.54 × 104 65.88 4.36

PB-C-19 3.68 × 104 61.75 4.64

PB-C-27 3.61 × 104 55.48 4.17

UB-C-35 3.79 × 104 57.76 4.64

FB-S-00 3.53 × 104 57.80 4.45

PB-S-27 3.48 × 104 58.83 4.17

UB-S-35 4.12 × 104 60.23 4.64

Note: 1 MPa = 0.145 ksi.
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while the end portions were bonded, as shown in Fig. 3. 
Special preparation of the partially bonded tendons was 
necessary. A 25 mm (1 in.) diameter polyethylene duct was 
threaded over the tendon to achieve the desired unbonded 
length. Silicon was used to seal both ends of the duct, and 
electrical tape was wrapped around the silicon at both ends 
of the tendon to prevent concrete penetration into the duct.

The post-tensioning for CFRP was achieved using 
a bonded anchorage system and a hydraulic jack. The 
maximum permissible stress in CFRP at jacking specified in 
ACI 440.4R (2004) is 65% of its specified tensile strength. In 
this study, jacking stress of 0.55fpk, where fpk represents the 
manufacturer provided guaranteed CFRP tensile strength, 
was selected. The compressive concrete strength on the day 
of prestressing was at least 80% of its target compressive 
strength. The CFRP strand was post-tensioned at one end of 
the beams to a target prestressing force. After prestressing, 
post-tensioning plastic ducts were filled with grout. On the 
day of testing, the effective prestress for each specimen 
was measured, as listed in Table 1. It was observed that the 
prestress losses for CFRP tendons ranged from 10 to 19%.

Test setup and instrumentation
As shown in Fig. 4, all beams were tested under four-point 

loading which was cyclically applied by using a hydraulic 
testing machine. The loading protocol, which consists of 
two phases in conformance with Chinese standard GB/T 
50152 (2012), is presented in Fig. 5. The first phase is a load- 
controlled cycle, where the specimens are loaded down-
wardly and upwardly, respectively, until cracks formed. The 
second phase is a displacement-controlled cycle at a rate of 
1 mm/min, in which three cycles are repeated at each step. 

In this phase, the specimens are loaded to multiples of Δy, 
where Δy is the displacement corresponding to the yielding 
of the tensile steel bars at bottom of the beams. During 
testing, the applied loads were monitored through load cells. 
Three linear variable differential transformers (LVDTs) with 
an accuracy of 0.001 mm were mounted along the beams 
to measure vertical deflection at the support and midspan. 
Electrical resistance strain gauges were mounted on the 
longitudinal steel bars and prestressing tendons to measure 
their strains.

TEST RESULTS AND DISCUSSIONS
Cracking behavior and failure modes

During the testing process, flexural cracks were initiated 
in the pure bending region of the tested beams. Table 4 lists 
the flexural cracking load for each beam. As the applied load 
increased, the existing flexural cracks extended in length and 
width along with occurrence of a few new flexural cracks. 
During upward loading, the cracks at the bottom closed and 
flexural cracks were observed at the top of the concrete at the 
pure bending sections. Following the yielding of mild steel 
reinforcements, flexure-shear cracks could be observed, and 
the flexural cracks continued to propagate. Subsequently, 
the length and width of the existing cracks continued to 
increase, with no new cracks forming. Eventually, a large 
number of vertical cracks and a few horizontal cracks could 
be observed around midspan sections of beams. Typical ulti-
mate deformation of the tested beams is depicted in Fig. 6.

As expected, all beams exhibited flexural failure. With 
the exception of the fully bonded beam (FB-C-00), the final 
failure of all specimens was caused by crushing and spalling 
of concrete at pure bending sections, accompanied by 

Table 3—Mechanical properties of steel bars and prestressing tendons

Bar type Designation Yield strength, MPa Ultimate tensile strength, MPa Modulus of elasticity, MPa Elongation ratio

Steel bar

Φ8 313 425 200 27.7%

Φ16 385 550 200 29.1%

Φ22 371 556 200 30.4%

Steel strand ϕs 12.7 — 1861 195 5.5%

CFCC strand ϕcfrp 12.5 — 2400 150 1.6%

Note: 1 MPa = 0.145 ksi.

Fig. 3—Preparation of partially bonded tendon. (Note: 1 mm = 0.039 in.)
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buckling of longitudinal steel bars, referred to as a compres-
sion failure. The failure of Specimen FB-C-00, on the other 
hand, was controlled by rupture of the CFRP tendon accom-
panied by insignificant crushing of concrete, referred to as a 
tension failure. This is because the unbonded portion is free 
to slip, resulting in more or less equalized strain along the 
unbonded length of the tendon and reduced strain at the crit-
ical section. These two types of failure modes are depicted 
in Fig. 7. At the onset of failure, the strain of CFRP tendon 
in FB-C-00 was observed to approach its ultimate tensile 
strain. For partially bonded and fully unbonded beams, 
however, the maximum strain in the CFRP tendons did not 
exceed their ultimate tensile strain, ranging between 0.011 
and 0.013.

Hysteresis curves
The load-midspan displacement hysteresis curves of 

all the tested beams are shown in Fig. 8. Prior to concrete 
cracking, the hysteresis curves were basically linear, with 
relatively small areas of hysteretic loops. No obvious degra-
dation in flexural stiffness could be observed and the residual 
deformation was negligible. After flexural cracking of the 
specimens, the load-midspan displacement hysteresis curve 
became nonlinear. The areas of hysteretic loops became 
larger, indicating that energy dissipation increased. When 
the midspan displacement was below 3Δy, the maximum 
load obtained in the next two cycles was nearly the same as 
that in the first cycle at the same level of displacement. This 
indicates that the strength degradation of the beams under 
reverse cyclic loading was negligible. When the midspan 
displacement exceeded 3Δy, however, a strength reduction 
was observed, which can be attributed to cumulative damage 
resulting from the load repetition. For instance, at a displace-
ment level of 4Δy, a strength reduction of 5.2 and 14.3% was 
observed in Specimens PB-C-11 and PB-C-19 under down-
ward loading, respectively.

As observed in Fig. 8, all hysteresis curves exhibited 
noticeable pinching, which can be attributed to the influ-
ence of prestressing. It was found that the beams prestressed 
with steel strands underwent more loading cycles than 
those prestressed with CFRP strands. This is expected 
because the CFRP is an elastic and brittle material that does 
not exhibit yielding behavior. With the exception of the 
fully bonded CFRP prestressed concrete beam (Specimen 

Fig. 5—Loading protocol.

Fig. 4—Test setup. (Note: Units in mm; 1 mm = 0.0394 in.)
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FB-C-00), which failed after only three load cycles, all the 
CFRP prestressed concrete beams sustained no fewer than 
five loading cycles. This is because the fully bonded CFRP 
prestressed concrete beam exhibited a premature failure due 
to rupture of CFRP before concrete crushing.

Skeleton curves
Skeleton curves are envelopes of hysteresis curves. Gener-

ally, the skeleton curves of structural members under cyclic 
loading are close to those under monotonic loading in both 
shape and values. Figure 9 shows the skeleton curves for each 
specimen. Prior to cracking, the skeleton curves are approx-
imately linear and the effects of bond are negligible because 
of insignificant change in tendon stress in this elastic stage. 

Table 4—Test results

Specimens
Loading 
direction Pcr, kN Py, kN Pmax, kN Δcr, mm Δy, mm Δu, mm Δu/Δy Pmax,exp/Pmax,pre

FB-C-00
↓ 25.3 82.7 93.7 2.70 23.70 65.95 2.83 —

↑ –20.0 –86.8 –100.8 –2.45 –23.35 –60.57 — —

PB-C-11
↓ 25.5 70.3 101.8 3.06 20.31 115.81 5.70 1.09

↑ –15.0 –88.9 –93.4 –1.01 –21.82 –95.47 — —

PB-C-19
↓ 30.0 79.6 98.8 3.47 21.76 117.1 5.38 1.07

↑ –10.5 –87.9 –88.6 –0.21 –22.99 –55.62 — —

PB-C-27
↓ 26.5 64.0 87.2 2.42 21.79 119.50 5.48 0.97

↑ –20.0 –93.5 –94.5 –1.44 –21.82 –71.50 — —

UB-C-35
↓ 25.0 66.6 87.3 2.85 20.66 126.3 6.10 0.95

↑ –18.0 –85.4 –86.4 –1.85 –23.54 –76.75 — —

FB-S-00
↓ 23.0 82.9 110.9 3.12 23.80 133.67 5.62 —

↑ –18.0 –87.0 –99.1 –1.98 –21.16 –134.16 — —

PB-S-27
↓ 29.8 62.5 86.0 1.71 20.19 133.08 6.59 0.93

↑ –23.0 –96.6 –101.0 –1.64 –21.14 –74.30 — —

UB-S-35
↓ 25.0 61.0 93.3 –3.59 19.29 135.24 7.01 0.98

↑ –20.0 –90.3 –94.3 –1.91 –21.73 –75.92 — —

Note: 1 mm = 0.0394 in.; 1 kN = 0.2248 kip; 1 MPa = 0.145 ksi.

Fig. 7—Typical failure modes of test beams.

Fig. 6—Ultimate deformation of typical test beams.
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After cracking, the loading increment lagged behind the 
deformation increment and stiffness degraded apparently. In 
the post-cracking stage, the fully bonded CFRP prestressed 
beams are shown to be stiffer than unbonded and partially 
bonded ones. This is because tendon stress increases faster 
in fully bonded prestressed beams than in partially bonded 
and unbonded prestressed beams. After yielding of the 
tensile steel bar, obvious inflection points could be observed 
in the skeleton curves. Thereafter, stiffness continued to 
degrade until the maximum load point. When the midspan 
displacement exceeded 4Δy, obvious overall strength degra-
dation could be observed in the partially bonded and fully 
unbonded beams under downward loading, which was 

significantly different from the downward behavior. This is 
attributed to the fact that the prestressing tendon is placed at 
the bottom of the beams.

Load-carrying capacity
Table 4 lists the cracking loads, yielding loads (corre-

sponding to the yielding of the nonprestressed steel bars), 
and maximum loads of the specimens. It was observed that 
the cracking loads under downward loading were influenced 
little by the unbonded length of CFRP tendons. However, 
a trend was observed where the maximum loads (Pmax) 
decreased as the unbonded length of the CFRP tendons 
increased. Specifically, as the unbonded length increased 

Fig. 8—Load versus deflection relationship of test beams. (Note: 1 kN = 0.2248 kip; 1 mm = 0.0394 in.)
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from 1100 to 2700 mm (43.3 to 106.3 in.), the Pmax under 
downward loading decreased by 14.3%. This trend is 
expected as the unbonded portion allows for slippage, and 
the tendon strain at the peak load generally decreases as 
the unbonded length increases. Similar findings have also 
been  reported in reinforced concrete beams strengthened 
with partially bonded near-surface-mounted FRP bars/strips 
(Sharaky et al. 2015; Choi et al. 2011b). When the unbonded 
length was beyond 2700 mm (106.3 in.), however, further 
increases in unbonded length had a negligible effect on Pmax. 
It is important to note that the fully bonded CFRP prestressed 
beam (FB-C-00) exhibited a flexural capacity 8.0% lower 
than that of Specimen PB-C-11. This is because Specimen 
FB-C-00 experienced a premature failure due to rupture of 
CFRP before concrete crushing occurred. In contrast, an 
opposite trend was noticed in the prestressed beams with 
steel strands, where the maximum load capacity of the fully 
bonded prestressed beam (FB-S-00) was 29.0% higher than 
that of the partially bonded prestressed beam (PB-S-27). 

This is because both beams failed due to concrete crushing, 
and the stress in the fully bonded prestressed beam was 
higher than that in the partially bonded prestressed beam.

Displacement ductility
Ductility is a measure of the ability of a structural member 

to sustain large inelastic deformation without substantial 
decrease in load-carrying capacity. It serves as a warning 
sign before the occurrence of structural collapse. The 
ductility of a structural concrete beam can be expressed 
using the displacement ductility coefficient as follows

	​ μ  =  ​ ​Δ​ u​​ _ ​Δ​ y​​ ​​	 (2)

where Δy is the displacement corresponding to the yielding 
of the beam specimens; and Δu is the displacement at failure 
or the displacement corresponding to 80% maximum load in 
descending part of the skeleton curves, whichever is smaller 
(Park 1989). The measured Δu for each beam is provided in 
Table 4. When subjected to downward loading, the beams 
with the partially bonded CFRP tendon exhibited signifi-
cantly higher deformability compared to the fully bonded 
CFRP prestressed concrete beam. This is due to the fact 
that the fully bonded beam exhibited a premature failure of 
CFRP rupture. Because the strains in the partially bonded 
tendon are relieved from critical sections and averaged 
out along the unbonded length, there was a trend that the 
deformability slightly increased as the unbonded length of 
the CFRP tendon increased.

The measured ductility coefficients of each beam are 
provided in Table 4, where only the ductility under down-
ward loading was considered. The displacement ductility 
coefficients of partially bonded CFRP prestressed concrete 
specimens were in the range of 5.38 to 5.70, indicating that 
the specimens behaved in a relatively ductile manner. As 
observed in Table 4, the beams prestressed with steel strands 
displayed a more ductile behavior than those prestressed 
with CFRP strands. This can be attributed to the fact that 
CFRP possesses a linear elastic stress-strain relation and is 
inherently brittle in nature.

The bond condition had a significant effect on the displace-
ment ductility of CFRP prestressed concrete beams under 
downward loading, as evident in Table 4. The displacement 
ductility of the partially bonded prestressed beams (PB-C-11, 
PB-C-19, and PB-C-27) was significantly higher than that of 
the fully bonded prestressed beam (μ = 2.83) and slightly 
lower than that of the fully unbonded prestressed beam (μ = 
6.10). This is expected because the fully bonded prestressed 
beam failed due to rupture of the CFRP tendon, whereas 
the partially bonded and fully unbonded prestressed beams 
failed due to concrete crushing. Among the partially bonded 
prestressed beams tested, varying the unbonded length from 
1100 to 2700 mm (43.3 to 106.3 in.) had an insignificant 
effect on the ductility, although the displacement ductility 
appeared to increase slightly increased with increasing the 
unbonded length.

Fig. 9—Skeleton curve. (Note: 1 kN = 0.2248 kip; 1 mm = 
0.039 in.)
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Energy dissipation capacity
The energy dissipation capacity of a structural member is 

a valuable indicator for evaluating the seismic performance 
of the member. To quantify the energy dissipated during a 
single load cycle, the Trapezoid Rule was employed to calcu-
late the area enclosed by the applied load versus midspan 
deflection curve. In Fig. 10, the shaded area represents the 
energy dissipation corresponding to the i-th loading cycle 
during downward or upward loading. It should be noted 
that the energy calculation for each step is the average of 
every three load cycles. The accumulated dissipated energy 
is obtained by summing up the shaded areas over the entire 
loading process.

Figure 11 shows the cumulative energy dissipated in 
each cycle for the tested beams. Initially, the accumu-
lated energy dissipation remained relatively small until 
the midspan displacement reached Δy. As the applied 
displacement increased, the cumulative energy dissipation 
also increased. Up to a midspan displacement of 2Δy, the 
energy dissipated during upward loading was nearly equiv-
alent to that during downward loading. Nevertheless, when 
the midspan displacement exceeded 3Δy, less energy was 
dissipated during upward loading compared to downward 
loading. This discrepancy can be attributed to the place-
ment of the prestressing tendon at the bottom of the beam, 
resulting in significant overall strength degradation in the 
hysteresis loops during upward loading. Specimen FB-C-
00, which experienced premature CFRP rupture, exhibited 
the lowest energy dissipation upon failure, accounting for 
approximately 25% of the energy dissipated in the partially 
bonded specimens. As depicted in Fig. 11(a) and (b), 
increasing the unbonded length of the prestressing tendons 
slightly reduced the cumulative energy dissipation. This can 
be attributed to the fact that prestressed beams with longer 
unbonded lengths exhibited lower load-carrying capacities. 
Figure  12 compares the cumulative energy dissipation in 
Specimen  PB-C-27 (partially bonded CFRP tendon) with 
that in Specimen PB-S-27 (partially bonded steel tendon). 
Under identical loading cycles with the same downward 
displacements, the beam with the partially bonded CFRP 

tendon demonstrated a similar energy dissipation capacity to 
the beam with the partially bonded steel tendon, indicating 
that the fully bonded CFRP tendon beam exhibits a favor-
able energy dissipation capacity.

DESIGN APPROACH FOR FLEXURAL CAPACITY
Currently, there is a lack of design guidelines for 

prestressed concrete beams with partially bonded CFRP 
tendons. In this study, the flexural design method previously 

Fig. 10—Definition of energy dissipation.

Fig. 11—Cumulative energy dissipation. (Note: 1 kN∙m = 
8.86 kip∙in.; 1 mm = 0.0394 in.)

Fig. 12—Comparison of cumulative energy dissipation. 
(Note: 1 kN∙m = 8.86 kip∙in.; 1 mm = 0.039 in.)
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developed by the authors (Peng and Xue 2019b) for fully 
unbonded post-tensioned concrete members was modified 
for predicting the flexural capacity of the partially bonded 
beams. This modified design method was used to predict the 
flexural capacity of the partially bonded beams. For partially 
prestressed beams with partially bonded CFRP tendons and 
nonprestressed steel bars, the flexural capacity can be deter-
mined by

​​M​ u​​  =  ​A​ s​​́​f​ y​​́​(​ 
​β​ 1​​c _ 2  ​ − ​d​ s​​́)​ + ​A​ s​​ ​f​ y​​​(d − ​ 

​β​ 1​​c _ 2  ​)​ + ​A​ p​​ ​f​ p​​​(​d​ p​​ − ​ 
​β​ 1​​c _ 2  ​)​​		

		  (3)

where Asꞌ is the area of steel bars in compression; b is the 
width of member; fcꞌ is the cylinder compressive strength 
of concrete; fyꞌ is the yield strength of steel bar in compres-
sion; fp is the ultimate tensile stress in partially bonded or 
fully unbonded tendon; dsꞌ is the distance from the extreme 
compression fiber to the centroid of compression reinforcing 
bars; c is the distance from extreme compression fiber to 
the neutral axis at ultimate limit state; and β1 is the ratio 
of depth of equivalent rectangular stress block to depth of 
neutral axis.

Because the ultimate stress in partially bonded tendons is 
member-dependent rather than section-dependent, an accu-
rate prediction for the ultimate stress of the tendons is more 
difficult than that of bonded ones. The authors (Peng and Xue 
2019b) have proposed an ultimate tensile stress equation for 
the unbonded tendon. For simplification, this equation was 
modified for the partially bonded tendon by introducing a 
relative bond length coefficient ξ (Fig. 13)

	​ ​f​ p​​  =  ​f​ pe​​ + ​ 
​E​ p​​ ​ε​ cu​​ ​e​ m​​

 _ c  ​  ​ 
χ
 _ ​(1 − ξ)​ ​​(​ 1 _ f ​ + ​ 

​d​ p​​ _ L ​ + ​ 0.1Z _ L  ​)​​(1 + ​ ​e​ s​​ _ ​e​ m​​ ​ ζ)​​		

		  (4)

where fp is the ultimate tensile stress in the partially bonded 
tendon; fpe is the effective prestressed stress; Ep is the elastic 
modulus of the tendon; em is the tendon eccentricity at beam 
midspan; es is the eccentricity at the support; L is the span 
length; Z is the shear span; χ is the normalized tendon elon-
gation parameter, χ = 1 + 0.15(es/em – 1)2 ≤ 1.6; εcu is the ulti-
mate compressive strain of concrete; and f = 10 for a single 
concentrated load, 3 for two-third-point loads, and 6 for a 
uniform load application, respectively.

It should be mentioned that if the CFRP stress obtained 
from Eq. (4) is equal to or larger than the ultimate tensile 
strength fpu, the expected failure mode is rupture of CFRP. 
Otherwise, concrete crushing will govern the failure. To 

compute fp from Eq. (4), the value of depth of the neutral 
axis at ultimate limit state c should be computed. By consid-
ering the equilibrium of internal forces, the depth of neutral 
axis c can be solved by

	​ ​A​ s​​́​f​ y​​́ + 0.85​β​ 1​​ ​f​ c​​́bc  =  ​A​ s​​ ​f​ y​​ + ​A​ p​​ ​f​ p​​​	 (5)

Simultaneously solving Eq. (4) and (5) results in a 
quadratic equation in c with the following root

	​ c = ​ 
− ​B​ 1​​ + ​√ 
_

 ​B​ 1​ 2​ − 4 ​A​ 1​​ ​C​ 1​​ ​  _________________ 2 ​A​ 1​​  ​​	 (6)

where A1 = 0.85β1fc′b; B1 = As′fy′ – Asfy – Apfpe; and C1 = 

​− ​A​ p​​ ​E​ p​​ ​ε​ cu​​ ​e​ m​​ ​ 
χ
 _ 1 − ξ ​​(​ 1 _ f ​ + ​ 

​d​ p​​ _ L ​ + ​ 0 . 1Z _ L  ​)​​(1 + ​  ​e​ s​​ _ 2 ​e​ m​​ ​)​​

For partially bonded or fully unbonded prestressed 
concrete beams, Table 4 compares the predictions according 
to the presented design approach against the experimental 
maximum loads. In general, the predictions are in good 
agreement with the experimental results. The experimental 
load-carrying capacity is on average 1.00 of the predicted 
value, with a standard deviation of 6.6%.

SUMMARY AND CONCLUSIONS
In this study, eight post-tensioned concrete beams 

were tested to investigate the cyclic behavior of 
prestressed  concrete beams with partially bonded carbon 
fiber-reinforced polymer (CFRP) tendons. Furthermore, 
a modified design approach for determining the flexural 
capacity of the beams was proposed. Based on the analysis 
of the experimental results, the following conclusions can 
be drawn:

1. Increasing the unbonded length of the CFRP tendons 
shifted the failure mode from CFRP tendon rupture to 
concrete crushing. The post-tensioned concrete beam with 
fully bonded CFRP tendons failed due to tendon rupture, 
while the post-tensioned beams with partially bonded or 
fully unbonded tendons failed due to concrete crushing.

2. There was a trend that the maximum loads decreased 
with increasing unbonded length of CFRP tendons.

3. The displacement ductility of partially bonded 
prestressed beams ranged from 5.38 to 5.70, which was 
significantly higher than that of the fully bonded prestressed 
beam (μ = 2.83) and slightly lower than that of the fully 
unbonded prestressed beam (μ = 6.10).

4. The partially bonded CFRP prestressed concrete 
beams exhibited acceptable energy dissipation capacity, and 

Fig. 13—Schematic diagram of partially bonded prestressed concrete beam.
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increasing unbonded length of prestressing tendons would 
slightly decrease the accumulated energy dissipation.

5. The experimental flexural capacities were in close 
agreement with the values estimated using the proposed 
design approach for partially bonded prestressed concrete 
beams. The experimental flexural capacity was on average 
1.00 of the predicted value, with a standard deviation of 
6.6%.
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This paper investigates the response of reinforced concrete shell 
elements subjected to all eight stress resultants (in-plane shear, two 
out-of-plane shears, torsion, two axial loads, and two moments). 
Twelve new experiments subjected to different combinations of 
in-plane and out-of-plane loads are presented. The experiments 
examine the influence of varying quantities of transverse shear 
reinforcement and concrete strengths. The paper also presents a 
new nonlinear, high-powered, macro finite element model called 
Shell II. The Shell II method is a three-layered model based on 
the equations of the Modified Compression Field Theory and is 
capable of predicting the full three-dimensional load-deformation 
response of shell elements subjected to combined loads. Shell II 
is also used to examine the experimental results in the context of 
in-plane versus out-of-plane shear-stress interaction diagrams. The 
results highlight the importance of considering combined loading 
in predicting the response of shells in three dimensions.

Keywords: axial stress; experiments; interaction diagrams; moments; 
shear; shells; three-dimensional; torsion.

INTRODUCTION
Complex reinforced and prestressed concrete structures 

often consist of members subjected to combinations of all 
eight stress resultants that can act on shell elements. These 
sectional resultants are one in-plane shear, Vxy; two out-of-
plane shears, Vxz and Vyz; two axial loads, Nx and Ny; two 
moments Mx and My; and one torsion, Mxy (refer to Fig. 1). 
Some examples of structures that can be modeled as an 
assemblage of shell elements include walls, slabs, founda-
tions, nuclear containment structures, offshore oil-platforms, 
grain silos, hydroelectric facilities, and dams. For example, 
in nuclear containment structures, a loss of coolant acci-
dent may result in axial tensions in the containment walls. 
If the incident was caused by an earthquake, aftershocks 
can induce additional in-plane and out-of-plane forces to 
the structure. Out-of-plane shears can also arise in locations 
where out-of-plane deformations are restrained by founda-
tions or other rigid elements such as ring beams.

Figure 1 shows representations of a nuclear containment 
structure (bottom-left), walls subjected to combined loading 
(bottom-middle), and a bridge deck (bottom-right), where 
individual shell elements are highlighted. Figure 1 also 
shows the eight shell stress resultants (top-left) and the 
University of Toronto Shell Element Tester (SET) used to 
perform the experiments discussed in this paper (top-right).

The purpose of this paper is to summarize an investiga-
tion on the influence of combined loads on the response of 
reinforced concrete shell elements and to present an analyt-
ical model capable of predicting the full load-deformation 

response of these members. While the response of elements 
subjected to in-plane shear, biaxial stresses, and flexure 
have been studied previously, much less research has been 
conducted on the response of elements subjected to combined 
in-plane and out-of-plane shear.1-4 To address this research 
gap, this paper first presents 12 experiments conducted on 
the SET. The experiments explore the influence of different 
loading ratios, reinforcement ratios, and concrete strengths 
on the member response. For members subjected to 
three-dimensional loads, the number of different combina-
tions of loading ratios, concrete properties, and reinforcement 
properties is large. Provided there are eight stress resultants 
and approximately 10 design variables, conducting only 
three tests for each design variable would give 387 million 
experiments needed to explore all the interactions. Given the 
relatively small number of experiments available to examine 
these phenomena a model, based on a rational framework 
of equilibrium, compatibility, and stress-strain relationships 
is needed to predict the response of members and better 
interpret the experimental results. Thus, this paper pres-
ents a high-powered, macro finite element model capable 
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Fig. 1—Members subjected to eight shell element stress 
resultants.
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of predicting the full load deformation response of shell 
elements in three-dimensions. The method, called Shell II, 
is a three-layered model based on the Modified Compres-
sion Field Theory (MCFT).1 The results from Shell II are 
compared to the experiments presented in this paper. The 
model is used to predict the experimental response and is 
also used to show the interactions of members subjected to 
combinations of in-plane versus of out-of-plane-shear.

RESEARCH SIGNIFICANCE
Complex reinforced concrete structures are often modeled 

with three-dimensional shell elements representing slabs 
and walls or other structural components which can resist 
eight stress resultants. The interaction between these stress 
resultants is poorly understood with relatively few experi-
ments and models available to quantify the safety of struc-
tures. This paper presents a new series of 12 experiments 
and model results to improve understanding of the response 
of shell elements subjected to combined loads.

EXPERIMENTAL PROGRAM
To investigate the response of shell elements subjected 

to combined loads, 12 shell elements, PS1 to PS12, were 
tested to failure with the SET. The SET consists of 60 servo- 
controlled hydraulic actuators: 40, 100 ton in-plane actua-
tors and 20, 50 ton out-of-plane actuators. All actuators have 
a displacement potentiometer to monitor their position and 
a load cell to monitor their force. Simultaneously, all actu-
ators are individually controlled in either force or displace-
ment. Together, these actuators are capable of applying all 
eight stress resultants on test specimens measuring 1626 x 
1626 mm (64 x 64 in.).

As a part of the PS series of tests, 10 specimens, PS1 to 
PS6 and PS9 to PS12, were subjected to combined in-plane 
and out-of-plane shear stresses, while PS7 and PS8 were 
only subjected to in-plane stresses. For the out-of-plane 
tests, the specimens measured 285 mm (11.2 in.) thick and 
contained 2.93% reinforcement in two layers along the x- 
direction and 1.95% reinforcement in two layers along the 
y-direction. For PS7 and PS8, measuring 278 mm (10.9 in.) 
thick, 3.00% reinforcement was provided in two layers 
along the x-direction and 0.67% reinforcement was provided 
along the y-direction. To induce in-plane shear stresses and 
torsions, the x-direction and y-direction reinforcement was 
oriented at 45 degrees to the actuators of the SET. PS5, PS6, 
and PS12 contained 0.197% transverse shear reinforcement 
corresponding to a quantity of shear reinforcement, ρzfy, of 
0.934  MPa (135 psi), while PS9 included 0.350% trans-
verse shear reinforcement (ρzfy = 1.66 MPa [241 psi]). This 
transverse shear reinforcement was provided in the form of 
headed bars placed through the thickness of the specimens 
in a grid of 6 x 6 bars for PS5, PS6, and PS12 and a grid of 
8 x 8 for PS9 along the horizontal and vertical directions 
of the specimen. These headed bars had a bearing area of 
four times the bar area and extended beyond the in-plane 
reinforcement (refer to Fig. 2 inset photographs). The clear 
cover for all specimens was 53 mm (2.09 in.), except PS7 
and PS8, which had a clear cover of 50 mm (1.97 in.). 
Among other structures, these reinforcement quantities and 

details are representative of portions of nuclear containment 
structure walls, grain silos, and off-offshore structures.5-7 
Figure 2 provides a summary of the specimen geometry and 
reinforcement arrangement. Refer to Proestos8 for further 
details.

Table 1 provides a summary of the reinforcement steel prop-
erties associated with the stress-strain responses shown in 
Fig. 2 and the values used in this paper. The specimen concrete 
strengths were measured by testing 300 x 150 mm (12 x 6 in.) 
cylinders. The concrete strengths ranged from 28.5 to 100 MPa 
(4130 to 14,500 psi) and are summarized in Table 2.

To transfer loads into the specimens, the longitudinal bars 
were welded to plates and the plates were welded to steel blocks. 
These blocks were cast into the concrete. Loading yokes were 
bolted to the blocks and the loading yokes were connected to the 
actuators through pins. Additional information on the SET and 
experimental setup can be found elsewhere.8,9

For PS1 and PS2, the in-plane actuators on the left and 
right side of the specimen and the in-plane actuators on the 
top and bottom of the specimen were used to apply out-of-
plane moments, out-of-plane shears, and in-plane stresses. 
These forces were applied such that along the x-direction, the 
shell element was subjected to double curvature. The vertical 
in-plane actuators applied a net compression force and the 
horizontal actuators applied a net tension force. Therefore, 
because the reinforcement was oriented at 45 degrees to the 
applied axial forces, along the direction of the reinforce-
ment, the element was subjected to shear stresses. There 
were no axial stresses along the x- or y-directions, nor was 
any out-of-plane shear along the y-direction on average. PS1 
and PS2 are essentially beams in double curvature along the 
diagonal x-direction with in-plane shear stresses on their 
top and bottom surfaces. Figure 3 shows a diagram of the 
out-of-plane shear force and bending moment diagrams on 
the horizontal and vertical edges of the shell elements. The 
SET coordinate systems (horizontal and vertical) were at an 
angle of 45 degrees to the reinforcement (the X-Y coordi-
nates). Figure 3 shows the Mohr circle transformations that 
relate the applied stresses (SET coordinates) to the stresses 
along the reinforcement directions (X-Y coordinates).

For PS1 and PS2, all horizontal in-plane and out-of-plane 
actuators were connected to the specimen. However, for PS3 
to PS6 and PS9 to PS12, only the vertical in-plane and out-of-
plane actuators were used (in addition to one horizontal actu-
ator to maintain specimen stability). For these specimens, the 
shell elements were subjected to double curvature and out-of-
plane shear along with an axial force in the vertical direction. 
These applied forces resulted in out-of-plane shear stresses 
and axial stresses in the x- and y-directions, as well as in-plane 
shear stresses and torsions. Figure 3 shows the applied vertical 
shear force and bending moment diagrams; however, for 
PS3 to PS6 and PS9 to PS12, the horizontal shear force and 
bending moment diagrams are zero.

PS7 was tested to investigate the shear response of conven-
tionally reinforced elements with high concrete cylinder 
strengths. Prior to investigating the combined effects of 
in-plane and out-of-plane shear, PS7 was tested in pure shear. 
PS8, which was also cast from high-strength concrete, was 
subjected to pure in-plane shear and biaxial compression.
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All tests were loaded monotonically until failure. For 
PS1 to PS10, the tests were loaded with the applied forces 
increasing proportionally to failure. For PS11 and PS12, 
however, the in-plane axial compression and in-plane shear 
was applied as a constant load of –3.50 MPa and the out-of-
plane shears and moments were increased to failure. All spec-
imens except PS7 and PS8 were pre-cracked to avoid first 
cracking governing failure. PS1 and PS2 were pre-cracked 

by applying forces along the x-direction, whereas PS3 to 
PS6 and PS9 to PS12 were pre-cracked by applying vertical 
tension until a well-distributed crack pattern was observed.

Table 2 provides a summary of the specimen properties and 
loading ratios applied to the specimens. For convenience, the 
shear stresses at failure are also included in the table.

One important aspect of the PS experimental series was to 
instrument the test specimens so that both detailed in-plane 

Fig. 2—Reinforcement details and measured steel properties. (Note: 1 MPa = 145 psi; 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2)

Table 1—Summary of reinforcement properties

Bar Application As, mm2 fyield, MPa fu, MPa εsh, × 10–3 εu, × 10–3

20M (a) x-direction, PS1 and PS2 300 448 655 5.70 111.6

20M (b) x- and y-direction, PS3 to PS6, PS9 and PS10 300 593 712 8.86 88.6

20M (c) x-direction, PS7 and PS8 300 445 604 11.21 140.6

20M (d) x- and y-direction, PS11 and PS12 300 515 640 11.50 94.1

15M y-direction, PS1 and PS2 200 433 579 19.10 153.3

10M y-direction, PS7 and PS8 100 461 564 29.84 143.8

No. 4 z-direction, PS5, PS6, PS9, and PS12 127 474 644 10.72 76.3

Note: All bars are Canadian bar designations except No. 4 bar, which is U.S. bar designation.

Note: 1 MPa = 145 psi; 1 mm2 = 0.00155 in.2
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Table 2—Summary of specimen properties and applied loading

x-direction reinforcement y-direction reinforcement z-direction reinforcement*

Test fc', MPa x-bar ρx, % fyx, MPa fu, MPa y-bar ρy, % fyy, MPa fu, MPa ρz, % fyz, MPa fu, MPa vxy:vxz ratio† vxy, MPa vxz, MPa

PS1 41.8 20M 2.93 448 655 15M 1.95 433 579 — — — 1.20:1 2.42 2.02

PS2 45.4 20M 2.93 448 655 15M 1.95 433 579 — — — 5.18:1 7.46 1.44

PS3 28.5 20M 2.93 593 712 20M 1.95 593 712 — — — 0.72:1 0.60 0.83

PS4 30.6 20M 2.93 593 712 20M 1.95 593 712 — — — 8.46:1 3.57 0.42

PS5 43.2 20M 2.93 593 712 20M 1.95 593 712 0.197 474 644 0.72:1 0.92 1.28

PS6 49.9 20M 2.93 593 712 20M 1.95 593 712 0.197 474 644 3.61:1 3.41 0.94

PS7 98.7 20M 3.00 445 604 10M 0.67 461 564 — — — pure vxy 5.39 —

PS8 100.0 20M 3.00 445 604 10M 0.67 461 564 — — — –0.40:1 fn:vxy 9.11 —

PS9 38.2 20M 2.93 593 712 20M 1.95 593 712 0.350 474 644 3.29:1 3.61 1.10

PS10 39.8 20M 2.93 593 712 20M 1.95 593 712 — — — –2.07:1 –3.14 1.52

PS11 98.3 20M 2.93 515 640 20M 1.95 515 640 — — — 0:1‡ –3.50 1.93

PS12 98.3 20M 2.93 515 640 20M 1.95 515 640 0.197 474 644 0:1 ‡ –3.50 2.33

*z-direction reinforcement are U.S. No. 4 bars in all cases used.
†Specimens PS3, PS4, PS5, PS6, PS9, PS10, PS11, and PS12 also have: vxz = vyz and fx = fy = vxy.
‡PS11 and PS12 have constant applied fx = fy = vxy of –3.50 MPa.

Note: 1 MPa = 145 psi.

Fig. 3—Applied loads and Mohr’s circle transformations. (Note 1 m = 39.4 in.; 1 kN = 0.225 kip.)
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and out-of-plane displacements and strains could be moni-
tored throughout loading. On each of the two in-plane 
surfaces, six linear variable differential transformers 
(LVDTs) were used to monitor the average strains over the 
specimen. On each face, two LVDTs monitored the hori-
zontal strains, two LVDTs measured the vertical strains, one 
LVDT monitored the x-direction strain, and one LVDT the 
y-direction strain. In addition to these 12 LVDTs, 36 infrared 
light-emitting diodes (LEDs) were placed in a 6 x 6 grid 
spaced approximately 225 mm (8.86 in.) apart on the back 
surface. The LED data was used to monitor how the in-plane 
strain field varied over the specimen surface. In addition 
to these in-plane measurements, out-of-plane measure-
ments were monitored using linear potentiometers. A total 
of 15  potentiometers were used in an arrangement of five 
sets of three potentiometers. As shown in Fig. 4, each set of 
three potentiometers consisted of two potentiometers placed 
through the thickness of the shell, oriented approximately 
45 degrees to the out-of-plane axis and one potentiometer 
placed directly through the thickness of the shell. Prior to 
casting, ducts were placed through the shell thickness. After 
casting, each linear potentiometer was mounted on a bracket 
that was connected to a dowel. The end of the dowel was 
affixed to the opposite face of the shell element. For the 
diagonal ducts, the reinforcement arrangement often did 
not allow for the ducts to be inclined at exactly 45 degrees; 
therefore, they were placed at angles as close to 45 degrees 
as possible, shown as θ1 and θ3 in Fig. 4. These actual angles 
were measured and accounted for in the calculations of the 
strains.

For PS1 and PS2, all five sets of three potentiometers 
were arranged to align with the x-direction longitudinal 
steel. Thus, they were used to obtain a Mohr circle of strain 
on the x-z plane. For PS3 to PS6 and PS9 to PS12, three 
of these linear potentiometer rosettes were used to measure 
strains in the y-z plane and two were used to monitor strains 
on the x-z plane. These out-of-plane rosette measurements 
were used to determine the average strain response of the 
specimens and were combined with in-plane displacement 
measurements from the LVDTs and LEDs to determine the 
three-dimensional response of the members. This displace-
ment field data was used in conjunction with measure-
ments from the 60 load cells to determine the entire three- 
dimensional load-deformation response of the test specimens.

EXPERIMENTAL OBSERVATIONS
This section provides a summary of the experimental 

observations made for the PS series of experiments. Spec-
imen PS1 was subjected to in-plane shear and out-of-plane 
shear along the x-direction. The companion specimen, PS2, 
was also subjected to these stress resultants. PS1 had an 
in-plane shear stress to out-of-plane shear stress ratio of 1.20, 
whereas PS2 had an in-plane to out-of-plane shear stress ratio 
of 5.18. Both members failed by out-of-plane shear. PS1 and 
PS2 did not contain any out-of-plane shear reinforcement 
and were governed by the amount of shear that could be 
transmitted by aggregate interlock stresses on the out-of-
plane shear cracks that formed. PS1 reached a peak in-plane 
shear strength of 2.42 MPa (351 psi) and an out-of-plane 

shear strength of 2.02 MPa (293 psi), whereas PS2 reached 
an in-plane shear strength of 7.46 MPa (1082 psi) and an 
out-of-plane shear strength of 1.44 MPa (209 psi). There-
fore, PS2 failed at an out-of-plane shear stress 29% lower 
than PS1 as a result of the additional 5.04 MPa (783 psi) of 
in-plane shear stress. This relative reduction in out-of-plane 
shear strength, because of the additional in-plane shear, 
demonstrates the strong interaction between in-plane versus 
out-of-plane shear stresses.

Unlike PS1 and PS2, PS3 to PS6 and PS9 to PS12 were 
subjected to in-plane biaxial stresses equal to the in-plane 
shear stress. They were also subjected to out-of-plane shear 
stresses along the y-direction equal to the out-of-plane 
shear stresses along the x-direction. PS3 was subjected to 
an in-plane shear to out-of-plane shear stress ratio of 0.72, 
while PS4 was subjected to an in-plane to out-of-plane shear 
stress ratio of 8.46. PS3 reached an in-plane shear strength 
of 0.60 MPa (87 psi) and an out-of-plane shear strength of 
0.83 MPa (120 psi). PS4 reached a peak out-of-plane shear 
strength of 0.42 MPa (61 psi) and an in-plane shear strength 
of 3.57 MPa (518 psi). Therefore, PS4, which failed in out-of-
plane shear, failed at an out-of-plane shear stress 51% of PS3.

PS5 and PS6 were companion specimens to PS3 and PS4 
but included out-of-plane shear reinforcement. A quantity 
of 0.934 MPa (135 psi) was provided in a square grid of 6 
x 6 of No. 4 headed bars. Similar to PS3, PS5 was loaded 
with an in-plane to out-of-plane shear stress ratio of 0.72. 
PS5 failed an out-of-plane shear stress 1.54 times greater 
than PS3. PS6 failed at an in-plane shear stress of 3.41 MPa 
(494 psi), similar to that of PS4, which failed at 3.57 MPa 

Fig. 4—In-plane LVDT and LED instrumentation (top) and 
out-of-plane linear potentiometers (bottom). (Note: 1 mm = 
0.0394 in.)
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(518 psi). However, PS6 failed at an out-of-plane shear stress 
2.24  times larger than PS4. Thus, the inclusion of out-of-
plane transverse reinforcement made the shell elements 
significantly stronger.

To investigate the influence of high-strength concrete on 
shear performance, PS7 and PS8 were first tested without 
the out-of-plane shear stresses or moments. PS7 was tested 
in pure in-plane shear, while PS8 was tested in pure in-plane 
shear and biaxial compression. PS7 and PS8 were heavily 
reinforced in the x-direction but lightly reinforced in the y- 
direction; this was selected to represent webs of members 
such as bridge girders or containment structures in their trans-
verse direction. PS7 failed in a brittle manner at an in-plane 
shear strength of 5.39 MPa (782 psi). PS8 was subjected to 
in-plane shear and biaxial compression equal to –0.4v. This 
quantity of biaxial compression resulted the member reaching 
a higher ultimate in-plane shear strength, 9.11 MPa (1321 psi). 
Up to the final load stage, PS8 exhibited a well-distributed 
crack pattern. However, once the load reached the peak and 
the shear strains increased beyond 5.93 × 10–3, a single crack 
dominated the response. That is, a crack near the top quarter 
of the shell element began to widen and failed by slipping 
across the crack interface. This slip was visually observable 
and was measured in the LED data. This type of shear failure, 
dominated by a single crack, was typical of the PC series of 
tests conducted by Calvi et al.10,11

PS10, PS11, and PS12 were tested in combined biaxial 
compression and in-plane shear along with out-of-plane 
shear. The sign of the in-plane shear applied to PS3 to PS6 
and PS9 resulted in tensile strains aligning with the tensile 
strains from the out-of-plane shear stresses. In contrast, the 
sign of the in-plane shear for PS10, PS11, and PS12 is such 
that the compression field from the in-plane shear stress 
has the tendency to reduce tensile strains arising from the 
out-of-plane shear stresses. These loading conditions result 
in significantly larger out-of-plane shear failure stresses for 
PS10 in comparison to companion specimens PS3 and PS4. 
PS10 did not include any transverse shear reinforcement 
and failed at a peak out-of-plane shear strength of 1.52 MPa 
(220 psi). This is 3.62 times higher than the failure stress of 
PS4, and is a result of the biaxial compressive stresses and 
sign of the in-plane shear stresses.

PS11 and PS12 were loaded with a constant –3.50 MPa 
(–508 psi) of in-plane shear stress and biaxial compression. 
The out-of-plane shear and moments were then increased 
proportionally to failure. PS11 did not contain any transverse 
shear reinforcement and is a high-strength companion to 
specimen PS10. Once reaching the peak load, PS11 suffered 
an abrupt out-of-plane shear failure. The particularly brittle 
failure can be attributed to the lack of transverse reinforce-
ment, the high concrete strength, the biaxial compressive 
stresses, and the sign of the in-plane shear stresses. While the 
concrete cylinder strength was 2.5 times higher than PS10, 
PS11 failed at an out-of-plane shear stress of 1.93  MPa 
(280 psi), only 1.27 times higher than that of PS10.

PS12 was a companion specimen to PS11 but included 
transverse shear reinforcement. The transverse reinforcement 
greatly assisted in reducing the brittle nature of the failure. 
PS12 failed at an out-of-plane shear stress of 2.33  MPa 

(338 psi). The beneficial effects of the transverse reinforce-
ment were limited because flexural stresses combined with 
in-plane shear stresses near the corner of the element likely 
governed the ultimate load.

Figure 5 shows photographs of the shell elements after 
failure and includes the marked cracks. The load deformation 
response of the members is discussed in subsequent sections.

HIGH-STRENGTH REINFORCED CONCRETE 
SUBJECTED TO IN-PLANE SHEAR

PS7 and PS8 were cast from high-strength concrete. As 
a result of these high concrete strengths, the cracks were 
observed to cleave the aggregate rather than go around 
them and the cracks were seen to be straighter than similar 
members cast from lower-strength concrete. PS7 and PS8 
had similar quantities of x-direction reinforcement to other 
experiments in the series, but relatively small amounts of 
y-direction reinforcement. Typically, under these reinforce-
ment conditions, the shear cracks tend to rotate as stresses 
increases. This manifested itself as secondary cracks that 
form at smaller angles with respect to the x-reinforcement. 
This has been documented elsewhere in members subjected 
to in-plane shear and biaxial stresses.1,5,12 While this mech-
anism of crack rotation occurs for members cast from 
normal-strength concretes, at very high concrete strengths, 
it is difficult for new cracks to form. Rather than new cracks 
forming, shear stresses cause slip along existing cracks. This 
was observed in PS7 and PS8. The slip of the critical crack 
for PS8 can be visually observed in Fig. 5.

The MCFT is capable of predicting the full load defor-
mation response of PS7 and PS8. Previous studies have 
demonstrated that the MCFT can predict the response of 
membranes and shells in two dimensions well.1,5 When the 
same constitutive models as used by Proestos et al.5 are used 
to predict the response of PS7 and PS8, the MCFT over-
predicts the peak load with test-to-predicted ratios of 0.81 
and 0.75, respectively. The overpredictions may be a result 
of the overestimation of the amount of crack rotation that 
is capable for such high-strength concrete. To assess the 
ability for these constitutive models to capture the member 
response, the model was executed but prohibited the crack 
rotation after its initial formation. Using this limited crack 
rotation implementation of the MCFT, the test-to-predicted 
ratio for PS7 and PS8 was 1.01 and 0.90, respectively. The 
experimental and predicted shear stress-shear strain response 
is shown in Fig. 6. While for Fig. 6, the crack was limited 
to rotating 0 degrees, other assumptions can also be used. 
These comparisons are described elsewhere.8

In conducting these analyses, the constitutive laws were 
not altered; therefore, while limiting the crack rotations 
accounts, in part, for the effects of using high-strength 
concrete, additional modifications may also be warranted. 
Additionally, PS7 and PS8 contained 4.48 times more x- 
direction reinforcement than y-direction reinforcement. 
Under different loading conditions or reinforcement quanti-
ties, these considerations may require modification or be less 
important in predicting the member response. For example, 
for PS11, which has no transverse reinforcement, once 
the first major out-of-plane cracks form, the load-carrying 
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capacity reduced rapidly before any significant rotation 
could occur. For PS12, the ultimate load became governed 
not by out-of-plane shear cracks but by in-plane shear cracks 
and moments in the member. Therefore, while limiting the 
rotation of the crack is appropriate for PS7 and PS8, it is not 
needed for PS11 or PS12.

SHELL II—HIGH-POWERED, MACRO ELEMENT 
FINITE ELEMENT MODEL FOR REINFORCED 

CONCRETE SHELL ELEMENTS
To better understand the results of the 12 experiments 

presented, they will be compared to predictions from a new 
numerical model, Shell II. There exist several nonlinear 
finite element tools capable of modeling shell structures, 
including VecTor4, specifically formulated for shells.13-15 
These models, based on the Disturbed Stress Field Theory16 
and MCFT,1 were developed at the University of Toronto 
and have shown to provide good results for a wide range of 
structures and loading conditions. In an effort to reduce the 
complexity of multilayer or multi-element models, a new, 
macro finite element model for reinforced concrete shells 
called Shell II has been developed. The purpose of developing 
this model was specifically to assess the shear and torsion 
response of shell elements subjected to combined in-plane 
and out-of-plane loads.

The model is a simplified three-layered model comprised 
of two, two-dimensional membrane elements and a three- 
dimensional core. One membrane on top and one membrane 
on the bottom carry the axial loads, in-plane shears, 
and moments, while the triaxial core carries the out-of-
plane shear stresses. This three-layered model is a three- 
dimensional version of the traditional truss model for shear—
two chords connected by a thin web. Part of the reason for  
developing this Shell II method was to evaluate the predicted 
shear strength of shells in a manner that is consistent with 
design code approaches that rely on the two-dimensional 
truss model for shear, such as those in CSA A23.3-19,17 
AASHTO LRFD 9th Edition,18 and AS 3600-2018,19 among 
others. The motivation for implementing this model in a 
finite element framework is to capture the effects of full 
member response that arise. A more detailed description of 
the Shell II model can be found in the appendix to this paper 
and in Proestos.8

The Shell II method was used to model the PS series 
of tests. Each shell was modeled with a grid of 16 by 
16 elements. To simulate the effects of transverse clamping 
that would occur around the boundary of the shell from 
the loading yokes, one line of the edge elements (approxi-
mately 6% into the specimen) included additional transverse 
reinforcement such that these boundary elements did not 
fail in out-of-plane shear. Two nodes were restrained from 

Fig. 5—Photographs of PS series shell elements after failure.
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vertical translation, one from horizontal translation and 
three from out-of-plane translations. These six translational 
fixities provide the minimum needed to satisfy static equi-
librium. The forces were applied to the shell boundary to 
replicate uniform in-plane shear and biaxial stress as well 
as the out-of-plane shears and the corresponding moments. 
The models were constructed in SET coordinates with an 
example shown in Fig. 7.

Figure 7 shows the experimental and predicted in-plane 
shear stress versus in-plane shear strain. The experimental 
plots have numbered dots indicating the load stages. Load 
stage zero corresponds to the pre-cracking procedure 
described previously. A significant residual strain caused by 
this pre-cracking process can be observed in the responses 
of PS3, PS5, and PS10. This implementation of the Shell II 
method does not account for this plastic offset, therefore the 
predictions from Shell II for these specimens is manually 
shifted so that the strain response begins at the same value for 
zero shear stress. For completeness, the unshifted prediction 
passing through the origin is also plotted with a dotted line.

The in-plane shear stress versus shear strain response is 
reasonably predicted by Shell II. Generally, the cracked 
elastic response of the experiments is well predicted except 
for PS10, which exhibits more positive in-plane shear strain 
than predicted. A similar discrepancy is seen in PS11 and 
PS12. First, it should be noted that the magnitude of the 
strains is relatively small for these specimens. Additionally, 
this discrepancy can be partly attributed to the selection of 
the specific location of the elements used for comparison. 
For consistency, the elements corresponding to where the 
experimental instrumentation were located used for compar-
ison to the model and were not changed across all the spec-
imens examined.

Figure 8 shows the experimental and predicted out-of-
plane response for the PS series. In Fig. 8, the experimental 
values can be identified as they have numbered points 
indicating the load stages. The experimental responses are 
labeled to distinguish the x-z and y-z directions. The Shell 
II predictions for the x-z direction are shown as a solid line, 
and as a dotted line in the y-z direction.

PS4, PS6, and PS9 are predicted to have softer responses 
than exhibited in the experiments. This discrepancy is likely 
a result of comparing smeared crack predictions with the 
out-of-plane measurements taken at discrete locations. If 
the out-of-plane shear cracks do not cross the through the 
thickness potentiometers located at discrete locations, it is 
possible to overestimate the predicted strains. For all other 
specimens, the overall specimen response is reasonably 
predicted by Shell II.

A summary of the 10 Shell II predictions for the tests 
subjected to out-of-plane shear are shown in Table 3. The 
test-to-predicted ratio of the peak load is 1.05 with a coef-
ficient of variation of 8.9%. The most conservative result is 
1.17 (PS5) and the least conservative result is 0.88 (PS4).

IN-PLANE SHEAR VERSUS OUT-OF-PLANE 
SHEAR INTERACTION DIAGRAMS

In the design and analysis of shell elements subjected to 
combined loads, it is often valuable to examine interaction 
diagrams. Of particular interest in this experimental series 
is the interaction of in-plane and out-of-plane shear stresses. 
First, Shell II is used to predict an interaction diagram for the 
PS1 and PS2 specimens. This interaction diagram, shown 
in Fig. 9, compares the influence of in-plane shear, vxy, with 
out-of-plane shear in the vxz direction. On the x-axis, an addi-
tional point, KS, is included (details on the KS series of tests 
can be found elsewhere5). For members subjected to pure 
in-plane shear, the test-to-predicted ratio for the MCFT against 
similar elements is plotted. This is also shown in Fig. 10. The 
verification and reliability of the in-plane response is described 
elsewhere.5 It should be noted that for the interaction shown 
in Fig. 9, Shell II predicts a symmetrical interaction about 
the vertical axis. That is, the same interaction is predicted for 
positive and negative shear stresses.

To examine PS3 to PS6 and PS9 to PS12, the interac-
tion predicted by Shell II is shown in Fig. 10. Each line 
segment uses the specific reinforcement properties and 
concrete cylinder strengths associated with each specimen 
or companion specimens.

Unlike with PS1 and PS2, this interaction is not symmet-
rical about the vertical axis. This asymmetry results from 
the orientation of the in-plane and out-of-plane compression 
fields. For the positive in-plane shear stresses, the compres-
sion fields align and the cracks from the in-plane shear 
stress add to the tensile straining caused from the out-of-
plane shear stresses. Conversely, for negative in-plane shear 
stresses, the compression field from the in-plane shear closes 
the out-of-plane shear cracks. This clamping of the out-of-
plane shear cracks increases the strength of the members. 
For PS3 to PS6 and PS9 to PS12, this asymmetry is further 
emphasized by the biaxial tension and biaxial compression 
that is applied in proportion to the in-plane shear stress.

Fig. 6—Experimental and predicted shear stress versus 
shear strain response for PS7 and PS8. (Note: 1 MPa = 
145 psi.)
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The SP series of shell tests conducted by Adebar and 
Collins7 also demonstrated this phenomenon. The SP series 
of tests, however, did not include biaxial tension or biaxial 
compression and therefore demonstrates the asymmetry also 
occurs solely as a result of the sign of the in-plane shear. 
Figure 11 shows the SP series of tests on an interaction 
diagram along with the corresponding Shell II predictions. 
The average properties of the specimens are also shown in 
Fig. 11. Additional information can be found elsewhere.7

It can be seen that Shell II predicts the shear stress resulting 
in transverse yielding for the SP series well. The peak load is 
somewhat underpredicted. However, as other researchers have 
noted, the ultimate loads were high as a result of boundary 
effects. Therefore, the out-of-plane shear stress to cause first 
transverse reinforcement yielding is used for comparison 
to model predictions.7,13,20 It is important to note the asym-
metry in this diagram and the peak that forms for in-plane 
shear stresses that close the out-of-plane diagonal cracks. For 
SP4 and members with such large compressive stresses, the 
out-of-plane response becomes brittle without substantial 
strength beyond cracking. For these reasons, it is important to 
consider the sign of the in-plane shear stress when examining 
the out-of-plane shear behavior. In situations where shells are 
subjected to reverse cyclic loading or other scenarios that may 
result in pre-cracking, caution should be used to ensure that 
post-cracking strength is sufficient.

CONCLUSIONS
The paper presents the results from the PS series of rein-

forced concrete shell element tests conducted to investigate 
the response of members subjected to all eight stress resul-
tants. The experimental series investigates the influence of 
reinforcement quantity, concrete strength, and loading ratio 
on the combined in-plane and out-of-plane shear response of 
shells. The results indicated that there is a significant inter-
action between the in-plane and out-of-plane shear response.

PS1 and PS2 were tested with combinations of in-plane 
shear vxz, out-of-plane shear, and the corresponding moments. 
PS2 failed at an out-of-plane shear stress 29% lower than 
PS1 as a result of the additional 5.04 MPa (731  psi) of 
in-plane shear stress. PS3 to PS6 and PS9 were tested with 
in-plane shear and biaxial tension along with vxz and vyz 
out-of-plane shear stresses, and their corresponding out-of-
plane moments. As a result of the additional 5.95  times 
larger biaxial tension and in-plane shear, PS4 reached a peak 
out-of-plane shear of only approximately half that of PS3. 
The influence of the in-plane shear and biaxial tension was 
also observed in PS5 and PS6; however, the use of trans-
verse shear reinforcement improved their out-of-plane shear 
response in comparison to their PS3 and PS4 companion 
specimens. PS9, with larger quantities of transverse rein-
forcement, failed at higher out-of-plane shear stresses than 
the PS6 companion specimen.

Fig. 7—Shell II predictions for in-plane shear stress versus in-plane shear strain. (Note: 1 MPa = 145 psi.)
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PS7 and PS8, cast from 98.7 and 100.0 MPa (14,300 and 
14,500 psi) concrete, respectively, were in-plane tested used 
to examine the shear response of high-strength reinforced 
concrete. PS7 was tested in pure in-plane shear, while PS8 
was tested with in-plane shear and biaxial compression. As 
a result of the high-strength concrete, the aggregate cleaved, 
resulting in smooth shear cracks. Additionally, the high-
strength concrete made it difficult for secondary cracks to 
form as shear stresses increased. This caused slipping along 

shear cracks as stresses increased. When the amount of crack 
rotation in the Modified Compression Field Theory (MCFT) 
was limited to capture these phenomenon, the test-to-predicted 
ratios for PS7 and PS8 were 1.01 and 0.90, respectively.

PS10, PS11, and PS12 were tested with combinations of 
in-plane shear and biaxial compression combined with vxz 
and vyz out-of-plane shear stresses, and their corresponding 
out-of-plane moments and torsions. In addition to demonstrating 
the influence of biaxial compression, these tests demonstrate 

Fig. 8—Shell II predictions for out-of-plane shear stress versus out-of-plane shear strain. (Note: 1 MPa = 145 psi.)

Table 3—Shell II peak stress predictions

Experiment Shell II predictions

Test fc', MPa ρzfyield, MPa vxy:vxz ratio vxy, MPa vxz, MPa vxy, MPa vxz, MPa Test/Pred

PS1 41.8 — 1.20:1 2.42 2.02 2.28 1.90 1.06

PS2 45.4 — 5.18:1 7.46 1.44 6.53 1.26 1.14

PS3 28.5 — 0.72:1 0.60 0.83 0.52 0 .73 1.14

PS4 30.6 — 8.46:1 3.57 0.42 4.06 0.48 0.88

PS5 43.2 0.934 0.72:1 0.92 1.28 0.79 1.09 1.17

PS6 49.9 0.934 3.61:1 3.41 0.94 3.22 0.89 1.06

PS9 38.2 1.659 3.29:1 3.61 1.10 3.33 1.01 1.09

PS10 39.8 — –2.07:1 –3.14 1.52 –3.31 1.60 0.95

PS11 98.3 — 0:1 —3.50 1.93 — 1.95 0.99

PS12 98.3 0.934 0:1 —3.50 2.33 — 2.26 1.03

Mean 1.05

COV, % 8.9

Note: 1 MPa = 145 psi.
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the influence of the sign of the in-plane shear stress. PS10 
failed at higher out-of-plane shear stresses compared to PS3 
and PS4.

PS11 demonstrated the increase in strength as a result of 
high-strength concrete without any transverse reinforce-
ment. However, the failure of PS11 was extremely brittle and 
without warning. PS12, which contained modest quantities of 
transverse reinforcement, controlled the transverse cracks.

Shell II, a new high-powered macro finite element method, 
based on the MCFT, is presented. This three-layer model 
capable of predicting the entire load deformation response 
of shells, showed to provide good results for the PS series of 
tests with an average test-to-predicted ratio for the peak load 

of 1.05 and a coefficient of variation of 8.9%. Shell II was 
also used to develop interaction diagrams corresponding 
to the PS series of tests presented in this paper and the SP 
series of tests conducted by Adebar and Collins. The results 
indicate that Shell II is capable of predicting the response of 
shells for a variety of loading conditions including combina-
tions of in-plane and out-of-plane shear stresses.

Caution should be used when making generalizations of 
in-plane versus out-of-plane shear interaction diagrams. As 
is demonstrated, the interaction diagrams are neither linear, 
circular, nor elliptical, and can change based on the specific 
member properties and loading ratios. Additionally, engi-
neers should use caution as the interaction diagrams can be 

Fig. 9—Shell II predictions for PS1 and PS2, in-plane versus out-of-plane shear interaction. (Note: 1 MPa = 145 psi; 1 mm = 
0.0394 in.)

Fig. 10—Shell II predictions for PS3 to PS6 and PS9 to PS12, in-plane versus out-of-plane shear interaction. (Note: 1 MPa = 
145 psi; 1 mm = 0.0394 in.)
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asymmetrical with respect to the in-plane shear stress. This 
emphasizes the importance of having tools such as Shell II 
capable of capturing the complex interactions observed. In 
situations where significant combined in-plane shear and 
out-of-plane stress occur, engineers should consider the 
effects these combined loads will have on member response. 
Some scenarios may warrant the use of transverse shear 
reinforcement to control cracking or improve the resilience 
of these structures when subjected to an extreme event.
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NOTATION
As	 =	 area of the steel
ag	 =	 maximum coarse aggregate size
[D]	 =	 material stiffness matrix

d	 =	 effective depth
dv	 =	 effective shear depth
Fg	 =	 global forces
fc′	 =	 compressive strength of concrete
fcr	 =	 concrete cracking stress
fn	 =	 axial stress when fx = fy = fn
fu	 =	 ultimate stress of reinforcement
fx	 =	 axial stress in x-direction
fy	 =	 axial stress in y-direction
fyield	 =	 yield stress of reinforcement
fyx	 =	 yield stress of x-direction reinforcement
fyy	 =	 yield stress of y-direction reinforcement
fyz	 =	 yield stress of z-direction reinforcement
fz	 =	 axial stress in z-direction
f1	 =	 major (most tensile) principal stress
f2	 =	 minor principal stress in two dimensions and intermediate prin-

cipal stress in three dimensions
f3	 =	 minor principal stress in three dimensions
[f]	 =	 stress tensor
h	 =	 total member height
Kg	 =	 global stiffness matrix
Kloc	 =	 stiffness matrix in local coordinates
Mn	 =	 moment when Mx = My = Mn
Mx	 =	 bending moment on x-face
Mxy	 =	 torsional moment
My	 =	 bending moment on y-face
M1	 =	 moment in direction of maximum moment
M2	 =	 moment in direction of minimum moment
Nx	 =	 axial force in x-direction
Ny	 =	 axial force in y-direction
T	 =	 rotational transformation matrix
Vxy	 =	 in-plane shear force in x-y plane
Vxz	 =	 transverse shear force in x-z plane
Vyz	 =	 transverse shear force in y-z plane
V1	 =	 transverse shear force in direction of maximum out-of-plane 

shear
vxy	 =	 in-plane shear stress in x-y plane
vxz	 =	 out-of-plane shear stress in x-z plane
vyz	 =	 out-of-plane shear stress in y-z plane
δg	 =	 global displacement field
εsh	 =	 strain-hardening strain
εu	 =	 strain at ultimate stress
εx	 =	 axial strain in x-direction
εy	 =	 axial strain in y-direction
εz	 =	 axial strain in z-direction
ε1	 =	 major (most tensile) principal strain
ε2	 =	 minor principal strain in two dimensions and intermediate prin-

cipal strain in three dimensions
ε3	 =	 minor principal strain in three dimensions
[ε]	 =	 strain tensor
γxy	 =	 in-plane engineering shear strain in x-y plane

Fig. 11—Shell II predictions for Adebar and Collins’ SP series. (Note: 1 MPa = 145 psi; 1 mm = 0.0394 in.)
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γxz	 =	 transverse engineering shear strain in x-z plane
γyz	 =	 transverse engineering shear strain in y-z plane
ρx	 =	 amount of reinforcement in the x-direction
ρy	 =	 amount of reinforcement in the y-direction
ρz	 =	 amount of reinforcement in the z-direction
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APPENDIX A
For completeness, this appendix serves to provide addi-

tional information, including supplemental experimental 
information and a supplemental explanation of the nonlinear 
finite element model Shell II.

ADDITIONAL DETAILED EXPERIMENTAL DATA 
FOR THE PS SERIES

Table A1 provides a summary of the peak stresses, loading 
ratios and strains at peak stress for each of the 12 test spec-
imens is the PS series. The values presented correspond to 
when the peak out-of-plane shear stress is reached. In some 
cases, at an instant after this loading is reached, the strains 
grow quickly.

The variables εxy-1 and εxy-2 are the in-plane principal 
tensile strains on the surface of the shell element as deter-
mined from the LVDT and LED data. The variables ε1, ε2, 
and ε3 are the principal strains in three dimensions, as deter-
mined from the in-plane and out-of-plane instrumentation. 
The variable ε1 is the most tensile principal strain and ε3 is 
the most compressive principal strain.

Figure A1 shows the crack patterns at the last load stage as 
seen from the front face of the specimens. The widths of the 
lines are scaled such that the thinnest line represents a crack 
width of 0.05 mm (0.00197 in.) and the largest width is scaled to 
the largest crack measuring 3.50 mm (0.1378 in.) shown on PS7.

SHELL II—HIGH-POWERED, MACRO ELEMENT 
FINITE ELEMENT MODEL FOR REINFORCED 

CONCRETE SHELL ELEMENTS
Shell II is a high-powered, non-linear, macro finite 

element model based on the Modified Compres-
sion Field Theory (MCFT).1 The method uses a three- 
layered model comprised of two, two-dimensional membrane 
elements and a three-dimensional core. One membrane on 
top and one membrane on the bottom carry the axial loads, 
in-plane shears, moments, and torsions, while the triaxial 
core carries the out-of-plane shear stresses.

The Shell II macro element has 24 degrees of freedom, 
comprised of three orthogonal translational degrees of 
freedom at each of the eight nodes; refer to Fig. A2.

The bottom two-dimensional membrane element is 
connected at nodes 1, 2, 3, and 4 and the top membrane 
element is connected to nodes 5, 6, 7, and 8. Both membrane 
elements use rectangular iso-parametric bi-linear shape 
functions and implement the equations of MCFT in two 
dimensions. The core element shares nodes 1 through 8 and 
is connected at the eight corners. This element is a rectan-
gular iso-parametric element that uses trilinear shape func-
tions and implements the MCFT in three dimensions. The 
development of stiffness matrices for the two dimensional 
and three-dimensional elements use classical finite element 
approaches; their implementation and compatibility with the 
MCFT are detailed elsewhere.8,14,20-23

The membrane elements are each taken to have a thick-
ness of half the shell height, while the triaxial core is taken 
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to have a thickness equal to the shear depth dv = 0.9d. It 
should be noted that while these are the default settings of 
the model, other assumptions can also be used. To ensure 
that the axial stiffnesses and in-plane shear stiffnesses of the 
core are not double counted, these stiffnesses are excluded 
from addition to the local stiffness matrix of the three- 
dimensional element. The material axial stiffness in the x- 
and y-directions, along with the in-plane shear stiffness from 
the three-dimensional MCFT, are neglected in the stiffness 
of the triaxial core. Specifically, for the material stiffness 
matrix, D, shown in Eq. (1), the D11, D22, D44, D12, D21, D14, 
D41, D24, and D42 terms in Eq. (2) are neglected.

	 [f] = [D][ε]	 (1)
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This stiffness decoupling approach ensures that the axial 
stiffnesses, and in-plane shear stiffness are not double counted 
while also ensuring that when these actions are combined with 
out-of-plane stresses, the correct interactions are captured. 
Specifically, the off-diagonal stiffness components of the 
triaxial core are included in the stiffness matrix. These off 
diagonal terms are critical in correctly capturing the effect of 
out-of-plane stresses on the in-plane response. For example, 
the MCFT predicts that a pure out-of-plane shear, vxz, causes 
substantial demand on the x-direction reinforcement. The 
strains caused in the x-direction as a result of vxz shear stresses 
arise mathematically from the off-diagonal terms.

In addition to these model assumptions, the element 
formulation assumes the z-direction clamping stress (fz) in 

the triaxial core element is equal to 0. In the model, the x- 
direction, y-direction, and in-plane shear strain distributions 
through the depth of the member remain linear. Because 
only one element is used, the out-of-plane shear strain distri-
butions are constant through the depth.

The solution algorithm for the shell finite element method 
begins by defining the geometry of the structure, nodes, 
elements, boundary, and load conditions. The properties of 
each element are then defined. In addition to the input of 
the geometric parameters, the following material properties 
are also input: the maximum compressive concrete cylinder 
stress, maximum coarse aggregate size, reinforcement in up 
to three directions, the reinforcement Young’s modulus, the 
reinforcement yield stress, and average crack spacing in the 
x-, y-, and z-directions. For each load level, multiple itera-
tions are carried out until convergence is achieved. From the 
global displacement field, δg, predicted by the finite element 
process, the element strains are calculated.

These strains are then used to determine the secant stiff-
nesses in the principal directions for the membrane and 
triaxial elements using the equations of the MCFT in two 
and three dimensions, respectively. A detailed summary of 
three-dimensional equations of the MCFT can be found else-
where and a brief summary of the key constitutive relation-
ships is provided as follows.8,20,23

Shell II uses the Modified Popovics relationship described 
by Collins and Mitchell for the concrete compressive 
response.24 Additionally, if one principal strain is positive 
(tensile), Eq. (3) is used for the compression softening rela-
tionship. If two principal strains are positive, Eq. (4) is used.

	​ ​f​ 2,3 max​​  =  ​ 
​​f​ c​​ ′ ​ __________ 0.8 + 170 ​ε​ 1​​ ​​	 (3)

	​ ​f​ 3 max​​  =  ​ 
​​f​ c​​ ′ ​ ___________________  

0.8 + 170 ​√ 
_

 ​​(​ε​ 1​​)​​​ 2​ + ​​(​ε​ 2​​)​​​ 2​ ​
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Table A1—Stresses and strains at peak load for PS series of experiments

Test fc', MPa
ρzfyield

MPa
vxy:vxz

ratio*
vxy, 

MPa
vxz, 

MPa
γxy,        

× 10–3
γxz,     

× 10–3
γyz,    

× 10–3
εx,     

× 10–3
εy,     

× 10–3
εz,     

× 10–3
ε1,     

× 10–3
ε2,     

× 10–3
ε3,     

× 10–3
εxy-1, 

× 10–3
εxy-2, 

× 10–3

PS1 41.8 — 1.20:1 2.42 2.02 2.14 2.81 — 0.87 0.96 3.85 4.45 0.86 0.53 1.99 –0.15

PS2 45.4 — 5.18:1 7.46 1.44 5.04 3.66 — 1.51 2.64 4.83 5.19 2.82 –0.76 4.65 –0.52

PS3 28.5 — 0.72:1 0.60 0.83 1.25 0.81 0.43 0.20 0.75 0.64 0.95 0.16 –0.05 1.17 –0.19

PS4 30.6 — 8.46:1 3.57 0.42 4.48 2.05 1.97 1.19 1.70 1.61 4.05 0.76 –2.42 3.70 –0.81

PS5 43.2 0.934 0.72:1 0.92 1.28 2.15 1.55 1.88 0.58 2.16 0.88 2.39 0.40 –0.19 2.53 –0.14

PS6 49.9 0.934 3.61:1 3.41 0.94 4.57 2.45 3.32 0.82 4.21 1.48 5.11 0.31 –0.19 5.11 –0.57

PS7 98.7 — pure vxy 5.39 — 6.23 — — 1.41 4.42 — — — — 6.39 –0.54

PS8 100.0 — –0.40:1
fn : vxy

9.11 — 5.93 — — 1.38 3.58 — — — — 5.66 –0.67

PS9 38.2 1.659 3.29:1 3.61 1.10 6.70 1.95 1.74 1.05 2.08 1.24 4.45 0.88 –2.34 4.98 –1.80

PS10 39.8 — –2.07:1 –3.14 1.52 0.32 0.11 0.53 0.04 0.27 0.45 0.56 –0.08 –0.22 0.37 –0.02

PS11 98.3 — 0:1† –3.50 1.93 1.58 6.33 0.82 0.88 1.65 3.43 6.98 0.90 0.29 2.06 0.30

PS12 98.3 0.934 0:1† –3.50 2.33 –0.10 4.80 0.27 –0.04 –0.01 2.23 5.67 0.65 0.06 –0.04 –0.01

*Specimens PS3, PS4, PS5, PS6, PS9, PS10, PS11, and PS12 also have: vxz = vyz and fx = fy = vxy. 
†PS11 and PS12 have a constant applied fx = fy = vxy of –3.50 MPa. 

Note: 1 MPa = 145 psi.
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Fig. A1—Front-face crack width diagrams at last load stage (line widths scaled with smallest crack 0.05 mm and largest crack 
width of 3.50 mm crack shown in PS7). (Note: 1 mm = 0.0394 in.)

Fig. A2—Shell II method and algorithm (left); element representation, node location, and sign convention (right).
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Shell II uses the tension stiffening relationship shown in 
Eq. (5), where fcr is the cracking stress for concrete.

	​ ​f​ 1​​  =  ​ 
​f​ cr​​ _ 1 + ​√ 
_

 500 ​ε​ 1​​ ​
 ​​	 (5)

Once these principal concrete stresses are determined, the 
secant stiffnesses are calculated. The stiffnesses in the prin-
cipal directions are used to build material stiffness matrixes, 
D, that are transformed into the local x-y-z coordinate 
system. These concrete stiffnesses are then added to the steel 
stiffness in the local x-, y-, and z-directions. The material 
stiffness matrixes D are then used to build stiffness matrices 
in local coordinates (Kloc). As previously described, these 
matrices are either associated with 12-degrees-of-freedom 
elements (for the two, two-dimensional membrane elements) 
or 24-degrees-of-freedom elements (for the three-dimensional 
rectangular prism elements). This integration is carried out 
with the shape functions B for the elements as shown in 
Eq. (6)

	 Kloc = ∫BT DB dvol	 (6)

These local Kloc matrixes relate forces to translational 
displacements that are then rotated into global coordinate 

matrixes, K, and compiled to build a global stiffness matrix 
Kg (refer to Eq. (7) and (8)).

	 K = TT Kloc T	 (7)

	 Fg = Kgδg	 (8)

Once these stiffness matrixes are built, the boundary condi-
tions and applied loads are imposed. The matrix is inverted, 
and a new estimate of the displacements is obtained. The 
new displacement field provides new estimates of strains in 
the elements and therefore, new stiffnesses. Iterations are 
conducted until convergence on the nodal displacements 
is achieved. This is repeated for each load level. For each 
converged load level, displacement fields, shell element 
data, and sub-element (membrane and triaxial core) data are 
written to file. Post-processing and visualization of the data 
can then occur. Figure A2 provides a summary of the Shell II 
method solution algorithm, sign convention, and a represen-
tation of the Shell II elements. The subscripts M and P denote 
two-dimensional membrane elements or three-dimensional 
solid elements (prisms). The variable Fg denotes the global 
force vector. Additional details regarding the model assump-
tions and its implementation can be found elsewhere.8
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This paper discusses the behavior of large-scale reinforced 
concrete deep beams that failed in shear and were monitored with 
full field-of-view, digital image correlation (DIC) equipment. Six 
shear-critical deep beams, measuring 4.88 x 1.11 m, were tested 
to failure. The specimens were point-loaded and simply supported, 
with three members examining the influence of asymmetrical 
loading conditions. The members were tested with various loading 
plate sizes and shear span-depth ratios. High-resolution displace-
ment and strain field data obtained throughout loading are used to 
examine the member response. Principal compressive strain field 
diagrams of the deep beams at peak load are discussed. The paper 
presents crack patterns and crack kinematics, including crack 
widths and crack slips along critical shear cracks, determined 
from the DIC data throughout loading. The paper discusses crack 
dilatancy—that is, crack slips versus crack widths—along critical 
shear cracks, throughout loading, and at multiple locations. The 
results improve understanding of the detailed displacement field 
response of large shear-critical reinforced concrete deep beams, 
which can be used to improve kinematic and constitutive models, 
such as aggregate interlock models, for large-scale members.

Keywords: asymmetrical loading; deep beams; digital image correlation 
(DIC); disturbed regions; experiments; reinforced concrete; shear.

INTRODUCTION
Reinforced concrete deep beams such as transfer girders 

in high-rise buildings, corbels, and bent caps in bridges are 
used to transfer large loads (refer to Fig. 1). These “disturbed 
regions” have small shear span-depth ratios, typically less 
than 2.5, and the strain distributions through their depth 
are nonlinear. Therefore, beam theory becomes insufficient 
to predict response, and more refined methods are needed 
to describe the behavior.1-3 In practice, these reinforced 
concrete structural elements can be subjected to symmetrical 
as well as asymmetrical loading. That is, some members 
may be point-loaded in the center of their spans; in other 
cases, the loading elements may be offset from the center 
of the spans, or lateral loads can give stress resultants from 
supported members acting away from the midspan of the 
deep beams (refer to Fig. 1).

Often, as a part of maintenance programs and evaluating the 
degradation of aging concrete infrastructure, these structural 
elements can require inspections or monitoring to ensure their 
suitability for continued use. Cracking is an important indi-
cator of distress and the level of safety in concrete members. 
Often, visual inspections are carried out, and the crack widths 
are compared with the allowable limits in codes and guide-
lines.4,5 The recommended limits on crack widths are often not 
structure-specific and may only give general categorizations. 

Additionally, some of the guidance documents do not distin-
guish between shear cracks and flexural cracks. This makes 
it difficult for engineers to interpret crack information. The 
literature has also explored various approaches for the assess-
ment of structures from the perspective of damage indexes.6 
In scenarios where more complex analyses are conducted, 
engineers can compare observed crack widths, crack slips, 
and crack shapes with predictions from nonlinear models 
and finite element tools. While these approaches can provide 
important information when conducting assessments, there 
are often issues reconciling the crack shapes observed with 
crack shapes in models, as well as reconciling observed crack 
widths and slips with model predictions. Thus, a better under-
standing of the detailed response of deep beams, including 
how the crack widths and slips vary along the critical cracks 
and throughout loading, particularly for large-scale members, 
is important.

Shear failures in concrete deep beams are brittle compared 
to flexural failure modes; therefore, when assessing such 
members, it is important to correctly interpret crack infor-
mation that may be observed. Shear cracks in reinforced 
concrete deep beams develop at approximately two-thirds 
of their ultimate strength and often develop under service 
conditions. Thus, it is common to observe fully developed 
shear cracks in deep concrete beams during inspections.7 
This often raises questions as to the safety of the members. 
To improve the methods by which concrete deep beams that 
exhibit shear cracking are assessed, methods that directly 
input the crack information, including the crack shape, width, 
and slip, are needed to determine structural safety. Addition-
ally, as field inspection technologies and measurement tech-
niques improve, interpreting detailed crack data, including 
the crack shape, widths, and slips, becomes more important.8 
Some researchers report crack widths at a single location or 
the maximum crack width; however, the literature contains 
very limited, if any, data for large-scale shear-critical deep 
beam experiments that present the detailed kinematics of the 
cracks at multiple locations throughout loading.9-11

To help improve assessment methods for shear-critical 
reinforced concrete deep beams and to better understand 
the behavior of cracks in deep members throughout loading, 
this paper presents a series of six large-scale, monotonically 
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loaded deep beams monitored using a full field-of-view 
three-dimensional (3-D) digital image correlation (DIC) 
system. Given the importance of testing large-scale 
members, as a result of the size effect in shear, the experi-
mental program and measurements presented are important 
to improve the understanding of shear-critical deep beams 
and inform models appropriate for large-scale members.12-14 
DIC techniques can be used to obtain high-resolution 
displacement field data over the entire specimen, throughout 
loading, in laboratory settings. DIC is a noncontact, optical 
data acquisition method that can be used to measure the 
two-dimensional (2-D) and 3-D displacement fields on 
the specimen surface subjected to loads (refer to Fig. 1). A 
speckle pattern is applied on the surface of the object, and 
cameras record the characteristics of the surface in image 
pixels. DIC analysis software tracks the subsets of pixels 
based on their unique gray value information using an image 
correlation algorithm. The quality of DIC data depends on 
the hardware configuration, test setup, quality of calibration, 
and user care. The image contrast, size and randomness of 

the speckle pattern, and lighting conditions can also affect 
the quality of data obtained. DIC techniques provide more 
refined (higher-resolution) data than other displacement 
measurement techniques, such as infrared light-emitting 
diodes (LEDs), strain gauges, linear variable differen-
tial transformers (LVDTs), or other discrete displacement 
measurement approaches.15,16

For the experiments presented in this paper, six high- 
resolution cameras (three sensor pairs) were used in tandem 
to capture the detailed displacement field of the entire 
surface of the large-scale deep beams. The paper first pres-
ents high-resolution displacement and strain field data 
obtained throughout loading and discusses member response 
in the context of the detailed measurements observed. The 
displacement and strain field data are then used to obtain 
crack patterns and crack kinematics for the critical shear 
cracks. The paper also discusses how the crack widths vary 
along the height of the specimens and the observed crack 
dilatancy throughout loading. The results of the data and 
experimental program can be used to inform codes and 
standards, such as ACI 318-19,17 AASHTO LRFD,18 CSA 
A23.3:19,19 ACI 224R-01,4 and the AASHTO Manual for 
Bridge Element Inspection.5 An analytical evaluation of the 
specimens can be found elsewhere.2,3,20

RESEARCH SIGNIFICANCE
This paper presents a series of six large-scale shear- 

critical deep beam experiments monitored with high-resolu-
tion, full field-of-view, 3-D DIC equipment. The displace-
ment fields and strain fields over the entire surface of the 
specimens were obtained throughout loading. Detailed 
displacement and strain field data are used to obtain crack 
patterns and crack kinematics up to failure. The results 
provide new insight into the complex behavior of shear-crit-
ical reinforced concrete deep beams.

EXPERIMENTAL PROGRAM
A series of six shear-critical deep beam tests, the CCR 

series, conducted at the Constructed Facilities Laboratory at 
North Carolina State University, Raleigh, NC, is examined 
in this paper. The beams measured 4877 mm long, 305 mm 
wide, 1105 mm deep, and had an effective depth of 909 mm. 
The longitudinal reinforcement consisted of No. 9 headed 
bars. Nine bars were used to reinforce the bottom of the 
beams, giving a longitudinal reinforcement ratio of 2.09%. 
Two bars were used to reinforce the top of the members in 
the compression region. Stirrups bent from No. 3 bars were 
placed at 330 mm along the span, giving a transverse rein-
forcement ratio of 0.141%. The specimen details for the 
CCR series of tests are shown in Fig. 2. The steel coupon 
test data, Young’s modulus (E), yield stress (fy), strain- 
hardening strain (εsh), ultimate strength (fu), and strain at ulti-
mate strength (ɛu) are shown in Fig. 3. These steel reinforce-
ment ratios and steel material properties used are typical of 
a variety of structures, including bridge substructure compo-
nents and transfer girders in buildings. The concrete cylinder 
strengths for the specimens (fc′) are given in Table  1. It 
should be noted that a maximum coarse aggregate size (ag) 
of 19 mm was used.

Fig. 1—Transfer girder in high-rise building; symmetri-
cally and asymmetrically loaded cracked transfer girders; 
marking and measuring cracks on deep beam test; and 
compressive strain fields obtained using DIC, and crack 
pattern and widths obtained using DIC data.
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Deep beams often exhibit a critical shear crack that 
extends from the inner edge of the support plate to near the 
edge of the loading plate. This critical crack often has the 
largest crack widths on a given shear span and governs the 
response of the member. The critical loading zone is the 
highly compressed region under the loading plate that carries 
a substantial amount of shear.21 Varying the global critical 
crack angle and the size of the critical loading zone assists 
in investigating the behavior of deep beams by changing 
the key variables that influence related load-carrying mech-
anisms.9,22 Thus, the shear span-depth ratios (a/d) and the 
loading plate sizes (lb1) were varied to observe the influence 
of the global critical crack angles and the size of the critical 

loading zone on member response (refer to Table 1). These 
loading and supporting plate sizes are representative of a 
variety of structures and conditions, including conditions 
that may arise from columns supporting bridge substruc-
ture components and transfer girders supporting columns or 
walls in high-rise structures.

In addition to these variables, three loading configurations 
were explored. Specimens CCR1 to CCR3 were symmet-
rically loaded, where the load was centered on the loading 
plate and the loading plate was centered on the specimen. 
These specimens had the same lb1 (measuring 610 mm) and 
a/d ranging from 1.80 to 2.25. Specimens CCR4 to CCR6 
were asymmetrically loaded. For CCR4 and CCR6, the load 
was applied 203 mm and 127 mm offset from the center of 
the symmetrically arranged loading plates, respectively. For 
CCR5, the loading plate was offset 318 mm from the center 
of the beam, and a load centered on the plate was applied. 
Specimens CCR4 to CCR6 were tested to examine the influ-
ence of asymmetrical conditions on the member response. 
Therefore, these loading arrangements represent symmet-
rical loading as well as asymmetrical loading conditions that 
can be the result of architectural requirements, geometrical 
constraints, or lateral loads that may act on structures.

To obtain high-resolution, full field-of-view deformation 
data, the entire surface of the west face of the beam was 
monitored with a full field-of-view 3-D DIC system. A reso-
lution of approximately 2 pixels/mm was maintained using 
three stereo systems with two 12.3 megapixel cameras in 
each system (shown in Fig. 4 [top]). The data from the three 
systems was combined using a multi-view registration algo-
rithm. A speckle pattern with speckles measuring approx-
imately 2.5 mm in diameter was applied to the specimens. 

Fig. 2—Geometric and reinforcement details for CCR1 to 
CCR6. (Note: All dimensions are in mm.)

Fig. 3—Stress versus strain response of steel coupons and 
reinforcement properties.

Table 1—Summary of CCR test specimen properties

Specimen fc′, MPa a/d (north) a/d (south) lb1, mm Loading configuration

CCR1 34.5 2.25 2.25 610 Symmetrical loading

CCR2 35.8 2.00 2.00 610 Symmetrical loading

CCR3 39.5 1.80 1.80 610 Symmetrical loading

CCR4 37.8 1.80 2.25 914 Asymmetrical loading on symmetrical loading plate

CCR5 41.5 1.80 2.50 610 Symmetrical loading on asymmetrical loading plate

CCR6 39.3 2.11 2.39 914 Asymmetrical loading on symmetrical loading plate
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This arrangement resulted in 3 to 5 pixels per speckle. The 
speckle pattern was applied so that the beam had approx-
imately 50% black-white contrast. This setup resulted 
in virtual strain gauge lengths of approximately 19  mm; 
however, this varied somewhat between experiments to 
accommodate the different clear span lengths. The DIC setup 
provided the equivalent of approximately 0.5 to 2.0 million 
strain gauges on the specimen surface. More importantly, the 
3-D displacement field was captured for the entire specimen 
surface throughout loading.

The east face of the beam was instrumented with a 229 x 
229 mm grid of 95 infrared LED targets arranged in five 
rows and 19 columns (shown in Fig. 4 [bottom]). These 
targets were tracked using a 3-D position tracking camera 
to capture the deformation response. This data was used to 
verify and validate the DIC deformation field data obtained.

All six specimens were simply supported. The support 
plates measured 305 x 305 x 51 mm and rested on roller 
supports. The loading plate measured lb1 x 305 mm x 76 mm, 
where lb1 is given in Table 1. A soft fiberboard sheathing was 
used between the loading plate and the beam to ensure the 
load was evenly distributed on the top surface of the beam. 
A spreader beam was used to distribute the load from the 
actuator to the loading plate. A spherical bearing was used 
between the actuator head and the spreader beam to ensure 
that moments were not transmitted through the actuator.

The specimens were loaded monotonically to failure. 
Load stages were periodically conducted, and crack compar-
ator gauges were used to manually mark and measure the 
cracks on the east face of the specimens. In addition to the 
DIC photos, during the experiments, high-resolution photos 
were taken locally on the specimens.

GLOBAL RESPONSE OF CCR SPECIMENS
Initial loading resulted in flexural cracks on the tension 

side of the beam under the loading plate. As the load 
increased, flexural cracks extended toward the compression 
region. Shear cracks formed in the clear span. Increased load 
resulted in stable shear cracks that widened until failure. All 

specimens failed in shear. Specimens CCR1 to CCR3 and 
CCR6 exhibited an abrupt brittle failure, marked by shear 
crack widening and crushing near the critical loading zone. 
While CCR4 and CCR5 were also relatively brittle, they 
failed in a somewhat less abrupt manner. At the peak loads, 
the longitudinal bars of the specimen had not yielded. No 
splitting cracks were observed along the bottom of the beam.

The load versus displacement responses for all six spec-
imens are shown in Fig. 5. The displacement on the flex-
ural tension side of the beam at a section under the load was 
obtained from the DIC displacement field and accounts only 
for the relative displacement of the beam with respect to the 
supports. The top portion of Fig. 5 compares the response 
of CCR1 to CCR3, which are grouped as members with 
the same lb1. The figure demonstrates that for specimens 
with the same lb1, the strength of the specimen increases 
with decreasing a/d. The displacement at the peak load 
decreases with decreasing a/d. All specimens except CCR3 
failed catastrophically and could not be reloaded. CCR3 
was reloaded after reaching the peak load to determine the 
residual capacity. After unloading and reloading, the load 
does not exceed the first peak. This shows that the mono-
tonic peak load of CCR3 was reached in the initial loading 

Fig. 4—DIC and LED instrumentation on test specimens.

Fig. 5—Load versus beam displacement on flexural tension 
side at section under applied load for: (top) CCR1 to CCR3; 
and (bottom) CCR4 to CCR6.
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and is equal to the maximum applied load of 2614 kN. 
Figure 5 also examines the response of CCR4 to CCR6 and 
compares asymmetrically loaded members. Although CCR4 
and CCR5 had the same a/dNorth value and lb1, the smaller  
a/dSouth value for CCR4 resulted in a response with a higher 
peak load than CCR5. CCR5 and CCR6, which had different 
a/d and lb1 values, showed a similar response. This is likely 
from the combined effect of specimens with different a/d, 
lb1, and specific crack geometries, resulting in different 
shear responses.9,22 That is, the combination of a/d, effective 
lb1, specific crack geometry, crack widths, and crack slips 
contributed to the specific member response. The detailed 
response, including crack widths and slips, will be described 
in subsequent sections.

Table 2 provides a summary of the response of CCR1 to 
CCR6, including the values for first cracking, peak load, 
peak shear force on the failure span, displacement at the 
peak load, maximum observed crack width, and maximum 
observed crack slip. Typically, when two shear spans with 
different a/d and the same lb1 are considered, the shorter 
shear span has the higher strength.23,24 This was observed 
in CCR5, where the effective lb1 remained the same in both 
shear spans. The shear span of CCR5, which had a larger a/d, 
failed. However, for the CCR4 and CCR6 beams, the shorter 
shear span failed. For these members, although the a/d is 
smaller, the asymmetrical loading arrangement changes the 
effective lb1 and specific crack geometry, which results in a 
varied contribution of shear-transfer mechanisms.9,22 There-
fore, although the shorter shear spans are typically expected 
to have higher strengths, when the loading is asymmetrical, 
the shorter shear span can be critical.

PRINCIPAL TENSILE AND COMPRESSIVE  
STRAIN FIELDS

Figure 6 shows a map of the principal tensile strain fields 
at the peak load for CCR1 to CCR6. The high-strain regions 
indicate the cracked regions. These tensile strain fields 
are used to develop crack diagrams, discussed in the next 
section. Figure 7 shows a map of the principal compres-
sive strain fields at the peak load for CCR1 to CCR6. The 
strain fields show high compressive strains beneath and 
near the edges of the loading plates. The strains below the 
plate are not uniform and increase near the edges of the 
plate. This results from the compatibility of the rigid plate 
and the beam bending beneath it. These results are consis-
tent with prior studies and are discussed elsewhere.25,26 For 
CCR6, the distribution under the plate is also influenced 
by the asymmetrical loading conditions. The diagrams also 
show the load arching from the loading plate to the support 
plates along compression struts. This behavior is typical of 
deep beams and demonstrates that the members are indeed 
disturbed regions. Additionally, the strain fields indicate that 
near the loading plates, the strains in the concrete exceed the 
strains at peak cylinder concrete stress. This is a result of the 
biaxial compression conditions that occur near the plates. 
For example, near the loading plate of CCR1, the largest 
principal compressive strain observed was –14.3 × 10–3. 
It can also be observed that the strains along the compres-
sion struts that arch from the load are typically less than 
the strains at peak concrete cylinder stress. For instance, in 
specimen CCR6, the principal compressive strains observed 
along the struts were less than –2.1 × 10–3.

Table 2—Summary of experimental results observed for CCR series

Specimen

Applied load 
at first flexural 
cracking, kN

Applied load 
at first shear 
cracking, kN

First 
cracking 

shear span

Peak 
load, 
kN

Peak shear 
force on failure 

span, kN
Displacement at 
peak load, mm

Failure 
span

Maximum crack 
width at peak 

load, mm

Maximum crack 
slip at peak load, 

mm

CCR1 238 768 North 1916 958 14.6 South 3.65 2.61

CCR2 226 752 North 2235 1118 11.9 North 4.70 4.33

CCR3 380 969 North 2614 1307 9.7 South 2.82 1.55

CCR4 293 973 South 2333 1296 9.9 North 2.29 1.97

CCR5 360 711 North 1765 739 10.2 South 2.33 1.14

CCR6 259 793 North 1816 964 10.4 North 2.82 1.87

Fig. 6—Principal tensile strain fields (ε1) at peak load for CCR1 to CCR6. (Note: Full-color PDF of this paper can be accessed 
at www.concrete.org.)



186 ACI Structural Journal/March 2024

CRITICAL SHEAR CRACK KINEMATICS  
FROM DIC DATA

In this research, an open-source tool called the automated 
crack detection and measurement (ACDM) tool, developed 
by Gehri et al.,27 was used to generate crack patterns from 
the DIC data. The principal tensile strains from the DIC data 
are input into the ACDM tool, which uses regions of high 
strains along with a mapping algorithm to detect and map the 
crack regions. Figure 8 (right) shows a summary of the crack 
patterns that were generated using the ACDM tool at the peak 
load for CCR1 to CCR6. These crack patterns are compared 
with the perspective-corrected photographs of crack patterns 
on the east face of the specimens in Fig. 8 (left), and they 
agree reasonably well. In some places, manual corrections 
were needed to correct minor discrepancies between the 
visually observed crack patterns and the outputs from the 
ACDM tool. The critical crack in reinforced concrete deep 
beams is typically the crack that extends from the inner edge 
of the support plate to near the edge of the loading plate. 
This crack typically has the largest crack width. The loca-
tion and magnitude of crack widths were used to manually 
identify the critical cracks. The critical cracks were verified 
by comparing them with the visually observed crack patterns 
and crack widths on both faces of the specimen. In Fig. 8, 
the critical crack for CCR1 to CCR6 is shown in red for each 
shear span.

To obtain the local crack kinematics, namely the widths 
and slips, the critical crack was discretized into small crack 
segments. The critical crack was discretized using the inter-
section points of the crack on a grid equal to the maximum 
coarse aggregate size (19 mm). This crack discretization grid 
size was recommended by Trandafir et al.22 Then, for each 
crack segment (approximately 22 mm long), the crack kine-
matics were determined by considering the relative displace-
ments of each of the two sides of the crack (refer to Fig. 9). 
A detailed discussion of how the crack kinematics were 
calculated for each crack segment is described in Langer28 
and Palipana et al.9 The reference points on either side of 
the crack were approximately 5 to 40 mm apart. Data points 
were selected so that they do not cross adjacent cracks or 
encroach on the boundary of cracks, where the DIC data can 
give spurious results. It should be noted that this discretiza-
tion process and the determination of the crack kinematics is 
algorithmic and eliminates the need for manual interpreta-
tion of the crack data, thereby improving consistency.

First flexural and shear cracking
The crack patterns and the crack kinematics were used 

to determine the cracking response of the member, namely, 
identifying when the first flexural cracking and first shear 
cracking occurred. In the global response of the member, 
when the first flexural cracking occurs, the stiffness of 
the member gradually decreases from the elastic stiff-
ness and tends toward the cracked elastic stiffness. This 
can be observed in the load versus displacement plots in 
Fig. 5. Table 2 summarizes the loads at which the first flex-
ural cracking occurs for each specimen. A crack width of 
0.05 mm was used as a minimum threshold to determine the 
first cracking because this can be visually verified during the 
experiment. CCR3 had the smallest a/d and the largest first 
flexural cracking load of 380 kN. CCR2, which had an a/d of 
2.0, had the smallest first flexural cracking load of 226 kN.

A significant decrease in stiffness is observed when shear 
cracking occurs (refer to Fig. 5). Typically, shear cracks in 
deep beams are angled cracks that occur in the clear shear 
span. For consistent comparisons across the specimens, the 
load at which the first shear cracking occurs is taken as the 
load at which the critical shear crack reaches the midheight 
of the beam. A crack width of 0.05 mm was used as a 
minimum threshold to determine the first cracking because 
this can be visually verified during the experiment. The load 
at first shear cracking and the first shear span to exhibit shear 
cracking are given in Table 2. The principal tensile strain 
field diagrams for CCR1 to CCR6 at the first shear cracking 
load are shown in Fig. 10. The yellow ovals in Fig. 10 indi-
cate the first critical shear crack identified.

The north shear span of CCR1 and the south shear span of 
CCR4 had an a/d of 2.25; the shear forces at which the first 
shear cracking occurs are 384 and 432 kN, respectively. CCR4 
has a 13% higher shear cracking shear force than CCR1; this 
is likely attributed to the large effective lb1. The north shear 
span of CCR3 and the north shear span of CCR5 had an a/d of 
1.80. The shear forces at which the first shear cracking occurs 
are 485 and 413 kN, respectively. Thus, although CCR5 and 
CCR3 have the same a/dNorth and lb1 value, CCR5 has a 15% 
lower shear cracking resistance than CCR3.

Crack widths and slips at peak load
For CCR1 to CCR6, the crack widths calculated from 

the displacement field for each crack segment are shown in 
Fig. 11 over the member height at the peak load. To verify 

Fig. 7—Principal compressive strain fields (ε2) at peak load for CCR1 to CCR6. (Note: Full-color PDF of this paper can be 
accessed at www.concrete.org.)
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and validate these results, Fig. 11 also shows the crack widths 
from the DIC data compared with the manually measured 
crack widths at the last load stage prior to failure. The differ-
ences between the manual measurements and crack widths 
from the displacement field data likely arise from subjective 
interpretations of crack widths and the local crack angles 
measured using crack comparators. Discrepancies may also 
arise from differences between the two surfaces measured, 
where nearby different secondary cracks may have influ-
enced the crack widths of the critical crack.

Understanding the variation in the crack kinematics along 
the height of the beam is important to assist in conducting 
a detailed assessment of cracks. Specifically, being able to 
understand the variation in crack widths along member depth 
can help inform the relationship between maximum crack 
width and ultimate conditions, where the maximum crack 
width is expected to occur, and how the maximum crack 
width compares to cracks near the tension or compression 
region. As seen in Fig. 11, the crack widths are a maximum 

Fig. 8—(Left) Crack patterns on east face of specimens at failure; and (right) crack patterns obtained from DIC with crit-
ical crack highlighted in red for CCR1 to CCR6 at peak load. (Note: Full-color PDF of this paper can be accessed at  
www.concrete.org.)

Fig. 9—Determining crack widths and slips on uniform grid 
(north shear span of CCR3).



188 ACI Structural Journal/March 2024

in the middle third of the section and decrease to a minimum 
near the top and bottom of the beam. This is consistent with 
the variation in crack widths along the height observed in 
previous studies.9 For the CCR series of tests, the maximum 
crack width is approximately 3.5 times the crack width at 
the height of the longitudinal reinforcement. The maximum 
crack widths observed for CCR1 to CCR6 at the peak load 
are given in Table 2.

The variation in crack slips is complex and depends on 
the local crack shape and the global kinematics of the beam 
projected onto the local crack. The maximum crack slips 
observed for CCR1 to CCR6 at the peak load are given in 
Table 2. The sign convention of crack slips is such that when 
the top face of the crack moves upwards, it is considered a 
positive slip (refer to Fig. 12). Here, w is the crack width, 
s is the crack slip, and α is the angle of the crack segment 
considered. Figure 12 shows the variation in crack slips of 
the south critical crack for specimen CCR2 at load stages 4 
to 6 and at the peak load. As can be seen, the overall pattern 
of crack slips remains the same, but the magnitude of the 
slips increases with the load. The rapid variation in slips is 
not noise in the data and is consistent for increasing loads. 

This rapid variation is due to the rapid variation in the local 
crack angle along the height of the member for the small 
crack segments used. To illustrate this, Fig. 12 also shows 
the crack angle of each crack segment for which the crack 
slip is plotted. The inset photo in Fig. 12 also shows that 
along a crack, the local angle can vary rapidly. Therefore, 
when the deformation field is projected onto these local 
axes, the values for slip can change rapidly from one crack 
segment to the next. The crack angle also has an influence on 
the variation in the crack widths, as seen in Fig. 11.

Figure 13 shows how the largest cracks vary with load for 
various crack segments. The solid lines correspond to the 
failure shear span for each specimen, and the dashed lines 
correspond to the non-failure shear span. The label for each 
curve indicates the specimen, the north or south shear span, 
and the a/d of the shear span. The crack widths are measured 
at the maximum crack width location of the critical crack 
on each shear span. For all the beams, this location is in the 
middle third of the height of the member. Once cracking 
occurs, the crack widths increase approximately linearly 
with the load. The rate at which the crack width increases 
varies for each shear span examined. For CCR1 and CCR3 

Fig. 10—Principal tensile strain fields (ε1) at first shear cracking for CCR1 to CCR6. (Note: Full-color PDF of this paper can 
be accessed at www.concrete.org.)

Fig. 11—Variation in crack widths with height along critical crack for CCR1 to CCR6 at last load stage and at peak load.
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to CCR5, the non-failure shear span showed larger crack 
widths than the failure shear span at the maximum crack 
width location. For CCR2 and CCR6, the failure shear span 
showed larger crack widths than the non-failure shear span 
at the maximum crack width location. This observation 
demonstrates that determining the critical shear span solely 
based on the magnitude of the crack widths or using only 
limited measuring locations can yield insufficient structural 
assessments. Additionally, the maximum crack widths for 
the 12 shear spans vary from 1.85 to 4.70 mm at the peak 
load. Thus, interpreting the behavior of deep beams from 
crack information is complex, and the heuristic methods 
found in codes and guidance documents may not be suffi-
cient to prioritize structural performance from crack infor-
mation alone.

Figure 14 shows the variation in crack widths with crack 
slips throughout loading for nine crack segments in CCR1. 
The figure compares the response of crack segments at 
approximately the same location: near the midheight of the 
beam on the north shear span or the bottom of the critical 
crack in the south shear span (indicated by the green circles 

in Fig. 14). By examining cracks near the same location in 
the member, the influence of the crack segment angle (α) on 
the variation in the crack width with crack slip throughout 
loading can be examined in isolation from the global kine-
matics of the beam. In Fig. 14, the number label for each 
curve indicates the angle of the crack segment with the hori-
zontal axis (refer to α in Fig. 12). This variation in crack 
width with the crack slips, as the crack width grows, is called 
crack dilatancy and is important for formulating aggregate 
interlock models.29-31

The crack dilatancy varies with the local crack angle, 
α, in a complex manner. First, for small angles, the crack 
slips increase in the negative direction with increasing crack 
widths. Then, the slips reach a maximum, and the cracks 
begin to slip in the opposite direction. Refer to the crack 
segments labeled 6 and 17 degrees for the north shear span 
of CCR1 and 29 degrees for the south shear span of CCR1 
(Fig. 14). Second, for medium crack segment angles, the 
crack widths increase while the crack slips remain approxi-
mately zero. Then, the crack widths increase simultaneously 
with the crack slips. Refer to the crack segments labeled 
29 degrees in the north shear span of CCR1 and 40 degrees 
in the south shear span of CCR1 (Fig. 14). For these crack 

Fig. 12—Variation in crack slips and crack angle along 
height of CCR2 for south critical crack at load stages 4 to 6 
and peak load.

Fig. 13—Variation in crack widths with load for varying 
a/d. Label for each curve indicates specimen, north or south 
shear span, and a/d of shear span.

Fig. 14—Crack dilatancy throughout loading for CCR1 
north critical crack and south critical crack.
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segments, the crack width versus crack slip behavior is 
similar to the crack kinematics proposed in the Guidotti 
aggregate interlock model.31,32 Specifically, the crack kine-
matics described in the Guidotti aggregate interlock model 
involve an initial pure crack opening, followed by a propor-
tional increment of opening and sliding of the crack. The 
kinematic path described by Guidotti31 is consistent with 
observations shown for the cracks labeled 29 degrees in 
the north shear span of CCR1 and 40 degrees in the south 
shear span of CCR1 (Fig. 14). Third, as the crack segment 
angle increases, the crack slips increase positively with the 
crack widths. Refer to the lines labeled 40 and 52 degrees 
in the north shear span of CCR1 and the lines labeled 63 
and 80 degrees in the south shear span of CCR1 in Fig. 14. 
This behavior of crack slips increasing positively with 
crack width is similar to the crack kinematic response in the 
aggregate interlock model proposed by Ulaga.32,33 Specifi-
cally, the crack kinematics described in the Ulaga aggregate 
interlock model involve a proportional increment of crack 
opening and sliding throughout loading. The kinematic path 
described by Ulaga33 can be observed in the cracks labeled 
40 and 52 degrees in the north shear span of CCR1 and the 
lines labeled 63 and 80 degrees in the south shear span of 
CCR1 (Fig. 14). For all the crack segments shown in Fig. 14, 
the slope of the curve decreases with increasing slips. These 
observations on crack dilatancy indicate that the local crack 
angle has a significant influence on the crack kinematic path 
and dilatancy. This suggests more advanced crack kinematic 
models accounting for these variations, including aggre-
gate interlock models, could be developed for large-scale 
members to capture these differences in member response.

Figure 15 shows how the global kinematics of the member 
can influence the crack dilatancy for crack segments with 
the same local crack angle. In Fig. 15, the number label indi-
cates the vertical distance from the top of the beam to the 
center of the crack segment; the locations of the segments 
are also shown on the inset diagram and circled in green. As 
can be seen from Fig. 15, when the crack segments are closer 
to the midheight of the specimen, where the crack widths are 
larger, they tend to show larger slopes in the crack dilatancy 
response. Away from the midheight of the specimens, either 
near the flexural compression or flexural tension region, 
the crack dilatancy slope decreases. Thus, in addition to 
observing differences in crack dilatancy for different local 
crack angles, the global kinematics of the members also 
influence the crack dilatancy of crack segments along the 
height of the specimens.

The nonlinear crack dilatancy response throughout 
loading has been explored by others, including Calvi et al.34 
and Ruggiero.35 According to these authors, the nonlinear 
response of the crack dilatancy results from how the 
aggregate particles interact along the crack. Specifically, 
Calvi  et  al.34 proposed that the crack evolves in a manner 
consistent with the shape of the steepest face of the aggre-
gate particle. This shape of the steepest face of the aggregate 
particle is referred to as the local crack shape in this paper. 
Even for crack segments close to one another and with the 
same crack angle, it is possible that the local crack shape 

might differ. This can result in different crack dilatancies 
for cracks with the same approximate locations and the 
same crack angle. Calvi et  al.34 observed that initially, the 
increase in crack width and the crack slip are quite stiff due 
to compression at the contact points. Local crushing then 
occurs, changing the original crack surface. Calvi et al.34 
proposed that with further loading, as the local crack surface 
degrades, crack dilatancy softens. Therefore, degradation 
of the crack surface results in a nonlinear crack dilatancy 
response, where the crack width-crack slip ratio decreases as 
loading progresses. Calvi et al.34 and Ruggiero35 both tested 
panel elements subjected to uniform distributions of shear 
stress without the complexities of the moment. The results 
presented in Fig. 14 and 15 corroborate this explanation for 
crack dilatancy but for large-scale deep beam experiments. 
Therefore, other than the crack segment angle and the crack 
segment location along the crack, crack dilatancy likely 
depends on the shape of the aggregate at the contact points, 
local aggregate deformation due to crushing at the contact 
points, or a combination of both. The complex dilatancy 
responses observed indicate that more complex aggregate 
interlock models may be needed to capture the crack kine-
matic behavior of crack segments along the critical shear 
cracks in large-scale beam members.

Fig. 15—Crack dilatancy for crack segments with same 
crack angle at different locations along critical crack for 
CCR2 and CCR6.
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CONCLUSIONS
This paper presents experimental results from a series of 

six large-scale shear-critical deep beam experiments moni-
tored with full field-of-view digital image correlation (DIC) 
equipment throughout loading. The variables explored were 
shear span-depth ratio (a/d), loading plate size (lb1), and 
loading configuration. All the specimens were monotoni-
cally loaded. With initial loading, flexural cracks occurred on 
the tension side of the beam under the loading plate. Further 
increase in the load resulted in shear cracks. Ultimately, 
all the specimens failed in shear. Typically, for beams with 
similar sections, as the shear spans get shorter, the strength 
of the member increases. However, it was observed that 
when a beam is asymmetrically loaded, the shorter shear 
span can be critical. The results also showed that as the a/d 
decreased, the ultimate strength of the specimens increased, 
and the displacement at the ultimate load decreased. The 
asymmetrically loaded specimens showed that the strength 
of the specimens and the failure span depend on the effective 
a/d and effective lb1.

The paper presents high-resolution, full field-of-view 
displacement field data for all six deep beams, obtained from 
DIC measurements. Specifically, the paper presents the prin-
cipal tensile and principal compressive strain fields obtained 
at the peak load. The tensile strain fields showed the flex-
ural and shear cracked regions. The compressive strain 
fields showed highly compressed load-transfer paths and the 
compression struts that arch from the load to the supports. 
The compressive strains also showed the complex distribu-
tion of strains beneath the loading plates and the high strains 
located near the edge of the plates.

The DIC data and principal tensile strains were also used 
to generate crack patterns using the automated crack detec-
tion and measurement (ACDM) tool. The critical cracks 
were discretized, and the crack displacements, crack widths, 
and crack slips were calculated using the DIC displacement 
fields. The loads at which the first flexural cracking and shear 
cracking of the specimens occur were determined using the 
DIC data. The results showed that for shear spans with the 
same a/d, shear cracking forces can differ depending on the 
effective lb1. The results also showed that even for shear 
spans with the same a/d and effective lb1, shear cracking 
forces differed. The variation in crack widths along the 
height of the critical crack showed that the crack widths are 
largest near the middle of the section, away from the crack 
control provided by the longitudinal reinforcement or flex-
ural compression region. It was shown that the crack slips 
vary rapidly along the height due to the rapid variation in the 
local crack angle along the critical crack. Results showed 
that the shear span with larger crack widths may not indicate 
the failure shear span.

The crack information obtained was then used to inves-
tigate crack dilatancy, the variation in crack widths with 
crack slips throughout loading. This paper presents, for 
the first time, crack dilatancy data for large-scale shear- 
critical deep beams. It was observed that the crack dilatancy 
varied depending on the crack angle and location of the 
crack segment in the member. For small crack angles, the 
crack slips increase in the negative direction with increasing 

crack widths. They then reach a maximum crack slip, and 
then the crack slips increase in the positive direction. As 
the crack angle increases, the initial crack slips are close to 
zero, followed by an increase in crack slips positively with 
the crack widths. As the crack angles further increase, the 
crack slips and widths increase proportionally with loading. 
The crack segments closer to the midheight of the specimen, 
where the crack widths are larger, tend to show larger slopes 
in the crack dilatancy response. The crack dilatancy obser-
vations were consistent with previous research on panel tests 
subjected to pure shear and biaxial stresses. Specifically, the 
slope of the crack dilatancy curve changes continuously 
throughout loading, likely because of the degradation of the 
crack surfaces as the crack deforms.

The results in this paper show that the crack behavior 
of large-scale reinforced concrete deep beams is complex. 
Simply comparing crack widths with limits in codes and 
guidance documents or comparing limited measurement 
data to models can lead to inaccurate structural assessments. 
Therefore, a thorough understanding of crack kinematics 
is required when assessing large-scale structures based on 
cracks. While these complexities may not need to be consid-
ered in every analysis, understanding them may be needed to 
fully understand the shear behavior of deep concrete beams.
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