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This paper documents an experimental study on load-transfer 
mechanisms of six precast concrete (PC) frames with different 
emulative connections to resist progressive collapse. Load-transfer 
mechanisms, such as compressive arch action (CAA) and catenary 
action (CA), were observed during the loading history, while the 
CA dominated the ultimate load capacity. The robustness of PC 
frames assembled by mechanical couplers or U-shaped bars was 
evaluated experimentally and analytically. To improve the robust-
ness of PC frames assembled by U-shaped bars, two refined strat-
egies were introduced: 1) adding additional straight bars in the 
trough connection; and 2) replacing U-shaped deformed bars with 
plain bars. It was found that, with the additional straight bars in 
the beam troughs, the CAA capacity, CA capacity, and deforma-
tion capacity can be increased. Replacing U-shaped deformed 
bars with plain bars can improve the CA capacity and deforma-
tion capacity effectively, while it may decrease the CAA capacity 
slightly. To further understand the load-transfer mechanisms of PC 
frames with different connections, an analytical elaboration was 
conducted. It was demonstrated that, at the CAA stage, shear force 
(related to flexural action) dominated the load-transfer mecha-
nisms. At the CA stage, shear force still dominated the load-transfer 
mechanisms of the beam-side column interface, while tensile axial 
force dominated the load-transfer mechanisms of the beam-middle 
column interface.

Keywords: catenary action (CA); compressive arch action (CAA); emula-
tive connection; precast concrete (PC); progressive collapse.

INTRODUCTION
Progressive collapse is defined as “the spread of an initial 

local failure from element to element, which eventually 
results in the collapse of an entire structure or a dispropor-
tionately large part of it.”1 Progressive collapse has drawn 
special attention from practical engineers since the collapse 
of Ronan Point in 1968. Afterward, several design methods 
(for example, the tie force method, local resistance method, 
and alternate load path method) were commonly proposed in 
guidelines2,3; among them, the alternate load path method is 
the most popular in design and academic studies because it 
is independent of the initial abnormal loads.

The alternate load path method is implemented by removing 
the target column notionally; the subsequent load redistri-
bution behavior of the remaining structure can therefore be 
evaluated under the pushdown loading method. In the past 
decades, especially since the collapse of the Twin Towers 
in the World Trade Center in 2001, extensive studies have 
been performed to study the progressive collapse behavior 
of structures based on tests of beam-column joints,4,5 multi-
story buildings,6-10 or beam-column substructures.11-18 Qian 

and Li4 and Quiel et al.5 investigated the progressive collapse 
behavior of reinforced concrete (RC) or precast concrete 
(PC) beam-column joints with simplified boundary condi-
tions subjected to monotonic loading. Sasani et al.,6 Sasani 
and Sagiroglu,7,8 Xiao et al.,9 and Adam et al.10 conducted 
dynamic tests on on-site multi-story buildings. The tested 
building survived various initial damage, such as the loss of 
a single interior, exterior, and corner column. Moreover, it 
was discovered that the load-transfer mechanisms included 
flexural action, compressive arch action (CAA), Vierendeel 
action, and catenary action (CA). Compared with beam-
column joint tests and multi-story building tests, substructure 
tests on planar or three-dimensional beam-column subassem-
blages were much more prevalent. Su et al.,11 Yu and Tan,12 
Sadek et al.,13 and Deng et al.14 evaluated the resilience of 
RC frames based on planar beam-column substructures with 
two beams, two side column stubs, and one middle column 
stub. Normally, the side column stub is enlarged to apply 
fixed boundary conditions. These efforts demonstrated that 
both CAA and CA were viable alternate load paths for RC 
frames to resist progressive collapse. To quantify the effects 
of boundary conditions, beam-column subframes subjected 
to different column removal scenarios were tested.15,16 
Studies on the effects of seismic design and detailing17,18  
demonstrated that complying with seismic design and 
increasing the seismic design category can significantly 
increase the load-resisting capacity of cast-in-place RC 
frames against progressive collapse, owing to the enlarged 
cross section of structural components and greater longi-
tudinal reinforcement ratio. However, it will not obviously 
increase the deformation capacity of the frames. Guerrini19 
addressed the efficiency of designing structures against 
progressive collapse relying on ductility and redundancy. The 
need for increasing the length of the critical regions (plastic 
hinges) to resist progressive collapse was evaluated. As 
only planar beam-column substructures were investigated, 
the effects of slabs and transverse beams on the behavior of 
RC frames to resist progressive collapse were still unclear. 
For this purpose, Qian and Li20,21 conducted several series of 
experimental programs at Nanyang Technological Univer-
sity in Singapore. It was found that including the slabs 
could increase the load-resisting capacity by 63%. The 
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development and contribution of compressive membrane 
action and tensile membrane action in RC slabs were eval-
uated by experimental and analytical studies. Moreover, to 
improve the robustness of RC structures that were designed 
in the 1970s or changed usable function, strengthening 
strategies were proposed and compared.22,23 Recently, the 
additional load-transfer paths of masonry-infilled walls to 
improve the robustness of RC frames were investigated.24,25 
However, these tests were mainly focused on cast-in-place 
RC frames. PC frames were expected to be more vulnerable 
to progressive collapse, but their load-transfer mechanisms 
were still unclear.

Lew et al.26 and Bao et al.27 experimentally and numeri-
cally investigated the progressive collapse behavior of PC 
frames with welded connections. They found that the failure 
of the PC frames was caused by the welding fracture. Kang 
and Tan28 reported the performance of a PC frame subjected 
to the loss of a middle column and concluded that the CAA 
and CA were also mobilized in PC frames to mitigate 
progressive collapse. Qian et al.29,30 performed a series of 
tests on PC frames with unbonded post-tensioning connec-
tions to investigate their special load-transfer mechanisms 
to mitigate progressive collapse, and they found that the 
CAA and CA can develop simultaneously in PC frames with 
post-tensioning connections. The structural behavior of PC 
frames was highly correlated to the connection types; more 
tests should be carried out to investigate the load-transfer 
mechanisms of PC frames because many connection types 
are used in PC constructions. For this reason, six PC frames 
with different emulative connections were tested under a 
pushdown loading regime. Four of them were assembled by 
conventional mechanical couplers or U-shaped bars, while 
the other two specimens were assembled by the refined 
connections. The experimental results including failure 
modes, vertical load-displacement curves, and horizontal 
reaction-displacement curves are presented and discussed. 
Moreover, an analytical elaboration was performed to further 
understand the load-transfer mechanisms.

RESEARCH SIGNIFICANCE
The resilience of PC frames to resist progressive collapse 

highly depends on the connection type. Few relevant studies 
are reported in the literature. Furthermore, no special provi-
sions are involved in the existing design guidelines for PC 
frames to resist progressive collapse (GSA2 and DoD3). To 
resolve these issues, six beam-column substructures with 
different emulative connections were fabricated. The test 
results associated with the analytical model can help struc-
tural engineers understand the load-transfer mechanism 
of PC frames to resist progressive collapse. Moreover, the 
experimental results could provide some necessary informa-
tion for numerical simulation. Furthermore, the conclusions 
or recommendations could help code writers refine existing 
progressive collapse guidelines by providing special design 
provisions for PC frames.

EXPERIMENTAL PROGRAM
Specimen design

To investigate the load-transfer mechanisms of PC frames 
with emulative connections subjected to the loss of an edge-
column scenario, six half-scale PC beam-column substruc-
tures (MC-11, MC-13, UB-11, UB-R-11, UB-13, and 
UB-R-13) were designed and tested. The design details of 
the PC frames are shown in Table 1 and Fig. 1 (the shaded 
area indicates precast members and the cross-shaded area 
indicates the location of the beam trough). These specimens 
included three typical emulative connections and two span-
depth ratios. As presented in Fig. 1(a), MC-11 had a span-
depth ratio of 11 and a beam cross section of 250 x 150 mm 
(9.8 x 5.9 in.). The beam top reinforcements of 2T12 were 
continuous along the whole beam, while the beam bottom 
reinforcements of 2T12 were discontinuous at the joints. As 
seen in Fig. 2(a), for MC-11, the precast beams were seated 
on the precast columns first. Then, the discontinuous beam 
bottom reinforcements were connected through mechanical 
couplers at the joint zones, while the beam top reinforce-
ments were installed passing through the stirrups continu-
ously. Finally, the top layers were cast-in-place. T12 and R6 
represent deformed reinforcement with a diameter of 12 mm 
(0.5 in.) and plain reinforcement with a diameter of 6 mm 

Table 1—Specimen details

Specimens Connection details

Beam reinforcements

Beam ends Midspan

Top Middle Bottom Top Bottom

MC-11 Mechanical coupler 3T12 — 2T12

2T12

MC-13 Mechanical coupler 3T12 — 2T12

UB-11 U-shaped deformed bar 3T12 — 2T12

UB-R-11 U-shaped deformed bar
and straight deformed bar 3T12 4T12 2T12

UB-13 U-shaped deformed bar 3T12 — 2T12

UB-R-13 U-shaped plain bar 3T12 — 2R12

NSC-11 Lap splice 3T12 — 2T12
2T12

NSC-13 Lap splice 3T12 — 2T12

Note: NSC-11 and NSC-13 are RC specimens tested by Deng et al.14
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(0.2 in.), respectively. The enlarged side column stub with 
dimensions of 400 x 400 mm (15.7 x 15.7 in.) was designed 
for applying the fixed boundary properly. MC-13 had similar 
details to MC-11 but its span-depth ratio was 13. As shown 
in Fig. 1(b), the bottom reinforcements of UB-11 were bent 
up at the ends of the precast beams, while troughs were 
designed at the beam ends. As seen in Fig. 2(b), U-shaped 
bars of 2T12 were installed in the troughs to assemble the 
precast members. Correspondingly, UB-13 was similar to 
UB-11 but had a span-depth ratio of 13. To improve the 
performance of the connections, two refined reinforcement 
details were introduced for the UB-series specimens. As 
shown in Fig. 1(c), to increase the bending moment capacity 
of the beam ends, besides U-shaped bars of 2T12, additional 
straight bars of 4T12 were installed in the troughs of UB-R-
11. For UB-R-13, the U-shaped bars of 2T12 in the troughs 
were replaced by 2R12. Thus, the only difference between 
UB-R-13 and UB-13 was the type of the U-shaped bars, as 
shown in Fig. 1(d). R12 represents plain reinforcement with 
a diameter of 12 mm (0.5 in.).

Based on cylinder tests, the average compressive strength 
of PC is 36 MPa, while the average compressive strength of 
cast-in-place concrete is 47 MPa. The mechanical properties 
of the reinforcements are summarized in Table 2.

Test setup and instrumentation
The test setup is shown in Fig. 3. The side columns were 

connected to the reaction frame by two horizontal chain rods. 

A pin support was applied at the bottom of each side column. 
Beneath the pin support, a series of steel rollers were placed 
to eliminate its horizontal constraints. Thus, the constraints 
applied at the side column were statically determined, and 
the horizontal and vertical reactions at the side columns can 
be measured directly. A hydraulic jack was employed to 
apply vertical force on the removed middle column. A steel 
assembly was installed below the hydraulic jack to elimi-
nate possible out-of-plane failure. As shown in Fig. 3(b), 
to measure the vertical load applied by the hydraulic jack 
accurately, two load cells were installed above and below 
the jack (the average value was used hereafter). Moreover, 
a load cell was installed below each side column to monitor 
the vertical load redistribution history. A tension/compres-
sion load cell was installed in each horizontal chain rod to 
measure the horizontal reaction force. Seven linear variable 
displacement transducers (LVDTs) were installed along the 
beam (V1 to V7) to monitor the deflection profile of the 
beams. Four LVDTs (H1 to H4) were installed horizontally 
to measure the horizontal displacements of the side columns 
and to estimate the stiffness of the horizontal constraints, 
which was important for the evaluation of the load-transfer 
mechanisms. Moreover, four pairs of LVDTs (R1 to R8) 
were installed horizontally at potential plastic hinge zones to 
measure their rotations, which were essential for following 
analytical elaboration. To monitor the variation in rein-
forcing bar strain, a series of strain gauges were installed 
along the beam longitudinal reinforcing bars.

Fig. 1—Details of PC frames: (a) MC-11; (b) UB-11; (c) UB-R-11; and (d) UB-13 and UB-R-13. (Note: Units in mm; 1 in. = 
25.4 mm.)
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TEST RESULTS
Vertical load and failure mode

MC series—Table 3 summarizes the test results, whereas 
Fig. 4 shows the vertical load-displacement curves of the 
tested specimens. For MC-11, the yield load of 39 kN, 
owing to the yielding of beam bottom longitudinal rein-
forcement close to the middle column, was measured at a 
vertical displacement of 36 mm. It should be noted that the 
yield load was defined as the vertical load in accordance 
with the first yielding of the beam longitudinal reinforce-
ments. At this stage, several flexural cracks occurred at the 
beam ends. Subsequently, more flexural cracks at the beam 
ends and some slight concrete crushing were observed. The 

initial peak load of 50 kN, also known as CAA capacity, 
was measured at a displacement of 80 mm. At this stage, the 
beam ends tended to move outward due to the change of the 
neutral axis, but they were restrained by the side column, 
resulting in the production of considerable compressive 
axial force in the beams. This will be further discussed in the 
subsequent section. After that, the load resistance began to 
drop due to the concrete crushing severer. At a displacement 
of 258 mm, 1.03 times of beam depth, the load resistance 
began to reascend because of the kicked-in CA. Accord-
ingly, the compressive axial force in the beams began to 
convert to tensile force. At this stage, some cracks developed 
and penetrated the entire beam section, which explicitly 
reflected the development of tensile axial force in the beams. 
At the displacements of 429, 452, and 503 mm, beam bottom 
reinforcing bar fracture occurred at the beam end near the 
middle column in sequence. After that, the applied load was 
resisted by the CA, and dowel action developed in the beam 
top reinforcements. Finally, MC-11 failed at a displacement 
of 647 mm due to a complete fracture of the beam top rein-
forcements near the middle column. The CA capacity was 
80 kN, which was 160% of the CAA capacity. Figure 5 
shows the failure mode of MC-11. It was found that hori-
zontal cracks occurred at the interface between the precast 
beam and the cast-in-place topping layer. Penetrating cracks 
were uniformly distributed along the beams. Additionally, 

Fig. 2—Assembling of test specimens: (a) MC series; and (b) UB and UB-R series.

Table 2—Mechanical properties of reinforcements

Items

Yield load 
capacity,
MPa (ksi)

Ultimate strength, 
MPa (ksi)

Elongation, 
%

Stirrups R6 346 (50.2) 485 (70.5) 18.4

Longitudinal
reinforcements

R12 445 (64.5) 595 (86.3) 16.2

T12 438 (63.5) 576 (83.5) 15.3

T16 466 (67.6) 603 (87.5) 16.8

Note: R6 and R12 represent plain bars with diameters of 6 and 12 mm (0.24 and 
0.47 in.), respectively; T12 and T16 represent deformed reinforcing bars with diame-
ters of 12 and 16 mm (0.47 and 0.63 in.), respectively.
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Fig. 3—Test setup and instrumentation: (a) photo; and (b) schematic view.

Table 3—Test results

Specimens

Critical displacements, mm (in.) Critical loads, kN (kip)

MHCR, kN (kip) MHTR, kN (kip)YL CAA CA YL CAA CA

MC-11 36
(1.2)

80
(3.1)

647
(25.5)

39
(8.8)

50
(11.2)

80
(18.0)

–171
(–38.4)

141
(31.7)

MC-13 58
(2.3)

106
(4.2)

736
(29.0)

35
(7.9)

45
(10.1)

80
(18.0)

–165
(–37.1)

144
(32.4)

UB-11 35
(1.4)

76
(3.0)

651
(25.6)

38
(8.3)

48
(10.8)

75
(16.9)

–169
(–38.0)

138
(31.0)

UB-R-11 36
(1.4)

69
(2.7)

700
(27.6)

45
(10.1)

57
(12.8)

85
(19.1)

–196
(–44.1)

155
(34.8)

UB-13 53
(2.1)

105
(4.1)

724
(28.5)

34
(7.6)

44
(9.9)

75
(16.9)

–159
(–35.7)

149
(33.5)

UB-R-13 60
(2.4)

103
(4.1)

731
(28.8)

34
(7.6)

43
(9.7)

86
(19.3)

–155
(–34.8)

172
(38.7)

NSC-11 36
(1.2)

79
(3.1)

712
(28.0)

37
(8.3)

52
(11.7)

94
(21.1)

–178
(–40.0)

154
(34.6)

NSC-13 45
(1.8)

108
(4.3)

731
(28.8)

33
(7.4)

43
(9.7)

81
(18.2)

–153
(–34.4)

148
(33.3)

Note: YL is yield load capacity; CAA is compressive arch action capacity; CA is catenary action capacity; MHCR is maximum horizontal compressive reaction; MHTR is 
maximum horizontal tensile reaction.
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the reinforcements at one of the beam ends near the middle 
column fractured completely. The general trend of the 
vertical load-displacement curve of MC-13 was similar to 
that of MC-11, as shown in Fig. 4(b). The yield load capacity 
of MC-13 was 35 kN, while the CAA capacity was 45 kN. 
Sequential fracture of three beam bottom reinforcements 
close to the middle column occurred at the displacements 
of 522, 672, and 736 mm. Due to the limitation of stroke 
capacity, the test was stopped at a displacement of 736 mm. 
The CA capacity of MC-13 was 80 kN. Note that MC-13 
may obtain greater CA capacity if the hydraulic jack has 
greater stroke capacity. The failure mode of MC-13 was very 
similar to that of MC-11, as shown in Fig. 6.

UB series—The PC beams in the UB series had troughs at 
the beam ends, and U-shaped bars of 2T12 were installed in 
the troughs to assemble the PC beams and columns. Different 
from the MC-series frames, the first yield was measured at 
the U-shaped bars near the middle column. The yield load 
and CAA capacity of UB-11 were 38 kN and 48 kN, respec-
tively. The failure of UB-11 occurred at a displacement of 
651 mm, which corresponds to a CA capacity of 75 kN. It 
can be found that a wide crack occurred at the end of the 
trough (refer to Fig. 7) near the right-side column. In general, 
the failure mode of UB-11 was similar to that of MC-11. The 
yield load, CAA capacity, and CA capacity of UB-13 were 
34, 44, and 75 kN, respectively, which were very close to 

MC-13. As shown in Fig. 8, the failure mode of UB-13 was 
similar to UB-11, except that no wide crack occurred at the 
end of the trough.

UB-R series—As mentioned previously, UB-R-11 had 
refined detailing compared with UB-11. 4T12 additional 
straight bars were installed in the beam troughs of UB-R-11. 
The yield load and CAA capacity of UB-R-11 were 45 kN 
and 57 kN, respectively. As a result of the refined detailing, 
the yield load and CAA capacity of UB-R-11 were 118% and 
119% of that of UB-11, respectively. The test was stopped 

Fig. 4—Vertical load-displacement curves: (a) specimens with span-depth ratio of 11; and (b) specimens with span-depth ratio 
of 13.

Fig. 5—Failure mode of MC-11. Fig. 6—Failure mode of MC-13.

Fig. 7—Failure mode of UB-11.
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at a displacement of 700 mm due to stroke limitation, and 
a CA capacity of 85 kN was obtained. Therefore, UB-R-11 
achieved higher deformation and CA capacity than UB-11, 
which will be discussed later in detail. As shown in Fig. 9, 
the failure mode of UB-R-11 was quite different from that of 
UB-11. The reinforcing bar fracture occurred at the beam-
middle column interfaces for UB-11. However, for UB-R-11, 
the reinforcing bar fracture occurred at the section 100 mm 
away from the beam-middle column interfaces.

Unlike UB-13, the plain bar of 2R12 was used in UB-R-
13. As shown in Table 3 and Fig. 4(b), the yield load, CAA 
capacity, and CA capacity of UB-R-13 were 34, 43, and 
86 kN, respectively. Therefore, the CA capacity of UB-R-13 
was 15% higher than that of UB-13. Note that, different 
from UB-13, only one of the U-shaped plain bars near the 
middle column was fractured at a displacement of 590 mm. 
The difference was attributed to greater slip between the 
U-shaped plain bars and concrete in UB-R-13, which 
delayed the reinforcing bar fracture and increased the CA 
capacity. As shown in Fig. 10, the failure mode of UB-R-13 
was similar to that of UB-13. However, due to less bond 
stress between the U-shaped plain reinforcing bars and the 
concrete, fewer cracks occurred within the length of the 
troughs near the middle column.

Horizontal reaction
Figure 11(a) shows the total horizontal reaction versus the 

vertical displacement curves of the specimens with a span-
depth ratio of 11. At the beginning of the test, the total hori-
zontal reaction was close to 0 kN, indicating that the frames 
experienced a purely flexural condition. Subsequently, the 
horizontal compressive reaction was measured due to the 
mobilization of the CAA. When the horizontal compressive 
reaction reached its peak value, it began to decrease and 
finally transfer to a tensile reaction because of the devel-
opment of the CA. Similar results were obtained in spec-
imens with a span-depth ratio of 13. The maximum hori-
zontal compressive/tensile reactions can be found in Table 3. 
Figure 11(b) decomposes the total horizontal reaction of 
UB-11. It was found that the majority of horizontal compres-
sive reaction was measured in the bottom load cell, whereas 
the horizontal compressive reaction measured in the top load 
cell was too small to be ignored. This is because the hogging 
moment developed in the beam-side column interface was 
prone to pull the top of the side column inward and push the 
bottom of the side column outward (refer to Fig. 11(b)). At 
the CA stage, the horizontal tensile reaction in the top load 
cell was much larger than the one in the bottom load cell, 
which indicated that a considerable bending moment can 
still develop in the beam end near the side column. This will 
be further discussed in the following section on analytical 
elaboration.

Deformation measurement
Figure 12 shows the beam deflection shape of MC-11 

at critical stages. The beam showed a symmetrical profile 
until the first reinforcing bar fracture at a displacement of 
429 mm. After that, as the fracture of the beam bottom rein-
forcing bar first occurred at the beam end near the middle 
column, an asymmetrical profile appeared. Figure 13 illus-
trates the method to measure the rotation of the beam ends, 
while Fig. 14 presents the rotation of the beam ends of 
UB-11. The rotation of the beam end near the side column 
was less than the one near the middle column because the 
hogging moment capacity at the beam end near the side 
column was larger than the sagging moment capacity at the 
beam end near the middle column. However, as a concen-
trated load was applied at the middle column, the bending 

Fig. 8—Failure mode of UB-13.

Fig. 9—Failure mode of UB-R-11.

Fig. 10—Failure mode of UB-R-13.
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moment demand of the beam ends was similar. More serious 
damage happened in the beam end near the middle column. 
Moreover, the rotation of the beam end near the side column 
was less than the chord rotation, while the one near the 
middle column was greater than the chord rotation after the 
bottom reinforcing bars fractured. A similar observation was 
recorded for the other specimens.

ANALYTICAL ELABORATION AND DISCUSSION
Variation in internal forces in beams

An analytical investigation was performed to reveal the 
variation in the internal forces of the beams. As shown in 
Fig. 15, only one beam was extracted for analysis due to 
symmetry. For any beam section i, the bending moment Mi 
can be calculated as follows

Fig. 12—Deflected shape of specimen MC-11 at selected 
loading stages.

Fig. 13—Determination of rotation of beam end.

Fig. 14—Rotation of beam end of UB-11.

Fig. 15—Determination of internal forces in different beam 
sections.

Fig. 11—Horizontal reaction-displacement curves: (a) specimens with span-depth ratio of 11; and (b) UB-11 contributions.
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	 Mi = VLli – Ht(di + 350) – Hb(di – 350)	 (1)

According to force equilibrium along the beam axis, the 
axial force Ni is obtained as

	 Ni = VLsinθi + (Ht + Hb)cosθi	 (2)

According to force equilibrium in the vertical direction, 
the shear force Vi is obtained as

	 Vi = (VL – Nisinθi)/cosθi	 (3)

The total vertical component of the axial force and the 
shear force of the section i can be obtained as

	 Pi = 2(Nisinθi + Vicosθi)	 (4)

where VL is the vertical reaction measured at the pin support; 
Ht and Hb are the horizontal reactions measured at the top 
and bottom roller, respectively; VL is the vertical reaction 
measured at the pin support; di is the vertical displacement 
of section i; and θi is the rotation of section i.

As mentioned in the section “Deformation measurement,” 
the rotation of the beam ends was measured, and thus the 
internal forces of the beam ends can be calculated by Eq. (1) 
to (4). UB-11 and UB-R-11 were selected to illustrate the 
variation in the internal forces. Figure 16 shows the bending 

moment-displacement history of the beam ends of UB-11 
and UB-R-11. For UB-11, the bending moment reached its 
peak value at the CAA stage and then began to decrease 
with the increase in displacement. The sagging moment at 
the beam end near the middle column dropped sharply and 
changed into the hogging moment when the beam bottom 
reinforcing bars were fractured. Although no reinforcing bar 
was fractured, the bending moment at the beam end near 
the side column also dropped due to reinforcing bar fracture 
at the beam end near the middle column, which mitigated 
the rotation demand in the beam end near the side column. 
As shown in this figure, the bending moment at the beam 
end near the side column did not vanish after reinforcing bar 
fracture occurred at the beam end near the middle column, 
which agreed with the response of the horizontal reaction 
well. The bending moments of UB-R-11 exhibited a similar 
trend, while their peak values were higher because of the 
higher reinforcement ratio at the beam-column interfaces. 
Figure 17 shows the variation in shear force. Similar to 
the observation of the bending moment, the shear forces 
attained their peak values at the CAA stage. Reascending 
behavior was observed for the shear forces at the beam end 
near the side column at the large deformation stage, owing 
to the bending moment and dowel action of the reinforcing 
bars. Figure 18 shows the variation in axial force. It was 
found that the axial forces at the beam ends were very close 
to the total horizontal reactions. This is because the rotations 

Fig. 16—Variation in bending moment at beam ends: (a) UB-11; and (b) UB-R-11.

Fig. 17—Variation in shear force at beam ends: (a) UB-11; and (b) UB-R-11.
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of the beam ends were very small. Figure 19 compares 
the vertical load-transfer behaviors at different sections of 
UB-11. At the small deformation stage, the axial force made 
a negative contribution so that the shear force dominated the 
load-transfer process. At the CA stage, the shear force at the 
beam-side column interface still dominated the load-transfer 
behavior. However, tensile axial force at the beam-middle 
column interface dominated the load-transfer behavior. As 
expressed in Eq. (2) and (3), the axial and shear force were 
a function of the rotation of beam ends. Therefore, different 
load-transfer behavior could be attributed to the different 
rotation behavior of the beam ends. As shown in Fig. 14, 
the rotations of the beam ends near the middle column were 
greater than the ones near the side column, especially after 
the fracture of the beam bottom reinforcing bars.

Effects of connection type
In the current study, six PC specimens with different 

connection types were tested. The CAA capacity of MC-11, 
MC-13, UB-11, UB-13, UB-R-11, and UB-R-13 was 50, 
45, 48, 44, 57, and 43 kN, respectively. Their CA capacity 
was 80, 80, 75, 75, 85, and 86 kN, respectively. Thus, PC 
specimens using mechanical couplers or U-shaped deformed 
bars (MC-11, MC-13, UB-11, and UB-13) achieved similar 
load-resisting behavior. Using U-shaped plain bars (UB-R-
13) had little effect on CAA capacity. However, the CA 

capacity of UB-R-13 was upgraded by 15% compared with 
UB-13 as the slip of the plain bar delayed the reinforcing bar 
fracture. As a result of adding the additional straight bars, 
the CAA capacity of UB-R-11 was 19% higher than that of 
UB-11. Unexpectedly, the deformation capacity of UB-R-11 
was also higher than that of UB-11. This is because the defor-
mation capacity of the PC frame was controlled by the frac-
ture of the beam top reinforcing bar. The additional straight 
bars in UB-R-11 can share parts of the tensile strength of the 
beam top reinforcing bar and mitigate the stress concentra-
tion at the critical sections.

To evaluate the robustness of PC frames with emula-
tive connections, the cast-in-place RC specimens tested by 
authors (Deng et al.14) were briefly introduced for compar-
ison. Two RC specimens (NSC-11 and NSC-13) had similar 
geometrical dimensions, reinforcement details, boundary 
conditions, as well as material properties to the tested PC 
frames. Note that “NSC” means normal-strength concrete, 
and the numerals 11 and 13 represent the span-depth ratio of 
the beams. The lap-splice technique (Class A splice in accor-
dance with ACI 318-1431) was adopted to connect the beam 
bottom reinforcing bars. According to previous works,14,17 
Class A splices can satisfy the requirements of continuity 
of reinforcing bars—in other words, the beam bottom rein-
forcing bars of these two RC specimens can be regarded as 
continuous. For the detailed results of NSC-11 and NSC-13, 

Fig. 18—Variation in axial force at beam ends: (a) UB-11; and (b) UB-R-11.

Fig. 19—Load-transfer behavior at different sections of UB-11: (a) at beam-side column interface; and (b) at beam-middle 
column interface.
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please refer to Deng et al.14 The vertical load-displacement 
curves of these two RC specimens were compared with 
that of the PC specimens. As shown in Fig. 4(a), specimens 
MC-11 and UB-11 had a similar load-resisting capacity to 
the corresponding RC specimen NSC-11 before the beam 
top reinforcing bar fracture near the middle column. The ulti-
mate load capacity of MC-11 and UB-11 was lower than that 
of NSC-11 because the reinforcing bar fracture in specimen 
NSC-11 was later, which may be attributed to the higher 
concrete strength (higher bond stress between concrete and 
reinforcing bars) of the topping layer of PC specimens. Due 
to the refined reinforcement details, UB-R-11 was able to 
develop greater CAA capacity than NSC-11. As seen in 
Fig. 4(b), specimens MC-13 and UB-13 showed similar 
performance to specimen NSC-13 during the whole loading 
process. In comparison, specimen UB-R-13 had a greater 
ultimate load capacity than specimen NSC-13 because the 
U-shaped plain reinforcing bars in the trough near the middle 
column did not fracture completely, and therefore they can 
make a contribution to the ultimate load capacity.

Effects of span-depth ratio
Compared with MC-13 and UB-13, the CAA capacity of 

MC-11 and UB-11 increased by over 10% due to a decreased 
span-depth ratio. However, due to the limited stroke capacity 
of the hydraulic jack, the CA capacity of MC-13 and UB-13 
measured at the end of the tests was similar to MC-11 and 
UB-11. It was believed that the specimens with a greater 
span-depth ratio could achieve higher CA capacity if the 
jack with a higher stroke capacity was used for tests.

Dynamic progressive collapse resistance
Based on the energy-based framework proposed by 

Izzuddin et al.,32 the quasi-static vertical load-displacement 
curve can be used to determine their dynamic resistance. 
As shown in Fig. 20, similar to the quasi-static curve, the 
dynamic resistance curves experienced a resistance soft-
ening stage after the first peak load. Reascending behavior 
was also observed in the dynamic resistance curves. Finally, 
the dynamic resistance of specimens MC-11, MC-13, 
UB-11, UB-13, UB-R-11, UB-R-13, NSC-11, and NSC-13 
was obtained as 46, 46, 42, 44, 53, 47, 52, and 42 kN, respec-
tively. Thus, the PC specimens that adopted the refined rein-
forcement details (UB-R series) achieved greater dynamic 
resistance than the RC specimens. The dynamic resistance of 
both MC-11 and MC-13 was 46 kN. However, it was believed 
that MC-13 could achieve higher dynamic resistance if the 
hydraulic jack has greater stroke capacity. Compared with 
UB-11 and UB-13, the dynamic resistance of UB-R-11 and 
UB-R-13 increased by 26% and 7%, respectively.

CONCLUSIONS
Based on the experimental and analytical results, the 

following conclusions were drawn:
1. Similar to the conventional reinforced concrete (RC) 

frames, compressive arch action (CAA) and catenary action 
(CA) were the main load-transfer mechanisms for the precast 

concrete (PC) frame with typical emulative connections to 
resist progressive collapse, while the CA dominated the ulti-
mate load capacity.

2. PC frames assembled by mechanical couplers or addi-
tional U-shaped bars achieved similar CAA capacity, CA 
capacity, and deformation capacity. When the U-shaped 
deformed bars were replaced by U-shaped plain rein-
forcing bars, little effects were observed for CAA capacity. 
However, higher deformation capacity and CA capacity will 
be achieved due to lower bond strength between the plain 
bars and the concrete, which can delay the fracture of the 
reinforcing bars.

3. The CAA capacity of UB-R-11 was 19% higher than 
that of UB-11. Thus, adding the additional straight bars 
in the beam troughs can significantly improve the CAA 
capacity. Unexpectedly, UB-R-11 achieved higher deforma-
tion capacity than UB-11 as the additional straight bar can 
decrease the tensile stress concentrated in the beam top rein-
forcing bar at the critical sections, which can also delay the 
reinforcing bar fracture.
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Post-tensioned concrete flat slabs with high span-depth ratios are 
susceptible to vibration problems. Although the issue was addressed 
in previous research, there is no final agreement on the effect of 
prestress level on the fundamental frequency of post-tensioned 
concrete slabs. Through numerical modeling using Abaqus soft-
ware, this paper presents the effect of prestressing forces on the 
fundamental frequencies of slabs. This paper also examines the 
applicability and accuracy of the available mathematical models 
to estimate the fundamental frequency of concrete slabs. Finally, 
the paper presents two newly proposed mathematical models 
created by a neural designer program. The first model estimates 
the fundamental frequencies of uncracked concrete slabs, and it is 
more accurate than the currently available equations. The second 
proposed model estimates the peak acceleration of uncracked 
concrete slabs, and it is applicable for the dynamic motion of a 
forcing frequency of 2 Hz and a damping ratio of 2%.

Keywords: flat slabs; fundamental frequency; peak vertical acceleration; 
post-tensioned floors; prestressed concrete; static deflection method; vibration.

INTRODUCTION
Post-tensioned concrete flat slabs are extensively used 

nowadays in various projects worldwide for the system’s 
advantages such as saving reinforcement quantities, less slab 
thickness, much less susceptibility to deflection, uncracked 
sections under service loads, and less construction time. 
Slabs of small thickness and long spans make the section 
slender, which raises the significance of vibration analysis 
as excessive vibration causes discomfort to building users 
due to human footfall. Post-tensioned flat slabs of low 
values of natural frequency are very critical to high dynamic 
displacement and resonance phenomena due to low forcing 
frequency values of human walking of an average frequency 
of 2 Hz. In addition, the dynamic behavior of uncracked 
concrete slabs is studied to evaluate the peak vertical accel-
eration to achieve the required comfort level for the floor’s 
occupants. Simplified equations are available and can help 
check the vibration and dynamic characteristics of post-ten-
sioned flat slabs; however, detailed calculations can present 
more precise equations in case simplified equations have 
shown a vibration problem might happen.

This research focuses on the impact of various parame-
ters on the fundamental frequency of post-tensioned flat 
slabs and concludes with two mathematical models. The 
first model predicts the fundamental frequency of uncracked 
concrete slabs, while the second model predicts the peak 
vertical acceleration of uncracked concrete slabs due to the 
dynamic motion of a forcing frequency of 2 Hz. The param-
eters to be studied are the prestress level, span-depth ratio, 
slab aspect ratio, the ratio between the long side and short 
side, and effective mass on the slab.

Vibration limits due to human motion
Slab vibration is a consequence of any motion over the 

floor induced by either humans or machines. Excessive floor 
vibration causes discomfort to its occupants resembling 
in many forms the feeling that the building is collapsing. 
Different references1,2 state the acceleration limits for 
different activities on floors to achieve the suitable comfort 
level for floor occupants, as stated in Table 1.

In addition to people’s discomfort and annoyance, the 
fundamental frequency of the structure and the forcing 
frequency should be evaluated to avoid high dynamic 
displacement and resonance phenomena. Bachmann et al.3 
stated the threshold minimum fundamental frequency (ƒ) for 
floors according to the functions and type of motion on that 
floor, as shown in Table 2.

First mode and fundamental frequency
For an undamped structure of stiffness K subjected to a 

dynamic force of amplitude (Fo), the amplitude displace-
ment (U) of the structure follows Eq. (1).

	​ U  =  ​ ​F​ o​​/K _ 1 − ​r​​ 2​ ​​	 (1)
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Table 1—Acceleration limits for different  
rhythmic activities2

Occupancies affected by vibration Acceleration limit, m/s2

Office or residential or shopping malls 0.04 to 0.07

Dining 0.15 to 0.25

Weightlifting 0.15 to 0.25

Dance rhythmic activities 0.4 to 0.7

Table 2—Minimum fundamental frequencies of 
slabs with different functions,3 in Hz

Floor type
Walking 

areas
Sport 
floors

Dance 
floors

Soft-pop 
concerts

Hard-pop 
concerts

Reinforced concrete 7.5 7.5 6.5 3.4 6.5

Prestressed concrete 7.5 8.0 7.0 3.4 6.5

Composite 7.5 8.5 7.5 3.4 6.5

Steel 7.5 9.0 8.0 3.4 6.5
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where r is the ratio between the natural frequency of the 
acting force (ω′) and the natural frequency of the struc-
ture (ω). When ω′ comes very close to ω, the value of r is 
nearly equal to one, leading the denominator of Eq. (1) to 
be too small—very close to zero. As a result, the ampli-
tude displacement value (U) becomes too high, very near to 
infinity (∞), causing sudden failure of the whole structure; 
this phenomenon is called “resonance.” The first vibrational 
mode always exhibits the lowest comfort feeling for the floor 
occupants because it has the lowest natural frequency value; 
therefore, the first modal shape for the vertical displacement 
component is most critical, and its frequency (ƒ) should not 
be lower than the threshold minimum frequency to avoid the 
resonance phenomenon.

Dependent factors of floor’s fundamental frequency
For the undamped single degree of freedom (SDOF), 

the natural frequency (ωn) of any element is linked to its 
frequency (ƒ) through Eq. (2) and (3).

	​ ​ω​ n​​  =  ​√ 
_

 ​ K _ m ​ ​​	 (2)

	​ f  =  ​ 
​√ 
_

 ​ K _ m ​ ​
 _ 2π ​​	 (3)

The natural frequency of any structure is dependent on its 
stiffness (K) and effective modal mass (m), and the structural 
element’s stiffness is a function of the material modulus of 
elasticity (Ec), section inertia (I), and the span length (L). 
The section inertia (I) for a solid concrete slab is equal to 
(bh3/12), where b is the section or slab strip width, which is 
1 m for slabs, and h is the effective uncracked section’s depth 
or slab’s thickness; thus, concrete tensile cracks decrease the 
effective slab thickness and its inertia.

When a concrete section is subjected to compressive 
stress, the stress-strain relationship starts linearly, having 
the elastic modulus (Ec) as its slope until the compressive 
stress roughly reaches 0.5fc′, where fc′ is the 28-day concrete 
cylinder compressive strength. Dynamic loading increases 
the stress rate, which in turn increases the elastic modulus, 
and with various research stating different values for the 
dynamic elastic modulus of concrete, it is recommended that 
the concrete dynamic elastic modulus is 20% higher than the 
static modulus.1,4

The concrete compressive stress-strain relationship tends 
to be nonlinear when the stress exceeds 0.5fc′, and nonlinear 
strains tend to increase at a faster rate than stresses, which 
in turn reduces the slope value of the elastic modulus and 
the stiffness of the concrete structural element, as shown 
in Fig.  1; this phenomenon is known as “compression 
softening.” Most international codes4 and other references 
require post-tensioned concrete structures to be uncracked in 
most cases under service loads, and compressive stresses not 
to exceed 0.5fc′ to avoid compression softening.

RESEARCH SIGNIFICANCE
It is interesting to note that there are controversies in the 

current literature regarding the effect of prestressing force 
on the natural frequency of concrete structures. The analysis 

and design of post-tensioned flat slabs are performed using 
finite element modeling (FEM) programs such as ADAPT-
Builder,6 RAM Concept,7 and PLPAK.8 The different 
hypotheses for the prestress effect on the frequencies of 
slabs are outlined in the following sections. In addition, the 
static deflection method is stated to present conservative 
values for the fundamental frequencies of concrete slabs. 
Further, a simple mathematical model is needed to estimate 
the peak vertical acceleration of the floor to achieve a suit-
able comfort level for occupants.

IMPACT OF PRESTRESS LEVEL ON 
FUNDAMENTAL FREQUENCY OF SLABS

Fundamental frequency is directly proportional to 
prestress level

Lu and Law9 performed laboratory experimental work for 
a simply supported 4.0 m long prestressed concrete beam, 
and they concluded that the beam’s fundamental frequency 
increased after applying prestressing force; however, the 
fundamental frequency increased only by 0.43%.

Jang et al.10 carried out six laboratory tests for 8.0 m 
long beams with six different prestress levels. However, the 
bending moment induced by the beam’s own weight at its 
midspan is enough to initiate tensile cracks at the beam’s 
bottom fibers under no prestress, and extra loads of equip-
ment and sensors on the beam will produce more cracks; 
therefore, prestressing forces reduced the tensile cracks and 
stiffened the beam by increasing its effective inertia. At the 
point where prestressing force could diminish all tensile 
cracks, the beam’s fundamental frequency did not increase 
significantly by increasing the prestress level.

Noble et al.11 studied the effect of prestressing force on the 
fundamental frequency of cracked concrete beams by imple-
menting experimental tests for concrete beams with nine 
different eccentricities and 11 prestress levels, and it was 
concluded that the prestress level is directly proportional 
to the beam’s fundamental frequencies for closing tensile 
cracks and increasing the section stiffness.

Fundamental frequency is inversely proportional 
to prestress level

Law and Lu12 created a simulation for a prestressed 
concrete beam to monitor its fundamental frequency under 
different prestress levels, and the authors confirmed that 
the relationship between prestressing force and the beam’s 
fundamental frequency is inversely proportional. However, 
the applied prestressing force is huge enough to cause 
compression softening. As a result, the beam’s stiffness was 

Fig. 1—General concrete compressive stress-strain plot.5
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reduced for reducing the concrete elastic modulus due to 
compression softening.

Fundamental frequency is independent of 
prestress level

Noble et al.13 used the same experimental data mentioned 
in their former research,11 but for uncracked beams, to 
monitor the impact of the prestress level on uncracked 
beams’ fundamental frequency through static and dynamic 
tests. The dynamic tests revealed that the tendon’s eccen-
tricity and the prestressing force have no impact on the 
fundamental frequency of uncracked concrete beams.

Goh et al.14 examined the impact of several parame-
ters on the fundamental frequency of prestressed concrete 
beams using the Structural Dynamics Toolbox (SDT) and 
MATLAB, and the magnitude of the prestressing force is 
among these parameters. Through the simulation of a simple 
prestressed panel with a span of 2.7 m and the application of 
five different prestress levels, Goh et al. confirmed that the 
magnitude of the prestress level has no impact on the funda-
mental frequency of prestressed concrete panels.

Bonopera et al.15 applied three different prestress levels on 
a prestressed concrete beam where the authors confirmed no 
compression softening or buckling occurs, and the beam is 
uncracked under the applied prestress levels; thus, Bonopera 
et al. assured that concrete behaves linearly in compression 
and tension in this beam. It was found that the fundamental 
frequency of the beam only changed by 2%, confirming there 
is no significant impact of the prestress level on the concrete 
beam’s frequency. The same conclusion was confirmed by 
Hamed and Frostig16 through developing a nonlinear math-
ematical model to predict the impact of prestressing forces 
on the fundamental frequency of uncracked prestressed 
concrete beams where no compression softening occurs.

Fundamental frequency is directly proportional to 
low prestress levels and inversely proportional to 
high prestress levels

Breccolotti17 studied various research in this debate on the 
impact of prestress level on the fundamental frequency of 
prestressed concrete structures. Breccolotti summed up the 
findings of his research that prestressing force increases the 
beam’s fundamental frequency as it diminishes microcracks 
and may tend to decrease the prestressed concrete beam’s 
fundamental frequency if it induced excessive compressive 
stresses on the beam for compression softening. This also 
concludes that prestressing force has no impact on a prestressed 
concrete beam’s fundamental frequency if the beam is already 
uncracked and no compression softening occurs.

NUMERICAL MODELS FOR  
POST-TENSIONED CONCRETE SLABS

Finite element analysis is performed using Abaqus18 to 
simulate post-tensioned concrete slabs of different geom-
etries and applied loads. Post-tensioned concrete slabs are 
modeled as solid elements—also known as “rectangular 
hexahedral”—which is a three-dimensional (3-D) stress 

brick element composed of eight nodes, one at each corner, 
and each node has three displacement degrees of freedom (u, 
υ, w) in the directions of (x, y, z), respectively.

Prestressing steel tendons are modeled as “truss elements” 
in parabolic profiles. Truss elements—also known as “elastic 
rods” or “bar elements”—are modeled to represent elements 
supporting axial forces only.

Flat slabs of 13 different geometries are modeled in 3 x 
3 bays following Fig. 2 and Table 3, where 12 slab geome-
tries follow Khan,19 whose experimental on-site readings for 
fundamental frequencies of slabs are used for verification of 
Abaqus FEM results.

The fundamental frequency of concrete slabs is obtained 
from Abaqus following these steps:

1. The second user-defined step “linear perturbation, 
frequency” is created to estimate the modal frequencies and 
modal shapes of the assembled structure, and the first modal 
frequency and modal shape of the whole structure is in the 
vertical direction, which is this research’s target. This step 
is linked to its previous steps and reads all data defined in 
previous steps.

Fig. 2—Layout of 3 x 3 bay flat slab.

Table 3—Geometries of modeled post-tensioned 
concrete slabs, in m

Model 
number

Slab 
thickness

Slab long 
span

Slab short 
span

Column 
length

Column 
width

Model 1 0.28 10 10 0.4 0.4

Model 2 0.225 8.4 7.2 0.36 0.36

Model 3 0.225 10.7 7.2 0.6 0.3

Model 4 0.225 7.2 7.2 0.45 0.45

Model 5 0.375 8 8 0.4 0.4

Model 6 0.25 8.4 7.2 0.45 0.45

Model 7 0.25 9.55 7.2 0.4 0.4

Model 8 0.225 8 7.5 0.45 0.45

Model 9 0.35 8 7.5 0.45 0.45

Model 10 0.3 9 9 0.6 0.6

Model 11 0.3 9 7.5 0.6 0.6

Model 12 0.2 7.5 6 0.45 0.25

Model 13 0.275 9 8 0.45 0.45
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2. The calculation of the structure’s modal frequencies 
requires the definition of the modal mass, and the modal 
mass is composed of the structure’s own mass and the mass 
of external loads. The mass of the externally applied load 
is defined from the “engineering features” and “inertia” 
options, and “nonstructural mass” is selected.

3. The fundamental frequency and modal shapes can be 
derived from the “linear perturbation, frequency” step.

Figure 3 shows the comparison between on-site and FEM 
outputs, where all the results are close, except the results 
of Model 10 with a difference of 13.40%, as presented in 
Fig. 4, where the on-site slab was mentioned to have voids 
and be more flexible than modeled. The tendon’s layouts 
were not mentioned in the reference,19 so banded-banded 
distribution is used with 1.5 m maximum spacing and 0.5 m 
minimum spacing between the tendons, and each tendon is 
three to five strands.

Materials properties
Concrete is defined as an isotropic material with the param-

eters in Table 4 following Khan.19 Linear-elastic behavior for 
any material requires the definition of its unit weight, elastic 
modulus, and Poisson’s ratio, while other parameters as well 

as compression and tension damage parameters are needed 
to achieve nonlinear behavior for concrete, in addition to 
full stress-strain curves, as shown in Fig. 5 for concrete and 
Fig. 6 for prestressing steel. The unit weight of prestressing 
steel is 76.518 kN/m3, the elastic modulus (Es) is 200 GPa, 
and Poisson’s ratio (υ) is zero. The dilation angle is recom-
mended to be five by Michał and Andrzej20 to represent the 
actual behavior of concrete based on experimental tests. The 

Fig. 3—Comparison between on-site and FEM results.

Fig. 4—Deviation percentage of FEM results for verification.

Table 4—Concrete parameters19

Concrete unit weight, kN/m3 23.544 Eccentricity 0.1

Concrete dynamic elastic 
modulus, MPa 34.79 × 103 fbo/fco 1.16

Poisson’s ratio (υ) 0.2 K 0.6667

Dilation angle 5 Viscosity parameter 0.0001

Fig. 5—Concrete stress-strain plot.5

Fig. 6—Prestressing steel stress-strain plot.5
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author of the cited research has used different values for dila-
tion angle from 5 to 30, and the concrete behavior and strains 
were almost the same with those different values.

RESULTS
Impact of prestress on fundamental frequency of 
uncracked post-tensioned concrete slabs

Three different prestress levels are applied to the previ-
ously mentioned 13 flat slabs, where each strand is jacked 
with 1395 MPa in full prestress, between 700 and 900 MPa 
in moderate prestress, and zero prestress in the third level. 
It is shown in Fig. 7 that the fundamental frequency of 
uncracked post-tensioned concrete flats slabs is not influ-
enced by the prestressing forces under the effect of the slabs’ 
own weight only.

Impact of prestress on fundamental frequency of 
cracked post-tensioned concrete slabs

To discuss this point, an analysis of Model 1 with applied 
loads of 3 and 4.5 kN/m2 in addition to the slabs’ own weight 
has been performed, and results are presented in Table 5.

The gap between the slab’s fundamental frequencies 
whether with or without the prestressing force gets bigger 
for higher applied loads for more initiation of tensile cracks 
to occur. Figure 8 shows the tremendous tension damage 
on slab top fibers under external loads of 4.5 kN/m2, while 
Fig.  9 demonstrates the impact of prestressing force in 
reducing concrete tension damage and minimizing tensile 
cracks. Thus, the slab’s fundamental frequency increased 
by activating the prestressing force to minimize the tensile 
cracks, which increases the section’s inertia and stiffness.

Impact of materials behavior (linear elastic and 
nonlinear) on section’s stiffness

Most international codes require prestressed concrete 
structures to be uncracked under service loads, and they 
specify certain limits to prestress levels and compressive 
stresses to avoid compression softening. Therefore, concrete 
behaves linearly in such a range in Fig. 10, and the funda-
mental frequency of post-tensioned concrete flat slabs 
with nonlinear material properties should be equal to that 

Fig. 7—Fundamental frequencies of uncracked post-tensioned concrete flat slabs.

Table 5—Fundamental frequencies of cracked post-
tensioned concrete flat slabs in Model 1, in Hz

Materials behavior
Prestress 
activity

Externally applied loads

Zero 3 kN/m2 4.5 kN/m2

Nonlinear
Inactive 6.127 4.807 4.274

Active 6.214 5.077 4.675

Linear elastic Inactive 6.265 5.187 4.820

Fig. 8—Tension damage at slab top fibers with zero prestress 
and applied load of 4.5 kN/m2.

Fig. 9—Tension damage at slab top fibers with prestress and 
applied load of 4.5 kN/m2.
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produced from numerical models of linear-elastic material 
properties.

This concept is confirmed by the results shown in Fig. 11, 
where the fundamental frequencies of slab models of 

linear-elastic materials and no prestressing forces are equal 
to that produced from numerical analysis of uncracked slabs 
and nonlinear material behavior.

In addition, Fig. 12 to 14 present comparisons between 
fundamental frequencies of slabs with linear-elastic mate-
rial behavior under differed applied loads. The results boost 
the idea that prestress levels have no remarkable impact on 
fundamental frequencies of uncracked prestressed concrete 
slabs, and there is no need to model the materials with their 
nonlinear parameters if the section is uncracked and no 
compression softening occurs.

MATHEMATICAL MODEL OF FUNDAMENTAL 
FREQUENCY OF UNCRACKED CONCRETE SLABS
Proposed mathematical model

There are different available methods and mathematical 
models to estimate the fundamental frequency of concrete 

Fig. 10—Concrete compressive and tensile stress-strain 
linear-elastic behavior.

Fig. 11—Impact of prestress and material behavior on fundamental frequency of uncracked concrete slabs.

Fig. 12—Fundamental frequencies of concrete slabs with linear-elastic material behavior and no applied loads.

Fig. 13—Fundamental frequencies of concrete slabs with linear-elastic material behavior and 3 kN/m2 applied load.
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slabs, such as the “rectangular plate method”; however, 
most of these models require the slab to be rectangular and 
the column pattern to be regular, and these models miss the 
effect of some parameters such as voids, drop panels, and 
marginal beams. Thus, these mathematical models are not 
applicable to modern architectural and structural require-
ments. Nevertheless, the static deflection method is an 
equation used to estimate the fundamental frequency (ƒ) of 
concrete slabs, and it can be applicable to all slab geometries 
as it is only dependent on the deflection (Δ) in meters due 
to sustained loads including own weight, permanent loads, 
and quasi-permanent loads without the effect of prestress 
following Eq. (4).

	​ f  =  0.18​√ 
_

 ​ 
g
 _ Δ ​ ​​	 (4)

Results presented in Fig. 12 to 14 for numerical FEM  
analysis with linear-elastic material behavior and no 
prestress are used to test the accuracy of the static deflection 
method, where linear-elastic material behavior represents the 
uncracked slab, and prestress is inactive as it has no impact 
on the fundamental frequency. For example, Table 6 presents 
an evaluation of the precision of the static deflection method 
to predict the fundamental frequency of uncracked concrete 
slabs using data from Model 10.

The static deflection method does not provide an accurate 
estimation of fundamental frequencies of concrete slabs, 
and it gets much less accurate and more conservative by 
increasing the magnitude of total loads; therefore, it is worth 
trying to create a new mathematical model to estimate the 
fundamental frequency of post-tensioned concrete slabs with 
more accurate results than the static deflection method. More 
models are created using the previously mentioned 13 slab 
geometries with applied load increments of 1.5 kN/m2 from 
zero to 9 kN/m2, forming a total of 91 models, then data are 
exported to neural designer software21 using artificial neural 
networks (ANNs) to create a new mathematical model. 
Iterations take place for the model’s inputs, type of equa-
tions—whether linear, hyperbolic, or polynomial—number 
of equation layers in the mathematical model, and number 
of neurons per layer. Accordingly, the software analyzes the 
data and corresponding results, concludes a mathematical 
model with a set of equations that can be plotted in a graph, 
and presents a linear regression analysis for the mathematical 
model. After applying multiple iterations, the neural designer 

software concluded a mathematical model composed of a set 
of equations that can be simplified in Fig. 15 through sensi-
tivity analysis. The inputs of this mathematical model are 
“sustained loads, kN/m2” and its corresponding “deflection, 
mm” without considering the prestressing force camber, and 
the output is the “fundamental frequency of the slab, Hz”.

The same figure also demonstrates that the impact of 
the sustained load’s parameter starts to decrease for higher 
deflection values; however, it is very influential for small and 
moderate values of deflection. The sensitivity of the load’s 
parameter is shown in Fig. 15 as the relationship between 
deflection and the slab’s fundamental frequency is not the 
same for different loads as assumed in the static deflection 
method, but it varies according to the magnitude of sustained 
loads. The reason behind this idea could be that a slab of a 
specific sustained load and deflection is stiffer than a slab of 
the same specific deflection but less sustained load. Figure 15 
is used to determine the fundamental frequency of a concrete 
slab such that the maximum deformation is concluded from 
FEM in mm, without accounting for the prestress effect, 
which is the x-axis, and the total area load on the slab in 
kN/m2 is a user’s input, where Fig. 15 has different curves 
for different area loads. A vertical projection goes up from 
the x-axis to the curve of the area load value, then moves 
horizontally straight to the y-axis to get the fundamental 
frequency of the slab at that point.

Linear regression analysis
Linear regression analysis in Fig. 16 for the proposed 

model demonstrates that the average slope between the real 
and estimated numbers of slabs’ frequencies is 99.97%, 
which is almost 100% with no error exceeding 10% and a 
mean error of 3.29%, while Fig. 17 for the static deflection 
method shows more scattered points with an average slope 

Fig. 14—Fundamental frequencies of concrete slabs with linear material behavior and applied load of 6 kN/m2.

Table 6—Evaluation of accuracy of static deflection 
method to predict fundamental frequency of 
uncracked concrete slabs using data from Model 10

Applied loads, kN/m2 No load 3 6

FEM fundamental frequency, Hz 9.50 7.9597 6.984

Deflection, mm 3.84 7.084 10.33

Static deflection method frequency, Hz 9.10 6.70 5.55

Error % 4.22% 15.85% 20.58%
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between the real and estimated slabs’ frequencies of 89.1% 
with errors exceeding 25% and a mean error of 12.99%, 
tending to be uneconomic.

Validity of proposed mathematical model for  
solid slabs

The applicability of the proposed mathematical model is 
tested for solid slab structural systems where all columns are 

Fig. 16—Linear regression analysis for proposed mathematical model.

Fig. 17—Linear regression analysis for static deflection method.

Fig. 15—Proposed model to predict fundamental frequency of uncracked concrete slabs.
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connected through marginal and internal beams with linear-
elastic material behavior and slab geometries as shown in 
Fig. 18 and Table 7.

Applied loads of 4.5 and 9 kN/m2 are applied for each 
slab, so a total of four models of solid slabs are studied, and 
results are presented in Fig. 19. The proposed mathematical 
model presents more accurate results than the static deflec-
tion method for solid slabs; however, the error percentage 
reached 17%, which makes the proposed model less appli-
cable for solid slabs supported by rigid beams than for flat 
slabs.

Validity of proposed mathematical model for 
ribbed slabs

A one-way ribbed slab is modeled in Abaqus to examine 
the accuracy of the proposed mathematical model to esti-
mate the fundamental frequency of post-tensioned concrete 
ribbed slabs, where 16 post-tensioned concrete ribs are 
supported by stiff edges following Fig. 20 and the properties 
in Table 8.

Results presented in Table 9 confirm that the proposed 
mathematical model could precisely predict the fundamental 
frequency of uncracked post-tensioned concrete ribbed 
slabs, while the static deflection method produced a conser-
vative estimation with an error of 16.51%.

Validity of proposed mathematical model for flat 
slabs with drop panels

The proposed mathematical model is tested for uncracked 
concrete flat slabs with drop panels using linear-elastic 
concrete behavior and slab geometry as shown in Fig. 21 
and Table 10 under applied loads of 4.5 and 6 kN/m2.

The proposed mathematical model produces an accurate 
estimation of fundamental frequencies of slabs with drop 
panels with error percentages of 1.7% for applied loads of 
4.5 kN/m2 and 3.56% for applied loads of 6 kN/m2, while the 
static deflection method gives conservative and less accu-
rate results with error percentages of 17.61% and 19.40% 
under applied loads of 4.5 kN/m2 and 6 kN/m2, respectively, 
as presented in Fig. 22. Thus, the proposed model is fit to 
estimate the fundamental frequency of uncracked concrete 
flat slabs with drop panels.

Impact of other parameters on frequencies of 
uncracked concrete slabs

To ensure that sustained loads and deflection are the only 
two parameters impacting the fundamental frequencies of 
concrete slabs, two different slabs are modeled with the 
different properties mentioned in Table 11.

Although all the structural and geometric parameters are 
different between both slabs except sustained loads and 
deflection, the fundamental frequencies produced from FEM 
analysis and the proposed model are almost the same, with an 
error of less than 1.65%. Therefore, there are no parameters 

Table 7—Properties of modeled solid slabs

Slab properties Solid slab (1) Solid slab (2)

Slab thickness, m 0.225 0.16

Beam depth, m 0.8 0.7

Column dimensions, m 0.45 x 0.45 0.45 x 0.45

Beam width, m 0.45 0.45

Long span, m 7.2 7.2

Short span, m 7.2 7.2Fig. 18—Plan view and section of solid slabs.

Fig. 19—Fundamental frequencies of concrete solid slabs using different methods.
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other than sustained loads and deflection influencing the 
fundamental frequency of uncracked post-tensioned concrete 
slabs of different structural systems.

MATHEMATICAL MODEL OF PEAK  
VERTICAL ACCELERATION OF UNCRACKED 

CONCRETE SLABS
Slab peak acceleration is an important parameter to be 

explored to assess the behavior of the slab under dynamic 
motion and to achieve the desired comfort level for the 
floor’s users. Dynamic loads are assigned to different slab 
geometries from Table 3 with a forcing frequency of 2 Hz 
to represent human walking3 and a conservative damping 
ratio of 2%.2 The dynamic motion follows a sinusoidal wave 
pattern as per Fig. 23, and it starts with an initial displace-
ment equal to the maximum deflection/camber of the 
slab due to sustained static loads, dynamic loads, and the 
prestressing force.

Table 8—Properties of post-tensioned concrete ribbed slab

Concrete dynamic elastic modulus, MPa 29.1 × 103
Concrete Poisson’s ratio 0.2

Concrete unit weight, kN/m3 23.544

Concrete compressive strength, MPa 35 Concrete tensile modulus of rupture, MPa 3.7

Reinforcing bar yield strength, MPa 420 Strand yield strength, MPa 1674

Ribs CL-CL span, m 15.7 Ribs CL-CL spacing, m 1

Rib width, m 0.35 Rib depth, m 0.6

Slab thickness, m 0.1 Slab mesh reinforcing bar T10@300 mm

Rib top reinforcing bar 3T12 Beam bottom reinforcing bar 3T12

Strand area, mm2 98 Number of strands per rib 8

Tendon profile Parabolic Jacking stress, MPa 1395

Stirrups at first and last third of ribs T10@150 mm Stirrups at middle-third of ribs T10@200 mm

Dead loads, kN/m2 2 Live loads, kN/m2 2

Table 9—Fundamental frequency of linear-elastic concrete ribbed slab

Deflection, mm Sustained load, kN/m2

FEM results Proposed model Static deflection method

Frequency, Hz Frequency, Hz Error % Frequency, Hz Error %

13.52 10.81 5.8077 5.8073 0.01% 4.85 16.51%

Fig. 21—Layout of flat slab with drop panels.

Table 10—Properties of flat slab with drop panels

Slab thickness, m 0.25

Drop panel thickness, m 0.4

Column dimensions, m 0.4 x 0.4

Long span, m 10

Short span, m 10

Interior drop panels, m 3.5 x 3.5

Edge drop panels, m 3.5 x 2.0

Corner drop panels, m 2.0 x 2.0

Fig. 20—Plan view and section of post-tensioned concrete 
ribbed slab.
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Values of peak acceleration under different parameters are 
presented in Table 12, and these data are inserted in neural 
network software to create a mathematical model to predict 
the peak acceleration of concrete slabs. Slabs are assumed 
to behave linearly elastic in both tension and compression.

The neural designer software concluded a mathematical 
model where the inputs are “fundamental frequency, Hz” 
of the concrete slab and “initial displacement, mm” due to 
service loads including the prestressing force camber, while 
the output is “acceleration per dynamic load of 1 kN/m2, m/
s2.” The proposed mathematical model to predict the peak 
vertical acceleration is presented in Fig. 24, and its linear 
regression analysis is shown in Fig. 25. Figure 24 is used to 
determine the peak vertical acceleration of a concrete slab 
such that the maximum deformation is concluded from FEM 
in mm, considering the prestress effect, which is the x-axis, 
and the fundamental frequency of the concrete slab at that 
point is also concluded from the proposed model in Fig. 15, 

where Fig. 24 has different curves for different frequencies. 
A vertical projection goes up from the x-axis to the curve of 
the fundamental frequency value curve, then moves horizon-
tally straight to the y-axis to get the peak vertical accelera-
tion per unit of dynamic load (1 kN/m2) at that point.

CONCLUSIONS
According to the investigation of the vibration behavior 

of post-tensioned concrete slabs, it is concluded that the 
prestress level does not influence the fundamental frequency 
of uncracked concrete slabs if the prestress level is not 
high enough to cause compression softening. However, for 
cracked post-tensioned concrete slabs, the prestressing force 
increases the inertia and the fundamental frequency of the 
slab by closing all tensile cracks until these cracks diminish 
on the condition that no compression softening occurs. If 
the prestress level is high and compression softening occurs, 
which is unlikely to happen as per design codes, the concrete 
elastic modulus and the fundamental frequency of the slab 
decrease. Moreover, prestressing steel behaves linearly if the 
jacking stress does not exceed the yield stress, and concrete 

Fig. 22—Fundamental frequencies of flat slabs with drop 
panels using different methods.

Table 11—Properties of concrete slabs with 
different parameters

Slab structural system Flat slab
Flat slab with 
drop panels

Concrete dynamic elastic modulus, MPa 34.79 × 103 43 × 103

Slab thickness, m 0.2 0.25

Drop panel thickness, m Not applied 0.4

Drop panel dimensions, m Not applied Table 10

Long span, m 7.5 10

Short span, m 6 10

Column length, m 0.45 0.4

Column width, m 0.25 0.4

External applied loads, kN/m2 6 4.5

Sustained loads, kN/m2 10.7088 10.8484

Deflection, mm 11.38 11.37

FEM frequency, Hz 6.5025 6.4298

Proposed model frequency, Hz 6.3968 6.4146

Error % 1.63% 0.24%
Fig. 23—Sinusoidal wave of dynamic load motion of 
frequency of 2 Hz.

Table 12—Peak vertical acceleration of different slab geometries for dynamic motion of frequency of 2 Hz

Model number Prestress activity
Total applied 
load, kN/m2

Dynamic load, 
kN/m2 Initial displacement, mm Fundamental frequency, Hz Acceleration, m/s2

Model 1 Inactive 1.5 1.5 12.05 5.65 0.31

Model 1 Inactive 3 3 15.82 5.19 0.63

Model 1 Inactive 4.5 1.5 19.59 4.82 0.32

Model 1 Inactive 6 3 23.37 4.52 0.55

Model 1 Inactive 6 6 23.37 4.52 1.09

Model 1 Inactive 7.5 1.5 27.15 4.27 0.27

Model 1 Inactive 9 3 30.93 4.06 0.72

Model 1 Inactive 9 6 30.93 4.06 1.43
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Table 12 (cont.)—Peak vertical acceleration of different slab geometries for dynamic motion of frequency 
of 2 Hz

Model 1 Active 1.5 1.5 5.09 5.74 0.10

Model 1 Active 3 3 8.76 5.26 0.30

Model 1 Active 4.5 1.5 12.45 4.89 0.24

Model 1 Active 6 3 16.14 4.59 0.49

Model 1 Active 6 6 16.14 4.59 0.97

Model 1 Active 7.5 1.5 19.84 4.33 0.27

Model 1 Active 9 3 23.54 4.12 0.64

Model 1 Active 9 6 23.54 4.12 1.27

Model 2 Inactive 3 3 9.89 6.34 0.61

Model 2 Inactive 4.5 4.5 12.52 5.84 0.75

Model 2 Inactive 6 3 15.14 5.43 0.47

Model 2 Inactive 6 6 15.14 5.43 0.94

Model 2 Inactive 7.5 4.5 17.77 5.10 1.06

Model 2 Inactive 9 3 20.40 4.83 0.65

Model 2 Inactive 9 6 20.40 4.83 1.29

Model 2 Active 3 3 4.63 6.46 0.27

Model 2 Active 4.5 4.5 7.17 5.94 0.55

Model 2 Active 6 3 9.74 5.53 0.43

Model 2 Active 6 6 9.74 5.53 0.87

Model 2 Active 7.5 4.5 12.30 5.19 0.62

Model 2 Active 9 3 14.87 4.91 0.53

Model 2 Active 9 6 14.87 4.91 1.06

Model 6 Inactive 3 3 7.03 7.56 0.41

Model 6 Inactive 6 3 10.58 6.54 0.44

Model 6 Inactive 6 6 10.58 6.54 0.87

Model 6 Inactive 7.5 7.5 12.35 6.16 0.84

Model 6 Inactive 9 3 14.13 5.84 0.50

Model 6 Inactive 9 6 14.13 5.84 0.99

Model 6 Active 3 3 2.84 7.66 0.15

Model 6 Active 6 3 6.16 6.62 0.19

Model 6 Active 6 6 6.16 6.62 0.38

Model 6 Active 7.5 7.5 7.90 6.24 0.74

Model 6 Active 9 3 9.65 5.91 0.31

Model 6 Active 9 6 9.65 5.91 0.62

Model 11 Inactive 3 3 5.14 8.74 0.24

Model 11 Inactive 6 3 7.50 7.66 0.27

Model 11 Inactive 6 6 7.50 7.66 0.54

Model 11 Inactive 9 3 9.87 6.91 0.27

Model 11 Inactive 9 6 9.87 6.91 0.54

Model 11 Active 3 3 2.00 8.81 0.09

Model 11 Active 6 3 4.15 7.72 0.14

Model 11 Active 6 6 4.15 7.72 0.28

Model 11 Active 9 3 6.49 6.96 0.19

Model 11 Active 9 6 6.49 6.96 0.37
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behaves linearly if compressive stresses do not exceed 0.5fc′ 
in the uncracked concrete section.

It is also concluded that the static deflection method pres-
ents conservative results for the fundamental frequencies 
of slabs, and the proposed mathematical model in Fig. 15 
presents more accurate values for the fundamental frequency 
of uncracked concrete slabs of different structural systems. 
Further, no parameters other than sustained loads and 
deflection have an impact on the fundamental frequency of 
uncracked post-tensioned concrete slabs.

In addition, the newly proposed mathematical model in 
Fig. 24 is used to estimate the peak vertical acceleration 
value for uncracked concrete slabs under a dynamic area 
load of a forcing frequency of 2 Hz. The prestressing forces 
reduce the initial displacement of concrete slabs due to 
service loads, which in turn reduces the peak acceleration 
of slabs and achieves a better comfort level for the floor’s 
occupants.
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Advances in new lightweight self-consolidating concrete (LWSCC) 
mixture designs have led to the construction of new concrete 
structures with much lower weight and higher strengths. The 
integration of glass fiber-reinforced polymer (GFRP) bars 
with LWSCC can be used effectively in Accelerated Bridge 
Construction (ABC) with longer spans and less shipping 
cost to build durable bridges with smaller cross sections and 
extended service lives. This study aimed at evaluating the effec-
tiveness of this type of concrete for building concrete bridge-
deck slabs with GFRP reinforcement. Five full-scale edge- 
restrained concrete bridge-deck slabs were fabricated, simulating a 
slab-on-girder bridge deck commonly used in North America. The 
bridge-deck slabs were 3000 mm (118.1 in.) in length, 2500 mm 
(98.4 in.) in width, and 200 mm (7.9 in.) in thickness. The test 
parameters included reinforcement type (sand-coated or helically 
wrapped GFRP and steel) and reinforcement ratio (ranging from 
0.44 to 1.15%). The bridge-deck slabs were designed according 
to the Canadian Highway Bridge Design Code. The specimens 
were exposed to a concentrated load over a contact area of 250 x 
600 mm (9.8 x 23.6 in.), which simulates the footprint of a sustained 
truck wheel load (87.5 kN CL-625 truck), as specified in Canadian 
standards. The test results indicate that the failure mode of all deck 
slabs was punching shear. The recorded ultimate load capacities 
for all specimens exceeded the design factored load, which vali-
dates the use of GFRP-reinforced LWSCC for the construction of 
bridge-deck slabs. It was also concluded that the surface condi-
tions of the GFRP bars (sand coated or helically wrapped) had a 
minor effect on the cracking, deflection, and behavior of the tested 
LWSCC deck slabs. In addition, increasing the axial-reinforcement 
stiffness in the GFRP-reinforced slabs significantly increased the 
ultimate capacity and reduced maximum crack width, reinforce-
ment strains, and midspan deflection at ultimate load.

Keywords: bridge-deck slab; cracking patterns and strains; design codes; 
glass fiber-reinforced polymer (GFRP) reinforcing bars; lightweight 
self-consolidating concrete (LWSCC); load-deflection; punching shear; 
ultimate capacity; wheel load.

INTRODUCTION
Concrete made with lightweight (LW) aggregates can 

have many significant applications, including the construc-
tion of bridge elements. This type of concrete reduces struc-
ture mass, consequently reducing the cross section and the 
reinforcement used in concrete structures. The weight of 
long-span bridges is considerably more than imposed traffic 
loads, so that minimizing the structure’s dead load becomes 
an essential design parameter. Replacing normal aggregates 
with LW aggregates reduces the weight of the concrete by 

25 to 35% while maintaining structural capacity (Harmon 
2007).

Concrete bridge-deck slabs are more likely to deterio-
rate than any other bridge element because they experience 
harsh environmental conditions, including the routine use of 
deicing salts as well as traffic loads, freezing-and-thawing 
cycles, and wetting-and-drying cycles, all of which corrode 
steel reinforcing bars (Benmokrane et al. 2021a; Goora-
norimi et al. 2019; Elgabbas et al. 2016; Arafa et al. 2016). 
As steel reinforcement corrodes when exposed to chlorides 
and deicing chemicals, fiber-reinforced polymer (FRP) bars 
are increasingly used in the construction industry, particu-
larly for marine structures, concrete bridge-deck slabs, and 
parking garages (Benmokrane et al. 2021a; ACI Committee 
440 2015; Benmokrane et al. 2007). FRP bars have many 
advantages compared to steel, such as high tensile strength 
and light weight (Mehany et al. 2021; Benmokrane et al. 
2021b; Gooranorimi et al. 2019; Mousa et al. 2018; ACI 
Committee 440 2015). Besides, FRP bars help reduce the 
cost of maintenance, repair, and rehabilitation because of 
their noncorrodible nature (Benmokrane et al. 2021a). Using 
lightweight concrete (LWC) reinforced with FRP bars would 
be an effective solution to improve the strength-to-weight 
ratio and reduce the lifetime cost of the bridge-deck slabs 
(Billington et al. 2020). In addition, the use of LWC rein-
forced with FRP bars in Accelerated Bridge Construction 
(ABC) can minimize traffic disruptions, improve work-zone 
safety, minimize environmental impacts, improve construc-
tability, enhance quality, and lower life-cycle costs (Youssef 
et al. 2019).

Limited experimental programs have been conducted to 
evaluate the behavior of GFRP-reinforced LWC members 
(ACI Committee 440 2015). Comparing the results of the 
shear behavior of one-way glass FRP (GFRP)-reinforced 
LWC slabs with the ACI 440.1R-06 (ACI Committee 440 
2006) design provisions showed that these predictions are 
less conservative for LW concrete than for normalweight 
(NW) concrete (Pantelides et al. 2012a,b). Their experi-
mental results, however, showed that the GFRP-reinforced 
LW panels behaved similar to the NW concrete (NWC) 
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panels (Pantelides et al. 2012b). Canadian (CAN/CSA 
S806-02 2002) and Japanese (JSCE 1997) standards provide 
predictions of the shear strength of LW and NW concrete 
panels reinforced with GFRP bars with a lower degree of 
conservativism. Consequently, a reduction factor was deter-
mined to be unnecessary (Liu and Pantelides 2013). The 
“AASHTO LRFD Bridge Design Guide Specifications for 
GFRP-Reinforced Concrete” (AASHTO 2018) has no provi-
sions for the use of LWC reinforced with GFRP bars because 
of the lack of experimental studies. This guide’s specifica-
tions allow the use of LWC to improve the predicted values 
based on the experimental results obtained from tested LWC 
slabs reinforced with GFRP bars.

The results from past studies on FRP-reinforced bridge-
deck slabs indicate that punching shear was the failure 
mode of the tested bridge-deck slabs (El-Gamal et al. 2005). 
They also show that reinforcement type (GFRP, carbon FRP 
[CFRP], and steel) had a negligible effect on the deflection 
behavior of these deck slabs (Ahmad et al. 1994; El-Gamal 
et  al. 2005, 2007). Moreover, FRP reinforcement can 
improve the cracking performance of and induced strains in 
FRP-reinforced concrete (RC) slabs by enhancing the bond 
between the concrete and reinforcing bars (Hussein and 
El-Salakawy 2018; Elgabbas et al. 2016).

Laboratory tests on lightweight concrete panels
Pantelides et al. (2012a) implemented an experimental 

study focusing on the shear strength of GFRP-reinforced 
LWC panels. The specimens were subjected to a load simu-
lating the wheel-load area of the AASHTO (2009) design 
truck with simply supported edges and center-to-center 
spacing of 2440 mm (96 in.). The results show that the LWC 
specimens obtained 80% of the ultimate shear strength of 
the NWC specimens and 89% of their maximum deflection. 
A reduction factor of 0.85 was proposed to modify the ACI 
440.1R-06 shear equations for GFRP-reinforced LWC.

Liu and Pantelides (2013) extended the study mentioned 
previously by testing 12 LWC and eight NWC panels. All 
specimens were reinforced with GFRP bars and all obtained 
1.3 times the predicted ultimate shear capacity provided 
by the ACI 440.1R-06 equation. In contrast, the Canadian 
(CAN/CSA S806-02) and Japanese (JSCE 1997) standards 
predicted the shear capacity of GFRP-reinforced NWC 
and LWC panels with similar degrees of conservatism that 
were less than that calculated according to ACI 440.1R-06 
guidelines. Hence, a reduction factor of 0.8 was proposed 
to calculate the shear capacity of GFRP-reinforced LWC 
panels defined in ACI 440.1R-06 to acquire a similar degree 
of conservatism to that of NWC panels.

Experimental projects of FRP-reinforced bridge-
deck slabs

Elgabbas et al. (2016) experimentally investigated the 
behavior of edge-restrained concrete bridge-deck slabs rein-
forced with basalt FRP (BFRP) bars. Seven full-scale slabs 
were tested under a concentrated load over a contact area of 
250 x 600 mm (9.8 x 23.6 in.), simulating the footprint of 
a sustained truck wheel load (87.5 kN CL-625 truck). The 
results show that ACI 440.1R-15 (ACI Committee 2015) 

produced conservative predictions in terms of the punching- 
shear strength of BFRP-RC bridge-deck slabs, while CSA 
S806-12 (2017) yielded predictions with a lower degree 
of conservatism. Moreover, the reinforcement ratio of the 
bottom assembly in the transverse direction was recognized 
as the main parameter affecting the structural behavior 
(deflection, strains, and crack width). It is worth mentioning 
that El-Gamal et al. (2005) used a similar test procedure and 
specimen dimensions but with different reinforcing bars 
(GFRP and CFRP bars). In their study, punching shear was 
the failure mode for all the tested specimens. The recorded 
ultimate load capacities were more than three times the 
design factored load specified in CAN/CSA S6-10 (2010). 
Generally similar results were obtained from the investiga-
tion conducted by Bouguerra et al. (2011).

RESEARCH SIGNIFICANCE
No research has yet been reported on the behavior of light-

weight self-consolidating concrete (LWSCC) bridge-deck 
slabs reinforced with FRP bars. This study experimentally 
investigated the punching-shear behavior of a series of full-
scale LWSCC bridge-deck slabs reinforced with different 
types of GFRP bars subjected to a concentrated load, simu-
lating a truck wheel load. The experimental results were 
used to evaluate the FRP punching-shear design provisions 
in CSA S806-12 (R2017), ACI 440.1R-15, and AASHTO 
(2018). It also establishes a step toward developing design 
provisions and recommendations for engineers in designing 
LWSCC bridge-deck slabs with GFRP reinforcement. More-
over, the findings of this pioneering study will support the 
work of North American technical committees engaged in 
developing standards and design provisions for GFRP-RC 
deck slabs made with LWSCC.

EXPERIMENTAL PROGRAM
Material properties

Concrete—LWSCC was used in this study (refer to 
Table 1 for the mixture design). The mixture was made with 
LW coarse and fine aggregates according to the specifica-
tions in ASTM C330/C330M (2017) and natural NW sand. 
The coarse and fine aggregates had a maximum size of 14 
and 5 mm (0.55 and 0.2 in.), respectively. The LW aggre-
gates were expanded shale, as shown in Fig. 1(a). As the 
water-cement ratio (w/c) of 0.33 was chosen, the aggre-
gates were submerged in water before mixing to maintain 
the desired ratio by saturation. The LWSCC was prepared 
using a cement containing 75% general-use (GU) cement, 
20% fly ash (FA), and 5% silica fume (SF) complying with 

Table 1—Mixture proportions for LWSCC

Cement, kg/m3 543

w/c 0.33

Lightweight coarse aggregate, kg/m3 369

Lightweight sand, kg/m3 488

Natural sand, kg/m3 381

Air entrainment, mL/100 kg 70

High-range water-reducing admixture, L/m3 3.51
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ASTM C150/C150M (2018). The equilibrium density of the 
LWSCC was 1906 kg/m3 (119 lb/ft3) as measured according 
to ASTM C567/C567M (2019). The LWSCC was designed 
with a target 28-day compressive strength of 40  MPa 
(5.8  ksi). The curing process was started after casting by 
covering specimens with polyethylene sheets. The slabs 
were unmolded 1 day after casting, and the water-curing 
process was performed for 7 days.

Reinforcing bars—The GFRP bars used in this study were 
Type I (No. 5) and Type II (No. 5). Type I bars had a sand-
coated surface, while Type II bars had a helically wrapped 
surface, as shown in Fig. 1(b). The GFRP bars were made 
with vinyl ester resin and E-glass corrosion-resistant (E-CR) 
glass fibers, classified as Grade III according to CSA S807:19 
(2019). The tensile strength and the modulus of elasticity 
of the GFRP reinforcement were determined according to 
ASTM D7205/D7205M (2016). Deformed steel bars (15M) 
were used in the control specimen. Table 2 presents the 
mechanical properties of the reinforcing bars.

Test specimens
Five full-scale concrete bridge-deck slabs measuring 

3000 x 2500 x 200 mm (118.1 x 98.4 x 7.9 in.) were fabri-
cated. Two parallel steel girders were used to support the 
deck slabs with 2000 mm center-to-center spacing, as shown 
in Fig. 2. The specimens had two rows of holes (27 mm 
[1.06 in.] in diameter) at each edge, 160 and 250 mm (6.3 
and 9.8 in.) from the restrained edges. These holes were 
fitted with steel bolts to provide edge restraint. The top and 
bottom concrete cover for all specimens was kept constant 
at 30 and 25 mm (1.2 and 1 in.), respectively, as specified in 
Clause 16.4.5 of CSA S6:19 (2019). The ratio of supporting 
girder spacing to slab thickness was less than 18, as specified 
in Clause 8.18.3.1 of CSA S6:19. Slab length was defined 
to prevent one-way shear before punching failure and to 

consider the slab area affected by the wheel load. This area 
was assumed to be based on the outer diameter of the wedge 
formed during punching failure (El-Gamal et al. 2005). The 
chosen test parameters were: 1) reinforcement ratio in the 
transverse direction of the bottom reinforcement (0.44, 0.83, 
and 1.15%); 2) surface conditioning of the GFRP bars (sand 
coated or helically wrapped); and 3) reinforcement type 
(steel or GFRP bars).

Table 3 summarizes the reinforcement details of the 
tested slabs. Number 5 sand-coated GFRP bars were used in 
G1-150, G1-100, and G1-300. Number 5 helically wrapped 
GFRP bars were used in G2-300. Deformed M15 steel bars 
were used in S1-300 to serve as a control specimen. The 
amount of bottom transverse reinforcement used in the tested 
slabs satisfies the empirical and flexural design methods in 
CSA S6:19 and AASHTO (2018), with a minimum rein-
forcement ratio of 0.44% and a maximum bar spacing of 
300 mm (11.8 in.). Specimens G1-150 and G1-100 had a bar 
spacing of 200 mm (7.9 in.) in the longitudinal and trans-
verse directions of the top assembly. In the bottom assembly, 
the spacing between bars was 150 mm (5.9 in.) and 100 mm 
(3.9 in.) in the main direction (transverse direction) in 
G1-150 and G1-100, respectively, and 200 mm (7.9 in.) in 
the longitudinal direction in both slabs. Specimens G1-300, 
G2-300, and S1-300 had a bar spacing of 300 mm (11.8 in.) 
in the longitudinal and transverse directions of the top and 
bottom assembly. Figure 2 shows the geometry and the rein-
forcement details of the tested deck slabs. The location of 
some reinforcing bars has been modified to prevent conflicts 
between prefabricated holes and bars. Figure 3 shows the 
slab construction. The Appendix* presents how specimen 
G1-150 was designed according to CSA S6:19 provisions.

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 

Fig. 1—(a) Lightweight aggregates; and (b) GFRP reinforcing bars.

Table 2—Mechanical properties of reinforcing bars

Reinforcement type Bar type Bar size db, mm Af
*, mm2 Ef, GPa ffu, MPa εfu, % Surface configuration

GFRP
Type I No. 5 15.9 199 61.8 1316 2.13 Sand-coated

Type II No. 5 15.9 199 64.1 1528 2.4 Helically wrapped

Steel† — M15 16 200 200 fy
‡ = 460 εf ‡ = 0.23 Ribbed

*Nominal cross-sectional area.
†Manufacturer-provided tensile properties of steel bars.
‡fy and εy are yield strength and strain of steel bars, respectively.

Note: Properties calculated based on nominal cross-sectional area; 1 mm = 0.0394 in.; 1 mm2 = 0.00155 in.2; 1 MPa = 0.145 ksi.
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Instrumentation
External and internal instrumentation was used in this 

study, as shown in Fig. 4. Fifteen strain gauges measuring 
6 mm (0.24 in.) in length were installed on the surface of 
the top and bottom reinforcing bars, as shown in Fig. 4(a). 

from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Four electrical strain gauges measuring 60 mm (2.4 in.) in 
length were used around the loading plate to measure the 
concrete compressive strains. Seven potentiometers (POTs) 
(P1 to P7) were installed at different locations on the spec-
imens to measure slab deflection, as shown in Fig.  4(b). 
Potentiometers P8 and P9 were installed to measure the side 
movements of specimens while testing. When the first three 

Fig. 2—Geometry of tested deck slabs and reinforcement details. (Note: 1 mm = 0.0394 in.)

Table 3—Reinforcement details of tested bridge-deck slabs

Slab ID*

Bottom reinforcement Top reinforcement

Transverse direction Longitudinal direction Transverse direction Longitudinal direction

Bars† ρ, % ρ × E, MPa Bars† ρ, % ρ × E, MPa Bars† ρ, % ρ × E, MPa Bars† ρ, % ρ × E, MPa

G1-150 16 @ 150 0.83 513 16 @ 200 0.62 383 16 @ 200 0.6 371 16 @ 200 0.62 383

G1-100 16 @ 100 1.15 711 16 @ 200 0.62 383 16 @ 200 0.6 371 16 @ 200 0.62 383

G1-300 16 @ 300 0.44 272 16 @ 300 0.43 266 16 @ 300 0.44 272 16 @ 300 0.43 266

G2-300‡ 16 @ 300 0.44 282 16 @ 300 0.43 276 16 @ 300 0.44 282 16 @ 300 0.43 276

S1-300 16 @ 300 0.44 880 16 @ 300 0.43 860 16 @ 300 0.44 880 16 @ 300 0.43 860

*Reinforcement type (GFRP Type I and Type II and steel) followed by reinforcement spacing (100, 150, or 300 mm).
†Bar diameter and spacing in mm (diameter in mm @ spacing in mm).
‡Helically wrapped GFRP bars (GFRP Type II).

Note: 1 MPa = 0.145 ksi; 1 mm = 0.0394 in.
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cracks appeared, three linear variable differential transducers 
(LVDTs), with a precision of 0.001 mm, were installed to 
measure the crack width. All the deflections, reinforcement 
and concrete strains, and loads were recorded by a data 
acquisition system connected to a computer.

Test setup and procedure
The specimens were tested up to failure under a concen-

trated monotonic load applied to the center of the slab with 
a servo-controlled, 1000 kN (224.8 kip) hydraulic actuator. 
The contact area of the applied load measured 250 x 600 mm 
(9.8 x 23.6 in.), which is specified in CSA S6:19 to simu-
late the footprint of a sustained truck wheel load (87.5 kN 
CL-625 truck). The load was applied at a displacement- 
controlled rate of 0.3 mm/min (0.01 in./min). A 10 mm 
(3.9 in.) thick sheet of neoprene was used under the loading 
plate to ensure uniform stresses on the concrete surface. The 
edges of the specimens were supported on two steel girders 
with a span of 2000 mm (78.7 in.), which is similar to the 
test setup of Elgabbas et al. (2016). Two neoprene strips 

100 mm (3.9 in.) in width between the concrete surface and 
steel supports and two neoprene strips 100 mm (3.9 in.) in 
width between the concrete surface and steel channels were 
used. The strips were 3 and 10 mm (0.12 and 0.39 in.) thick, 
respectively. Figure 5 shows the test setup and data acquisi-
tion system. The corresponding loads were noted adjacent to 
each crack. The longitudinal edges of the slabs were partially 
restrained 22 mm (0.87 in.) diameter steel bolts that tied the 
deck slabs to the steel parts of the test setup. As shown in 
Fig. 2, four rows of holes 27 mm (1.06 in.) in diameter were 
prepared in the slabs during casting to fit the bolts. The steel 
bolts play the role of shear connectors between the speci-
mens and girders in actual slab-on-girder bridges. The slabs 
were restrained by tightening the steel anchors with a torque 
moment of 160 N∙m (116 lb∙ft) to create uniform restraint 
along the slab edges. The torque moment was calculated to 
generate horizontal shear friction between the steel girder 
and the slab bottom surface above the horizontal compo-
nent of the arching stress and to prevent lateral movement 
between the slab and girder.

Fig. 3—Construction of bridge-deck slabs: (a) formwork; (b) meshes; (c) prepared formwork for casting; (d) mixing LW aggre-
gates with water (pre-wetting) 3 days before casting; (e) casting; and (f) demolding.

Fig. 4—Typical instrumentation of test slabs: (a) strain gauges on top (T) and bottom (B) reinforcing bars; and (b) LVDTs and 
strain gauges on top concrete surface. (Note: 1 mm = 0.0394 in.)
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TEST RESULTS AND DISCUSSION
The experimental results for the GFRP-reinforced LWSCC 

slabs consist of cracking patterns and failure mode, cracking 
and ultimate load capacity, concrete and reinforcement 
strains, and deflection behavior. Table 4 presents a summary 
of the test results.

Cracking patterns and loads
All the LWSCC specimens had similar cracking patterns 

despite their differences in reinforcement details. Figure 6 
shows the cracking patterns of all the deck slabs. The 
formation and propagation of cracks were observed and 
identified from the beginning of loading. The first cracks 
appeared underneath the loading plate, mostly in the longi-
tudinal direction. The cracks then propagated radially to 
the slab edges. The recorded cracking loads of the slabs 
were between 99.2 and 115.2 kN (22.3 and 25.9 kip). The 
average cracking load was 107.2 kN (24.1 kip), which is 
similar to the predicted service load (110.25 kN [24.8 kip]) 
according to the CSA S6:19 design provisions. Specimen 
G1-100 had the highest cracking load (115.2 kN [25.9 kip]) 
of the slabs. A comparison of the recorded cracking loads for 
G1-100 (115.2 kN [25.9 kip]), G1-150 (106.9 kN [24 kip]), 
and G1-300 (100.0  kN [22.5 kip]) confirms that reducing 
reinforcement spacing improved the cracking performance 
of the deck slabs. Cracking loads recorded for G1-300 
and G2-300 were 100.0 and 114.5 kN (22.5 and 25.7 kip), 
respectively. This could be related to the effect of the GFRP 
bar surface treatment. Approximately similar cracking load 
values were recorded for G1-300 (100.0 kN [22.5 kip]) and 
S1-300 (99.2 kN [22.3 kip]). This can be attributed to the 
fact that the sand-coated GFRP bars significantly affected 
the cracking performance of the deck slabs.

Figure 7 shows the load-to-average-crack-width rela-
tionship for all the LWSCC specimens. Table 4 provides 
the values of the crack widths at the service, factored, and 
ultimate loads. The maximum measured crack widths for 
G1-150, G1-300, and S1-300 at the service designed load 

were 0.12, 0.2, and 0.1 mm (0.005, 0.008, and 0.004 in.), 
respectively. These values are less than the permissible value 
defined in ACI 440.1R-15 and CSA S6:19 of 0.5 mm (0.02 in.) 
for exterior exposure. The cracking loads for G1-100 and 
G1-300 were higher than the service load, which means 
that the first cracks appeared after the service load had been 
reached. Specimens G1-100 and S1-300 had similar levels 
of axial-reinforcement stiffness. Given the same load level, 
G1-100 had narrower average crack widths than S1-300. At 
the factored design load level, G1-100 and G1-150 behaved 
similarly to S1-300, while G1-300 and G2-300 had twice the 
crack width as S1-300. The crack-width values recorded for 
all specimens at the factored design load level did not exceed 
the limit (0.5 mm) defined in CSA S6:19.

At the ultimate load level, G1-100 showed the smallest 
crack width, followed by G1-150. Moreover, S1-300 and 
G1-100, which had similar axial-reinforcement stiffness 
(ρ × E), exhibited different load-to-crack-width relation-
ships. Spacing the GFRP bars at 100 mm (3.9 in.) in G1-100 
enhanced the slab’s cracking performance compared to 
the specimen with steel bars (S1-300) spaced at 300 mm 
(11.8 in.). In addition, G1-150 had lower axial-reinforcement 
stiffness and bar spacing than S1-300, but had a better load-
to-crack-width relationship. This confirms that using lower 
bar spacing reduces crack width, even at lower levels of 
axial reinforcement (Elgabbas et al. 2016). Furthermore, it 
can be posited that having the same bottom reinforcement 
ratio and bar spacing might have led to S1-300, G1-300, and 
G2-300 having a similar load-to-crack-width relationship, as 
shown in Fig. 7. On the other hand, at the factored design 
load and ultimate load level, comparable crack-width values 
were recorded for G1-300 and G2-300, which indicates that 
using different bar surface treatments had a negligible effect 
on the cracking behavior of the tested specimens.

Ultimate load capacity and failure mode
Figure 6 shows that a similar cracking pattern appeared 

on the bottom surfaces of all LWSCC slabs after testing. All 

Fig. 5—Overview of test setup.
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the specimens experienced punching-shear failure around 
the loading plate. No signs of concrete crushing in the 
top surface or bar rupture were observed, which confirms 
punching shear as the failure mode. The maximum loads 
recorded were 541, 525, 442, 421, and 538 kN (121.6, 
118, 99.4, 94.6, and 121 kip) for G1-150, G1-100, G1-300, 
G2-300, and S1-300, respectively. As expected, the slabs 
with wider GFRP bar spacing in the transverse direction of 
the bottom mesh showed lower punching-shear strengths. 
The recorded punching-shear capacities of the test specimens 
were 2.02 to 2.60 times the factored design load (208.25 kN 
[46.8 kip]) as estimated with the CSA S6:19 design provi-
sions. This proves that the slabs experienced punching-shear 
failure despite being designed based on flexural failure. 
Similar to the findings of past studies on GFRP-, CFRP-, 
and BFRP-RC bridge-deck slabs, the ultimate capacity of 
the deck slabs exhibited a high level of conservativeness 
(Hewitt and Batchelor 1975; Perdikaris and Beim 1988; 
El-Gamal et al. 2005, 2007; Bouguerra et al. 2011; Elgabbas 
et al. 2016).

Table 4 presents the punching-shear strengths of all the 
LWSCC specimens. G1-100 and S1-300 showed similar 
punching-shear capacities (525 and 538 kN [118 and 
121 kip], respectively) with close axial-reinforcement stiff-
ness (711 and 880 MPa [103.1 and 127.6 ksi], respectively). 
The findings were similar for G1-300 and G2-300 with 
respect to axial-reinforcement stiffness (272 and 282 MPa 
[39.5 and 40.9 ksi], respectively) and ultimate loads (442 
and 421 kN [99.4 and 94.6 kip]), respectively. This confirms 
that the slabs with similar degrees of axial-reinforcement 
stiffness could achieve similar levels of ultimate capacity.

Reinforcement and concrete strains
Table 4 presents the strains recorded by S3B (strain 

gauge located at the center of the middle bar in the bottom 
reinforcement of the LWSCC slabs) and C2 (strain gauge 
located on the top concrete surface near the loading plate), 
while Fig. 8 shows the load-to-strain graphs. The behavior 
of the strains in the graphs was linear up to the failure of the 
slabs. Generally, Fig. 8 confirms that increasing the axial-re-
inforcement stiffness reduced tensile strains in the bottom 
reinforcement. The effect of axial-reinforcement stiffness 
can be seen in G1-100, G1-150, and G1-300, which had rein-
forcement ratios of 1.15%, 0.83%, and 0.44%, respectively. 
At the maximum load level of each slab, the bottom rein-
forcement strains were 4600, 6700, and 7050 µɛ for G1-100, 
and G1-150, G1-300, respectively. Reducing the reinforce-
ment ratio from 1.15% to 0.83% and 0.44% increased the 
maximum reinforcement strains by 145.8% and 153.0%, 
respectively. Moreover, the axial-reinforcement stiffness 
significantly affected the maximum recorded values of 
bottom reinforcement strains in the tested slabs. Approxi-
mately the same level of reinforcement strain was recorded 
for G1-300 and G2-300 (7050 and 7100 µɛ, respectively); 
the reinforcement had almost the same axial-reinforcement 
stiffness in the transverse direction of bottom reinforcement 
(272 and 282 MPa [39.5 and 40.9 ksi], respectively). This 
confirms that the GFRP bars’ surface treatment had a negli-
gible effect on the bottom transverse reinforcement.Ta
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Fig. 6—Cracking patterns at failure: (a) G1-100; (b) G1-150; (c) G1-300; (d) G2-300; and (e) S1-300.
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The ranges of recorded strains at the service load level 
(110.25 kN [24.8 kips]) for the top concrete surface and 
middle reinforcing bars varied from –180 to –70 µɛ and 
from 90 to 1250 µɛ, respectively. At the factored design load 
level (208.25 kN [46.8 kip]), these values were from –700 
to –150 µɛ and from 580 to 3260 µɛ, respectively. The large 
difference in the axial-reinforcement stiffness of the speci-
mens produced a large difference in the recorded strains in 
the top concrete surface and middle reinforcing bars. The 
maximum strains recorded at service load were 15.8% and 
18.4% of that recorded at ultimate load for the top concrete 
surface and middle reinforcing bar, respectively. These 
values for the factored design load were 62.4% and 48.5% 
of the ultimate load, respectively. The safety factor values 
ranged from 1.6 to 5.5 for the GFRP-reinforced slabs. 
The recorded tensile strain values at the ultimate load for 
the Type  I GFRP bars ranged from 20 to 32% of the ulti-
mate tensile strain, and for Type II GFRP bars, the recorded 
tensile strain value was 30% of the ultimate tensile strain. 
Furthermore, the recorded compressive strains ranged from 
27 to 37% of the maximum allowable concrete compressive 
strain (3500 µɛ) (CSA S806-12 [R2017]). This proves that 
the mode of failure for all specimens was punching shear, 
where no concrete crushing or bar rapture was observed.

Figure 9 gives the distribution of the reinforcement strains 
from strain gauges installed on the middle bar in the bottom 
reinforcement of the slab. Higher values of the strains were 

recorded in the middle of the specimens and, conversely, the 
lowest values were recorded toward the supports. Eventu-
ally, these values dropped to zero due to slab edge restraint. 
The fact that a similar trend can be seen in the graph for all 
the tested specimens proves that no debonding of reinforce-
ment occurred during the test.

Load-deflection behavior and effect of test 
parameters

This section presents the load-deflection curves in three 
groups to show the effect of the test parameters on the 
load-deflection behavior of the LWSCC deck slabs, as 
shown in Fig. 10. It should be noted that the self-weight of 
the deck slabs was not included in the values of the deflec-
tion and the applied load. All the specimens exhibited similar 
linear load-deflection behavior from initial loading up to the 
initiation of the first crack. The uncracked response for all 
the deck slabs showed insignificant deflection, reflecting 
gross-section stiffness. The post-cracking stiffness was 
considerably reduced. This change in stiffness represents the 
transition from gross to effective section properties. After 
cracking, the LWSCC deck slabs reinforced with GFRP bars 
behaved nearly linearly with reduced stiffness up to failure. 
This can be attributed to the linear-elastic characteristics of 
the GFRP reinforcement. After cracking occurred, however, 
the load-deflection curve of the slab reinforced with steel 
was initially linear and then exhibited reduced stiffness after 
yielding.

The influence of the reinforcement ratio on the punching- 
shear strength of the LWSCC deck slabs reinforced with 
GFRP was assessed. Number 5 (16 mm) GFRP bars spaced 
at 300 mm were used to reinforce G1-300 in the transverse 
direction of the bottom assembly at a reinforcement ratio 
of 0.44%. The reinforcement ratio in G1-150 and G1-100 
was 0.83% and 1.15%, respectively. Figure 10(a) provides 
a comparison of the moment-deflection curves for the 
three LWSCC slabs reinforced with GFRP bars (Type I, 
sand-coated). The figure indicates that increasing the rein-
forcement ratio enhanced the post-cracking stiffness of the 
LWSCC slabs.

Specimens G1-150 and G1-100 experienced lower deflec-
tion and higher punching-shear strength than G1-300. 
Increasing the reinforcement ratio from 0.44% to 0.83% 

Fig. 7—Load-to-average-crack-width curves. (Note: 1 kN = 
0.225 kip; 1 mm = 0.0394 in.)

Fig. 8—Strains on bottom reinforcement and surface of 
concrete. (Note: 1 kN = 0.225 kip.)

Fig. 9—Distribution of reinforcement strains at middle 
section of slabs. (Note: Units in m; 1 m = 3.28 ft.)
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and 1.15% decreased the measured deflections by 8.0% and 
22.0% at the service load level (110.25 kN [24.8 kip]), respec-
tively, and at the same time, the punching-shear strength 
enhanced by 22.3% and 18.7%. Indeed, the punching-shear 
strength and behavior of the LWSCC slabs depended signifi-
cantly on the GFRP reinforcement ratio.

Specimens G1-300 and G2-300 were reinforced with 
GFRP bars with different conditioning (sand coated and 
helically wrapped, respectively). Figure 10(b) shows the 
load-deflection behavior of G1-300 and G2-300, as well as 
the comparable punching-shear strength of 442 and 421 kN 
(99.4 and 94.6 kip), respectively. It can be concluded that 
the LWSCC slabs with similar reinforcement ratios behaved 

similarly with respect to deflection, stiffness, and punching- 
shear strength, regardless of the reinforcing bar surface 
conditioning.

The GFRP- and steel-reinforced LWSCC slabs (G-100 
and S-300) were designed to have similar levels of axial- 
reinforcement stiffness. As depicted in Fig. 10(c), G1-100 
and S1-300 had comparable load-deflection responses up 
to the yielding of the steel reinforcement in S1-300. After 
the reinforcement yielded, S1-300 experienced severe 
deformation, resulting in higher deflection at ultimate load 
compared to G1-100. The two slabs exhibited almost similar 
punching-shear strength: 525 and 538 kN (118 and 121 kip), 
respectively. The GFRP-reinforced slab needed three times 
as much reinforcement to achieve the same behavior as the 
steel-reinforced slab; however, the use of LWSCC compen-
sated for the constructability and congestion issues. This 
proves that the combination of LWSCC and GFRP rein-
forcement is the great alternative to conventional steel-RC.

COMPARISON OF EXPERIMENTAL  
PUNCHING-SHEAR CAPACITIES AND  

THEORETICAL PREDICTIONS
The equations in CSA S806-12 (R2017), ACI 440.1R-

15, and AASHTO (2018) for predicting the punching-shear 
strength of GFRP-reinforced deck slabs can be compared 
with the experimental results of this study. CSA S806-12 
(R2017) provides three design equations (Eq. (1), (2), and 
(3)) for estimating the punching-shear capacity; the smallest 
estimated value should be considered as the design value

	​ ​V​ c​​  =  ​(1 + ​ 2 _ ​β​ c​​ ​)​​[0.028λ ​φ​ c​​​( ​E​ f​​ ​ρ​ f​​ ​fc ′ ​)​​ ​ 
1 _ 3 ​​]​​b​ 0​​ d​	 (1)

	​ ​V​ c​​  =  ​(​ ​α​ s​​d _ ​b​ 0​​
 ​ + 0.19)​​[0.147λ​φ​ c​​​( ​E​ f​​ ​ρ​ f​​ ​fc ′ ​)​​ ​ 

1 _ 3 ​​]​​b​ 0​​ d​	 (2)

	​ ​V​ c​​  =  ​[0.056λ​φ​ c​​​​(​E​ f​​ ​ρ​ f​​ ​fc ′ ​)​​​ ​ 
1 _ 3 ​​]​​b​ 0​​ d​	 (3)

where βc is the ratio of the long side to the short side of the 
loading plate; λ is a factor to consider concrete density; fc′ 
is the concrete compressive strength; b0 is the perimeter of 
the critical area underneath the applied load at a distance 
of d/2 from the loading-plate edges; d is the distance from 
the top surface of the concrete to the center of the bottom 
reinforcing bars; and αs is a factor to consider column loca-
tion. CSA S806-12 (R2017) considers the reduction factor 
λ for normal-density concrete, structural semi-low-density 
concrete in which all the fine aggregate is natural sand, and 
structural low-density concrete in which none of the fine 
aggregate is natural sand to be values of 1.0, 0.85, and 0.75, 
respectively. Considering the weight of the LW and NW 
sand used in the LWSCC mixture, the value of λ for calcu-
lating the punching-shear capacity of the tested slabs, using 
interpolation, was considered to be 0.794.

According to ACI 440.1R-15, the punching-shear capacity 
of two-way slabs reinforced with GFRP bars is calculated 
with Eq. (4) and (5), which consider the stiffness of rein-
forcement as an influential factor in the punching-shear 
strength of concrete slabs.

Fig. 10—Effect of test parameters on load-maximum deflec-
tion curves: (a) reinforcement ratio; (b) surface condi-
tioning; and (c) reinforcement type. (Note: 1 kN = 0.225 kip; 
1 mm = 0.0394 in.)
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	​ ​V​ c​​  =  ​ 4 _ 5 ​​√ 
____

 ​fc ′ ​ ​​b​ 0​​c​	 (4)

	​ k  =  ​√ 
_____________

  2​ρ​ f​​​n​ f​​ + ​(​ρ​ f​​​n​ f​​)​​ 2​ ​ − ​ρ​ f​​​n​ f​​​	 (5)

where c is the neutral axis depth (mm) of the cracked trans-
formed section; c is kd; and nf is the modular ratio, nf =  
Ef/Ec. ACI 440.1R-15 does not provide a specific factor for 
calculating the punching-shear capacity of different types of 
LWC. ACI 318-19 (ACI Committee 318 2019), however, 
provides a modification factor λ based on equilibrium 
density to compensate for the reduction of mechanical prop-
erties of LWC compared to NWC with the same compres-
sive strength. Given a value of 1906 kg/m3 (119 lb/ft3) for 
the equilibrium density of LWC, the value of λ for calcu-
lating the punching-shear capacity of the deck slabs was 
considered to be 0.9.

According to AASHTO (2018), the shear resistance of 
two-way slabs can be computed in Eq. (6), where Vc is the 
nominal shear resistance of the concrete

	​ ​V​ c​​  =  0.316k​√ 
____

 ​fc ′ ​ ​​b​ 0​​​d​ v​​​	 (6)

where k is the ratio of the depth of the neutral axis to the 
depth of the flexural reinforcement; fc′ is the specified 
compressive strength of concrete (ksi); b0 is the perimeter 
of the critical section calculated at a distance of d/2 from the 
concentrated load (in.); and dv is the effective shear depth 
(in.). Although AASHTO (2018) does not cover the use of 
LWC, with regard to the AASHTO (2020) design specifi-
cations, when the splitting tensile strength (fct) is provided, 
a modification factor (λ) for concrete density is determined 
with Eq. (7)

	​ λ  =  4.7​ 
​f​ ct​​ ______ 

​√ 
____

 ​fc ′ ​ ​
 ​  ≤  1.0​	 (7)

Table 4 presents the experimental-to-predicted ratio of the 
punching-shear strength. According to the equations in CSA 
S806-12 (R2017), the experimental-to-predicted strength 
ratio was 1.18, 1.01, 1.22, and 1.11 for G1-100, G1-150, 
G1-300, and G2-300, respectively. The corresponding 
values using the ACI 440.1R-15 design equation were 1.37, 
1.14, 1.48, and 1.37, respectively. Moreover, the calculated 
ratios obtained with the equations in AASHTO (2018) were 
1.40, 1.15, 1.59, and 1.41, respectively. According to the 
concrete density reduction factor in AASHTO (2020), these 
values would be 1.40, 1.15, 1.78, and 1.47, respectively. 
It can be concluded that CSA S806-12 (R2017) provided 
accurate predictions compared to the experimental results. 
ACI 440.1R-15 and AASHTO (2018) conservatively under-
estimated the punching-shear capacity of the tested GFRP- 
reinforced LWSCC slabs. Moreover, all the predicted 
concrete punching-shear capacities were estimated 
without considering the reduction factor (strength reduc-
tion factor, concrete and GFRP material reduction factors). 
Taking into account the reduction factor in the design will 
provide a conservative prediction of the shear capacity to 
avoid the brittle failure. Furthermore, according to the 
equations provided in CSA S6:19 and “AASHTO LRFD 

Bridge Design Specifications” (2020), the experimental-to- 
predicted strength ratios for the steel-reinforced slab (S1-300) 
were 1.22 and 1.33, respectively. This showed that CSA 
S6:19 predicted more accurate shear strength than AASHTO 
(2020). Past findings revealed that ACI 440.1R-15 predicted 
the punching-shear strength of GFRP-reinforced LWC 
panels more accurately than that of GFRP-reinforced NWC 
panels (Pantelides et al. 2012a; Liu and Pantelides 2013). 
ACI 440.1R-15 and AASHTO (2009), however, conser-
vatively predicted the punching-shear capacity of GFRP- 
reinforced NWC deck slabs (Bouguerra et al. 2011), BFRP- 
reinforced NWC deck slabs (Elgabbas et al. 2016), 
and two-way slabs, as well as the shear resistance 
of GFRP-reinforced ultra-high-performance fiber- 
reinforced concrete (UHPFRC) closure joints between 
one-way bridge-deck slabs (Youssef et al. 2019).

SUMMARY AND CONCLUSIONS
In this study, a new mixture design for lightweight 

self-consolidating concrete (LWSCC) was developed. A 
comprehensive experimental program was designed and 
conducted to investigate the behavior of edge-restrained 
glass fiber-reinforced polymer (GFRP)-reinforced LWSCC 
bridge-deck slabs. The following conclusions were drawn 
based on the results of this study.

1. All the specimens experienced punching-shear failure; 
the recorded ultimate capacities were higher than the predic-
tions and factored design load specified in CSA S6:19.

2. The behavior of the LWSCC deck slabs was signifi-
cantly affected by the reinforcement ratio as the main param-
eter. The cracking performance, reinforcement strains, and 
deflection of the GFRP-reinforced tested specimens were 
reduced by increasing the reinforcement ratio of the bottom 
assembly.

3. Comparing LWSCC deck slabs with the same axial- 
reinforcement stiffness (ρ × E) leads to the conclusion 
that these slabs have similar behavior and punching-shear 
strength. Increasing the axial-reinforcement stiffness in the 
GFRP-reinforced slabs significantly increased the ultimate 
capacity and reduced maximum crack width, reinforcement 
strains, and midspan deflection at ultimate load.

4. The surface conditions of the GFRP bars (sand coated 
or helically wrapped) had a minor effect on the cracking, 
deflection, and behavior of the tested LWSCC deck slabs.

5. A comparison of the concrete punching-shear capacities 
of the LWSCC deck slabs to their capacities predicted with 
the CSA S806-12 (R2017) equations based on a concrete 
density reduction factor revealed that these equations yielded 
more accurate predictions of GFRP-reinforced LWSCC 
deck slabs than did the ACI 440.1R-15 and AASHTO (2018) 
equations.

6. The experimental evidence from this investigation 
provides some experimental backbone for including design 
provisions in bridge design specifications for the use of 
GFRP bars as internal reinforcement in LWSCC bridge-deck 
slabs.

Based on the results and conclusions of this study, the 
integration of GFRP bars with LWSCC can be used effec-
tively in Accelerated Bridge Construction (ABC) with 
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longer spans and less shipping cost to build durable bridges 
with smaller cross sections and extended service lives. 
Further investigations into the behavior of GFRP-reinforced 
LWSCC bridge-deck slabs with different types of microfi-
bers under static and fatigue loading should be conducted to 
generate more confidence and encourage wider acceptance 
of this new material.
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Previous studies on reinforced concrete (RC) beam-column subas-
semblies under a column removal scenario are helpful to under-
stand the load-resisting mechanisms of RC structures against 
progressive collapse, but most of these studies failed to simulate 
actual boundary conditions, which were simplified as fixed bound-
aries to allow sufficient development of the load-resisting mecha-
nisms. These studies were unable to reflect the response of joints 
and side columns under progressive collapse. To fill this gap, an 
experimental program on six half-scale beam-column subassem-
blies with joints and side columns was designed and tested to fully 
understand the effects of boundary conditions on the structural 
behavior of RC planar frames against progressive collapse. Three 
subassemblies were specially designed, while the other three were 
ordinarily designed to quantify the benefits of special detailing. 
The test results show that the effects of boundary conditions on the 
development of load-resisting mechanisms are marginal, whereas 
the effects of special detailing are significant. Specifically, speci-
mens under a middle-column removal scenario and a penultimate- 
column removal scenario develop similar compressive arch action 
(CAA) capacities and catenary action (CA) capacities. The CAA 
capacity dominates the load resistance of specimens with ordinary 
detailing. In contrast, the CA capacity governs the load resistance 
of specimens with special detailing mainly due to the larger areas 
of longitudinal reinforcing bars and the greater rotation capaci-
ties of beam ends. However, boundary conditions can greatly affect 
the failure mode of specimens with ordinary detailing. Finally, an 
analytical study was performed to demonstrate the contributions 
of axial force and shear force to load resistance. According to test 
results and analytical analyses, RC frames with special detailing 
have sufficient rotational capacity to develop adequate tie forces to 
resist progressive collapse.

Keywords: boundary condition; progressive collapse; reinforced concrete 
(RC); special detailing.

INTRODUCTION
The structural engineering community first observed 

a new failure type due to the collapse of the Ronan Point 
apartment tower in 1968. Historically, progressive collapse 
of buildings mainly occurred in two types: the first collapse 
type is due to excessive lateral displacement induced by 
major earthquakes; and the second collapse type is due to 
the failure of vertical structural members caused by extreme 
loads, such as blasts, impacts, and fires. This study focused 
on the second collapse type. In practical design, it is impos-
sible to accurately estimate the intensity of such extreme 
loads. Thus, in this study, the authors notionally removed 
one or more structural members and allowed for redis-
tribution of the initial load suffered by the lost structural 
members to the surrounding structural components. Such a 

method—namely, the alternate load path method—is incor-
porated in the main design guidelines1-3 for progressive 
collapse design and evaluation.

Relying on the alternative load path method, the behavior 
of a reinforced concrete (RC) frame under loss of column 
scenarios was investigated extensively. Lew et al.4 tested 
two full-scale RC beam-column assemblies designed for 
Seismic Design Category C or D. The test results showed 
that changing the Seismic Design Category from C to D 
could substantially increase the load-carrying capacity of the 
RC beam-column assemblies due to the greater amount of 
longitudinal reinforcement and larger sectional dimensions. 
Yu and Tan5 tested two half-scale RC beam-column assem-
blies with or without seismic detailing to study the effects 
of continuity of beam reinforcement on progressive collapse 
resistance. They found that Class A splice, as required by 
ACI 318-05,6 can provide sufficient continuity under an 
edge-middle-column removal scenario. Qian and Li7 tested 
a series of RC beam-column assemblies under a corner-
column removal scenario. The test results indicate that spec-
imens designed with seismic detailing are able to develop a 
greater flexural capacity to resist progressive collapse. Simi-
larly, Choi and Kim8 tested four small-scale beam-column 
assemblies under a near-edge-column removal scenario to 
quantify the benefits of seismic detailing for the progres-
sive collapse resistance. They found that the assembly with 
seismic detailing can develop greater catenary action (CA).

Unfortunately, the aforementioned tests failed to  
demonstrate the behavior of joints and side columns because 
they were replaced by enlarged side columns to easily inves-
tigate the load-resisting mechanism and apply boundary 
conditions. Similar simplifications were adopted by many 
studies.7,9-14 The effects of size and detailing of side columns 
on the behavior of RC beam-column assemblies to resist 
progressive collapse have not been investigated sufficiently. 
Thus, in this study, a series of six RC beam-column assem-
blies with ordinary or special detailing are tested under 
different column removal scenarios.

RESEARCH SIGNIFICANCE
The primary objective of this paper is to evaluate the 

effects of special detailing and side-column size on the 

Title No. 120-S64

Progressive Collapse Response of Reinforced Concrete 
Assembly with Realistic Boundary Conditions
by Kai Qian, Guang-Tao Li, Dong-Qiu Lan, and Liu Jin

ACI Structural Journal, V. 120, No. 4, July 2023.
MS No. S-2021-489.R1, doi: 10.14359/51738718, received June 1, 2022, and 

reviewed under Institute publication policies. Copyright © 2023, American Concrete 
Institute. All rights reserved, including the making of copies unless permission is 
obtained from the copyright proprietors. Pertinent discussion including author’s 
closure, if any, will be published ten months from this journal’s date if the discussion 
is received within four months of the paper’s print publication.



44 ACI Structural Journal/July 2023

structural behavior and resistance of RC frames to resist 
progressive collapse. The test results may help structural 
researchers and engineers understand the behavior of beam-
column assemblies with more realistic boundary conditions 
than those used in prior studies. The test results could help 
to refine existing design codes or guidelines for progressive 
collapse design.

EXPERIMENTAL PROGRAM
Specimen design

In this study, the prototype buildings were designed as 
ordinary moment frames and special moment frames in 
accordance with ACI 318-14.15 The design dead load and 
live load are 5.5 and 2.0 kPa, respectively. A total of six 
half-scale beam-column assemblies were tested, as listed in 
Table 1. The specimens can be categorized into two groups: 
1) M-series, presenting the frames losing the middle column 
(OM, SM, and OM-S); and 2) P-series, presenting the 
frames losing the penultimate column (OP, SP, and OP-S). 
As tabulated in Table 1, Specimens SM and SP are specially 
designed, whereas OM, OP, OM-S, and OP-S are ordinarily 
designed. The second letter represents the location of the 
removed column. For instance, “M” and “P” represent the 
loss of a middle column and a penultimate column, respec-
tively. The ordinarily designed specimens are further clas-
sified; among them, OM-S and OP-S have identical beam 
sizes and detailing as OM and OP, but smaller side columns.

Figure 1 shows the dimensions and reinforcement details 
of the specimens subject to a penultimate-column removal 
scenario. These specimens include two beams, one removed 
column stub, and two side columns. One of the side columns 
has an overhanging beam to simulate horizontal restraints 
from interior bays. For Specimens OP and SP, the cross 
section of the column is 250 x 250 mm (9.8 x 9.8 in.), 
while for OP-S, the column is smaller, with a size of 220 x 
220 mm (8.7 x 8.7 in.). The stable axial compressive force 
was applied on the top of the side columns to simulate the 
load transmitted from the superstructure, and the designed 
axial compression ratio was 0.31. The beam cross section is 
250 x 150 mm (9.8 x 5.9 in.). As shown in the figure, Spec-
imens OP-S and OP have identical reinforcement detailing. 
The top and bottom reinforcing bars of the beams are 3T10 
and 2T10, respectively. The beam bottom longitudinal rein-
forcing bars were continuous. However, the curtailment 
is simulated for top reinforcing bars. The beam transverse 
reinforcing bars are R6 with a spacing of 150 mm (5.9 in.) 

throughout the whole beam span, and no transverse rein-
forcing bar is installed in the joints. In the exterior side joints, 
the beam longitudinal reinforcing bars are terminated with a 
90-degree hook, which has a length of 150 mm (5.9 in.—
that is, 15 times the reinforcing bar diameter). However, the 
beams of SP are reinforced by 3T12 at the top and 2T12 at 
the bottom. The transverse reinforcing bars are R6 at 50 mm 
(2.0 in.) and R6 at 100 mm (3.9 in.) in the beam ends and 
midspan, respectively. The length of the 90-degree hook 
in the exterior joint was 180 mm (7.1 in. and 15d, where d 
is the reinforcing bar diameter). Stirrups with a spacing of 
50 mm (2.0 in.) are applied in the column, and three stir-
rups are applied in the joint zone. T12 and T10 herein denote 
deformed reinforcing bars with diameters of 12 mm (0.5 in.) 
and 10 mm (0.4 in.), respectively, while R6 represents plain 
reinforcing bars with a diameter of 6 mm (0.2 in.). Notably, 
the details of the M-series specimens have similar reinforce-
ment detailing and dimensions as their counterparts, except 
that both side columns have overhanging beams, which are 
symmetric.

Based on cylinder tests, the average compressive strength 
of concrete used in OM-S, OP-S, OM, and OP is 36 MPa 
(5.2 ksi) as they are cast in the same batch. However, the 
average compressive strength of concrete of SM and SP is 
39 MPa (5.7 ksi). Moreover, the reinforcement properties 
are measured and listed in Table 2.

Test setup and instrumentation
A typical test setup for the six specimens is illustrated in 

Fig. 2. A series of horizontal chain poles were connected 
to the top of the side column and the overhanging beam to 
simulate horizontal restraints from interior bays. The bottom 
of each side column was connected to the ground by a pin 
support. Notably, the pin support and the horizontal restraints 
for the side column were deliberately designed to simulate 
the contraflexural points of the side column. A hydraulic jack 
(Item 1 in Fig. 2(a)) was used to apply a vertical displace-
ment on the top of the removed column stub. Moreover, 
a stable axial compressive force was applied at the top of 
the side columns by a hydraulic jack (Item 7 in Fig. 2(a)). 
A steel assembly (Item 3 in Fig.  2(a)) was installed to 
prevent undesired out-of-plane failure of the specimens. The 
applied vertical load was measured by a load cell (Item  2 
in Fig.  2(a)). The horizontal reaction force was measured 
by tension/compression load cells (Item 6 in Fig.  2(a)), 
which were installed in the chain poles. The vertical and 

Table 1—Specimen details

Test ID

Column size, mm (in.)

Beam reinforcement

Position of  
removed column Details

Ends Middle

Depth Width Top Bottom Top Bottom

OM 250 (9.8) 250 (9.8) 3T10 2T10 2T10 2T10 Middle Ordinary

OP 250 (9.8) 250 (9.8) 3T10 2T10 2T10 2T10 Penultimate Ordinary

SM 250 (9.8) 250 (9.8) 3T12 2T12 2T12 2T12 Middle Special

SP 250 (9.8) 250 (9.8) 3T12 2T12 2T12 2T12 Penultimate Special

OM-S 220 (8.7) 220 (8.7) 3T10 2T10 2T10 2T10 Middle Ordinary

OP-S 220 (8.7) 220 (8.7) 3T10 2T10 2T10 2T10 Penultimate Ordinary
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horizontal reaction forces at the bottom of the side column 
were measured by the load pin for each pin support. The 
deflection of the specimens was measured by a series of 
linear variable displacement transducers (LVDTs) (Items 5 
and 6 in Fig. 2(a)).

TEST RESULTS
To evaluate the behavior of RC assemblies with more real-

istic boundary conditions and the effects of special design, 

six assemblies were tested by a pushdown loading regime. 
The main results are summarized in Table 3 and described 
as follows.

Global behavior
OM—The measured vertical load-displacement curves 

of the specimens are shown in Fig. 3(a). For OM, a yield 
load (YL) of 35 kN (7.9 kip) was reached at a displacement 
of 22  mm (0.9 in.). At this stage, several flexural cracks 
formed in the beam ends. The first peak load (FPL) of 
45 kN (10.1 in.) was measured at a displacement of 73 mm 
(2.9 in.). Beyond this point, the further extension of cracks 
and crushing of concrete led to a drop in load capacity. 
At displacements of 150, 200, and 250 mm (5.9, 7.9, and 
9.8  in.), reinforcing bar fracture occurred at the bottom of 
the beam end near the removed column in sequence, which 
led to a sharp drop in load capacity. When the displacement 
was increased to 275 mm (10.8 in.), reinforcing bar fracture 
occurred at the top of the beam end near the side columns. 
After that, two top reinforcing bars at the beam end near 
the removed column fractured at displacements of 360 and 
410 mm (14.2 and 16.1 in.), respectively. At a displacement 

Fig. 1—Details of P-series frames: (a) OP; (b) SP; and (c) OP-S. (Note: Units in mm; 1 mm = 0.039 in.)

Table 2—Material properties of reinforcing bars

Item

Yield load 
capacity, 
MPa (ksi)

Ultimate 
strength, 

MPa (ksi)
Elastic modulus, 

MPa (ksi) Elongation, %

R6 368 (53.4) 485 (70.3) 162,000 (23,496.1) 20.1

T10 532 (77.2) 663 (96.2) 200,241 (29,042.5) 12.7

T12 462 (67.0) 596 (86.4) 171,000 (24,801.5) 14.7

T16 466 (67.6) 604 (87.6) 182,000 (26,396.9) 17.0

Note: R6 represents plain bar with diameter of 6 mm (0.24 in.); T10, T12, and T16 
represent deformed reinforcing bars with diameters of 10, 12, and 16 mm (0.39, 0.47, 
and 0.63 in.), respectively.
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of 361 mm (14.2 in.), the load capacity reascended because 
of the onset of CA that developed in the remaining longitu-
dinal reinforcing bars. Further increasing the displacement to 
532 mm (20.9 in.), the ultimate load (UL) of 40 kN (9.0 kip) 
was measured. Subsequently, the concrete was severely 
crushed, and the reinforcing bars at the top of the beam end 
near the side columns fractured one by one. Particularly, the 
reinforcing bar fracture that occurred at the bottom of the 
beam near the right-side column caused a drop in the load 
capacity from 30 to 12 kN (6.7 to 2.7 kip). Finally, OM failed 
because all the reinforcing bars at the top of the beam end 
near the side columns fractured at a displacement of 590 mm 

(23.2 in.). The failure mode of OM is shown in Fig. 4. Wide 
cracks and reinforcing bar fracture occurred at the bottom of 
the beam end near the removed column and at the top of the 
beam end near the side column. Severe concrete crushing 
occurred in the compressive zones of the beam ends, while 
slight damage occurred in the side columns. Many cracks 
occurred along the beam span, which indicates that the beam 
is under tension.

OP—For OP, a YL of 33 kN (7.4 kip) was measured at 
a displacement of 30 mm (1.2 in.). At a displacement of 
70 mm (2.8 in.), an FPL of 42 kN (9.4 kip) was measured, 
which was 7% lower than that of OM. After this point, the 

Fig. 2—Test setup and instrumentation: (a) photo; and (b) schematic view.

Table 3—Critical test results

Test ID

Critical displacements, mm (in.) Critical loads, kN (kip) MCHF in interior/ 
exterior, kN (kip)

MTHF in interior/ 
exterior, kN (kip)

Fp, kN 
(kip)YL FPL UL YL FPL UL

OM 22 (0.9) 73 (2.9) 532 (20.9) 35 (7.9) 45 (10.1) 40 (9.0) –82 (–18.4) 102 (22.9) N/A

OP 30 (1.2) 70 (2.8) 552 (21.7) 33 (7.4) 42 (9.4) 33 (7.4) –76/–61 (–17.1/–13.7) 90/73 (20.2/16.4) 63 (14.2)

SM 30 (1.2) 70 (2.8) 659 (25.9) 42 (9.4) 53 (11.9) 79 (17.8) –99 (–22.3) 167 (37.5) 63 (14.2)

SP 27 (1.1) 76 (3.0) 665 (26.2) 40 (9.0) 51 (11.5) 74 (16.6) –81/–69 (–18.2/–15.5) 153/143 (34.4/32.1) 63 (14.2)

OM-S 20 (0.8) 79 (3.1) 590 (23.2) 29 (6.5) 42 (9.4) 33 (7.4) –82 (–18.4) 89 (20) 63 (14.2)

OP-S 25 (1.0) 90 (3.5) 438 (17.2) 32 (7.2) 40 (9.0) 28 (6.3) –72/–52 (–16.2/–11.7) 77/62 (17.3/13.9) N/A

Note: YL is yield load capacity; FPL is first peak load capacity; UL is ultimate load capacity; MCHF is maximum compressive horizontal reaction force; MTHF is maximum 
tensile horizontal reaction force; Fp is required peripheral tie force; N/A is not available.
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load capacity began to drop due to the formation and exten-
sion of cracks in the beam ends as well as the crushing of 
concrete. When the displacement reached 125 mm (4.9 in.), 
the first fracture of the reinforcing bar occurred at the bottom 

of the beam end near the removed column. Severe concrete 
crushing occurred at a displacement of 160 mm (6.3 in.). 
Moreover, at displacements of 163 and 250 mm (6.4 and 
9.8 in.), reinforcing bar fracture occurred at the bottom 
of the beam end near the removed column in sequence. 
Reinforcing bar fracture occurred at the top of the beam 
near the exterior side column and the interior side column 
at displacements of 255 and 356 mm (10.0 and 14.0 in.), 
respectively. At a displacement of 331 mm (13.0 in.), the 
load capacity reascended because of the kicked-in CA, while 
the CA capacity of 33 kN (7.4 kip), also known as UL, was 
measured at a displacement of 552 mm (21.7 in.). Three 
flexural cracks extending from the exterior side to the inte-
rior side of the side column occurred at displacements of 50, 
65, and 90 mm (2.0, 2.6, and 3.5 in.), respectively. A vertical 
crack occurred at the center of the exterior side column at 
a displacement of 480 mm (18.9 in.) and extended rapidly 
with increasing displacement due to the considerable tensile 
force in the longitudinal reinforcing bars. The failure mode 
of OP is illustrated in Fig. 5. Reinforcing bar fracture and 
severe concrete crushing occurred at the bottom and top of 
the beam end near the removed column, respectively. A large 
number of penetrating cracks were distributed along the 
beams. Wide cracks and reinforcing bar fractures occurred at 
the top of the beam end near the side columns. Long flexural 
cracks formed at the exterior side column, the damage of 
which was more severe than that of the side column of OM.

SM—Specimen SM has identical geometric dimensions to 
those of OM but includes special detailing. The YL and FPL 
of SM were 42 kN (9.4 kip) and 53 kN (11.9 kip), respec-
tively. As a result of special detailing, the YL and FPL of 
SM were 120% and 118% of those of OM, respectively. 
Compared with OM, the CA of SM mobilized at an earlier 
displacement of 300 mm (11.8 in.) because of no premature 
fracture of the reinforcing bar. Two reinforcing bars at the 
bottom of the beam end near the removed column fractured 
at displacements of 320 and 370 mm (12.6 and 14.6 in.), 
respectively. When the displacement was further increased 
to 538 mm (21.2 in.), another two reinforcing bars at the 
bottom of the beam end near the removed column frac-
tured. After that, the load capacity continued to rise because 
of the development of CA. This indicates that the special 

Fig. 3—Comparison of load-displacement curves:  
(a) M-series; and (b) P-series.

Fig. 4—Failure mode of OM.
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design specimen could effectively develop CA even though 
partial longitudinal reinforcing bars fractured. As a result of 
the limitation of stroke capacity, the test was stopped at a 
displacement of 659 mm (25.9 in.). At this point, the UL of 
79 kN (17.8 kip) was measured, which was 198% of that of 
OM. The failure mode of SM is shown in Fig. 6. Several 
wide penetrating cracks formed along the beams, and frac-
ture of the bottom reinforcing bar and concrete crushing 
occurred at the beam end near the removed column, which 
was more severe than that of OM. However, damage at the 
beam end near the side columns was milder than that of OM.

SP—As shown in Fig. 3(b), the YL and FPL of SP were 
measured as 40 and 51 kN (9.0 and 11.5 kip), respectively. 
Thus, the YL and FPL of SP were 21% and 21% higher 
than those of OP, respectively. The test was stopped at a 
displacement of 665 mm (26.2 in.) due to the limitation of 
stroke capacity, and a load capacity of 74 kN (16.6 kip) was 
measured. Thus, the UL was 124% higher than that of OP. 
Different from OP, the first flexural crack in the side column 
occurred at a large displacement of 380 mm (15.0  in.), 
then the number of cracks continued to increase during the 
remaining loading steps. Two reinforcing bars at the top 
of the beam end near the removed column fractured at a 

displacement of 409 mm (16.1 in.), which resulted in a drop 
in the load capacity from 42 to 30 kN (9.4 to 6.7 kip). The 
failure of SP is shown in Fig. 7, and the damage in the right-
side beam was more severe than that in the left-side beam. 
Reinforcing bar fractures and severe concrete crushing 
occurred in the beam end near the right side of the removed 
column, while no reinforcing bar fracture was observed at 
the left-side beam. Moreover, many flexural cracks occurred 
at the side columns.

OM-S—For OM-S, the YL of 29 kN (6.5 kip) was 
measured at a displacement of 20 mm (0.8 in.). When the 
displacement was increased to 79 mm (3.1 in.), the FPL of 
42 kN (9.4 kip) was measured, which was 7% lower than that 
of OM. After this point, the load capacity was reduced due to 
concrete crushing at the beam end near the removed column. 
When the displacement was further increased to 140  mm 
(5.5 in.), reinforcing bar fracture was first observed at the 
bottom of the beam end near the removed column, while 
the second reinforcing bar fracture occurred at the bottom of 
the beam end near the removed column at a displacement of 
300 mm (11.8 in.). When the displacement reached 320 mm 
(12.6 in.), the load-carrying capacity reascended because of 
the development of CA. With increasing displacement, more 

Fig. 5—Failure mode of OP.

Fig. 6—Failure mode of SM.
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cracks were generated at the top of the beam end near the 
side columns, and reinforcing bar fracture first occurred at 
the top of the beam end near the side column at a displace-
ment of 516 mm (20.3 in.). Then, the second reinforcing bar 
fracture occurred at the top of the beam end-left side column 
interface at a displacement of 545 mm (21.5 in.). The UL of 
33 kN (7.4 kip) was measured at a displacement of 590 mm 
(23.2 in.). Thus, the UL of OM-S was 18% lower than that 
of OM. As shown in Fig. 8, the damage of OM-S was mainly 
concentrated in the beams, including the fracture of rein-
forcing bars, the occurrence of wide penetrating cracks, and 
severe concrete crushing. However, the maximum width of 
the flexural cracks in the side column is only 0.5 mm.

OP-S—For OP-S, a YL of 32 kN (7.2 kip) was measured 
at a displacement of 25 mm (1.0 in.). At a displacement of 
90 mm (3.5 in.), an FPL of 40 kN (9.0 kip) was measured, 
which was 5% lower than that of OP. When the displace-
ment reached 125 mm (4.9 in.), a wide penetrating crack 
and the first reinforcing bar fracture occurred at the bottom 
of the beam end near the removed column. The second rein-
forcing bar fracture occurred at this zone at a displacement 
of 190 mm (7.5 in.). Upon further increasing the displace-
ment, three reinforcing bars fractured successively at the 

beam near the exterior side column. However, reinforcing 
bar fracture occurred at the top of the beam end near the 
interior side column at a displacement of 466 mm (18.3 in.). 
The UL of 28 kN (6.3 kip) was measured at a displacement 
of 438 mm (17.2 in.). The first crack on the exterior side 
column occurred at a displacement of 220 mm (8.7 in.), 
which expanded from exterior to interior. The second crack 
from the exterior to the interior occurred on the exterior side 
column at a displacement of 420 mm (16.5 in.) and expanded 
rapidly at displacements of approximately between 460 and 
480 mm (18.1 and 18.9 in.). As shown in Fig. 9, unlike 
OM-S, the asymmetric failure mode was observed in OP-S 
due to insufficient horizontal restraints at the exterior side 
column. All the tensile reinforcing bars in the bottom of the 
beam near the right side of the removed column fractured, 
and severe concrete crushing was observed at the top of this 
beam end. However, for the left-side beam, only one rein-
forcing bar fractured at the top of the beam end near the inte-
rior column. Asymmetric boundary restraints led to welding 
failure and further damage to the removed column stub. Due 
to the tension in the reinforcing bars, wide cracks occurred 
in the exterior side column, and the damage was much more 
severe than that in the interior side column of OM-S.

Fig. 7—Failure mode of SP.

Fig. 8—Failure mode of OM-S.
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Horizontal reaction force
Figures 10(a) to (c) show the total horizontal reaction 

force-vertical displacement curves of the specimens. As 
shown in the figures, the compressive horizontal reaction 
force was measured first due to the mobilization of compres-
sive arch action (CAA) at the small deformation stage. The 
compressive horizontal reaction force was decreased to zero 
and began to transfer to the tensile horizontal reaction force 
when CA was mobilized. As a result of sufficient restraints, 
the peak value of compressive/tensile horizontal reaction 
forces of specimens under the removal of a middle column 
was higher than that of specimens under the removal of a 
penultimate column. For the specimens under penultimate- 
column removal, the total horizontal reaction forces at 
both ends were not exactly equal because of the horizontal 
restraints provided by the steel assembly above the column 
stub, while the total horizontal reaction force on the inte-
rior side was slightly greater than that on the exterior side. 
Figure  10(d) shows the reaction force of each horizontal 
restraint of OM. At the small deformation stage, the largest 
compressive horizontal reaction force was transferred 
from the bottom of the side column, while the majority of 
the tensile horizontal reaction force was provided by the 
restraint of the overhanging beam at the CA stage. More-
over, the horizontal reaction force in the overhanging beam 
was most sensitive to reinforcing bar fracture.

Deformation measurements
Figure 11 shows the beam deformation shape of SP at 

different stages. At the small deformation stage, the defor-
mation of the beam was almost straight and symmetrical. 
However, asymmetric deformation was observed after the 
fracture of the reinforcing bar, while the slope of the beam 
near the middle column was larger than that near the side 
column. Figure 12 shows the horizontal movement of the 
side columns of SP. Because of the mobilization of CAA, the 
outward movement was measured at the small deformation 
stage. The outward movement began to transfer to inward 
movement at a displacement of approximately 300  mm 
(11.8  in.). Due to the absence of the overhanging beam, 
the exterior side column experienced larger inward move-
ment than the interior side column. Moreover, the largest 

movement occurred at the height of the axis of the beams. 
Figure  13 shows the rotation of the beam end of OP and 
the schematic diagram, which includes the method used to 
calculate it. The rotation can be calculated by Eq. (1)

	​ θ  =  arctan​|​ ​Δ​ top​​ − ​Δ​ bot​​ _ d  ​|​  ≈  ​|​ ​Δ​ top​​ − ​Δ​ bot​​ _ d  ​|​​	 (1)

where θ is the rotation of the beam end; Δtop and Δbot are 
readings of LVDTs installed horizontally on the top and 
bottom of beam ends, respectively; and d is the distance 
between the two horizontal LVDTs. As shown in the figure, 
the rotation of the beam ends of the exterior beam was close 
to chord rotation, which indicates that the exterior beam 
showed linear deformation during the loading process, in 
good agreement with the failure mode in Fig. 5. The largest 
rotation was observed in the beam end near the left of the 
removed column, which was larger than the chord rota-
tion, while the smallest rotation occurred in the beam end 
near the interior side column. At a displacement of 500 mm 
(19.7  in.), significant rotation growth was observed in the 
beam end near the interior side column due to fracture of the 
reinforcing bar.

ANALYTICAL STUDY AND DISCUSSION
Effects of boundary condition

As tabulated in Table 3, the FPLs of OM, SM, and OM-S 
were 7, 4, and 5% higher than those of OP, SP, and OP-S, 
respectively. Thus, the boundary condition had little effect 
on the CAA capacity. However, the ULs of OM, SM, and 
OM-S were 21, 7, and 18% higher than those of OP, SP, 
and OP-S, indicating that boundary conditions have a signif-
icant effect on the CA capacity of specimens without special 
detailing but have a marginal effect on the CA capacity of 
specimens with special detailing. Moreover, the ULs of OM, 
OP, SM, SP OM-S, and OP-S were obtained at placements 
of 532, 552, 659, 665, 590, and 438 mm (20.9, 21.7, 25.9, 
26.2, 23.2, and 17.2 in.), respectively. Thus, the deforma-
tion capacities of OM and SM were similar to that of OP 
and SP, respectively, while for the specimens with smaller 
side columns, the deformation of OM-S was 35% higher 
than that of OP-S because the exterior side column of 
OP-S suffered severe damage. Comparing OM and OM-S 

Fig. 9—Failure mode of OP-S.
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demonstrates that enlarging the width of columns from 220 
to 250 mm (from 8.7 to 9.8 in.) could increase the FPL and 
UL by 7% and 21%, respectively. Similarly, the FPL and UL 
of OP were 5 and 18% higher than those of OP-S. As seen in 

Fig. 4 to 9, the failure modes of specimens under a middle-
column removal scenario were symmetric. In comparison, 
the specimens under a penultimate-column removal scenario 
had an asymmetric failure mode. The exterior side joints 

Fig. 10—Horizontal reaction force-displacement curves: (a) OM and OP; (b) SM and SP; (c) OM-S and OP-S; and (d) OM.

Fig. 11—Deflection shape of beams of SP at various stages.
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and columns experienced much more severe damage than 
the interior joints and columns. This is because the tension 
developed in the reinforcing bars tended to pull the side 
columns inward, but the exterior side column had neither 
adequate horizontal restraints nor transverse reinforcing bars 
in the joints to confine damage.

Effects of special detailing
Compared with OM and OP, the FPLs of SM and SP were 

18% and 21% higher, respectively, mainly because of the 
greater reinforcement ratio. The ULs of OM, OP, SM, and 
SP were 40, 33, 79, and 74 kN (9.0, 7.4, 17.8, and 16.6 in.), 
respectively, which were obtained at displacements of 532, 
552, 659, and 665 mm (20.9, 21.7, 25.9, and 26.2 kip), 
respectively. The UL of SM and SP was obtained when the 
stroke capacity reached its stroke capacity. It was believed 
that SM and SP could achieve higher ULs and deformation 

capacities if the jack with a higher stroke capacity was used 
for the tests. Therefore, the ULs of SM and SP were 98% and 
121% higher than those of OM and OP, respectively. More-
over, special detailing increased the deformation capacity of 
OM and OP by over 24% and 20%, respectively.

During the tests, no pullout occurred in the beam rein-
forcing bars, and thus it was concluded that the develop-
ment length of the 90-degree hook can meet the anchorage 
requirement of the beam longitudinal reinforcing bar. 
Figure  14 illustrates the strut-and-tie model of the exte-
rior side column in typical P-series specimens. Based on 
the strut-and-tie model proposed by Hwang and Lee,16 the 
shear strength of the exterior joint of Specimens OP, SP, and 
OP-S was 304, 504, and 235 kN (68.3, 113.3, and 79.1 kip), 
respectively. However, the shear force of the exterior joint 
of Specimens OP, SP, and OP-S was 112, 141, and 112 kN 
(25.2, 31.7, and 25.2 kip), respectively. Thus, the exterior 
joints had sufficient shear strength to prevent shear failure 
in a relatively small deformation stage, which agrees with 
the test results well (refer to Fig. 15). Figure 16 shows the 
load-transfer path of the exterior side column at the CA stage 
by truss model. Based on the truss model, the wide crack in 
the exterior joint of Specimens OP and OP-S was mainly 
attributed to the tension developed in the beam. In compar-
ison, the exterior joint of the specimen with special detailing 

Fig. 12—Horizontal drift in columns of SP: (a) interior side 
column; and (b) exterior side column.

Fig. 13—Rotation of beam end of OP.

Fig. 14—Strut-and-tie model.
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experienced slight damage due to considerable confinement 
from the transverse reinforcement.

The ultimate chord rotations of specimens OM, OP, SM, SP, 
OM-S, and OP-S, which were defined as the ratio of middle 
joint displacement to beam clear span, were 0.19, 0.20, 0.24, 
0.24, 0.21, and 0.16 rad, respectively. The plastic rotational 
capacities of beams in specially designed specimens SM and 
SP were greater than that of ordinarily designed specimens, 
indicating the benefits of special design detailing. The beams 
of specially designed specimens were capable of providing 
a 0.2 rad rotation, and thus the CA could be regarded as the 
second line against progressive collapse, as suggested by the 
U.S. Department of Defense (DoD).2 However, the beams of 
ordinarily designed specimens OM and OP-S showed that 
the plastic rotational capacities are less than 0.2 rad. In addi-
tion, the CA capacity of ordinarily designed specimens is 
lower than their CAA capacities. Thus, the CA could not be 
considered the second defense line in resisting progressive 
collapse for the ordinarily designed specimens.

In summary, special detailing had a significant effect on the 
load resistance and deformation capacity of the specimens 
to resist progressive collapse. This is because higher rein-
forcing bar ratios were used in the special design, which can 
develop more tensile axial force and improve the rotational 
capacity of the beam ends. In conclusion, the load capaci-
ties of the specimens with special detailing are controlled by 
CA capacity, whereas those of the specimens without special 
detailing are controlled by CAA capacity.

Decomposition of load resistance
Figure 17 shows the static equilibrium of a section of 

the beam under loading. As given in the figure, the vertical 
applied load can be decomposed into the vertical projection 
of shear force and axial force, and the static equilibrium in 
the middle joint is mathematically expressed as

	​ P  =  ​∑ 
j=1

​ 
2
 ​​(​N​ j​​sin​θ​ j​​ + ​V​ j​​cos​θ​ j​​)​​​	 (2)

where P is the applied load; Nj and Vj are the axial force and 
shear force transferred from the beams to the beam-column 
interfaces, respectively; and θj is the rotation of the beam 
section.

As shown in Fig. 18, the load-resisting mechanism was 
generally composed of beam action and CA, while the beam 

action was further divided into flexural action and CAA. At 
the small deformation stage, shear force (bending moment) 
contributed the majority of the load resistance. At this 
stage, axial compression made a positive contribution by  
developing an additional plastic bending moment at the 
beam ends through axial force-bending moment interac-
tion (namely, CAA). Subsequently, the axial force made a 
negative contribution because the negative contribution of 
the second-order effect induced by the axial compression 
surpassed the positive contribution (corresponding to load 
capacity softening) at the large deformation stage, and the 
negative contribution became positive, indicating the mobi-
lization of CA. After this point, the contribution of the axial 
force increased while that of the shear force decreased 
when the displacement was further increased. The shear 
force dropped sharply when the fracture of the reinforcing 

Fig. 15—Crack pattern of OP-S at displacement of 120 mm (4.7 in.).

Fig. 16—Load-transfer path in exterior side column at CA 
stage.



54 ACI Structural Journal/July 2023

bars occurred at the beam end near the removed column. 
Compared with SP, the shear force of SM was much lower 
at the large deformation stage due to multiple reinforcing 
bar fractures.

Dynamic progressive collapse resistance
Sudden column removal due to blast or vehicular impact 

is a dynamic event. Although quasi-static analysis has been 
proven to be a good method for progressive collapse investi-
gation, it is still necessary to determine the dynamic response 
of the test specimens to accurately evaluate their progressive 
collapse resistance. Based on the work of Izzuddin et al.,17 
the quasi-static vertical load-displacement curve can be 
transferred to dynamic resistance by energy equilibrium. The 
energy equilibrium method is mathematically expressed as

	​ ​P​ d​​( ​u​ d​​ )  =  ​ 1 _ ​u​ d​​ ​​​∫ 0​ 
​u​ d​​​ P​​ 

qs
​​(u )du​	 (3)

where Pd(u) and Pqs(u) are the dynamic load resistance 
and quasi-static load resistance at a specific displacement 
demand u, respectively.

As shown in Fig. 19, the dynamic resistances of OM, OP, 
SM, SP, OM-S, and OP-S were 39, 35, 48, 44, 36, and 35 kN 
(8.8, 7.9, 10.8, 9.9, 8.1, and 7.9 in.), respectively. Similar 
to the measurement in quasi-static tests, the dynamic resis-
tance of the specimens with special detailing is obtained at 
the CA stage, whereas that of the specimens without special 
detailing is obtained at the CAA stage.

Tie force
The ultimate chord rotation, which was defined as the ratio 

of the ultimate displacement to the beam clear span, of OM, 
OP, SM, SP, OM-S, and OP-S was 0.19, 0.20, 0.24, 0.24, 
0.21, and 0.16, respectively. According to the DoD,2 CA can 
be considered a defense line against progressive collapse 
when a beam has the ability to show a rotational capacity 

Fig. 17—Determination of internal forces.

Fig. 18—Variation in internal forces at beam ends: (a) SM; and (b) SP.
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of 0.2 rad. The tie force requirements of DoD2 are discussed 
herein, which are mathematically expressed as

	 Fp = 6WFL1LP	 (4)

where WF is the floor load (7.6 kN/m2 [1.1 psi] as a result 
of the load combination of (1.2 DL + 0.5 LL)); L1 is the 
distance between the centers of two adjacent columns; and 
LP is the allowed floor width (0.91 m [35.8 in.] in DoD2 and 
0.46 m [18.1 in.] herein as half-scale frames).

The tie force requirements are listed in Table 3. The 
measured tie forces (UL herein) of ordinarily designed 
assemblies were lower than the required tie forces. Thus, it 
is unreliable to resist progressive collapse by the tie force 

method. However, assemblies with special detailing could 
provide sufficient tie force to resist progressive collapse.

Assessment of reliability of existing CAA and  
CA models

As the first defense mechanism to prevent structural 
collapse, the development of CAA is the primary concern. 
To assess CAA capacity, analytical models were proposed 
by Yu and Tan18 and Lu et al.19 For the models, please refer 
to corresponding papers because of space limitations. To 
quantify the reliability of these models, the theoretical CAA 
capacity was compared with the measured capacity herein. 
As shown in Fig. 20(a) to (f), both analytical models reason-
ably predicted the CAA capacity of the specimens. However, 
Yu and Tan’s model18 was recommended because of its 
higher accuracy.

To facilitate practical applications of CA, a simplified 
model to predict the CA capacity was proposed in a previous 
work14 and can be expressed as follows

	 PTCA = 2fuAstsinθ	 (5)

where fu and Ast are the ultimate strength and area of the 
top reinforcement of the section near the removed column, 
respectively; and θ is the angle of the tensile force in the 
beam.

Because only the specially designed specimens showed 
a sufficient ability to develop a tie force, they were used 
to evaluate the reliability of the CA model. As shown in 
Fig.  3(a), the calculated results agreed well with the test 

Fig. 19—Dynamic load resistance of specimens.

Fig. 20—Comparison of theoretical CAA capacities with test results: (a) OM; (b) OP; (c) SM; (d) SP; (e) OM-S; and (f) OP-S.
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results. This indicates that the predicted model is reliable for 
calculating the CA capacity of the RC frame.

CONCLUSIONS
Based on the experimental and analytical results, the find-

ings of this study are as follows:
1. The test results show that the effects of boundary condi-

tions on the development of load-resisting mechanisms are 
marginal, whereas the effects of special detailing are signif-
icant. Specimens under a middle-column removal scenario 
and a penultimate-removal scenario are able to develop 
similar compressive arch action (CAA) capacities and cate-
nary action (CA) capacities.

2. In this study, CAA capacity dominates the load resis-
tance of specimens with ordinary designs. In contrast, CA 
capacity dominates the load resistance of specimens adopting 
a special design mainly due to the larger areas of longitu-
dinal reinforcing bars and the greater rotation capacities of 
beam ends. However, boundary conditions can greatly affect 
the failure mode of specimens with ordinary designs.

3. Although the exterior side joints and columns of the 
specimens with ordinary detailing experienced severe 
damage, the failure of the specimens was controlled by frac-
ture of the beam reinforcing bars, which was similar to those 
with special detailing, indicating the anchorage capacity of 
beam reinforcing bars was sufficient. Thus, beam ends rather 
than joints play the most critical roles in resisting progres-
sive collapse regardless of the adopted detailing.

4. Reinforced concrete (RC) frames with the special 
design could provide sufficient tie force, as required by the 
U.S. Department of Defense (DoD).2 Both existing CAA 
and CA models were reasonable for predicting the CAA and 
CA capacity, respectively. For the CAA models, the model 
proposed by Yu and Tan18 was recommended because of its 
higher accuracy.

FUTURE WORKS
The findings in this paper were limited to single-story 

specimens, which could not fully reflect the structural 
behavior of a real building subjected to progressive collapse. 
In the future, it is suggested to conduct more multi-story test 
models to resist progressive collapse.
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Overlaying a reinforced concrete beam (RCB) with polymer 
cement mortar (PCM) is a strengthening method that improves 
flexural stiffness by the increasing sectional force. However, the 
reduction between bond strength and the reinforcement in PCM 
overlay at high temperatures results in an increase in flexural crack 
spacing. Therefore, the pullout force must be taken into account 
when estimating the flexural capacity of PCM-overlay RCBs. The 
experimental study aims to assess the flexural performance of 
PCM-overlay RCBs under three different environmental tempera-
ture conditions: 20, 40, and 60°C. Seventeen beams with varying 
reinforcement ratios in PCM are tested at the mentioned tempera-
ture levels. Experimental results indicate a decrease of approxi-
mately 6 to 13% in strength at elevated temperatures, which can 
be attributed to the reduction in bond strength of the reinforcement 
caused by the degradation of the PCM. Analytically, the strength 
reduction is calculated by determining the average crack spacing 
in the flexural zone. Therefore, the proposed average crack spacing 
method (CSM) predicts that the flexural strength is within ±10% 
limits of experimental observations. This method is more conser-
vative than the conventional sectional analysis method (SAM). The 
average CSM can contribute to a safer design of PCM-overlay 
RCBs by preventing overestimated prediction of the ultimate 
strength at high environmental temperatures.

Keywords: average crack spacing; environmental temperature; flexural 
strength prediction; polymer cement mortar (PCM)-overlay reinforced 
concrete beam (RCB); pullout force; strengthening.

INTRODUCTION
Overlaying of reinforced concrete beams (RCBs) for flex-

ural strengthening is considered one of the most appropriate 
techniques for strengthening and repairing, simultaneously, 
with cementitious material. This technique is essential for a 
specific damage condition such as spalling or delaminated 
sections that cannot normally use the externally bonded 
strengthening method using fiber-reinforced polymer 
(FRP) materials. Moreover, this technique can easily be 
applied by spraying the repairing material, such as grouting/ 
shotcreting. It can easily be applied in all directions of struc-
tural members: the vertical for retaining walls or jacketing of 
columns and overlaying beams, and the horizontal under and 
over the slab bridge decks. After spraying suitable cemen-
titious materials for the overlaying section, it is important 
to have the guaranteed bond strength between the overlay 
materials and reinforcements. Thus, the bond degradation 
issue can govern the strengthening capacity, resulting in the 
failure or collapse of the structures when the service load is 
applied. It is required that the bond degradation of overlay 

materials under different environmental conditions is inves-
tigated while designing such members.

Researchers have developed several types of engineered 
cementitious materials with excellent properties that can be 
used for repairing or strengthening purposes.1 One of them 
is polymer cement mortar (PCM), which was developed by 
incorporating polymers in the mortar. For overlaying, PCM 
is considered a promising material due to its adhesive prop-
erties and good compatibility with the substrate concrete. 
It outperforms conventional cementitious materials due to 
the adhesive polymer film configuration, and it was found 
that its material properties were suitable for repairing and 
strengthening concrete.2 Thus, PCM better resists, compared 
with conventional cement mortar, deterioration mechanisms 
such as freezing and thawing, carbonation, drying shrinkage, 
and chloride-ion penetration.2-4 Hence, it has been widely 
accepted for the purpose of maintenance of reinforced 
concrete (RC) members. Although PCM performs well at 
ambient temperature, the authors of this study have pointed 
out that PCM can be weak for mechanical and flexural 
performance under elevated temperatures.5-7 Therefore, it 
must predict the residual flexural strength of the overlay 
RC members accounting for the PCM-reinforcement bond 
degradation at elevated temperatures.

If the high environmental temperature under ambient 
conditions is sustained around the RC structures in service, 
the material properties or composite behavior (concrete-
steel, PCM-steel, and concrete-PCM) may be yielded. Thus, 
a relative expansion can degrade the structural integrity. 
According to the design guideline (ASTM C666/C666M-
15),8 the influence that occurred by the low temperatures 
significantly explained the design construction consider-
ation. In the case of high temperature conditions in service, 
there is little specific information even in such guidelines. 
There are many regions under high environmental tempera-
tures; it is a fact that the environmental temperature exceeds 
more than 50°C and even reaches up to 60°C in the United 
Arab Emirates. Recently, North America has suffered from 
a serious heat-dome phenomenon; over a couple of weeks 
recorded temperatures of approximately 50°C and higher. 
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In India, it has been reported that such a strong heat wave 
leads to serious deformation or melting of roads. Therefore, 
assessment of the structural capacity of RC members under 
high environmental temperatures is important, especially for 
strengthening members, particularly at the bonded interface.

RCBs resist tensile stresses through embedded steel rein-
forcement, which has a strong bond with concrete due to the 
chemical adhesion and mechanical interlocking at ambient 
temperature, whereas the decrease in bond strength is accel-
erated under severe degradation conditions such as elevated 
temperatures, corrosion of steel bar, and carbonation of 
concrete.9-11 In RC members, the bond between concrete and 
reinforcement is assumed as a perfect bond condition; there-
fore, the cross-sectional theory has been enough for structural 
analysis even without considering the bond mechanism. For 
the overlay strengthening method, however, the chemical 
adhesion is also governed between the hardened concrete and 
new overlay materials. Thus, the vertically penetrated cracks 
may significantly influence the development of the lateral 
microcracks by the shear stress in the overlay interface before 
the crack is further propagated to the concrete section.12 This 
cracking mechanism can determine the structural perfor-
mance of the overlay-strengthened RC members under 
flexure. Therefore, the average crack spacing of overlay- 
strengthened RC members is important in transferring the 
shear stress along the overlay interface due to the possibility 
of premature debonding failure. The analytical average 
crack spacing is introduced in structural design codes for 
typical RC members and has been summarized by Zhang 
et  al.13; it was concluded that for overlay beams, conven-
tional design codes are not applicable. A different approach 
has been proposed for evaluating the average flexural crack 
spacing of overlay RC beams.13 The approach was further 
modified by the author’s group by incorporating the influ-
ence of the type of bar (plain or deformed).14 Moreover, it 
was used for predicting the crack width14 and crack spacing 
of FRP-reinforced beams.15 The analytical average crack 
spacing, however, has not been employed for predicting the 
flexural capacity of PCM-overlay RCBs considering bond 
strength of reinforcement in PCM under high environmental 
temperatures.

This study proposes a modified prediction formula for the 
flexural strength of PCM-overlay RCBs by considering the 
development of cracking in PCM and the expected loss of 
the PCM-reinforcement bond with sustained high environ-
mental temperatures. Analytical parameters are incorporated 
to predict the flexural crack spacing, and the pullout force 
is calculated. Thus, it is essential to evaluate the residual 
flexural capacity of PCM-overlay RCBs by incorporating 
pullout force and simple equations of equilibrium. The 
temperature levels are 20°C (ambient), 40°C, and 60°C, 
including high environmental temperatures. The sustained 
temperatures were maintained by a specially designed 
environmental chamber, and all testing setups are installed 
within that chamber. Based on the test results, it has been 
investigated that the proposed method, which is based on 
the crack spacing approach, can predict the flexural strength 
that incorporates the material strength degradation as well as 
the bond performance under high temperatures. Moreover, 

the average crack spacing method (CSM) is also applied to 
the database of PCM-overlay RCBs at ambient conditions. 
Hence, the prediction of the flexural strength of PCM-overlay 
RCBs under environmental temperatures is discussed.

RESEARCH SIGNIFICANCE
Cracking in overlay RC structures significantly influ-

ences flexural structural performance because of the inter-
action with the substrate material. This study employs the 
average crack spacing in the flexural zone to suggest a 
modified prediction formula for the flexural strength of 
PCM-overlay-strengthened RCBs. Besides, high environ-
mental temperatures degrade the flexural resistance due 
to a reduction in the bond strength of the reinforcement in 
PCM. Therefore, to prevent the overestimation of the flex-
ural strength, a bond coefficient is additionally applied in 
the modified prediction formula. The proposed model can 
provide a conservative and reasonably accurate prediction 
compared to conventional sectional analysis, which tends to 
overestimate.

EXPERIMENTAL PROGRAM
Material properties at elevated temperatures

The materials used for the casting of PCM-overlay 
RCBs are concrete, PCM, reinforcements, and primer. 
Ready mixed concrete with a design compressive strength 
of 30 MPa is used. For the material properties, three cubic 
specimens of concrete (150 mm) and PCM (100 mm) are 
fabricated for each temperature (20, 40, and 60°C) as envi-
ronmental temperatures, and after curing, specimens were 
exposed to elevated temperatures for 24 hours in an oven. 
Eighteen cubes are cast; half of the cubic specimens were 
used for the compressive strength test, while the others were 
for the splitting tensile strength test. They were exposed 
under the same temperature until the compressive and split-
ting tensile strength tests (Fig. 1) are conducted according 
to ASTM C39/C39M-2016 and ASTM C496/C496M-17,17 
respectively. However, cubical specimens were used instead 
of cylindrical specimens; such provisions are provided in 
other codes and recommended by previous research.7

Fig. 1—Test setup of splitting tensile strength test using 
cubic specimens at elevated temperatures.
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In this study, a commercial product of PCM is used. The 
prescribed ratios of the constituents of PCM and the 
physicochemical properties of PCM5 and primer are given 
by the manufacturer and shown in Table 1. The mechanical 
properties of both the compressive and tensile strength tests 
of concrete and PCM are obtained by cube specimen test 
and are summarized in Table 2. The temperature variation 
influences the strength of the concrete and PCM. Concrete 
strength slightly increases due to acceleration in hydration 
at elevated temperatures; however, there are no significant 
changes due to short exposure to temperature (24 hours only). 
The compressive and splitting tensile strengths of PCM are 
largely affected by temperature. The reduction in mechanical 
strength was due to the sensitivity of PCM to temperature, 
as it may degrade the polymer film and increase the porosity 
of the PCM.7 The compressive strength decreases up to 43.6 
and 53.6% corresponding to 40 and 60°C, while the tensile 
strength reduction is approximately 30% compared to the 
control specimen at the ambient temperature. It is noted 
that the reduction of tensile strength of concrete is reason-
able at the high temperature level; however, PCM strength 
degrades as the temperature goes up. Therefore, the resis-
tance to crack initiation decreases with the drop in the tensile 
strength. Moreover, the elastic modulus of concrete was 
obtained from ACI 318-1918 using the compressive strength 
of concrete under the temperatures, while the values of 
PCM were provided by the manufacturer. It is found that 
the strength of PCM is higher than the concrete; however, 
the elastic modulus is lower. Primer was applied at the 
interface between the concrete and PCM to avoid moisture 
ingress. The main ingredient of the primer was a polymer 
named styrene-acrylic ester latex. Deformed steel bars of 
10 mm diameter for RCBs were used, and a plain steel bar 
of 6 mm, which is the smallest standard bar diameter in the 
PCM-overlay section, was employed considering the small 
overlay height of 25 mm. The properties of steel reinforcing 
bars are mentioned in Table 3.

Specimen preparation
The length of the RCB is 1800 mm with a span of 

1380  mm. The width and height of the cross section are 
200 and 150 mm, respectively. The top and bottom rein-
forcements are installed with a diameter of 10 mm (RC 
section), while the plain bar of diameter 6 mm is used in 
the PCM-overlay strengthened section, as introduced in 
Table 3. Before concrete casting, a retarder is spread inside 
the bottom of the wooden mold to avoid hardening of the 
bottom surface of the concrete beam. This is to easily form 
the rough surface for better composite action between the 
concrete and the PCM overlay.

After 36 hours of curing time, the wooden form at the 
bottom of the RCB is removed, and the overlay surface is 
roughened using a steel wire brush and a strong water jet 
to meet the criterion of CSP 7 (concrete surface profile) 
provided by the International Concrete Repair Institute.19 
Then, the RCBs are cured in wet conditions using water 
sprinklers for 28 days until the overlay strengthening process 
using PCM. There are two ways to treat the PCM-overlay 
surface: applying the primer (with primer [WP]) or no 
primer (NP). One of the PCM-overlay RCBs used the primer 
application, while the other did not. Generally, applying 
primer enhances the adhesive properties of the externally 
bonded strengthening surface. This experimental test inves-
tigates the flexural capacity of the RCB strengthened by 
PCM overlay under high temperatures, according to the 
application of the primer. The PCM-overlay strengthening 
procedures are as follows. First, the formwork with a 25 
mm thickness at the perimeter of the strengthening surface 
is completed, and primer is applied to the treated surface of 
the concrete and cured for 3 hours. Next, different numbers 
of plain reinforcements with diameters of 6 mm are installed 
in the longitudinal direction and separated by tie bars. The 
bars were placed on the treated substrate surface, as shown 
in Fig. 2. The sectional details and specimen ID of this work 
are defined in Table 4. Lastly, PCM is uniformly sprayed 
inside the formwork. The specimen fabrication is described 

Table 1—Proportions of PCM mixture of this study

Type of polymer Portland cement, % Sand, % Latex solid to cement, % Unit volume, kg/L

Ethylene-vinyl acetate 38.0 62.0 1 to 5 2.90

Table 2—Compressive and splitting tensile strengths of concrete and PCM at elevated temperatures

Materials

Compressive strength, MPa Splitting tensile strength, MPa Elastic modulus, GPa

20°C 40°C 60°C 20°C 40°C 60°C 20°C 40°C 60°C

Concrete 28.3 (1.3) 29.1 (2.4) 31.4 (1.3) 3.5 (0.3) 3.4 (0.3) 3.4 (0.2) 25.0* 25.3* 26.3*

PCM 59.7 (1.2) 33.7 (2.5) 27.7 (2.0) 6.1 (0.3) 4.5 (0.2) 4.2 (0.5) 22.0† 16.5† 15.0†

*​​E​ c​​  =  4700​√ 
_

 ​f​ c​​′ ​​ (ACI 318-19).
†Measured by manufacturer.

Note: Standard deviation in parentheses. 1 MPa = 145 psi.

Table 3—Properties of reinforcements

Diameter, mm Type Yield strength, MPa Ultimate strength, MPa Elastic modulus, GPa Elongation, % Reinforced section

10 Deformed 470 614 200 25 RC

6 Plain 430 617 200 35 PCM
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in Fig. 2. After the complete fabrication of the test speci-
mens, they are covered with polyethylene sheets to avoid 
drying shrinkage due to the excessive evaporation of water. 
The curing condition is applied with 7 days of wet curing, 
and a further 21 days of dry curing.

Testing at elevated temperatures
All types of beams are exposed to a temperature of 20, 

40, and 60°C and a relative humidity of 60% in an environ-
mental chamber during the test, as shown in Fig. 3, and the 
testing setup within the chamber is schematically presented 
in Fig.  4. Before the experimental test for each tempera-
ture variable, the environmental chamber, including the test 
specimens, is kept for 24 hours at the specific temperature 
before and during the test. The temperature at the interface 
is measured by inserting a thermocouple during casting 
(Fig. 2) and its value is confirmed before loading (Fig. 3). 
The temperature duration is comparable to the real appli-
cation when temperature shoots more than 50°C in peak 
summer, and its duration will be approximately 18 hours. To 
counter that situation, the authors put the specimens in a well- 
established environmental chamber. A four-point bending 
test is applied using a hydraulic jack with a capacity of more 

than 200 kN, and the shear span is 460 mm. Four numbers 
of linear variable displacement transducers (LVDTs) are 
installed at the mid and the supports. To measure the applied 
load, a load cell was installed between the hydraulic jack 
and the loading jig on the specimen. After finishing the test, 
the environmental chamber is turned off and then the tested 
specimens are removed from the chamber.

EXPERIMENTAL TEST RESULTS  
AND DISCUSSION

Flexural failure mode
All types of PCM-overlay RCBs are tested under four-

point loading up to failure. In all cases, the failure mode 
was flexural failure instead of debonding. However, based 
on previous experimental observations, it was found 
that premature debonding failures for overlay-strength-
ened RCBs are one of the common modes of failure.12,20 
This mode of failure can be explained on the basis of the 
elastic modulus difference between the concrete and PCM, 
as introduced in Table 2. High-performance concrete is 
usually selected as the overlay material for strengthening 
RCBs, which has an obviously higher mechanical perfor-
mance than substrate concrete.12,20-22 But, a high modulus 

Fig. 2—Fabrication of PCM-overlay RCBs.

Table 4—Sectional details and specimen summary of PCM-overlay RCBs

Specimen 
ID

Area, 
mm2

Reinforcement 
ratio, %

Temperature, °C

20 40 60

2Ø6 56.1 0.7 2* 2 2

3Ø6 84.2 0.8 2 2 2

4Ø6 112.2 0.9 2 2 1

*Two specimens tested at 20°C: one specimen with primer at the interface (WP) and the other without any primer (NP) at the interface between PCM-concrete. 

Note: 1 mm = 0.0394 in.
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of elasticity of overlay material leads to the initiation of 
cracks in concrete substrate before the overlay material.12 
The PCM in this study, however, has a higher compressive 
strength than substrate concrete, while its modulus of elas-
ticity is less than concrete. Accordingly, the crack initiated in 
the PCM and then propagated toward the concrete substrate. 
It is the mechanical advantage for the delamination of the 
PCM-overlay not to occur under the flexure failure regard-
less of the difference in curvature of the test RCBs. It is 
observed that the PCM-overlay method can provide suffi-
cient composite performance under flexural failure with or 
without using the primer. The crack orientation, length, and 
number are monitored at the front and back of the beams 
visually during testing at 20 and 40°C; however, it is noted 
after the test for specimens tested at 60°C. The measured 

number of cracks is used to calculate the average crack 
spacing (Scr,exp). It was observed that the first crack of the 
beam was initiated at the PCM-overlay section within the 
constant moment zone (Le) and then it propagated vertically 
toward the compressive zone around the loading points. The 
representative crack patterns measured are shown in Fig. 5.

Load-displacement behavior
The midspan deflection of all types of PCM-overlay 

and unstrengthened RCBs was continuously recorded, 
and the load-displacement curves are presented in Fig.  6. 
It was observed that, in almost all cases, trilinear parts 
were observed. The first part indicates the initial stiffness, 
the second part indicates the crack initiation load on the 
yield point of steel bars, and the third part is the displace-
ment hardening up to the failure. The ultimate loads of all 
PCM-overlay RCBs were obviously more than unstrength-
ened RCBs at all temperature levels (Fig. 6). The compar-
ison was also made with respect to temperature level, the 
influence of primer, and the influence of the PCM-overlay 
reinforcement ratio. From Fig. 6(a), it was observed that the 
2Ø6-20°C specimen has the highest load compared with the 
same specimen tested at 40 and 60°C. A similar trend was 
observed in all cases (Fig. 6(b) and (c)). The initial stiffness 
reduces with the increase in temperature level, and the crack 
initiation load was extracted and reported in the “Cracking 
load” section. It is observed that the specimen with the lowest 
PCM-overlay reinforcement ratio shows better performance 
with the primer application compared with those not using 
the primer at elevated temperatures.

The primer application slightly reduces the initial stiff-
ness and flexural strength as the PCM-overlay reinforce-
ment ratio increases. This is because when a large number 
of stresses are transferred from the soffit toward the loading 
points, the influence of primer plays a negative role, and at 
elevated temperatures, the structure of the primer may get 
damaged, as the polymers are sensitive to temperature; there-
fore, composite action was slightly degraded. Furthermore, 

Fig. 3—Test setup of PCM-overlay RCB in environmental 
chamber.

Fig. 4—Schematic appearance of four-point bending test performed on PCM-overlay RCBs. (Note: 1 mm = 0.0394 in.)
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it has been reported that the degradation in the interfacial 
shear strength of the composite (concrete-PCM) with the 
primer is increased at elevated temperatures compared to 
the composite without primer,5 whereas the reduction in the 
interfacial tensile strength of the composite without primer 
is more. In the case of PCM-overlay RCBs, the combina-
tion of tensile and shear stress generated at the interface and 
shear stresses is dominant. Therefore, the interface property 
of the beams applied with primer may be degraded in the 
flexural capacity.

With the increase in the PCM-overlay reinforcement 
ratio (Fig. 6(b) and (c)), higher initial stiffness and flexural 
capacity are shown compared with those of the 2Ø6 spec-
imens under elevated temperatures. Unlike the 2Ø6 spec-
imens, the 3Ø6 specimens with primer application show 
fewer ultimate loads at elevated temperatures, and the 4Ø6 
specimens with the highest PCM-overlay reinforcement 
ratio showed no significant difference in the ultimate loads 
according to the primer application.

It is found that the flexural performance at the low 
PCM-overlay reinforcement ratio is governed by the primer 
application, while the interface treatment may not be crit-
ical to the flexural performance at the higher PCM-overlay 
reinforcement ratio. At the low PCM-overlay reinforcement 
ratio, the tensile stress reaches the yield stress earlier than 
those of the high reinforcement ratio; then, the PCM-overlay 
section gets stressed hard so that the overlay interface 
property is critical for the flexural performance. At the 
high PCM-overlay reinforcement ratio, the steel bar stress 
is developed enough up to the ultimate loading condition; 
hence, the stress acceleration at the PCM-overlay section 
can be sufficiently delayed until the overlay interface gets 
critical shear stress. For the flexural capacity development at 
high temperatures, the PCM-overlay reinforcement ratio is 
the key factor, even though the primer interface performance 
is degraded under the temperature. The rise in ultimate load 
was obvious with the increase in the tensile reinforcement 
area. The flexural capacity was also improved with added 
reinforcement in the overlay section, as explained in the 
discussion of Fig. 6. Moreover, the average of the ultimate 
loads (with and without the application of primer) was taken, 
and normalized values are plotted in Fig. 7. It was observed 

that the ultimate load drop with the increase in temperature, 
a 6 to 13% decline, was observed at 60°C when compared 
with beams tested at 20°C.

The reduction in the ultimate load with elevated tempera-
tures was induced by the slippage of plain bar in the overlay 
section due to the decrease in PCM strength evidenced in 
Table 2. A previous study investigated the reinforcement 
slippage with temperature,9 where many beams were tested 
under temperature loading, and a 44% reduction in the bond 
strength was reported. Moreover, more than a 10% reduction 
in the ultimate load was observed even at 100°C.

Stiffness at cracking and yielding
The flexural behavior of RCBs up to failure is mainly 

defined by two significant moments in the trilinear curve: 
initial cracking and initial yielding, respectively.23 Table 5 
summarizes the stiffness calculation of the two types at the 
initial cracking and initial yielding. Note that the initial 
cracking occurs at the PCM overlay. RCBs have no signif-
icant change in stiffness due to elevated environmental 
temperatures; thus, RCBs with PCM overlay can main-
tain their structural performance regardless of temperature 
increase. Compared to RCBs, PCM strengthening gives a 
large increase in cracking and yielding stiffness, and the 
strengthening effect is demonstrated at elevated tempera-
tures. The presence of primer at the strengthening interface 
is largely sensitive for PCM-overlay beams with a lower 
reinforcement ratio rather than that of a higher ratio of 4Ø6. 
This is because the higher reinforcement ratio can greatly 
resist the curvature increase under bending, as demonstrated 
by the increasing results of both stiffnesses. Figure 8 pres-
ents the initial cracking stiffness with respect to the service-
able cracking behavior. Note that the 2Ø6 specimens are 
excluded due to the lower flexural strength as well as the 
initial yielding stiffness than those of 3Ø6 and 4Ø6 under 
high environmental temperatures. Therefore, the higher 
strengthening effect of PCM overlay is being investigated. 
At 20°C, the initial cracking stiffness shows no significant 
change regardless of the use of primer. At the elevated 
temperatures, however, it is found that there is no apparent 
trend of stiffness reduction, whereas the stiffness is higher 
than that at 20°C without primer. The use of primer may 

Fig. 5—Crack patterns for PCM-overlay RCBs with primer application at stabilized cracking stage.
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have an adverse effect at elevated temperatures for PCM 
overlay.

Cracking load
Cracking load investigation under flexural behavior is an 

important observation to assess the structural stiffness. It 

is a more critical issue for PCM-overlay RCBs that PCM 
overlay can give the effective stress transfer as a good 
composite action. They are completed to give the sufficient 
strengthening effect. To analytically estimate the cracking 
load, a cracking moment is calculated from Eq. (1), which 
is the function of the compressive strength and geometrical 

Fig. 6—Load-deflection relationships of PCM-overlay RCBs exposed to different temperature levels: (a) 2Ø6 specimens; 
(b) 3Ø6 specimens; and (c) 4Ø6 specimens. (Note: 1 kN = 0.225 kip; 1 mm = 0.0394 in.)
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detail of the specimen. The other notations in Eq. (1) are xp, 
the depth of the neutral axis of the transformed section; and 
Iun, the uncracked moment of inertia.24

	 Mcr = fcrIun/(h – xp)

where ​​x​ p​​  =

  ​ 
b​h​​ 2​/2 + ​(​n​ s​​ − 1)​As′ds′ + ​(​n​ s​​ − 1)​​A​ s,RC​​​d​ RC​​ + ​(​n​ s​​ − 1)​​A​ s,OL​​​d​ OL​​

     ______________________________________________    bh + ​(​n​ s​​ − 1)​As′ + ​(​n​ s​​ − 1)​​A​ s,RC​​ + ​(​n​ s​​ − 1)​​A​ s,OL​​ ​​  
� (1)

	 Iun = (bh3/12) + bh(xp – (h/2))2 + (ns – 1)As′(xp – ds′)2 
+ (ns – 1)As(xp – ds)2 + (ns – 1)As,OL(xp – dOL)2

where fcr is the concrete tensile strength under flexure 
(0.62√fc′); fc′ is the compressive strength (MPa); Iun is the 
moment of inertia of the cracked section (mm4); b is the 
beam width (mm); h is the beam height (mm); xp is the 
centroid of the transformed section (mm); ns is the modular 
ratio; d and d′ are the effective depth from the bottom and 
top surface, respectively (mm); As and As′ are the bar area 
of the bottom and top section, respectively (mm2); and As,RC 
and As,OL are the area of reinforcement in the concrete and 
overlay section, respectively (mm2).

Based on the experimental cracking load and analytical 
cracking load based on Eq. (1), a comparison was made 
between them and plotted in Fig. 9. It is observed that the 

cracking load increased, obviously, with the increase in the 
PCM-overlay reinforcement ratio, but they are reduced as 
the temperature increases.

The experimental cracking load at 60°C was reduced 
by 29% compared with the load at 20°C. Thus, elevated 
temperatures sensitively act to degrade the initial stiffness of 
PCM-overlay RCBs. Analytical prediction of the cracking 
loads underestimates the experimental test results so that 
the analytical equation can assess the structural stiffness of 
PCM-overlay RCBs in a conservative manner. As a result, a 
safe prediction of the initial stiffness can be achieved.

Fig. 7—Influence of temperature on reduction in ultimate 
load of PCM-overlay RCBs.

Table 5—Calculation of stiffness from load and displacement curves

Specimen ID

Initial cracking Initial yielding Stiffness, kN/mm

Deflection, mm Load, kN Deflection, mm Load, kN Initial cracking Initial yielding

RCB-20°C 0.44 10.2 5.39 34.6 23.18 4.93

RCB-40°C 0.575 9.6 5.27 28.7 16.70 4.07

RCB-60°C 0.34 8.1 3.98 29.8 23.82 5.96

2Ø6-20°C-NP 0.59 29.4 4.38 49.7 49.83 5.36

2Ø6-40°C-NP 0.26 21.7 3.82 41.4 83.46 5.53

2Ø6-60°C-NP 0.455 20.5 3.32 37.6 45.05 5.97

2Ø6-20°C-WP 0.84 19.4 5.92 48.1 23.10 5.65

2Ø6-40°C-WP 0.04 21.3 3.77 47.2 532.50 6.94

2Ø6-60°C-WP 0.46 26.9 3.19 43.7 58.48 6.15

3Ø6-20°C-NP 0.345 20.6 5.51 61.3 59.71 7.88

3Ø6-40°C-NP 0.175 19.8 4.62 57.3 113.14 8.44

3Ø6-60°C-NP 0.085 20.1 5.05 57.7 236.47 7.57

3Ø6-20°C-WP 0.43 33.8 4.28 55.8 78.60 5.71

3Ø6-40°C-WP 0.365 18.4 6.51 52.7 50.41 5.58

3Ø6-60°C-WP 0.52 8.6 4.85 51 16.54 9.79

4Ø6-20°C-NP 0.4 26.2 4.59 58 65.50 7.59

4Ø6-40°C-NP 0.44 24.8 3 55.9 56.36 12.15

4Ø6-20°C-NP 0.34 25.7 4.31 60.2 75.59 8.69

4Ø6-40°C-WP 0.34 19.8 5.04 62.6 58.24 9.11

4Ø6-60°C-WP 0.28 24.6 5.23 57.8 87.86 6.71

Note: 1 mm = 0.394 in.; 1 kN = 0.225 kip.
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Flexural crack spacing
When the initiation of flexural cracks occurs within the 

constant moment zone, it gets propagated vertically toward 
the loading points, and additional flexural cracks are observed 
and stabilized having a crack spacing as the load approaches 
the ultimate state (Fig. 5). In the stabilized cracking stage, 
where the crack pattern has already been completed and no 
new cracks occur, the flexural crack spacing is measured 
by taking the average number of cracks at the bottom and 
front of the beam (Fig. 10). Mathematically, it is described 
in Eq. (2)

	​ ​S​ cr,exp​​  =  ​ 1 _ 2 ​​[​  ​L​ e​​ _ ​(​n​ c,F​​ − 1)​ ​ + ​  ​L​ e​​ _ ​(​n​ c,B​​ − 1)​ ​]​​	 (2)

where Scr,exp is the experimental flexural crack spacing (mm); 
Le is the effective length (constant moment zone or pure flex-
ural zone) (mm); and nc,F and nc,B are the number of cracks at 
the front and bottom of the beam, respectively.

After testing, all the beams were observed for the measure-
ment of flexural crack spacing. The cracking patterns of all 
the beams were reproduced using Autodesk software by 
inserting the raster image of a beam. The cracking pattern 
and crack spacing of all the beams are shown in Fig. 5. The 
crack spacing was quantitatively measured from Eq. (2) and 

is presented in Table 6. It can be observed that the crack 
spacing was reduced by increasing the PCM-overlay rein-
forcement ratio. The increase in the perimeter of the bars is 
obvious with the increase in area, thus reducing the crack 
spacing due to adequate bonding between concrete and rein-
forcement or PCM and reinforcement.

It is also observed from Fig. 11 that there is an increase in 
crack spacing due to an increase in temperature, even though 
the reinforcement ratio is the same. Up to a 25% increase 
in crack spacing was observed with temperature, which was 
due to the significant reduction in the tensile strength of 
the PCM with temperature.6 Moreover, as indicated in the 
“Cracking load” section, the cracking load decreases with 
the increase in temperature. Therefore, early initiation of 
cracking load resulted in relatively less bond performance 
between the PCM and reinforcement, thus resulting in an 
increase in crack spacing. This is demonstrated by the incor-
poration of the influence of plain and deformed bars using 
the bond coefficient β introduced in the following section.

PREDICTION OF FLEXURAL STRENGTH 
INCORPORATING PULLOUT STRENGTH OF 
REINFORCEMENT UNDER TEMPERATURES

The flexural capacity of RC members is predicted by 
conventional strain compatibility analysis by considering 
force equilibrium conditions, and can be analyzed by 
drawing a Whitney block.25 The same approach has also 
been successfully applied to the strengthened RCBs overlaid 

Fig. 8—Serviceable cracking stiffness according to elevated temperatures. (Note: 1 kN = 0.225 kip; 1 mm = 0.0394 in.)

Fig. 9—Measured cracking loads in average and analytical 
predictions. (Note: 1 kN = 0.225 kip.)

Fig. 10—Average crack spacing from measured crack 
spacing within constant moment zone.
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with PCM.20,21 The higher PCM-overlay reinforcement ratio 
obviously increases the flexural capacity. Along with that, 
the tensile stress of concrete and PCM also contributes and 
results in an increase in the initial stiffness (Fig. 6 and 8) and 
an increase in the cracking load (Fig. 9). The tensile stress 
of each material (concrete, PCM, and reinforcement), along 
with the local pullout after cracking, has been incorporated 
into the average CSM for predicting the flexural capacity of 
PCM-overlay RCBs.

For the calculation of the compressive and tensile strengths 
of concrete and PCM at elevated temperatures, the regres-
sion equation is employed. It has been observed that the 
mechanical properties of PCM degrade significantly with 
temperature compared to concrete. The authors have inves-
tigated the properties of concrete and PCM at various expo-
sure conditions, and from their database (which includes 
different compressive strengths of normal-strength concrete 
and different types of PCMs),5-7 the temperature range 
varies from 20 to 60°C. Equation (3) and (4) were extracted 
to obtain the tensile strength of concrete (ft,T(c)) and PCM 
(ft,T(OL)) at elevated temperatures, whereas ft,c and ft,OL are the 
tensile strengths at ambient conditions. Both equations are 
valid for temperatures (T) from 20 to 60°C.

	 ft,T(c) = 1.07ft,cexp(−0.004T)	 (3)

	 ft,T(OL) = 1.2ft,OLexp(−0.0095T)	 (4)

Similarly, Eq. (4) can be modified to follow Eq. (5) by 
incorporating values of compressive strength (fc′(OL)) at 
a designated temperature (fc′,T(OL)). The procedure can be 
explained in the following five steps.

	 fc′,T(OL) = 1.38fc′(OL)exp(−0.0038T)	 (5)

Step 1: Evaluation of flexural crack spacing
Several codes are available for evaluating crack spacing, 

but it is invalid for the PCM-overlay RCBs due to the 
different or unclear cracking mechanism compared with 
multilayer reinforced beams.13 An alternate method had been 
proposed by considering the equilibrium condition at the 
stabilized cracking stage for PCM-overlay RCBs (Fig. 12). 
The effective tensile area of concrete (At,c) and PCM-overlay 
section (At,OL) were considered along with the maximum 
bond strength (τb) between concrete-steel (τbm,c) and PCM  
reinforcement (τbm,OL). The free-body diagram along with 

the explanation of notations is illustrated in Fig. 12. Finally, 
the flexural crack spacing (Scr) of the PCM-overlay beam 
was calculated from Eq. (6) and (7), for the RC part (SRC) 
and overlay section (SOL), respectively. The details of the 
derivation of equations and explanation of notations have 
been described.13	  

           

                     ​​S​ RC​​  =  ​ 
3​f​ ct​​​(​A​ t,c​​ + ​A​ t,OL​​​ ​E​ OL​​ _ ​E​ c​​  ​)​

  ______________________  ​(∑​O​ RC​​​τ​ bm,c​​ + ∑​O​ OL​​​τ​ bm,OL​​)​ ​​	 (6)

	​ ​S​ OL​​  =  ​ 
3​f​ t,OL​​​(​A​ t,c​​​ 

​E​ c​​ _ ​E​ OL​​ ​ + ​A​ t,OL​​)​
  ______________________  ​(∑ ​O​ RC​​​τ​ bm,c​​ + ∑​O​ OL​​​τ​ bm,OL​​)​ ​​	 (7)

where fct and ft,OL are the splitting tensile strength of concrete 
and PCM, respectively; E is the modulus of elasticity; O is 
the perimeter of steel bars; and τbm,c(OL) = 5(fc′,(OL)/20)1/4.

Step 2: Incorporation of influence of plain and 
deformed bars

The bond strength influenced the flexural crack spacing, 
and the bond strength of plain and deformed bars will obvi-
ously be different; therefore, it was incorporated into the 
authors’ previous work.14 It was incorporated by following β 
according to the recommendations of the JSCE code.26 For 
a plain bar, β is 1.3, and for a deformed bar, β is 1.0. The 
modified equations are as follows (Eq. (8) and (9))

Table 6—Comparison between experimental and analytical crack spacing in mm

Specimen ID

Experiment

Without β With β

Eq. (6) and (7) Eq. (8) and (9)

20°C 40°C 60°C 20°C 40°C 60°C 20°C 40°C 60°C

2Ø6 115 134 123 146 160 162 126 137 132

3Ø6 92 104 115 118 133 136 99 111 108

4Ø6 84 88 90 99 114 118 82 93 92

Note: 1 mm = 0.394 in.

Fig. 11—Influence of temperature and area of strengthening 
reinforcement on flexural crack spacing. (Note: 1 mm = 
0.0394 in.)
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​

	 ​S​ RC​​  =  ​ 
3​f​ t,c​​​(​A​ t,c​​ + ​A​ t,OL​​​ ​E​ OL​​ _ ​E​ c​​  ​)​

  ___________________________   ​(​β​ RC​​∑​O​ rc​​​τ​ bm,c​​ + ​β​ OL​​∑​O​ OL​​​τ​ bm,OL​​)​ ​​	 (8)

	​ ​S​ OL​​  =  ​ 
3​f​ t,OL​​​(​A​ t,c​​​ 

​E​ c​​ _ ​E​ OL​​ ​ + ​A​ t,OL​​)​
   ___________________________   ​(​β​ RC​​∑​O​ RC​​​τ​ bm,c​​ + ​β​ OL​​∑​O​ OL​​​τ​ bm,OL​​)​ ​​	 (9)

Finally, analytical flexural crack spacing (Scr,ana) was 
selected for a strengthened RCB by following Eq. (10), 
where k1 is the strain gradient coefficient and is calculated 
based on CSA S474:04 (R2019).27 Its value ranges from 0.5 
to 1.0, and 0.5 was selected in this work.

	 Scr,ana = k1 ∙ min(SRC,SOL)	 (10)

The comparison was made between experimental and 
analytical flexural crack spacing, and is presented in Table 6. 
Experimental values were the average of beams with and 
without applying primer at the interface between concrete 
and PCM, whereas two types of analytical values, to see 
the influence of β, are described in Table 6 and plotted in 
Fig. 13. Moreover, the influence of temperature was incor-
porated in Eq. (8) and (9) by using the corresponding value 
of tensile strength of concrete (Eq. (3)) and PCM (Eq. (4)) 
at respective temperature levels. The comparison was made 
between analytical flexural crack spacing predicted from 
Eq. (6) and (7), and from Eq. (8) and (9). The overestima-
tion observed from Eq. (6) and (7) was from 17.9 tο 31.7%, 
whereas the difference between experimental and analytical 
values (Eq. (8) and (9)) varied from 6.1 to 9.6%. This differ-
ence can easily be visualized from Fig. 13. The close predic-
tion from Eq. (8) and (9), even at ambient conditions, was 
due to the incorporation of the influence of the type of bar, 
either plain or deformed, and their corresponding β value.

Step 3: Incorporating pullout force
The next step is the calculation of the pullout force (Fpo) of 

the reinforcement in PCM overlay. To calculate the pullout 

force, the crack spacing (Scr) and the bond strength were 
incorporated according to fib Model Code 2010,28 given in 
Eq. (11) and (12)

	​ ​F​ po​​  =  ​S​ cr​​∑​O​ OL​​​τ​ bm,OL​​​	 (11)

	​ ​τ​ bm,OL​​  =  5.0​​(​ 
fc′,OL ________ 20 ​ )​​​ 

1/4

​​	 (12)

Step 4: Analytical model for flexural moment
The types and number of forces are mentioned in the 

Whitney stress block diagram (Fig. 14), and the tensile 
strength of concrete and PCM is also incorporated. The 
concrete tension force (Ft,c) and PCM-overlay tension force 
(Ft,OL) are expressed in Eq. (13) and (14)

	 Ft,c = At,c ∙ ft,T(c)	 (13)

	 Ft,OL = At,OL ∙ ft,T(OL)	 (14)

Fig. 12—Schematic and free-body diagram of various forces incorporated in average crack spacing method.

Fig. 13—Comparison results between predicted and experi-
mental crack spacing with effect of bond coefficient β. (Note: 
1 mm = 0.0394 in.)
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For the reinforcements, the tensile force of the deformed 
steel bar (Fs) and the plain bar (Fs,OL) are adopted from 
Eq. (15) and (16)

	 Fs = As ∙ fy	 (15)

	 Fs,OL = As,OL ∙ fy,OL	 (16)

In contrast to the perfect bond assumption for deformed 
steel bar in concrete, the plain bar in the PCM overlay is 
experienced by the slippage of bars due to its smooth outer 
surface under high temperatures. Therefore, the bond force 
property from Eq. (11) is employed, and the force equilib-
rium is illustrated in Eq. (17). It is worth noting that pullout 
force is a result of the bond strength and corresponding crack 
spacing. The slippage of steel bars resulted in crack spacing 
and slippage; therefore, there must be a reduction in the flex-
ural strength, and this force is in compression in the tensile 
region, as shown in Fig. 14. By using the same equilibrium 
condition, the corresponding flexural moment can easily be 
computed by using the analytical expression described in 
Eq. (18).

	 Fs + Ft,c + Fs,OL + Ft,OL – Fpo – Fc = 0	 (17)

	​ M  =    ​F​ s​​​(​d​ RC​​ − ​ a _ 2 ​)​ + ​F​ t,c​​​(​h​ RC​​ − ​ a _ 2 ​)​ + ​F​ s,OL​​​(​d​ OL​​ − ​ a _ 2 ​)​ + ​

                        F​ t,OL​​​(h − ​ a _ 2 ​)​ − ​F​ po​​​(​d​ OL​​ − ​ a _ 2 ​)​​ 
�

(18)

VALIDATIONS OF EXPERIMENTAL TESTS
At ambient temperature

The average CSM was validated using the PCM-overlay 
test results in previous studies.12,20 From the previous test 
results, only ambient condition was selected because the 
test data at such a sustained temperature was not available. 
Hence, 11 beam data from the previous studies and six 
beams tested in this study were employed for the verifica-
tion. The details of the beams are presented in the Appendix, 
and the experimental and analytical crack spacing of beams 
used in the database were provided in a previous study.12 
Analytical crack spacing was incorporated to calculate the 
pullout force (Eq. (11)) and the flexural capacity (Eq. (18)). 

The comparison is mentioned in Fig. 15. It can be observed 
that most of the data lie within ±10% limits of the X = Y 
line and verify the proposed methodology of average crack 
spacing at ambient conditions.

At elevated temperatures
All types of PCM-overlay RCBs were loaded until failure, 

and flexural crack spacing was measured. The load was 
noted until failure, as explained in the section “Experimental 
Test Results and Discussion.” The flexural crack spacing was 
also measured analytically, as explained in Steps 1 and 2. 
Then, the pullout force was calculated (Eq. (11)) according 
to Step 3. The influence of temperature was incorporated to 
calculate the flexural crack spacing analytically (Table  6) 
and the bond strength. Finally, the flexural capacity was 
calculated at an elevated temperature by following Step 4.

The comparison of experimental and analytical moment 
capacity at three temperature levels is provided in Fig. 
16. The comparison was also made by the sectional anal-
ysis method (SAM), and it can be observed that most of 
the data lie above the line of equality. This means that the 
authors’ predicted value is greater than the experimental 
observation. However, it can also be observed from Fig. 16 
that the data lie below the X = Y line, which indicates the 
right estimation of the predicted value. It can confidently 
explain the safer side. Moreover, all data lie within ±10% 
limits of the X = Y line, which reconfirms the applicability 

Fig. 14—Force equilibrium of PCM-overlay RCBs.

Fig. 15—Comparison between experimental database and 
analytical moments estimated by proposed methodology 
at ambient condition. (Note: 1 kN = 0.225 kip; 1 mm = 
0.0394 in.)
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of the proposed methodology. Therefore, it can be observed 
that due to cracking, the reduction in the flexural strength is 
obvious and may be extended to evaluate the service state of 
structures. Therefore, the first step was the in-depth study of 
flexural crack spacing with different reinforcement ratios and 
at different temperature levels. The analytical flexural crack 
spacing was used by the authors to predict the crack width of 
such beams.14

The proposed methodology can be employed for flexural 
strength analysis without any experimentation. It requires 
basic material properties such as compressive and tensile 
strengths of concrete and PCM and tensile strength of rein-
forcement. The flexural crack spacing and bond strength of 
the reinforcement are analytically obtained using the afore-
mentioned material properties. Consequently, by using the 
Whitney block and considering the pullout force (Fig. 14), 
the flexural moment can be accurately predicted.

CONCLUSIONS
In this study, the flexural capacity of reinforced concrete 

beams (RCBs) with polymer cement mortar (PCM) overlays  
is predicted by incorporating the average crack spacing. 
This approach accounts for the degradation of bond perfor-
mance in the PCM. To validate the experiment, 17 beams 
were tested under four-point bending in a temperature- 
controlled chamber specifically designed for this purpose. 
Three different high environmental temperatures—20, 40, 
and 60°C—were maintained for 24 hours during the test. 
The following conclusions have been drawn from the exper-
imental and analytical study:

1. The crack initiation load decreases with an increase 
in sustained temperature level due to degradation in the 
compressive strength of PCM. It is observed that the cracking 
loads at 60°C decreased by approximately 29% compared 
with that of 20°C. The analytical cracking load represented 
a 31% reduction at 60°C, so it can properly estimate the 
cracking load under high environmental temperatures with 
respect to the serviceability.

2. Stiffness at the initial cracking and initial yielding 
increases with PCM-overlay strengthening at high environ-
mental temperatures when compared to RCBs. The increase 
corresponds to the increase in the reinforcement ratio in 
PCM overlay, and the primer effect may not be significant.

3. The bar effect (β) for the plain and deformed bars has 
a significant effect on accurately estimating flexural crack 
spacing. Analytical results demonstrate that the variation 
from the experimental observation is 9.6% with the bar 
effect, while it shows 31.7% without the bar effect on flex-
ural crack spacing.

4. Flexural crack spacing and bond strength are incor-
porated to calculate the pullout force. Finally, one addi-
tional compressive force in the tensile zone is considered 
in the Whitney block. The feasibility of the average crack 
spacing method (CSM) has been confirmed and validated by 
28 beams, including those tested in this study. The validation 
results are within ±10% limits of the line of equality.

5. Compared with the sectional analysis method (SAM), 
the proposed methodology of CSM underestimates the flex-
ural strength of PCM-overlay RCBs under elevated tempera-
tures. This is due to the consideration of the bond strength 
degradation at elevated temperatures; therefore, it can bring 
a safer and more precise prediction.
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Table A1—Experimental test data for validation13,22

No. Beam ID

Scr, mm Overlay reinforcement

dOL, mm Perimeter, mm Overlay thickness, mm Analytical Experimental No. of bars Diameter, mm Area, mm2 

1 R6-2-10 93.42 128.91 2 10 71.33 155 62.83 30

2 R6-2-10 118.38 120.31 2 10 71.33 155 62.83 30

3 R6-3-10 93.42 100.78 3 10 71.33 155 94.25 30

4 R8-3-6 124.11 122.19 3 6 31.67 153 56.55 22

5 R8-2-10 118.38 102.5 2 10 71.33 155 62.83 30

6 R8-3-10 93.42 96.25 3 10 71.33 155 94.25 30

7 R8-3-6 124.11 114 3 6 31.67 153 56.55 22

8 R8-2-10 118.38 96 2 10 71.33 155 62.83 30

9 R8-3-10 93.42 96 3 10 71.33 155 94.25 30

10 R4-2-10 140.53 151.6 2 10 71.33 170 62.83 30

11 R4-3-10 110.01 126.6 3 10 71.33 170 94.25 30

APPENDIX
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The strength and behavior of segments of precast concrete tunnel 
linings (PCTLs) reinforced internally with fiber-reinforced polymer 
(FRP) bars under quasi-static cyclic flexural loading is one area 
in which no experimental research results are available. This 
research investigated the cyclic behavior of glass FRP (GFRP)- 
reinforced PCTL segments, both experimentally and theoretically. 
Full-scale specimens with a total length, width, and thickness of 
3100 mm (122 in.), 1500 mm (59 in.), and 250 mm (9.8 in.), respec-
tively, were constructed and tested under quasi-static cyclic flex-
ural loading. Two cycles of loading and unloading were applied 
at 1.25%, 2.5%, 5%, 10%, 25%, 50%, and 75% of the estimated 
maximum displacement, followed by a single cycle up to failure. 
The test parameters included reinforcement flexural stiffness 
(GFRP versus steel) and GFRP longitudinal reinforcement ratio. 
The hysteresis response, cracking pattern, residual deformation, 
dissipated energy, deformability, and secant stiffness damage index 
of the tested specimens were defined, estimated, and evaluated. The 
experimental results of this study show that the hysteresis cycles 
of the GFRP-reinforced specimens reflected stable cyclic behavior 
with no or limited strength degradation. Moreover, the test results 
show that the GFRP-reinforced specimens demonstrated adequate 
ductility index and deformability limits. A theoretical prediction 
according to the various current design provisions—including the 
flexural and shear capacities of the PCTL segments—was carried 
out and compared to the experimental results. The results of this 
study show the feasibility and efficiency of using GFRP bars 
instead of steel bars for PCTL segments under quasi-static cyclic 
flexural loading.

Keywords: deformability; design codes; energy dissipation; flexural and 
shear strength; glass fiber-reinforced polymer (GFRP) bars; hysteretic 
behavior; precast concrete tunnel lining (PCTL) segments; quasi-static 
cyclic load.

INTRODUCTION
The use of precast concrete tunnel lining (PCTL) systems 

in tunneling construction projects has been gaining ground 
over conventional on-site lining technique because of 
its economic efficiency. PCTL speeds the construction 
process and ensures the highest quality due to enhanced 
control during the fabrication of precast segments in precast 
plants (Cheong et al. 2005). The structural performance of 
PCTL segments significantly depends on their durability 
performance. Tunnel structures built with steel-reinforced 
concrete are designed for service lives exceeding 100 years. 
The ingress of chloride ions into PCTL segments can induce 
reinforcement corrosion, which has been the primary cause 
threatening the structural safety of PCTLs and shortening 

their designed service lives. Corrosion of embedded rein-
forcement bars is considered the most prevalent mode of 
deterioration affecting the serviceability, safety, and struc-
tural integrity of tunnel structures (Gulikers 2003). In fact, 
many reinforced concrete (RC) tunnels around the world 
are deteriorating as they age (Zhiqiang and Mansoor 2013). 
Steel-reinforced PCTLs often experience premature degra-
dation mainly due to corrosion of the reinforcement bars, 
requiring expensive repairs and maintenance. Because 
concrete is not perfectly impermeable, groundwater—often 
high in chlorine—gradually saturates the concrete, ulti-
mately permeating the cover and producing an electrolytic 
reaction with the steel, which accelerates corrosion of the 
reinforcement (Rancourt 2016). This corrosion can lead to 
oxide jacking (also known as rust burst) and loss of struc-
tural integrity. Corrosion of steel reinforcement is the most 
expensive and problematic deterioration mechanism in 
concrete structures (ACI 440.1R-15 [ACI Committee 440 
2015]). In Canada, the annual cost of repairing corrosion 
damage in reinforced concrete structures has been estimated 
at more than $10 billion per year (Davis 2000). In the United 
States, the problem of corrosion of reinforced concrete 
structures costs the economy approximately $100 billion 
each year, or nearly 1% of the country’s gross domestic 
product (Whitmore and Ball 2004). One effective solution to 
this corrosion problem is to replace steel reinforcement with 
noncorroding fiber-reinforced polymer (FRP) reinforcing 
bars. These lightweight, high-strength FRP bars are charac-
terized by high corrosion resistance, long service life, and 
reduced maintenance costs (Manalo et al. 2020).

Recently, a few studies investigated the possibility of 
using glass FRP (GFRP) reinforcement in PCTL segments 
(Caratelli et al. 2017; Spagnuolo et al. 2017; Meda et al. 
2019; Hosseini et al. 2022). All these studies proved the 
suitability of using GFRP bars as reinforcement for PCTL 
segments. The experimental evidence from these investi-
gations showed that the GFRP-reinforced PCTL segments 
exhibited better cracking control behavior compared to 
traditional reinforced concrete segments. The load related 
to the first crack was higher and the crack openings were 
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narrower. Moreover, these studies revealed no significant 
difference in the flexural behavior of the GFRP-reinforced 
PCTL segments compared to the steel-reinforced ones. 
Substantively, increasing of the strength of the GFRP bars 
compensated for the lack of ductility compared to the steel- 
reinforced PCTL segments. Past studies, however, have 
focused mainly on the static flexural resistance of PCTLs to 
evaluate their structural properties. During its service life, a 
tunnel structure can be subjected to permanent loads (dead 
loads, earth pressure, surcharge loads), live loads (vehic-
ular loads, live-load surcharges, and so on), or transient 
loads (water loads, earthquake, superimposed deformations, 
blasts, fire, construction loads). According to ACI 544.7R-16 
(ACI Committee 544 2016), the loads acting on PCTLs from 
the time of segment casting up to the time of segment erec-
tion within the tunnel-boring machine (TBM) shield fall into 
three stages. They are termed the production and transient 
stage, the construction stage, and the service stage. The 
internal forces and stresses in the production and transient 
stages are included in the design of PCTL segments. The 
construction stage includes the TBM jacking thrust loads 
on the circumferential ring joints and the pressures during 
the grouting operation exerted against the exterior of the 
completed rings. PCTL segments are designed to resist 
significant bursting and spalling tensile stresses that develop 
along the circumferential joints due to advancement of the 
TBM. The final service stages are represented by the long-
term loads imposed on the lining from the ground, ground-
water, surcharges, and other loads (such as seismic loads). 
The flexural behavior of steel-fiber reinforced concrete and 
conventionally steel-reinforced PCTL segments under quasi-
static cyclic flexural loading was experimentally studied by 
Abbas (2014). It was revealed that both steel-fiber rein-
forced concrete and conventionally steel-reinforced PCTL 
segments exhibited reasonable levels of ductility and energy 
dissipation capacities and satisfied the flexural requirement 
under quasi-static cyclic flexural loading. Basically, there 
are no research results in the literature on the cyclic behavior 
of GFRP-reinforced PCTLs. Accordingly, the performance 
of full-scale PCTL segments under quasi-static cyclic flex-
ural loading needs to be investigated.

This study is part of an ongoing comprehensive research 
program carried out in the Department of Civil Engi-
neering at the University of Sherbrooke to improve current 
practices and develop more efficient design and construc-
tion approaches for using curvilinear GFRP bars and stir-
rups in precast concrete tunnel lining segments. Full-scale 
GFRP-reinforced PCTL segments are tested under different 
loading conditions—static flexural loading (Hosseini et al. 
2022), quasi-static cyclic flexural loading, and punching 
shear and settlement—to investigate different variables 
and design parameters. This paper presents the structural 
behavior of full-scale GFRP-reinforced PCTL segments 
under quasi-static cyclic flexural loading, according to 
ACI 374.2R-13 (ACI Committee 374 2013). The effect of 
reinforcement type and ratio on the behavior of GFRP-rein-
forced precast concrete tunnel lining segments under quasi-
static cyclic flexural loading was investigated. This paper is 
the first study to investigate the cyclic behavior of PCTL 

segments reinforced with GFRP bars. It also aimed at deter-
mining the feasibility and efficiency of using GFRP instead 
of steel reinforcement.

RESEARCH SIGNIFICANCE
The design of the PCTL segments reinforced with FRP 

bars is not defined or discussed in the current design provi-
sions such as in ACI 440.1R-15, ACI 544.7R-16, and ACI 
533.5-20 (ACI Committee 533 2020). The strength and 
behavior of such members reinforced with FRP bars is 
one area in which limited research results are available for 
implementing this noncorroding composite reinforcement. 
So far, this research is the first experimental work aimed at 
providing experimental data involving the laboratory testing 
of the performance of PCTL segments reinforced with GFRP 
reinforcement under quasi-static cyclic flexural loading. 
Full-scale PCTL specimens were tested to determine the 
effects of reinforcement flexural stiffness (GFRP versus 
steel) and GFRP longitudinal reinforcement ratio. A theo-
retical study was also conducted to calculate the flexural and 
shear capacities of PCTL segments reinforced with GFRP 
bars according to the various current design provisions (ACI 
440.1R-15; CSA S806-12(R2017) 2017; fib TG-9.3 2007; 
CNR-DT 203 2006; AFGC 2021). As this study presents the 
first results of their kind on the applicability of using GFRP 
as internal reinforcement for PCTLs under quasi-static cyclic 
flexural loading, the results reported in this manuscript 
represent a significant contribution to the relevant literature 
and provide end users, engineers, and code committees with 
much-needed data and recommendations to advance the use 
of GFRP reinforcement in PCTL segments. The study also 
is expected to be a step toward further research to assess the 
possibility of developing new applications for GFRP bars 
and ties, resulting in more durable, economic, and competi-
tive PCTL segments for tunnel applications.

EXPERIMENTS
Materials

Table 1 provides the mechanical properties of the GFRP 
and steel bars used to reinforce the PCTL segments in this 
study. The GFRP bars were manufactured by pultruding 
boron-free glass fibers impregnated in a thermosetting vinyl-
ester resin. The ultimate tensile strength ffu and modulus of 
elasticity Ef of the GFRP bars were determined according 
to ASTM D7205 (2021). The GFRP bars had a sand-coated 
surface to enhance bonding and force transfer between the 
bars and concrete. Number 6 (20 mm), No. 5 (15 mm), and 
No. 4 (13 mm) GFRP bars were used for both longitudinal 
and transverse reinforcement in the segments, as shown in 
Figure 1(a). Moreover, No. 6 (20 mm) and No. 5 (15 mm) 
closed U-shaped GFRP bars were used as anchorage for the 
longitudinal reinforcement bars. For the control specimen, 
deformed 15M (16 mm) steel bars were used as longi-
tudinal reinforcement and deformed 10M (11 mm) steel 
bars as transverse reinforcement. Deformed 15M (16 mm) 
U-shaped steel bars were used to anchor the longitudinal 
reinforcement bars.

All PCTL segments were cast with normalweight concrete 
by a local precast company. The average actual compressive 
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strength based on the average test results of 100 x 200 mm 
(3.94 x 7.89 in.) concrete cylinders tested on the first day of 
the start of testing of the specimens was 52.2 MPa (7.6 ksi).

Specimen details
The experimental program was designed to provide data 

on the cyclic behavior of PCTL segments reinforced with 
GFRP bars. Four full-scale PCTL segments (three reinforced 
with GFRP bars and one with conventional steel reinforce-
ment) were tested under quasi-static cyclic flexural loading. 
The inner and outer radii of the four PCTL segments were 
designed to be 3250 and 3500 mm (128 and 138 in.), respec-
tively. The test specimens measured 3100 mm (122 in.) in 
length, 1500 mm (59 in.) in width, and 250 mm (9.8 in.) in 
thickness. The segments were skewed at their ends rather 
than straight. Figures 1(b) and (c) show assembled GFRP 

cages for the test specimens. The test matrix was arranged 
to assess the influence of the flexural reinforcement type 
(GFRP versus steel) and the GFRP flexural reinforcement 
ratio. Longitudinal reinforcement ratios of 0.5%, 0.9%, and 
1.2% were chosen as the minimum reinforcement ratio for 
concrete crushing controlled by flexural failure, an interme-
diate reinforcement ratio, and the maximum reinforcement 
ratio practically possible. Table 2 provides the test matrix 
and reinforcement details of the test specimens. The test 
specimens are identified as follows. The first number indi-
cates the number of longitudinal bars. The letters G and S 
stand for GFRP and steel reinforcement, respectively. The 
second number indicates the nominal diameter of the longi-
tudinal bars. Specimen 7G15 had top and bottom longitu-
dinal reinforcement consisting of seven No. 5 GFRP bars 
with a longitudinal reinforcement ratio of 0.5%. Seven 

Table 1—Mechanical properties of reinforcement bars

Reinforcement type Bar size
Bar diameter, 

mm
Nominal cross-sectional 

area, mm2
Modulus of elasticity, 

GPa
Tensile strength, 

MPa Tensile strain, %

Curvilinear GFRP bars
No. 5 15.0 199 55.1 1115 2.0

No. 6 20.0 284 52.9 1068 2.0

U-shaped GFRP bars
No. 5 15.0 199 53.5 1283 2.4

No. 6 20.0 284 53.2 1131 2.1

Closed GFRP ties No. 4 13.0 129 55.6 1248 2.2

Steel bars
10M 11.3 100 200.0 480* 0.24†

15M 16.0 200 200.0 460* 0.23†

*Yield strength of steel bars.
†Yield strain of steel bars.

Note: 1 mm = 0.0394 in.; 1 MPa = 145 psi; 1 GPa = 145 ksi.

Fig. 1—Overview of: (a) GFRP bars and ties; (b) assembled GFRP cage for specimens with seven top and bottom longitudinal 
bars; and (c) assembled GFRP cage for the specimens with 13 top and bottom longitudinal bars.

Table 2—Test matrix

Specimen ID Reinforcement type
Concrete compressive 

strength fc′, MPa

Longitudinal reinforcement

Transverse reinforcementρf, % Number of bars

7S15 Steel 53 0.5 Seven 15M bars 10M bars @ 200 mm

7G15 GFRP 52 0.5 Seven No. 5 bars No. 4 bars @ 200 mm

13G15 GFRP 52 0.9 Thirteen No. 5 bars No. 4 bars @ 200 mm

13G20 GFRP 50 1.2 Thirteen No. 6 bars No. 4 bars @ 200 mm

Note: 1 mm = 0.0394 in.; 1 MPa = 145 psi.
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No.  5 U-shaped GFRP anchorage bars were installed on 
each side of the specimen. Specimens 13G15 and 13G20 
had top and bottom longitudinal reinforcement consisting of 
13 No. 5 GFRP bars and 13 No. 6 GFRP bars with longi-
tudinal reinforcement ratios of 0.9% and 1.25%, respec-
tively. Thirteen No. 5 U-shaped GFRP anchorage bars and 
13 No. 6 U-shaped GFRP anchorage bars were installed on 
each side of Specimens 13G15 and 13G20, respectively. 
All the GFRP specimens were reinforced transversally with 
No.  4 GFRP ties at a spacing of 200 mm (7.87 in.). The 
control steel specimen (7S15) had top and bottom longitu-
dinal reinforcement consisting of seven M15 deformed steel 
bars with a reinforcement ratio of 0.5% and transverse rein-
forcement consisting of M10 ties at a spacing of 200 mm 
(7.87 in.). Seven deformed 15M U-shaped anchorage steel 
bars were installed on each side of the specimen. Figure 2 
shows the reinforcement details for all the test specimens. 
The clear cover was kept constant at 40 mm (1.57 in.) for 
all specimens.

Instrumentation and test setup
Strains in the longitudinal and transverse reinforcing bars 

were measured with electrical resistance strain gauges with 
a gauge length of 10 mm (0.39 in.) (Fig. 2). In addition, five 
strain gauges with a gauge length of 60 mm (2.36 in.) were 
mounted on the concrete surface at the mid- and quarter 
span to measure the concrete compressive strain. Specimen 
deflections were measured with five linear potentiometers 
(LPOTs) placed at the mid- and quarter span. The test setup 
was designed and fabricated at the University of Sher-
brooke’s CFI structural laboratory.

The specimens were loaded under three-point bending 
load, as shown in Fig. 3(a), using an 11,000 kN (247.3 kip) 
capacity universal testing machine attached to a spreader 
beam. The span for the test specimens was 2400 mm 
(94.5 in.). The load was applied at a displacement-controlled 
rate of 0.8 mm/min. An automatic data-acquisition system 
monitored by a computer was used to record the readings of 
the LPOTs, load cells, and strain gauges.

Quasi-static cyclic loading procedure
The test protocol followed is that in ACI 374.2R-13: tests 

of structural components under slowly applied quasi-static 
loading, either as monotonically increasing or reversed cyclic 
loading. Quasi-static cyclic flexural loading was applied 
in terms of the percentage of the maximum displacement 
(Δmax) obtained from the static testing results in the literature 
(Hosseini et al. 2022). Two cycles of loading and unloading 
were conducted for 1.25, 2.5, 5, 10, 25, 50, and 75% of 
Δmax, followed by one cycle up to failure. In all cycles, the 
unloading phase was finished with a minimum load of 5 kN 
(1.12 kip) to keep the test jack engaged. Figure 3(b) shows 
the loading scheme for the tested specimens.

TEST RESULTS AND DISCUSSION
This section summarizes the experimental results, 

including the general behavior of the test specimens in 
terms of hysteresis response, crack patterns and failure 
modes, strain in reinforcement and concrete, neutral-axis 
depth, deformability, dissipated energy, and ductility and 
secant-stiffness damage index. Table 3 summarizes the 

Fig. 2—Reinforcement details for test specimens. (Note: All dimensions in mm; 1 mm = 0.0394 in.)
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flexural moment and shear load-carrying capacities of the 
test specimens.

Hysteresis response
The hysteresis behavior is shown in the form of the 

moment versus midspan deflection of specimens, as 
presented in Fig. 4. Initially, all the specimens exhibited 
identical linear load-deflection behavior. After cracking, the 
stiffness of the GFRP specimens reduced with almost linear 
load-deflection behavior. The steel-reinforced specimen also 
had initial linear load-deflection behavior corresponding 
to the uncracked condition of the specimen. Its stiffness 
decreased due to yielding of the longitudinal reinforce-
ment in the tension zone, followed by a gradual decrease in 
overall stiffness. Figure 5 shows the cracking pattern in the 
test specimens. The first vertical flexural crack initiated in 
the tension zone under the loading point. The corresponding 
cracking moment was recorded during testing and verified 
from the moment-strain and moment-deflection relation-
ships. The cracking moment Mcr ranged from 48 to 55 kN·m 
(35.40 to 40.57 kip·ft), occurring in the first cycle at 5% 
of the maximum displacement. At this stage, there were 
no significant strain-gauge readings for the GFRP or steel 
reinforcing bars before initiation of the first flexural crack. 
In addition, the concrete strains were insignificant in all 
specimens, ranging from –60 to –130 με at the top location 

of the midspan, as shown in Fig. 6(a). Beyond the first 
cracking load, additional flexural cracks developed within 
the shear span of the 7G15 specimen, in the 10% and 25% 
maximum displacement cycles. With further loading, in the 
first 75% of the maximum displacement cycle, the flexural 
cracks became wider and propagated upward towards the 
loading point, while some new cracks started to develop in 
the shear span (Fig. 5). Before failure occurred, the cracks 
along the shear span started to incline towards the loading 
points. The concrete crushing moment Mn for the 7G15 
specimen was 206 kN·m (151.9 kip·ft), with a maximum 
recorded midspan concrete compressive strain of –3840 με 
on concrete crushing, as shown in Fig. 6(a). Specimens 
13G15 and 13G20 behaved similarly before 75% of the 
maximum displacement cycle. Beyond this stage, a main 
shear crack started to develop and propagated until shear 
failure occurred at a shear load Vn of 178 and 174 kN (40.02 
and 39.12 kip), respectively. The failure of Specimens 
13G15 and 13G20 occurred by shear compression failure 
and diagonal tension failure, respectively. The maximum 
recorded midspan concrete compressive strain in specimen 
13G15 was –3285 με, indicating shear compression failure. 
In contrast, the diagonal tension failure in Specimen 13G20 
resulted in a maximum midspan concrete compressive strain 
of –2051 με, as shown in Fig. 6(a). The hysteretic response 
for the GFRP-reinforced specimens, in all second excursion 

Table 3—Summary of experimental and theoretical results

Specimen
ID

Cracking 
moment, 

kN·m

Failure
moment, 

kN·m

Mexp/Mpred Vexp/Vpred

ACI
440.1R-15

CSA 
S806-12

fib
TG-9.3-

2007
AFGC 
2021

CNR-DT 
203-2006

ACI
440.1R-15

CSA 
S806-12

fib
TG-9.3-

2007
AFGC 
2021

CNR-DT 
203-2006

7G15 48 206 0.97 0.86 0.96 0.96 1.29 1.63 1.11 1.26 1.19 0.81

13G15 49 243* 0.87 0.78 0.81 0.87 0.88 1.44 1.09 1.11 1.14 0.85

13G20 55 238† 0.76 0.68 0.68 0.77 0.67 1.28 0.97 0.99 1.01 0.76

*Shear load failure = 178 kN (40.02 kip).
†Shear load failure = 174 kN (39.12 kip).

Note: 1 mm = 0.0394 in.; 1 kN·m = 0.738 kip·ft.

Fig. 3—(a) Test setup; and (b) loading scheme for tested specimens.
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loading cycles, reflected stable cyclic behavior with no or 
limited strength degradation until failure. In contrast, the 
early yielding of the steel bars in specimen 7S15 resulted in 
wider concentrated cracks compared to the GFRP-reinforced 
specimens. Specimen 7S15 yielded (at a corresponding 

strain of approximately 2300 με) in the first 25% of the 
maximum displacement cycle at an applied moment of 
114 kN·m (84.1 kip·ft) (approximately at 64% of the spec-
imen’s peak moment). The midspan concrete compressive 
strain reading in Specimen 7S15 when the steel yielded was 

Fig. 4—Hysteresis response and failure mode of test specimens.

Fig. 5—Cracking pattern in: (a) Specimen 7S15; (b) Specimen 7G15; (c) Specimen 13G15; and (d) Specimen 13G20.
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–795 με, as shown in Fig. 6(a). The concrete strain gauge 
continued recording after this point until the ultimate applied 
moment of 176 kN·m (129.8 kip·ft) (concrete crushing) at 
3336 με. The strain in the GFRP bars on the tension side 
gradually increased up to specimen failure at 17,695, 8508, 
and 7023 με (88%, 43%, and 35% of the ultimate tensile 
strain of the GFRP bars) for Specimens 7G15, 13G15 and 
13G20, respectively, as shown in Fig. 6(b). In addition, the 
strain-gauge readings show that the top reinforcement bars 
in all the specimens were under tension, which enhanced 
specimen strength. The recorded strains in Specimens 7S15, 
7G15, 13G15, and 13G20 in the top reinforcement (GFRP 
or steel bars) at failure were 3761, 2163, 1164, and 3603 με, 
respectively, as shown in Fig. 6(c). The test results indicate 
that the recorded strains at the quarter span for both the rein-
forcement bars and the concrete surface were less than that 
at midspan.

Unloading stiffness and residual deformation
Unloading stiffness is an important parameter because 

it determines the value of the residual deformation, thus 
determining the recoverability of the structure (Fahmy 
et al. 2009). As shown in Fig. 4, the unloading stiffness for 
the GFRP-reinforced specimens in all cycles was nearly 
equal to the reloading stiffness. In contrast, the yielding of 
the steel bars in Specimen 7S15 at 25% of the maximum 
displacement cycle resulted in higher residual deformation 
compared to the GFRP-reinforced Specimen 7G15. The 
average unloading stiffness of Specimen 7S15 at 25%, 50%, 
and 75% of the estimated maximum displacement cycles 
was 95%, 85%, and 89%, respectively, of the reloading stiff-
ness. Residual deformation is often used as a key measure 
of the required recoverability of RC structures (Dong et al. 
2016). Figure 7 compares the cumulative residual deforma-
tion of Specimens 7G15 and 7S15. The residual deforma-
tion of the GFRP-reinforced specimen during unloading at 
50% and 75% of the maximum displacement cycles was less 
than that of the steel-reinforced specimen due to the yielding 

of the steel bars in the tension zone. In general, the GFRP 
specimens recovered most of their deflection during the 
unloading at 50% and 75% of the maximum displacement 
cycles. When 50% of the maximum displacement cycles 
in Specimen 7S15 was exceeded, a permanent deflection 
occurred in the unloading cycles due to the yielding of the 
steel bars.

Effect of parameters
This section presents the envelope moment-deflection 

curves at the midspan of the test specimens in two groups 
to show the effect of test parameters on specimen behavior, 
as depicted in Fig. 8. Before cracking occurred, identical 
linear moment-deflection behavior was observed in all the 
test specimens, regardless of reinforcement ratio and type, 
representing the uncracked condition governed by the prop-
erties of the concrete section. After cracking occurred, the 
response of the GFRP-reinforced specimens was almost 
linear up to failure. The moment-deflection curve of the 

Fig. 6—Moment-strain relationship at midspan at: (a) concrete surface; (b) bottom reinforcement bars; and (c) top reinforce-
ment bars.

Fig. 7—Cumulative residual deformation for GFRP-reinforced 
(7G15) versus steel-reinforced (7S15) specimens with 
similar reinforcement ratios.
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steel-reinforced specimen shows a typical yielding plateau, 
followed by concrete crushing in the compression zone. 
Afterward, a sudden load drop occurred, followed by total 
loss of flexural stiffness.

Effect of axial stiffness of longitudinal 
reinforcement

Specimens 7G15 and 7S15 were designed to have the 
same flexural longitudinal reinforcement ratio. Before 
Specimen 7G15 cracked, its stiffness was similar to that of 
7S15, as shown in Fig. 8(a). Specimen 7G15 had lower post-
cracking flexural stiffness—calculated as the average slope 
of the curve—than its steel-reinforced counterpart (Spec-
imen 7S15). The ratio between the post-cracking flexural 
stiffness of Specimens 7S15 to 7G15 was approximately 
4.28. This ratio is approximately the same as the 4.35 ratio of 
the axial stiffness (EA) of the steel to that of the GFRP bars. 
This is in good agreement with the results of Mousa et al. 
(2018). It can be seen, however, that the GFRP-reinforced 
specimen had a longer ascending branch with higher stiff-
ness compared to the post-yielding flexural stiffness of the 
steel-reinforced specimen. This is mainly due to the fact that, 
after the steel bars yielded, their tangent modulus was lower 
than that of the GFRP bars, which maintained their modulus 
of elasticity throughout the entire duration of loading. In 
addition, the test results indicate that Specimen 7G15 had 
1.5 times the flexural strength of Specimen 7S15 at yielding, 
as shown in Table 3. The higher strength gain of the GFRP 
specimen provided sufficient deformability according to the 
CSA S6-19 (2019) code limit of 4 for rectangular sections, 
so that warning of failure in the form of excessive deflection 
and cracking would be expected before reaching the GFRP 
bars reached their rupture tensile strain.

Effect of longitudinal reinforcement ratio
The three GFRP-reinforced specimens (7G15, 13G15, 

and 13G20) were designed to have reinforcement ratios of 
0.50%, 0.90%, and 1.20%, respectively. Figure 8(b) provides 
a comparison of the envelope moment-deflection curves for 

the three specimens, indicating that Specimen 13G15 had 
ultimate strength 18% higher than Specimen 7G15, as shown 
in Table 3. Moreover, Table 3 shows that the percentage was 
lower when comparing Specimen 13G20 to 13G15. This 
could be attributed to the fact that the failures of Specimens 
13G15 and 13G20 were shear compression failure and diag-
onal tension failure, respectively. The post-cracking flexural 
stiffness of Specimen 13G15 (reinforcement ratio of 0.90%) 
was 72% higher than that of Specimen 7G15 (reinforcement 
ratio of 0.50%). Similarly, the post-cracking flexural stiff-
ness of Specimen 13G20 (reinforcement ratio of 1.20%) 
was 140% higher than that of Specimen 7G15 (reinforce-
ment ratio of 0.50%) and 39% higher than that of Specimen 
13G15 (reinforcement ratio of 0.90%). These percentages 
were approximately similar to the percentage increases in 
the reinforcement ratios (80% from 0.50 to 0.90%, 33% 
from 0.90 to 1.2%, and 140% from 0.50 to 1.2%).

Strain distribution over cross section
An analysis of strains along the cross section was carried 

out using the results from the concrete and bar strain gauges 
at the midspan of the specimens; the experimental neutral-
axis depth was deduced. Figure 9 presents the strain profile 
along the depth of the section at different moment levels. The 
figure shows a linear strain profile with some deviation. It is 
worth mentioning, however, that the strain gauges in Spec-
imen 13G15 were damaged before failure because several 
cracks occurred in the instrumented region. The Bernoulli 
hypothesis (a plane section remains plane after deformation 
up to failure), however, could be considered an acceptable 
simplification of this behavior. Figure 10 illustrates the rela-
tion between neutral-axis depth at midspan with the applied 
moment for the test specimens. In all test specimens, the 
position of the neutral axis in a section prior to cracking 
remained unchanged at the geometrical centroid of the spec-
imen cross section. After cracking occurred, the neutral axis 
depth decreased rapidly at first and then tended to stabilize. 
In the GFRP-reinforced specimens, the stabilizing behavior 
continued up to concrete crushing. In contrast, the yielding 

Fig. 8—Effect of test parameters on envelope moment-deflection relationship: (a) stiffness of longitudinal reinforcement; and 
(b) longitudinal reinforcement ratio.
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of tensile steel in the reinforced-steel specimen resulted in 
a rapid decrease in the neutral axis depth. Figure 10 also 
shows that the neutral-axis depth for Specimen 7G15 was 
less than that of Specimen 7S15 despite them having similar 
reinforcement ratios. This could be attributed to the differ-
ence in the modulus of elasticity of the GFRP and steel bars.

Cumulative dissipated energy
Earthquakes transfer energy into structures that must 

then be dissipated for safety reasons. The measurement 
of dissipated energy could thus become a good efficiency 
index independently of structural ductility considerations. 
During cyclic tests on structures, dissipative mechanisms are 
frequently encountered and must be distinguished to deter-
mine the action of reinforcement on the dissipated energy 
(Eq. (1)). In fact, a principal energy ET is transferred to the 
structure and supports. One component of this energy is 
redistributed into the soil Es, while the other is used by the 
structure over the elastic Ee and inelastic Ea domains. The 
first component Ee represents the energy necessary both for 
specimen displacement (kinematic energy Ec) and for elastic 
strain Ees. The component Ea includes the damping energy 
Ed and hysteretic energy Eh (Daniel and Loukili 2002).

	 ET – ES = Ee + Ea	 (1)

	 Ee = Ec + Ees	 (2)

	 Ea = Ed + Eh	 (3)

To avoid structural collapse from occurring, it is important 
to increase the energy storage capability in the elastic 

Fig. 9—Strain along midspan section for Specimens: (a) 7S15; (b) 7G15; (c) 13G15; and (d) 13G20.

Fig. 10—Neutral-axis depth.
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domain and energy dissipation in the inelastic domain. For 
the former, increasing the longitudinal reinforcement ratio 
increases structural stiffness. Therefore, having higher 
reinforcement ratio prevents increasing energy storage in 
the inelastic domain, as shown in Fig. 11(a). The compu-
tation of primary dissipated energy was carried out up until 
concrete crushing. The energy dissipated during a loading 
cycle was determined by computing the hysteretic area of 
the loop. The overall dissipated energy of Specimen 7G15 
was 16% and 63% higher than that of Specimens 13G15 and 
13G20, respectively. Similarly, the overall dissipated energy 
of Specimen 13G15 was 40% higher than that of Specimen 
13G20. Considering the type of reinforcement, Fig. 11(b) 
shows that Specimen 7G15, at concrete crushing failure, 
showed approximately 10 times the cumulative dissipated 
energy than its steel-reinforced counterpart Specimen 7S15, 
at steel yielding. The steel specimen’s cumulative dissipated 
energy, however, was approximately twice the cumulative 
dissipated energy of GFRP-reinforced Specimen 7G15 at 
concrete crushing.

Energy-based ductility index
Ductility is a structural-design requirement in most design 

codes. The traditional definition of ductility for steel-reinforced 
concrete members, which considers the yielding of steel bars 
as a reference point, cannot be directly applied to members 
reinforced with FRP reinforcement due to the linear elastic 
behavior of FRP bars up to failure. Several methods have 
been proposed to calculate the ductility of FRP-RC struc-
tures. Naaman and Jeong (1995) defined ductility as the ratio 
of the total energy to the elastic energy and proposed Eq. (4) 
to compute the ductility index μe, which can be applied to 
steel- and FRP-reinforced concrete members

	 μe = 0.5((Etot/Eel) + 1)	 (4)

where Etot is the total energy computed as the area under the 
load-deflection curve; and Eel is the elastic energy released 
upon failure, computed as the area of the triangle formed at 
failure load by the line having the weighted average slope of 
the two initial straight lines of the load-deflection curve, as 
illustrated in Fig. 8(a). The computed energy-based ductility 
index μe for Specimens 7G15, 13G15, 13G20, and 7S15 were 
1.5, 1.3, 1.3, and 1.9, respectively. Considering the type of 
reinforcement, Specimen 7G15 had a ductility index equal to 
78% of the ductility of Specimen 7S15, its steel-reinforced 
counterpart. This difference in ductility was compensated 
for by the high strength reserve of Specimen 7G15, which 
had flexural strength 150% higher than Specimen 7S15 at 
yielding. Moreover, the computed μe was slightly lower 
when the reinforcement ratio was increased. In the case of 
Specimen 13G15, increasing its reinforcement ratio resulted 
in a computed μe slightly lower than that of Specimen 7G15 
(from 1.5 to 1.3). Further increasing the reinforcement ratio 
did not lower the computed μe for Specimen 13G20 further.

Deformability factor
ACI 440.1R-15 defines the deformability factor as the ratio 

of the energy absorption at ultimate strength of the section 
to the energy absorption at the service level. The Cana-
dian Highway Bridge Design Code (CSA S6-19) adopted 
the Jaeger et al. (1997) (J-factor) approach to evaluate the 
deformability index of FRP-RC members. The J-factor takes 
into account the strength effect as well as the curvature effect 
at service and ultimate conditions. Equation (5) can be used 
to calculate the deformability J-factor

	​ J  =  ​ ​M​ ultimate​​ _ ​M​ s​​  ​ × ​ 
​ψ​ ultimate​​ _ ​ψ​ s​​  ​  =  ​ 

​M​ ultimate​​ ⋅ ​ψ​ ultimate​​  ______________ ​M​ s​​ ⋅ ​ψ​ s​​
  ​​	 (5)

where ψs is the curvature at service condition (concrete 
strain equal to 0.001); ψu is the curvature at ultimate; Ms 
is the moment at service condition; and Mu is the ultimate 
moment. CSA S6-19 requires a J-factor greater than 4 for 

Fig. 11—Dissipated energy versus normalized deflection for: (a) specimens with different longitudinal reinforcement ratios; 
and (b) specimens with different reinforcement type.
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rectangular sections: the higher the J-factor values, the more 
sufficient warning given by the FRP-RC specimen before 
failure. In other words, the J-factor indicates the amount 
of cracking and deflection that the FRP-RC member will 
exhibit throughout the load history from service to ultimate 
condition. The computed deformability J-factor shows that 
all the GFRP-reinforced specimens demonstrated adequate 
deformability when compared to the CSA S6-19 code limit 
of 4 for rectangular sections. The deformability J-factors for 
Specimens 7G15, 13G15, and 13G20 were 7.1, 6.1, and 4.1, 
respectively.

Secant-stiffness damage index
Several researchers have established a set of damage 

indexes to ascertain the residual capacity of structures 
(Daniel and Loukili 2002; Ranjbaran et al. 2018). A wide 
array of parameters may be used, such as number of cycles, 
stiffness, and ductility. This section discusses the effect of the 
longitudinal reinforcement ratio on the secant stiffness index 
(KI) in loading and unloading. The parameter’s values and 
changes are the index of damage in the specimens. This stiff-
ness index is described as the cycle’s secant stiffness Kseci to 
the after-cracking stiffness ratio of the specimens. For each 
loading cycle, the cycle’s secant stiffness damage index Kseci 
was computed using Eq. (6), as illustrated in Fig. 12(a).

	​ ​K​ seci​​  =  ​ 
​P​ peak.i​​ − ​P​ o.i​​ _ ​δ​ peak.i​​ − ​δ​ o.i​​ ​​	 (6)

Figure 12(b) illustrates the effect of the GFRP longitu-
dinal reinforcement ratio on the secant stiffness damage 
index (KI). As shown, GFRP-reinforced PCLT Specimen 
7G15 had a decrease in stiffness comparable to that of its 
counterpart Specimen 7S15. Moreover, increasing the longi-
tudinal reinforcement ratio did not significantly affect the 
rate of decrease in stiffness. The residual stiffness at ulti-
mate deflection of Specimen 13G15 (reinforcement ratio of 
0.90%) was 18.8% lower than that of Specimen 7G15 (rein-
forcement ratio of 0.50%). Similarly, the residual stiffness at 
ultimate deflection of Specimen 13G20 (reinforcement ratio 

of 1.20%) was 34.9% lower than that of Specimen 13G15 
(reinforcement ratio of 0.90%).

THEORETICAL STUDY
This section presents a theoretical study to calculate the 

flexural and shear capacities of PCTL segments reinforced 
with GFRP bars. It provides the calculations of the flexural 
and shear capacities of the PCTL tunnel segments rein-
forced with GFRP bars considering the requirements in ACI 
440.1R-15, CSA S806-12(R2017), fib TG-9.3, CNR-DT 
203, and AFGC.

Flexural capacity
The flexural design of FRP-reinforced concrete members 

is analogous to the design of steel-reinforced concrete 
members. Experimental data on concrete members rein-
forced with FRP bars show that the flexural capacity can 
be calculated based on assumptions similar to those made 
for members reinforced with steel bars (Ruan et al. 2020). 
The flexural strength of the FRP-reinforced cross section is 
calculated based on the following assumptions:

(a) Strain in the concrete and the FRP reinforcement is 
proportional to the distance from the neutral axis (a plane 
section before loading remains plane after loading).

(b) The tensile strength of the concrete is ignored.
(c) The tensile behavior of the FRP reinforcement is 

linearly elastic until failure.
(d) A perfect bond exists between the concrete and FRP 

reinforcement.
(e) The maximum usable compressive strain in the 

concrete is assumed to be 0.003 in ACI 440.15 and 0.0035 in 
CSA S806-12, fib TG-9.3, CNR-DT 203, and AFGC.

ACI 440.1R (2015)—The FRP reinforcement ratio is 
computed according to ACI 440.1R-15 with Eq. (7), and 
the balanced FRP reinforcement ratio can be computed with 
Eq. (8)

	 ρf = Af/bd	 (7)

Fig. 12—(a) Secant stiffness; and (b) secant stiffness damage index versus deflection.
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where Af is the area of the FRP reinforcement; b is the width 
of the rectangular cross section; and d is the distance from 
the extreme compression fiber to the centroid of the tension 
reinforcement

	​ ​ρ​ fb​​  =  0.85 ​β​ 1​​ ​ 
​fc ′​ ____ ​f​ fu​​

 ​ ​ 
​E​ f​​ ​ε​ cu​​ _ ​E​ f​​ ​ε​ cu​​ + ​f​ fu​​

 ​​	 (8)

where fc′ is the specified compressive strength of the 
concrete; ffu is the design tensile strength of the FRP, defined 
as the guaranteed tensile strength multiplied by the envi-
ronmental reduction factor; Ef is the design or guaranteed 
modulus of elasticity of FRP, defined as the mean modulus 
of a sample from the test specimens; and εcu is the ultimate 
strain in the concrete.

According to ACI 440.1R-15, when ρf > ρfb, the controlling 
limit state is crushing of the concrete, and the stress distri-
bution in the concrete can be approximated with the ACI 
rectangular stress block. Based on the equilibrium of forces 
and strain compatibility, the following can be derived

	 Mn = Afff(d – (a/2))	 (9)

	​ a  =  ​ 
​A​ f​​ ​f​ f​​ _________ 0.85 ​fc ′​ b

 ​​	 (10)

	​ ​f​ f​​  =  ​E​ f​​ ​ε​ cu​​ ​ 
​β​ 1​​d − a

 _ a  ​​	 (11)

In ACI 440.1R-15, the nominal flexural strength is deter-
mined from Eq. (9) through (11).

The FRP reinforcement is linearly elastic at the concrete 
crushing limit state, so the stress level in the FRP can be 
found from Eq. (11), as it is less than ffu.

Alternatively, the nominal flexural strength at a section 
can be expressed, according to ACI 440.1R-15, in terms of 
the FRP reinforcement ratio, as given in Eq. (12).

	​ ​M​ n​​  =  ​ρ​ f​​ ​f​ f ​​​(1 − 0 . 59 ​ 
​ρ​ f​​ ​f​ f​​ ____ ​fc ′​

 ​ )​b​d​​ 2​​	 (12)

CAN/CSA S806-12(R2017)—According to CAN/CSA 
S806-12(R2017), the concrete crushing mode of failure 
occurs in the FRP-reinforced section when the extreme 
compressive strain in the concrete reaches its ultimate strain, 
provided that

	 (c/d) ≥ 7 / (7 + 2000εFu)	 (13)

where c is the distance from the extreme compression 
fiber to the neutral axis; d is the distance from the extreme 
compression fiber to the centroid of the longitudinal tension 
force; and εFu is the ultimate strain in the FRP reinforcement.

When c/d satisfies the requirements of Eq. (13), the 
nominal flexural strength in a section can be determined, 
similar to as in ACI 440.1R-15, based on the equilibrium of 
forces and strain compatibility.

fib TG-9.3 (2007)—According to fib TG-9.3, the ultimate 
flexural moment resistance of an FRP RC section can be 
evaluated by adopting the framework of Eurocode 2 (CEN 
2004). Similar to as in ACI 440.1R-15, when ρf > ρfb, flexural 

failure is expected to occur due to concrete crushing, and the 
ultimate moment resistance can be calculated based on the 
equilibrium of forces and strain compatibility with Eq. (14)

	​ ​M​ u​​  =  η ​f​ cd​​ b ​d​​ 2​​(λζ)​​(1 − ​(​λζ ⁄ 2​)​)​​	 (14)

where η is a factor defining the effective strength of the 
concrete; fcd is the design value of the concrete compressive 
strength; b is the width of the rectangular cross section; d is 
the effective depth of a cross section; λ is a factor defining 
the effective height of the compression zone; and ζ is a 
reduction factor coefficient.

AFGC (2021)—As in fib TG-9.3, the ultimate flexural 
moment resistance of an FRP-RC section can be evaluated 
according to AFGC by adopting the framework of Euro-
code 2 (CEN 2004). According to AFGC (2021), the FRP 
reinforcement ratio can be computed with Eq. (15), and the 
balanced FRP reinforcement ratio can be computed with 
Eq. (16)

	 ρPRF = APRF/Ac,red	 (15)

where APRF is the area of the longitudinal reinforcement 
composite bars; and Ac,red is the reduced area of the concrete 
section

	​ ​ρ​ PRF,b​​  =  ​ 
η ​f​ cd​​ λ ​x​ u​​ ___________ ​ε​ PRF,u,d​​ ​E​ PRF​​ d ​  =  ​ 

η ​f​ cd​​ λ _ ​f​ PRF.d​​
 ​  =  ​  ​ε​ cu2​​ ___________ ​ε​ PRF,u,d​​ + ​ε​ cu2​​ ​​	 (16)

where η is a factor defining the effective strength of the 
concrete; fcd is the design value of the concrete compressive 
strength; λ is a factor defining the effective height of the 
compression zone; xu is the position of the neutral axis corre-
sponding to the concrete balanced section; εPRF,u,d is the limit 
strain of the FRP reinforcement; EPRF is the FRP modulus of 
elasticity; d is the effective depth of a cross section; fPRF.d is 
the design FRP stress; and εcu2 is the ultimate concrete strain.

Similar to fib TG-9.3, when ρf > ρfb, flexural failure is 
expected to occur due to concrete crushing, and the ultimate 
moment resistance MRd in AFGC can be calculated, based 
on the equilibrium of forces and strain compatibility, with 
Eq. (17)

	​ ​M​ Rd​​  =  ​A​ PRF​​ ​E​ PRF​​ ​ε​ PRF​​​(d − ​ λx _ 2 ​)​ 
	 =  λxη ​f​ cd​​ b​(d − ​ λx _ 2 ​)​​	 (17)

where APRF is the area of the longitudinal reinforcement 
composite bars; EPRF is the FRP modulus of elasticity; εPRF 
is the strain in the FRP reinforcement; d is the effective depth 
of a cross section; λ is a factor defining the effective height 
of the compression zone; x is the position of the neutral 
axis; and fcd is the design value of the concrete compressive 
strength.

CNR-DT 203 (2006)—CNR-DT 203 assumes that flexural 
failure takes place when one of the following conditions is 
met:

(a) The maximum concrete compressive strain, as defined 
by the current building code, is reached.
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(b) The maximum FRP tensile strain εfd is reached. This 
value is computed from the characteristic tensile strength εfk 
with Eq. (18)

	 εfd = 0.9ηa(εfk/γf)	 (18)

where ηa is an environmental conversion factor; and γf is a 
material partial factor.

For both failure modes, the nominal flexural strength in a 
section can be determined based on the equilibrium of forces 
and strain compatibility.

Shear capacity
The shear design of FRP-reinforced concrete is similar 

to that of steel-reinforced concrete members. The different 
mechanical properties of FRP bars, however, affect shear 
strength and should be considered. GFRP bars have a rela-
tively low modulus of elasticity compared to steel, low 
transverse shear resistance, and high tensile strength with no 
yielding point. In addition, the tensile strength of the bent 
portion of an FRP bar is significantly lower than that of the 
straight portion.

ACI 440.1R-15—The concrete shear capacity Vc of flex-
ural members using FRP as the main reinforcement can be 
evaluated according to ACI 440.1R-15 based on Eq. (19)

	​ ​V​ c​​  =  ​ 2 _ 5 ​ ​√ 
____

 ​fc ′ ​ ​bw​(kd)​​	 (19)

where bw is the width of the web; k is the ratio of the neutral-
axis depth to the reinforcement depth; and d is the distance 
from the extreme compression fiber to the centroid of the 
tension reinforcement.

CAN/CSA S806—In CSA S806-12 (R2017), the concrete 
shear capacity Vc for sections having an effective depth not 
exceeding 300 mm (12 in.) and with no axial load action on 
them can be calculated using Eq. (20)

	 Vc = 0.05λϕckmkr(fc′)1/3bwdv	 (20)

where λ is a factor to account the concrete density; ϕc is the 
resistance factor for concrete; km is a coefficient taking into 
account the effect of moment in the section on the shear 
strength; kr is coefficient taking into account the effect of 
reinforcement rigidity on its shear strength; fc′ is the speci-
fied concrete compressive strength; bw is the minimum effec-
tive web width; and dv is the effective shear depth.

According to CSA S806-12 (R2017), however, Vc shall 
not be taken as greater than 0.22ϕc​​√ 

____
 ​fc ′ ​ ​bw​dv or less than 0.11ϕc​​

√ 
____

 ​fc ′ ​ ​bw​dv
fib TG-9.3 (2007)—fib TG-9.3 presents and discusses 

various shear design recommendations to allow for the use 
of FRP reinforcement for the various design specifications 
available. Moreover, the modification in Eq. (21) has been 
proposed for the ACI shear equation to compensate for the 
unnecessary conservative shear prediction

	​ ​V​ c,proposed​​  =  ​V​ c,ACI​​ ​​(​ ​E​ FRP​​ _ ​E​ s​​  ​ ​ϕ​ s​​)​​​ 1/3

​​	 (21)

where ϕs = εf/εy represents the ratio between the maximum 
strain allowed in the FRP reinforcement εf and the yield 
strain of the steel εy.

AFGC (2021)—The concrete shear capacity VRd,c of flex-
ural members with FRP as the main reinforcement is deter-
mined according to the Eurocode 2 (CEN 2004) equation, as 
shown in Eq. (22)

	​ ​V​ Rd,PFR​​  =  ​C​ Rd,c​​ k ​​(100 ​ ​E​ PRF​​ _ ​E​ S​​  ​ ⋅ ​ ​A​ PFR​​ _ ​b​ w​​ d ​ ​f​ ck​​)​​​ 1/3

​ ​b​ w​​ d​	 (22)

where CRd,c = 0.18/γc; k = min{2.0; 1 + ​​√ 
_

 200 / d ​​}; EPRF is 
the FRP modulus of elasticity; ES is the steel modulus of 
elasticity; APRF is the area of the longitudinal reinforcement 
composite bars; bw is the width of the web; d is the distance 
from the extreme compression fiber to the centroid of the 
tension reinforcement; and fck is the concrete compressive 
strength.

CNR-DT 203 (2006)—In CNR-TD 203, the concrete 
shear capacity VRd,ct of flexural members with FRP as the 
main reinforcement can be evaluated with Eq. (23)

	​ ​V​ Rd,ct​​  =  1 . 3 ​​(​ ​E​ f​​ _ ​E​ s​​ ​)​​​ 
1/2

​ ​τ​ Rd​​ k​(1 . 2 + 40 ​ρ​ 1​​)​bd​	 (23)

where Ef and Es are the Young’s modulus of elasticity of the 
FRP and steel bars; τRd is the design shear stress; k is a coef-
ficient to be set as equal to 1 for members if more than 50% 
of the bottom reinforcement is interrupted, and (1.6 – d) ≥ 1 
if that is not the case; ρ1 is the FRP reinforcement ratio; b is 
the width of rectangular cross section; and d is the effective 
depth of the cross section.

Comparison of theoretical to experimental results
The nominal flexural-moment and shear-load capaci-

ties of the test segments were compared to the theoretical 
predictions according to ACI 440.1R-15, CAN/CSA S806-
12(R2017), fib TG-9.3, AFGC, and CNR-DT 203. In all 
the theoretical analyses, the concrete density factor, mate-
rial resistance factor, and member safety factor were taken 
as equal to unity. Table 3 presents the experimental-to- 
predicted ratios for the flexural and shear capacities of the 
segments. As shown in Table 3, ACI 440.1R-15 yielded 
accurate predictions for the segments’ moment carrying 
capacity, where the experimental-to-predicted ratio for the 
moment capacity of Specimen 7G15 was 0.97. The ACI 
440.1R-15 shear predictions were, however, conservative 
with experimental-to-predicted ratios of 1.44 and 1.28 for 
13G15 and 13G20, respectively. The ACI shear modification 
model proposed in fib TG-9.3 compensated for the unnec-
essary conservativism in the ACI shear predictions. The fib 
TG-9.3 shear predictions were in good agreement with the 
experimental shear results with experimental-to-predicted 
ratios of 1.11 and 0.99 for 13G15 and 13G20, respectively. 
Moreover, both fib TG-9.3 and AFGC (2021) produced 
accurate predictions for the segments’ moment-carrying 
capacity, where the experimental-to-predicted ratio for the 
moment capacity of Specimen 7G15 was 0.96 according to 
both. Moreover, the AFGC shear predictions were in good 
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agreement with the experimental shear results with experi-
mental-to-predicted ratios of 1.14 and 1.01 for 13G15 and 
13G20, respectively.

Furthermore, Table 3 illustrates that CAN/CSA S806-
12(R2017) accurately predicted the shear capacity of the test 
segments with experimental-to-predicted ratios of 1.09 and 
0.97 for 13G15 and 13G20, respectively. CAN/CSA S806-
12(R2017), however, overestimated the moment carrying 
capacity of 7G15, with an experimental-to-predicted ratio of 
0.86. On the other hand, considering the maximum FRP strain 
limit εfd in CNR-DT 203 resulted in conservative predictions 
of the moment capacities of the test segments. CNR-DT 
203 underestimated the moment-carrying capacity of 7G15 
with an experimental-to-predicted ratio of 1.29. Conversely, 
CNR-DT 203 overestimated the shear capacity of the test 
segments with experimental-to-predicted ratios of 0.85 and 
0.76 for 13G15 and 13G20, respectively. Table 3 illustrates 
that all the design codes properly predicted the shear failure 
over the flexural failure for Specimens 13G15 and 13G20 
with experimental-to-predicted flexural moment capacities 
less than 1 and experimental-to-predicted shear load capac-
ities greater than 1. In contrast, all the design codes, except 
CNR-DT 203, failed to correctly predict the flexural failure 
of Specimen 7G15. However, it predicted that the concrete 
flexural crushing failure would occur before the shear failure 
at an experimental-to-predicted flexural moment and shear 
load ratios of 1.29 and 0.81, respectively.

CONCLUSIONS
This paper reports on an experimental and theoretical 

investigation of the behavior of precast concrete tunnel 
lining (PCTL) segments reinforced with glass fiber- 
reinforced polymer (GFRP) bars under quasi-static cyclic 
flexural loading. Based on the experimental results and 
the theoretical study presented in this paper, the following 
conclusions can be drawn:

1. The failure of Specimen 7G15 occurred by concrete 
crushing, while Specimens 13G15 and 13G20 failed due to 
shear compression and diagonal shear, respectively. Spec-
imen 7S15, which was reinforced with steel, failed due to 
steel yielding, followed by concrete crushing.

2. The hysteresis cycles of the GFRP-reinforced spec-
imens reflected stable cyclic behavior with no or limited 
strength degradation that was less than that experienced by 
the steel-reinforced specimen.

3. The unloading stiffness for the GFRP-reinforced speci-
mens in all cycles was nearly equal to the reloading stiffness. 
The yielding of the steel bars in the steel-reinforced spec-
imen resulted in degradation of the specimen’s unloading 
stiffness.

4. The residual deformation of the GFRP-reinforced spec-
imens during unloading at 50 and 75% of the maximum 
displacement cycles was less than in the steel-reinforced 
specimen due to the steel bars yielding.

5. The GFRP-reinforced specimens’ ductility index was 
78% of the steel-reinforced specimens’ ductility at a similar 
reinforcement ratio. This difference in ductility was compen-
sated for by the high strength reserve of Specimen 7G15. 

Specimen 7G15 achieved a flexural strength 1.5 times that 
of Specimen 7S15 at yielding.

6. The test results show that all the GFRP-reinforced spec-
imens demonstrated adequate deformability when compared 
to the CSA S6-19 (2019) code limit of 4 for rectangular 
sections.

7. The experimental results indicate that the hysteresis 
cycles of the GFRP-reinforced specimens had stable cyclic 
behavior with no or limited strength degradation. In addition, 
these specimens demonstrated adequate strength, ductility 
index, and deformability limits.

8. The experimental-to-predicted ratio of the flexural- 
moment capacity of Specimen 7G15 indicates good predic-
tions for ACI 440.1R-15, fib TG-9.3 (2007), and AFGC 
(2021), while CAN/CSA S806-12(R2017) overestimated 
its flexural-moment capacity. On the other hand, CNR-DT 
203 (2006) yielded conservative predictions of its flexural- 
moment capacity.

9. ACI 440.1R-15 produced conservative shear-load 
predictions for the test specimens. Conversely, CNR-DT 203 
(2006) overestimated the shear-load capacities for the test 
segments. The ACI shear modification model proposed in 
fib TG-9.3, AFGC, and CAN/CSA S806-12(R2017) yielded 
accurate predictions of the shear-load capacities for the test 
specimens.

10. The experimental results were the first of their kind 
on the applicability of using GFRP as internal reinforcement 
for PCTLs under quasi-static cyclic flexural loading. These 
experimental results can be considered in the forthcoming 
provisions of ACI codes for the use of GFRP as internal rein-
forcement for PCTL applications.
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This paper presents the axial behavior of cylindrical concrete 
with variable cross sections confined by carbon fiber-reinforced 
polymer (CFRP) sheets. The test specimens are classified into 
three conformational categories: right angles (Type 1), truncated 
cones (Types 2 and 3), and barrels (Types 4 and 5), which are 
subjected to a preload level of 0%fc′, 30%fc′, and 60%fc′ (fc′ is the 
compressive strength of plain concrete) for the representation of 
existing damage in core concrete prior to wrapping with CFRP. 
The average capacity of the confined concrete in Type 1 is 106% 
higher than that of its unconfined counterpart. With an increase in 
the taper angle, the axial resistance of Types 2 and 3 is improved 
due to the enlarged base areas; however, the expanded bellies 
along the height of Types 4 and 5 lower the capacity by reducing 
the confining pressure of the CFRP sheets. Although the adverse 
effects of the preloading are evident in the context of reserved 
reliability and damage evolution, the validity of the confinement 
system is preserved from a strengthening standpoint. The geometric 
attributes dominate the load-displacement relationships, post-peak 
deformations, energy dissipation, and failure characteristics of the 
specimens. Analytical modeling clarifies that, compared with other 
parameters, the thickness of CFRP is the salient factor influencing 
the confining pressure of the system. According to the principle of 
energy conservation, a simplified design proposal is suggested to 
calculate the strength of the confined nonprismatic concrete.

Keywords: carbon fiber-reinforced polymer (CFRP); confinement; rehabil-
itation; strengthening; variable cross sections.

INTRODUCTION
For aesthetic reasons, vertical load-bearing components 

may be designed with nonconstant cross sections. Tapered 
and barrel-shaped (or bellied) profiles constitute the arche-
typical forms of nonprismatic columns. In view of variable 
cross sections, the behavior of these columns is controlled 
by longitudinal distance from supporting boundaries,1 where 
the moment of inertia and axial rigidity affect the deforma-
tion of solid planes at a certain elevation. Most provisions in 
established standards are dedicated to prismatic sections2,3 
and, thus, the continuum geometry of nonprismatic columns 
is often decomposed into multiple segments for the conve-
nience of analysis4: both analytical and computational 
methods are usable, depending on the degree of spatial 
complexity.5 As is the case for ordinary columns, routine 
inspections are essential for nonprismatic ones. If major 
faults are detected, a diagnosis is made to determine the 
level of technical actions that can reinstate the condition 
of the members. Structural rehabilitation is a viable solu-
tion to resolve safety issues at an affordable expense. From 
a traditional perspective, column sections are enlarged by 

supplementary concrete6 or jacketed by steel shells.7 Those 
prevalent techniques are, however, effective for a limited 
period because the nondurable constituents deteriorate 
over time. Owners and engineering consultants are eager to 
find sustainable approaches that will markedly extend the 
longevity of degraded structures.

Since carbon fiber-reinforced polymer (CFRP) sheets 
opened a new era of rehabilitation in the 1990s, numerous 
research projects and field applications have been 
performed.8-10 The composite sheets are adhesively bonded 
to the designated surface of a member (frequently called 
“wet layup”) for the sake of restoring or improving its ability 
to continuously carry external loads without compromising 
the intended use. As far as axial strengthening is concerned, 
concrete columns are wrapped with hoop-directional CFRP 
so that the transverse expansion of the core is restricted and 
a triaxial stress state is accomplished, thereby increasing 
the strength and ductility of the concrete.11 In addition, the 
confining pressure precludes the buckling of principal rein-
forcing bars until the rehabilitation system fails.12 A plethora 
of scientific findings were reported with a focus on capacity 
enhancement,13 failure,14 reliability,15 durability,16 ultimate 
strains,17 stress-strain relationships,18 and design recom-
mendations.19 State-of-the-art articles deal with a compre-
hensive review of other areas in regard to CFRP-confined 
concrete.20-22

Although the use of nonprismatic members is common-
place and the need for rehabilitation is continually growing 
in modern society, there has been little attempt to effectively 
strengthen deficient nonprismatic load-supporting units. 
As a prerequisite for assessing the behavior of columns in 
such a category, element-level investigations should first 
be conducted. More specific to CFRP-confined concrete, 
the majority of knowledge was derived from unreinforced 
bodies with uniform cross sections23 and was adopted as 
part of practice guidelines.2,11 In this paper, an experimental 
program is conducted to understand the implications of vari-
able cross sections for the response of CFRP-confined cylin-
drical concrete subjected to axial compression. Two groups 
of cores are tested with and without pre-damage to examine 
the functionality of the confinement system when upgrading 
constructed structures that have suffered excessive service 
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loads. Analytical modeling ascertains how external pressures 
induced by CFRP wrapping are related to the geometric 
features and furnishes necessary data for evaluating the rele-
vance of a design proposal.

RESEARCH SIGNIFICANCE
The paucity of relevant acquaintance can lead to inappro-

priate retrofit strategies; therefore, the expected degree of 
safety may not be effectuated during the operational life of 
strengthened structures. Despite the considerable endeavors 
expended over the last three decades, CFRP-confinement 
techniques have not been studied for nonprismatic concrete 
elements. As a result, insufficient information is prescribed 
in design documents and practitioners encounter difficul-
ties when handling such nonconventional elements. Recog-
nizing that the discretion of professional engineers plays an 
important role in determining rehabilitation methods owing 
to a lack of published guidance, research is imperative to 
comprehend the underlying mechanics of CFRP application 
and to develop design procedures. The present work aims to 
address these identified challenges for the advancement of 
resilient built environments.

EXPERIMENTAL PROGRAM
A test campaign is described to explain constituent 

materials, cylindrical specimens, confinement schemes, 
and mechanical loading. Assorted geometric parameters 
are detailed for investigating the behavior of load-bearing 
concrete under axial compression.

Materials
The prepared ready mixed concrete cylinders (100 mm 

[4 in.] in diameter and 200 mm [8 in.] in depth) were tested 
per ASTM C39/C39M-18,24 and an average compressive 
strength of fc′ = 35.6 MPa (5163 psi) was recorded. Unidi-
rectional CFRP sheets had a nominal tensile strength of 
ffu  = 3800 MPa (551 ksi) and an elastic modulus of Ef = 
227 GPa (32,900 ksi) alongside an equivalent fiber thick-
ness of tf = 0.165 mm (0.006 in.). A two-part epoxy adhe-
sive was the bonding agent between the concrete cylinders 
and CFRP, which was composed of a resin and a hard-
ener to be blended at a ratio of 3 to 1 until a homogeneous 
mixture was obtained. The manufacturer-reported proper-
ties of the hardened epoxy were a tensile strength of fp = 
52 MPa (7542 psi) with an elastic modulus of Ep = 2.6 GPa 
(377 ksi) after 7 days of curing. For the production of vari-
able cylinder molds, polyethylene terephthalate glycol 
(PETG) was deposited for three-dimensional (3-D) printing 

with the succeeding properties: density (γPETG) = 1.27 g/cm3 
(0.046 lb/in.3), yield strength (fy-PETG) = 50 MPa (7252 psi), 
elastic modulus (EPETG) = 2.1 GPa (305 ksi), and elongation 
at break (εu-PETG) = 130%.

Specimens
A total of 60 solid cylinders were cast with five types (12 

specimens, each), as depicted in Fig. 1. Type 1 possessed 
parallel bases of 100 mm (4 in.) in diameter at right angles 
to the circular surface, Types 2 and 3 were truncated cones 
with top and bottom diameters of 100 to 200 mm (4 to 8 in.), 
and Types 4 and 5 were barrels with convex diameters of 100 
to 200 mm (4 to 8 in.). The height of all cylinders was set 
to 200 mm (8 in.) for consistency. Additive manufacturing 
technology was employed to produce custom-made molds 
through a 3-D printer (Fig. 2). The printing device is equipped 
with a 0.4 mm (0.016 in.) nozzle for a filament diameter of 
1.75 mm (0.069 in.) and operates at a maximum travel speed 
of 200 mm/s (8 in./s), accompanied by a printing accuracy of 
0.05 mm (0.002 in.). Single forms were used to make Types 
1 to 3, while a set of two symmetric segments was necessary 
for Types 4 and 5 for demolding convenience (Fig. 2, inset). 
Before placing the concrete, the inner surface of the PETG 
molds was lubricated. The cylinders were stripped in 1 day 
and moisture-cured for 28 days.

Preloading and confinement
To represent a variety of damage levels in constructed 

concrete, the cured cylinders were preloaded to 0%fc′, 
30%fc′, and 60%fc′.25-27 Table 1 enumerates the types and 
preload intensities of each specimen. For those that were to 
be tested under confinement, the surfaces were cleaned with 
an airbrush, washed, and dried for implementing a wet layup 
process. The mixed two-part epoxy was pasted to the cylinder 
sides and carbon fabrics were placed; then, a top-coat epoxy 
layer was added to form a CFRP-confinement system. The 
overlapped length of 50 mm (2 in.) precluded the premature 
debonding of the CFRP sheets. Complying with the manu-
facturer’s instructions, the CFRP-wrapped specimens were 
cured for 7 days at room temperature.

Loading
All cylinders were located on a 25 mm (1 in.) thick steel 

plate in a universal testing machine (Fig. 1) and monotoni-
cally loaded at a rate of 0.5 mm/min (0.02 in./min) until 
failure. The applied axial load and corresponding displace-
ments were logged by a built-in load cell and a non-contacting 

Fig. 1—Specimens: (a) type and dimensions; and (b) loading.
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laser extensometer. A computerized data acquisition system 
recorded experimental data.

TEST RESULTS
The behavior of various concrete shapes with and without 

CFRP confinement is elaborated, including axial capacities, 
damage evolution, deformation and energy, and a failure 
process. Also delineated are the repercussions of preexisting 
damage in core concrete that can reflect the condition of 
decrepit structural components.

Load-carrying capacity
Figure 3(a) shows the compressive strength of the test 

specimens without preloading (0%fc′). The confined cylin-
ders in Type 1 failed at 73.3 MPa (10.6 ksi), on average, 
which was 106% higher than the capacity of the uncon-
fined right-angle cylinders. As the taper angle increased in 
Types 2 and 3, the strengths progressively rose due to the 
enlarged base areas that reduced bearing stresses. When the 
midheight areas were dilated in Types 4 and 5, the average 
load-carrying capacities of the confined specimens declined 
by 14.6% and 34.9% relative to that of Type 1, respectively. 
On the contrary, the strengths of the unconfined concrete in 
Types 4 and 5 revealed marginal changes of 7.3% and 1.9%, 
respectively, compared with the case of Type 1. This fact 
indicates that the confining pressure of CFRP was a function 
of the cylinder geometry; further discussion is available in 
the “Analytical Modeling” section. The effects of preloading 
on the average strength of the confined concrete are visible 
in Fig. 3(b). The difference caused by the core damage was 
apparent (0%fc′ versus 30% and 60%fc′), whereas the extent 
of the decreased capacity was dependent upon the spec-
imen shape. According to the normalized capacities of the 
individual cylinders given in Fig. 3(c), the preload-induced 
capacity drops of Types 2 and 3 were prominent in relation to 
the drops of Types 4 and 5; specifically, their average magni-
tudes were 9.2% (Types 2 and 3) and 5.2% (Types  4 and 
5), respectively, which were lower than the drop of 9.5% in 
Type 1. The efficacy of the CFRP confinement is graphed in 
Fig. 3(d). Irrespective of the preload level, the ratio between 
the confined and unconfined strengths (fcc′/fc′) of all cylinder 
types exceeded unity; in other words, wrapping with CFRP 

was an effective method for enhancing the axial capacity of 
the concrete even with significant damage. It is, however, 
noted that the degraded performance of the confinement 
system was evident as the irregularity of the shape grew in 
Types 3 and 5.

Quantified damage
Because the capacities of the confined concrete were 

reliant on the shape and preloading of the cylinders, refined 
analysis was carried out in accordance with probability 
theory. The variation of the concrete strength in each cylinder 
type subjected to a certain level of preloading (fcc′(x%)) may 
be expressed as the format of the two-parameter Weibull 
model

	​​ 
​fcc ′ ​​(x%)​

 _________ ​fcc ′ ​​(0%)​ ​  =  exp​[− ​​(​ 
​fcc ′ ​​(x%)​

 _________ α ​ )​​​ 
β

​]​​	 (1)

where fcc′(0%) is the confined strength without preloading; 
and α and β are the scale and shape parameters, respectively. 
Taking the logarithm of Eq. (1) renders

	​ ln​[− ln​(​ 
​fcc ′ ​​(x%)​

 _________ ​fcc ′ ​​(0%)​ ​)​]​=  βln​(​fcc ′ ​​(x%)​)​ − βlnα​	 (2)

The α and β parameters, solved using the test data, are 
presented in Fig. 4(a). As per the Weibull model, a damage 
index (DI) can be defined (0 ≤ DI ≤ 1)

	​ DI  =  1 − exp​[−​​(​ 
​fcc ′ ​​(x%)​

 _________ α ​ )​​​ 
β

​]​​	 (3)

Built on the fitted Weibull parameters, the distribution 
of damage indexes is linked with the confined strength in 
Fig. 4(b). The physical interpretation of the plunging indexes 
is that the likelihood of damage was remarkably reduced by 
the activation of the confinement system, which raised the 
strength of the core concrete; scilicet, the damage indexes of 
Types 1 to 5 drastically decreased after passing the strength 
of the unconfined concrete specimens (Fig. 3(a)) spreading 
between 32.9 and 47.9 MPa (4772 and 6947 psi). The 
trajectories of Types 2 to 5 were away from the curvation 

Fig. 2—3-D printing of concrete mold.
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of Type 1, corroborating the geometric significance of the 
core concrete wrapped with CFRP. On the preload level, 
the damage indexes of the specimens at 0%fc′ were consis-
tently lower than those at 30%fc′ and 60%fc′ (Fig. 4(c)), 
and the barrel-shaped cylinders were generally vulnerable 
to the damage. Given the suddenly ascending indexes from 
Types 4 to 5, it is conjectured that there would be a transition 
curvature between these configurations. Figure 4(d) displays 
the reserved reliability of the cylinder types (RR), quantified 
by modifying the definition of a safety index (a distance of 
the mean safety margin from the failure point of the limit 
state function)

	​ ​R​ R​​  =  ​ 
​(​fcc ′ ​​(x%)​ − ​fc ′ ​​(x%)​)​/​√ 

_______________
  ​σ​ cc​ 2 ​​(x%)​ + ​σ​ c​ 2​​(x%)​ ​
   __________________________________   

​(​fcc ′ ​​(0%)​ − ​fc ′ ​​(0%)​)​/​√ 
_______________

  ​σ​ cc​ 2 ​​(0%)​ + ​σ​ c​ 2​​(0%)​ ​
 ​​	 (4)

where σcc and σc are the average standard deviations of 
the confined and unconfined specimens obtained from the 
test, respectively. The reliability of the cylinders dwindled 
with the increased preload level, and the trend was virtually 
independent of the geometry (Fig. 4(d)). That is, the overall 
validity of the CFRP system remained unchanged when 
confining the considerably damaged core concrete.

Load-displacement
The load-displacement relationship of the cylinders 

is provided in Fig. 5. For the Type 1 specimens without 
preloading (Fig. 5(a)), the response was linear up to 279 kN 
(62.7 kip), at which a bifurcation was observed owing to the 
abrupt crushing of the plain concrete, and the rupture of CFRP 
prompted the brittle failure of the confined ones at 576 kN 

Table 1—Test specimens

Type Confinement Preload

Compressive strength, MPa

Type Confinement Preload

Compressive strength, MPa

Individual 
strength Average

Individual 
strength Average

1 None 0%fc′ 35.4

35.6

3 CFRP 30%fc′ 60.0

68.11 None 0%fc′ 36.5 3 CFRP 30%fc′ 68.1

1 None 0%fc′ 34.8 3 CFRP 30%fc′ 76.1

1 CFRP 0%fc′ 70.9

73.2

3 CFRP 60%fc′ 68.2

67.31 CFRP 0%fc′ 72.4 3 CFRP 60%fc′ 78.4

1 CFRP 0%fc′ 76.4 3 CFRP 60%fc′ 55.4

1 CFRP 30%fc′ 74.4

67.2

4 None 0%fc′ 31.9

32.91 CFRP 30%fc′ 63.7 4 None 0%fc′ 32.4

1 CFRP 30%fc′ 63.6 4 None 0%fc′ 34.4

1 CFRP 60%fc′ 63.0

65.4

4 CFRP 0%fc′ 65.8

62.61 CFRP 60%fc′ 66.6 4 CFRP 0%fc′ 59.1

1 CFRP 60%fc′ 66.5 4 CFRP 0%fc′ 62.9

2 None 0%fc′ 36.7

37.1

4 CFRP 30%fc′ 58.1

59.02 None 0%fc′ 36.6 4 CFRP 30%fc′ 60.3

2 None 0%fc′ 38.1 4 CFRP 30%fc′ 58.6

2 CFRP 0%fc′ 73.9

73.9

4 CFRP 60%fc′ 62.8

58.82 CFRP 0%fc′ 75.7 4 CFRP 60%fc′ 57.6

2 CFRP 0%fc′ 72.1 4 CFRP 60%fc′ 56.2

2 CFRP 30%fc′ 71.9

70.5

5 None 0%fc′ 36.6

36.22 CFRP 30%fc′ 68.4 5 None 0%fc′ 36.2

2 CFRP 30%fc′ 71.3 5 None 0%fc′ 35.8

2 CFRP 60%fc′ 58.3

63.1

5 CFRP 0%fc′ 56.9

52.32 CFRP 60%fc′ 58.4 5 CFRP 0%fc′ 49.2

2 CFRP 60%fc′ 72.6 5 CFRP 0%fc′ 50.9

3 None 0%fc′ 48.7

47.8

5 CFRP 30%fc′ 43.8

46.13 None 0%fc′ 45.6 5 CFRP 30%fc′ 51.6

3 None 0%fc′ 49.2 5 CFRP 30%fc′ 42.8

3 CFRP 0%fc′ 79.4

79.2

5 CFRP 60%fc′ 36.4

44.93 CFRP 0%fc′ 75.3 5 CFRP 60%fc′ 50.1

3 CFRP 0%fc′ 82.8 5 CFRP 60%fc′ 48.1

Note: 1 MPa = 145 psi.
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(129.5 kip), on average. When the preloading was incorpo-
rated in Type 3 (Fig. 5(b)), the linearly elevating tendency 
of the CFRP-wrapped concrete was shortened, followed by 
the erratic post-peak responses (additional explanations will 
be given in the “Failure mode” section). The behavior of 
the confined cylinders in Type 5 was approximately bilinear 
until the peak loads were achieved (Fig. 5(c)): the first slope 
was akin to that of Type 3 in Fig. 5(b); on the other hand, 
the second slope differed because the convex zone of the 
concrete dispersed internal stresses so that the progression 
of the CFRP rupture was relatively stable. A comprehen-
sive comparison is made to clarify dissimilarities among the 
concrete types in Fig. 5(d). As the shape of the cylinders 
deviated from the right-angle one in Type 1, their responses 
became nonlinear in conjunction with the fluctuant post-
peak deformations stemming from the nonuniform rupture 
of the CFRP sheets. The obvious difference between the 
slopes of Type 1 and the others is ascribed to the fact that 
the axial rigidity of the cylinders was correlated with the 
cross-sectional area.

Energy dissipation
Figure 6(a) charts the average energy dissipation of the 

cylindrical concrete at 0%fc′, which was gained by numer-
ically integrating the area under the load-displacement 
curves of the experimental specimens up to their peak loads. 

The unconfined plain cylinders in Types 1 to 3 showed an 
analogous amount of energy at approximately 330 kN∙mm 
(2920 lb∙in.); contrarily, those in Types 4 and 5 demonstrated 
lower values of 136 and 174 kN∙mm (1204 and 1540 lb∙in.), 
respectively. When the concrete was confined, the energy 
of Type 1 was greater than that of the others, particularly 
discernable from Types 4 and 5. To better elucidate the 
implications of morphology, the energy density (energy 
per unit volume) of the respective types was figured out 
and summarized in Fig. 6(b). Even with contemplating the 
preload levels, Type 1 was still the highest, reaffirming that 
the cylinder geometry was a crucial factor for controlling 
the effectiveness of CFRP in terms of energy dissipation, 
whether the core concrete was deficient or not.

Failure mode
Pictured in Fig. 7(a) are the failure modes of the plain 

cylinders. Unlike the right-angle specimen associated with 
an archetypal shear plane, the truncated cones in Types 2 
and 3 involved several cracks initiating from the top of the 
cylinders where the smallest cross-sectional area carried the 
applied load. The barrel-shaped concrete in Types 4 and 5 
was split into two parts with a concentrated crack, implying 
that the internal stresses were transferred to the larger 
sections before the top portion of the cylinders was frag-
mented. The confined specimens in Types 1 and 3 failed by 

Fig. 3—Load-carrying capacity: (a) confined and unconfined concrete specimens without preloading (0%fc′); (b) confined 
concrete with preloading; (c) normalized capacity; and (d) confinement effect.
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the rupture of CFRP (Fig. 7(b) and (c), respectively), and the 
disintegrated region was above the midheight of the cylin-
ders. The appreciably spalled concrete substantiates that 
the cores were severely damaged prior to the activation of 
the CFRP jacket (known as passive confinement11), and no 
conspicuous difference was discovered between the intact 
and preloaded cores. With regard to the case of Types 4 and 
5 (Fig. 7(d) and (e), respectively), a distinct propensity was 
found: the CFRP sheets were ruptured along the vertical 
direction of the specimens, especially near the midheight. 
The succeeding section accounts for the mechanism of these 
failure observations.

ANALYTICAL MODELING
To complement experimental findings, a theoretical study 

is undertaken in compliance with ACI 440.2R-17.11 The 
variable geometry of confined concrete is allowed for, and 
the applicability of existing design provisions is appraised. 
Through parametric investigations, data are generated to 
propose design recommendations.

Description
The cross-sectional areas (A(x)) of the truncated cone and 

barrel shapes are calculated by Eq. (5) and (6) and shown in 
Fig. 8(a) and (b), respectively

	​ A​(x)​  =  ​ π _ 4 ​​​(​d​ 1​​ − ​ 
​(h − x)​​(​d​ 1​​ − ​d​ 3​​)​  _____________ h  ​)​​​ 

2

​​	 (5)

	​ A​(x)​  =  ​ π _ 4 ​​​(​d​ 2​​ − ​ 2 _ h ​​(​ h _ 2 ​ − x)​​(​d​ 2​​ − ​d​ 3​​)​)​​​ 
2

​​if 0 ≤ x ≤ h/2	 (6a)

	​ A​(x)​  =  ​ π _ 4 ​​​(​ 2 _ h ​​(​ h _ 2 ​ − x)​​(​d​ 2​​ − ​d​ 1​​)​ + ​d​ 2​​)​​​ 
2

​​if h/2 < x ≤ h	 (6b)

where di is the characteristic diameters (i = 1, 2, and 3); h is 
the height of the cylinder; and x is the axial distance from the 
cylinder bottom. The axial capacity (fcc′) and confining pres-
sure (fl) of the CFRP-strengthened concrete are expressed as 
(Fig. 8(c)11)

	 fcc′ = fc′ + ψf3.3κafl	 (7)

	​ ​f​ l​​  =  ​ 
2​E​ f​​n​t​ f​​​(​κ​ ε​​​ε​ fu​​)​

 ___________ D​(x)​  ​​	 (8)

where ψf and κa are the reduction and shape factors, respec-
tively (ψf = 1 for the test results and κa = 1 for circular 
sections); κε is the strain efficiency factor (κε = 0.55 for 
design); and D(x) is the variable diameter of the cylinder. 
Combining Eq. (7) and (8) to solve for experimental strain 
efficiency factors yields

Fig. 4—Damage evolution: (a) determination of Weibull parameters; (b) distribution of damage index; (c) damage index with 
preload level; and (d) reserved reliability.
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	​ ​κ​ ε​​  =  ​ 
​(​fcc ′ ​ − ​fc ′ ​)​D​(x)​

  ______________ 6.6​E​ f​​n​t​ f​​​ε​ fu​​ ​   ≤  1.0​	 (9)

Confinement system
Efficiency of CFRP—Figures 9(a) and (b) exhibit the 

strain efficiency factors of selected cylinders to illustrate 
the ramifications of the variable cross sections (the average 

test values of fcc′ and fc′ were put into Eq. (9)). For compar-
ison, a normalized height ratio was used (x/h). The efficiency 
factor of the Type 1 cylinder was constant along the height 
ratio (Fig. 9(a)), while the degree of efficiency diminished 
with the increased preload level: 16.1% and 20.9% drops 
were noticed in the 30%fc′ and 60%fc′ cases from the control 
cylinder with 0%fc′, respectively, due to the damaged core. 

Fig. 5—Load-displacement relationship: (a) Type 1 without preloading (0%fc′); (b) Type 3 with variable preload levels; 
(c) Type 5 with variable preload levels; and (d) confined concrete at 30%fc′.

Fig. 6—Energy dissipation: (a) confined and unconfined specimens at 0%fc′; and (b) average energy density of confined spec-
imens at variable preload levels.
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The design factor of κε = 0.55 specified in ACI 440.2R-1711 
was sufficiently conservative and enveloped the experimen-
tally determined factors. As the height ratio of the barrel-
shaped cylinders in Type 5 went up (Fig. 9(b)), the effi-
ciency factor ascended to the midheight of the specimens 
and symmetrically descended. Although the influence of the 
preload load was similar to the Type 1 specimens (14.0% 
and 24.2% drops in the 30%fc′ and 60%fc′ cases at x/h = 
0.5, respectively), the magnitudes of the efficiency factors 
in Type 5 were lower than that of ACI 440.2R-17.11 This 
observation implies that an alternative design approach is 

necessary for cylindrical concrete possessing variable cross 
sections.

Figure 9(c) shows the κε factors of the individual shapes 
divided by the invariable factor of Type 1 with 0%fc′. The 
truncated-cone cylinders in Types 2 and 3 maintained a 
uniform ratio of 1.09 until the x/h ratios of 0.77 and 0.69 
were reached, respectively; afterward, these factors declined 
below the reference value of 1.0 in Type 1. Speaking of the 
barrel shapes, the radius of concave curvature on the flank 
dominated the efficiency of the CFRP sheets. For example, 
the ratios of Types 4 and 5 were 1.09 and 0.61 at x/h = 0.5, 
respectively. When the impaired core concrete was retro-
fitted (Fig. 9(d)), the ratio profiles of Types 2 and 3 altered 
substantially and the ratios of Types 4 and 5 changed as 
well, which were obvious signs of manifesting redistributed 
internal stresses within the confinement system. It is, thus, 
stated that both geometric configurations and soundness of 
the core influenced the use of CFRP.

Confining pressure—By substituting the aforementioned 
strain efficiency factors into Eq. (8), the confining pressure 
of each type with 0%fc′ was calculated and is plotted at three 
locations (top, middle, and bottom) in Fig. 10(a). The right-
angle cylinder in Type 1 demonstrated a single value of 
11.4 MPa (1653 psi), while the truncated-cone cylinders in 

Fig. 7—Failure mode: (a) unconfined concrete; (b) Type 1; (c) Type 3; (d) Type 4 at 0%; and (e) Type 5 at 60%.

Fig. 8—Analytical model: (a) truncated cone; (b) barrel; 
and (c) confining pressure across section.
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Types 2 and 3 revealed distinguishable pressures along the 
axial direction. With an increase in the inclined angle from 7 
degrees (Type 2) to 14 degrees (Type 3), the confining pres-
sures of the cone cylinders decreased. The noticeable reduc-
tion at the bottom of the cylinders (8.3 and 6.3 MPa [1204 
and 914 psi] for Types 2 and 3, respectively) is explained 
by the fact that, from a mechanics point of view, the radial 
stresses of the cross sections were inversely proportional 
to the distance from the origin of the polar coordinate 
space28; hence, the enlarged bottom sections resulted in the 
lower pressures. Regarding the barrel-shaped cylinders in 

Types 4 and 5, the confining pressures were insensitive to 
the axial locations because the contribution of the bulged 
portion (D(x) in Eq. (8)) was offset by the lessened strain 
efficiency factors (κε in Fig. 9(b)). To approximate the verti-
cally varying confining pressures, the root mean square 
(RMS) of all types was taken alongside the preload levels 
(Fig. 10(b)). The cylinders with the inclined and curvilinear 
topography showed less pressure owing to the previously 
described geometric reason and, albeit locally irregular, the 
RMS pattern of the core-damaged specimens resembled that 
of the control ones (0%fc′).

Fig. 9—Strain efficiency factor: (a) Type 1; (b) Type 5; (c) normalized strain efficiency factor at 0%fc′; and (d) normalized 
strain efficiency factor at 60%fc′.

Fig. 10—Confining pressure: (a) selected locations at preload level of 0%fc′; and (b) root-mean-square confining pressure.



98 ACI Structural Journal/July 2023

Parametric study
Figure 11 exhibits the effects of CFRP properties on the 

confining pressure of the strengthened concrete. Unless 
otherwise stated, the attributes of the experimental spec-
imens were taken as the default. Graphed in Fig. 11(a) to 
(c) are the consequences of CFRP moduli ranging from Ef = 
100 to 300 GPa (14,504 to 43,511 ksi), encompassing most 
commercial products available in the market.11 The use of 
high-modulus CFRP uniformly incremented the confining 
pressure in Type 1 (Fig. 11(a)), whereas the pressure inter-
vals became narrow: for instance, the pressures were raised 
by 50.2% and 20.1% associated with Ef = 100 to 150 GPa 
(14,504 to 21,756 ksi) and Ef = 250 to 300 GPa (36,260 to 
43,511 ksi), respectively. When the moduli were changed 
for the truncated-cone cylinders in Type 3 (Fig. 11(b)), the 
almost-straight profile with Ef = 100 GPa (14,504 ksi) was 
gradually transformed to nonlinear layouts; accordingly, 
the top region of the cylinder (x/h = 1) was more respon-
sive than the bottom (x/h = 0). The conformation of pres-
sure distributions was bowed in Type 5 (Fig. 11(c)), and the 
extent of warping was contingent upon the modulus. The 
midheight of the barrel-shaped cylinder at x/h = 0.5 was the 

least sensitive, and the pressure difference between Ef = 100 
and 300 GPa (14,504 and 43,511 ksi) was broadened near 
the top and bottom. The outcomes of adjusting the thickness 
and failure strain of the CFRP sheets (0.1 mm [0.0039 in.] ≤ 
tf ≤ 0.3 mm [0.012 in.] in Fig. 11(d) to (f) and 0.010 ≤ εfu ≤ 
0.018 in Fig. 11(g) to (i), respectively) brought about the 
confining-pressure development similar to the case of the 
modulus. Nonetheless, the response range of the pressures 
belonging to the thickness variation was wider than its fail-
ure-strain counterpart. Overall, the response sensitivity of 
the confining pressure was preponderated by the thickness, 
modulus, and rupture strain of CFRP in order.

DESIGN RECOMMENDATIONS
A practical approach is conceptualized to assist engi-

neering professionals in performing the rehabilitation of 
concrete members under axial compression. Based on the 
assumption that the total energy of CFRP-confined elements 
is conserved in line with the notion of fundamental physics, 
succinct expressions are suggested, and their applicability is 
evaluated.

Fig. 11—Effects of CFRP properties: (a) modulus for Type 1; (b) modulus for Type 3; (c) modulus for Type 5; (d) ply thickness 
for Type 1; (e) ply thickness for Type 3; (f) ply thickness for Type 5; (g) failure strain for Type 1; (h) failure strain for Type 3; 
and (i) failure strain for Type 5.



99ACI Structural Journal/July 2023

Formulation
For design convenience, the geometry of the truncated 

cone (Types 2 and 3) and barrel (Types 4 and 5) cylinders 
may be converted to the shape of the right-angle cylinder 
(Type 1). Pursuant to the principle of energy conservation, 
the actual strain energy of the test cylinders (Uact) equals the 
equivalent strain energy (Ueq)

	 Uact = Ueq	 (10)

	​ ​U​ act​​  =  ​ ∫ 
0
​ 
h
​​  ​P​​ 2​ _ 2EA​(x)​ ​ dx​​	 (11)

	 Ueq = P2h/2EAeq	 (12)

where P is the applied axial load; E is the elastic modulus of 
the confined cylinder; A(x) is the variable cross-sectional area 
of the test cylinder; and Aeq is the equivalent cross-sectional 
area of the right-angle cylinder. Solving Eq. (10) to (12) for 
Aeq yields

	​ ​A​ eq​​  =  ​  h _ 
​ ∫ 

0
​ 
h
​​  1 _ A​(x)​ ​ dx​

 ​​	 (13)

The variable cross-sectional areas of the nonconventional 
cylinders (Eq. (5) and (6)) are plugged in and simplified to 
offer

	​ ​ ∫ 
0
​ 
h
​​  1 _ A​(x)​ ​ dx​  =  ​ ∫ 

0
​ 
h
​​ 4 _ π ​​​{​ 

​(​d​ 1​​ − ​d​ 3​​)​ _ h  ​ x + ​d​ 3​​}​​​ 
−2

​dx​​ for Types 2 and 3		
		  (14)

	​ ​ ∫ 
0
​ 
h
​​  1 _ A​(x)​ ​dx​  =  ​ ∫ 

0
​ 
h
​​ 4 _ π ​ ​​{​ 

2​(​d​ 2​​ − ​d​ 3​​)​ _ h  ​ x + ​d​ 3​​}​​​ 
−2

​dx​​ for Types 4 and 5 		
	                                                          (0 ≤ x ≤ h/2)	(15a)

	​ ​ ∫ 
0
​ 
h
​​  1 _ A​(x)​ ​dx​  =  ​ ∫ 

0
​ 
h
​​ 4 _ π ​ ​​{​ 

2​(​d​ 1​​ − ​d​ 2​​)​ _ h  ​ x + ​(2​d​ 2​​ − ​d​ 1​​)​}​​​ 
−2

​dx​​

	
for Types 4 and 5 (h/2 < x ≤ h)	 (15b)

These manipulated formulas are used to determine the 
equivalent cross-sectional areas of the specimens in tandem 
with Eq. (13)

	 Aeq = (π/4)d1d3 for Types 2 and 3	 (16)

	​ ​A​ eq​​  =  ​ π _ 4 ​​d​ 3​​​(2​d​ 2​​ − ​d​ 3​​)​​ for Types 4 and 5 (0 ≤ x ≤ h/2)		
		  (17a)

	​ ​A​ eq​​  =  ​ π _ 4 ​​d​ 1​​​(2​d​ 2​​ − ​d​ 1​​)​​ for Types 4 and 5 (h/2 < x ≤ h)		
		  (17b)

Finally, the equivalent diameters of the truncated-cone 
and barrel cylinders are attained for calculating the confining 
pressure in Eq. (8)

	​ ​D​ eq​​  =  ​√ 
_

 ​d​ 1​​​d​ 3​​ ​​ for Types 2 and 3	 (18)

	​ ​D​ eq​​  =  ​√ 
_

 ​d​ 3​​​(2​d​ 2​​ − ​d​ 3​​)​ ​​ for Types 4 and 5 (0 ≤ x ≤ h/2)		
		  (19a)

	​ ​D​ eq​​ =  ​√ 
_

 ​d​ 1​​​(2​d​ 2​​ − ​d​ 1​​)​ ​​ for Types 4 and 5 (h/2 < x ≤ h)		
		  (19b)

Considering that the confining pressure of CFRP tended 
to show a parallel shift for the preloaded cores without 
reshaping the RMS pattern (Fig. 10(b)), Eq. (18) and (19) 
can be applicable regardless of core condition.

Implementation
Figures 12(a) and (b) compare the cross-sectional areas 

of the actual and equivalent cylinders. The constant area of 
A(x)  = 7850 mm2 (12.6 in.2) in Type 1 steadily increased 
up to A(x) = 31,400 mm2 (50.2 in.2) in Types 3 and 5; by 
contrast, the equivalent areas of Types 3 and 5 were Aeq = 
17,500 and 23,550 mm2 (28 and 37.7 in.2), respectively. 
The confining pressures of the actual Type-3 and -5 cylin-
ders without preloading spanned from 3.4 to 6.9 MPa (493 
to 1001 psi); however, their equivalent pressures were 
4.9 and 4.0 MPa (711 and 580 psi) in Fig. 12(c) and (d), 
respectively. It should be noted that the efficiency factor of 
κε = 0.55 prescribed in ACI 440.2R-1711 was employed to 
generate conservative design outcomes. For the assessment 
of the equivalent cross-sectional area, the strengths of the 
confined cylinders (fcc′) collected from the parametric study 
were adopted and are displayed in Fig. 13(a). The 12,060 
data points relating the strengths calculated with the actual 
and equivalent diameters in Types 2 to 5 revealed an average 
absolute error of 4.6%. Figure 13(b) shows the coefficient 
of variation (COV) of the ratios between fcc′ (actual) and fcc′ 
(equivalent) in Types 1 to 5, containing 15,075 data points. 
The degree of scatter was found to be less than COV = 0.063 
for the proposed design method, which was lower than 
a typical COV range of 0.12 to 0.17 for the compressive 
strength of ordinary concrete.29

SUMMARY AND CONCLUSIONS
This paper explored the consequences of variable geom-

etry on the behavior of carbon fiber-reinforced polymer 
(CFRP)-confined concrete subjected to monotonic 
compression. A total of 60 cylinders were tested with the 
succeeding configurations: right angles (Type 1), truncated 
cones (Types  2 and 3), and barrels (Types 4 and 5). For 
the representation of existing damage in constructed struc-
tures, the specimens were preloaded to 0%fc′, 30%fc′, and 
60%fc′ before applying CFRP sheets. The axial responses 
of the confined cylinders were examined against those of 
plain cylinders to characterize their load-bearing capacities, 
damage growth, vertical deformations, and failure mecha-
nisms. The theoretical models, formulated per the principle 
of energy conservation, expatiated on a relationship between 
the spatial arrangement of the concrete and the performance 
of the CFRP system. The results of a sensitivity analysis 
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were employed to impart technical information for the sake 
of practicing engineers. The following are concluded.
•	 For Type 1, the average capacity of the confined concrete 

was 106% higher than that of the plain concrete. The 
increased taper angles in Types 2 and 3, incorpo-
rating reduced bearing stresses, raised the compres-
sive strength of the confined specimens; however, the 
bulged portion of Types 4 and 5 with CFRP lowered the 

ability to take the applied load by up to 35%. Even if the 
preexisting core damage was detrimental, the confine-
ment system was still effective in terms of upgrading the 
load-bearing capacity.

•	 The probability-based Weibull model supported that 
the activation of the CFRP jackets drastically alleviated 
the evolution of damage in the confined concrete and 
also articulated the vulnerability of the barrel-shaped 

Fig. 12—Equivalent properties of variable cylindrical specimens with 0%fc′: (a) cross-sectional area of truncated cone shape; 
(b) cross-sectional area of barrel shape; (c) confining pressure of truncated cone shape; and (d) confining pressure of barrel 
shape.

Fig. 13—Assessment for implementation: (a) comparison of strength between actual and equivalent diameters of Types 2 to 5; 
and (b) variation range of individual cylinder types.
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cylinders to the axial loading. Without regard for the 
geometry, the reserved reliability of the confined speci-
mens consistently decreased when the initial condition 
of the cores was degraded.

•	 The linear load-displacement behavior of Type 1 was 
transformed to a combination of diverse responses in 
other types, comprising unstable post-peak deforma-
tions coupled with the preloading effects and the uneven 
rupture of CFRP. Concerning energy dissipation, the 
cylinders in Types 1 to 3 were clustered with compa-
rable magnitudes, which were greater than those of 
Types 4 and 5 by over 59%, and the confined ones indi-
cated a resemblant trend. The conventional shear-plane 
failure of Type 1 differed from the radially cracked trun-
cated cones (Types 2 and 3) and the localized cracking 
of the barrels (Types 4 and 5).

•	 The strain efficiency factor of CFRP (κε) was governed 
by the soundness of the core concrete and the conforma-
tion of the cylinders. In comparison with the constant 
κε factor of Type 1, the presence of the taper angle and 
concave curvature in Types 2 to 5 lowered the factors 
along the cylinder height and redistributed internal 
stresses; accordingly, the confining pressures of the 
CFRP system were adjusted.

•	 The sensitivity analysis disclosed that, among other 
material properties, the thickness of CFRP was the most 
influential parameter in quantifying the confining pres-
sure of the system. The strength of the confined concrete 
involving the variable cross sections was reasonably 
approximated using the suggested design method at an 
average absolute error of 4.6% and the coefficient of 
variation (COV) of 0.063.
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The conversion of material density during nonlinear topology 
optimization (NTO) results in the excessive distortion of minimum- 
density elements. An automatic stiffness adjustment technique 
is first proposed to overcome numerical instability. A multi- 
proportional growth strategy of the minimum-density element stiff-
ness is given according to the change of maximum strain. On this 
basis, a generation method of optimal load paths for corroded rein-
forced concrete (CRC) beams is presented by considering material 
properties loss and bond degradation. The design sensitivity in the 
form of corrosion-damaged strain energy is then derived based 
on the adjoint variable method. Finally, the effectiveness of the 
proposed method is illustrated by numerical examples. The load 
paths of CRC beams under various corrosion levels are studied. 
Results show that the proposed method can reasonably generate 
the load paths of CRC beams without the numerical instability.

Keywords: automatic stiffness adjustment; corroded reinforced concrete 
(RC) beams; nonlinear topology optimization; optimal load paths.

INTRODUCTION
Reinforcement corrosion is recognized as one of the 

dominant destructive factors of reinforced concrete (RC) 
structures1,2 and affects structural capacity mainly through 
material properties loss, bond degradation, and spalling 
of concrete cover.3-5 When RC structures undergo these 
damages, the trajectory patterns of internal forces will be 
changed. The trajectory patterns of internal forces (that is, 
load paths) are of primary importance for describing the 
force transfer mechanisms and guiding structural reinforce-
ment, especially for RC beams under corrosion damage.

Some topology optimization methods6-9 have been 
successfully applied in RC structures to generate the load 
paths. Early contributions8,10,11 mainly focused on capturing 
the load paths of elastic RC structures. These studies 
overlook the effects of embedded reinforcement and the 
tension-compression asymmetric response of concrete on 
the load paths of RC structures. Several nonlinear optimi-
zation methods,6,7,9,12 considering the elastoplastic mechan-
ical properties of concrete and reinforcement, have been 
proposed to seek the optimal layouts of the two materials 
within RC structures. However, the stress constraints were 
imposed in these methods,12 leading to incomplete nonlinear 
response during nonlinear topology optimization (NTO) 
process. It is difficult to capture the actual trajectory of load 
paths of corroded reinforced concrete (CRC) beams with 
these methods due to the neglect of bond behavior between 
reinforcement and concrete.

Corrosion damage can affect structural nonlinear response 
and change the trajectory of load paths within CRC beams. 
The load paths of CRC beams are not only related to the 
elastoplastic mechanical behavior of corroded reinforcement 
and concrete, but also the bond behavior between them. The 
embedded reinforcement has stiffness contribution to RC 
structures through the bond behavior. The material proper-
ties loss and bond degradation caused by corrosion decrease 
the stiffness contribution of reinforcement and further affect 
the trajectory of load paths within CRC beams. Until now, 
there are few studies on generating the load paths of RC 
beams considering corrosion damage.

Numerical instability can be observed during the gener-
ation of load path for CRC beams. The minimum-density 
elements in the bidirectional evolutionary structural opti-
mization (BESO) method are simulated as elastic material 
with infinitesimal stiffness by using the material interpo-
lation schemes.13-15 The minimum-density elements with 
the infinitesimal stiffness can cause excessive distortion 
and numerical instability during NTO process.16,17 Some 
methods have been proposed to overcome the numerical 
instability, including the element removal method,18 the 
convergence criterion relaxation method,19-21 the energy 
interpolation scheme,22 the element connectivity parame-
terization method,23 and the additive hyperelasticity tech-
nique.17 These methods mainly focus on the geometrically 
nonlinear topological configurations of elastic structures. 
However, these methods are difficult to use for generating 
the load paths of CRC beams due to their complexity.

This paper aims to propose a generation method of optimal 
load paths for CRC beams based on the automatic stiffness 
adjustment technique. The remaining context is arranged as 
follows: First, an automatic stiffness adjustment technique is 
presented to overcome the numerical instability. Then, the 
proposed method gives the nonlinear optimization formu-
lation and the design sensitivity. The material properties 
loss and bond degeneration caused by corrosion are also 
considered. Subsequently, the optimization procedure for 
the generation of load paths of CRC beams is given. Finally, 
the effectiveness of the proposed method is illustrated. The 
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load paths of CRC beams under various corrosion levels are 
studied.

RESEARCH SIGNIFICANCE
The load paths of RC structures are of primary impor-

tance for describing the force transfer mechanism and aiding 
structural design and repair. Some topology optimization 
methods have been successfully applied in elastic RC struc-
tures for generating the load paths. However, these methods 
are difficult to capture the actual trajectory of load paths 
for CRC structures. The force transfer mechanism of CRC 
structures is still difficult to understand. It is time-consuming 
and difficult for structural designers to find the appropriate 
strut-and-tie models of CRC structures by using conven-
tional methods. No study has been conducted to search the 
load paths of CRC structures. Therefore, this study aims to 
propose a generation method of load paths for CRC beams 
by considering material property loss and bond degradation.

AUTOMATIC STIFFNESS ADJUSTMENT 
TECHNIQUE OF MINIMUM-DENSITY ELEMENTS
In this section, an automatic stiffness adjustment tech-

nique is proposed to overcome numerical instability during 
the generation of load paths for CRC beams. A multi- 
proportional growth strategy of minimum-density element 
stiffness is given according to the change of maximal strain. 
The minimum-density element stiffness can be automatically 
adjusted in different proportions according to the change of 
maximum strain until the threshold value is reached.

The removal of elements in the BESO method24 is realized 
by switching the fictitious density from maximum density 
1.0 to minimum density x̃m. The stiffness matrix of each 
element ki is related to density x̃i, which is defined as

	 ​k​ i​​  =  x ̃ip ​∫ ​v​ co​​​ ​​ ​B​​ T​ ​D​ c​​ Bd ​v​ c0​​  =  x ̃ip​k​ c​​, x̃i = x̃m, or 1	 (1)

where B is the strain-displacement matrix; kc is the stiffness 
matrix of concrete element; vco is the volume of concrete 
element; Dc is the elastoplastic constitutive matrix; and 
P is the penalty factor, which should be greater than 1 to 
make sure the existence of 0/1 solution.25 The penalty 
factor is usually taken as P = 3. The elemental density x̃i = 
xm indicates that the i-th element is void status (that is,  
minimum-density elements) and its elemental stiffness is 
x̃m

pkc. The minimum density is usually taken as x̃m = 0.001. 
The elemental stiffness is artificially reduced by a factor 
of 10–9. The infinitesimal stiffness can cause the excessive 
distortion of minimum-density elements and lead to the 
numerical instability during NTO process.

A simple method is to increase the minimum-density 
element stiffness to alleviate its excessive distortion. The 
minimum-density elements with the infinitesimal stiffness 
have little effect on the nonlinear response of original struc-
tures. However, the increasing stiffness of the minimum- 
density elements can affect the nonlinear response of remod-
eled structures and cause computation errors during the 
NTO process.17 Hence, an automatic stiffness adjustment 
technique is proposed to overcome the numerical instability 
and restrain the errors caused by the increasing stiffness.

The minimum-density elements with the increasing 
stiffness can be regarded as a weakly elastic material. The 
element stiffness of the weakly elastic material can be 
formulated as

	​ ​k​ e​​  =  ​∫ ​v​ i​​​ ​​ ​B​​ T​ ​D​ e​​ Bd ​v​ i​​​, De = ​​  ​E​ min​​ _ 1 − ​v​ e​ 2​
 ​​[​ 1​ ​v​ e​​​ 

0
 ​​
  ​v​ e​​

​ 1​ 
0
 ​​ 

0

​ 0​ 
  ​ 1 − ​v​ e​​ _ 2  ​

​]​​	 (2)

where ke is the stiffness matrix of the weakly elastic material; 
De is the elastic constitutive matrix; vi the volume of the i-th 
element; and ve and Emin are the Poisson’s ratio and elastic 
modulus of the weakly-elastic material, respectively.

The minimum-density element stiffness can be adjusted 
by changing the elastic modulus, Emin. The elastic modulus 
Emin in the k-th optimization step can be automatically 
adjusted by tracking the maximal strain of minimum-density 
elements. The maximum strain increment of the minimum- 
density elements is different in each optimization step. If the 
maximum strain increment is large, the minimum-density 
element stiffness should be adjusted by a large amplitude. 
On the contrary, a small strain increment corresponds to a 
small adjustment amplitude of the minimum density element 
stiffness. Therefore, a multi-proportional growth strategy is 
given to adjust the minimum-density element stiffness in 
different proportions.

The minimum-density element stiffness can be automat-
ically adjusted according to the maximal strain. The initial 
elastic modulus Emin

0 should be set as a relatively high 
value to avoid the numerical instability. In the k+1 optimi-
zation step, ​​E​ min​ k+1​​ can be automatically adjusted by using the 
multi-proportional growth strategy. When the maximal strain 
εmax

k is greater than the strain threshold ε*, the multi-propor-
tional growth strategy can be expressed as
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When εmax
k ≤ ε*, the multi-proportional growth strategy 

can be expressed as

	​ ​E​ min​ k+1​  =  max(f​(x)​ + 1 − f​(1)​, ​α​ 4​​ )  ⋅ ​E​ min​ k  ​​ (MPa)	 (4)

where Emin
k and ​​E​ min​ k+1​​ are the elastic modulus of minimum- 

density elements in the k-th and k+1 optimization step, 
respectively; εmax

k is the maximal strain of minimum-density 
elements; α1, α2, α3, and α4 are the coefficients to control the 
growth rate of element stiffness; and ε* is the strain threshold 
of minimum-density elements. The initial threshold value ε* 
is equal to the maximal strain of concrete elements in the 
original numerical model. The strain threshold value ε* is 
then updated to ε* = (εmax

k + ε*)/2 in each optimization step. 
f(x) is the sigmoid function, which can be expressed as

	 f(x) = 1/(1 + e−x x) > 0	 (5)

where the independent variable x is defined as x = 
εmax

k/ε*, which represents the deformation degree of the 
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minimum-density elements. The sigmoid function is adopted 
to adjust the elastic modulus Emin

k, as illustrated in Fig. 1.
According to the difference of the strain increment of the 

minimum-density elements, the range of the variable x can 
be divided into multiple intervals. In different intervals, the 
element stiffness can be automatically adjusted in different 
proportions according to the change of maximum strain until 
the threshold value is reached. Therefore, the coefficient α1 
should be greater than 1 and less than the constant e. The 
coefficient α2 should be greater than 0 and less than α3, and 
the coefficient α3 should be less than the constant e. The 
coefficient α4 should be greater than 0 and less than 1.

When εmax
k > ε*, it means that some portions of the  

minimum-density elements will be excessive distortion in 
the next optimization step. The elastic modulus, Emin

k, should 
be increased to alleviate the excessive distortion. Then, the 
minimum-density element stiffness can be increased based 
on the multi-proportional growth strategy according to the 
maximal strain. If εmax

k ≤ ε*, Emin
k should be reduced to 

restrain the errors caused by the increasing stiffness. The 
maximum elastic modulus of minimum-density elements, 
Emin

k, eventually approaches the threshold value Emax during 
NTO process.

NONLINEAR OPTIMIZATION FORMULATION AND 
SENSITIVITY ANALYSIS OF CRC BEAMS

A classical formulation of NTO for minimum-compliance 
problems can be written in terms of the scalar product of 
load vector F and displacements vector U. The bond degra-
dation and material property loss induced by corrosion can 
affect the structural displacement U and then change the load 
paths within CRC beams. A generation method of load paths 
for CRC beams is proposed based on the automatic stiffness 
adjustment technique. The design sensitivity in the forms 
of the corrosion-damaged element strain energy is derived 
based on the adjoint variable method.

Material property loss and bond degeneration
The concrete damaged plasticity (CDP) model26 in 

ABAQUS is employed to simulate the asymmetric responses 
in tension and compression of concrete. More details on the 
CDP model and corresponding parameters can be found 
elsewhere.26,27 Corrosion damage can decrease the compres-
sive strength of concrete. It is assumed that the longitu-
dinal reinforcement is subjected to uniform corrosion. The 
compressive strength of corrosion-damaged concrete fcm′ 
can be expressed as28,29

	​  ​fcm ′ ​  =  ​ 
​f​ cm​​
 ____________  1 + ​k​ r​​ ⋅ ​ε​ 1​​ / ​ε​ cu​​

 ​​  (MPa)	 (6)

where fcm is the compressive strength of uncorroded concrete; 
kr = 0.1 is the empirical coefficient; εcu is the maximal 
compressive strain; and ε1 is the average tensile strain of 
cracked concrete, which can be expressed as28,29

	 ε1 = nbs ∙ wcr/bw	 (7)

where bw is the width of uncorroded RC beam; nbs is the 
number of steel bars under compression; and wcr is the total 
crack width of CRC beam, which can be calculated as28,30

	 wcr = 2πX(urs – 1) (mm)	 (8)

where urs = 2 is the volumetric expansion rate; and X is the 
corrosion depth that can be expressed as31

	​ X  =  ​(1 − ​√ 
_

 1 − ​η​ l​​ ​)​ ​r​ l​​​ (mm)	 (9)

where rl is the radius of longitudinal reinforcement; and ηl 
is the corrosion level of longitudinal reinforcement, which is 
defined as the ratio of the mass loss of corroded reinforce-
ment to the mass of uncorroded reinforcement32

	 ηl = Δml,η/ml = ΔAl,η/Al ∙ 100% (%)	 (10)

where Δml,n is the mass loss of corroded reinforcement; ml 
is the mass of uncorroded reinforcement; ΔAl,n is the loss 
of sectional area of corroded reinforcement; and Al is the 
sectional area of uncorroded reinforcement.

The bilinear constitutive law proposed by Cairns et al.33 
is employed to character the tensile strength of corroded 
reinforcement. The yield and ultimate strength of corroded 
reinforcement are given as

	 fly,η = (1 – αyηl)fly (MPa)	 (11)

	 flu,η = (1 – αuηl)flu (MPa)	 (12)

where fly,η and fly are the yield strength for corroded and 
uncorroded reinforcement, respectively; flu,η and flu are the 
ultimate strength for corroded and uncorroded reinforce-
ment, respectively; and αy = 0.012 and αu = 0.011 are the 
empirical coefficients.33

Bond degradation caused by corrosion can decrease the 
stiffness contribution of corroded reinforcement to struc-
tures. Bond behavior between corroded reinforcement and 
concrete is simulated by spring elements. The transverse stir-
rups and upper longitudinal reinforcement in test specimens 

Fig. 1—Schematic of sigmoid function.
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are usually epoxy coated to keep them free from corrosion.34 
Therefore, it is assumed that the transverse stirrup and upper 
longitudinal reinforcement are fully bonded to surrounding 
concrete. The bond strength τa,η of corroded longitudinal 
reinforcement can be expressed as29,35

​​τ​ a,η​​  	 =  0.6​(0.5 + ​ ​C​ c​​ _ ​D​ l​​ ​)​ ​f​ ct​​​(1 − λ ​X​​ ζ​)​ + ​ 
k ​A​ s,η​​ ​f​ sy,η​​ _ s ​D​ l​​  ​​ (MPa)	 (13)

where τa,η is the bond strength of corroded reinforcement; Cc 
is the depth of concrete cover; Dl is the diameter of longi-
tudinal reinforcement; As,η = (1 – ηs)As, where As,η and As 
are the sectional areas of corroded and uncorroded stirrups, 
respectively; ηs is the corrosion levels of corroded stirrups 
(units in %); λ = 0.4, ζ = 0.1, and k = 0.16 are the empir-
ical coefficients35,36; and s is the stirrup spacing. The tensile 
strength of concrete fct relates to the corresponding compres-
sive strength fcm, as ​​f​ ct​​  =  0.56 ​√ 

_
 ​f​ cm​​ ​​37; fsy,η is the yield strength 

of corroded stirrups, which can be expressed as38

	 fsy,η = (1 – 1.1 ∙ ηs)/(1 − ηs) (MPa)	 (14)

where fsy is the yield strength of uncorroded stirrups.
The stiffness of the spring elements can be defined by 

the bond strength and corresponding slip between corroded 
reinforcement and concrete.39 The stiffness of the spring 
elements can be expressed as

	 ksp = π ∙ Dl ∙ lr ∙ τa,η/S1	 (15)

where lr is the length of concrete element; and S1 is the slip 
at the maximum bond stress.

Optimization formulation of CRC beams
The goal of the optimization problem is to generate the 

load paths of CRC beams with minimum compliance. The 
nonlinear optimization problem of CRC beams is formu-
lated as

	 Minimize: C(x̃,Uηl) = fext
TUηl	 (16)

	

          Subject to:​

⎧

 
⎪

 ⎨ 
⎪

 

⎩

​ 

R​(x̃, ​U​ ​η​ l​​​​)​  =  0

​  
​∑ 
i=1

​ 
n
 ​​ ​x̃​ i​​ ​v​ i​​  ≤  ​V​​ *​

​  
 x ̃ =  ​​[​x̃​ 1​​   ​x̃​ 2​​ · · · · ​x ̃​ n​​]​​​ 

T
​
​   

​x̃​ i​​  ∈  ​(​x ̃​ m​​ , 1)​ ​(i  =  1,  2,  ·  ·  ·  · n)​

​​	 (17)

where C(x̃,Uηl) is the objective function (that is, compliance 
of CRC beams); x̃ is the element density vector; x̃i is the 
density variable of the i-th element; fext is the external force 
vector; Uηl is the displacement vector under the corrosion 
levels ηl; vi and V* are the volume of the i-th element and the 
target volume fraction, respectively; n is the total number of 
concrete elements in the design domain; and R(x̃,Uηl) is the 
residual force vector of CRC beams.

 Newton’s method26 is adopted to solve the nonlinear equi-
librium equations of CRC beams. The residual force of CRC 
beams can be expressed as

	 R(x̃,Uηl) = fext – fint(x̃,Uηl)	 (18)

where fint(x̃,Uηl) is the internal load vector. When the residual 
force R(x̃,Uηl) is less than the tolerance (that is, 0.5%), the 
structure is in equilibrium state under the external load 
fext. A converged solution is obtained when the increment 
converges is less than 15 iterations.

Sensitivity analysis considering corrosion damage
The sensitivity is the derivative of the objective function 

C(x̃,Uηl) with respect to the design variable, x̃i, which can be 
given as16,17,22

	​ ​ 
∂ C​(x ̃, ​U​ ​η​ l​​​​)​ _ ∂ ​x̃​ i​​

  ​  =  − ​( ​f​ ext​​ ​K​ t,​η​ l​​​ −1 ​ )​​ T​ ​ 
∂ ​f​ int​​​(x̃, ​U​ ​η​ l​​​​)​ _ ∂ ​x̃​ i​​

  ​​	 (19)

where Kt,ηl is the tangent stiffness matrix of CRC beams. 
During the finite element analysis (FEA), the equilibrium 
equations in the m-th and m+1 iteration steps are respec-
tively expressed as

	 fext
m – fint

m (x̃,Uηl
m) = 0	 (20)

	​ ​f​ ext​ m ​ + δ ​f​ ext​ m+1​ − ​f​ int​ m+1​​( ​x̃,U​ ​η​ l​​​ 
m+1​)​  =  0​	 (21)

where ​δ ​f​ ext​ m+1​​ is the increment of external force. The Taylor 
series of the internal load ​​f​ int​ m+1​​(x̃, ​U​ ​η​ l​​​ m+1​)​​ can be expressed as16

	​ ​f​ int​ m+1​​(x̃, ​U​ ​η​ l​​​ m+1​)​  =  ​f​ int​ m ​​(x̃, ​U​ ​η​ l​​​ m​)​ + ​K​ t,​η​ l​​​ m ​ δ ​U​ ​η​ l​​​ m+1​ + o​(δ ​U​ ​η​ l​​​ m+1​)​​	(22)

where ​o​(δ ​U​ ​η​ l​​​ m+1​)​​ is the higher-order infinitesimal, which can 
be neglected.16 Substituting Eq. (20) and (22) into Eq. (21), 
the term fextKt,ηl

−1 in the m+1 iteration step can be expressed 
as

	​ δ ​f​ ext​ m+1​ ​​K​ t,​η​ l​​​ m ​​​ −1​  ≈  δ ​U​ ​η​ l​​​ m+1​​	 (23)

Hence, the structural compliance can be approximated 
expressed as

	 C(x̃,Uηl) ≈ −Uηl
Tfint(x̃,Uηl)	 (24)

The term Uηl
Tfint(x̃,Uηl) can be regarded as the work of 

external forces (that is, strain energy). The sensitivity func-
tion ∂C(x̃,Uηl)/∂x̃i can be approximately rewritten as

	​ ​ 
∂ C​(x̃, ​U​ ​η​ l​​​​)​ _ 

∂ ​x̃​ i​​
  ​  ≈  − ​ 

​w​ i,​η​ l​​​​ _ 
∂ ​x̃​ i​​

 ​​	 (25)

where wi,ηl is the elemental strain energy.
The CRC beam consists of concrete material, weakly elastic 

material, and corroded reinforcement. The internal load 
fint(x̃,Uηl) can be written as

	 fint(x̃,Uηl) = fco,ηl + fwe + fcr,ηl	 (26)

where fco,ηl, fwe, and fcr,ηl are the internal load of concrete, 
weakly elastic material, and corroded reinforcement, respec-
tively. The internal load of corroded reinforcement is inde-
pendent of the design variable. Therefore, the term ∂fcr,ηl/∂x̃i 
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is equal to 0. The strain energy of the CRC beam at the 
equilibrium state is convenient to operate during the NTO 
process. The strain energy of each element can be directly 
obtained from the numerical result. The strain energy, wi,ηl, 
of the element i is given as

	 wi,ηl = x̃i
pwco,ηl + (1 – x̃i

p)wwe	 (27)

where wco,ηl and wwe are the strain energy of concrete and 
weakly elastic elements, respectively.

The sensitivity function based on the proposed method 
can be expressed as

	​ ​ 
∂ C​(x̃, ​U​ ​η​ l​​​​)​ _ 

∂ ​x̃​ i​​
  ​  =  ​ 

p
 _ 

​x̃​ i​​
 ​ ​x̃​ i​ 

p
​ ​w​ co,​η​ l​​​​ − ​ 

p ​​x̃​ i​​​​ 
p−1

​
 _ 

1 − ​​x̃​ i​​​​ 
p
​ + ​λ​ o​​

 ​​(1 − ​​x̃​ i​​​​ 
p
​)​ ​w​ we​​​	 (28)

where λo is a small constant,17 which can be set as λo = 10−10.

OPTIMIZATION PROCEDURE OF CRC BEAMS
The optimization procedure of the generation of load paths 

for CRC beams is given based on the automatic stiffness 
adjustment technique. The filtering scheme and the conver-
gence criterion are introduced in the proposed method. The 
optimization procedure of CRC beams consists of three 
stages: including pretreatment stage, optimization stage and 
stiffness adjustment stage. Figure 2 shows the flowchart of 
the optimization procedure of the generation of load paths 
for CRC beams. It can be outlined as follows.

In the pretreatment stage, the material parameters (that is, 
fcm′, fly,η, flu,η, and τa,η) are calculated, and then the consti-
tutive model of concrete and corroded reinforcement are 
defined. The FE model of CRC beam is established, and the 
FEA outputs are defined (that is, element strain energy).

In the optimization stage, the iteration process is similar to 
that of the BESO method.

Step 1: Define the optimization parameters (that is, rmin, 
V*, ER, ε*, Emax, and Emin

0).
Step 2: Carry out the FEA based on  ABAQUS and retrieve 

elastic and plastic strain energy of each element. The strain 
energy, wi, of element i can be expressed as40

	 wi = wi
e + wi

p	 (29)

where wi
e and wi

p are the elastic and plastic strain energy of 
i-th element, respectively.

Step 3: Calculate the elemental sensitivity by using 
Eq. (28).

Step 4: Update the elemental sensitivity by filtering and 
averaging with historical information. A blurring filtering 
scheme proposed by Huang and Xie25 is employed to obtain 
a mesh-independent solution. The filtering scheme can be 
written as

​​α​​ ̂ ​i  =  ​ 
∂ C​(x̃, ​U​ ​η​ l​​​​)​ _ 

∂ ​x̃​ i​​
  ​  =  ​ 

​∑ j​ ​​ w​(​r​ ij​​)​ ​α​ j​​
 _ ​∑ j​ ​​ w​(​r​ ij​​)​  ​  =  ​∑ 

j
​ ​​​(​ 

w​(​r​ ij​​)​
 _ ​∑ j​ ​​ w​(​r​ ij​​)​

 ​ ​α​ j​​)​	=  ​∑ 
j
​ ​​ ​η​ j​​ ​α​ j​​​	

 
		  (30)

	 w(rij) = max(0, rmin – rij)	 (31)

where rij is the distance between the centers of elements i 
and j; ηj is the weight factor; w is a weight function for aver-
aging the raw sensitivities; and rmin is the filter radius, which 
is usually used to identify the nodes that influence the sensi-
tivity of the i-th element.25 The filter radius rmin should be 
larger than half of the element size. It is recommended that 
rmin is selected to be about one to three times of the element 
size.25

Fig. 2—Flowchart of optimization procedure of load paths of CRC beams.
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The sensitivity ​​α​​ ̂ ​ik​ in current iteration need to be further 
averaged with that in the previous iteration.25 The sensitivity ​​
α​​ ̂ ​ik​ can be expressed as

	​​ α​​ ̂ ​ik  =  ​ ​α​​ ̂ ​ik + ​α​​ ̂ ​ik–1
 ____________ 2 ​​	  (32)

where ​​α​​ ̂ ​ik​ and ​​α​​ ̂ ​ik–1​ are the sensitivity in the k and k–1 optimi-
zation step, respectively.

Step 5: Determine the target volume. The target volume in 
next iteration41Vk+1 can be expressed as

	 Vk+1 = Vk(1 ± ER)	 (33)

where Vk and Vk+1 are the target volume in the k-th and k+1 
optimization step, respectively; and ER is the evolutionary 
ratio, which is usually taken as ER = 0.02.

Step 6: Update the design variables. The sensitivity 
threshold ​​α​​ ̂ ​th​ is determined by using the bisection algo-
rithm. If the sensitivity of concrete element ​​α​​ ̂ ​i​ is less than the 
sensitivity threshold ​​α​​ ̂ ​th​, the elemental density x̃i is switched 
from 1 to x̃m. For the weakly elastic elements, if ​​α​​ ̂ ​i​ > ​​α​​ ̂ ​th​, the 
elemental density x̃i is switched from x̃m to 1.

In the stiffness adjustment stage, the maximal strain εmax
k 

of minimum-density elements is first retrieved. If εk
max > 

ε*, the elastic modulus Emin
k should be increased in the next 

optimization step using Eq. (3). If εmax
k ≤ ε*, Emin

k should 
be reduced to restrain the errors caused by the increasing 
stiffness using Eq. (4). Finally, the NTO process is itera-
tively repeated until the convergent criterion and the objec-
tive volume are satisfied. The convergence criterion can be 
expressed as41

	​ ​Er​​ k​  =  ​ 
​|​∑ i=1​ N  ​​ (​ ​C​ k−i+1​​ − ​C​ k−N−i+1​​​)|​

  ____________________  ​∑ i=1​ N  ​​ ​C​ k−i+1​​
  ​  ≤  𝜖​	 (34)

where Erk is the convergence error; N is the optimization 
step, which is set as N = 5; and ϵ is the allowable conver-
gence error, which is set as ϵ = 0.01%. The NTO process is 
terminated when the structural compliance is stable at least 
in successive 10 iterations.

VERIFICATION AND DISCUSSION
In this section, the effectiveness and applicability of the 

proposed method are first illustrated by the numerical exam-
ples of cantilever beams and uncorroded RC beams. Then, 
the load paths of CRC beams with various corrosion levels 
are studied. Finally, the effects of the tensile strength loss 
and bond degradation of corroded reinforcement on the load 
paths are discussed, respectively.

VERIFICATION
Topology optimization of cantilever beam —A classical 

cantilever beam is first introduced to illustrate the effective-
ness of the proposed automatic stiffness adjustment tech-
nique, as depicted in Fig. 3. The geometrical nonlinearity 
is considered in the optimization model. To compare the 
accuracy of the proposed technique, the same material of 
cantilever beam in other literatures16,18 is used. The elastic 
modulus and Poisson’s ratio of the elastic material are En = 
3.0 GPa (435 ksi) and vn = 0.4, respectively. The design 
domain of the cantilever beam has the dimension of 120 x 
30 x 1 mm (4.68 x 1.17 x 0.039 in.), which is discretized 
by a 120 × 30 quadrilateral element mesh. The concentrated 
forces are uniformly distributed over nine nodes and are 
applied downward at the midpoint of the right side of the 
cantilever beam.

In this example, the penalty factor is taken as P = 3. The 
filter radius rmin, the target volume fraction V*, and the 
evolutionary ratio ER are set as 1.5 mm (0.0585 in.), 50%, 
and 0.02, respectively. The initial elastic modulus and Pois-
son’s ratio of the weakly elastic material are set as Emin

0 = 
10−4En and vn = 0.4, respectively. The initial threshold value 
ε* is determined based on the numerical results under the 
different load cases. The threshold values of elastic modulus 
Emax are set as 5, 50, 100, and 200 MPa (0.725, 7.25, 14.5, 
and 29 ksi) for the different load cases, respectively. The 
coefficient α1, α2, α3, and α4 can be taken as 1.2, 0.5, 1, and 
0.9, respectively.

Figure 4 shows the optimal topologies considering the 
geometrical nonlinearity based on the BESO method.15 
Figure 4(a) shows the up-down symmetric and elastic 
topology of the cantilever beam. The optimal topology 
becomes asymmetric by considering the geometrical nonlin-
earity, as shown in Fig. 4(b). The numerical instability occurs 
when the applied load increases to 0.01 kN (0.00225 kip). 
The final optimization step is 32 and then the NTO process 
is suddenly broken down, as shown in Fig. 4(c). Figure 4(d) 
shows that the excessive distortion occurs in the minimum- 
density region. It is indicated that the BESO method consid-
ering geometric nonlinearity can lead to the numerical 
instability.

Figure 5 shows the optimal topologies based on the 
proposed method under the different magnitudes of F = 
0.01, 0.1, 0.25, and 0.5 kN (0.00225, 0.0225, 0.0563, and 
0.1125 kip). The optimal topologies based on the proposed 
method are almost consistent with the results in existing 
studies.17,19 The optimal topology under the applied load 
F = 0.01 kN in Fig. 5(a) is asymmetric, which is different 

Fig. 3—Schematic diagram of optimization model for cantilever beam. (Note: 1 mm = 0.0394 in.)
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from the symmetric result in existing result.17 The optimal 
topology under the same load in Fig. 4(c) is also asymmetric 
by considering the geometrical nonlinearity. It is indi-
cated that the BESO method can generate the asymmetric 
topology when the geometrical nonlinearity of structures is 
considered.

When the applied load increases to F = 0.25 kN, the topo-
logical configurations in Fig. 5(b) to (c) are similar to the 
existing results17 except for some redundant members at 
local locations. When the applied load further increases, it 
is easily checked that the optimal topology in Fig. 5(d) is 
consistent with the existing result.17 The length and width 
of the tensile member increase with the applied load. The 
tensile member on the right side provides a direct load path 
in Fig. 5(d) when the geometrical nonlinearity becomes 
dominant.

Figure 6 shows the evolutionary histories of the elastic 
modulus Emin

k and the mean compliance by using the proposed 
method. The elastic modulus Emin

k of minimum-density 
elements initially increases and then approaches a constant 
value. Figures 6(a) to (c) show a stable convergence of the 
mean compliance during NTO process. The local numerical 
instability in Fig. 6(d) can be attributed to the small elastic 
modulus Ek

min in this optimization step. The proposed method 
allows local non-convergence. Ek

min will be increased in 
the next optimization step to overcome the local numerical 
instability.

Load paths of uncorroded RC beam—The generation of 
the load path for an RC beam is used to illustrate the appli-
cability of the proposed method, as depicted in Fig. 7. The 
design domain of RC beam has the dimension of 600 x 100 x 
1 mm (23.4 x 3.9 x 0.039 in.), which is discretized by a 120 × 

20 quadrilateral element mesh. The concentrated forces are 
uniformly distributed over five nodes and are applied down-
ward at the upper center of the design domain. The concen-
trated forces and constraints are applied on the rigid steel 
plate to relax the element distortion. The contact surfaces 
between the rigid steel plates and the design domain are tied 
using the mesh tie constraint. Steel reinforcement is simu-
lated by the linear truss element. The upper longitudinal 
reinforcement and stirrups are embedded within concrete by 
using the embedded equation.

In this example, the penalty factor P and the evolu-
tionary ratio ER are taken as 3 and 0.02, respectively. The 
filter radius rmin and the target volume fraction V* can be 
set as a relatively large value for RC beam under the limit 
state. In this case, the filter radius rmin and the target volume 
fraction V* are set as 20 mm (0.78 in.) and 50%, respec-
tively. The initial elastic modulus and Poisson’s ratio of the  
weakly elastic material are set as Emin

0 = 10−4Ec and v0 = 
0.3, respectively. The initial threshold value ε* is determined 
based on the numerical results under the different load cases. 
The threshold values of elastic modulus Emax are set as 1, 
5, 10, 25, 50, 80, and 100 MPa (0.145, 0.725, 1.45, 3.625, 
7.25, 11.6, and 14.5 ksi) for the different load cases, respec-
tively. The coefficients α1, α2, α3, and α4 can be taken as 1.2, 

Fig. 4—Optimal topologies of cantilever beam based on 
BESO method: (a) elastic topology under load F = 0.0001 kN; 
(b) F = 0.001 kN; (c) F = 0.01 kN; and (d) strain distribution 
under load F = 0.01 kN. (Note: 1 kN = 0.225 kip.)

Fig. 5—Optimized topologies under different magnitudes of 
loads: F = 0.01 kN; (b) F = 0.1 kN; (c) F = 0.25 kN; and (d) 
F = 0.5 kN. (Note: 1 kN = 0.225 kip.)
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0.5, 1, and 0.9, respectively. The mechanical properties of 
concrete and reinforcement are depicted in Tables 1 and 2, 
respectively.

Figure 8 shows the load paths of RC beam under the 
different load cases (that is, F = 0.005, 0.05, 0.1, 0.15, 0.2, 
0.25, and 0.3 kN [0.00113, 0.0113, 0.0225, 0.0338, 0.045, 
0.056, and 0.0675 kip]). The load path under the smallest 
load F = 0.005 kN (0.00113 kip) in Fig. 8(b) is similar to 
the elastic solution in Fig. 8(a). When the applied load F 
increases to 0.05 kN (0.0113 kip), the load path in Fig. 8(c) 
starts to change. The load paths of the RC beam extend 
directly from the loading point to the support point. The 
tensile concrete member in the elastic solution disappears 
due to the different strengths in tension and compression of 
concrete.

With the further increase of the applied load, the end of 
load paths near the support point gradually moves to the 
midspan of RC beam, as shown in Fig. 8(c) to (f). Simul-
taneously, the width and inclination angle β of the inclina-
tion compression strut increase with the applied load. The 
internal force extends directly from the loading point to the 
middle of the shear span, and then is further transferred to 
the support point due to the bond behavior. The effective 
bond region increases with the applied load to balance the 
bottom tensile forces of beam.

When the applied load approaches the ultimate load, the 
load paths in Fig. 8(g) to (h) have distinct differences from 
that in Fig. 8(c) to (f) due to the shear action. Two compres-
sive inclination compression struts are almost parallel to 
reflect the shear action in the shear span. The load paths can 
reasonably describe the force transmission mechanism of 
uncorroded RC beam.

Load paths of CRC beams—Figure 9 shows the load paths 
under the corrosion levels ηl from 0 to 20% for CRC beams 
subjected to F = 0.1 kN (0.0225 kip). The load paths of CRC 
beams change with the increase of corrosion levels. It is 
indicated that corrosion damage can accelerate the transi-
tion of load paths from the non-limit state to the limit state. 
The variation of load paths with various corrosion levels is 
consistent with that under the different applied forces. This 
phenomenon can be attributed that the ultimate bearing 
capacity of CRC beam decreases with the increase of corro-
sion levels. The applied load F = 0.1 kN (0.0225 kip) will 
gradually become the ultimate load of CRC beams with the 
increase of corrosion levels.

Discussion
Figure 10 shows the load paths of CRC beams under 

different bond strengths. The corrosion levels of 0, 1.5, 3, 
5, 10, 15, and 20% are adopted to investigate the effects 
of bond degradation on the load paths of CRC beams. The 

Fig. 6—Evolutionary histories of elastic modulus and mean compliance under different magnitudes of loads: (a) F = 0.01 kN; 
(b) F = 0.1 kN; (c) F = 0.25 kN; and (d) F = 0.5 kN. (Note: 1 kN = 0.225 kip; 1 MPa = 0.145 ksi; 1 Nmm = 0.00885 lbf-in.)

Fig. 7—Schematic diagram of optimization model for uncorroded RC beams. (Note: 1 mm = 0.0394 in.)
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corresponding bond strengths of CRC beams can be deter-
mined based on Eq. (13). The load paths of CRC beams 
change with bond degradation. The load paths under the 
initial load F = 0.2 kN (0.045 kip) are gradually transformed 
to that under the ultimate load due to the bond degradation. 
This is because that the bond degradation decreases the ulti-
mate bearing capacity of CRC beam.

Figure 11 shows the load paths of CRC beams under 
different tensile strengths of corroded reinforcement. The 
same corrosion levels (that is, 0, 1.5, 3, 5, 10, 15, and 20%) 
are used to investigate the effects of tensile strengths of 
corroded reinforcement on the load paths of CRC beams. 
The corresponding tensile strengths of corroded reinforce-
ment can be determined based on Eq. (11) and (12). The 
load paths under different tensile strengths of corroded rein-
forcement are almost same except for the last load path. This 

is because the CRC beams have not reached the limit state 
under the tensile strength loss of corroded reinforcement. It 
is indicated that the load paths are more sensitive to the bond 
degradation than the tensile strength loss of corroded rein-
forcement under the same corrosion level.

As mentioned previously, the proposed method can reason-
ably generate the load paths of CRC beams and effectively 
overcome the numerical instability. In the proposed method, 
the increasing stiffness of minimum-density elements can 
still affect the nonlinear response of the remodeled struc-
tures. Although the nonlinear response of the remodeled 
structure approximates to that of the original structure, there 
are still some errors between them. The errors are difficult to 
be quantified by an index. The previously mentioned numer-
ical examples indicated that the proposed method could 
obtain meaningful solutions.

Table 1—Details of mechanical properties for concrete

Parameter Elastic modulus Ec, MPa Poisson’s ratio vc Compressive strength fcm, MPa Ultimate strain εcu Slip S1, mm

Value 32,000 0.2 40 0.0033 1

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Table 2—Details of mechanical properties for reinforcement

Parameter Elastic modulus Es, GPa Poisson’s ratio vs Bar diameter Dl, mm Yield strength fpy, MPa Ultimate strength fpu, MPa

Value 190 0.3 24 400 580

Note: 1 mm = 0.0394 in.; 1 MPa = 0.145 ksi.

Fig. 8—Optimized topologies of uncorroded RC beams under different load cases: (a) elastic solution; (b) F = 0.005 kN; (c) 
F = 0.05 kN; (d) F = 0.1 kN; (e) F = 0.15 kN; (f) F = 0.2 kN; (g) F = 0.25 kN; and (h) F = 0.3 kN. (Note: 1 kN = 0.225 kip.)

Fig. 9—Load paths with various corrosion levels for CRC beams under F = 0.1 kN: (a) ηl = 0%; (b) ηl = 1.5%; (c) ηl = 3%; 
(d) ηl = 5%; (e) ηl = 10%; (f) ηl = 15%; and (g) ηl = 20%. (Note: 1 kN = 0.225 kip.)
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Topology optimization method requires high compu-
tational resources, especially for the large scale and fine 
numerical model of CRC structures. Hundreds of expen-
sive optimization iterations and nonlinear FEA are required 
during the NTO process of CRC structures. In the traditional 
topology optimization methods, the small-scale problems 
and simplified numerical model are usually considered to 
save the computational resources. Therefore, some reason-
able simplifications and assumptions on the numerical 
models of CRC beams are used in this study to improve the 
computational efficiency. The proposed method is not only 
helpful for the structural designers to understand the force 
transfer mechanism, but also provides a valuable design tool 
to find the appropriate strut-and-tie models for aiding struc-
tural design and repair.

CONCLUSIONS
A generation method of load paths for corroded reinforced 

concrete (CRC) beams is proposed by considering material 
properties loss and bond degradation. An automatic stiffness 
adjustment technique is presented to overcome the numerical 
instability during the generation of load path of CRC beams. 
The effectiveness of the proposed method is illustrated by 
the numerical examples. The effects of the tensile strength 
loss and bond degradation of corroded reinforcement on the 

load paths are discussed, respectively. The conclusions are 
as follows:
•	 The proposed method can reasonably generate the load 

paths of CRC beams. The load paths of reinforced 
concrete (RC) beams change with the increase of 
applied forces and corrosion levels, respectively. Corro-
sion damage accelerates the transition of load paths 
from the non-limit state to the limit state of CRC beams.

•	 The proposed stiffness adjustment technique is simple 
but effective to overcome the numerical instability 
caused by the excessive distortion of minimum-density 
elements. The errors caused by the increased stiffness 
can also be effectively alleviated based on the proposed 
technique.

•	 The load paths of CRC beams change with the tensile 
strength loss and bond degradation of corroded rein-
forcement, respectively. The load paths are more sensi-
tive to the bond degradation than the tensile strength 
loss of corroded reinforcement under the same corro-
sion level.
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NOTATION
Al	 =	 sectional area of uncorroded reinforcement
As,η, As	 =	 sectional areas of corroded and uncorroded stirrups, 

respectively
B	 =	 strain-displacement matrix
bw	 =	 width of uncorroded RC beam
CcAs	 =	 depth of concrete cover
C(x̃,Uηl)	 =	 objective function
Dc	 =	 elastoplastic constitutive matrix
De	 =	 elastic constitutive matrix
Dl	 =	 diameter of longitudinal reinforcement
Emin	 =	 elastic modulus of weakly-elastic material
Emin

k,
 ​​E​ min​ k+1​​	 =	 elastic modulus of minimum-density elements in k and k+1 

optimization step, respectively
Emin

0	 =	 initial elastic modulus
En	 =	 elastic modulus of elastic material in cantilever beam
ER	 =	 evolutionary ratio
Erk	 =	 convergence error
fcm	 =	 compressive strength of uncorroded concrete
fcm′	 =	 compressive strength of corrosion-damaged concrete
fco,ηl, fwe, 
fcr,ηl	 =	 internal load of concrete, weakly elastic material, and 

corroded reinforcement, respectively
fct	 =	 tensile strength of concrete
fext	 =	 external force vector
fint(x̃,Uηl)	 =	 internal load vector
flu,η, flu	 =	 ultimate strength for corroded and uncorroded reinforcement, 

respectively
fly,η, fly	 =	 yield strength for corroded and uncorroded reinforcement, 

respectively
fsy,η, fsy	 =	 yield strength for uncorroded and uncorroded stirrups, 

respectively
f(x)	 =	 sigmoid function
Kt,ηl	 =	 tangent stiffness matrix of CRC beam
kc	 =	 stiffness matrix of concrete element
ke	 =	 stiffness matrix of weakly elastic material
kr	 =	 empirical coefficient
ksp	 =	 stiffness of spring elements
lr	 =	 length of concrete element
ml	 =	 mass of uncorroded reinforcement
N	 =	 optimization step
n	 =	 total number of concrete elements in design domain
nbs	 =	 number of steel bars under compression
o(δ​​U​ ηl​ m+1​​)	 =	 higher-order infinitesimal
P	 =	 penalty factor
R(x̃,Uηl)	 =	 residual force vector of CRC beams
rij	 =	 distance between centers of elements i and j
rl	 =	 radius of longitudinal reinforcement
rmin	 =	 filter radius
S1	 =	 slip at maximum bond stress
s	 =	 stirrup spacing
Uηl	 =	 displacement vector under corrosion levels ηl
urs	 =	 volumetric expansion rate
Vk, 
Vk+1	 =	 target volume in k and k+1 optimization step, respectively
V*	 =	 target volume fraction

vco	 =	 volume of concrete element
ve	 =	 Poisson’s ratio of weakly elastic material
vi	 =	 volume of i-th element
vn	 =	 Poisson’s ratio of elastic material in cantilever beam
w	 =	 weight function for averaging raw sensitivities
wco,ηl, wwe	=	 strain energy of concrete and weakly elastic elements, 

respectively
wcr	 =	 total crack width of CRC beam
wi,ηl	 =	 strain energy of i-th element
wi

e, wi
p	 =	 elastic and plastic strain energy of i-th element, respectively

X	 =	 corrosion depth
x̃	 =	 element density vector
x̃i	 =	 density variable of i-th element
x̃m	 =	 minimum density
α1, α2, 
α3, α4 	 =	 coefficients to control growth rate of element stiffness
αy, αu	 =	 empirical coefficients
​​α​​ ̂ ​​th	 =	 sensitivity threshold
β	 =	 inclination angle of inclination compression strut
ΔAl,η	 =	 loss of sectional area of corroded reinforcement
Δml,η	 =	 mass loss of corroded reinforcement
ε* 	 =	 strain threshold of minimum-density elements
εcu	 =	 maximal compressive strain of concrete
εmax

k 	 =	 maximal strain of minimum-density elements
ε1	 =	 average tensile strain of cracked concrete
ηj	 =	 weight factor
ηl	 =	 corrosion level of longitudinal reinforcement
ηs	 =	 corrosion levels of corroded stirrups
τa,η	 =	 bond strength of corroded reinforcement
λ, ζ, k	 =	 empirical coefficient
λo	 =	 small constant
ϵ	 =	 allowable convergence error
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A multi-angle truss model is proposed based on the optimal load 
paths of corroded reinforced concrete (CRC) beams. The load 
paths of CRC beams at the ultimate limit state, considering various 
corrosion levels, shear span-depth ratios, stirrup ratios, and 
loading methods are first studied. The load paths incorporating 
multiple variable-inclination struts can realistically describe the 
force-transfer mechanisms of CRC beams under flexure-shear 
interaction. The limiting failure criteria of the proposed truss 
model are then presented to estimate the shear capacity of CRC 
beams. Finally, the proposed model is verified by comparing with 
the experimental results of uncorroded and corroded reinforced 
concrete (RC) beams. Results show that the proposed model can 
reasonably predict the shear capacity and failure mode of CRC 
beams. For CRC beams at the ultimate limit state, corrosion 
damage has a negligible influence on the trajectory of load paths. 
The load paths change with the increase of the shear span-depth 
ratios of CRC beams.

Keywords: corroded reinforced concrete (CRC) beams; multi-angle 
truss model; multiple variable-inclination struts; optimal load paths; 
shear capacity.

INTRODUCTION
Truss models1-3 have been widely used to describe the 

trajectory of internal forces of reinforced concrete (RC) 
beams. The internal forces in the truss models are transmitted 
by the inclined compression struts and tension ties. The 
configurations of truss models and the inclination angles of 
compression struts are two key factors to estimate the struc-
tural shear capacity. These two factors, which are related to 
various factors including corrosion levels, concrete strength, 
reinforcement ratios, and shear span-depth ratios (ls/h0), 
are very complicated for corroded reinforced concrete 
(CRC) beams.

Numerous truss models with a single inclination strut have 
been proposed to predict the shear capacity of RC beams. 
The original 45-degree truss models4,5 are conservative 
because the inclination angle of the concrete stress field is a 
fixed 45 degrees.6,7 In the variable-angle truss models,8,9 the 
inclination angle is limited to 21.8 degrees ≤ β ≤ 45 degrees. 
The Modified Compression Field Theory10-12 was then 
proposed to predict the variable inclination angle through 
the deformation compatibility conditions. In addition, Euro-
code 213 adopted the lower-bound theorem of plasticity14 to 
determine the inclination angle. However, these truss models 
contain only a single inclination strut, which is difficult to 
describe the actual trajectory of internal forces for RC beams 
subjected to shear-flexure interaction.

Some studies attempted to describe the concrete stress 
fields using the truss models incorporating multiple compres-
sion struts. Wang et al.15 proposed a multi-angle truss model, 

where the configuration of this truss model relates to the 
diagonal crack angles. DeDomenico and Ricciardi16 adopted 
two variable inclination struts to improve the Eurocode 2 
truss model. An optimized truss model with various struts17 
was derived from the minimum total strain energy theorem. 
A statically indeterminate truss model18 was established by 
considering concrete contribution. However, the configura-
tions of these truss models were developed based on some 
hypotheses, which are different from the actual load paths of 
CRC beams.

Many experimental investigations19-21 have been 
conducted to study the shear capacity of CRC beams. Several 
analytical methods,22,23 considering the influence of corro-
sion damage on the reliability of CRC beams under shear 
failure, were presented. Finite element analysis24,25 was also 
employed to predict the shear capacity. These methods are 
complicated and are not suitable for a fast evaluation of the 
shear capacity. Some theoretical models on evaluating the 
shear capacity of CRC beams26-29 were established based 
on the truss models in shear codes. However, these models 
incorporating a single strut are empirical, which can limit 
their prediction accuracy and applicability. Beyond that, the 
evaluation of shear capacity for CRC beams is limited and 
further study is necessary to aid structural design and repair.

This paper aims to propose a multi-angle truss model of 
CRC beams based on the optimal load paths. The remaining 
context is arranged as follows: first, the optimal load paths 
of CRC beams are studied and then are transformed into 
the corresponding truss models. Then, the limiting failure 
criteria of the proposed truss model are presented. Finally, 
the proposed model is verified by comparing the predicted 
shear capacity with the experimental results of uncorroded 
and corroded RC beams.

RESEARCH SIGNIFICANCE
Numerous truss models have been presented to predict the 

shear capacity of RC beams. However, it is still difficult to 
determine the configuration of truss models of CRC beams 
due to their complex stress state. The material property loss 
and bond degradation induced by corrosion can change the 
load paths and affect the configurations of truss models 
for CRC beams. This study proposes a multi-angle truss 
model of CRC beams based on the optimal load paths. The 
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proposed method is helpful to accurately evaluate the shear 
capacity of CRC beams.

MULTI-ANGLE TRUSS MODEL BASED ON 
OPTIMAL LOAD PATHS

In this section, a multi-angle truss model of CRC beams is 
proposed based on the optimal load paths. The optimal load 
paths of CRC beams at the ultimate limit state, considering 
various corrosion levels, ls/h0, stirrup ratios, and loading 
methods, are studied based on the proposed method in the 
first part. Three types of truss models incorporating multiple 
variable-inclination struts are developed based on the load 
paths of CRC beams.

Optimal load path of CRC beams
The CRC beam described in the first part is further 

employed to study the influence of corrosion damage on the 
trajectory of load paths. In this section, the CRC beams are 
subjected to the ultimate load F = 0.3 kN (0.0675 kip). It is 
assumed that the transverse and longitudinal reinforcements 
are subjected to uniform corrosion.

Figure 1 shows the load paths with various corrosion 
levels for CRC beams at the ultimate limit state. The trajec-
tory of load paths for CRC beams under various corrosion 
levels are almost consistent. The width of compression 
strut increases with the corrosion levels. This is because the 
sectional area of corroded reinforcement decreases with the 

increase of corrosion levels. The corroded reinforcement is 
actually simulated by the uncorroded reinforcement with a 
smaller diameter. In this case, it is equivalent to reducing 
the reinforcement ratio, so the applied load carried by the 
corroded reinforcement will be reduced. The applied load 
transferred to the compression strut increases, leading to an 
increase in the compression strut width. It is indicated that 
corrosion damage has little influence on the trajectory of 
load paths for CRC beams at the ultimate limit state. There-
fore, a random corrosion level η = 10% is chosen to further 
study the effects of ls/h0, stirrup ratios, and loading methods 
on the trajectory of load paths of CRC beams. The corrosion 
levels of the stirrup ηs and longitudinal reinforcement ηl are 
equal to 10%.

Figure 2 presents the optimal load paths of CRC beams 
with various ls/h0. Figure 2(a) shows the load path of the 
CRC beam with ls/h0 = 2.22, which consists of inclined 
compression struts and bottom steel ties. No tensile concrete 
member is found in the bottom load path in Fig. 2(a). The 
external force is transmitted directly from the loading point 
to the support point through the inclined concrete blocks. 
The bottom tensile force of CRC beams is carried by the 
longitudinal reinforcement. The load path with ls/h0 = 2.22 is 
consistent with the configuration of the classical strut-and-tie 
model (STM). When the ls/h0 increases to 2.5, the load paths 
of CRC beam change, as depicted in Fig. 2(b). It is indicated 

Fig. 1—Load paths with various corrosion levels for CRC beams at ultimate limit state: (a) η = 0%; (b) η = 1.5%; (c) η = 3%; 
(d) η = 5%; (e) η = 10%; (f) η = 15%; and (g) η = 20%.

Fig. 2—Optimal load paths of CRC beams with different ls/h0: (a) ls/h0 = 2.22; (b) ls/h0 = 2.5; (c) ls/h0 = 2.78; (d) ls/h0 = 3.05; 
(e) ls/h0 = 3.89; and (f) ls/h0 = 4.44.
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that the load paths for CRC deep beams (1 ≤ ls/h0 < 2.5) are 
consistent with the configuration of the classical STM.

Figures 2(b) through (e) show the similar load paths for 
slender CRC beams with 2.5 ≤ ls/h0 ≤ 4. The load paths of 
slender beams consist of the inclined and vaulted compres-
sion struts as well as the transverse and longitudinal rein-
forcement. The load paths of slender beams are different from 
those of deep beams due to the increased ls/h0. Figure 2(f) 
shows the optimal load path of the CRC beam with ls/h0 = 
4.44. The trajectory of the load path is similar with that of the 
CRC beam (2.5 ≤ ls/h0 ≤ 4), except for the number of incli-
nation struts. The number of inclination struts in the load 
paths increases with the increase of the ls/h0. The multiple 
inclination struts and the vaulted struts are more consistent 
with the actual concrete stress field of the CRC beam under 
flexure-shear interaction.

The load paths can reasonably describe the shear-transfer 
mechanisms of slender beams, which are also corroborated 
by the typical crack patterns, as depicted in Fig. 3. The crit-
ical diagonal crack divides the RC beam into a large vaulted 
concrete block and a number of inclined concrete blocks. 

The transverse stirrups are responsible for holding together 
the vaulted and inclined concrete blocks. A portion of the 
external force is directly transmitted from the loading point 
to the support point through the vaulted concrete block. 
Another part of external force is transferred to the bottom 
reinforcement by the inclined concrete blocks, and then is 
further transferred to the large vaulted block through the 
transverse stirrups. The force-transfer mechanisms based on 
the crack patterns are consistent with that of the load paths 
for CRC beams.

Figure 4 shows the optimal load paths of CRC beams with 
different stirrup ratios and loading methods. Figures 4(a) 
through (c) show that the stirrup ratio has a negligible effect 
on the trajectory of load paths. However, the stirrup ratios can 
affect the width of concrete struts within the load paths. This 
is because the reduction of stirrup ratios of the CRC beam 
will lead to the decrease in the applied load carried by the 
transverse stirrup. The other part of the applied load requires 
a wider compression strut to bear. Figure 4(d) shows that the 
trajectory of the load path of the CRC beam subjected to the 
symmetrical two-point load is consistent with that under the 
single concentrated load. That is because the length of the 
shear span is the same under the different loading methods. 
The load paths of the CRC beam with various ls/h0 can 
describe the concrete stress field with imprecise direction.

Multi-angle truss model with multi-inclination struts
As discussed previously, the load path of the CRC deep 

beam is consistent with the configuration of the classical 
STM. This load path can be explicitly transformed into 
the corresponding truss model I, as depicted in Fig. 5. The 
concrete strut KL and the inclination stirrup are inclined by 
angles β1 and θ to the longitudinal axis, respectively.Fig. 3—Typical crack patterns of slender beams under shear 

failure.

Fig. 4—Optimal load paths of RC beams with different stirrup ratios and loading methods: (a) Ф8@25mm; (b) Ф8@50mm; 
(c) Ф8@75mm; and (d) symmetrical two-point load. (Note: Units in mm; 1 mm = 0.0394 in.)
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For the CRC slender beams with 2.5 ≤ ls/h0 ≤ 4, the direc-
tions of concrete stress field in the vaulted struts vary gradu-
ally along the beam height. Two inclination struts are intro-
duced to describe the variability of the stress direction of the 
vaulted struts, as depicted in Fig. 5(b). The load paths of the 
CRC beam with 2.5 ≤ ls/h0 ≤ 4 can be transformed into the 
truss model II. The inclination angles of the concrete struts 
KS, KR, and SL are α, β1, and β2, respectively. The transition 
depths between the two inclination struts are controlled by 
a parameter γ.

For the CRC slender beams with 4 ≤ ls/h0 ≤ 5, as depicted 
in Fig. 5(c), three inclination struts are introduced into the 
truss model III to reflect the concrete stress fields of the 
vaulted struts. The inclination angles of the concrete struts 
KS, SQ, KR, SM, and SL are inclined by the angles α1, α1, β1, 
β2, and β3 to the longitudinal axis, respectively. The parame-
ters γ1 and γ2 control the transition depths between two incli-
nation struts.

SHEAR CAPACITY EVALUATION OF  
MULTI-ANGLE TRUSS MODEL

In this section, the limiting failure criteria of the multi-
angle truss model are proposed to evaluate the shear capacity 
of CRC beams. The proposed model gives the criteria to 
determine the dimension and inclination angles of inclina-
tion concrete struts. The analytical expressions of the shear 
capacity are presented based on the equilibrium conditions 
and the static analysis.

Failure of individual truss model members
For any given external load, the stress state of each 

member in the proposed model can be determined based 
on the equilibrium conditions and the static analysis. On 
the contrary, if one member in the truss model fails first, 
the corresponding bearing capacity can be determined. 
According to the lower-bound theorem, the ultimate bearing 
capacity is related to the ultimate strength of the weakest 
member. Generally, there are four types of failure modes, 
including the crushing failure of concrete struts, the yield 

Fig. 6—Mechanical analysis of each member in truss model II.

Fig. 5—Three types of truss models of CRC beams with various ls/h0: (a) truss model I; (b) truss model II; and (c) truss model III.
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failure of transverse and longitudinal reinforcement, as well 
as bond failure. The truss model II is taken as the represen-
tative to predict shear capacity and failure modes of CRC 
beams, as shown in Fig. 6.

Crushing failure of concrete struts—Two different beam 
segments parallel to the diagonal stirrups are taken and 
analyzed to determine the compressive forces of concrete 
struts, as shown in Fig. 7. The resultants of the concrete 
struts can be expressed as

FKR = σKRbwEC 	= σKRbwef[hs · sinβ1 · (cotβ1 + cotθ)] (kN)	 (1)

FKS = σKSbwAB = σKSbwef[γhs · sinα · (cotα + cotθ)] (kN)	 (2)

FSL = σSLbwMJ = σSLbwef[(1 – γ)hs · sinβ2 · (cotβ2 + cotθ)] (kN)		
(3)

where FKR, FKS, and FSL are the resultants of the concrete 
struts KR, KS, and SL, respectively; EC, AB, and MJ are the 
dimensions of the sectional width of concrete struts (refer to 
Fig. 7); hsh0 is the inner lever arm that can be set as 0.9h0; h0 
is the effective depth of RC beams; bw is the width of uncor-
roded RC beam; θ is the inclination angle between inclina-
tion stirrups and longitudinal axis; γ is the control parameter 
of the transition depths between two inclination struts; bwef 
is the effective width of RC beams under stirrups corrosion; 
α, β1, and β2 are the inclination angles of the concrete struts; 
and σKR, σKS, and σSL are the uniform stresses of the concrete 
struts KR, KS, and SL, respectively. In the limit condition, 
the uniform stress of concrete struts is equal to the allowable 
stress, σa,st, which can be expressed as

	 σa,st = vcfcm (MPa)	 (4)

where σa,st is the allowable stress of concrete struts; vc is the 
strength reduction factor for cracked concrete, which can be 
taken as ​​v​ c​​  =  0.6​(1 − ​ 

​f​ cm​​
 _ 250 ​)​​13,30; and fcm is the compressive 

strength of uncorroded concrete.
Stirrups corrosion will cause the spalling of concrete 

cover, which will decrease the effective width of CRC beams 
for resisting shear force. The effective width of CRC beams 
under stirrups corrosion can be given as31

​​ 
b​ wef​​  	 =  ​

⎧
 

⎪

 ⎨ 
⎪

 
⎩

​ 
​b​ w​​ − 2​(​C​ c​​ + ​D​ s​​)​ + ​  s _ 5.5 ​              s  ≤  5.5​(​C​ c​​ + ​D​ s​​)​

​    
​b​ w​​ − ​  5.5 _ s​​(​C​ c​​ + ​D​ s​​)​​​ 2​

 ​                       s  >  5.5​(​C​ c​​ + ​D​ s​​)​
​​​ 

	 (mm)	 (5)

where Ds is the diameter of diagonal stirrups; Cc is the depth 
of concrete cover; and s is the stirrups spacing.

Stirrups corrosion has little influence on the effective 
width of CRC beams when the crack width does not exceed 
the critical crack width wcc.31 Otherwise, it is assumed that 
the concrete cover has been spalled without the shear resis-
tance. The crack width caused by stirrups corrosion can be 
calculated as32

	 wc = kcr(Δas,η – ΔAso) (mm)	 (6)

where wc is the crack width; kcr is the parameter for crack 
width, which can be taken as 0.0575; Δas,η is the loss of 
sectional area of corroded stirrups; and ΔAso is the loss 
of sectional area at cracking initiation, which can be 
expressed as32

	​ Δ ​A​ so​​ 

	 =  ​A​ s​​​[1 − ​​(1 − ​ 
​α​ p​​ _ ​d​ s​​

 ​​(7.53 + 9.32 ​ ​C​ c​​ _ ​d​ s​​
 ​)​​10​​ −3​)​​​ 

2

​]​​ (mm2)	 (7)

where As is the sectional area of uncorroded stirrups; αp is the 
pit penetration factor, which can be taken as 2 for uniform 
corrosion33; and wcc is the critical crack width, which can be 
taken as 0.1 mm (0.039 in.).31

Assuming that the concrete struts KR, KS, and SL fail, the 
corresponding bearing capacity FU,KR, FU,KS, and FU,SL of the 
truss model II can be calculated based on the static analysis 
(refer to Fig. 6).

	​ ​F​ U,KR​​  =  ​F​ KR​​ ​ 
(1 + cotθ ·⋅tanα )  sin​β​ 1​​  ___________________  1 − cot​β​ 2​​ tanα  ​​ (kN)	 (8)

	​ ​F​ U,KS​​  =  ​F​ KS​​ ​ 
cosα​(1 + tanα ·⋅cotθ)​  __________________  cotθ + cot​β​ 2​​  ​​ (kN)	 (9)

	 FU,SL = FSLsinβ2 (kN)	 (10)

Fig. 7—Concrete compression stress field with different beam segments in truss model II.
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where FU,KR, FU,KS, and FU,SL are the corresponding bearing 
capacity when the concrete struts KR, KS, and SL fail.

Yield failure of corroded stirrups—The tensile forces of 
diagonal stirrups can be calculated as

	 Fgj = σdsAs,ηNcs (kN)	 (11)

where σds and Fgj are the tensile stress and resultant force of 
corroded stirrups, respectively; As,η is the sectional area of 
corroded stirrups; and Ncs is the number of stirrups crossing 
concrete struts. In the limit condition, the tensile stress of the 
corroded stirrup, σds, is equal to the yield strength of corroded 
stirrup fsy,η. The number of stirrups crossing concrete struts 
can be expressed as

	​ ​N​ KR​​  =  ​ 
​h​ 0​​(cot​β​ 1​​ + cotθ)

  ______________ s  ​​	 (12)

	​ ​N​ KS​​  =  ​ 
γ​h​ 0​​(cotα + cotθ)

  _______________ s  ​​	 (13)

	​ ​N​ SL​​  =  ​ 
​(1 − γ)​ ​h​ 0​​​(cot​β​ 2​​ + cotθ)​

  ___________________ s  ​​	 (14)

where NKR, NKS, and NSL are the number of stirrups crossing 
the concrete struts KR, KS, and SL, respectively. When the 
diagonal stirrups fail, the ultimate bearing capacity FU,gj can 
be expressed as

	​ ​F​ U,gj​​  =  ​F​ gj​​ ​ 
sinθ​(1 + tanα ·⋅cotθ)​  _________________  1 − tanα ·⋅cot​β​ 2​​  ​​ (kN)	 (15)

where FU,gj is the bearing capacity corresponding to the yield 
failure of corroded stirrups.

Bond behavior between corroded stirrups and concrete 
is slightly enhanced before the concrete cover cracks. With 
the further increase of corrosion levels, the concrete cover 
cracks and the bond behavior deteriorates.31 Bond deteri-
oration between corroded stirrups and concrete leads to a 
slight reduction in shear resistance, and ignoring bond dete-
rioration is acceptable.31,34 Therefore, the effects of the bond 
deterioration caused by stirrups corrosion on the shear resis-
tance are ignored for predicting the shear capacity.

Yield and bond failure of corroded reinforcement—In the 
limit condition, the tensile stress of the bottom tensile chord 
is provided by the bond stress or the tensile force of corroded 
longitudinal reinforcement. If the bond stress is sufficient, 
the corroded longitudinal reinforcement can reach its ulti-
mate strength. If the bond stress is insufficient, the corroded 
reinforcement cannot develop its full tensile capacity and the 
limited bond force should be applied to calculate the bearing 
capacity. Bond stress is assumed to uniformly distribute 
along the transfer length of corroded longitudinal reinforce-
ment. The effective bond forces of corroded reinforcement 
are estimated as

	 Feb = πDllebτa,η (kN)	 (16)

where Feb is the effective bond force; τa,η is the average 
bond stress of corroded longitudinal reinforcement; Dl is the 

diameter of longitudinal reinforcement; and leb is the effec-
tive bond length, which can be expressed as6

	​ ​l​ eb​​  =  0.48 ​ 
​f​ ly,η​​ _ 
​√ 
_

 ​f​ cm​​ ​
 ​ ​D​ l​​​ (mm)	 (17)

where fly,η is the yield strength of corroded longitudinal rein-
forcement. The tensile forces of corroded longitudinal rein-
forcement can be expressed as

	 FRP = Al,η fly,η (kN)	 (18)

where FRP is the tensile force of corroded longitudinal rein-
forcement; and Al,η is the sectional area of corroded longi-
tudinal reinforcement. The maximum tensile forces of the 
bottom tensile chord, Fb,tie, can be estimated as

	 Fb,tie = Feb (Feb ≤ FRP) (kN)	 (19)

	 Fb,tie = FRP (Feb > FRP) (kN)	 (20)

where Fb,tie is the maximum tensile forces of the bottom 
tensile chord.

When the tensile chord RP fails, the bearing capacity FU,RP 
of the truss model II can be expressed as

	​ ​F​ U,RP​​ 

	 =  ​F​ b,tie​​ ​ 
1 + tan α⋅· cotθ   ___________________________________    cotθ + cot​β​ 1​​ − cot​β​ 2​​ ·⋅tanα ·⋅cot​β​ 1​​ + cot​β​ 2​​ ​​ (kN)		

(21)

where FU,RP is the bearing capacity corresponding to the 
yield or bond failure of corroded longitudinal reinforcement.

According to the lower-bound theorem, the ultimate 
bearing capacity of the truss model II is the minimum value 
of these bearing capacities. The ultimate bearing capacity 
Fp,uc can be expressed as

	 Fp,uc = min[FU,KR, FU,KS, FU,SL, FU,gj, FU,RP] (kN)	 (22)

where Fp,uc is the ultimate bearing capacity of the truss 
model II. The truss models I and III follow the same theo-
retical principles.

Determination of multi-inclination angles
The inclination angles of concrete struts α and β are crucial 

to estimate the structural shear capacity. For the CRC deep 
beams (1 ≤ ls/h0 < 2.5), the inclination angle β1 can be deter-
mined by the geometric relationship between the shear span 
ls and the inner lever arm hs (that is, cotβ1= ls/hs). The incli-
nation angle β1 in the truss model I meets the requirements 
of Eurocode 2, which recommends that the inclination angle 
β1 ranges from 21.8 to 45 degrees.

The truss model II includes three compression struts for 
CRC slender beams. An improved Eurocode 2 truss model16 
incorporating two variable-inclination compression struts is 
proposed to predict the shear capacity of RC beams with stir-
rups. In this model, the upper compression strut has lower 
inclination than the lower compression strut. The analytical 
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expressions of inclination angles in the improved Euro-
code 2 truss model are derived based on the plasticity theory 
and equilibrium conditions. The multi-inclination angles are 
determined based on the assumption that the yield of steel 
stirrups and crushing of concrete struts are achieved simul-
taneously. The analytical expressions of inclination angles 
in the improved Eurocode 2 truss model16 are employed to 
predict the inclination angles α1 and β1 in the truss model 
II. The inclination angles relate to the mechanical ratio of 
stirrups ww, which can be expressed as

	​ ​w​ w​​  =  ​ρ​ s​​ ​ 
​f​ sy​​ _ ​v​ c​​ ​f​ cm​​ ​​	 (23)

where ww is the mechanical ratio of stirrups; ρs = As/(sbwsinθ) 
is the stirrup ratio; and fsy is the yield strength of uncorroded 
stirrups. Table 1 shows the analytical expressions of the 

inclination angles α and β1. The parameter γ is assumed to 
be equal to 0.5.16

The inclination angle β2 is assumed to be equal to the 
angle of the critical diagonal crack of slender beams,2,34,35 
which is closely related to the ls/h0 of RC beams. The incli-
nation angle β2 can be expressed as

	 β2 = –15ls/h0 + 89.7     ls/h0 ≤ 3.14	 (24)

	 β2 = 42.6     ls/h0 > 3.14	 (25)

The truss model III includes five compression struts. 
To simplify the shear capacity evaluation, the inclination 
angles α2 and β1 can be determined based on the analytical 
expressions of inclination angles in the improved EC-2 truss 
model. The inclination angles α1 and β2 are assumed to be 

Table 1—Analytical expressions of inclination angles

ww limitations cotβ1 cotα

0 ≤ ww ≤ 0.0716 (cotβ1)max = 2.5 (cotα)max = 5

0.0716 ≤ ww ≤ 0.1136 ​cot​β​ 1​​  =  ​ 
5 + ​√ 

____________________
  25 + 104​w​ w​​ − 2704​​w​ w​​​​ 2​ ​
   ________________________  52​w​ w​​  ​​ (cotα)max = 5

0.1136 ≤ ww ≤ 0.25 ​cot​β​ 1​​  =  ​ 
η(​w​ w​​)

 _ 2​√ 
_

 2 ​​w​ w​​ ​​ ​cotα  =  ​ 
4​w​ w​​ ​√ 
_

 1 + 8​w​ w​​ ​ + ​√ 
_

 2 ​η​(​w​ w​​)​
  ______________________  1 + 4​w​ w​​ − k​(​w​ w​​)​  ​​ 

0.25 ≤ ww ≤ 0.5 ​cot​β​ 1​​  =  ​√ 
_

 ​ 1 − ​w​ w​​ _ ​w​ w​​  ​ ​​ ​cotα  =  ​√ 
_

 ​ 1 − ​w​ w​​ _ ​w​ w​​  ​ ​​ 

0.5 < ww cotβ1 = 1 cotα = 1

Note: ​k(​w​ w​​)   =  ​√ 
_______________________

  1 + 8​w​ w​​ − 16​​w​ w​​​​ 2​ − 128 ​​w​ w​​​​ 3​ ​​; ​η( ​w​ w​​ )   =  ​√ 
_____________________

  1 + 4​w​ w​​ − 8​​w​ w​​​​ 2​ − k(​w​ w​​) ​​.

Fig. 8—Comparison of experimental versus predicted shear capacity for uncorroded and corroded RC beams: (a) proposed 
model for uncorroded RC beams; (b) ACI 318-19 for uncorroded RC beams; (c) Eurocode 2 for uncorroded RC beams; and 
(d) proposed model for CRC beams.
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equal to half of the inclination angles α2 and β1, respectively. 
The parameters γ1 and γ2 in Fig. 5 are assumed to be equal 
to 0.25. The inclination angle β3 can be determined based on 
Eq. (25).

VERIFICATION AND DISCUSSION
In this section, the proposed model is first verified by 

comparing the predicted shear capacity with the experimental 
results of uncorroded RC beams. A comparison of prediction 
accuracy between the proposed model and the existing shear 
provisions is then discussed to investigate the effectiveness 

of the proposed model. The failure modes of RC beams are 
also verified. Finally, the proposed model is further verified 
by comparing the experimental and predicted results of CRC 
beams under stirrups corrosion.

Verification and discussion of shear capacity for 
uncorroded RC beams

A total of 89 uncorroded RC beams15,36-41 were collected 
to verify the validness of the proposed model by comparing 
it with the experimental results. All the selected specimens 
with vertical stirrups (​θ​ = 90 degrees) were subjected to 

Table 2—Significant parameters and corresponding results of uncorroded RC beams

References Series
No. of 
beams ρs, % ρl, % ls/h0

Truss 
model

Inclination angles

FMex FMp

Vaex/
Vapm SD

CV, 
%α β1 β2

Lee et al.36 S20 4 0.3 2.7 2.5 II 11.31 to 
17.13

39.99 to 
41.79 52.2 SF CF 0.951 0.123 13

Cladera and 
Mari37

H50 3 0.11 to 
0.23 2.24 3.08 II 11.31 21.80 43.5 SF JF/EF/

BF

0.951 0.075 7.9
H60 3 0.24 to 

0.25 2.24 3.08 II 11.31 21.80 43.5 SF JF/EF/
BF

H75 3 0.24 to 
0.25 2.24 3.08 II 11.31 21.80 43.5 SF JF/EF/

BF

H100 3 0.24 to 
0.25 2.24 3.08 II 11.31 21.80 43.5 SF JF/EF/

BF

Rahal38 S1-4 7 0.16 to 
0.28 1.89 to 3.15 3 II 11.31 21.80 to 

31.04 44.7 SF JF/CF/
BF 0.909 0.146 16

Wang et al.15

B1,4,5 3 0.25 to 
0.38 2.06 to 2.32 1.75 I — 27.01 — SF JF

0.970 0.164 16.9B2,6,7 3 0.25 to 
0.38 2.06 to 2.72 2.25 I — 21.69 — SF JF/EF

B3,8,9 3 0.25 to 
0.38 2.32 to 2.72 2.60 II 11.31 to 

14.98
21.8 to 
41.15 50.7 SF CF/EF

Rahal and 
Al-Shaleh39

A65 3 0.2 to 
0.29 2.2 2.8 II 11.31 21.80 44.7 SF JF

1.265 0.108 8.5
B65 5 0.14 to 

0.25 4.0 2.8 II 11.31 21.80 44.7 SF JF

Clark40

A1 4 0.38 0.31 2.34 I — 21.05 — SF JF

1.028 0.111 10.8

B1 5 0.37 0.31 1.95 I — 24.79 — SF JF

B2 3 0.73 0.31 1.95 I — 24.79 — SF CF/JF

D1 3 0.46 0.34 1.93 I — 24.92 — SF JF

D2 3 0.61 0.34 2.42 I — 21.60 — SF CF

D4 3 0.49 0.34 2.42 I — 21.60 — SF CF

D5 3 0.37 0.34 2.42 I — 21.60 — SF CF

41

S1 6 0.157 0.294 2.5 II 11.31 21.80 52.2 SF JF

1.128 0.218 19.3

S2 6 0.10 to 
0.26 0.304 2.5 II 11.31 21.80 52.2 SF JF

S3 4 0.101 0.19 to 0.3 2.49 II 11.31 21.80 52.2 SF JF

S5 3 0.157 0.294 3.01 to 
2.5 II 11.31 21.80 44.55 

to 52.2 SF JF

S8 6 0.105 to 
0.224 0.3 2.5 II 11.31 21.80 52.2 SF JF

Note: FMex is experimental failure modes; FMp is predicted failure modes; SF is shear failure; EF is yield failure of longitudinal reinforcement; JF is yield failure of stirrups; BF is 
bond failure; CF is crushing failure of concrete struts; Vaex/Vapm  is mean ratio of Vex/Vpm.
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single concentrated load or symmetrical two-point load. The 
significant parameters, including the number of different 
types of RC beams, the longitudinal and transverse rein-
forcement ratios (ρl and ρs), the shear span-depth ratios ls/h0, 
the inclination angles (α and β), and the truss types are listed 
in Table 2. For overall comparisons, the mean ratios between 
experimental and predicted results of the shear capacity (Vaex/
Vapm), the standard deviation (SD), the coefficient of varia-
tion (CV), and the failure modes for the different studies are 
also shown in Table 2.

Figure 8 shows the trend of experimental versus predicted 
shear capacity for uncorroded and corroded RC beams based 
on the proposed model, the shear provisions of ACI 318-19,6 
and Eurocode 2,13 respectively. The majority of the data 
points in Fig. 8(a) are located close to the diagonal line, 
which means that the average deviation is small based on 

the proposed model. The ratios of experimental to predicted 
shear capacity (Vex/Vpm) range from 0.71 to 1.71. The mean 
ratio of Vex/Vpm is 1.048, accompanied by the SD of 0.179 
and the CV of 17.14%. The comparison of results provided 
in Fig. 8(a) and Table 3 show that the proposed model can 
reasonably predict the shear capacity and failure modes of 
RC beams.

Most of the data points in Fig. 8(b) are located below the 
diagonal line. The mean ratio of Vex/Vpm is 1.127 based on 
ACI 318-19, accompanied by the SD of 0.195 and the CV of 
17.27%. It is indicated that the shear capacity based on ACI 
318-19 is conservative. The data points based on Eurocode 
2 are too scattered in Fig. 8(c). Eurocode 2 has a mean ratio 
equal to 1.361, accompanying the SD of 0.475 and the CV of 
34.9%. The shear expressions of ACI 318-19 and Eurocode 
2 present different levels of conservatism. This is because 

Table 3—Significant parameters and corresponding results of CRC beams

References Series
No. of 
beams ηs, % ρs, % ρl, % ls/h0

Truss 
models

Inclination angles

FMex FMp

Vaex/
Vapm SD

CV, 
%α β1 β2

Zhang et 
al.31

L0-7,16 9 0 to 30 0.179 0.926 2.16 I — 22.54 — FF/SF JF

0.900 0.170 0.189

L8,9,17 3 20 to 
40 0.101 0.926 2.16 I — 22.54 — SF JF

L10,11,18 3 20 to 
40 0.280 0.926 2.16 I — 22.54 — FF/SF EF

L12-13 2 20 to 
30 0.179 0.926 1.63 I — 28.96 — SF JF

L14-15 2 20 to 
30 0.179 0.926 2.71 II 11.31 21.80 49.05 SF CF

L19-21 3 5 to 20 0.179 0.926 2.16 I — 22.54 — SF JF

Li et al.42 B0-7 8 0 to 
51.42 0.24 2.12 2.42 I — 21.60 — SF JF 1.012 0.153 0.151

Ye et al.43

L1-4LS 5 0 to 20 0.258 1.256 2.22 I — 22.05 — FF/SF EF
0.933 0.106 0.114

L3LS 2 14 to 
16 0.258 1.256 2.22 I — 22.05 — FF/SF EF

Higgins and 
Farrow20

8RA/D 2 0 to 
28.91 0.257 1.21 2.04 I — 23.72 — SF CF

0.967 0.116 0.12010RA/D 4 0 to 
25.8 0.206 1.21 2.04 I — 23.72 — SF EF

12RA/D 2 0 to 
33.75 0.171 1.21 2.04 I — 23.72 — SF JF

Suffern et 
al.44

10M-UR 3 9.87 to 
17.2 0.251 2.79 3 II 11.31 21.80 44.7 SF CF

0.838 0.134 0.160
D12-UR 3 7.97 to 

16.1 0.317 2.79 3 II 11.31 21.80 44.7 SF CF

D6-UR 3 1.17 to 
4.25 0.079 2.79 3 II 11.31 21.80 44.7 SF JF

D6-UR-100 3 0.96 to 
4.25 0.158 2.79 3 II 11.31 21.80 44.7 SF CF

Rodriguez 
et al.45

11 6 0 to 66 0.111 0.859 4.73 III 11.31 (5.65) 21.8 (10.9) 42.6 FF EF

1.092 0.193 0.177
12 6 0 to 53 0.111 1.843 4.73 III 11.31 (5.65) 21.8 (10.9) 42.6 SF EF

21 6 0 to 63 0.111 2.178 4.73 III 11.31 (5.65) 21.8 (10.9) 42.6 SF EF/CF

31 6 0 to 63 0.221 1.843 4.73 III 11.31 (5.65) 21.8 (10.9) 42.6 FF EF/CF

Note: FMex is experimental failure modes; FMp is predicted failure modes; SF is shear failure; FF is flexural failure; EF is yield failure of corroded reinforcement; JF is yield failure 
of corroded stirrups; BF is bond failure; CF is crushing failure of concrete struts; Vaex/Vapm= mean ratio of Vex/Vpm,η.
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the simple shear expressions are used in the design codes, 
which are expected to provide conservative estimates of 
shear capacity.

The proposed model with the lowest mean ratio Vex/Vpm 
and SD is more consistent with the experimental results. 
The purpose of this comparison is not to demonstrate that 
the proposed model is more accurate than the codes of ACI 
318-19 and Eurocode 2, but to show that the proposed model 
can predict the shear capacity of uncorroded RC beams with 
enough accuracy. It is also indicated that the proposed truss 
model is more in line with the actual load path of RC beams.

Verification of shear capacity of CRC beams
A total of 81 sets of experimental data of RC beams 

under stirrups corrosion20,31,42-45 were collected to examine 
the effectiveness of the proposed model. The experimental 
specimens are subjected to accelerated corrosion using the 
electrochemical corrosion method. The transverse stirrups 
and longitudinal reinforcement in the selected specimens 
were subjected to uniform corrosion. Most of the longitu-
dinal reinforcements in the test specimens20,31,42,44 are epoxy 
coated to keep them free from corrosion. A small part of 
the longitudinal reinforcements in the test beams43,45 are 
subjected to corrosion damage. The corrosion levels of the 
selected specimens ranged from 0 to 63%. Table 3 shows the 
significant parameters, failure modes, and shear capacity of 
CRC beams.

Figure 8(d) shows a good prediction between the predicted 
and experimental shear capacity of CRC beams. The majority 
of the data points in Fig. 8(d) are located close to the diag-
onal line. The ratios Vex/Vpm,η of CRC beams range from 0.62 
to 1.49. The mean ratio Vex/Vpm,η is 0.968, with the SD of 
0.183 and CV of 18.95%. The proposed model can provide 
an effective and time-saving method to reasonably estimate 
the shear capacity of uncorroded and corroded RC beams.

CONCLUSIONS
A multi-angle truss model of corroded reinforced concrete 

(CRC) beams is proposed based on the optimal load paths. 
The optimal load paths of CRC beams at the ultimate limit 
state are studied. The load paths incorporate multiple vari-
able-inclination struts that can realistically describe the 
force-transfer mechanisms. The limiting failure criteria of 
the proposed model are presented. The proposed model is 
verified by comparing with the experimental results of uncor-
roded and corroded reinforced concrete (RC) beams. The 
conclusions are as follows:
•	 The proposed model can reasonably predict the failure 

modes and the shear capacity of CRC beams. The ratios 
Vex/Vpm,η range from 0.62 to 1.49. The mean ratio Vex/
Vpm,η is 0.968, associated with the standard deviation 
(SD) of 0.183 and the coefficient of variation (CV) 
of 18.95%.

•	 For CRC beams at the ultimate limit state, corrosion 
damage has a negligible influence on the trajectory 
of load paths that are almost consistent under various 
corrosion levels. The load paths change with the increase 
of the shear span-depth ratios. The load paths for deep 
beams are consistent with the classical strut-and-tie 

model (STM). The load paths for slender beams incor-
porate multiple variable-inclination struts.

•	 The proposed model can provide the accurate evalua-
tion of the shear capacity of uncorroded RC beams. The 
mean ratio of Vex/Vpm is 1.048 based on the proposed 
model, accompanying the SD of 0.179, while ACI 
318-19 and Eurocode 2 have a mean ratio of 1.395 and 
1.361 with an SD of 0.203 and 0.475, respectively.
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NOTATION
Al,η	 =	 sectional area of corroded longitudinal reinforcement
As	 =	 sectional area of uncorroded stirrups
As,η	 =	 sectional area of corroded stirrups
ΔAs,η	 =	 loss of sectional area of corroded stirrups
ΔAs,o	 =	 loss of sectional area at cracking initiation
bw	 =	 width of uncorroded RC beam
bwef	 =	 effective width of RC beams under stirrups corrosion
Cc	 =	 depth of concrete cover
Dl	 =	 diameter of longitudinal reinforcement
Ds	 =	 diameter of diagonal stirrups
EC, AB, MJ	 =	 dimensions of section width of concrete struts
Fb,tie	 =	 maximum tensile forces of bottom tensile chord
Feb	 =	 effective bond force
Fgj	 =	 resultant force of corroded stirrups
FKR, FKS, FSL	 =	� resultants of concrete struts KR, KS, and SL, 

respectively
Fp,uc	 =	 ultimate bearing capacity of truss model II
FRP	 =	 tensile force of corroded longitudinal reinforcement
FU,gj	 =	� bearing capacity corresponding to yield failure of 

corroded stirrups
FU,KR, FU,KS, FU,SL=	� corresponding bearing capacity when concrete struts 

KR, KS, and SL fail, respectively
FU,RP	 =	� bearing capacity corresponding to yield or bond 

failure of corroded longitudinal reinforcement
fcm	 =	 compressive strength of uncorroded concrete
fly,η	 =	 yield strength of corroded longitudinal reinforcement
fsy,η, fsy	 =	� yield strength of corroded and uncorroded stirrups, 

respectively
h0	 =	 effective depth of RC beams
hs	 =	 inner lever arm
kcr	 =	 parameter for crack width
leb	 =	 effective bond length
ls	 =	 shear span of RC beams
ls/h0	 =	 shear span-depth ratios
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Ncs	 =	 number of stirrups crossing concrete struts
NKR, NKS, NSL	 =	� number of stirrups crossing concrete struts KR, KS, 

and SL, respectively
s	 =	 stirrups spacing
vc	 =	 strength reduction factor for cracked concrete
wc	 =	 crack width of concrete
wcc	 =	 critical crack width of concrete
ww	 =	 mechanical ratio of stirrups
α1, α2, β1, β2, β3	 =	 inclination angles of concrete struts
αp	 =	 pit penetration factor
γ, γ1, γ2	 =	� control parameter of transition depths between two 

inclination struts
η	 =	 corrosion levels of CRC beams
ηl	 =	 corrosion levels of longitudinal reinforcement
ηs	 =	 corrosion levels of stirrups
θ	 =	� inclination angles between inclination stirrups and 

longitudinal axis
ρs	 =	 stirrup ratio
σa,st	 =	 allowable stress of concrete struts
σds	 =	 tensile stress of corroded stirrup
σKR, σKS, σSL	 =	� uniform stress of concrete struts KR, KS, and SL, 

respectively
τa,η	 =	� average bond stress of corroded longitudinal 

reinforcement
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ACI 318-19 requires that prestressed concrete hollow-core slabs 
with depths exceeding 12.5 in. (320 mm) and subjected to a factored 
shear greater than half the design web-cracking shear strength be 
provided with at least minimum shear reinforcement. Because the 
use of bar-type shear reinforcement in hollow-core slabs is gener-
ally not possible, this requirement limits the use of these members 
in shear-critical cases. In this research, the use of hooked steel 
fibers as a means to increase the shear strength of deep hollow-
core slabs was evaluated through 14 tests on extruded hollow-core 
slabs. Slab thickness was 16 in. (406 mm) and the shear span-ef-
fective depth ratio (a/d) was either 3.0 or 3.5. Two types of hooked 
steel fibers were evaluated at dosages between 40 and 62 lb/yd3 
(24 and 37 kg/m3). Type 1 fibers had a single hook at each end and 
Type 2 fibers had double hooks at each end. The fiber-reinforced 
concrete slabs exhibited peak shear strengths that ranged between 
0.94 and 1.29 times the ACI 318-19 calculated web-cracking shear 
strength Vcw, while the two slabs without fibers failed at shear 
forces corresponding to 0.93 and 0.87Vcw. Besides an increase in 
shear strength, the presence of fibers, particularly Type 2 fibers, led 
to a more gradual post-peak strength decay. Failure of the hollow-
core slabs without fibers occurred as soon as one web exhibited 
web-shear cracking. In the hollow-core slabs with fibers, on the 
other hand, fibers bridging the first web-shear crack prevented 
this web from experiencing a sudden loss of shear capacity, which 
allowed the slabs to sustain additional shear until multiple webs 
had cracked in shear.

Keywords: extrusion; hooked fibers; precast; shear failure; web cracking.

INTRODUCTION
Precast, prestressed concrete hollow-core slabs are 

commonly used in residential, office, and industrial construc-
tion because of their light weight, rapid construction, and 
large span-depth ratios. Further, the flat top and bottom 
surfaces of hollow-core slabs require little or no finishing 
depending on architectural requirements, which add benefits 
in terms of construction time and cost.

The manufacturing of precast, prestressed concrete 
hollow-core slabs is typically performed using either an 
extrusion or a slipform process. In both cases, nearly 
zero-slump concrete is used. Further, these manufacturing 
processes prevent the use of bar-type transverse reinforce-
ment (that is, stirrups). The presence of hollow cores and 
the impossibility of placing stirrups in hollow-core slabs 
makes these members susceptible to shear failures, partic-
ularly near the supports, where the effective prestressing 
force has not been fully transferred to the concrete. More-
over, results from past research (Hawkins and Ghosh 2006) 
indicate that hollow-core slabs with overall thickness greater 

than or equal to 12.5 in. (320 mm) may fail at shear forces 
substantially lower than the web-cracking shear strength 
Vcw, calculated according to ACI 318-19 (ACI Committee 
318 2019). Based on that research, starting with the 2008 
ACI Building Code, transverse reinforcement is required in 
hollow-core slabs with overall depth greater than 12.5  in. 
(320 mm) where the factored shear force Vu is greater than 
0.5ϕVcw (strength reduction factor ϕ is equal to 0.75). Given 
that the use of bar-type transverse steel is not feasible in 
most hollow-core slabs, this provision effectively reduces 
the design web-cracking shear strength by 50% compared 
to other prestressed concrete members and imposes a severe 
limitation on the use of hollow-core slabs in shear-critical 
design scenarios. Similar findings regarding the reduced 
web-cracking shear strength of deep hollow-core slabs have 
also been reported in Palmer and Schultz (2011) and Dudnik 
et al. (2017).

The most common alternative to date to increase the shear 
strength of hollow-core slabs is by filling the cores with 
grout or concrete at the ends of the member. While effective, 
this solution is time-consuming and increases the weight of 
the member, thereby diminishing one of the major advan-
tages of hollow-core slabs, which is their light weight. This 
has led to the need for alternative solutions to increase the 
shear strength of deep hollow-core slabs without affecting 
their manufacturing process.

An alternative that has been investigated in the past few 
years to increase the shear strength of prestressed concrete 
hollow-core slabs is the use of discrete, randomly oriented 
steel fibers in the concrete mixture (Peaston et  al. 1999; 
Cuenca and Serna 2013; Simasathien and Chao 2015; Dudnik 
et al. 2017). In general, the use of hooked  steel  fibers  in 
volume fractions between 0.5 and 1.0% (66 and 132 lb/yd3  
[39 and 78 kgf/m3]) has led to an increase in shear strength 
and ductility in hollow-core slabs. To the authors’ knowl-
edge, however, the only laboratory study conducted on 
fiber-reinforced concrete hollow-core slabs with overall 
depths greater than 12.5 in. (320 mm) was that by Dudnik 
et al. (2017).

As part of the investigation reported in Dudnik et al. 
(2017), six tests were conducted on extruded 16 in. (405 mm) 
deep slabs. Two shear span-effective depth ratios (a/d) were 
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evaluated, 3.0 and 3.5. For each a/d, three shear spans 
were tested, one without fibers, one with fibers at 66 lb/yd3 
(39 kgf/m3) or at a 0.5% fiber volume fraction, and one with 
fibers at 100 lb/yd3 (59 kgf/m3) or at a 0.76% fiber volume 
fraction. The steel fibers used had a single hook at each end. 
The fiber length, diameter, and nominal ultimate strength 
were, respectively, 1.18 in., 0.022 in., and 160 ksi  (30 mm, 
0.55 mm, and 1100 MPa). The slabs were simply supported 
and subjected to a monotonically increased concentrated 
force.

Figure 1 shows the applied shear, normalized by the calcu-
lated web-cracking shear strength according to ACI 318-14 
(ACI Committee 318 2014), Vcw, versus deflection under 
the applied load for the tests with a/d of 3.5. Similar results 
were obtained for the tests with an a/d of 3.0. As can be 
seen, the slab without fibers failed at approximately 70% of 
the calculated Vcw, while the slabs with fibers failed at shear 
forces greater than Vcw. It should be noted that the slab with 
66 lb/yd3 (39 kgf/m3) of steel fibers exhibited a greater shear 
strength than that with steel fibers at 100 lb/yd3 (59 kgf/m3). 
This was due to difficulties in the mixing of steel fibers for 
the latter case, which led to some voids at various locations 
over the shear span.

The substantial increase in shear strength attained through 
the addition of steel fibers was attributed to the ability of 
fibers to transfer tension across web diagonal cracks. In the 
slabs without fibers, diagonal cracking of a single web led to 
a “zipper” effect, triggering the immediate cracking of the 
other webs and subsequent failure of the slab. In the case of 
the slabs with fibers, once one of the webs cracked, the fibers 
were able to transfer significant tension across the diagonal 
crack, which allowed the slab to carry additional load. It was 
only after all webs cracked that a drop in the applied load 
occurred.

The tests reported in Dudnik et al. (2017) gave clear indi-
cation that there is potential for the use of deformed steel 
fibers to increase the shear strength of deep hollow-core 
slabs and thus expand their applicability to resist large shear 

forces. However, only four tests of slabs with steel fibers 
were conducted, all using the same type of hooked steel 
fiber. Further, the limited test results indicated that the use 
of lower fiber dosages may be possible while still leading 
to an increase in shear strength. Thus, a new experimental 
research study, reported herein, was undertaken to evaluate 
the effect of fiber type and dosage on the shear behavior of 
deep, fiber-reinforced concrete hollow-core slabs.

RESEARCH SIGNIFICANCE
Previous research has shown the potential of using steel 

fibers in precast, prestressed concrete hollow-core slabs to 
increase their shear strength. However, experimental data 
are very limited, particularly for hollow-core slabs thicker 
than 12.5 in. (320 mm). A literature search indicated data 
available from only four tests of fiber-reinforced concrete 
hollow-core slabs thicker than 12.5 in. (320 mm), where the 
effect on shear strength of a single fiber type at two dosages 
was evaluated. This research was thus aimed at generating 
comprehensive experimental information regarding the shear 
strength of relatively deep (16 in. [405 mm]) hollow-core 
slabs reinforced with various types of steel fiber-reinforced  
concretes and constructed using an extrusion process.

EXPERIMENTAL PROGRAM
Overview of test specimens

The shear behavior of prestressed, steel fiber-reinforced 
concrete hollow-core slabs was evaluated through tests of 
spans subjected to a monotonically increased concentrated 
force. The main experimental variables evaluated were fiber 
type and dosage (two fiber types at up to three dosages; refer 
to the “Material properties” section), and a/d (3.0 and 3.5).

A total of seven 16 in. (405 mm) slabs were constructed 
using an extrusion process and manufactured at a single 
precast plant. Each slab had a total length of 15 ft (4570 mm). 
Because the test slabs had to be cast at the same time as other 
slabs being manufactured by the precast concrete producer, 
the design of the slabs in terms of number, diameter, and 
location of the strands was dictated by the design of the slabs 
being manufactured that day.

All slabs had the same design in terms of cross-section 
dimensions and prestressing steel (Fig. 2). The slabs were 
reinforced with 11 seven-wire, 270 ksi (1860 MPa) low- 
relaxation strands. The two exterior strands were 0.5 in. 

Fig. 1—Load-versus-deflection response for 16 in. (406 mm) 
deep slabs with a/d of 3.5 tested by Dudnik et al. (2017). 
(Note: 1 in. = 25.4 mm; 1 lb/yd3 = 0.591 kgf/m3.)

Fig. 2—Cross section for hollow-core slabs tested as part 
of this investigation. (Note: Strands 1 and 8 had diameter 
of 0.5 in. [13 mm], while all other strands had diameter of 
0.6 in. [15 mm]; 1 in. = 25.4 mm.) 
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(13  mm) in diameter, while the nine interior strands were 
0.6 in. (15  mm) in diameter, for a total area of 2.25 in.2 
(1452 mm2). Prior to casting of concrete, these strands were 
tensioned to a stress of 0.65fpu (175.5 ksi [1210 MPa]), where 
fpu is the nominal ultimate strength of the prestressing steel.

For each slab, the two ends were tested separately 
(Fig. 3). Thus, a total of 14 tests were conducted. The first 
test was conducted on a shear span with a length of 3.0d 
(42 in. [1065 mm]). The distance between supports L1 was 
96 in. (2440 mm). The other end of the slab was cantile-
vered to prevent any damage to this end during the first test 
(Fig. 3(a)). Once the first test was completed, the supports 
were relocated and the slab moved for testing of the other 
end, with a shear span of 3.5d (49 in. [1255 mm]) and L1 = 
103 in. (2615 mm) (Fig. 3(b)).

Description of test spans and test method
A summary of the main features of each test span is 

presented in Table 1. The span designation rules used are 
as follows. The first letter-number group refers to the fiber 
type (F1 for fiber type 1, F2 for fiber type 2, and NF for no 
fibers). The subsequent number refers to the fiber dosage in 
lb/yd3, followed by the a/d. If a letter is added at the end, 
it means that more than one nominally identical shear span 
was tested, with “a” referring to one test shear span and “b” 
to the nominally identical shear span tested. Thus, test span 
F2-40-3.0a refers to one of two spans (letter a at the end) 
with Type 2 fibers at 40 lb/yd3 (24 kgf/m3), and an a/d of 
3.0. Twelve tests were performed on shear spans with steel 
fiber-reinforced concrete, while two tests were conducted on 

shear spans without fibers. Except for one slab that had the 
cores at one end accidentally filled (shear span F2-40-3.5a), 
the distance between the center of the support and the edge 
of the slab was 1.75 in. (45 mm). For the slab end with filled 
cores, this distance was 38.0 in. (965 mm) to test the region 
with hollow cores.

Figure 3 shows a sketch of the setup used for each of the 
tests. Load was applied through a 1000 kip (4450 kN) testing 
machine at a constant displacement rate of 0.03  in./min 
(0.75  mm/min). A steel spreader beam was placed  under-
neath the 12 in. (305 mm) diameter crosshead of the hydraulic 
actuator to spread the load across the entire width of the 
slab. A 6 in. (150 mm) wide, 0.5 in. (13 mm) thick, commer-
cial Grade 200 neoprene bearing pad was placed between 
the spreader beam and the slab to achieve a more uniform 
distribution of the load. The bearing surface at the test end 
consisted of a 1.5 in. (38 mm) wide and 0.2 in. (5 mm) thick 
multi-monomer plastic bearing pad seating on top of a 6 in. 
(150 mm) wide, 1 in. (25 mm) thick steel plate. This steel 
plate was in turn placed on top of a 0.75 in. (19 mm) diam-
eter steel roller.

Instrumentation
Applied loads were measured through a load cell connected 

to the 1000 kip (4450 kN) testing machine. Slab deflections 
and deformations were calculated using measurements from 
a noncontact position tracking system (Northern Digital Inc. 
2011). This system tracked the position in space of markers 
attached to the surface of the specimens. Figure 4 shows the 
marker layout used on the webs of the test slabs. Given the 

Fig. 3—Sketch of test setup. (Note: 1 in. = 25.4 mm.)
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field of view of the cameras of the position tracking system, 
most of the markers were attached to one of the exterior 
webs (W1 in Fig. 4), as well as to the top of the slab. Despite 
the limited field of view, some markers were attached to the 
inner face of the opposite exterior web (W5) and to one face 
of all interior webs (W2 through W4) near the support in an 
attempt to track the formation of shear cracks in these webs. 
Reported deflection values correspond to deflections at the 

loading point relative to the support at the end of the test 
shear span.

Material properties
Two types of hooked steel fibers were evaluated. Type 1 

fibers were 1.18 in. (30 mm) long and 0.022 in. (0.55 mm) 
in diameter (Fig. 5) for a fiber aspect ratio of approximately 
55. The wire used to manufacture the Type 1 fibers had a 
nominal tensile strength of 160 ksi (1100 MPa). These fibers 

Table 1—Summary of test shear spans and main results 

Span ID Vf , % α, in. a/d Lend, in. L1, in. fcʹ, psi Vmax, kip Vcw, kip Vpc, kip Vmax/Vcw Vmax/Vpc

NF-3.0 — 42.0 3.0 1.75 96.0
13,100

75.0 80.9 N.A. 0.93 N.A.

NF-3.5 — 49.0 3.5 1.75 103.0 70.1 80.5 N.A. 0.87 N.A.

F1-50-3.0 0.38 42.0 3.0 1.75 96.0
11,390

86.6 76.5 68.7 1.13 1.26

F1-50-3.5 0.38 49.0 3.5 1.75 103.0 95.1 76.2 68.7 1.25 1.38

F2-40-3.0a 0.30 42.0 3.0 1.75 96.0

12,290

93.6 78.9 74.6 1.19 1.26

F2-40-3.5a* 0.30 49.0 3.5 38.0 103.0 121 106 88.8 1.13 1.36

F2-40-3.0b 0.30 42.0 3.0 1.75 96.0 85.0 78.9 74.6 1.08 1.14

F2-40-3.5b 0.30 49.0 3.5 1.75 103.0 94.5 78.5 74.6 1.20 1.27

F2-50-3.0a 0.38 42.0 3.0 1.75 96.0

10,750

71.7 74.8 72.5 0.96 0.99

F2-50-3.5a 0.38 49.0 3.5 1.75 103.0 69.7 74.5 72.5 0.94 0.96

F2-50-3.0b 0.38 42.0 3.0 1.75 96.0 96.5 74.8 72.5 1.29 1.33

F2-50-3.5b 0.38 49.0 3.5 1.75 103.0 84.1 74.5 72.5 1.13 1.16

F2-62-3.0 0.47 42.0 3.0 1.75 96.0
12,570

87.1 79.6 83.9 1.09 1.04

F2-62-3.5 0.47 49.0 3.5 1.75 103.0 100 79.2 83.9 1.26 1.19
*Cores were filled at slab end.
Note: Refer to Fig. 3 for Lend, L1, and α; Vf  is fiber volume fraction; a is shear span length; d is effective depth; fcʹ is average cylinder compressive strength; Vmax is peak shear force; 
Vcw is calculated web-cracking shear strength according to ACI 318-19; Vpc is calculated post-diagonal cracking shear strength; 1 in. = 25.4 mm; 1 psi = 6895 Pa; 1 kip = 4.45 kN; 
N.A. is not available.

Fig. 4—Typical web marker layout. (Note: 1 in. = 25.4 mm.)
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had a single hook at each end and were the same as those used 
in the tests reported in Dudnik et al. (2017). Type 2 fibers, 
on the other hand, were 2.36 in. (60 mm) long and 0.035 in. 
(0.9 mm) in diameter (aspect ratio of approximately 65), 
with double hooks at each end (Fig. 5). The nominal tensile 
strength for the Type 2 fibers was 335 ksi (2300 MPa).

Type 1 fibers, with a single hook at each end, are expected 
to slip while remaining elastic (except for the hooked ends) 
as cracks in the concrete widen. On the other hand, the 
double hooks in the Type 2 fibers are intended to prevent 
these fibers from slipping. Thus, fiber yielding is expected 
for crack widths larger than approximately 0.02 in. (0.5 mm). 
To prevent early fiber fracture, the minimum tensile strain 
capacity of these fibers is 5%, which would correspond to a 
crack width of approximately 0.12 in. (3.0 mm).

As shown in Table 1, Type 1 fibers were evaluated at 
50  lb/yd3 (30 kgf/m3) (0.38% volume fraction), while 
Type 2 fibers were evaluated at 40, 50, and 62 lb/yd3 (24, 
30, and 37 kgf/m3) for fiber volume fractions of 0.30, 0.38, 
and 0.47%, respectively. Type 1 fibers were evaluated at a 
single dosage because they had been evaluated in  previous 
research (Dudnik et al. 2017) at 66 and 100 lb/yd3 (39 and 
59 kgf/m3), or at volume fractions of 0.5 and 0.76%, respec-
tively. Both fiber types were delivered in bundles, with fibers 
glued to each other by a water-soluble glue that dissolved 
when in contact with water to improve fiber distribution.

The same concrete mixture was used for all slabs, regard-
less of the presence of fibers. This concrete had a target 
compressive strength of 9000 psi (62 MPa) and a water- 
cement ratio (w/c) of 0.36. Coarse aggregate consisted of 
crushed limestone with a maximum size of 0.75 in. (19 mm). 
The same mixing process was used for the concrete used in 

all slabs. In general, a good fiber distribution was observed 
prior to the concrete being discharged in the extrusion 
machine and no major issues were encountered during the 
extrusion process.

As mentioned previously, all slabs were pretensioned 
using 11 seven-wire, 270 ksi (1860 MPa) low-relaxation 
strands. These strands were initially tensioned to a stress of 
175.5 ksi (1210 MPa), which corresponded to 65% of the 
nominal ultimate strength of the prestressing steel.

EXPERIMENTAL RESULTS
Concrete cylinder strength and flexural behavior 
of fiber-reinforced concrete beams

Compressive strength for the concrete used in the test 
slabs was obtained through testing of at least two 6 x 
12 in. (152 x 305 mm) cylinders. The average compressive 
strengths obtained at or near the day of testing of the shear 
spans are listed in Table 1. As shown in the table, concrete 
compressive strength ranged between 10,750 and 13,100 psi 
(74.1 and 90.3 MPa).

The tensile performance of the various fiber-reinforced 
concretes used was evaluated indirectly through three- 
or four-point bending tests of 6 x 6 x 20 in. (150 x 150 x 
510 mm) beams. Concrete used in the beam samples was 
collected after being transported from the mixer using a 
crane and bucket operation and discharged into the tank of 
the extrusion machine, but prior to undergoing the extrusion 
process. The results from these tests, therefore, should be 
taken with caution given that the process of manufacturing 
these beams cannot be considered representative of the 
extrusion process used to cast the concrete in the hollow-
core slabs.

Beam tests were conducted using a closed-loop servo- 
controlled hydraulic machine under displacement control 
at a rate of 0.005 in./min (0.127 mm/min). Average equiv-
alent bending stress versus crack width responses for the 
fiber-reinforced concretes used are shown in Fig. 6. Equiv-
alent bending stress was calculated assuming linear-elastic 
behavior and using uncracked section properties (that is, 

Fig. 5—Geometry of steel fibers used in test specimens. 
(Note: 1 in. = 25.4 mm.)

Fig. 6—Average equivalent flexural stress versus crack 
width response for fiber-reinforced concrete. (Note: 1 psi = 
6895 Pa; 1 in. = 25.4 mm; 1 lb/yd3 = 0.591 kgf/m3.)
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applied moment divided by the elastic section modulus). It 
should be mentioned that the beams with Type 2 fibers at 
62 lb/yd3 (37 kgf/m3) were tested under four-point bending, 
as specified in ASTM C1609/C1609M(2012), while the 
rest of the beams were erroneously tested under three-
point bending. As can be seen in Fig. 6, the behavior of the 
fiber-reinforced concretes with Type 2 fibers was signifi-
cantly better than that of the concrete with Type 1 fibers, 
even when Type 2 fibers were used at a 20% lower dosage. 
This is attributed to the double hooks at the ends of Type 
2 fibers, which leads to an increased average bond stress 
between the fibers and the surrounding concrete. Increases 
in the dosage of Type  2 fibers beyond 40 lb/yd3 (24 kgf/
m3), however, translated only into a modest improvement in 
performance, particularly at large crack widths. It should be 
mentioned that the maximum difference between individual 
post-cracking strengths and the average strength for the 
fiber-reinforced concrete beams with Type 1 fibers was 25%, 
while the maximum difference for the beams with Type 2 
fibers was 16%.

Strand end slips
Figure 7 shows the measured end slips for the prestressing 

steel strands. The slip values reported are lumped into 
average slips for each concrete material used, which were 
calculated as the average of the slips measured at both 
ends of the same strand for all slabs cast using the same 
material. Also shown in the figure are the calculated slips 
corresponding to an effective prestress of 95% of the initial 
prestress (167 ksi [1150 MPa]) and a transfer length of 50db, 
where db is the strand diameter.

As can be seen in Fig. 7, slip values in the slabs did not 
seem to be affected by the presence of fibers. It should be 
noted that all strands in these slabs had a diameter of 0.6 in. 
(15 mm), except for Strands 1 and 8, which were 0.5 in. 
(13  mm) in diameter. For the same strand diameter, the 
results were fairly consistent, except for Strand 11 located 
in one of the webs, for which higher slips were measured 

regardless of the presence of fibers. In general, 50db repre-
sented an adequate, and often conservative, estimation of 
the average transfer length for the 0.6 in. (15 mm) diam-
eter strands and was in all cases conservative for estimating 
transfer length for the 0.5 in. (13 mm) diameter strands.

Web-cracking shear strength
All test specimens failed after the formation of cracks 

in the webs, near the supports. Thus, it is appropriate to 
compare the shear strengths exhibited by the test slabs with 
estimations of web-cracking shear strength of prestressed 
concrete members. Section 22.5.6.3.2 of ACI 318-19 gives 
the nominal web-cracking shear strength as follows

	 Vcw = (3.5λ√fc' + 0.3fpc)bwd + Vp	 (1)

where λ takes into account the effect of lightweight aggre-
gate (λ = 1.0 in this case); fpc is the compressive stress in 
the concrete at the centroid of the section due to the effec-
tive prestressing force; bw is the web width; d is the effec-
tive depth; and Vp is the vertical component of the effective 
prestressing force at the section considered (zero for the 
test slabs). The term in parenthesis in Eq. (1) is a simple 
and accurate approximation of Eq. (2), which gives the 
shear stress corresponding to a principal tensile stress at the 
section centroid equal to the tensile strength of the concrete 
under biaxial tension-compression stresses

	​ ​v​ cw​​  =  ​f​ ct​​ ​√ 

_

 1 + ​ 
​f​ pc​​ _ ​f​ ct​​

 ​ ​ =​​3.5λ​√ 
______

 ​fc ′ ​ ​​√ 

_______________

 1 + ​ 
​f​ pc​​ ____________ 

3.5λ​√ 
_______

 ​fc ′ ​ ​
 ​ ​  ​	 (2)

where the concrete tensile strength fct is taken as 3.5λ√fcꞌ. It 
should be noted that in EN 1992-1-1 (2004), web-cracking 
shear strength is also calculated as the shear stress corre-
sponding to a principal tensile stress equal to fct.

For the calculation of fpc, the transfer of effective prestress 
from the strands to the concrete was assumed to occur over 
50 strand diameters from the end of the strand. Concrete 
compressive strength used in the calculations corresponded 
to the measured average cylinder strength.

Table 1 lists the calculated web-cracking shear strengths 
for the test spans, which corresponded to the first critical 
section at h/2 from the inner face of the support, where h 
is the overall slab depth. As can be seen in the table, the 
two shear spans without fibers exhibited web-cracking shear 
forces at failure that corresponded to 93% and 87% of the 
calculated web-cracking shear strength for shear a/d of 
3.0 and 3.5, respectively. For these two test spans, failure 
occurred immediately after one web cracked in shear. It is 
worth mentioning that two shear spans manufactured at the 
same facility and tested as part of a previous investigation 
(Dudnik et al. 2017) failed at approximately 70% of Vcw. No 
explanation could be found for this difference in normal-
ized shear strength, other than the large variabilities that are 
typical of concrete tensile strength.

The addition of steel fibers to the concrete, given the 
dosages used, did not lead to a change in the cracking strength 
of the concrete. The increase in shear strength discussed next 

Fig. 7—Average strand end slip. (Note: Strands 1 and 8 had 
diameter of 0.5 in. [13 mm], while all other strands had 
diameter of 0.6 in. [15 mm]; 1 in. = 25.4 mm; 1 lb/yd3 = 
0.591 kgf/m3.)
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was thus due to the fact that failure in these slabs occurred 
only after multiple webs had cracked in shear. Adding 
Type 1 fibers at 50 lb/yd3 (30 kgf/m3) led to a 21 and 44% 
increase in shear capacity, with shear forces at failure of 1.13 
and 1.25 times the calculated web-cracking shear strength 
for a/d of 3.0 and 3.5, respectively. The ratio between exper-
imental shear strength and calculated web-cracking shear 
strength for the slabs reinforced with Type 2 fibers, on the 
other hand, ranged between 0.94 and 1.29. Two of the shear 
spans with Type 2 fibers (F2-50-3.0a and F2-50-3.5a), both 
of the same hollow-core slab, exhibited shear strengths 
slightly less than the calculated web-cracking shear strength. 
Shear strengths from two nominally identical shear spans 
(F2-50-3.0b and F2-50-3.5b), on the other hand, exhibited 
shear strengths equal to 1.29 and 1.13 times the calculated 
web-cracking shear strength. It is possible that the lower 
shear strengths were the results of less than adequate fiber 
distribution or concrete compaction, particularly because the 
lower strengths corresponded to the two shear spans tested 
from the same slab.

Overall, the results from the tests of the shear spans 
with Type 2 fibers suggest little or no benefit in increasing 
fiber dosage from 40 lb/yd3 (24 kgf/m3) to either 50 lb/yd3 
(30 kgf/m3) or 62 lb/yd3 (37 kgf/m3). This is consistent with 
the similar equivalent flexural stress versus crack width 
behavior exhibited by these materials (refer to Fig.  6). A 
similar observation can be made when comparing the results 
from the tests with Type 1 fibers with those reported in 
Dudnik et al. (2017). The two 16 in. (406 mm) deep shear 
spans tested in that investigation reinforced with Type 1 
fibers at 66 lb/yd3 (39 kgf/m3) failed at shear forces 1.23 
and 1.33 times the calculated web-cracking shear strength 
for a/d of 3.0 and 3.5, respectively. This represents a normal-
ized strength increase of only 8.9% and 6.4%, respectively, 
when compared to the slabs with Type 1 fibers at 50 lb/yd3 
(30 kgf/m3) despite the use of a 30% higher fiber dosage.

Overall behavior of test shear spans
For convenience, the load versus deflection response of all 

specimens is presented in terms of the shear force acting on 
the section where failure occurred, normalized with respect 
to the calculated web-cracking shear strength in accordance 
with ACI 318-19 building code. Figures 8(a) and (b) show 
the normalized shear force versus deflection responses 
for the test spans with either Type 1 fibers or no fibers for 
a/d of 3.0 and 3.5, respectively. Similarly, the normalized 
shear force versus deflection responses for the test spans 
with either Type 2 fibers or no fibers are shown in Fig. 9(a) 
and (b) for a/d of 3.0 and 3.5, respectively. In these figures, 
normalized shear force was calculated as the ratio between 
the applied shear Vexp and the calculated web-cracking shear 
strength Vcw, as discussed in the previous section. Deflec-
tion, on the other hand, corresponds to the relative down-
ward movement of the slab under the applied load relative 
to the nearest support. It should be pointed out that due to an 
instrument malfunction, deflection data for test span F2-40-
3.0b in Fig. 9(a) correspond to the movement of the machine 
crosshead.

All test slabs exhibited a nearly linear response up to 
web-shear cracking. No flexural cracks were observed in any 
of the slabs. As mentioned, peak load for the slabs with no 
fibers corresponded to the formation of a web-shear crack at 
a single web. The substantial loss of shear-carrying capacity 
of that web, once it cracked, led to an overload of the other 
four webs, which triggered the nearly instantaneous forma-
tion of shear cracks in the other webs and led to a rapid 
decrease in applied load.

For the slabs with either Type 1 or Type 2 fibers, some 
nonlinearity in the load versus deflection response can be 
observed as the load approached the peak load. This is 
attributed to the ability of the slabs to resist additional shear 
once one of the webs experienced web-shear cracking, 
which led to cracking in multiple webs prior to failure (refer 
to Fig. 10 for typical web-shear cracking in the test speci-
mens). This was possible because fibers bridging the first 
web-shear crack prevented this web from experiencing a 

Fig. 8—Normalized shear strength versus deflection response (slabs with Type 1 fibers and no fibers). (Note: 1 in. = 25.4 mm.)
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sudden loss of shear capacity at cracking and the triggering 
of a “zipper” effect that would have overloaded the other 
webs, thus allowing the slab to sustain additional shear. 
Similar observations were made by Dudnik et. al (2017). 
This behavior was most evident in shear span F2-40-3.5a, 
which exhibited a substantial hardening response over a 
wide range of deflections (Fig. (b)).

The phenomenon discussed previously can be explained 
using Fig. 11, which shows plots of applied normalized 
shear versus average principal tensile strains measured 
either on an exterior and interior web (Fig. 11(a)) or on 
one exterior web (Fig. 11(b)). Average strains were calcu-
lated from measurements of the position in space of sensors 
attached to the concrete surface during the tests (refer to 
Fig.  5 for sensor locations and grid numbering). For each 
sensor quadrant shown in Fig. 5, the average vertical, 
horizontal, and shear strains were calculated based on the 
position of the four sensors defining each quadrant, which 
allowed the calculation of the principal tensile strains shown 
in Fig. 11. As can be seen in Fig. 11(a), which corresponds to 

shear span F2-50-3.0b, first cracking on web W4 (Element 
E23) occurred at approximately 1.04Vcw. This was evident 
by the sudden increase in average principal tensile strain 
without an increase in applied load. Despite the formation 
of a web-shear crack on at least one web, this specimen 
was capable of sustaining additional load up to 1.29Vcw, at 
which point web-shear cracking occurred on exterior web 
W1 and the specimen reached its peak strength. From visual 
inspection after completion of the test, it was observed that 
all five webs of this test shear span had cracked in shear. 
Figure 11(b), on the other hand, illustrates the average 
strain progression on one exterior web (W1) of shear span 
F2-40-3.5a. First web-shear cracking on this web occurred at 
approximately Vcw, as indicated by the increase in principal 
tensile strains in Elements E5 and E16. At approximately 
1.1Vcw, a second diagonal crack formed on this web, as indi-
cated by the increase in strain in Element E14. The fact that 
two diagonal cracks formed on a single web is an indication 
that the formation of the first web-shear crack did not lead to 
a loss of shear-carrying capacity of this web.

Fig. 10—Web-shear cracking in shear span F2-40-3.5b (left: exterior webs; and right: interior web).

Fig. 9—Normalized shear strength versus deflection response (slabs with Type 2 fibers and no fibers). (Note: 1 in. = 25.4 mm.)
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Estimation of post-diagonal cracking shear 
strength

Steel fibers crossing the diagonal crack are believed to have 
primarily contributed to maintaining, or even increasing, 
the post-cracking web-shear strength by: 1) transferring 
tensile stresses across the diagonal crack; and 2) restraining 
the opening of the diagonal crack, thereby increasing shear 
transferred through aggregate interlock. A simple model 
is proposed to estimate the shear strength of steel fiber- 
reinforced concrete hollow-core slabs after the occurrence of 
web-shear cracking (Vpc). Referring to the free-body diagram 
shown in Fig. 12, the web-shear crack is assumed to propa-
gate at 45 degrees downwards to the inner face of the support 
and upwards toward the compression zone, with a horizontal 
and vertical projection equal to 0.9h, where h is the overall 
height of the slab. The crack is assumed to linearly increase 
in width from Point O. A uniform equivalent tensile stress 
(ft)avg in the fiber-reinforced concrete along the diagonal 
crack is assumed, which has been shown to be reasonable 
for fiber-reinforced concrete flexural members (Dinh et al. 
2011). The tensile force in the prestressing steel Tps is calcu-
lated assuming a uniform bond stress over a transfer length 
equal to 50 strand diameters. Taking moments about Point O 
and neglecting the moment caused by the compression force, 
a relationship can be obtained between the applied shear and 
the intensity of the diagonal tensile stress block as follows 
(refer to Fig. 12)

	​ ​V​ pc​​  =  ​ 
​T​ f​​​(​ ​L​ cr​​ _ 2 ​)​ + ​T​ ps​​​(d − 0.1h)​

  ____________________  
​(​ ​l​ b​​ _ 2 ​ + 0.9h)​

  ​​	 (3)

where

	​ ​T​ f​​  =  ​​(​f​ t​​)​​ avg​​ ​L​ cr​​ ​b​ w​​​	 (4)

	​ ​L​ cr​​  =  ​(0.9h)​​√ 
_

 2 ​​	 (5)

and bw is the summation of all of the web widths.
The average tensile stress (ft)avg at a given crack width can 

be obtained from the results of ASTM C1609/C1609M-12 
tests following the procedure reported in Dinh et al. (2011). 
According to this procedure, (ft)avg can be obtained from Eq. 
(6)

	​ ​​(​f​ t​​)​​ avg​​  =  0.37 ​f​ eq​​​	 (6)

where feq is the equivalent flexural stress obtained from 
ASTM C1609/C1609M tests at a given crack width. Crack 
widths calculated from the optical sensors attached to the 
exterior webs indicated that a substantial loss of load-car-
rying capacity in the slabs with Type 2 fibers occurred at 
maximum crack widths greater than 0.04 in. (1.0 mm) or 
1/60 of the fiber length. A crack width equal to 1/60 of the 
fiber length (0.02 in.) also seems consistent with the results 
from the two slabs with Type 1 fibers. Based on these crack 

Fig. 11—Normalized shear force versus average principal tensile strains.

Fig. 12—Assumed stress distribution after diagonal cracking 
in fiber-reinforced concrete slabs.
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widths, and from Fig. 6 and Eq. (6), an equivalent average 
tensile stress (ft)avg equal to 425 psi (2.93 MPa) is obtained 
for the mixture with Type 1 fibers at 50 lb/yd3 (30 kgf/m3). 
For the mixtures with Type 2 fibers, (ft)avg is equal to 525, 
490, and 680 psi (3.62, 3.38, and 4.69 MPa) for fiber dosages 
of 40, 50, and 62 lb/yd3 (24, 30, and 37 kgf/m3), respectively.

Once (ft)avg is determined, the post-diagonal cracking shear 
strength can be calculated from Eq. (3). It should be noted, 
however, that because Eq. (3) was obtained from moment 
equilibrium and not from equilibrium of vertical forces, 
an upper limit is needed for the calculated shear strength. 
For consistency with the upper limit in Table 22.5.6.2 of 
ACI 318-19, a maximum shear stress of 5λ√fcꞌ is proposed.

The calculated post-diagonal cracking shear strengths for 
the fiber-reinforced concrete slabs, Vpc, are listed in Table 1. 
As can be seen, the proposed method led to reasonable esti-
mates of post-cracking shear strength, with ratios between 
experimental and calculated shear strengths ranging between 
0.96 and 1.38.

CONCLUSIONS
The following conclusions can be drawn from the results 

presented in this paper.
•	 Strand-end slip values in the slabs did not seem to be 

affected by the presence of fibers. Fifty strand diameters 
(50db) represented an adequate, and generally conser-
vative estimation of the average transfer length for the 
0.6  in. (15 mm) diameter strands, while being conser-
vative in all cases for estimating transfer length for the 
0.5 in. (13 mm) diameter strands.

•	 The use of steel fibers led to an increase in shear 
strength and, for the case of Type 2 fibers, to a more 
gradual post-peak strength decay. Fiber-reinforced 
concrete shear spans with Type 1 and Type 2 fibers at 50 
and 40 lb/yd3 (30 and 24 kg/m3), respectively, exhibited 
peak shear strengths that ranged between 1.08 and 1.20 
times the calculated web-cracking shear strength, Vcw. 
The two test spans without fibers, on the other hand, 
failed at shear forces corresponding to 0.93 and 0.87Vcw. 
The shear spans with Type 2 fibers at 50 and 62 lb/yd3 
(30 and 37 kg/m3) showed a greater variability in shear 
strength, likely due to variations in fiber distribution 
or concrete compaction. These slabs failed at shear 
strengths ranging between 0.94 and 1.29Vcw.

•	 Failure of the hollow-core slabs without fibers occurred 
as soon as one web exhibited web-shear cracking. The 
loss of shear-carrying capacity in the cracked web 
created a “zipper” effect that led to a nearly simulta-
neous failure of all five webs. In the hollow-core slabs 
with fibers, on the other hand, fibers bridging the first 
web-shear crack prevented this web from experiencing 
a sudden loss of shear capacity that would have caused 
a “zipper” effect, which allowed the slab to sustain addi-
tional shear. Failure of these slabs occurred only after 
multiple webs cracked in shear.

•	 The proposed method for calculating the shear strength 
of the fiber-reinforced concrete slabs after the occur-
rence of diagonal cracking led to reasonable strength 

estimations, with ratios between experimental and 
calculated strengths ranging between 0.96 and 1.38.
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This paper presents the feasibility and relevance of cementitious 
resins as bonding agents for near-surface-mounted (NSM) carbon 
fiber-reinforced polymer (CFRP) strips. Contrary to conven-
tional organic matrixes, such inorganic resins offer promising 
performance when subjected to aggressive environments, espe-
cially under thermal distress. Three emerging resins are employed 
(polyester-silica, ultra-high-performance concrete [UHPC], 
and geopolymer) to strengthen reinforced concrete beams along-
side NSM CFRP. After stochastically simulating various levels 
of pitting corrosion for a period of 100 years, the outcomes are 
represented in the beams by reducing the cross-sectional area of 
steel reinforcement before applying the rehabilitation system. The 
emphasis of experimental investigations lies in the workability 
of those resins and the flexural response of the retrofitted beams. 
Material-level testing reveals that the rheological properties of 
the resins are not related to their compressive strength. As far 
as load-carrying capacity is concerned, the beams bonded with 
polyester-silica outperform the beams with other resins; however, 
UHPC enables stable degradation over the years. The interfacial 
characteristics of the resins dominate the mechanical interaction 
between the damaged internal reinforcing steel and CFRP, thereby 
altering the tendency of capacity drops, post-yield plateaus, and 
crack distributions. Through analytical modeling, the provisions of 
existing design guidelines are evaluated, and a modification factor 
is suggested to promote the cementitious resins for NSM CFRP.

Keywords: carbon fiber-reinforced polymer (CFRP); cementitious resins; 
near-surface-mounted (NSM); rehabilitation; retrofit; strengthening.

INTRODUCTION
Socioeconomic demands are growing for the development 

of efficient and durable structural members to accomplish 
sustainable built environments. Multidirectional endeavors, 
founded upon collaborative synergies between the technical 
and public sectors, can relieve risk and vulnerability against 
human-made and natural hazards.1 In comparison with 
demolition and reconstruction, rehabilitation is deemed to 
be a competitive option that satisfies the stringent require-
ments of modern building codes at an affordable expense.2 
Accordingly, a number of retrofit methodologies have 
been proposed and executed using concrete jackets,3 steel 
plates,4 prestressing strands,5 bracings,6 energy-dissipating 
dampers,7 and external frames.8 Among others, carbon 
fiber-reinforced polymer (CFRP) composites have become 
a notable alternative for structural rehabilitation on account 
of many benefits: light weight, high strength and modulus, 
noncorrosiveness, tailorability, convenient installation, low 
maintenance, and longevity.9 Prevalent CFRP-strengthening 

techniques are categorized into two groups: 1) the EB 
method, where CFRP sheets are externally bonded with a 
polymeric adhesive; and 2) the NSM method, where CFRP 
strips are inserted into a precut groove and near-surface-
mounted with a resin matrix. From an interfacial mechanics 
perspective, the NSM method is distinct from the EB 
method in that an integrated system is established between 
the adhesive and CFRP, which is beneficial in terms of trans-
ferring shear stress with the enlarged contact dimensions.10 
Retrofitting concrete members with near-surface-mounted 
(NSM) CFRP encompasses several advantages over exter-
nally bonded (EB) CFRP—namely, reduced labor, minimal 
surface preparation, debonding resistance, durability, and 
aesthetics.11 The two main factors to be considered when 
choosing an appropriate bonding agent for installing NSM 
CFRP strips are strength and workability, because premature 
interfacial failure would lead to the malfunctioning of the 
strips and improper rheology could give rise to unnecessary 
impediments to the planned rehabilitation process.

The majority of research projects concerning NSM CFRP 
have been conducted with organic epoxies; consequently, 
contemporary design guidelines and specifications do not 
contain information on other substitutes.9,12 The need for 
inorganic resins arises, per contra, when a structure to be 
strengthened with CFRP is exposed to aggressive environ-
ments, which can readily degrade the bond of organic resins. 
Yang et al.13 reported the bond of NSM CFRP with an engi-
neered cementitious composite consisting of cement, fly 
ash, silica fume, sand, a high-range water reducer, and poly-
vinyl alcohol fibers. The interfacial failure of CFRP with the 
cementitious resin was not as brittle as the failure with an 
epoxy resin. Al-Saadi et al.14 assessed the residual capacity 
of fatigue-damaged concrete beams strengthened with NSM 
CFRP incorporating a cementitious adhesive. Until failure 
occurred, debonding of the CFRP was not observed, and the 
interfacial transition zone between the strengthening system 
and the concrete seemed to be uniform. Kuntal et al.15 carried 
out a test program on the pullout and shear strengthening 
of concrete members with NSM CFRP. The bonding agent 
was a cement grout possessing a 7-day compressive strength 
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of 45 MPa (6526 psi). The installed CFRP strips inhibited 
the opening of cracks and lowered the evolution of concrete 
strains. Further details about NSM CFRP coupled with inor-
ganic resins are covered in review articles.16,17

Despite their rapid growth and auspicious potential, there 
is a dearth of knowledge on the application of cementitious 
resins for adhering NSM CFRP. Especially, the types of 
usable inorganic resins are still restrictive, and, in most cases, 
ordinary mortar preponderates in the community. This paper 
explores the suitability of emerging cementitious resins 
as part of retrofit technologies, including polyester-silica, 
ultra-high-performance concrete (UHPC), and geopolymer. 
Accompanied by the rheological and mechanical character-
istics of these resins, the performance of reinforced concrete 
beams strengthened with NSM CFRP is studied with the 
aim of elucidating flexural capacities, displacements, and 
failure modes. To reflect realistic circumstances, the beams 
are damaged by stochastically simulated corrosion. Analyt-
ical modeling accounts for the pertinence of existing design 
approaches and renders a practice protocol with a modifica-
tion factor.

RESEARCH SIGNIFICANCE
To advance the state of the art, the relevance of noncon-

ventional bonding agents is examined for the NSM method. 
The interaction between the cementitious resins and CFRP 
strips, which is inherent in the fundamental mechanics of 
the retrofit system, plays an important role in governing the 
behavior of the strengthened beams. Through the acquain-
tance gained from the experimental program combined with 
theoretical modeling, an obscure facet is construed in the 
discipline of NSM CFRP. The proposed design recommen-
dations allow for a broad range of damage levels paired with 
a cross-sectional loss in steel reinforcement, equivalent to 
100 years of pitting corrosion. Recognizing the propitious 
opportunity and technical competency of the inorganic 
resins brings to light the cutting-edge research of structural 
rehabilitation and will eventually constitute a section in 
practice guidelines.

SIMULATION OF CORROSION DAMAGE
A benchmark bridge deck was designed to simulate the 

ramifications of corrosion under an aggressive service envi-
ronment (Fig. 1(a)). The thickness of the deck was 250 mm 
(10 in.) with a strip width of 1 m (3.3 ft), which was rein-
forced by No. 4 bars (12.7 mm [0.5 in.] in diameter) at a 

cover depth of 63.5 mm (2.5 in.). The following is a descrip-
tion of the initiation and progression of corrosion damage.

Corrosion initiation
Equation (1) predicts the initiation of corrosion (ti) in 

years18

	​ ​t​ i​​  =  ​ ​C​​ 2​ _ 4​D​ c​​ ​ ​​[​erf​​ −1​​(​ ​C​ cr​​ − ​C​ 0​​ _ ​C​ i​​ − ​C​ 0​​ ​)​]​​​ 
−2

​​	 (1)

where C is the concrete cover in cm; Dc is the diffusion 
coefficient in cm2/s; erf is the Gauss error function; and Ccr, 
C0, and Ci are the critical, equilibrium, and initial chloride 
concentrations, respectively. According to published papers, 
the following properties were taken: Dc = 1 × 10–8 cm2/s 
(1.55 × 10–9 in.2/s) for a bridge member exposed to corrosive 
environments,19Ccr = 0.4% and Ci = 0% (weight % of the 
cement),20 and C0 = 1.6%.18

Pitting corrosion
The pitting depth of the reinforcement (ppit in Fig. 1(b)) 

may be calculated by

	​ ​p​ pit​​​(t)​  =  ​α​ p​​​(​ 1 _ 2 ​​(​ϕ​ 0​​ − ​ϕ​ ​t​ p​​​​​(t)​)​)​​	 (2)

where αp is the pitting factor (αp = 4)21; and ϕ0 and ​​ϕ​ ​t​ p​​​​​ are 
the diameters of the initial and damaged reinforcing bars, 
respectively. The reduced diameter of the steel is estimated 
using22,23

	​ ​ϕ​ ​t​ p​​​​ (t)​= ϕ0 – rcorr(tp)	 (3)

	​ ​r​ corr​​​(​t​ p​​)​  =  ​C​ c​​ ​ 
​W​ a​​ ​i​ corr​​​(​t​ p​​)​

 _ nρ  ​​	 (4)

	​ ​i​ corr​​​(​t​ p​​)​  =  ​ 37.8​​(1 − w / c)​​​ −1.64​  _______________ C  ​ ​k​ 1​​​t​ p​ ​k​ 2​​​​	 (5)

where tp is the corrosion time in years (tp = tcurrent – ti); Cc 
is a conversion factor (Cc = 0.00327 for mm/year); Wa is 
the atomic weight of iron (Wa = 55.9 g/mol [0.12 lb/mol]); 
icorr(tp) is the corrosion current density in μA/cm2; n is the 
number of electrons in iron (n = 2 for Fe → Fe2 + 2e); ρ is 
the density (7 g/cm3 [0.25 lb/in.3]); w/c is the water-cement 
ratio in concrete; and k1 and k2 are constants (k1 = 0.85 and 
k2 = –0.3 after 1 year of corrosion initiation). The width of 
the pitted portion (apit(t) in Fig. 1(b)) is

	​ ​a​ pit​​​(t)​  =  2 ​p​ pit​​​(t)​​√ 

____________

  1 − ​​(​ 
​p​ pit​​​(t)​ _ ​ϕ​ 0​​  ​)​​​ 

2

​ ​​	 (6)

The time-dependent pitting and width ratios of the rein-
forcing bar (Rp(t) and Rw(t), respectively) are defined as

	 Rp(t) = (ppit(t)/ϕ0)	 (7)

	 Rw(t) = (apit(t)/ϕ0)	 (8)

Fig. 1—Corrosion damage: (a) benchmark bridge deck; and 
(b) pitting corrosion.



139ACI Structural Journal/July 2023

Upon determining Rp(t) and Rw(t), the attributes of pitting 
corrosion in any reinforcing bar size at time t (ppit(t) and 
apit(t)) can be attained.

Monte Carlo simulation
Because corrosion characteristics are intrinsically 

stochastic in a concrete structure, the formulated models 
were simulated by the Monte Carlo method. This numerical 
technique generates possible outcomes based on random 
sampling, which is suitable for solving complex engineering 
problems with uncertainties.24 The statistical properties and 
distribution types enumerated in Table 1 were substituted 
into Eq. (1) to (5) for the inference of corrosion initiation 
years and the Rp(t) and Rw(t) ratios up to a service period of 
100 years, employing over 50,000 samples.

Pitting corrosion
Figures 2(a) and (b) display the simulated corrosion 

initiation years and pitting ratios of the benchmark bridge 
deck, respectively (selected cases are visible for brevity). 
The density of the data was concentrated within a certain 
range, albeit scattered, which means that representative 
values with high occurrence probability can be identified for 
each parameter. The predicted corrosion initiation time of 
20.5 years (Fig. 2(a)), on average, was reasonably close to a 
reported period of 20 to 30 years.35,36 As shown in Fig. 2(b), 
with the increased service year, the extent of deviation was 
enlarged in the pitting ratio due to accumulated uncertain-
ties. The average pitting and width ratios of the reinforce-
ment after the onset of corrosion are charted in Fig. 2(c) and 
(d), respectively. The magnitudes of these ratios noticeably 
went up between 25 and 50 years, pointing out the active 
progression of corrosion. The literature states that piled rust 
retards the ingress of oxygen when significant corrosion 
develops,37 thereby decelerating electrochemical reactions 
necessary for the pitting damage.

LABORATORY EXPERIMENT
A test program is delineated to outline material proper-

ties, specimen preparation, retrofitting schemes, and instru-
mentation. For material- and structure-level investigations, 
mechanical and rheological techniques are used.

Materials
The specified compressive strength of the ready mixed 

concrete was fc′ = 25 MPa (3630 psi). Five cylinders (100 mm 
[4 in.] in diameter by 200 mm [8 in.] in depth) were tested 
per ASTM C39/C39M-18,38 and the average 28-day strength 
of the cylinders was found to be 27 MPa (3920  psi). The 
yield strength and elastic modulus of Grade 60 steel rein-
forcing bars were fy = 414 MPa (60 ksi) and Es = 200 GPa 
(29,000 ksi), respectively. Prefabricated CFRP strips with 
dimensions of 2 mm (0.08 in.) in thickness and 16  mm 
(0.63 in.) in width were the primary strengthening material, 
comprising high-strength carbon fibers and an epoxy resin. 
The unidirectional composite strips possessed a tensile 
strength of ffu = 2068 MPa (300 ksi) and a corresponding 
modulus of Ef = 124 GPa (18,000 ksi) with an ultimate 
strain of εfu = 0.017. The textured surface of this commercial 
product enhances the bond against an adhesive. Three types 
of cementitious resins were employed as bonding agents: 
polyester-silica, UHPC, and geopolymer. To produce poly-
ester-silica, a catalyst was added to a polyester liquid and the 
chemically reactive solution was mixed with silica sand at a 
ratio of 20% and 80% by mass, respectively. The silica had 
an SiO2 content of 90.3% with a particle size of 0.45 mm 
(0.018 in.). The non-shrink UHPC mixture was composed of 
particle-optimized ingredients along with carbon nanofibers 
(detailed information is not reported owing to contractual 
obligations). As guided by the manufacturer’s manual, a 
paste and a deformer were blended with tap water in a mixer 
for 2 minutes; then, packaged dry powders were added and 
stirred for an additional 6 minutes until a homogeneous 
grout was achieved. The geopolymer was an aluminosilicate 

Table 1—Statistical properties for stochastic simulation

Variable Mean COV Distribution Reference

Geometry Various 0.03 Normal Okeil et al.25

Concrete cover (C) 63.5 mm 0.2 Normal Li and Melchers26

Critical concentration (Ccr) 0.4% 0.38 Normal Val and Stewart27

Equilibrium concentration (C0) 1.6% 0.50 Lognormal Stewart and Rosowsky28

Diffusion coefficient (Dc) 1 × 10–8 cm2/s 0.75 Lognormal Stewart and Rosowsky28

Water-cement ratio (w/c) 0.4 0.10 Normal Fox et al.29

Reinforcing bar diameter (ϕ0) 12.7 mm 0.015 Normal Nowak and Collins30

Yield strength of steel (fy) 414 MPa 0.025 Normal Mirza et al.31

Concrete strength (fc′) 27 MPa 0.125 Normal Nowak and Collins30

Concrete crushing strain (εcu) 0.003 0.15 Lognormal Baji and Ronagh32

Cross-sectional area of steel (As) Various 0.015 Normal Nowak and Collins30

Pitting corrosion (apit and ppit) Various 0.10 Normal Kim et al.33

Elastic modulus of CFRP (Ef) 124 GPa 0.20 Lognormal Atadero and Karbhari34

Cross-sectional area of CFRP (Af) 32 mm2 0.05 Lognormal Atadero and Karbhari34

Note: COV is coefficient of variation; 1 mm = 0.0394 in.; 1 cm2 = 0.16 in.2; 1 MPa = 145 psi; 1 GPa = 145 ksi.
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matrix with the succeeding nominal properties: a setting 
time of 60 minutes,39 a 28-day shrinkage of 0.07%,40 a chlo-
ride penetration of 60 mm (2.4 in.) at 90-day ponding,41 and 
a freezing-and-thawing loss of 0% at 300 cycles.42

Specimens
Pitting corrosion—The stochastic model described previ-

ously was implemented to replicate pitting corrosion in steel 
reinforcement (No. 3 bars). Multiplying the diameter of 
ϕ0 = 9.53 mm (0.375 in.) by the simulated pitting and width 
ratios (Fig. 2), corrosion damage was estimated from 25 to 
100 years (Fig. 3(a)). Three spots, targeted near the middle 
of each reinforcing bar, were cut using a high-precision 
computer-numerical-control milling machine (Fig. 3(b)).

Cubes and beams—Referring to ASTM C109/C109M-
20,43 15 cubes (50 mm [2 in.], each side) were cast with 

the cementitious resins and moisture-cured under a relative 
humidity of 99% for 14 days. Reinforced concrete beams 
were prepared with dimensions of 165 mm (6.5 in.) in width 
by 100 mm (4 in.) in depth by 1200 mm (4 ft.) in length. The 
machined No. 3 reinforcing bars were located at an effec-
tive depth of 70 mm (2.75 in.), as depicted in Fig. 3(c), and 
No. 2 shear stirrups (6.35 mm [0.25 in.] in diameter) were 
placed at spacings of 75 mm (3 in.) to ensure flexural failure. 
A polystyrene strip (900 mm [35 in.] long) was positioned 
underneath the steel cage for the installation of NSM CFRP 
and then the concrete was placed.

Strengthening plan
After 28 days of curing in an environmental chamber at 

99% relative humidity and 23°C (73°F), all beams were 
taken out, cleaned with an airbrush, washed, and fully dried. 

Fig. 2—Corrosion damage of benchmark bridge deck: (a) simulated corrosion initiation years; (b) simulated pitting ratio; 
(c) average pitting ratio; and (d) width ratio.

Fig. 3—Beam details (units in mm): (a) pitting corrosion; (b) simulated corrosion damage; and (c) dimensions.



141ACI Structural Journal/July 2023

The groove of the beams, created by the polystyrene, was 
ground using a knotted-wire steel wheel to improve the bond 
against the cementitious resins. It should be noted that the 
groove size of 25 mm (1 in.) deep and 13 mm (0.5 in.) wide 
was in compliance with the provisions of ACI 440.2R-17.9 
The inorganic resins were mixed as explained earlier and 
applied to approximately 70% of the groove depth; after-
ward, a single piece of CFRP (900 mm [35 in.] long) was 
firmly inserted and the remaining portion of the groove 
was filled. In line with the findings of preliminary testing 
on the strength of the resins (that is, the strength converged 
after 14 days), the CFRP-bonded beams were additionally 
cured for 14 days. Table 2 imparts the identification of the 
prepared beams, depending upon the type of resin and the 
simulated time of corrosion. For example, the P75 specimen 
indicates that a beam suffering 75 years of corrosion was 
CFRP-strengthened with polyester-silica. It is worth noting 
that unstrengthened beams were not tested because the focus 
of the study was on exploring the performance of the cemen-
titious resins.

Test methods
Compressive strength—The previously mentioned cylin-

ders and cubes were monotonically compressed to obtain the 
strength of the concrete and resins (Fig. 4(a) and (b)).

Workability—Given that the morphological nature of the 
cementitious resins differs from that of conventional epoxies 
when filling a narrow groove, workability was regarded to 
be crucial. A vane shear test was performed to measure the 
rheology of the three resin types (Fig. 4(c)). Cylindrical 
containers (45 mm [1.8 in.] in diameter and 100 mm [4 in.] in 
depth) were filled with the individual resins, and the inserted 
vane (12.7 mm [0.5 in.] in width and 12.7 mm [0.5 in.] in 
height) was rotated at 0.1 rpm for 60 minutes. Strain rates 
were acquired (details will be described) for the appraisal 
of angular velocities that would quantify the resins’ applica-
bility to NSM CFRP.

Flexure—The strengthened beams were loaded under 
four-point bending at a rate of 1 mm (0.0394 in.)/min 
(Fig. 4(d)). The simply supported beams were instrumented 
with a load cell and a linear potentiometer at midspan to 
record the applied load and the displacement, respectively. 
Strain transducers, customarily called PI gauges, were 
mounted at a distance of 25 mm (1 in.) from the top and 

Table 2—Test matrix 

Identification Resin Corrosion time, years Cross-sectional area of steel, mm2 Ultimate load, kN

P25 Polyester-silica 25 141 47.0

P50 Polyester-silica 50 129 45.2

P75 Polyester-silica 75 114 40.4

P100 Polyester-silica 100 99 38.6

U25 UHPC 25 141 40.5

U50 UHPC 50 129 38.5

U75 UHPC 75 114 37.6

U100 UHPC 100 99 37.3

G25 Geopolymer 25 141 38.5

G50 Geopolymer 50 129 38.3

G75 Geopolymer 75 114 33.8

G100 Geopolymer 100 99 32.3

Note: 1 mm2 = 0.0016 in.2; 1 kN = 0.225 kip.

Fig. 4—Test methods: (a) concrete cylinder; (b) resin cube; (c) workability; and (d) beam.
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bottom of the beams for monitoring compressive and tensile 
deformations, respectively.

RESULTS AND DISCUSSION
The outcomes of laboratory testing are gleaned and 

analyzed with an emphasis on the practicality of cemen-
titious resins as bonding agents for NSM CFRP strips. Of 
interest are the flexural responses of retrofitted beams with 
pre-damage and the feasibility of the resins.

Properties of cementitious resins
Figure 5(a) summarizes the compressive strength of 

the cementitious resins. The average 14-day strength of 
34.4 MPa (4989 psi) in polyester-silica was higher than the 
28-day strength of the concrete (27 MPa [3920 psi]). This 
illustrates that cross-linked monomers, stemming from the 
condensation reactions of the resin,44 were more efficacious 
compared with the load bearing of the coarse aggregates. It 
is also known that the strong bond between the polyester 
and silica was accomplished by mutual engagement through 
the rough interfacial surfaces.45 The strength of UHPC 
reached over 115 MPa (16,679 psi), which was ascribed to 
the prompt hydration associated with the fine binder parti-
cles and tricalcium silicate.46 From a mechanical stand-
point, the carbon nanofibers in the UHPC mixture induced 
the so-called bridging effect that precluded the formation 
of microcracks.47 The strength of the geopolymer resin was 
21 MPa (3045 psi): prior research clarifies that the dissolu-
tion of aluminum and silicon and the polycondensation with 
metallic minerals were instrumental in resisting external 
loadings.48

Shown in Fig. 5(b) is an assessment of the resins’ work-
ability. The angular change of the vane (Δθ) was logged and 
converted to a shear stress using49

	​ τ  =  ​  KΔθ _____________  
π​(​ ​D​​ 2​H _ 2  ​ + ​ ​D​​ 3​ _ 6  ​)​

 ​​	 (9)

where τ is the shear stress of the fresh resin, equivalent to 
the rotational resistance of the vane; K is the spring constant 
(1.85 N∙mm [0.016 lb∙in.] per angular change); and D and H 

are the width and depth of the vane, respectively. The shear 
stress of polyester-silica was 340 Pa (6.8 lb/ft2), which was 
175% and 507% higher than those of UHPC and geopolymer, 
respectively. The inset of Fig. 5(b) reveals the viscosity of 
the resins with respect to strain rate. In accordance with 
the theory of Newtonian fluids,50 the viscosity of an amor-
phous material is defined as the ratio of shear stress to strain 
rate (Δθ per unit time). To gain a viscosity of 494 kPa∙s/rad 
(0.07 ksi∙s/rad) during the test period of 60 minutes, poly-
ester-silica required a strain rate of 688  rad/s; contrarily, 
UHPC and geopolymer necessitated 393 rad/s and 135 rad/s, 
respectively. In other words, the internal friction of poly-
ester-silica was much higher, and thus its workability was 
concluded to be the least favorable among the three resins.

Capacity
The ultimate load of the test beams is graphed in Fig. 6(a). 

The flexural capacity of the strengthened beam with polyes-
ter-silica at a simulated corrosion period of 25 years (P25 in 
Table 2) was 47.0 kN (10.6 kip), whereas the capacities of the 
beams with UHPC (U25) and geopolymer (G25) were 40.5 
and 38.5 kN (9.1 and 8.7 kip), respectively. This tendency 
was maintained irrespective of the corrosion time, leading to 
the fact that the polyester-silica resin outperformed the other 
types. Furthermore, it was substantiated that the strength of 
the cementitious resins (Fig. 5(a)) was not directly propor-
tional to the functionality as a bonding agent for NSM CFRP 
application. The implications of the corrosion damage are 
described in Fig. 6(b), where the time-dependent capac-
ities are normalized by the 25-year capacities belonging 
to the individual resins. The load drop ratio of the beams 
with UHPC consistently dwindled up to 100 years: 4.96% 
(25 to 50 years), 2.31% (50 to 75 years), and 0.79% (75 to 
100 years). Regarding the beams with polyester-silica and 
geopolymer, the variation in the load ratios was similar and 
conspicuous reductions were noticed beyond 50 years. For 
instance, the drop ratios of the beams with geopolymer were 
0.73% (25 to 50 years) and 11.6% (50 to 75 years). It is, 
hence, stated that the UHPC resin better interacted with 
the residual cross-sectional area of the corrosion-damaged 
steel reinforcement and demonstrated reliable long-term 

Fig. 5—Properties of cementitious resins: (a) average compressive strength at 14 days of curing; and (b) workability.
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performance; specifically, the high-strength UHPC effec-
tively distributed tensile stresses to those reinforcing bars 
and alleviated strain localizations.

Flexural behavior
Figure 7(a) exhibits the load-displacement relationship 

of the UHPC-bonded beams. The declined pre-yield slope 
with an increase in corrosion year signifies that the narrow 
CFRP strip did not appreciably upgrade the serviceability 
of the beams. Technically speaking, the transformed CFRP 
area accounted for 3.6 to 4.0% of the cracked concrete 

sections with a modular ratio of nf = 5.05; that is, nfAf = 
161 mm2 (0.25 in.2) versus Act = 4482 and 4020 mm2 (6.95 
and 6.23 in.2) at 25 and 100 years, respectively, where Af 
is the cross-sectional area of CFRP; and Act is the area of 
the cracked concrete section, respectively. The yield load of 
the beams was a function of corrosion due to the reduced 
steel areas, and the fluctuating yield plateaus imply that the 
UHPC resin fractured periodically (supplementary discus-
sions will be given). As the damage level rose, the breadth 
of the plateaus enlarged, which is attributable to the lowered 
steel reinforcement ratio: ρs = 1.22% and 0.86% at 25 and 

Fig. 6—Flexural capacity of strengthened beams: (a) ultimate load; and (b) load ratio.

Fig. 7—Flexural behavior: (a) load-displacement for UHPC; (b) comparison of load-displacement at 50 years; (c) strains of 
U75 beam; and (d) energy dissipation.
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100 years, respectively, in which ρs = As/(bd), where As is 
the steel area; b is the beam width; and d is the effective 
depth of the beam. The effects of the resin type are plotted 
in Fig. 7(b) at a selected period of 50 years. The response 
of all beams was virtually identical until a load of 23.4 kN 
(5.3 kip); then, a bifurcation was noted in the beam with 
geopolymer (G50). Unlike the case of the U50 and G50 
beams, the P50 beam showed an abrupt load drop. Care 
should thus be exercised when adopting polyester-silica 
for strengthening purposes. The archetypal development 
of compressive and tensile strains under flexural loading 
was logged (Fig.  7(c)); however, meaningful comparisons 
were not available because several readings were corrupted 
(concrete cracks traversed the installation points of the PI 
gauges). By numerically integrating the load-displacement 
curves, the energy of the beams that dissipated up to the 
peak loads was quantified and is charted in Fig. 7(d). The 
increased corrosion years lessened the energy levels in all 
categories. While the use of geopolymer significantly raised 
the energy dissipation capability, the resin’s efficacy plum-
meted after 50 years. Considering that volume changes and 
grain friction dominate the inelastic energy dissipation of 
geopolymer,51 the decreased steel reinforcement ratios in the 
G75 and G100 beams appeared to influence the deforma-
tional characteristics of the resin.

Failure mode
General pattern—The failure modes of the test beams are 

pictured in Fig. 8. Although concrete crushing caused the 
ultimate limit state of all beams in conjunction with flexural 
and shear cracks, the degree of corrosion and the retrofitting 
schemes also affected the failure mechanisms. The UHPC-
bonded beams at 25 and 50 years (U25 and U50 in Fig. 8(a), 
respectively) displayed regional failure; on the other hand, 
those at 75 and 100 years (U75 and U100 in Fig. 8(a), respec-
tively) showed distributed cracks along the loading span. 
This fact denotes that the applied bending moment spread 
with a decrease in the beam’s reinforcement ratio (ρs  = 

1.22% at 25 years versus ρs = 0.86% at 100 years). Such a 
trend was also observed in the beams with polyester-silica 
(P25 and P100 in Fig. 8(b)), which was different from the 
beams with geopolymer (G25 and G100 in Fig. 8(b)) that 
failed with a few vertical cracks.

Interfacial aspect—The interface between the concrete 
substrate and CFRP is seen in Fig. 9. Regardless of corrosion 
time, the integrity of the retrofit system was preserved in the 
UHPC-bonded beams (U25 and U100 in Fig. 9(a) and (b), 
respectively). The recurrent crack spacings and the fractured 
resin were responsible for the oscillating yield plateaus that 
were articulated in Fig. 7(a). The tensile soffit of the system 
alongside polyester-silica (P100 in Fig. 9(c)) was analogous 
to the foregoing cases, except for the several secondary 
cracks. Contrary to these groups, debonding was spotted 
in the geopolymer beam after the crushing of the concrete 
(Fig. 9(d)). The far-right diagonal tension crack near the 
support (dotted circle) coupled with the relatively weak resin 
brought about a geometric discontinuity and precipitated the 
bond failure.

MODELING
Analytical models are formulated to comprehend the 

degree of stress transfer from a concrete substrate to CFRP 
strips, dependent upon the type of cementitious resins. Upon 
examining the adequacy of traditional design approaches, a 
modification factor is suggested to properly accommodate 
the repercussions of such resins for an NSM-strengthening 
system.

Assessment of ACI 440.2R-17
Two possible failure classes are stated in ACI 440.2R-

179: 1) concrete crushing at the maximum usable strain of 
εcu = 0.003; and 2) CFRP debonding at εfd = 0.7εfu for an 
NSM system. Assuming that plane sections remain plane 
(complete composite action) and force equilibrium is satis-
fied, a sectional analysis may be conducted to predict the 
ultimate load of the test beam with the CFRP strip (Pu) 

Fig. 8—Failure mode: (a) beams with UHPC; and (b) beams with polyester-silica and geopolymer.
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subjected to concrete crushing (εc = εcu, in which εc is the 
concrete strain at the top of the beam)

	​ ​P​ u​​  =  ​ 
2​(​M​ ns​​ + ​M​ nf​​)​

 ___________ a  ​​	 (10)

	​ ​M​ ns​​  =  ​A​ s​​ ​f​ y​​​(d − ​ 
βc

 _ 2 ​)​​	 (11)

	​ ​M​ nf​​  =  ​A​ f​​ ​f​ f​​​(​d​ f​​ − ​ 
βc

 _ 2 ​)​​	 (12)

where Mns and Mnf are the nominal moment resistance of 
the steel and CFRP components, respectively; β is the stress 
block factor; c is the neutral axis depth; ff is the CFRP stress; 
and df is the distance from the extreme compression fiber 
of the beam to the centroid of the CFRP strip. In the event 
of debonding (εc < εcu), the resultant compressive force of 
the concrete can be estimated by the equivalent rectangular 
block with9

	​ ​α​ 1​​  =  ​ 3​εc ′ ​​ε​ c​​ − ​ε​ c​ 2​ ___________ 3​β​ 1​​ ​​(​εc ′ ​)​​​ 2​
 ​​	  (13)

	​ ​β​ 1​​  =  ​ 4​εc ′ ​ − ​ε​ c​​ __________ 6​εc ′ ​ − 2​ε​ c​​ ​​	 (14)

	 εc′ = 1.7fc′/Ec	 (15)

where α1 and β1 are the empirical factors; and Ec is the 
elastic modulus of the concrete (Ec = 57,000​​√ 

____
 ​fc ′ ​ ​​ psi 

[4730​​√ 
____

 ​fc ′ ​ ​​  MPa]52). Provided in Fig. 10(a) are the calcu-
lated concrete and CFRP strains pursuant to the provisions 
of ACI 440.2R-179 when the retrofitted section failed. The 
invariant CFRP strains gradually ascended after the initia-
tion of corrosion, and the strain levels appertaining to the 
debonding scenario were 22.2% lower than those to the 

crushing condition, on average. The concrete strains related 
to the debonding failure were almost constant because the 
increased steel strains, resulting from the corrosion damage, 
were offset by the shortened neutral axis depth. As shown in 
Fig. 10(b), the load-carrying capacity of the retrofitted beam 
steadily diminished over time, including an average differ-
ence of 11.0% between the compression- and tension-con-
trolled sections. Figures 10(c) and (d) evaluate the applica-
bility of the ACI 440.2R-17 method. The flexural capacity 
of the beam with polyester-silica was 11.3% lower than 
the full capacity estimated by ACI 440.2R-17 (concrete 
crushing in Fig. 10(c)), on average, followed by 20.2% and 
25.9% for the beams with UHPC and geopolymer, respec-
tively. The discrepancy decreased for the tension-controlled 
section (Fig. 10(d)): the average load ratios of the crushing 
and debonding were 0.81 (Fig. 10(c)) and 0.91 (Fig. 10(d)), 
respectively. Overall, the ACI 440.2R-17 approach needs to 
be revised for the capacity prediction of NSM CFRP bonded 
with cementitious resins, particularly when the strengthened 
beam fails by concrete crushing.

Effective stress factor
Principle—As elaborated earlier, the theoretical capacity 

of the retrofitted section with full composite action over-
estimated the ultimate load of the test beams. It is rational 
to conjecture that the applied tensile stresses were in part 
transferred to the CFRP strip through the inorganic medium; 
scilicet, the local deformation of the cementitious resins 
dissipated interfacial energy53 and mitigated the devel-
opment of tensile forces in the strip, which brought down 
the effectiveness of CFRP strengthening. To handle such 
inconsistency, an effective stress factor (Ω) was proposed 
for the execution of the sectional analysis, and Eq. (12) was 
replaced by Eq. (16)

	​ ​M​ nf​​  =  ​A​ f​​ ​f​ fe​​​(​d​ f​​ − ​ 
βc

 _ 2 ​)​​	 (16)

Fig. 9—Interface between CFRP and substrate: (a) beam with UHPC at 25 years; (b) beam with UHPC at 100 years; (c) beam 
with polyester-silica at 100 years; and (d) beam with geopolymer at 50 years.
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	 ffe = Ωff = ΩEfεf	 (17)

where ffe is the effective stress of CFRP or the fraction of 
the CFRP stress from the sectional analysis. This concept is 
similar to the strain reduction factor in prestressed concrete 
with unbonded tendons.54 The Ω factor was calibrated by 
iterating Eq. (10) with assumed c and Ω values until the 
predicted capacity was equal to its experimental counterpart. 
Even if CFRP debonding was not considered herein, because 
concrete crushing was the primary source of failure in all test 
beams, the same procedure can be adopted with Eq. (13) to 
(15) when determining the Ω factor for tension-controlled 
sections.

Implementation—Figure 11(a) compares CFRP strains 
obtained from the iterative approach (εf(cementitious resin)) 
and the conventional sectional analysis (εf(composite 
action)). On all occasions, the strain ratios were lower than 
unity, reaffirming the aforementioned partial composite 
action for the cementitious resins. The strain ratios of the 
beams with polyester-silica were higher than the ratios of 
other beams; however, the former was more susceptible to 
the corrosion damage, with a drop of 16.4% between 50 and 
75 years. The collected effective stress factors are given in 
Fig. 11(b). Aligning with the propensity of the strain ratios, 
the stress transfer of polyester-silica was superior to that of 
UHPC and geopolymer (average Ω factor = 0.70 versus 0.47 
versus 0.36).

Appraisal—To address potential concerns arising from 
the limited number of the experimental specimens, Monte 
Carlo simulations were carried out employing the Ω-based 
sectional analysis with the statistical properties listed in 
Table 1. The calibrated effective stress factors were consid-
ered to be deterministic, and all other variables were 
modeled as stochastic parameters. Typical predictions for the 
beams with polyester-silica at 25 and 100 years are visible 
in Fig. 11(c). Notwithstanding the scatter of the computed 
load-carrying capacities, the absolute margin of error was 
less than 2.0% between the test and simulation (Fig. 11(d)).

Design proposal—In view of the preceding evaluations, 
the effective stress factors were linked with the corrosion 
levels, and recommendations are made in Table 3. For prac-
tical reasons, the factors were rounded, and three damage 
categories were defined (Moderate, Significant, and Crit-
ical), contingent upon the loss of cross-sectional area in 
the steel reinforcement. The proposed Ω factors, span-
ning from 0.30 to 0.80, were intended to be conservative 
because: 1) the scope of the present research was restrictive; 
and 2)  there would be numerous uncertainties in existing 
concrete members.

SUMMARY AND CONCLUSIONS
This paper dealt with the relevance of cementitious resins 

for strengthening reinforced concrete beams with near-
surface-mounted (NSM) carbon fiber-reinforced polymer 
(CFRP) strips. Three types of emerging resins were taken 

Fig. 10—Assessment of bond performance: (a) calculated strains at failure based on ACI 440.2R-179; (b) capacity based on 
ACI 440.2R-179; (c) load ratio with compression-controlled section; and (d) load ratio with tension-controlled section.
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into consideration: polyester-silica, ultra-high-performance 
concrete (UHPC), and geopolymer. A wide variety of corro-
sion intensities were numerically simulated up to 100 years, 
and representative damage levels were chosen for labora-
tory testing. A total of 12 strengthened beams were loaded 
under four-point bending and their load-carrying capacity, 
displacement, and failure modes were investigated. Addi-
tionally, the resins’ workability was measured to under-
stand the rheological suitability as a bonding agent for NSM 
application. As per the findings of the experimental program 
in tandem with stochastic modeling, design recommenda-
tions were suggested. Contemplating that the scope of the 

research was rather narrow and the number of test specimens 
was limited, the proposal may be improved by the continu-
ation of a comprehensive study. The following conclusions 
are drawn:
•	 There was no correlation between the compressive 

strength and the rheological resistance of the resins: 
the workability of polyester-silica showing a strength 
of 34.4 MPa (4989 psi) was adverse relative to that of 
UHPC and geopolymer (compressive strength = 115 
and 21 MPa [16,679 and 3045 psi], respectively). None-
theless, all these resins were appropriate bonding agents 

Fig. 11—Bond efficiency of cementitious resins for NSM systems: (a) CFRP strain ratio; (b) effective stress factor; (c) simulated 
capacity versus test capacity; and (d) average absolute margin between test and simulation.

Table 3—Proposed effective stress factor for cementitious resins

Resin type Corrosion damage
Expected loss of cross-sectional area 

of steel reinforcement (ΔAs) Effective stress factor (Ω)

Polyester-silica

Moderate 0% ≤ loss < 10% 0.80

Significant 10% ≤ loss < 20% 0.60

Critical 30% ≤ loss 0.55

UHPC

Moderate 0% ≤ loss < 10% 0.45

Significant 10% ≤ loss < 20% 0.45

Critical 30% ≤ loss 0.45

Geopolymer

Moderate 0% ≤ loss < 10% 0.40

Significant 10% ≤ loss < 20% 0.30

Critical 30% ≤ loss 0.30



148 ACI Structural Journal/July 2023

that filled the 13 mm (0.5 in.) wide groove of the beams 
without difficulty.

•	 Throughout the simulated corrosion period of 
100 years, the strengthened beams with polyester-silica 
demonstrated consistently higher capacities than the 
beams with other resins. In contrast to the gradually 
declining capacity of the UHPC-bonded beams with 
time, the capacity degradation of the polyester-silica- 
and geopolymer-bonded beams revealed an abrupt 
transition between 50 and 75 years. Special attention 
should therefore be paid when retrofitting aged concrete 
members suffering a substantial loss of steel reinforce-
ment of 10% or more.

•	 The NSM system did not improve the serviceability of 
the upgraded beams owing to the marginal influence 
of the CFRP strip on the transformed concrete section 
being less than 4.0%. The resin configurations altered 
the post-yield behavior of the beams. As the level of 
corrosion rose, the dissipation of flexural energy (up to 
the peak loads) decreased, in particular for the geopoly-
mer-bonded beams.

•	 While the cracking pattern of the beams with UHPC 
and polyester-silica was reliant upon the corrosion 
year (regional cracking at 25 years versus distributed 
cracking at 100 years), the beams with geopolymer 
steadily exhibited localized cracking. The integrity 
of the CFRP-resin interface was retained until the 
concrete-crushing failure took place.

•	 The provisions of ACI 440.2R-179 overestimated the 
capacity of the strengthened beams with the cemen-
titious resins by over 25%. The hypothetical capac-
ities of these beams related to the compression- and 
tension-controlled sections differed by 12%. With the 
aim of refining capacity-prediction outcomes, the effec-
tive stress factor (Ω) was calibrated and recommended 
for practice: when deciding the Ω factor ranging from 
0.30 to 0.80, the resin type and expected damage level 
prior to applying the retrofit system should be taken into 
consideration.
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This study aims to shed light on the inclined direct stress paths 
of curved struts in deep ring beams by converting them into real 
members. Five specimens were tested with three loading and three 
supporting points. Three specimens were conventional rings and 
two were in the form of a frame that took its cross-sectional dimen-
sions from the strut-and-tie model (STM) in ACI 318-19. The effect 
of reinforcing struts was studied by reinforcing the rings with both 
proposed and conventional reinforcements, and the frames with the 
proposed reinforcement only. The findings show that the proposed 
reinforcement reduced weight and cost by approximately 18% and 
13%, respectively, and provided openings for services by approxi-
mately 24%. Additionally, strut curvature was found to reduce load 
capacity by 3 to 6%, meaning that the STM is safe and can be used 
efficiently in this type of deep curved member.

Keywords: beam; curvature; deep; proposed strut-and-tie model (STM); 
reinforced concrete (RC); ring; strut; tie.

INTRODUCTION
The importance of reinforced concrete (RC) ring deep 

beams is highlighted in their unique ability to support 
domes, silos, tanks, and foundations, thereby resisting the 
various stresses that result from applied loads. The signifi-
cance of these structures has increased in accordance with 
the adoption of curvatures in facilities for architectural 
and service purposes. Thus, it became a growing necessity 
to understand more about their behavior. When loads are 
applied to horizontally curved members, various types of 
stresses are produced, including flexural, shear, and torsional 
stresses.1-7 Due to their horizontal curvature, the loading and 
supporting points do not pass within the same main longi-
tudinal axis of the beam, which causes the beam sections to 
rotate around this axis, resulting in torsional moments. In 
deep members, shear stresses are dominant due to the low 
effective span-effective depth ratio (a/d).8

The current study took the determinants of deep beams 
from ACI 318-19: the ratio of the clear distance between the 
supports to the height (Ln/h) is less than 4, or the ratio of 
the distance between the loading and supporting points to 
the height (a/h) is less than 2.9 The beams that fall within 
the category of deep members are characterized by the 
phenomenon of transmission of compressive stresses from 
the loading to supporting points directly (struts), whose 
ends meet with the tensile stresses (ties) at specific points 
(nodes)—that is, they produce what looks like a truss.10,11 
The main assumptions in strut-and-tie modeling (STM) 
are: 1) there must be equilibrium; 2) all loading lines pass 
through the center of the components and joints; and 3) when 
the tie reaches yield or the node or strut is crushed, failure 

has occurred and, consequently, a mechanism appears (for 
truss models that are statically determinate). STM requires 
the designer to define realistic stress paths and ensure that 
these stresses do not cause any part of these paths to fail. The 
compressive strength of concrete determines the strength 
of the struts, a strut coefficient (βs), and the strut cross- 
sectional area as detailed in ACI 318-19, Section 23.4.3. 
Struts are of various types, but the most common is the bottle 
shape (interior struts) in which the compressive stresses 
are spread on both sides of the midlength region. Based on 
ACI 318-19, Table 23.4.3(a), if the interior struts are rein-
forced by more than 0.25%, βs is considered equal to 0.75; 
otherwise, its value is 0.4. The strength of the tie depends 
on the reinforcement yield strength in which it is contained, 
considering that the concrete tensile strength is neglected. 
Note that, in the case of a bottle type, there are perpendic-
ular tensile stresses on the strut itself, whereas the ideal-
ized strut (boundary) consists of only compressive stresses 
parallel to its main axis.12,13 In ACI 318-14, in the case of a 
steel reinforcement ratio less than 0.3%, βs = 0.6λ instead 
of 0.4. Kondalraj and Appa Rao14 studied the strut effi-
ciency factor without reinforcement using 11 experimental 
specimens, in addition to 607 others from previous studies. 
They concluded that ACI 318-19 overestimated the capacity 
of beams with a/d greater than 1.5 and concrete strengths 
greater than 60 MPa, even after reducing the strut efficiency 
factor from 0.6 to 0.4. However, ACI 318-19’s overestima-
tion is only 5.0%. If the maximum shear strength limit is 
taken into account, ACI 318-14 estimates the capacity more 
precisely than ACI 318-19 with a strut efficiency factor of 
0.6, with only 6.0% of overestimation. The ACI 318-14 
maximum shear strength limit is quite conservative. Esti-
mates are extremely conservative as a result of reducing the 
strut efficiency factor in ACI 318-19 without changing the 
maximum shear strength limit.14

The shear dominance in deep members leads to the forma-
tion of a strut with an angle (ϕ) dependent on the a/d (Fig. 1). 
As for torsion, it also leads to the formation of a torsional 
strut according to the space truss analogy, and its angle (θ) 
is specified by the ACI Code at 45 degrees (Fig. 2). The 
inclination angle of compression, or tension crack, on the 
vertical faces depends on Ln/h. It is approximately constant 
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for Ln/h greater or equal to 3.0, but increases sharply for Ln/h 
less than 3.0. Thus, in beams with a low Ln/h, the addition 
of a horizontal secondary reinforcement is more beneficial 
than the addition of vertical stirrups in torsion resistance.15 
Moreover, torsional capacity regularly increases as Ln/h 
decreases from 3 to 1. The increase of depth-width or span-
depth ratio reduces beam stiffness and increases the twist 
angle and energy absorption.16 The topic here is a study 
of the superiority of shear stresses over torsional stresses, 
considering that the struts formed between the loading and 
supporting points—as a result of the low a/d—are the cause 
of failure, while the struts resulting from torsion at an angle 
of approximately 45 degrees have less effect. Consequently, 
in the current study, concrete will only be cast into the STM 
stress paths to investigate how these two main cracks act in 
the remaining strut. In addition, the reinforcement of these 
remaining struts will be studied to precisely determine the 
role of reinforcement in resisting the combined stresses in 
horizontally curved deep beams. The current study is an 
extension of previous studies conducted by the authors, 
where the STM stress paths were reinforced to investigate 
the efficacy of the STM in analyzing simple and continuous 
deep beams,17,18 deep pile caps,19 and concrete corbels.20

Abdul-Razzaq et al.21 studied the role of the web and 
flexural reinforcing steel in six deep ring concrete beams, 
changing the steel reinforcement ratio. In terms of load 
capacity, the authors concluded that the role of the vertical 
web reinforcing steel is 94%, which is more than that of the 
horizontal web reinforcement (36%), and both of them are 
more than the role of the flexure one by approximately 42%. 
They also presented a mathematical model for the develop-
ment of the STM method, so that they took into account the 
role of the web reinforcement in more detail, in addition to 
including the role of torsional moments. This proposed model 
gave results closer to the experimental (11%) compared to 
the STM of ACI 318-19 theoretical estimation (29%).21

Prakash et al.22 experimentally studied RC columns 
under combined loading with different cross-sectional 
shapes (circle and square), hysteretic torsional and flexural 
response, damage distribution, and ductility characteristics 
with respect to various torsion-to-bending moment ratios 
(T/M). The presence of torsion changed the mode of failure 

to RC columns under load combination. Due to high shear 
stresses from torsional moments and shear forces under load 
combination, the inclined cracks propagated considerably, 
leading to early concrete cover spalling even before reaching 
the ultimate shear capacity.22

In the current study, these strut axial compressive forces 
are realistically simulated, and a reinforcement proposal is 
suggested that accentuates the function of the compression 
member by taking the struts as an independent column. The 
presence of curvature in struts, in the case of ring deep beams, 
results in bending moments, so it behaves like the beam 
column. On the other hand, the torsional moments caused by 
the horizontal curvature of the beam cause inclined cracks, 
separation of the concrete cover, and lateral displacement 
when approaching failure.

RESEARCH SIGNIFICANCE
When testing a conventional ring deep reference beam 

specimen, it has been observed that failure occurs in the 
strut region. As for the zones outside these struts, no cracks 
worth mentioning were apparent, or they did not appear at 
all. Accordingly, concrete was omitted in these zones and 
the role of the remaining struts was studied with and without 
steel reinforcement to ensure the efficacy of the STM from 
ACI 318-19 in analyzing the deep curved beams. In addition, 
the horizontal curvature of the beams generates torsional 
moments that are worthy of study, not to mention the curva-
ture in the strut itself, which generates bending moments. 
Here, the authors verified the role of the torsional moments 
and prepared a mathematical model to add the strut bending 
moments to the STM of ACI 318-19.

EXPERIMENTAL INVESTIGATION
Five reinforced concrete ring deep specimens were cast 

and tested in the current experimental program (Table 1 and 
Fig. 3):

1. A conventionally RC reference ring deep beam spec-
imen (RR).

2. A ring deep beam in which only struts and ties are rein-
forced (RST).

3. A ring deep beam in which only flexural reinforcement 
for ties is used (ROT).

Fig. 1—Ring deep beam.
Fig. 2—Space truss analogy under torsion.9
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4. An RC frame that took its geometry from the stress 
paths described by STM of ACI 318M-19 (FST).

5. A concrete frame in which only flexural reinforcement 
for ties is used (FOT).

Each specimen had a diameter of 1000 mm (39.37  in.) 
center-to-center, a width of 120 mm (4.72 in.), and a height 
of 400 mm (15.75 in.). Each midspan was loaded by a 
central single load—that is, a/d was 1.48. All specimens 
were subjected to three midspan point loads and placed on 
three equally spaced supports. Resting the ring specimen on 
three supports is considered the most critical case in terms 
of the effect of horizontal curvature or strut curvature. The 
ring specimens were reinforced with different reinforcement 
details, as shown in Fig. 4—that is, top and bottom flexural 
reinforcement, horizontal and vertical web reinforcement, 
and proposed strut reinforcement. All specimens were cast 
with the same quantities of top and bottom flexural rein-
forcement of 4Ø10 mm (four No. 3). The adopted web rein-
forcement was Ø4 (No. 1) at 70 mm (2.76 in.) center-to-
center for horizontal web reinforcement, and stirrups of Ø4 
(No. 1) at 7.35 degrees for vertical web reinforcement. For 
the proposed frame specimens FST and FOT, the frame had 
a tie cross section of 120 x 110 mm (4.72 x 4.33 in.), which 
was reinforced by four steel bars of 10 mm (No. 3) diameter 
as flexural reinforcement, in addition to 4 mm (No. 1) diam-
eter steel bars at 11.61 degrees center-to-center as stirrups; 
the cross section of struts was also 120 x 110 mm (4.72 x 
4.33 in.). In proposed specimens RST and FST, struts were 
reinforced by the minimum requirements of ACI 318-19, 
Section 10.6.1.1, for longitudinal reinforcement for columns 
(ρmin = 0.01), which is five 6 mm (No. 2) diameter steel bars, 
in addition to stirrups of 4 mm (No. 1) diameter at 96 mm 

(3.78 in.). Figure 5 shows the steel molds and reinforcement 
cages inside them after concrete casting.

Materials
All specimens were cast-in-place. Locally available 

coarse aggregate, river sand, and ordinary portland cement 
were used for the concrete preparation. The coarse aggre-
gate maximum size was 10 mm (0.39 in.). The concrete 
mixture proportion used was 1:1.85:1.94 (cement:fine 
aggregate:coarse aggregate), with a water-cement ratio (w/c) 
of 0.625. During each casting campaign, six standard cylin-
ders of 150 mm (5.91 in.) and three prisms of 100 x 100 x 
500 mm (3.94 x 3.94 x 19.69 in.) were likewise cast to find 
the compressive, splitting, and modulus of rupture strength 
values of the concrete according to ASTM C39/C39M-03,23 
ASTM C496-96,24 and ASTM C78-02,25 respectively. All 
beam specimens, along with control specimens (which were 
related to the compression, tensile, and flexural tests of the 
concrete), were cured within 28 days, then tested on the 30th 
day. Reinforcing bars with a 10 mm (No. 3) diameter were 
used as flexural reinforcement, in addition to 4 mm (No. 1) 
diameter bars for secondary web reinforcement and 6 mm 
(No. 2) diameter bars for strut main reinforcement. From 
each size, three bars were tested according to ASTM A615/
A615M-0526 and ASTM A496-0227 to obtain reinforcement 
tensile properties (Table 2).

Test setup and instrumentation
A three-point load distributer was especially designed and 

manufactured to conduct testing (Fig. 6). The specimens 
were tested by applying successive increments of mono-
tonic-static loading until failure. When the total load on the 
specimen started to drop off, the test was completed. The 

Table 1—Details of test specimens

Specimen 
No.

Specimen 
designation

fc′, MPa 
cylinders

fct, MPa
cylinders

fr, MPa
prisms

Main
reinforcement

Secondary
reinforcement Sketch

1 RR 23.7 3.09 3.33 4Ø10 mm (two layers) for 
both top and bottom ties

Vertical: Ø4 mm @ 
7.35 degrees center-to-center
Horizontal: Ø4 mm @ 70 mm 

center-to-center

2 RST 22.3 2.79 3.05
4Ø10 mm (two layers) for 
both top and bottom ties 

Each strut: 5Ø6 mm

Top and bottom ties: Ø4 mm @ 
11.61 degrees center-to-center

Struts: Ø4 mm @ 96 mm 
center-to-center

3 ROT 23.3 2.62 2.94 4Ø10 mm (two layers) for 
both top and bottom ties —

4 FST 20.4 2.86 3.21
4Ø10 mm (two layers) for 
both top and bottom ties 

Each strut: 5Ø6 mm

Top and bottom ties: Ø4 mm @ 
11.61 degrees center-to-center

Struts: Ø4 mm @ 96 mm 
center-to-center

5 FOT 22.4 2.80 3.17 4Ø10 mm (two layers) for 
both top and bottom ties

Top and bottom ties: Ø4 mm @ 
11.61 degrees center-to-center

Struts: no reinforcement

Note: 1 MPa = 145.04 psi; 1 mm = 0.039 in.
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specimens were equipped for testing by setting the load point 
positions. The loading rate was 2 kN/s. Two linear voltage 
displacement transducers (LVDTs) were used. The first was 
used to measure the vertical average deflection by placing it 
at the load application hydraulic jack, in addition to placing 
the second horizontally (at the top of the specimen) next to 
the load application point to measure the lateral displace-
ment of the specimen (Fig. 6). Bearing plates of 20 x 120 x 

180 mm (0.79 x 4.72 x 7.09 in.) (thickness x width at center 
x length) were used at the loading and supporting points 
to avoid the effect of load concentration on the concrete. 
Neoprene rubber pads were placed between the bearing 
plate and the concrete specimen to eliminate any irregulari-
ties in the concrete surface. In every specimen, to follow up 
the strain values of the critical locations, 10 electrical strain 
gauges of 25 and 6 mm (0.98 and 0.24 in.) length were fixed 

Fig. 3—Geometry and reinforcement details of ring specimens. (Note: All dimensions are in mm; 1 mm = 0.039 in.)
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on the concrete surface and steel bars, respectively. Two 
steel strain gauges were fixed parallel to the strut, and the 
same for the opposite strut within the same span (on both 
specimen faces: inner and outer). Two concrete strain gauges 
were fixed perpendicular to the strut and the same number on 
the opposite strut within the same span (on both specimen 
faces: inner and outer). One steel strain gauge was fixed on 
the main reinforcement of the lower tie and the same on the 

upper tie reinforcement—that is, in the zones of maximum 
positive and maximum negative moments, respectively.

EXPERIMENTAL RESULTS
The following subsections contain a summary of the 

behavior of the five specimens in the current study. The 
results are also summarized in Table 3, while the develop-
ment of cracks at the failure stage is illustrated in Fig. 7.

Fig. 4—Steel reinforcement for all specimens.

Fig. 5—Casting concrete in steel molds.

Table 2—Mechanical properties of steel bars reinforcement

Type of bar used Nominal diameter, mm Yield stress, MPa Ultimate stress, MPa Es, GPa Yield strain εyield Ultimate strain εultimate

Flexural reinforcement 10 595 680 200 0.00298 0.034

Compression 
reinforcement 6 432 520 200 0.00216 0.026

Vertical and horizontal 
web reinforcement 4 580 657 200 0.0029 0.033

Note: Tests were conducted at the Structural Laboratory of the College of Engineering, University of Diyala. 1 MPa = 145.04 psi; 1 mm = 0.039 in.
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Cracking patterns and failure modes
In general, the failure modes in all specimens did not 

change, even in the case of changing the steel reinforce-
ment details or omitting the concrete outside the paths of the 
STM. The failure remained within the region of the struts 
due to the direct transfer of stresses from the loading to the 
supporting points. The behavior of the specimens can be 
summarized as follows:
•	 RR: This specimen is considered a reference for the 

rest of the specimens because it was cast and reinforced 
conventionally. When it was subjected to increasing 
loading, the first diagonal cracks appeared in the outer 
face, parallel to the lines connecting the loading to the 
supporting points (struts) at approximately 27% of the 
experimental failure load (P) (Fig. 7(a)). As for the inner 
face of the beam, vertical flexural cracks appeared in the 
middle of the spans. With increasing loading, the devel-
opment of diagonal cracks was observed on both faces, 
especially on the outer face. At 62%P, 45-degree diag-
onal cracks appeared in the out-of-STM paths. Finally, 
by increasing the loading, the specimen failed with the 
compressive struts.

•	 RST: In this specimen, the STM paths were reinforced 
while keeping the concrete that lies outside the STM 
(Fig. 7(b)). At 30%P, diagonal cracks appeared in the 
strut regions and on almost both faces. As for the zones 

outside the STM, no cracks appeared. At 38%P, the 
vertical flexural cracks started to appear in the middle 
of the spans (which bent toward the loading points 
later). With increasing loading, diagonal cracks devel-
oped to connect the supporting to the loading points 
on both beam faces, noting that the cracks on the inner 
face were approximately a third thinner. At failure, in 
the out-of-STM paths, diagonal cracks with an angle 
of 45 degrees appeared, which were interpreted here 
as resulting from the torsional stresses because they 
contacted their counterparts from the neighboring shear 
spans, forming a curve resembling a bowl. Finally, with 
increasing loading, strut diagonal cracks that connected 
loading to supporting points developed in width and 
number, leading to compressive strut failure.

•	 ROT: No openings were made in this specimen, but 
only the ties were reinforced as tensile members 
(Fig. 7(c)). After applying a gradual load, the inclined 
cracks appeared on the struts at 44%P. When loading 
continued, flexural cracks appeared in the middle of 
the ties at 51%P. After, no new cracks appeared that 
are worth mentioning. However, the existing cracks 
increased approximately 86% in width, especially the 
cracks of the struts linking the loading and supporting 
points. Close to failure—more specifically, at approx-
imately 85%P—inclined cracks appeared in the upper 

Fig. 6—Test setup.

Table 3—Experimental results for all tested specimens

No.
Specimen 

designation
Pcr-diag, 

kN Pcr-flex, kN
PSTM, 
kN P, kN P/PSTM Pcr-diag/P, % Pcr-flex/P, %

Δcr-diag, 
mm

Δcr-flex, 
mm Δ, mm ΔL, mm

Failure 
mode

1 RR 203 550 608 764 1.26 26.57 71.89 1.74 3.84 6.9 6.19 C

2 RST 200 260 572 682 1.19 29.33 38.12 2.15 2.54 6.97 5.68 C

3 ROT 250 290 319 573 1.80 43.63 50.61 2.34 2.62 6.25 5.29 D

4 FST 150 190 523 526 1.01 28.52 36.12 1.74 1.99 4.45 4.95 C

5 FOT 110 190 307 496 1.62 22.18 38.31 1.43 1.95 4.89 4.37 C

Note: C is compressive strut failure; D is diagonal splitting failure; PSTM is theoretical load according to ACI 318 STM; Pcr-flex is first flexural cracking load; Pcr-diag is first diagonal 
cracking load; P is experimental failure load; Δcr-flex is deflection at first flexural crack; Δcr-diag is deflection at first diagonal crack; Δ is deflection at the experimental failure load; 
and ΔL is lateral displacement at the experimental failure load. 1 kN = 0.225 kip; 1 mm = 0.039 in.
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nodes due to torsional moments, but they did not lead 
to failure. Finally, due to the absence of the strut rein-
forcement that resists perpendicular tensile stresses, the 
splitting failure occurred at one of the struts.

•	 FST: This specimen is the proposed frame in which only 
the STM paths were cast (Fig. 7(d)). The remaining 
struts were reinforced with the ACI 318-19 minimum 
reinforcement as compressive members. This proposed 
frame was gradually loaded until the first cracks 
appeared in the struts at 29%P. At 36%P, vertical flex-
ural cracks appeared in the middle of the ties. On the 
other hand, no cracks were observed for the torsional 
moments as in the conventional specimen RR, because 
each of the reinforced struts and ties alone ensured the 
resistance of the torque. Finally, the struts failed in 
compressive crushing, with a noticeable concrete cover 
spalling that was accompanied by an increase in lateral 
displacement.

•	 FOT: This specimen was cast in the form of the STM 
paths; the struts were not reinforced. In other words, the 
struts in this specimen remained dependent on concrete 
resistance only (Fig. 7(e)). With increasing loading to 
22%P, at the outer face of the specimen, the first diag-
onal cracks appeared in the struts. Then, flexural cracks 
appeared in the middle of the ties at 38%P. With more 
loading, the diagonal and flexural cracks increased. 
In general, the unreinforced struts remained with 
few cracks (Fig. 7(c) and (e)). Then, the crack width 
increased rapidly before failure. Finally, the specimen 
exhibited compressive strut brittle failure.

Load-deflection response
In general, the trend of the load-deflection response did 

not change in all specimens (Fig. 8). The response appeared 
linear before failure, where there was a bend and a noticeable 

increase in deflection values compared to load. This increase 
is a result of the greater development of cracks, an increase 
in reliance on reinforcement, and a decrease in stiffness. 
More specifically, this indicates two main points: first, the 
shear deformation control over the behavior of deep spec-
imens here, and second, the stresses in all specimens were 
transmitted in one way, which is the strut and tie. For this 
reason, shear deformation dominance reduced the ductility 
of the specimens, which reduced the load capacity below 
the flexural capacity. It should also be noted that, in the first 
stages of loading, the proposed frame specimens FST and 
FOT showed more load-deflection straightness than in ring 
specimens RR, RST, and ROT. This is because the load was 
transferred through them in a more direct way due to omit-
ting the concrete outside the STM.

Load-lateral displacement
Lateral displacement is one of the important indicators 

of the role of torsional moments because of their direct 

Fig. 7—Crack pattern of test specimens at failure.

Fig. 8—Load-deflection response. (Note: 1 mm = 0.039 in.; 
1 kN = 0.225 kip.)
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relationship. In general, the lateral displacement values are 
low compared to the beam height, which led to a low rota-
tion angle (0.6 to 0.9 degrees) as the torsional moments were 
not dominant here (Fig. 9). The load-lateral displacement 
curves were approximately linear up to 40%P, after which 
the curves became nonlinear, illustrating a torsional stiffness 
reduction.

The torsional stiffness in the RST specimen decreased 
in comparison with the RR specimen when the reinforce-
ment was placed only in the STM regions. This indicates 
the importance of web reinforcement with resistance to 
torsional moments. In addition, when the web reinforcement 
was completely omitted in the ROT specimen, the stiffness 
decreased more. In the case of frame specimens, stiffness 
recorded the largest decrease compared to the RR specimen, 
especially in the FOT specimen, which completely lacked 
web reinforcement.

When it comes to torsional stiffness, it is necessary to 
mention the effect of the continuity of the ring specimens due 
to their annular shape. For this reason, the RR, RST, and FST 
specimens showed greater torsional stiffness in the case of 
using reinforcement, and very little torsional stiffness in the 
case of no reinforcement (ROT and FOT). In other words, 

steel bars contributed to resisting lateral displacement. The 
unreinforced frame specimen FOT had less ductility than 
the proposed reinforced frame specimen FST. However, the 
specimen FOT resisted lateral displacement even when it 
was not reinforced.

Concrete and reinforcement strains
Strain values in concrete—The measured strain in the crit-

ical zones, which are the strains perpendicular to the struts 
(in the middle zones of struts), helped more in understanding 
the specimens’ behavior as the strain values were low on 
the concrete surfaces. To be more precise, all strain gauges 
recorded linear readings from the beginning of the loading 
until the appearance of cracks (Fig. 10). The appearance of 
cracks caused sudden changes in the perpendicular strain 
reading values that became unsteady. There were differences 
between the cracks measured by strain gauges and those seen 
with the naked eye. These differences seem to be logical due 
to the different accuracy levels of the strain measurements 
compared to the human eye (Table 4).

Perpendicular strain readings on the strut were greater in 
the RR specimen than in the proposed frame specimens FST 
and FOT by approximately 44% and 7%, respectively. This 

Fig. 9—Load-lateral displacement response. (Note: 1 mm = 
0.039 in.; 1 kN = 0.225 kip.)

Fig. 10—Load versus average concrete compressive strain. (Note: 1 kN = 0.225 kip.)

Table 4—Experimental cracking loads versus that 
obtained from strain diagrams

Specimen P, kN

Eye-detected cracks
Measured cracks from

strain readings

Pcr-diag, kN
Pcr-diag/P, 

%
Pcr-diag, 

kN
Pcr-diag /P, 

%

RR 764 203 27 195 26

RST 682 200 29 190 28

ROT 573 250 44 250 44

FST 526 150 29 150 29

FOT 496 110 22 100 20

Note: 1 kN = 0.225 kip.
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is because the struts in the frame specimens followed the 
behavior of the idealized (boundary) strut that ACI 318-19  
detailed in Table 23.4.3(a), while the struts in the reference 
RR were in the form of a bottle.

Strain values in steel bars—Steel reinforcement gauges 
were placed in points of maximum stresses—more precisely, 
in the middle of struts and the middle of ties (Fig. 11). The 
strain readings were low (approximately 0 to 0.000123) at 
the start of loading and then increased steadily when cracks 
appeared due to the more explicit contribution of reinforce-
ment. In general, the readings of the strains were greater on 
the outer face compared to the inner face by approximately 
42%. As a result of the convexity of the outer face, the shear 
stresses resulting from shear and torsion were in the same 
direction, while they were in the opposite direction on the 
inner face (Fig. 12). By contemplating the values of strains, 
the following can be observed:
•	 Referring to Fig. 11, the reinforcing steel strain values in 

the ties of the RR specimen were higher than that in the 
FST specimen by 50 to 81%, while in FOT, the upper 
tie strain values reached the yield, leading to a clear 
increase in lateral displacement. In general, tie rein-
forcement was less affected by applied loads because of 

the low torsional and flexural stresses due to the small 
a/d in all specimens.

•	 The not-omitted concrete in RR, RST, and ROT led to 
the formation of tensile stresses perpendicular to the 
struts due to the formation of the strut bottle shape. 
Nonetheless, in the case of FST and FOT, the struts 
were an idealized (boundary) strut type.

•	 The continuity in the successive tension ties, due to the 
closed annular shape of the ring beam, led to the prom-
inence of the strut compression stresses.

Reinforcement contribution to strength
The steel reinforcement contribution to the struts’ and 

ties’ strength in specimens RST and FST was determined 
using the experimental strain readings and comparing them 
with those calculated according to ACI 318M-19. The 
forces AFs-exp, AFc-code, AFs-code, and AFc-exp are calculated as 
follows:

1. Calculate AFs-exp by multiplying the measured strain 
at the main reinforcement by the steel bars area and elastic 
modulus.

2. Analyze the STM truss model formed in the specimen 
subjected to the experimental ultimate failure load. From 

Fig. 11—Load versus steel strain values. (Note: 1 kN = 0.225 kip.)
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this analysis, the total force for each truss member can be 
found.

3. Calculate the force in concrete AFc-exp by subtracting the 
force in steel reinforcement AFs-exp from the total member 
force calculated in Step 2.

4. Calculate the force in steel reinforcement AFs-code using 
Eq. (23.7.2) of ACI 318M-19.

5. Calculate the force in concrete AFc-code using 
Eq. (23.4.1a) of ACI 318M-19.

Table 5 shows the reinforcement contribution to the struts’ 
and ties’ strength. It must be noted herein that the symbols B 
and T refer to bottom and top members, respectively.

The contribution of strut reinforcement in the RST spec-
imen is greater than that in the proposed frame FST specimen 
by approximately 62%, which indicates a greater investment 
of concrete in the proposed frame specimen despite the 
reduction of concrete. The reason for this is that the strut 
section, in the proposed frame FST, was able to reach the 
ultimate compressive strength as an idealized (boundary) 
strut. As for the reference ring specimen RR, the increase 
in the width of the strut through which the perpendicular 
tensile stresses spread on the strut (bottle-shaped strut) may 
lead to the occurrence of splitting. ACI 318 predicted the 
contribution of concrete in the unreinforced frame specimen 
FOT because the Code did not include reinforcement in 
detail within its calculations.

In general, ACI 318-19 predicted the steel reinforcement 
contribution to strength of the proposed frame specimens 
more accurately than that of the ring specimens, and this 
supports the paths of STM validity.

STM validation
From the failure modes that occurred in all specimens, it 

was found that the stresses were actually transmitted from 
the loading to the supporting points by means of compres-
sion struts, which met the tensile ties at the nodes. When 
comparing the theoretical calculations of the STM of 
ACI 318-19 with the experimental failure loads, it could be 
seen that the STM preserved its famous conservatism, even 
with the deep ring beams (Fig. 13). However, this does not 
take into account the presence of curvature. Because STM 
has remained safe with this type of structures, the authors 
here recommend its use as it is. It was also observed that 
the failure modes in all specimens remained the same (strut 
failure), which supports the STM philosophy: that is to say, 
the STM, in its theoretical calculations, takes the coefficient 
of βs = 0.75 for the reinforced members and βs = 0.4 for the 
unreinforced members.

As mentioned previously, ACI 318 does not take the effect 
of the torsional moments as a result of the horizontal curva-
ture, nor does it take the effect of strut curvature. Accord-
ingly, the effect of torsional moments’ role was checked here.

When calculating the torsional moments that led to the 
appearance of the crack (Tcr) in unreinforced specimens, 
using ACI 318-19 Eq. (22.7.5.1a) and Table 22.7.5.1 and 
comparing them with the values in which the first experi-
mental crack (Texp-cr) appeared, it was found that Tcr > Texp-cr. 
That is to say, the appearance of the first experimental crack 

Fig. 12—Shear stresses in curved beams.

Table 5—Reinforcement contribution of struts and ties to strength

Specimen Member

Experimental ACI 318-19 equations

AFs-exp/
AFs-code

AFs-exp/
AFc-code NotesAFs-exp, kN AFc-exp, kN

AFs-exp/
AFc-exp

AFs-code, 
kN

AFc-code, 
kN

AFs-code/
AFc-code

RST

Strut 61 163.8 0.37 48.9 187.7 0.26 1.25 0.87 —

B. Tie 87.9 — — 186.9 — — 0.47 — Concrete tensile force 
in tie is neglected by 

ACI CodeT. Tie 138.7 — — 186.9 — — 0.74 —

FST

Strut 21.5 151.8 0.14 48.9 171.7 0.28 0.44 0.88 —

B. Tie 35.4 — — 186.9 — — 0.19 — Concrete tensile force 
in tie is neglected by 

ACI CodeT. Tie 57.4 — — 186.9 — — 0.31 —

Note: 1 kN = 0.225 kip.

Fig. 13—Comparisons between PSTM and P. (Note: 1 kN = 
0.225 kip.)
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was not due to the torque value generated in the specimen. 
These calculations are also in line with the experiment, 
where inclined torque cracks appeared just before the failure 
of the specimens in the laboratory (Appendix A*).

The effect of the strut bending moments was added to 
the STM in a proposed mathematical model. The authors 
note that βs = 0.4 is conservative in the unreinforced spec-
imens. The difference between specimens ROT and FOT 
in the experimental test was 44% and 38%, respectively. 
Therefore, the authors believe that this topic needs further 
investigation.

Modifying STM by adding moments
The strut curvature generates bending moments, which are 

not taken into account by the theoretical STM calculations 
in ACI 318-19. Therefore, in this subsection, these bending 
moments were added to STM through considering the strut 
as a curved column, which led to modifying STM to curved 
strut-and-tie modeling (CUSTM):

Combined stresses:

	 σ = (V/A) ± (MC/I)	 (1)

Using Eq. (1) to calculate strut stresses:

	​ 0 . 85 ​β​ s​​ ​fc ′ ​sinϕ  =  ​  V _ ​w​ s​​ × b ​ ± ​ 
V × e × ​ b _ 2 ​

 _ 
​ ​w​ s​​ × ​b​​ 3​ _ 12  ​

  ​​	 (2)

Euler equation:

	 VE = (EcIπ)/L2	 (3)

Additional strut midheight out of straightness due to V:

	​ e  =  ​  V/​V​ E​​ ________ 1 − V/​V​ E​​ ​ × ​e​ o​​​	 (4)

where eo is the initial strut midheight out of straightness

	​ ​e​ o​​  =  r − r ​ ​√ 
_

 3 ​ _ 2  ​​	 (5)

Substituting Eq. (4) in Eq. (2):

	​ 0.85 ​β​ s​​ ​f​ c​​́ sinϕ  =  ​  V _ ​w​ s​​ × b ​ ± ​ 
6V ​e​ o​​ ​ 

V/​V​ E​​ ________ 1 − V/​V​ E​​ ​  ____________ ​w​ s​​ × ​b​​ 2​ ​​	  (6)

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Then

	​ V  =  ​ 
0.85 ​β​ s​​ ​f​ c​​́​w​ s​​ ​b​​ 2​

  _____________  
​b​ s​​ ± 6​e​ o​​ ​ 

V _ ​V​ E​​ − V ​
 ​ sinϕ​	 (7)

Solving Eq. (7) for V, it is possible to include the effect 
of curvature along the strut. Then, the total theoretical load 
capacity of CUSTM is

	 PCUSTM = number of struts × V = 6V

In Table 6, the results of CUSTM were compared with 
the experimental failure loads. It was found that the STM 
of ACI  318-19 is conservative enough and that it is safe. 
Furthermore, there is no need to increase its conservativeness 
by adding the effect of strut bending moments. Figure  14 
shows the efficacy of the CUSTM. What is apparent is that 
there was an increase in STM conservatism in an exagger-
ated manner. Therefore, it is recommended here to adopt 
STM as there is no need for modifications in the horizontally 
curved deep beams because it is easy and safe.

Reduction in weight and gain in openings
In the conventionally cast ring deep beams, it was 

observed that there were no cracks worth mentioning in the 
out-of-STM zones (Fig. 15). For this reason, these zones 
are omitted in specimens FST and FOT to reduce cost and 
weight, in addition to providing service passage openings. 
The savings in weight and cost was approximately 18.12% 
and 12.85%, respectively, in addition to providing openings 
for services by approximately 23.5% for specimen FST in 
comparison with reference RR. Although the RR specimen 

Table 6—CUSTM validation

No. Specimen designation P, kN % decrease in P ACI 318-19 PSTM, kN PCUSTM, kN P/PSTM P/PCUSTM

1 RR 764 — 608 570 1.26 1.34

2 RST 682 11 572 537 1.19 1.27

3 ROT 573 25 319 308 1.80 1.86

4 FST 526 31 523 498 1.01 1.06

5 FOT 496 35 307 296 1.62 1.68

Note: 1 kN = 0.225 kip.

Fig. 14—Comparisons between PCUSTM, PSTM, and P. (Note: 
1 kN = 0.225 kip.)
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was superior to the FST specimen in terms of load capacity 
by approximately 31% in the laboratory, the latter remained 
within the tolerances of 1% that were calculated by the STM 
from ACI 318-19. Therefore, the authors suggest the FST 
specimen reinforcement method as an alternative to the 
conventional method.

DISCUSSION OF TEST RESULTS
In the conventional reference RR specimen, the inclined 

cracks connecting the loading and supporting points 
appeared on the outer face first and then penetrated toward 
the inner face. The reason for this can be attributed to the fact 
that the stresses resulting from shear and torsion were in the 
same direction in the outer face, while they were opposite in 
the inner face (Fig. 12). On the other hand, when reinforcing 
the struts and ties only, without omitting the concrete in the 
RST specimen, cracks developed on both sides out of the 
strut. This indicates that the strut reinforcement increased 
the number of cracks and prevented them from penetrating. 
As the zone around the reinforced strut contained concrete 
only, the tie flexural cracks appeared earlier, but they were 
not dominant in failure. This means that in reference beam 
RR, the presence of conventional horizontal web reinforce-
ment effectively resisted the flexural and torsional stresses. 
For this reason, specimen RST failed with a lesser load 
capacity by 11%.

In the ROT specimen, the failure mode changed from 
compressive strut crushing to splitting, accompanied by 
rapid development of diagonal crack width. Regarding the 
load capacity, it decreased by 25%, but it remained higher 
than the STM of ACI 318-19 calculations. The reason for 
this decrease is due to the absence of web reinforcement, 
which was supposed to help the strut to resist the parallel 
compressive and the perpendicular tensile stresses, not to 
mention the torsional stresses.

In specimen FST, when the concrete outside the STM 
was omitted, and only the struts and ties were reinforced, 
a proposed frame containing outwardly curved compres-
sion and tension members was formed. Therefore, ​​the strut 
reinforcement directly prevented the development of strut 
diagonal cracks. Limiting the stress paths in specific sections 
(reinforced struts and ties) reduced the effect of tensile 

stresses perpendicular to the strut, thus reducing the possi-
bility of diagonal splitting failure.

In specimen FOT, load capacity decreased approximately 
35% in comparison with RR, which was also higher than 
the STM calculations. In other words, concrete alone gave 
sufficient strength to the strut. However, at the same time, 
the bending moments in the FOT strut caused strut perpen-
dicular cracks to appear at 30 to 51%P.

The difference in load capacity due to strut reinforcement 
between FST and FOT was only 6%. This is due to the well-
known resistance of concrete to compression. However, 
this reinforcement increased ductility and reduced the 
width of the cracks with a slight increase in their numbers 
(Fig. 7(d) and (e)). This took place due to the role of both the 
supportive longitudinal reinforcement and the stirrups that 
produced concrete confinement. As illustrated earlier, the 
beam horizontal curvature, in addition to curvature of the 
strut itself, caused torsional and bending moments, respec-
tively. Although the torsional moments did not cause the 
failure (because of low a/d), their effect in terms of the sepa-
ration of the concrete cover and the increase in the lateral 
displacement before the failure was evident.

The contribution of strut reinforcement in the proposed 
FST specimen was rather small (14%), while the contribu-
tion of concrete in the FOT specimen was 86%. Nonetheless, 
these varying contribution rates do not diminish the fact that 
the strut reinforcement guaranteed the occurrence of ductile 
failure. In the RST, the strut bottle shape was formed, there-
fore, the role of concrete became 63%.

On the other hand, the load capacity of ROT exceeded 
that of FOT by 16% due to the non-removed concrete, which 
generated a side confinement for the ROT struts. Further-
more, the unremoved concrete provided more space for the 
distribution of the perpendicular stresses on the strut due to 
the bottle-shape strut formation, in addition to a larger zone 
for the spread of torsional stresses.

It should be noted that, before the failure, inclined cracks 
appeared outside the STM in specimens RR, RST, and ROT 
resulting from torsional shearing stresses, which were at an 
angle of approximately 45 degrees within the shear span. 
These cracks developed to meet their counterparts in adja-
cent spans. When omitting the concrete in the FST and FOT 
frame specimens, these cracks spread through the struts, 
considering that they were supposed to pass through the 
omitted concrete (outside the STM).

With regard to the FST and FOT specimens, omitting the 
concrete caused the strain readings to be lower in the bottom 
ties than those of the top ties—that is, the deformation trans-
formation did not take place due to the omitted concrete. 
This is logical because the transfer of stresses took place 
directly from the loading to the supporting points. On the 
other hand, omitting the concrete in these frames led to an 
increase in lateral displacement compared with the RR, RST, 
and ROT specimens, meaning that the torque resistance of 
the frames decreased compared to the ring specimens.

It should also be mentioned here that reinforcing the struts 
and ties by omitting the concrete located outside the STM 
was previously studied by the authors. The load capacity of 
the frame specimens was less than that of the conventional 

Fig. 15—Zones where struts and ties do not pass through in 
specimen ROT.
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reference specimens by 7 to 23% and 7 to 26% in the cases 
of simple and continuous non-curved deep beams, respec-
tively.17,18 Even with concrete corbels, the difference in 
terms of load capacity was 15 to 55%.20 The difference in 
the current study did not change much, reaching 11 to 31%, 
despite the presence of a horizontal curvature in the speci-
mens, in addition to the curvature of the struts themselves.

CONCLUSIONS
It is known that strut-and-tie modeling (STM) from 

ACI  318-19 is conservative, safe, and easy to use in the  
analysis of deep straight beams, but it does not take hori-
zontal curvature nor strut curvature into account in its theo-
retical calculations. Accordingly, five deep beams with an 
effective span-effective depth ratio (a/d) of 1.48 were cast 
and tested with different reinforcement patterns to study the 
effectiveness of the STM of ACI 318-19 in analyzing beams 
on the one hand, and to stand on the role of reinforcement in 
the behavior and strength of this type of deep beams on the 
other hand. Based on the laboratory study that was carried 
out in the current research, the most important conclusions 
can be summarized as follows:

1. When using STM of ACI 318-19 in the analysis of 
conventional ring deep beams, it was found that it is conser-
vative by 1 to 80%—that is, enough to be used, even though 
STM does not take into account the horizontal curvature 
or the inclined curvature of the struts. Here, the effect of 
bending moments that were generated due to the curvature of 
the strut were added to the STM calculations of ACI 318-19, 
which resulted in a proposed method—named here curved 
strut-and-tie modeling (CUSTM)—which showed accept-
able and conservative results as in the original STM.

2. Omitting the concrete outside the paths of STM and 
reinforcing these paths produced a frame with a laboratory 
load capacity less than the conventional specimen capacity 
by 31%. At the same time, the proposed frame outperformed 
the theoretical calculations of STM and CUSTM by 1% and 
6%, respectively. Nonetheless, this proposed casting and 
reinforcing technique reduced weight and cost by 18% and 
13%, respectively, in addition to providing openings for the 
passage of services by 24%.

3. A conventional ring and a proposed frame specimen 
were not reinforced in the strut zones, in comparison with 
their reinforced counterpart specimens, the role of strut rein-
forcement appeared to reduce the development of cracks 
and make failure more ductile. Moreover, in terms of load 
capacity, the role of web steel reinforcement was 33% in the 
conventional reference ring beam. From the other side, in 
the conventional ring beam in which only struts were rein-
forced, the role of steel was 19%, while it became 6% in 
the case of proposed frame specimen. That also shows the 
important role of concrete in the strength of this type of deep 
beam.

4. In general, there is no significant difference between the 
conventional and proposed specimens regarding the load- 
deflection response, because the transmission of stresses is 
always directly from the loading to the supporting points. On 
the other hand, in the conventional specimen, the ductility 
decreases as a result of omitting web steel reinforcement, 

which leads to a decrease in the deflection by approxi-
mately 9%. The ductility also decreases when the concrete 
is omitted outside the paths of the STM, which leads to a 
deflection decrease of approximately 36%.

5. The lateral displacement values are relatively low 
(rotation angle of 0.6 to 0.9 degrees) because the torsional 
stresses are not dominant in the ring deep beams. On the 
other hand, the reference conventional specimen showed the 
higher stiffness because it contained all the secondary web 
reinforcement and all the concrete that lies outside the STM 
paths.

6. According to ACI 318-19, Table 23.4.3(a), the value 
of the strut coefficient βs is 0.75 in the case of reinforcing 
ring deep beams; regardless of its quantity and method of 
distribution, this led to a difference with laboratory load 
capacity of approximately 20%. On the other hand, in the 
case of non-reinforcement, the value of βs is 0.4, which gave 
the STM of ACI 318-19 theoretical predictions roughly 44% 
less than the laboratory load capacity. Consequently, the 
authors believe that the βs value needs more study.
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NOTATION
a	 =	 shear span measured from support center to load center, mm
b	 =	 width of beam, mm
d	 =	 effective depth of beam, mm
Ec	 =	 modulus of elasticity of concrete, MPa
Es	 =	 modulus of elasticity of steel reinforcement, MPa
e	 =	 additional strut midheight out of straightness due to applied 

load, mm
eo	 =	 initial strut midheight out of straightness, mm
fc′	 =	 specified compressive strength of concrete, MPa
fct	 =	 indirect tensile strength (splitting tensile strength), MPa
fr	 =	 modulus of rupture of concrete, MPa
fy	 =	 yield strength of steel reinforcement, MPa
I	 =	 moment of inertia of section about centroidal axis, mm4

L	 =	 total length of the strut, mm
Ln	 =	 clear span length, mm
M	 =	 maximum moment in strut due to e, N∙mm
P	 =	 experimental failure load, kN
Pcr-diag	=	 first diagonal cracking load, kN
Pcr-flex	=	 first flexural cracking load, kN
PSTM	 =	 theoretical load according to ACI 318M-19 STM, kN
r	 =	 ring radius, mm
V	 =	 nominal strength of strut, kN
VE	 =	 Euler load, kN
ws	 =	 width of strut perpendicular to axis of strut, mm
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βs	 =	 factor used to account for effect of cracking and confining rein-
forcement on effective compressive strength of concrete in strut

Δ	 =	 displacement corresponding to experimental failure load, mm
Δcr-diag	=	 displacement corresponding to first diagonal cracking load, mm
Δcr-flex	=	 displacement corresponding to first flexural cracking load, mm
ΔL	 =	 lateral displacement at experimental failure load, mm
ɛyield	 =	 steel reinforcement yield strain, MPa
ϕ	 =	 angle between strut and tie, degrees
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Reinforced concrete (RC) coupling beams can act as an effi-
cient energy-dissipating fuse and force transfer element between 
RC shear walls in low- to high-rise buildings. To investigate the 
effect of different reinforcement layouts, amounts of confinement, 
and loading protocols on RC coupling beams, eight RC coupling 
beams with a span-depth ratio of 2.5 were tested with three param-
eters: 1)  longitudinal or diagonal reinforcement layout; 2) full, 
two-thirds, or one-half the amount of confinement relative to ACI 
318-19 requirements; and 3) seismic or wind loading protocols. The 
test results showed that: first, the nominal shear and upper-limit 
equations for diagonally RC coupling beams in ACI 318-19 may 
need to be improved, and it is also recommended to consider the 
contribution of confinement to shear strength; and second, because 
only minor cracks were observed under the wind with no signifi-
cant damage, the experiment in this study can act as an example of 
structural verification for performance-based wind design.

Keywords: confinement; coupling beam; diagonal reinforcement; 
longitudinal reinforcement; reinforced concrete (RC); seismic loading; 
wind loading.

INTRODUCTION
With a rapidly growing population, taller and taller build-

ings are being built in this era. Coupling beams are often 
used in high-rise buildings due to their advantages of 
opening windows or doorways on core walls and acting as 
an efficient energy-dissipating system to resist lateral loads. 
They are typically designed with a span-depth ratio (ln/h) of 
2.4 for residential and 3.3 for office use in high-rise build-
ings (Naish et al. 2013).

In the ACI 318-19 (ACI Committee 318 2019) design 
procedure, intermediate reinforced concrete (RC) coupling 
beams with a span-depth ratio of 2 to 4 do not have specific 
regulations of reinforcement layout, whether longitudinally 
or diagonally. Thus, the nominal shear strength (Vn,beam) for 
a longitudinally RC coupling beam is estimated based on the 
nominal one-way shear strength of a normal beam by Eq. (1)

	 Vn,beam = Vc + Vs	 (1)

where Vc is the nominal shear strength provided by concrete; 
and Vs is the nominal shear strength provided by confine-
ments. The equation of nominal shear strength for a diago-
nally RC coupling beam can be calculated using Eq. (2)

	 Vn,beam = 2Avdfysinα	 (2)

where Avd is the total area of diagonal reinforcing bars in 
each group in a diagonally RC coupling beam; and α is the 

angle between the diagonal bars and the longitudinal axis 
of a coupling beam. However, in ACI 318-19, the nominal 
shear strength (Vn) shall not be taken greater than the upper 
limit (Vn,upper), as Eq. (3)

	​ ​V​ n,upper​​  =  0.83​√ 
__________

 fc′ (MPa) ​​A​ cw​​​	 (3)

where Acw is the area of the concrete section of a coupling 
beam resisting shear.

Diagonally RC coupling beams can provide better shear 
strength, deformation capacity, and energy dissipation 
behavior compared to longitudinally RC coupling beams 
because diagonal reinforcing bars simultaneously function 
as flexural and shear reinforcements. Their contribution to 
shear strength typically results in well-rounded hysteresis 
loops without the pinching effect. However, many previous 
outcomes (Naish et al. 2013; Lim et al. 2016a,b; Cheng et al. 
2019) show that the actual shear strength of a diagonally 
RC coupling beam is notably larger than the nominal shear 
strength and upper limit in ACI 318-19. If coupling beams 
do not sufficiently develop plastic hinges due to overcon-
servative design, this could cause undesirable forces (such 
as flexural force) or damage to adjacent structural elements. 
Based on this mechanism, it may be more acceptable to use 
the nominal flexural strength (Mn) of a coupling beam to 
estimate the shear strength, as shown in Eq. (4). Park et al. 
(2020) also proposed an estimation model for diagonally 
RC coupling beams with ln/h of 1 to 3, which additionally 
considered the contribution of longitudinal reinforcing bars 
and concrete for diagonally RC coupling beams.

	 VMn = 2Mn/ln	 (4)

Moreover, the amount of confinement had a significant 
influence on the cyclic behavior and failure modes of diag-
onally RC coupling beams (Han et al. 2019), and this effect 
has also not been incorporated into the equations of nominal 
shear strength and the upper limit in ACI 318-19. In general, 
these two aforementioned equations for diagonally RC 
coupling beams should be updated, preferably also consid-
ering the effects of confinement, because excessive conser-
vatism in coupling beams may be detrimental to achieving 
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the desired behavior for performance-based design and 
evaluation.

For high-rise buildings, wind loads are as critical as 
seismic loads. In particular, the design of certain structural 
elements, including coupling beams, is generally controlled 
by wind demands (Aswegan et al. 2017). In terms of seismic 
design, structural elements are allowed to reach inelastic 
behavior, and numerous previous tests (Paulay and Binney 
1974; Barney et al. 1980; Tassios et al. 1996; Xiao et al. 1999; 
Galano and Vignoli 2000; Kwan and Zhao 2002; Naish et al. 
2013; Cheng et al. 2019; Park et al. 2020) regarding seismic 
loading have been performed.

For wind design, compared to the former provision of 
ASCE/SEI 7-16 (2017), which used equivalent static wind 
load to keep buildings in the elastic phase, inelastic behavior 
under 700- to 3000-year mean recurrence interval (MRI) 
wind loads in ASCE/SEI (2019) is now permitted in the 
latest ASCE/SEI 7-22 (2022) provision. Among the compo-
nents of wind load, including along-wind, across-wind, and 
torsional wind, the response of across-wind is generally 
larger than along-wind for a taller building due to its large 
resonant response (Alinejad and Kang 2020). According to 
analysis results from Jeong et al. (2021), reducing the design 
wind force (resonant component only) by using wind load 
reduction factors (RWR) of 2 and 3 to introduce inelastic 
behavior could significantly decrease the design demand of 
a coupling beam, while also increasing the ductility of the 
system.

In terms of structural performance levels for wind hazard 
scenarios, the damage control (DC) performance level for 
performance-based wind design is suggested by Alinejad 
et  al. (2020), which is defined as the midpoint between 
the immediate occupancy (IO) and life safety (LS) perfor-
mance objectives in ASCE/SEI 41-17 (2017). To satisfy the 
DC performance level and check the safety margin against 
low-cycle fatigue and ratcheting failures under extreme 
wind events, the performance of coupling beams is likely 
to be confirmed through testing under moderate inelastic 
deformations with an appropriate number of cycles for wind 
load. Therefore, Abdullah et al. (2020a) established a wind 
loading protocol to represent the inelastic response of a tall 
building by determining the number and amplitude of the 
cycles from loading histories corresponding to 1700- to 
3000-year MRI wind loads. The test results show that the 
specimens satisfied the IO performance level with relatively 
negligible damage observed, but testing various specimens 
with alternative wind protocols was recommended due to a 
lack of experimental data.

To summarize all the needs stated previously, a total of 
eight specimens with a span-depth ratio (ln/h) of 2.5 were 
tested, and the purposes of this study were to: 1) investi-
gate the behaviors of both longitudinally and diagonally RC 
coupling beams with three different amounts of confine-
ment (full, two-thirds, and one-half) relative to ACI 318-19 
requirements; and 2) develop a wind loading protocol based 
on the peak factor of across-wind in the Korean Building 
Code (KBC) (2016) and represent the behavior of RC 
coupling beams under the wind loading protocol composed 

of a large number of linear cycles and limited nonlinear 
cycles.

RESEARCH SIGNIFICANCE
This study aims to provide useful experimental data for 

the development of future building codes and investigate 
the feasibility of extending performance-based design to 
wind engineering. Data from eight large-scale tests of RC 
coupling beams with a span-depth ratio of 2.5 tested under 
seismic and wind loading protocols are represented. The key 
parameters were reinforcement layout (longitudinal or diag-
onal reinforcement), the amount of confinement, and loading 
protocol. The findings show that the different layouts and 
amounts of confinement did have a meaningful influence on 
the RC coupling beams, and specimens tested under a simu-
lated wind event only had minor cracks with no extensive 
damage observed.

EXPERIMENTAL PROGRAM
Among a total of eight two-thirds-scale RC coupling 

beams, there are four series of layouts, and each series was 
tested under seismic and wind loading protocols. Except for 
the test parameters, all other conditions were designed the 
same, with a focus on investigating modeling parameters for 
the RC coupled wall systems used in regions of moderate-
to-high seismicity and/or high wind speed. The following 
sections describe the design details, material properties, test 
setup, instrumentation, and loading protocols in this study.

Test specimens
Eight test specimens were designed based on common 

coupling beams in residential buildings with a span-depth 
ratio (clear length/depth, ln/h) of approximately 2.5. Due to 
the laboratory space and strength constraints, the coupling 
beams were scaled down to two-thirds-scale of the proto-
type coupling beams. Thus, the cross-sectional dimensions 
(width x depth x span, bw x h x ln) were 300 x 500 x 1250 mm 
(11.8 x 19.7 x 49.2 in.). All details were designed according 
to the design procedure specified in ACI 318-19, except for 
the reduction of confinements for the purpose of the study. 
The specified concrete strength (fc′) was 30 MPa (4.4 ksi), 
and the yield strength (fy) was 400 MPa (58.0 ksi) for all 
reinforcing bars. The longitudinal reinforcement ratio (ρ) of 
all specimens was approximately 1.9%. Detailed informa-
tion is provided in subsequent paragraphs, and Fig. 1 illus-
trates the specimen layouts.

For longitudinally RC coupling beams, the specimen 
L100 series and L67 series were designed using a traditional 
reinforcement layout with three D32 (No. 10) headed rein-
forcing bars as tensile and compressive reinforcements with 
a sufficient development length of 500 mm (19.75 in.), and 
were confined by the full and two-thirds amount of D13 rein-
forcing bars (No. 4) with a spacing of 105 mm (4.1 in.) and 
165 mm (6.5 in.), respectively. With regard to the diagonally 
RC coupling beams, four D25 (No. 8) headed reinforcing 
bars for each group were placed diagonally with an angle 
(α) of approximately 15 degrees and an anchorage length 
of 500 mm (19.75 in.) for the specimen D67 series and D50 
series. Because diagonal coupling beams have notably higher 
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shear strength than longitudinal coupling beams, instead 
of designating the full amount of confinement, two-thirds 
amount with a spacing of 165 mm (6.5 in.) for the D67 series 
and half amount with a spacing of 230 mm (9.1 in.) for the 
D50 series were arranged. As shown in Fig.  1, four D10 
(No. 3) skin reinforcing bars were placed with only 100 mm 
embedment in the middle of each beam. For the D67 and 
D50 series, three top and bottom D10 (No. 3) longitudinal 
bars were provided with a development length of 350 mm 
(13.75 in.), which is longer than required.

Material properties
A normalweight concrete with a design 28-day concrete 

compressive strength (fc′) of 30 MPa (4.4 ksi) was specified 
for all specimens. The maximum aggregate size of 25 mm 
(1 in.) and a slump of 150 mm (5.9 in.) were requested. 
Concrete strength was determined based on the average 
of three standard 100 x 200 mm (4 x 8 in.) cylinders for 
each series. All cylinders were cast on the same day along 
with casting specimens from each concrete truck at a local 
concrete plant. Korean Standard (KS) SD400 deformed 
bars with a nominal yield strength (fy) of 400 MPa (58 ksi) 
were specified for steel reinforcing bars. The average yield 
strength and ultimate strength (fu) for each size were deter-
mined by submitting three 500 mm (19.7 in.) long speci-
mens to the direct tensile test. Table 1 shows the test results 
of the concrete and steel reinforcing bars.

Test setup and instrumentation
When a building oscillates, a coupling beam is subject to 

a slight axial compressive deformation, as well as prominent 
lateral deformation. To replicate this mechanism, the test 
setup was arranged as shown in Fig. 2(a), where coupling 
beams were set in a vertical direction and embedded in two 
adjacent stiff RC blocks, which were taken as structural wall 
elements. The bottom block was enlarged to avoid over-
turning and bolted to the laboratory strong floor, whereas 
the top block was bolted to the upper steel frame, which was 

connected to a 100 ton (220 kip) hydraulic actuator and two 
steel links including two vertical steel frames and four pin 
connections. However, if a coupling beam is tested with a 
consistent height, it will be subjected to axial extension at 
large drift demands, and the resulting axial force may signifi-
cantly impact the coupling beam’s performance (Lequesne 
et al. 2013). Thus, two steel links were set to descend slightly 
while keeping the upper steel frame horizontal, to restrain 
any end rotation and axial elongation that might occur while 
the hydraulic actuator applied lateral displacement to the 
upper steel frame (Fig. 2(b)). Two lower steel frames were 
set for fixing the steel links to the laboratory’s strong floor, 
and two gusseted angle brackets were inserted between the 
top block and upper steel frame to prevent sliding.

The external deformation of each specimen was measured 
by 12 linear variable differential transformers (LVDTs), 
and four string potentiometers were used to measure global 
displacements, as shown in Fig. 3. A total of 30 strain gauges 
were installed to measure strains in longitudinal or diagonal 
reinforcing bars, confinements, and longitudinal skin rein-
forcing bars. Crack widths were manually measured at the 
end of each loading stage.

Fig. 1—Specimen layout. (Note: 1 mm = 0.039 in.)

Table 1—Measured material properties

Specimen series L100 L67 D67 D50

fc′, MPa 32.2 32.5 32.2 28.9

Steel 
reinforcement, 

MPa

D32
fy 461.7 —

fu 645.1 —

D25
fy — 427.6

fu — 668.6

D13
fy 465.3

fu 702.3

D10
fy 433.7

fu 685.6

Note: 1 MPa = 145 psi.
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Loading protocols
In this study, each series was tested under both seismic 

and wind loading protocols. To date, many guidelines have 
applied performance-based design to earthquake engineering, 
such as PEER/ATC-72-1 (2010) and the Tall Building Initia-
tive (TBI 2017). ACI 374.2R-13 (ACI Committee 374 
2013) recommended a cyclic loading protocol to perform 
seismic behavior for structural component tests, which was 
also applied to this study with two displacement-controlled 
cycles at each stage, as shown in Fig. 4. In terms of wind 
engineering, the application of performance-based wind 
design in ASCE/SEI 7-22 is still in its infancy, and a wind 
loading protocol for testing structural components has not 
been established so far. Therefore, considering that across-
wind is the key factor of wind load for certain structural 
elements in tall buildings, a displacement-controlled wind 
loading protocol was developed with a zero-mean process. 
Buildings of 35 tο 70 stories of 150 to 300 m (500 to 1000 ft) 
height, the general range of the 300 tallest buildings in 
Korea, with fundamental periods between 3 and 6 seconds 
were considered, and the following steps describe the proce-
dure in detail:

Amplitude of cycles—The expected maximum ductility 
demand for coupling beams in an extreme wind event was 
assumed as 1.5 times the yield ratio (θy) in this study, where the 

yield ratio (θy) is the specified yield drift ratio. The ductility 
factor of 1.5 was considered to be an adequate number, 
which is the prescribed ductility factor for deformation- 
controlled elements in the evaluation process in ASCE/
SEI (2019), and whose value is much less than the inherent 
ductility factor of approximately 2.5 to 5 from the seismic 
response of RC coupling beams. The amplitude set for 
each stage was increased from 0.25 to 1.5θy in increments 
of 0.25θy, and then symmetrically stepped down to 0.25θy. 
The yield ratio was taken from the result of the seismic test, 
which was performed prior to the wind test for the same 
series specimen.

Corresponding design force—The maximum design force 
(Fmax) was set as gLσ, where gL (Eq. (5)) is the peak factor 
in the across-wind direction in the KBC (2016), σ is the 
standard deviation of the equivalent static wind load, and 
nL is the natural frequency of the first mode in the across-
wind direction. The corresponding design force (F) in the 
elastic response is equal to the maximum design force × 
force ratio (F/Fmax) derived from the equal-energy principle, 
which resulted in the force reduction factor (R = Fmax/Fy) of 
1.41, where Fmax is the maximum design force for an elastic 

Fig. 2—Test setup.

Fig. 3—Instrument layout.

Fig. 4—Seismic loading protocol.
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system, and Fy (= 0.71Fmax) is the specified yield strength, as 
shown in Fig. 5 and Table 2.

	​ ​g​ L​​  =  ​√ 
_______________

  2ln​(600​n​ L​​)​ + 1.2 ​​	 (5)

Number of cycles—The total amount of cycles was deter-
mined by considering tall buildings oscillating under a 
1-hour wind event, which is frequently taken in ASCE/SEI 
7-16. Consequently, the number of cycles at each stage could 
be estimated from the cumulative probability density of the 
corresponding design force based on Gaussian distribution 
(Fig. 6). Table 2 shows the step-by-step calculation result, 
and Fig. 7 shows the result of the wind loading protocol that 
was developed. Based on the fundamental period, it resulted 
in a total of 915 cycles in the wind loading protocol, which 
was composed of 900 linear cycles and 15 nonlinear cycles 
(1.25θy and 1.5θy). The expected testing time for simulated 
wind events was approximately 10 hours, whereas seismic 
events needed only 4 hours.

TEST RESULTS
Cracking progression and hysteretic behavior

Figure 8 presents the crack pattern and maximum crack 
width at different drift ratios or chord rotations (θ) for all 
the test specimens, where the drift ratio and θ were defined 
as the lateral deflection of a specimen measured from the 
LVDT divided by the beam clear span and adjusted by extra 
rotations from the top and bottom blocks. Figure 9 presents 

the lateral load versus chord rotation curves for all speci-
mens, where the ductility demand (θtest/θy,test) is also shown 
in the upper axis, defined as the rotation demand divided by 
the yield rotation (θy,test). The θy,test was obtained when the 
first main reinforcing bar reached yield strain from the test 
result of the seismic event. Initial cracks were observed in 
the first stage for all specimens except the specimen L100 
series (L100-S and L100-W), which were observed in Stage 
2 and Stage 3, respectively, due to smaller lateral displace-
ment caused by unexpected out-of-plane displacement. 
Horizontal cracks first developed at the beam for all spec-
imens, and inclined cracks developed subsequently with a 
maximum crack width of 0.05 mm (0.002 in.), as shown in 
the first figures of Fig. 8(a) to (h). All specimens showed 
similar inclined crack patterns, which mainly appeared on 
the lower part of beams with an angle of approximately 
45 degrees in the final state, as shown in the middle figures 
of Fig. 8. However, compared to diagonal coupling beams, 
only longitudinal coupling beams developed vertical cracks 
along the line of longitudinal reinforcing bars after the 
inclined cracks occurred. The follow-up progressions of 
cracking and hysteretic behavior for each specimen are elab-
orated as follows.

L100 series—In specimen L100-S, a crack with a 2.0 mm 
(0.079 in.) width occurred at the right-side bottom at a drift 
ratio of 2.9%, and concrete deteriorated in the lower-right 
corner at the reverse side of the beam at a drift ratio of 3.5% 
as its peak shear strength (Vtest) reached 684.0 kN (153.8 kip), 
where the test was stopped due to unexpected out-of-plane 

Fig. 5—Equal-energy principle.

Table 2—Calculation for wind loading protocol

Rotation Force ratio (F/Fmax) Design force Probability Expected No. of cycles Design No. of cycles

1.5θy 1.00 3.23σ to 3.44σ (= gLσ) 0.002 to 0.004 2 to 3 3

1.25θy 0.87 2.80σ to 2.98σ 0.012 to 0.017 11 to 15 12

1.0θy 0.71 2.28σ to 2.43σ 0.054 to 0.065 39 to 65 50

0.75θy 0.53 1.71σ to 1.82σ 0.158 to 0.167 101 to 191 150

0.5θy 0.35 1.14σ to 1.22σ 0.314 to 0.322 191 to 391 300

0.25θy 0.18 0.57σ to 0.61σ 0.431 to 0.451 261 to 547 400

Fig. 6—Gaussian distribution (based on 200 m tall building).
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displacement occurring. Because the unexpected out-of-
plane displacement limited yield rotation (θy,test) to a small 
value, specimen L100-W only had a maximum crack width of 
0.1 mm (0.004 in.) at Stage 4 (1.0θy target drift), and obvious 
cracks mainly developed until Stage 7 (1.25θy target drift). 
After Stage 7, the specimen only had some extended slight 
cracks. The problem of unexpected out-of-plane displace-
ment was solved after finishing testing the L100 series.

L67 series—A maximum 3.5 mm (0.14 in.) width vertical 
crack appeared on specimen L67-S at the first cycle of 
Stage  7 (3.0% target drift ratio). The peak shear strength 
(Vtest) of 632.1 kN (142.1 kip) was reached at a 2.0% drift 
ratio, and dropped drastically to approximately 60% for the 
sequential cycle. Concrete significantly spalled out along 
the line of longitudinal reinforcing bars at the final stage, 
with roughly 30% of the peak shear load and an ultimate 
drift ratio θu of 3.94%. For specimen L67-W, a vertical 
1.6 mm (0.063 in.) width crack developed along the longi-
tudinal reinforcing bars at Stage 6 (1.5θy target drift) with a 
maximum drift ratio of 2.14%, and the crack width got wider 
to 2.0 mm (0.079 in.) at Stage 7. After that, while the drift 
ratio decreased progressively, only some slight extended 
cracks could be observed.

D67 series—The specimen D67-S had a 0.65 mm 
(0.026 in.) width crack at a drift ratio of 2.97% in the lower 
right corner at the left side of the beam. The crack contin-
uously widened up to 6.0 mm (0.24 in.) as the peak shear 
strength Vtest of 809.0 kN (181.9 kip) was reached at a 
drift ratio of 6.43%, and then its lateral strength declined 
by approximately 10% of the peak lateral strength, while 
concrete spalled off the four corners. This crushing pattern 
of concrete was most likely caused by flexural compression. 
The maximum crack width of specimen D67-W developed 
from 0.15 to 0.45 mm (0.006 to 0.018 in.) from Stages 4 to 
6. Except for small sections in lower corners chipping off 
at Stages 8 and 9 (1.0θy and 0.75θy target drift) due to flex-
ural compression, the coupling beam did not have any wider 
cracks.

D50 series—The crack width of D50-S developed to 
5 mm (0.197 in.) at a drift ratio of 3.8% (Stage 8), and then 
the coupling beam reached a maximum lateral strength 
Vtest of –761.4 kN (171.2 kip) at Stage 9. However, after 
concrete in three corners of the beam spalled off at Stage 
8 (maximum drift ratio 6.3%), the strength was reduced to 
approximately 90% of the peak lateral strength at the second 
cycle. Finally, owing to the presence of reinforcing bars, 
the test was stopped when the shear strength had dropped 
to approximately 50% of the peak lateral strength with 
an ultimate drift ratio θu of 8.69%. For specimen D50-W, 
the maximum crack width increased from 0.2 to 0.35 mm 
between Stages 4 and 6. A small part of facial concrete in the 
lower-right corner of the beam fell off at Stage 8 due to flex-
ural compression; however, no new crack or large extended 
crack was observed.

As can be seen from the test results in Fig. 9, similar to 
previous findings (Barney et al. 1980; Lim et al. 2016a,b), 
this study reconfirms that diagonally RC coupling beams do 
indeed provide higher peak shear strengths (Vtest) and better 
capacities of deformation and energy dissipation than longi-
tudinally RC coupling beams, due to the well-rounded curves, 
which indicate the absence of pinching effects. Therefore, 
based on the ACI 318-19 design process of coupling beams 
with a span-depth ratio of 2.5, under a similar ratio of main 
reinforcements, a diagonally RC coupling beam has superior 
seismic behavior to a longitudinally RC coupling beam.

The specimens tested under simulated wind events (blue 
curves) presented more pinching effects due to an increased 
number of cycles after Stage 6, as shown in Fig. 10, but there 
was no occurrence of extensive damage and only minor 
cracks were observed, with widths ranging between 0.35 and 
2.0 mm (0.014 and 0.079 in.). The specimens satisfy the DC 
performance level proposed by Alinejad et al. (2021) for the 
extreme conditions in the performance-based wind design 
framework. In this possible scenario of 1700- to 3000-year 
MRI wind load for the DC performance level, which is also 
within the applicable range of ASCE/SEI (2019), the drift 

Fig. 7—Wind loading protocol.



171ACI Structural Journal/July 2023

limit is to be set such that a coupling beam will not show 
severe damage after the applied force exceeds the yield force 
and corresponding deformation limit.

Overall, the test results of hysteretic behavior signal that 
diagonally RC beams with half of the required confinement 
and longitudinally RC beams with two-thirds of the required 
could be applied to the case of low-to-moderate seismicity 
and high wind hazard. Moreover, the experiments performed 

in this study can be seen as an example of the application of 
the performance-based wind design framework.

Drift contribution
To understand the behavior of coupling beams during the 

test, the contributions of four components to the total chord 
rotation were investigated in this study, including shear 
deformation of the beam, flexure or curvature deformation of 

Fig. 8—Cracking progression of specimens. (Note: DR is drift ratio, CW is maximum crack width, and FS is final state of 
specimen.)
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the beam, bar slip or extension at the beam ends, and sliding 
at the beam ends. Each contribution was determined using 
the measured data and the same approach taken by Cheng 
et al. (2019) and Abdullah et al. (2020b). As seen in Fig. 11, 
the vertical axis represents the accumulation of contribu-
tions from the four components at peak force in each test 
stage, and the horizontal axis shows the corresponding drift 
ratio for the eight test specimens.

The results show that shear and flexural deformations were 
the main contributors to the initial total chord rotation for all 
specimens. The most rapid increase among the four compo-
nents was shear deformation, which followed an increase in 
drift ratio and accounted for the largest contribution, with 
more than 70% in the final stage subjected to seismic load, 
and 60% to wind load in Stage 6. In the meantime, there 
was a very noticeable trend of the proportion of flexural 

deformation sharply decreasing to approximately 10% in the 
final stage. This is because inclined shear cracks grew faster 
than flexural cracks as deformation demand increased until 
the coupling beams eventually failed.

However, a different trend emerged for specimens tested 
under wind load in ramp-down stages (with smaller defor-
mation demands), where the contribution of shear defor-
mation narrowed down again, except for specimen L67-W. 
The reason for this phenomenon appears to be that spec-
imen L67-W became susceptible to shear distortion after 
conspicuous cracks occurred along the line of longitudinal 
reinforcing bars. Specimen L100-W did not have evident 
cracks due to the small demand of the yield drift ratio taken 
from L100-S, and the diagonal reinforcing bars in spec-
imens D67-W and D50-W could restrain shear distortion. 
Therefore, only the shear contribution of L67-W kept rising 

Fig. 9—Lateral load versus chord rotation curves.
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until failure. Although the contribution of bar slip/extension 
showed a few fluctuations, it generally remained under 25%, 
except for specimen D67-S. Its bar slip/extension almost 
reached 40% in the final stage, likely due to the flexural 
mechanism resulting in the deterioration of corner concrete 
and the consequent bending of diagonal reinforcing bars. For 
specimen L100-S, due to unexpected out-of-plane displace-
ment occurring in the pushing direction (positive drift ratio), 
radial cracks developed in the lower corner and caused the 
contribution of bar slip/extension to be asymmetric. In terms 

of sliding contribution, it remained steady at under 10% for 
all test specimens.

When coupled with the graphic information, a possible 
conclusion can be derived that the shear contribution 
increased as deformation increased, but different test mech-
anisms and reinforcement layouts could cause the different 
composition of drift contribution to RC coupling beams. 
Although the bar slip/extension contribution was larger at 
lower drift ratios under wind load than under seismic load, 
the general compositions were similar for all the specimens 
with an ln/h of 2.5.

Fig. 10—Lateral load versus chord rotation curves at 1.0θy.

Fig. 11—Drift contribution.
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DISCUSSION
ACI 318-19 shear design equations

Table 3 shows the test results and evaluated shear strength 
from ACI 318-19 of four specimens subjected to seismic 
load. All the notations were defined as follows: the shear 
strength (Vn,beam) was estimated by using Eq. (1) for a longi-
tudinally RC coupling beam and Eq. (2) for a diagonally RC 
coupling beam, while the upper limit (Vn,upper) was calcu-
lated by Eq.  (3). As can be seen in column 4 of Table  3, 
the nominal shear strength (Vn) of specimen L100-S was 
controlled by the limitation equation, while the others were 
equal to Vn,beam. Column 6 of Table 3 shows that all coupling 
beams in this study had higher normalized shear strength 
(Vtest/√fc′ [MPa]Acw) than the parameter 0.83 in Eq. (2). The 
test results of 20 longitudinal coupling beams and 29 diag-
onal coupling beams with span-depth ratios between 2 and 4 
from previous findings (Barney et al. 1980; Kanakubo et al. 
1996; Shimazaki 2004; Breña and Ihtiyar 2011; Fortney et 
al. 2008; Lim et al. 2016a,b; Han et al. 2019; Naish et al. 
2013; Cheng et al. 2019; Park et al. 2020; Abdullah et al. 
2020a) were collected and compared with the results of this 
study in Fig. 12 to 15.

Figure 12 reflects that the limitation equation covered 
most longitudinally RC coupling beams (Longi.); however, 
two-thirds of diagonally RC coupling beams (Diag.) 
exceeded the strength limit of ACI 318-19. Additionally, 
Fig.  13 reveals that the normalized shear strengths (Vtest/
Avfysinα) of 29 beams mostly ranged from 2.5 to 4.0, which 
is higher than the parameter of 2.0 in Eq. (2). Those results 
indicate that the nominal shear strength (Vn) in ACI 318-19 
significantly underestimates the shear strength for diagonally 
RC coupling beams, which may incur damage at the adja-
cent walls before the diagonally RC coupling beams develop 
sufficient plastic hinges. Rows 9, 10, and 11 of Table 3 and 
Fig. 14 compare the ratios of Vn, VMn (Eq. (4)), and Vn,Park to 
Vtest. The results in Fig. 14(b) show that VMn/Vtest and Vn,Park/
Vtest have closer-to-one average values (μ) and smaller stan-
dard deviations (σ) than Vn/Vtest, which indicate that the shear 
strengths estimated by using the nominal flexural strength 

(Mn) or Park et al. (2020) model show better prediction than 
the ACI 318-19 nominal shear strength (Vn) for diagonally 
RC coupling beams.

Therefore, using the nominal flexural strength or the Park 
et al. (2020) model may be a relatively efficient and accurate 
way to evaluate a diagonally RC coupling beam with a span-
depth ratio between 2 and 3 and a ratio of confinement of 
at least 0.35, and it is desirable for the ACI 318-19 nominal 
shear strength equation (Eq. (2)) and upper limit (Eq. (3)) to 
be revised to achieve an efficient design. Herein, the ratio 
of confinement (ρt) is defined as the total cross-sectional 
area of confinement of each layer perpendicular to the beam 
axis divided by the gross concrete area perpendicular to the 

Table 3—Strength of test specimens

Specimen Row L100-S L67-S D67-S D50-S

Vtest, kN 1 684.0 632.1 809.0 –761.4

Vn,beam, kN 2 848.6 585.0 448.6 448.6

Vn,upper, kN 3 609.2 612.0 586.9 556.0

Vn, kN 4 609.2 585.0 448.6 448.6

VMn, kN 5 634.0 635.1 542.3 532.0

Vn,Park, kN 6 703.5 704.3 666.9 657.9

Vtest/√fc′ (MPa)Acw 7 0.932 0.857 1.144 1.137

Vtest/Avdfysinα 8 — — 3.606 3.395

1/4 9 1.123 1.080 1.803 1.697

1/5 10 1.079 0.995 1.492 1.431

1/6 11 0.972 0.897 1.213 1.157

Note: All data were calculated by tested material properties; √fc′ MPa = 12√fc′ psi. 
1 MPa = 145 psi.

Fig. 12—Shear strength normalized by √fc′ (MPa)Acw.

Fig. 13—Shear strength normalized by Avdfysinα for diago-
nally RC coupling beams.
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confinement (ρt = At/bws), where s is the spacing between the 
layers of confinements.

Impact of confinements
The test results of two longitudinally RC coupling beams 

with full and two-thirds amounts of confinement and two 
diagonally RC coupling beams with two-thirds and half 
amounts of confinement were compared with a total of 62 
longitudinally and diagonally RC coupling beams from 
previous findings in Fig. 15. The coupling beams with more 
confinement presented higher shear strength for both longi-
tudinally and diagonally RC coupling beams in this study, 
which is within the trend of test results from previous find-
ings for longitudinally RC coupling beams in Fig. 15(a). In 
Fig. 15(b), although the relationship between shear strength 

and the ratio of confinement could not be clearly recognized, 
the results of this study showed that the maximum shear 
strength diminished by approximately 32 kN (7.2 kip), while 
the total number of confinements was reduced from eight to 
six (D67-S to D50-S).

In addition, Han et al. (2019) reported that the shear 
strength of diagonal coupling beams was strongly affected 
by the amount of confinement, and the test results (green 
triangles in Fig. 15(b)) also show the same trend in this 
study—shear strength increases as the ratio of confine-
ment rises. Therefore, just as the contribution of transverse 
reinforcement is considered for estimating nominal shear 
strength as a conventional beam for longitudinally RC 
coupling beams, the impact of confinements on diagonally 

Fig. 14—Comparison of Vtest/Vn, Vtest/VMn, and Vtest/Vn,Park.

Fig. 15—Shear strength versus ratio of confinement.
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RC coupling beams may also need to be implemented in 
their design procedure.

Stiffness
The effective flexural stiffness (Kf) and effective shear 

stiffness (Ks) of the test specimens were evaluated as follows: 
1) the secant stiffness at the value of 0.6 times yield force 
(0.6Vy,test) was obtained, where Vy,test was obtained when the 
first main reinforcing bar reached yield strain from the test 
result; and 2) this value was divided by flexural and shear 
deformation, respectively, where the flexural deformation 
including flexure and bar slip/extension was taken as the 
deformation (corresponding to 0.6Vy,test) times the percentage 
of the two components, and shear deformation was taken 
as the corresponding deformation times the percentage of 
shear and sliding components from drift contribution. The 
flexural rigidity (EcIeff) was defined as Kf × ln

3/12, and the 
shear rigidity (GcAeff) was determined by multiplying Ks 
by ln, where the modulus of elasticity of concrete was Ec = 
4700√fc′  MPa (57,000√fc′ psi), and the shear modulus of 
concrete was Gc ≈ Ec/2.4. As can be seen in Fig. 16, in this 
study, the test results of effective flexural stiffness values 
(EcIeff/EcIg) range from 0.09 to 0.14, and the effective shear 
stiffness values (GcAeff/GcAg) are approximately 0.05, where 
Ig and Ag are the moment of inertia and the area of the gross 
concrete section, respectively. Figure  16 also indicates 
the test result data of stiffness subjected to seismic proto-
cols collected from Vu et  al. (2014), Cheng et al. (2019), 
and Abdullah et al. (2020b). While coupling beams with 
span-depth ratios ln/h < 2 are primarily governed by shear 
behavior, and those with ln/h > 4 could be seen as a flex-
ural beam in the ACI 318-19 design process, the behavior of 
intermediate coupling beams (2 ≤ ln/h ≤ 4) could be indefinite 
and unpredictable. According to the drift contribution results 
from Lequesne (2011), Cheng et al. (2019), and Abdullah et 

al. (2020b), the shear deformation accounted for approxi-
mately 40% for deep coupling beams (ln/h < 2) and 20% for 
coupling beams with a span-depth ratio of approximately 3.5 
in the initial state. Conversely, the deformation contributed 
by flexure was assumed to be 60% for ln/h < 2, (1 + ln/h) × 
20% for 2 ≤ ln/h ≤ 4, and 80% for ln/h > 4 in the calculation 
process for data of Vu et al. (2014).

It can be observed from Fig. 16(a) that effective flexural 
stiffness values that consider only the flexural deformation 
show a similar trend to TBI (2017) (EcIeff/EcIg = 0.07ln/h ≤ 
0.3) for deep coupling beams, while intermediate coupling 
beams seem more consistent with the constant of 0.15 
defined by PEER/ATC-72-1 (2010). In terms of effective 
shear stiffness values, the average value of the coupling 
beams is 0.12, and the majority show values between 0.05 
and 0.1 in Fig. 16(b), which are significantly less than the 
values proposed in TBI (2017) and PEER/ATC-72-1 (2010).

Figure 17 shows the secant stiffness (EcIsec) at each stage 
divided by the initial secant stiffness ([EcIsec]initial), where the 
secant stiffness is defined as the ratio of the shear strength to 
the maximum displacement. Specimens tested under wind 
loading protocols showed a sharp drop at Stage 2 because of 
the large number of testing cycles. For ramp-down stages, 
even though specimens had smaller displacement demands 
after yielding, the value of EcIsec/(EcIsec)initial showed a steady 
decline until the end, where the pinching behavior becomes 
more prevalent and low-cycle fatigue failure may occur 
due to cyclic softening. In contrast, for the coupling beams 
subjected to seismic loading protocol, the secant stiffness 
dropped sharply after Stage 4 due to larger displacement 
demands.

CONCLUSIONS
In this study, eight reinforced concrete (RC) coupling 

beams with a span-depth ratio of 2.5 and four series of 

Fig. 16—Effective stiffness.
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layouts were tested under seismic and wind loads. Based on 
the test results, the following conclusions and recommenda-
tions can be drawn:

1. Because the underestimation of the nominal shear 
strength and upper limit for diagonally RC coupling beams 
in ACI 318-19 might cause undesirable forces or damage to 
the wall system, it is advisable to improve the two formulae. 
Additionally, considering the contribution of confinements 
for better shear strength prediction is recommended.

2. The test results show that the effective flexural stiffness 
(EcIeff/EcIg) of approximately 0.12 is more comparable to 
PEER/ATC-72-1 (2010), and the values of effective shear 
stiffness (GcAeff/GcAg) of approximately 0.05 are significantly 
less than both TBI (2017) and PEER/ATC-72-1 (2010).

3. This experiment can act as an example of structural 
verification for performance-based wind design because 
specimens subjected to the simulated wind event satisfied 
the damage control performance objective with no extensive 
damage, and only minor cracks were observed. However, as 
the RC coupling beams presented more pinching behavior 
and less stiffness after yielding, the influence of low-cycle 
fatigue requires further investigation.
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This paper aims to analyze practical considerations in the design 
of glass fiber-reinforced polymer-reinforced concrete (GFRP-
RC) beams based on the newly adopted ACI CODE-440.11-22, 
addressing strength, serviceability, and detailing criteria. A beam 
example was taken from the ACI Reinforced Concrete Design 
Handbook and redesigned using GFRP bars and stirrups to 
analyze the effect of changing the reinforcement type. In the first 
phase, the beam was designed as an over-reinforced member 
with high-modulus (Ef = 60,000 MPa) and low-modulus (Ef = 
44,815  MPa) GFRP bars. In the second phase, a parametric 
study was carried out to analyze the impact of changing key 
design parameters—namely, bond factor kb, concrete compres-
sive strength fc′, and the maximum deflection limit. GFRP-RC 
beams require more reinforcement area compared to conventional 
steel-RC, which may result in bar congestion. Current Code provi-
sions related to detailing in particular are based on conservative 
assumptions due to a lack of experimentation and greatly penalize 
the design of GFRP-RC beams. The current Code provisions for 
development length, bar spacing, skin reinforcement, and stress at 
service make GFRP-RC design challenging.

Keywords: building code; detailing; glass fiber-reinforced polymer (GFRP) 
reinforcement; reinforced concrete (RC) beams; serviceability.

INTRODUCTION
A primary reason for the limited use of glass fiber-reinforced 

polymer (GFRP) bars in concrete structures has been the 
lack of engineering design standards. However, with recent 
developments, owners and practitioners are finding GFRP 
to be a viable alternative to conventional steel in reinforced 
concrete (RC) structures for long-term service life.1 The 
improvement in material properties, available standards, and 
new construction strategies allow the exploitation of the full 
potential of this composite material2,3 for use in concrete 
structures.

The Building Code ACI CODE-440.11-22 for GFRP-RC 
members was recently published, which represents a crit-
ical aid to practitioners interested in the use of nonmetallic 
reinforcement.4 However, some provisions in ACI CODE-
440.11-224 may be based on conservative assumptions 
without validation from experimental programs. These 
provisions make the design of GFRP-RC members difficult 
and may require unnecessary reinforcement. Therefore, this 
study is carried out to show the implications of current Code 
provisions that may need to be revisited and validated by 
experimentation.

RESEARCH SIGNIFICANCE
The ACI CODE-440.11-224 Building Code for GFRP-RC 

members is a stepping stone for the full exploitation of 
composites in concrete construction. However, some Code 
provisions are possibly unduly conservative and penalize 
the design. Assumptions for detailing such as development 
length and bar spacing make implementation difficult. This 
study analyzes and discusses practical considerations for 
GFRP-RC beam design and detailing and points out a need 
for some reconsideration.

METHODOLOGY
In this study, a beam from the ACI Reinforced Concrete 

Design Handbook5,6 was selected and redesigned using 
GFRP reinforcement. The selected beam is part of an inte-
rior, continuous, six-bay framing, and built integrally with 
a 178  mm-deep slab, as shown in Fig. 1. The constituent 
materials selected for beam design are listed in Table 1. 
The concrete strength fc′ is 35 MPa, while the GFRP type 
is compliant with material specification ASTM D7957/
D7957M-22.7 Additionally, a new ASTM material specifi-
cation is under development for a class of GFRP bars with a 
higher modulus of elasticity and strength; this class of GFRP 
bars was also considered because it represents the majority 
of products commercially available in the marketplace today. 
This study uses M29 nominal bar size for the main rein-
forcement in both the positive and negative moment regions, 
whereas for additional hooked bars, M16 and M19 sizes are 
used as needed. The mechanical properties of GFRP bars 
affecting design include guaranteed ultimate tensile strength 
ffu, corresponding ultimate strain εfu, modulus of elasticity Ef, 
and modular ratio nf. A value of 1.35 for the bond coefficient 
(kb) and 0.85 for the environmental reduction factor (CE) are 
adopted, as indicated in ACI CODE-440.11-224 Sections 
24.3.2.3 and 20.2.2.3, respectively. It should be noted that 
the bond factor has changed from 1.35 to 1.20 in the recent 
publication of ACI CODE-440.11-22,4 which is used in 
Phase 2. A concrete cover (cc) of 38 mm is used, as specified 
in ACI CODE-440.11-224 Section 20.5.1.3.1.
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The beam is designed as an over-reinforced member (that 
is, the reinforcement ratio provided exceeds the balanced 
reinforcement ratio) with both high- and low-modulus GFRP 
bars. For the former case, a parametric study is carried out 

by changing parameters such as the bond factor kb, concrete 
compressive strength fc′, and the maximum permissible 
deflection limit.

Fig. 1—Framing plan and partial section A-A showing interior beam.6 (Note: Dimensions in meters unless otherwise indicated.)

Table 1—Properties of GFRP reinforcement and concrete

Designation
Nominal diameter, 

mm
Nominal area, 

mm2
Elastic modulus, 

MPa
Guaranteed tensile 

strength, MPa
Ultimate strain, 

%
Concrete 

strength, MPa
Concrete clear 

cover, mm

GFRP-M16* 15.8 200

60,000

907.5 0.015

35.0 38.0

GFRP-M19* 19.0 284 897.7 0.015

GFRP-M29* 28.6 645 793.0 0.013

GFRP-M16 15.8 200

44,815

646.7 0.014

GFRP-M19 19.0 284 640.5 0.014

GFRP-M29 28.6 645 565.3 0.013

*New-generation bars with high modulus of elasticity (Ef = 60,000 MPa).
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ANALYSIS AND DESIGN
The beam carried a superimposed dead load of 718 N/m2 

and a live load of 3112 N/m2, as given in the design Hand-
book.6 These loads were combined as per ASCE/SEI 7-168 to 
compute the maximum factored demand. Maximum factored 
moments and shear forces were determined using a simpli-
fied method of analysis for continuous beams and one-way 
slabs as per ACI CODE-440.11-224 Section 6.5. The speci-
fied moment and shear values used in this example are given 
in Table 2 as taken directly from ACI CODE-440.11-22.4

For applicable factored load combinations, design strength 
at all sections shall satisfy the requirements of ACI CODE-
440.11-224 Section 9.5.1.1, given as follows

	 ΦSn ≥ U	 (1)

where Sn is the nominal moment, shear, axial, or torsional 
strength; U is the strength of a member or cross section 
required to resist factored loads or related internal moments 
and forces; and Φ is the strength reduction factor calculated 
as per ACI CODE-440.11-22,4 as given in Table 3.

The maximum spacing of GFRP reinforcement is limited, 
as specified by ACI CODE-440.11-224 Eq. (24.3.2a) and 
(24.3.2b), given as follows

	​ S  ≤  ​ 
0.81​E​ f​​ _ ​f​ fs​​​k​ b​​

  ​ − 2.5​c​ c​​​	 (2)

	​ S  ≤  0.66 ​ 
​E​ f​​ _ ​f​ fs​​​k​ b​​

 ​ − 2.5​c​ c​​​	 (3)

where ffs is the stress at service loads.
The development length of the GFRP reinforcement is 

governed by Code Section 25.4.2.1, as the greater of: (a), 
(b), and (c), given as follows in Eq. (4) to (6)

	​ ​l​ d​​  =  ​ 
​d​ b​​​(​  ​f​ fr​​ _ 

0.083√​f​ c​​
 ​ − 340)​

  __________________  
13.6 + ​ ​c​ b​​ _ ​d​ b​​

 ​
  ​ ω​	 (4)

where ffr is the tensile stress in GFRP reinforcement required 
to develop the full nominal section capacity, MPa; cb is 
the lesser of: a) the distance from the center of a bar to the 
nearest concrete surface, and b) one-half the center-to-center 

spacing of bars being developed, mm; db is the nominal 
diameter of the bar, mm; and ω is the bar location modifica-
tion factor, taken equal to 1.5 if more than 300 mm of fresh 
concrete is placed below the horizontal reinforcement being 
developed, and 1.0 for all other cases.

	 20db	 (5)

	 300 mm	 (6)

There are no provisions for predetermined dimensions of 
beams in ACI CODE-440.11-224 as given in ACI 318-19 
Section 9.3.1.1. Therefore, the GFRP-RC beam cross-section 
dimensions were determined by the trial-and-error method 
meeting strength and serviceability requirements. The beam 
cross-section dimensions are identical to those in the design 
Handbook,6 and a maximum permissible deflection limit was 
selected in the first phase of this study as per ACI CODE-
440.11-224 Section 24.2.2, given as follows

	 Δ = l/240	 (7)

This limit is based on the assumption that the beam is not 
supporting or attached to partitions or other nonstructural 
elements likely to be damaged by large deflections. The 
aforementioned deflection limit was taken to make it analo-
gous to the ACI 318-195 design taken in this study.

STRENGTH REQUIREMENTS
Flexural strength

The reinforcement area was calculated first as the greater 
of the area required by the ultimate factored moment demand 
and the area necessary to ensure that the flexural strength 
exceeds the cracking strength, indicated in ACI CODE-
440.11-224 Sections 9.6.1.2(a) and (b), given as follows

	​ ​ 
0.41​√ 

_
 ​f​ c​​ ​ _ ​f​ fu​​

  ​ ​b​ w​​ d​	 (8)

	 (2.3/ffu)bwd	 (9)

where bw is the web width or diameter of the circular cross 
section, mm; and d is the distance from extreme compres-
sion fiber to centroid of longitudinal tension reinforcement, 
mm.

In this example, the factored moment was calculated for 
the superimposed dead load of 718 N/m2 and live load of 
3112 N/m2 (that is, larger than the minimum 1915 N/m2 of a 
residential load given by ASCE 7-16 Table 4.3-18).

Table 2—Selected moments and shear values for 
one-way slabs and beams (ACI CODE-440.11-224 
Table 6.5.2)

Moment Location Condition Mu Vu 

Positive Endspan
Discontinuous 

end integral 
with support

​​ ​w​ u​​​l​ ​n​​ 2​​​ _ 14  ​​ —

Negative

Interior face 
of exterior 

support

Members built 
integrally with 

supporting 
column

​​ ​w​ u​​​l​ ​n​​ 2​​​ _ 16  ​​ wuln/2

Exterior face 
of first interior 

support

More than 
two spans ​​ ​w​ u​​​l​ ​n​​ 2​​​ _ 10  ​​ 1.15(wuln/2)

Table 3—Strength reduction factor Φ (ACI CODE-
440.11-224 Section 21.2.1)

Action or structural element Φ 

Moment, axial force, or combined axial 
moment and axial force (Section 21.2.2) 0.55 to 0.65*

Shear 0.75

*0.65 is applicable to over-reinforced sections used in this example.
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As shown in Table 4, the required reinforcement area 
for strength (that is, 1935, 1935, and 2580 mm2 at exte-
rior support, midspan, and interior support, respectively) 
produces a capacity large enough to satisfy the factored 
demand. However, Code provisions for maximum spacing, 
stress at service, deflection limits, and strength reduction 
factors penalize the design. As given in Table 4, the provided 
reinforcement area significantly increased (that is, 2580, 
3226, and 3870 mm2 at exterior support, midspan, and inte-
rior support, respectively) after meeting Code provisions for 
detailing and serviceability. The resulting capacity is 76%, 
114%, and 84% higher than demand at the exterior support, 
midspan, and interior support, respectively. The difference 
between the required and provided reinforcement areas with 
and without meeting Code provisions, together with corre-
sponding capacities, can be visualized in Fig. 2. Also, when 
satisfying Code specifications, the design changed from an 
under-reinforced to an over-reinforced member.

Shear strength
Separate equations are provided in ACI CODE-440.11-224 

to avoid diagonal compression failure (Eq. (22.5.1.2), given 
as follows) and to limit the strain in the GFRP shear rein-
forcement (Section 20.2.2.6, provided later in this section)

	 Vu ≤ Φ0.2fc′bd	 (10)

where Vu is the factored shear force at a section, N.
The nominal shear strength of the beam was calculated as 

per ACI CODE-440.11-224 Eq. (22.5.1.1), given as

	 Vn = Vc + Vf	 (11)

where Vn is the nominal shear strength, N; Vc is the nominal 
shear strength provided by the concrete, N; and Vf is the 
nominal shear strength provided by GFRP shear reinforce-
ment, N.

The shear strength provided by concrete was calculated as 
the greater of two expressions from ACI CODE-440.11-224 
Sections 22.5.5.1(a) and (b), given as follows

	​ ​V​ c​​  =  0.42λ​k​ cr​​​√ 
____

 ​fc ′​ ​bd​	 (12)

	​ ​V​ c​​  =  0.066λ​√ 
____

 ​fc ′​ ​bd​	 (13)

where ​λ  =  ​√ 
_

 ​  2 _ 1 + 0.004 ​ ​​ is the size effect factor, as given in
 
ACI CODE-440.11-224 Section 22.5.1.1; and kcr is the 
ratio of depth of the elastic cracked section neutral axis to 
the effective depth given by Commentary Eq. (R22.5.5.1a), 
shown as follows

	​ ​k​ cr,rect​​  =  ​√ 
___ __________

  2​ρ​ f​​​n​ f​​ + ​(​ρ​ f​​​n​ f​​ )​​ 2​ ​ − ​ρ​ f​​​n​ f​​​	 (14)

where ρf = Af/bwd is the reinforcement ratio; Af is the area of 
GFRP longitudinal reinforcement within spacing s, mm2; 
nf = Ef/Ec is the modular ratio; and Ec is the modulus of 
elasticity of concrete, MPa, calculated as given by Code 
Eq. (19.2.2.1b), given as follows

Table 4—Design of GFRP-RC beam using high-modulus bars

Location Demand, kN∙m
Area* for strength 

only, mm2 Capacity*, kN∙m

Provided area, mm2, 
meeting all Code 

requirements
Provided capacity, kN∙m, 

meeting all Code requirements

Exterior support 362 1935 466 2580 639

Midspan 413 1935 466 3226 885

Interior support 579 2580 639 3870 1064

*Reinforcement area and capacity without meeting Code provisions for strength, detailing, and serviceability.

Fig. 2—Reinforcement area, demand, and capacity at three locations, with and without meeting Code provisions.
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	 Ec = 4700√fc′	 (15)

The size effect factor was considered in the beam design 
because its depth exceeded 254 mm.

The ultimate factored shear force exceeded the concrete 
strength and the beam required shear reinforcement. Shear 
strength provided by the GFRP reinforcement was calcu-
lated as given in Code Eq. (22.5.8.5.3)

	 Vf = Afvfft(d/s)	 (16)

where Afv is the area of shear reinforcement calculated as 
given in the Commentary Eq. (R22.5.8.5), given as follows

	​ ​ 
​A​ fv​​ _ s  ​  =  ​ ​V​ u​​ − Φ​V​ c​​ _ Φ​f​ ft​​d

  ​​	 (17)

where fft is the permissible stress in the GFRP shear rein-
forcement. The design tensile strength of GFRP transverse 
reinforcement is controlled by the strength of the bent 
portion of the bar and by a strain limit of 0.005, as given by 
Code Section 20.2.2.6

	 fft ≤ (ffb, 0.005Ef)	 (18)

where ffb = CEffb
* is the design tensile strength of the bent 

portion of GFRP reinforcement; and ffb is the guaranteed 
ultimate tensile strength of the bent portion of the bar. Its 
minimum value is taken as specified in ASTM D7957/
D7957M7 by dividing the ultimate guaranteed tensile force 
of the bent portion of the bar by the nominal cross-sectional 
area of the bar.

The maximum spacing between legs of shear reinforce-
ment was calculated as the least of the maximum spacing 
limitations given by the Code and its Commentary in 
Sections R22.5.8.5.3, 9.6.3.4, and 9.7.6.2.2.

	​ ​S​ max​​  =    ​ 
​A​ fv​​Φ​f​ ft​​d _ ​V​ u​​ − Φ​V​ c​​ ​​	 (19)

Following the example in the Design Handbook,6 torsion 
effects were not considered; therefore, maximum spacing 

was limited, as given in Code Sections 9.6.3.4(a) and (b), 
shown as follows

	​ ​S​ max​​  =  ​ 
​A​ fv​​ ​f​ ft​​ _ 

0.062√fcb
 ​​	 (20)

	 Smax = Afvfft/0.35b	 (21)

The final limit for the spacing between the legs of shear 
reinforcement is given in Code Section 9.7.6.2.2, shown as 
follows

	 Smax = min((d/2), 610 mm)	 (22)

A lower value of Vc and a 40% reduction in the strength 
at the bend of GFRP transverse reinforcement7 significantly 
affect shear design, and members using GFRP shear rein-
forcement require more and larger-diameter stirrups than for 
the case of steel stirrups. In this example, the beam designed 
with GFRP required 46 M13 GFRP stirrups, whereas the 
same beam required 35 M10 steel stirrups. The properties 
of GFRP shear reinforcement are listed in Table 5. For 
anchorage, continuous closed stirrups were used as defined 
in Code Section 25.7.1.3. The radius of the bend for an M13 
stirrup used was 38 mm, as per Table 4 in ASTM D7957/
D7957M.7 The stirrup size, its dimensions, and a beam cross 
section at a typical location are shown in Fig. 3. The shear 
demand due to factored loads on the beam and shear strength 
provided by concrete and shear reinforcement can be visual-
ized in shear demand and capacity envelopes given in Fig. 4 
together with the stirrup number, size, and spacing varying 
along the beam length.

DETAILING AND SERVICEABILITY 
REQUIREMENTS

Design of beam using high-modulus GFRP bars 
(Ef = 60,000 MPa)

The beam cross section (that is, 460 x 760 mm) was 
designed as compression-controlled using dimensions iden-
tical to the steel-RC beam in the Handbook.6 The amount of 

Table 5—Properties of high-modulus GFRP shear reinforcement

Designation
Nominal diameter, 

mm Nominal area, mm2
Elastic modulus, 

MPa
Guaranteed tensile 

strength, MPa
Design tensile 
strength, MPa Quantity

GFRP-M13 12.7 129 60,000 574.3 490 46

Fig. 3—Beam cross section and stirrup dimensions at midspan.
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GFRP reinforcement to satisfy strength requirements is indi-
cated as the “required area,” whereas the larger amount of 
GFRP reinforcement needed to satisfy serviceability require-
ments (that is, deflection control) and detailing requirements 
(that is, maximum bar spacing) is indicated as the “provided 
area.” The difference between the required and provided 
areas of reinforcement to meet serviceability and detailing 
requirements can be observed in Table 6, developed using 
high-modulus (Ef = 60,000 MPa) GFRP reinforcement.

The required reinforcement area for the negative moment 
at the exterior support to meet strength requirements is 
2348 mm2, while the provided area increased to 2580 mm2 
to meet the detailing requirements as well. However, the 
developed capacity at the face of the column is 132 kN∙m, 
lower than the demand of 362 kN∙m, as GFRP bars are not 
fully developed at this location. For full capacity, the GFRP 
reinforcement needed a development length of 2769 mm, 
while only 2572 mm is available at the face of the support. 
Because long M29 bars cannot terminate with a hook, three 
M19 hooked bars were used to satisfy the demand, thus 
increasing the provided area to 3420 mm2 while creating 
some congestion at this location.

Similarly, at the interior support, the required  
negative-moment reinforcement area is 2348 mm2, whereas 
the provided area is 3870 mm2, an increase in reinforce-
ment area of 1522 mm2 over that required for strength. This 
increase in reinforcement area at the interior support is due 
to the need of meeting the maximum spacing limitation of 
the Code, governed by Eq. (24.3.2a) and (24.3.2b).

The required positive-moment reinforcement area at 
midspan was 2348 mm2, but the provided area has to increase 
to 3226 mm2 to satisfy Code provisions for maximum spacing 
limits. ACI CODE-440.11-224 Section 9.7.3.8.2 requires 
that one-fourth of the maximum positive-moment reinforce-
ment be extended along the beam bottom into the support. 
Therefore, two M29 bars were extended into the column. 

Also, Code Section 9.7.7.4 requires that longitudinal integ-
rity reinforcement at noncontinuous supports be anchored 
to develop ffu (ultimate guaranteed tensile strength) at the 
face of the support. To develop a full capacity of 872 kN, 
GFRP bars required a development length of 2007  mm, 
with only 572 mm available with a corresponding force of 
250 kN. Therefore, three M19 GFRP hooked bars were used 
to enhance the capacity at the face of the edge column to 
898 kN. The required area (one-fourth of positive reinforce-
ment) was 806 mm2, whereas the provided area at the face of 
the column increased to 2142 mm2.

The longitudinal skin reinforcement was provided as 
required by Code Section 9.7.2.3 (that is, skin reinforce-
ment should be uniformly distributed on both side faces 
for beams exceeding 458 mm to a distance of h/2 from the 
tension face). The Code provisions in Section 24.3.2 limit 
the maximum spacing of skin reinforcement; therefore, four 
M10 GFRP bars were used in this beam at 114 mm center-
to-center spacing on each face.

The required and provided area of reinforcement at the 
exterior support, midspan, and interior support and corre-
sponding development length values are listed in Table 6. 
Figure 5(a) shows the detailing of the reinforcement, theo-
retical cutoff points, and inflection points for three different 
sections. Demand and capacity along the length of the beam 
are shown, with the latter being much larger than demand 
because of the Code provisions for detailing. Figures 5(a) to 
(e) present the reinforcement details at three locations, the 
plan view of positive and negative reinforcement, the eleva-
tion of the beam showing longitudinal reinforcement details, 
and the elevation of the beam showing shear reinforcement.

Design of beam using low-modulus GFRP bars 
(Ef = 44,815 MPa)

By making explicit reference to ASTM D7957/D7957M,7 
ACI CODE-440.11-224 is currently based on low-modulus 

Fig. 4—Shear demand and capacity envelopes.

Table 6—Design of GFRP-RC beam using high-modulus bars (60,000 MPa)

Location Demand, kN∙m
Area for strength 

only, mm2
Provided area, mm2, meeting 

all Code requirements

Provided capacity, 
kN∙m, meeting all Code 

requirements
Development length, 

mm

Exterior support 362 2348 2580 639 2769

Midspan 413 2348 3226 885 1626

Interior support 579 2348 3870 1064 1423
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(Ef = 44,815 MPa) GFRP bars, despite the availability of 
new-generation high-modulus bars. Therefore, this study 
also investigated the use of the currently specified bars to 
evaluate the effect of lower elastic modulus on design and 
detailing. As old-generation bars have lower strength and 
stiffness values, the minimum required reinforcement area 
increased from 2348 mm2, using high-modulus GFRP bars 
as shown in Table 6, to 3420 mm2 with old-generation bars, 
as given in Table 7. It can be observed that the provided area 

at the exterior support is 3870 mm2 greater than the required 
3420 mm2; however, it produced a capacity of 225 kN∙m at 
the face of the column against a demand of 362 kN∙m due to 
higher development length values. To enhance the capacity 
at the face of the exterior column, three M19 bars were used, 
increasing the provided area to 4710 mm2 and the capacity 
to 398 kN∙m at the face of the column.

Similarly, the interior support required reinforcement area 
for strength was 3420 mm2. However, the bond stresses were 

Fig. 5—Demand and capacity envelopes, beam dimensions, and reinforcement details. (Note: Units in meters unless otherwise 
indicated.)

Table 7—Design of GFRP-RC beam using currently specified low-modulus bars (Ef = 44,815 MPa)

Location Demand, kN∙m
Area for strength 

only, mm2

Provided area, mm2, 
meeting all Code 

requirements
Provided capacity, kN∙m, 

meeting all Code requirements
Development length, 

mm

Exterior support 362 3420 3870 690 1752

Midspan 413 3420 3870 885 1168

Interior support 579 3420 6452 1063 990
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higher than the maximum specified limit in ACI CODE-
440.11-224 Section 24.3.2.2, calculated as follows.

	 ffs ≤ 0.36Ef/dcBcrkb	 (23)

where dc is the thickness of concrete cover measured from 
the extreme tension fiber to the center of the bar location 
closest thereto, mm; and Bcr is the ratio of the distance from 
the elastic cracked section neutral axis to the extreme tension 
fiber to the distance from the elastic cracked section neutral 
axis to the centroid of tensile reinforcement.

To satisfy the maximum allowed stresses at service, the 
provided area has to increase from 3420 to 6452 mm2. An 
increase in the provided area of 3032 mm2 (beyond the 
required area) makes detailing difficult. The minimum clear 
spacing between parallel reinforcement in a horizontal layer 
is specified in Code Section 25.2.1 as the least of 25.4 mm, 
the diameter of the bar, and four-thirds the diameter of the 
aggregate. To avoid violation of this limit, negative rein-
forcement was placed in two layers at the interior support.

The required reinforcement area at midspan was 
3420 mm2 and the provided area is 3870 mm2, sufficient to 
satisfy Code requirements. Additionally, one-fourth of the 
positive reinforcement should extend into the support (ACI 
CODE-440.11-224 Section 9.7.3.8.2); therefore, two M29 
bars were extended to both the exterior and interior supports. 
Code Section 9.7.7.4 states that this reinforcement should be 
anchored to generate ffu (that is, a force equal to 618 kN) at 
the face of the column. To develop ffu, a development length 
of 1270 mm was required for two M29 bars. However, with 
the available development length, the developed force was 
only 276 kN. Therefore, three M19 hooked bars were used 
to increase the capacity greater than ffu. The required and 
provided areas of reinforcement and corresponding develop-
ment length values at three locations are provided in Table 7. 
It also shows demand and capacity values for the exterior 
support, midspan, and interior support.

Design of beam with low-modulus GFRP bars (Ef = 
44,815 MPa) when h = 660 mm

The current steel-RC beam in the Handbook6 uses a height 
of 760 mm based on ACI 318-19 Section 9.3.1.1, thus auto-
matically meeting serviceability requirements. This height 
value is conservative because the actual height required for 
deflection control is 660 mm when performing deflection 
calculations for steel-RC beams.

To maintain the same beam height (that is, 660 mm) when 
using GFRP reinforcement, 21 M29 bars would be required 
at midspan, which is obviously not realistic.

PARAMETRIC STUDY
In the second phase of this project, a parametric study was 

carried out using high-modulus GFRP bars (Ef = 60,000 MPa) 
by changing the values of bond factor kb, concrete compres-
sive strength fc′, and deflection limits while maintaining the 
beam cross-section dimensions equal to 460 x 760 mm.

Design of beam using high-modulus GFRP bars 
(Ef = 60,000 MPa) with different kb values

The Code provisions for maximum GFRP bar spacing and 
stress at service loads were found to be critical design limita-
tions. These provisions are controlled by the bond factor kb, 
which was originally 1.35 (as used in Phase 1) and changed 
to 1.20 in the recent publication of ACI CODE-440.11-22.4  
To better understand its implications, two different kb values 
(that is, 1.20 and 1.05) other than 1.35 used in Phase 1 were 
considered using fc′ = 35 MPa and a deflection limit of l/240, 
allowing the member to be under-reinforced.

It was found that changing the bond factor from 1.35 
to 1.20 had a beneficial effect on the maximum allowable 
stress limit at service, which increased by 12.5%, and the 
maximum spacing limit, which also increased by 21.5% at 
three critical locations in the beam. Though the provided 
reinforcement area remains the same at the exterior support, 
the safety margin significantly improved. The effect of 
a lower bond factor kb was more apparent at the interior 
support; here, the required area decreased by 17% while 
satisfying Code provisions for bond stresses and maximum 
spacing limitations, as shown in Table 8. It is worth noting 
that when designing beams using high-modulus GFRP bars, 
an additional reinforcement area equal to 1522 mm2 was 
required to satisfy the maximum service stress limit at the 
interior support. Because kb is directly related to the service 
stress limit, lowering its value showed beneficial effects, as 
shown in Table 8.

Similarly, reducing kb to 1.05 increases the maximum 
allowable stress limit at service by 28.5% and maximum 
spacing by 49% compared to when using kb = 1.35. Similar 
to the case of kb = 1.20, the reduction in reinforcement areas 
by 17% was observed at the interior support.

It is worth noting that provided reinforcement areas are 
similar for three kb values (1.35, 1.20, and 1.05) at the 

Table 8—GFRP-RC beam using high-modulus bars with different kb values

Location

Area for
strength 

only, mm2

kb = 1.35 kb = 1.20 kb = 1.05

Required area, 
mm2, without 

meeting 
serviceability

Provided area, 
mm2, meeting 
serviceability

Required area, 
mm2, without 

meeting 
serviceability

Provided area, 
mm2, meeting 
serviceability

Required area, 
mm2, without 

meeting 
serviceability

Provided area, 
mm2, meeting 
serviceability

Exterior 
support 1935 2580 2580 2580 2580 2580 2580

Midspan 1935 2580 3226 2580 3226 2580 3226

Interior 
support 2580 3870 3870 3226 3226 3226 3226
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exterior support and midspan, while reduction is observed at 
the interior support. This is because lowering kb increased the 
maximum allowable spacing and stress at service limits but 
not enough to reduce the reinforcement area significantly. 
A lower kb may not considerably affect the Code provisions 
for maximum spacing and stress at service. Therefore, the 
whole equations, especially the value of the coefficients, 
may need to be revisited with experimentation.

The effect of different kb values on reinforcement require-
ments for stress at service and maximum spacing limits with 
and without meeting Code provisions is depicted in Fig. 6; 
the difference in the provided area is noticeable at the inte-
rior support. It should be noted that reducing the kb value 
from 1.35 to 1.20 and 1.05 had some beneficial effects, 
which were reversed by serviceability requirements. There-
fore, the lines in Fig. 6 overlap.

Design of beam using high-modulus GFRP bars 
(Ef = 60,000 MPa) with different fc′ values

Two different values of concrete strength were used (that 
is, fc′ = 20 and 50 MPa) to visualize the effects on the design 
of GFRP-RC members for kb = 1.35 and a deflection limit 
of l/240. When the concrete compressive strength becomes 
20 MPa, the design is penalized by the maximum spacing 
provisions of the Code, governed by stresses at service loads 

and kb. Hence, as shown in Table 9, the required reinforce-
ment area at the exterior support is 1935 mm2, whereas the 
provided area is 2580 mm2. Similarly, at the interior support, 
to avoid violation of the maximum spacing provisions of the 
Code, the reinforcement area has to increase to 3870 mm2 
against the minimum required 2580 mm2.

The reduction in concrete strength significantly affects 
the serviceability requirements. As shown in Table 9, the 
required reinforcement area at midspan is 1935 mm2; 
however, to satisfy detailing constraints, it should increase 
to 3226 mm2. Finally, this specification is aggravated by 
serviceability, requiring a reinforcement area of 4516 mm2.

When concrete compressive strength is increased to 
50  MPa, serviceability requirements were easily satisfied. 
As shown in Table 9, there is no difference between provided 
reinforcement areas with and without serviceability, 
implying that concrete strength has profound effects on the 
deflection of GFRP-RC member design, given detailing 
requirements are satisfied. Additionally, gains achieved by 
increasing the compressive strength of concrete from 35 
to 50 MPa are reversed by Code provisions for maximum 
spacing and stress at service loads.

As shown in Fig. 7, with a concrete strength of 20 MPa, 
the reinforcement area at midspan is higher, indicating that 
GFRP-RC members are prone to more deflection at low 

Fig. 6—Reinforcement area with different kb values with and without meeting serviceability requirements (lines overlap).

Table 9—GFRP-RC beam using high-modulus bars with different concrete strengths

Location
Reinforcement area

for strength only, mm2

fc′ = 20 MPa fc′ = 35 MPa fc′ = 50 MPa

Reinforcement area 
provided, mm2

Reinforcement area
provided, mm2

Reinforcement area
provided, mm2

Without 
serviceability

With 
serviceability

Without 
serviceability

With 
serviceability

Without 
serviceability

With 
serviceability

Exterior support 1935 2580 2580 2580 2580 2580 2580

Midspan 1935 3226 4516 3226 3226 3226 3226

Interior support 2580 3870 3870 3870 3870 3870 3870
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concrete strengths. Increasing concrete strengths signifi-
cantly decreases the reinforcement area used to meet 
serviceability requirements. It should be noted that some 
curves representing identical values in Fig. 7 overlap, hence 
the difference in using different concrete strengths may not 
be visible in the figure.

Design of beam using high-modulus GFRP bars 
(Ef = 60,000 MPa) changing deflection limit

In ACI CODE-440.11-224 Section 24.2.2, two more strin-
gent deflection limits (that is, l/360 and l/480) other than 
the one used in Phase 1 (l/240) are provided. As GFRP-RC 
members are sensitive to serviceability requirements, a 
design attempt is made on these two limits using fc′ = 35 MPa 
and kb = 1.35.

For the more stringent deflection limits, reinforcement 
is increased at midspan to satisfy serviceability. As seen in 
Table 10, provided areas of reinforcement at supports remain 
the same for any deflection limit. However, the provided 
area at midspan has to increase to 6451 mm2 to satisfy 
serviceability to meet l/360. When the deflection limit was 
set to l/480, the provided reinforcement area increased to 
12,258 mm2, making it impossible to construct. If the limit 
of l/480 has to be met, the beam cross-section dimensions 
must change.

OBSERVATIONS
Development length

The development length equation in ACI CODE-440.11-
224 results in very large values, and this, coupled with the 
inability to make a hook at the end of long longitudinal 
bars, makes design challenging and costly. There have been 
improvements in composite material properties as well as 
surface deformations since the Code equation was developed. 
Additionally, the current equation is based on the test data 
obtained more than two decades ago9 and the bars used in 
those tests are no longer available today. Therefore, it is 
necessary to reassess and update the development length 
equation for GFRP bars to incorporate the improvements in 
the material properties and develop a more representative 
equation for development length.

Maximum spacing limit
The maximum spacing limit is governed by Code Section 

24.3.2 to control cracking, developed by Ospina and Bakis 
in 2007, based on the modifications to the work done by 
Frosch in 1999 for steel-RC.10,11 This limit is governed by 
the bond factor kb and stress at service loads. Stress at service 
loads is also dependent on the bond factor. Reinforcement 
spacing limitations greatly penalize the design, and the 
resulting capacity becomes typically very large compared 
to demand. This additional reinforcement not only results 
in extra cost but in detailing difficulties as well. There have 
been improvements in GFRP material properties, warranting 
reconsideration of these provisions.

Skin reinforcement
To control web cracking, provisions for GFRP skin 

reinforcement are given in Code Section 9.7.2.3.4 These 
provisions are based on the physical model developed for 
steel-RC members for skin reinforcement.12 Additionally, 
the provisions for steel-RC are applicable to member depths 
greater than 760 mm; however, for GFRP-RC members, skin 
reinforcement needs to be provided for depths greater than 

Fig. 7—Reinforcement area with different fc′ values with and without meeting serviceability requirements (lines overlap).

Table 10—GFRP-RC beam using high-modulus 
bars with different deflection limits

Location

Reinforcement 
area required for 

strength only, 
mm2

Reinforcement 
area provided, 

mm2

Δ = l/240

Reinforcement 
area provided, 

mm2

Δ = l/360

Reinforcement 
area provided, 

mm2

Δ = l/480

Exterior 
support 1935 2580 2580 2580

Midspan 1935 3226 6452 12,258

Interior 
support 2580 3870 3870 3870
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460  mm. Further, Code provisions require skin reinforce-
ment to be placed at a maximum spacing as given in Code 
Section 24.3.24 with an overall outcome that appears unrea-
sonable. Because there has been no experimentation dedi-
cated to GFRP skin reinforcement, the current maximum 
spacing requirements need to be reassessed.

CONCLUSIONS AND RECOMMENDATIONS
In this study, a beam example was taken from the ACI 

Reinforced Concrete Design Handbook6 and redesigned 
with glass fiber-reinforced polymer (GFRP) reinforcement 
to show the implication of some ACI CODE-440.11-224 
provisions. This study considered both new-generation (Ef = 
60,000 MPa) and old-generation (Ef = 44,815 MPa) bars 
compliant with ASTM D7957/D7957M-22,7 as currently 
specified by the Code. Using the same beam cross section as 
steel-reinforced concrete (RC), the concrete strength fc′ used 
was equal to 35 MPa, and the bond coefficient kb = 1.35. 
An assumption about the maximum permissible deflection 
limit of l/240 was also made. Later, a parametric study was 
carried out to analyze the effects of changing the values of 
kb, fc′, and the maximum permissible deflection limit.

Based on the outcomes of this study in the design and 
detailing, the following conclusions were drawn:
•	 Design of beams reinforced with GFRP is generally 

governed by Code serviceability (that is, deflection 
control) and detailing (that is, maximum reinforcement 
spacing) requirements.

•	 Given that the elastic modulus of GFRP bars is lower 
than that of steel, more reinforcement area is needed to 
satisfy deflection limits.

•	 Code provisions for maximum spacing and allow-
able stress limit at service loads are governed by the 
bond factor kb. Changing kb from the current Code 
value to lower ones (that is, 1.20 or 1.05) increases the 
maximum allowable limits for stress at service and bar 
spacing but does not significantly reduce reinforcement 
requirements.

•	 Increasing concrete compressive strength to 50 MPa 
significantly reduced the deflection of the GFRP-RC 
member. However, gains achieved by increasing 
compressive strength are nullified by Code provisions 
for maximum spacing and stress at service.

•	 The maximum permissible deflection limits in the 
Code other than l/240 (that is, l/360 and l/480) are diffi-
cult to accomplish with GFRP reinforcement using 
cross-section dimensions typical of steel-RC.

•	 The number of skin reinforcement bars is governed by 
Code maximum spacing provisions, which are found to 
penalize design.

•	 The current development length equation results in 
very large values, causing detailing difficulties and bar 
congestion, especially at the exterior support.

•	 Recent developments in the manufacturing of GFRP 
bars and an increased modulus of elasticity from 44,815 
to 60,000 MPa has a positive impact on design.

•	 Experimental investigations aimed at reassessing Code 
limits for development length, maximum spacing, and 

stress at service loads by incorporating the improve-
ments in material properties are needed.

•	 The shear design of the GFRP-RC beam is affected by 
a reduction in concrete contribution, Vc, and strength at 
the bent portion of the GFRP stirrups. Hence, more shear 
reinforcement than its steel counterpart is required.
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NOTATION
Afv	 =	 area of shear reinforcement, mm2

bw	 =	 web width or diameter of circular cross section, mm
cb	 =	 lesser of: a) distance from center of bar to nearest concrete 

surface; and b) one-half center-to-center spacing of bars being 
developed, mm

cc	 =	 concrete cover, mm
d	 =	 distance from extreme compression fiber to centroid of longitu-

dinal tension reinforcement, mm
db	 =	 nominal diameter of bar, mm
Ec	 =	 modulus of elasticity of concrete, MPa
Ef	 =	 modulus of elasticity of GFRP reinforcement, MPa
fc′	 =	 compressive strength of concrete at 28 days
ffb	 =	 guaranteed ultimate tensile strength of bent portion of bar
ffr	 =	 tensile stress in GFRP reinforcement required to develop full 

nominal section capacity, MPa
ffs	 =	 stress at service loads
kb	 =	 bond-dependent coefficient
kcr	 =	 ratio of depth of elastic cracked section neutral axis to effective 

depth
ln	 =	 length of clear span measured between face-to-face of supports, 

m
Mu	 =	 ultimate factored moment at section, kN∙m
Smax	 =	 maximum allowed spacing, mm
Sn	 =	 nominal moment, shear, axial or torsional strength
U	 =	 strength of member or cross section required to resist factored 

loads or related internal moments and forces
Vc	 =	 nominal shear strength provided by concrete, N
Vf	 =	 nominal shear strength provided by GFRP shear reinforcement, 

N
Vn	 =	 nominal shear strength, N
Vu	 =	 factored shear force at section, N
Wu	 =	 ultimate factored load, kN/m
Δ	 =	 maximum permissible deflection
εf	 =	 strain in GFRP flexural reinforcement
Φ	 =	 strength reduction factor
ω	 =	 bar location modification factor
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This paper presents an experimental study on the anchorage 
behavior of column reinforcement subjected to tension in drilled 
shaft footings loaded under combined axial force and uniaxial 
bending moment. Large-scale tests were conducted on four 
footing specimens that were constructed with different column bar 
anchorage details: straight bars, hooked bars with two different 
hook orientations, and headed bars. All tension-loaded column 
reinforcement was shown to yield regardless of anchorage type. 
Further, all anchorage types developed stresses in the vicinity of the 
anchorage region except for bars with end hooks that were oriented 
outwards from the base of the column. Properly oriented hooked 
bars, considering the internal force flow of the strut-and-tie model, 
and headed bars developed more uniform stress distributions over 
their lengths as compared to straight bars. Based on developed 
stress distributions for the column reinforcement estimated from 
strain measurements, a critical section was also proposed to estab-
lish the anchorage requirement for the column reinforcement in a 
three-dimensional strut-and-tie model.

Keywords: bar anchorage; bond; critical section; development length; 
drilled shaft footing; large-scale tests; strut-and-tie method.

INTRODUCTION
A drilled shaft footing is a reinforced concrete member 

that distributes forces from piers to a group of drilled 
shafts in deep foundations. Generally, drilled shaft foot-
ings have shear span-depth ratios that are less than 2 and 
are therefore classified as D-regions. Accordingly, these 
members are good candidates to be designed using the strut-
and-tie method (STM). While STM applications for planar  
D-regions, such as deep beams, are two-dimensional (2-D), 
drilled shaft footings supported on a grid of drilled shafts 
require a three-dimensional (3-D) configuration of struts and 
ties to transmit the forces from the pier to the drilled shafts. 
The 3-D STM of a drilled shaft footing subjected to combined 
axial force and moderate uniaxial bending moment, resulting 
in tension at one face of the column and non-uniform compres-
sion in drilled shafts, is presented in Fig. 1.

Tie elements comprising an STM should be properly 
anchored at nodal regions to ensure full yield strength poten-
tial along their lengths. Current STM provisions1,2 define 
the critical section for the development of a tie as the point 
where the centroid of the tie reinforcement intersects the 
edge of the diagonal strut, as shown in Fig. 2. The nodal 
region bounded by the edge of the strut is referred to as the 
extended nodal zone. The anchorage length check based on 
the critical section defined from this extended nodal zone 
can be performed only at singular nodes that can define their 
nodal geometry based on boundary conditions, such as the 

reaction plate illustrated in Fig. 2. Such is not the case for the 
bottom end node of the column tie element of drilled shaft 
footings subjected to combined axial force and moderate 
uniaxial bending moment (Node A in Fig. 1). This node is 
classified as a smeared node, for which the nodal geometry 
cannot be clearly defined. Hence, it is difficult to perform the 
anchorage check for the column tie element in Fig. 1 based 
solely on the geometry of the STM.

Several experimental investigations have been conducted 
on drilled shaft footings subjected to uniaxial compres-
sion.3-8 However, to the authors’ knowledge, there are  
limited experimental studies available in the literature on 
drilled shaft footings subjected to combined axial force 
and uniaxial bending moment. Miguel-Tortola et al.9 tested 
footings subjected to eccentric loading inducing tension at 
the column reinforcement. However, they only focused on 
the behavior of the footing by preventing yielding of the 
column reinforcement; therefore, the anchorage response of 
the column reinforcement was not covered in the literature. 
Although a few studies10-12 provided STM-based design 
recommendations and examples for drilled shaft footings 
subjected to flexure involving vertical column ties, there has 
been no in-depth research focusing on the anchorage of these 
ties. Klein10 proposed a design example with a conservative 
reinforcement detail consisting of the 90-degree hooked 
column bar extending beyond the bottom mat reinforcement 
(Fig. 3(a)). Widianto and Bayrak11 provided a design example 
of a drilled shaft footing subjected to large uniaxial bending 
moments combined with axial force inducing tension in 
both the column and the reinforcement within the drilled 
shaft. The column reinforcement in this design example was 
assumed to be fully developed by way of headed bars that 
extended beyond the bottom mat reinforcement (Fig. 3(b)). 
Williams et al.12 employed 90-degree hooks placed on the 
bottom mat reinforcement (Fig. 3(c)) based on the successful 
long-term practice of using 90-degree hooks in column rein-
forcing bars extending into drilled shaft footings. None of 
these design examples examined the anchorage length of the 
column reinforcement.

The lack of clear design guidelines and experimental veri-
fication for the anchorage of column reinforcement in drilled 
shaft footings hinder the practical use of the 3-D STM in 
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the design of these type of components. To overcome this 
limitation, a set of large-scale structural tests on four drilled 
shaft footings, which were designed with different column 
reinforcement anchorage configurations—straight bars, 
hooked bars with two different hook orientations, and headed 
bars—were performed. This paper presents the experimental 
program and discussion on the behavior of drilled shaft 
footings, with a primary focus on anchorage performance. 
Design recommendations regarding anchorage length calcu-
lations and design details are also provided.

RESEARCH SIGNIFICANCE
The experimental tests conducted in this study provide 

much needed data on the behavior of drilled shaft footings 
under combined axial force and moderate uniaxial bending 
moment inducing tension in column reinforcement and 
governed by yielding of the column reinforcement. The 
large-scale test specimens employed in the experimental 
program permit the investigation of real-world relevant 
design details and on the structural behavior of drilled shaft 
footings used in the field. The test data, insights, and design 

Fig. 2—Definition of extended nodal zone (adapted from AASHTO LRFD2).

Fig. 3—Detailing of column reinforcement anchorage proposed in literature.

Fig. 1—Three-dimensional STM for drilled shaft footing on four drilled shafts subjected to combined axial force and moderate 
uniaxial bending moment.
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recommendations resulting from this study resolve ambigu-
ities on the anchorage requirements for column reinforce-
ment in 3-D STMs for drilled shaft footings.

EXPERIMENTAL PROGRAM
Test variables

The experimental program presented in this paper is part 
of a comprehensive research project on drilled shaft foot-
ings13 conducted in the Ferguson Structural Engineering 
Laboratory at The University of Texas at Austin. The test 
specimens were designed to investigate the tensile behavior 
of the vertical column reinforcement embedded in drilled 
shaft footings with the chief purpose of characterizing 
the performance of different anchorage details for column 
reinforcement.

Four test specimens governed by yielding of the column 
reinforcement were planned with different column reinforce-
ment anchorage types: straight, headed, and two configura-
tions of 90-degree hooked reinforcement with hooks oriented 
in opposite directions. The test matrix is given in Table 1. 
Note that a tapered reinforcing bar with a threaded fastener 
was used for the connection of the headed reinforcement, as 
shown in Fig. 4. The net bearing area of the provided head 
was equal to four times the cross-section area of the rein-
forcing bar. Standard 90-degree hooks employing permis-
sible bend radii were used for the hooked reinforcement.

In practice, the tail end of the hook embedded in the 
drilled shaft footing is typically oriented in the direction 
away from the column to facilitate construction. Hooked bar 
anchorages develop tensile forces by bond stresses on the 
bar surface and bearing against the concrete in the inner face 
of the hook. The orientation of the hook has been considered 

to play an essential role in its bearing action in structural 
components such as beam-column joints.14 As illustrated 
in Fig. 5, the vertical force component of the column tie 
element of the drilled shaft footing under combined axial 
force and moderate uniaxial bending moment is equilibrated 
with the diagonal strut coming from the compression side of 
the column. Based on the internal force flow, the anchorage 
mechanism of hooked bars can be properly activated 
when the hook orientation is placed inward to the column; 
however, hooked bars with tail ends oriented outward from 
the column require alternative load resisting mechanisms 
such as resisting tensile forces by way of reinforcement 
bond stresses or by engaging foundation mat reinforcement. 
Therefore, two test specimens of hooked reinforcement were 
planned with different hook orientations to examine the 
effect of these orientations on the force transfer mechanisms 
of the column reinforcement.

Specimen design
The test specimens comprised a drilled shaft footing and 

attached column corbel to facilitate the application of an 
eccentric vertical load, as shown in Fig. 6. The geometry 
of the footings was determined from a database of in-practice 
drilled shaft footings that was previously established.13 The 
database comprises 35 drilled shaft footings constructed 
between 1994 and 2004 for 16 bridges in the State of Texas. 
The constructed test specimens are approximately half-scale 
of the average size of the reviewed footings. The footing 
specimens consisted of bottom mat, top mat, and side rein-
forcement to replicate reinforcement details represented in 
the drilled shaft footing database. The reinforcement details 
are illustrated in Fig. 7 and summarized in Table 2.

Table 1—Test matrix

Specimen ID

Top/bottom mat of reinforcement

Load eccentricity, in. Column reinforcement anchorageLayout Anchorage

1 VI-ST

Grid Straight (top mat) and 
hooked (bottom mat) 16.5

Straight

2 VI-HD Headed

3 VI-HKO Hooked (Orientation: outward)

4 VI-HKI Hooked (Orientation: inward)

Note: 1 in. = 25.4 mm.

Fig. 4—Detailing of headed bars.
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The test specimens were designed so that their capac-
ities would be governed by yielding of the column rein-
forcement. Therefore, the footings were designed with an 
increased bottom mat reinforcement ratio (0.96%) than that 
of the reviewed drilled shaft footings (0.37% on average). A 
high bottom mat reinforcement ratio was selected to prevent 
yielding of the bottom mat reinforcement prior to yielding of 
the column reinforcement, permitting the anchorage of the 
column reinforcement to be investigated.

The footing specimens had side reinforcement with rein-
forcement ratios slightly larger than 0.30% in the transverse 
(0.31%) and longitudinal (0.37%) directions. Shrinkage and 
temperature reinforcement is generally provided as side 
reinforcement in footings since crack control reinforce-
ment is not mandated for footings in the STM provisions of 
ACI 318-191 and AASHTO LRFD Bridge Design Specifi-
cations (hereafter AASHTO LRFD),2 respectively. Rather, 
ACI 318-191 recommends using the minimum strut effi-
ciency factor in STMs of drilled shaft footings. However, 
previous studies8-13 indicate that the failure of footing speci-
mens exhibits critical cracks on the side surfaces (Fig. 8). To 

mitigate undesired failures induced by side surface cracks, 
side reinforcement ratios of 0.37 and 0.31% were provided 
in the vertical and horizontal directions.

Similarly, a top mat reinforcement ratio of 0.20% was also 
provided which satisfies the minimum reinforcement ratio 
specified in AASHTO LRFD2 (>0.18%) for controlling the 
shrinkage and temperature cracks on the top surface of the 
test specimens.

As previously indicated, the test specimens include an inte-
gral column corbel for applying an eccentric vertical load to 
introduce tension in the column reinforcement. This eccen-
tric load results in non-uniform compression at the supports. 
The eccentricity of the load was carefully determined such 
that it would yield the column reinforcement in tension 
while avoiding premature failures of the support regions. To 
this end, an eccentricity of 16.5 in. (419 mm) was selected. 
The 20 in. (508 mm) tall column corbel was sized to provide 
sufficient area for applying the eccentric load and was inten-
tionally over-designed to mitigate premature failures of the 
corbel. A reinforcement ratio of 0.48% was provided in 
both longitudinal and transverse directions at side faces of 

Fig. 5—Hook orientations in structural components designed with STM.

Fig. 6—Geometry of test specimens.
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the column corbel, which more than satisfied crack control 
reinforcement requirements specified in AASHTO LRFD2 
for STM and aided in confining the concrete. The corbel 
was laterally encased with 9/16 in. (14  mm) thick steel 
plates to preclude any undesired anchorage splitting failure 
or concrete crushing in the corbel. Furthermore, 3/4 in. 
(19 mm) diameter threaded rods were inserted through the 
steel jacket and tightened with nuts to confine the column 
corbel. A 1/2 in. (13 mm) gap was provided between the 
steel jacket and the footing to prevent direct contact between 
those two components during testing.

The sizing of the vertical column reinforcement was deter-
mined from the compiled drilled shaft footing database. 
Identical to in-practice footings and the design example of 
Williams et al.,12 all column reinforcing bars were extended 
to the level of the bottom mat reinforcement for construc-
tability. The embedment lengths of the column reinforce-
ment into the drilled shaft footing (lb,c) were determined 
from the drilled shaft footing database and divided by the 
diameter of the column reinforcing bars (db,c). To have a 
similar lb,c/db,c ratio (lb,c/db,c = 39.4) in the test specimens, 
No. 7 (No. 22) reinforcing bars were selected (lb,c/db,c = 38.6) 

Fig. 7—Reinforcement details of test specimens.

Table 2—Specimen reinforcement details

Footing component

Bottom mat reinforcement Side face reinforcement Top mat reinforcement

N-S direction W-E direction Longitudinal direction Transverse direction N-S direction W-E direction

16-2x No. 9 (No. 29) 
@ 5.00 in. 

22-2x No. 9 (No. 29) 
@ 5.25 in. No. 5 (No. 16) @ 5.00 in. No. 6 (No. 19) @ 5.25 in.

No. 6 (No. 19) @ 5.00 in.
No. 6 (No. 19)  

@ 5.00 in.
No. 6 (No. 19)  

@ 5.25 in.

Column corbel component

Vertical column reinforcement
Side face reinforcement

Top reinforcement
Longitudinal direction Transverse direction

4 No. 7 (No. 22) @ 6.00 in. No. 5 (No. 16) @ 4.00 in. No. 5 (No. 16) @ 4.00 in. 12 No. 7 (No. 22) @ 2.00 in.

Note: 1 in. = 25.4 mm.



196 ACI Structural Journal/July 2023

given the available embedment length. To induce reinforce-
ment yielding prior to the failure of the footing, the 1.0% 
minimum reinforcement ratio for columns as specified in 
both ACI 318-191 and AASHTO LRFD2 was introduced for 
designing the column. Therefore, four vertical column rein-
forcing bars were installed at the tension-side of the corbel, 
corresponding to a column reinforcement ratio of 0.94% if 
these column reinforcing bars are equally provided to four 
sides of the column (16 No. 6 [No. 19] bars).

Material properties
The design concrete strength of the footings was 3.6 ksi 

(24.8 MPa), and two concrete batches were used to fabricate 
each footing specimen. Additionally, high-strength concrete 
with a specified compressive strength of 10 ksi (68.9 MPa) 
was used for the column corbels. ASTM A70615 Grade 60 
(Grade 420) reinforcing bars were used for the vertical 
column reinforcement such that the column reinforcement 
embedded in the corbel could be sufficiently anchored 
through welding. ASTM A61516 Grade 60 (Grade 420) rein-
forcing bars were used for all the other reinforcing bars. The 
measured mechanical properties of reinforcement are aver-
aged from at least three samples for each reinforcing bar size. 
Furthermore, two cylindrical concrete strengths obtained 
from two the concrete batches comprising each footing 
component of the test specimen are averaged to represent the 
concrete strength of the footing. The compressive strengths 

were evaluated at test day using water-cured concrete cylin-
ders fabricated from each concrete batch used in the test 
specimens. The material properties of the concrete cylin-
ders and reinforcing bars were measured in accordance 
with ASTM C3917 and ASTM A370,18 respectively, and are 
summarized in Table 3.

Test setup
All test specimens were tested under eccentric vertical 

loads that were applied to the connected corbels. The 
vertical load had an eccentricity of 16.5 in. (419 mm) with 
respect to the centroid of the drilled shaft footing and was 
applied using a 2000 kip (8.9 MN) capacity hydraulic ram, 
as shown in Fig. 9(a). The ram was attached to a reaction 
frame bolted to an elevated strong floor. A loading fixture 
comprised of a spherical saddle and a series of rollers was 
placed between the column corbel and the loading ram, as 
shown in Fig. 9(b), so that the column corbel was allowed to 
both rotate and translate. Drawings of the test configuration 
are provided in Fig. 10.

The supports of the specimen were designed to avoid 
lateral and rotational restraints, and 16 in. (406 mm) diameter 
circular steel plates representing the drilled shafts supporting 
the drilled shaft footing were provided at the topmost layer 
of the support assemblies. All four support fixtures had a 
spherical saddle layer to allow rotation of the specimen, and 
three 500 kip (2.2 MN) capacity load cells provided at the 

Fig. 8—Failure surface of previous drilled shaft footing tests designed with bottom mat reinforcement only.

Table 3—Mechanical properties of materials

Specimen ID VI-ST VI-HD VI-HKO VI-HKI

Anchorage detail of column reinforcement Straight Headed Hooked (Outward 
to column)

Hooked (Inward 
to column)

Concrete
Footing Compressive strength (fc′), ksi (day of test) 4.62 5.01 5.00 5.25

Column Compressive strength (fc′,c), ksi (day of test) 11.97 11.79 10.36 10.02

Reinforcement

Bottom mat
Yield strength (fy,b), ksi 67.0 69.9

Tensile strength (fu,b), ksi 109.5 109.6

Column
Yield strength (fy,c), ksi 70.3 72.1 70.3 76.8

Tensile strength (fu,c), ksi 101.3 101.3 101.3 105.0

Note: 1 ksi = 6.9 MPa.
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base of each support to measure reaction forces. As illus-
trated in Fig. 9(a), the lateral restraint conditions were varied 
among the four supports to provide stability while ensuring 
that the footing specimens were generally free to develop 
lateral expansions.

Instrumentation and loading protocol
During testing, support reactions, footing displacements, 

and reinforcing bar strains were monitored using instrumen-
tation. The vertical (that is, out-of-plane) displacement of 
the bottom face of the footings was measured using linear 
potentiometers placed beneath the center of the footing 
and near the four supports. The relative deformation of the 
column corbel at the interface was also monitored using 
linear potentiometers installed vertically at both sides of the 
column corbel. The tension-side displacement of the column 
corbel was measured at the level of column reinforcement 
on the top of the drilled shaft footing, which was subse-
quently used to measure the relative uplift of the column 
corbel at its tension face with respect to the drilled shaft 
footing. Similarly, the compression-side displacement was 
measured at the symmetric position of the tension-side linear 
potentiometers.

Strain gauges were installed on the bottom mat reinforce-
ment and the vertical column reinforcement. The vertical 
column reinforcement was also instrumented with a series 
of strain gauges along its length so that the measured data 
could be used to develop stress profiles for the reinforcing 
bars. Stress profiles of the column reinforcement inside the 
footings were used to compare the anchorage behaviors of 
different anchorage details. The gauges were attached on 
longitudinal ribs of the column reinforcement to minimize 
grinding of reinforcement ribs, which might adversely affect 
the bond.

During the tests, vertical loads were applied in 100 kip 
(445  kN) increments up to the load at which the measured 
column reinforcement strain reached 75% of its yield strain. 

Beyond this point, the specimen was continuously loaded up 
until the end of the test. Between load increments, the condi-
tion of the specimens was visually inspected and documented.

EXPERIMENTAL RESULTS
Overall response

The global responses of the test specimens are summa-
rized in Table 4. All specimens exhibited yielding of the 
vertical column reinforcement. The specimen with straight 
column reinforcement (VI-ST) failed in the drilled shaft 
footing at a vertical load of 2025 kip (9.0 MN), whereas 
the specimen with headed bars (VI-HD) failed by fracture 
of the column reinforcement at a vertical load of 2080 kip 
(9.3 MN). These differing failure modes may be attributed 
to the fact that the concrete strength of the footing compo-
nent of VI-ST was approximately 10% weaker than that of 
VI-HD. The reinforcing bar fracture of the column reinforce-
ment led to detachment of the column corbel from the spec-
imen VI-HD. For safety reasons, testing of the remainder 
test specimens (VI-HKO and VI-HKI) was terminated at 
2000 kip (8.9 MN).

First yielding of the column reinforcement was observed at 
a comparable load level (1150 to 1250 kip [5.1 to 5.6 MN]) 
in all test specimens. Nevertheless, the bottom mat reinforce-
ment of all test specimens did not experience yielding prior 
to reaching the 2000 kip (8.9 MN) test termination load level.

To compare load-deflection responses between test spec-
imens designed with different anchorage types, this study 
also compared the normalized deflection of the footing, and 
the compression- and tension-side relative displacements 
of the column corbel. The normalized deflection of the 
footing was computed from the displacement measured at 
the center of the footing and that measured at the vicinity of 
the support. A relative comparison of the load-displacement 
response progression for all the test specimens is shown 
in Fig. 11. All specimens behaved with a comparable load- 
normalized deflection response until 2000 kip (8.9 MN) 

Fig. 9—Eccentric loading test setup.
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loading. Even beyond the yielding load of all column rein-
forcing bars, the tension-side relative displacement of 
VI-HKI did not increase significantly compared to that of 
the compression-side owing to the tensile resistance mech-
anism acting at the vicinity of the anchorage region, which 
will be discussed from the stress profiles and cut section of 
VI-HKI in the next sections. On the other hand, the tension-
side relative displacements of the other test specimens 
increased rapidly after exceeding the yielding load.

Visual observations
The post-failure conditions of VI-ST and VI-HD are 

depicted in Fig. 12. The ultimate failure of VI-ST occurred 
in the drilled shaft footing. Multiple arch-shaped cracks 
extending diagonally to the supports formed on side surfaces 
of the footing. Diagonal cracking was more severe in the 
half-span of the footing where supports were subjected to 
higher reactions (in the vicinity of the south side), as shown in 
Fig. 12(a). Failure was governed by diagonal tension on this 

side of the footing. Furthermore, no damage was observed 
on the column corbel confined by steel plates during testing. 
Nevertheless, concrete crushing and crack width opening 
of 3/8 in. (10 mm) could be identified after testing at the 
compression- and tension-side of the 1/2 in. (13 mm) gap 
between the steel jacket and the footing, respectively.

Even though the ultimate failure of VI-HD was governed 
by column bar rupture, the crack pattern of the footing after 
the test was almost identical to that observed in VI-ST, as 
shown in Fig. 12(b). This indicates that the footing compo-
nent of VI-HD was also close to the ultimate state when bar 
rupture occurred. Because the column corbel was detached 
from the footing at failure, the interface between the column 
corbel and the footing could be visually inspected after the 
test (refer to Fig. 12(b)). On the tension-side of the interface, 
a small concrete cone formed surrounding the column rein-
forcement at the top of the footing, and apparent splitting 
cracks between the column reinforcement could be iden-
tified. Crushed concrete debris in the region of the 1/2 in. 

Fig. 10—Detailed drawings of test setup configuration.

Table 4—Summary of test results

Specimen ID VI-ST VI-HD VI-HKO VI-HKI

Anchorage detail of column reinforcement Straight Headed Hooked
(Outward to column)

Hooked
(Inward to column)

Measured load at first yielding of column bars* (Pfy,c), kip 1189 1146 1195 1241

Measured load at yielding of all column bars* (Py,c), kip 1564 1540 1416 1422

Measured load at first yielding of bottom mat* (Pfy,b), kip 2025 2080 N/A† N/A†

Measured ultimate strength (Pu), kip 2079 2154 N/A† N/A†

Ultimate failure mode Failure in footing Fracture of column 
reinforcement No failure† No failure†

*Strain data analyzed to find yielding on reinforcement.
†Testing stopped prior to failure (at 2000 kip [8.9 MN]).

Note: 1 kip = 4.4 kN; 1 ksi = 6.9 MPa.
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(13 mm) column gap were found on the compression-side of 
the interface, but the footing remained largely undamaged.

The test specimens with hooked reinforcement, VI-HKO 
and VI-HKI, were loaded to 2000 kip (8.9 MN) without 
failure. The crack patterns developed in the footing compo-
nents of these specimens were comparable to those formed 
in VI-ST and VI-HD, as shown in Fig. 13.

All test specimens were dissected orthogonally after 
testing at a plane crossing the column reinforcement position 
to inspect interior crack patterns, as shown in Fig. 14. Three 
crack types were found in the cut sections. The first type 
(Type I) is a conical crack formed near the top surface of 
the footing starting from the level of the top mat reinforce-
ment induced by unsustained diagonal struts owing to bond 
forces. The second and third crack types are splitting cracks 
formed in the middle region (Type II) and bottom tip of the 
column reinforcement (Type III) induced by the diagonal 

struts flowing down from the compression side of the 
column to the opposed footing support (Struts AC and DF in 
Fig. 14(a)) and to the bottom end of the column tie element 
(Struts AB and DE in Fig. 14(b)), respectively. Although the 
diagonal strut connecting with the footing support (Strut AC 
and DF in Fig. 14(a)) does not intersect with the column tie 
element in the 3-D model, the crack induced by the diagonal 
strut formed over the entire width of the footing (Fig. 15). 
All noted types of cracking were identified at the cut section 
of VI-ST and VI-HD. However, the first and second crack 
types were not identified at the cut sections of VI-HKI and 
VI-HKO, respectively. Furthermore, the third type of crack 
passed through the bend radius and the tail of the hook in 
VI-HKI. In contrast, this type of crack did not cross the 
column reinforcement in VI-HKO, but passed underneath 
the bend radius of its hook. This indicates that the hook in 
VI-HKO was not effective in developing a diagonal strut 

Fig. 11—Load-deflection response of test specimens.

Fig. 12—Post-failure condition of VI-ST and VI-HD.
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to anchor the bar, as is further discussed in the “Effects of 
Anchorage Type” section of this paper.

Stress profiles and bond stress profiles of column 
reinforcement

The stress profiles of the column reinforcement were 
derived from strain gauge measurements of the column 

Fig. 13—Crack patterns of test specimens.

Fig. 14—Cut sections of test specimens.
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reinforcement combined with stress-strain relationships 
obtained from steel reinforcing bar tensile tests. Because 
all vertical column reinforcing bars in the same specimen 
developed almost identical stress profiles, the stress profile 
of the column reinforcement positioned at the west-end was 
selected to compare the anchorage response of the different 
specimens. The stress profiles are presented in Fig. 16 along 
with the crack pattern observed in the cut section.

Based on the stress profiles developed, the column rein-
forcement of VI-ST, VI-HD, and VI-HKI were estimated to 
develop approximately 85% of their yield strengths within 
the upper 14 in. (356 mm), or 16db,c, of their embedment 
lengths inside the footing. In contrast, VI-HKO developed its 
full yield strength within 20 in. (508 mm), or 22.9db,c, from 
the top. The stresses within the lower parts of the anchorage 
regions increased in all specimens except VI-HKO. Based 
on the stress profiles presented, the column reinforcement 
of VI-HKO experienced larger strain levels near the column 
interface than that of the other specimens. When tensile 
yielding was identified at the gauge closest to the column 
interface, the tensile stresses developed at the lowest gauges 
that were placed immediately above the outer-oriented hook 
(VI-HKO), the straight bar end (VI-ST), the anchor head 
(VI-HD), and the inner-oriented hook (VI-HKI) were 0.5 ksi 
(3 MPa) (0.7% of the yield strength), 5 ksi (34 MPa) (7% 
of the yield strength), 17 ksi (117 MPa) (24% of the yield 
strength), and 37 ksi (255 MPa) (48% of the yield strength), 
respectively. Hence, development of the yield strength was 
achieved solely by bond along the anchorage length for 
the straight bar and the outer-oriented hooked bar, while 
the headed bar and inner-oriented hooked bar developed a 
significant portion of their resistance from the mechanical 
bearing action of the head or hook.

Average bond stresses between two consecutive gauges 
(τb) were computed using Eq. (1) and the resulting bond 
stress profiles are shown in Fig. 16 along with the cracking 

patterns on the cut section. The computed bond stresses are 
compared to the maximum local bond strength specified by 
fib Model Code 2010,19 which corresponds here to the split-
ting bond strength, τbu,split

	​ ​τ​ b​​  =  ​  ​A​ s​​ _ ​d​ b​​ π  ​​(​ Δ ​f​ s​​ _ Δl ​)​​	 (1)

where As is the cross-sectional area of reinforcement to be 
anchored; db is the diameter of reinforcement to be anchored; 
Δfs is the change in stress between two consecutive gauges; 
and Δl is the center-to-center distance between two consec-
utive gauges.

Apparent from Fig. 16, the peak bond stresses computed 
near the column interface during the tests were comparable 
to each other regardless of anchorage type. The maximum 
computed bond stresses in this region are slightly smaller 
than the local bond strength, τbu,split, predicted using fib 
Model Code 2010.19 Still, it can be argued that the correla-
tion with the analytical estimate of the maximum bond stress 
is reasonable as the average bond stress profile is not capable 
of capturing localized peak stresses. The bond stress near the 
bottom tip of the straight column reinforcement was signifi-
cantly higher than the other anchorages, resulting from the 
increased bond resistance provided by confining compres-
sive forces acting on the region. Almost no bond stresses 
developed near the bottom end of the headed and inner- 
oriented hooked column reinforcement when the gauge near 
the column interface exceeded the yield strain (at a load of 
approximately 1600 kip [7.1 MN]), because the head and 
hook prevented slip in this region. A slight increase of bond 
stresses was identified when loading was continued beyond 
1600 kip (7.1 MN) for both anchorage types. Lastly, the 
bond stress near the bottom end of the outer-oriented hook 
was negligible as no tensile stresses developed in this region.

Strain distribution in bottom mat reinforcement
Figure 17 presents measured strain distributions in the 

bottom mat reinforcement of the test specimens at the 
common near-ultimate load level of 2000 kip (8.9 MN). 
The numbers in the circles of Fig. 17 represent the ratios 
of measured strains to the yield strain. Regardless of the 
anchorage type, the bottom mat reinforcement did not yield 
until 2000 kip (8.9 MN) loading, and the reinforcing bars 
along the long span (north-south) experienced higher strain 
than those in the short span (east-west). The strains measured 
from the bottom mat reinforcing bars placed within the 
drilled shaft diameter (yellow-shaded region in Fig. 17) 
were larger than those measured from other reinforcing bars. 
Overall, the strain measurements presented suggest that the 
bottom mat reinforcement comprising all test specimens 
behaved in a similar manner, regardless of anchorage type.

DISCUSSION
Effects of anchorage type

Although all column bars were found to develop their 
full yield strengths during the tests, different types of 
anchorage response can be identified from the test results. 
The diagonal struts flowing down from the interface with 
the column, towards the drilled shaft support, and the bottom 

Fig. 15—Internal cracks formed across width of specimen 
VI-ST.
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Fig. 16—Stress and bond stress profiles of column reinforcement.
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end of the column reinforcement induce the reinforcing 
bar stress increments that were observed in the lower 
portion of the embedment length in all anchorage types 
except for the outer-oriented hooked. In the straight bars, 
tensile bar stresses are developed by way of bond along the 
anchorage length, with relatively high bond stresses at the 
lower portion of the anchorage due to confining action of 
the struts. The inner-oriented hooked bar and headed bar 
provided a significant bar stress increment near the bottom 
end of the anchorage owing to the bearing action of the hook 
or head. The outer-oriented hooked bar did not activate a 
bearing/mechanical force transfer action because the direc-
tion of the bend radius was not oriented towards the diag-
onal strut flowing down to the bottom end of the column tie 
element. Instead, the tensile bar stresses for the column bars 

in VI-HKO are developed through bond within the upper 
half of the embedment length. Thus, based on the test results 
obtained, it is evident that hook orientation significantly 
affects the behavior of the column reinforcement embedded 
in drilled shaft footings. Although the outer-oriented hooked 
bar could develop its yield strength near the column inter-
face, the negligible stress development near its bottom end 
indicates inefficient structural performance of the anchorage 
detail. In the perspective of the 3-D STM, the outer-oriented 
hooked reinforcement cannot transfer the diagonal strut 
forces funneling into the hooks to the vertical column tie. 
To ensure proper behavior of the hooked column reinforce-
ment, the hook orientation should be oriented inwards to 
react against the diagonal strut starting at the compression 
face of the column. This finding is in line with the findings 

Fig. 17—Strain distribution in bottom mat reinforcement at P = 2000 kip (8.9 MN).
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of Nilsson and Losberg14 on the effect of hook orientation on 
the seismic behavior of beam-column joints.

It should be noted that the test results presented in this 
study were obtained from footing specimens with a very 
large amount of bottom mat reinforcement (0.96%) and rela-
tively light column reinforcement (0.94%). Those amounts 
were determined to ensure that yielding of column bars 
would occur, as mentioned in a previous section. Actual 
footing designs will have less bottom mat reinforcement 
and may anchor larger amounts of column reinforcement. 
Nevertheless, such differences are not expected to influence 
the fundamental anchorage response of the column bars 
observed in these tests. If the reinforcement in the drilled 
shaft footing is properly designed using the STM, smaller 
amounts of bottom mat reinforcement should not hinder the 
anchorage capacity of the column bars. Larger amounts of 
column reinforcement will imply using larger bars and/or 
smaller bar separations, and its influence in the anchorage 
detail will be reflected in an increase of the required 
development length.

Critical section for anchorage length verification
This study identified that significant reinforcing bar tensile 

stress increments can be achieved throughout the embed-
ment region of column reinforcement in properly anchored 
bars. Bar stresses are induced by the diagonal compres-
sive field flowing down from the compression side of the 
column to the opposite support of the footing (idealized as 
a strut in Fig. 14(a)), which crosses the column vertical tie. 
Further, the widespread compression field is responsible for 
the diagonal cracks observed in Fig. 14(b) through (e) and 
can also be identified from the bottom mat reinforcing bar 
stress distribution (Fig. 17) which were developed over the 
entire width of the footing. Therefore, this study defines a 
large compression field influencing the embedded column 
reinforcement by assuming the field is bounded by ideal-
ized struts (Struts AB, AC, DE, and DF in Fig. 14(a)), as 
shown in Fig. 18. The large compression field performs the 
same role as an extended nodal zone even though the diag-
onal strut flowing down to the drilled shaft does not intersect 
the column tie element. Based on the defined compression 
field, the critical section of the column reinforcement can be 
defined in a simple way as the intersection of the diagonal 
struts and the column ties in the 3-D STM viewed from its 
side view, as illustrated in Fig. 18. As opposed to previous 
recommendations,10-12 the proposed definition of the crit-
ical section allows consideration of bond forces along the 

development length of the column bars. Still, this criterion 
is conservative because it neglects the contribution of the 
observed bond stresses developing in the upper part of the 
embedment region.

The available lengths of the column reinforcement 
measured from the proposed critical section are compared 
with the minimum development lengths required for the 
different anchorage types in accordance with both ACI 
318-191 and AASHTO LRFD2 and summarized in Table 5. 
To determine the inclination of the struts, the nodal positions 
of the 3-D STM were determined based on the recommen-
dations proposed by Williams et al.12 The available length 
measured for the straight column reinforcement is shorter 
than the minimum development lengths computed from the 
provisions. Nevertheless, the straight column reinforcement 
was shown to yield during testing; therefore, arguably vali-
dates the proposed critical section.

Detailing recommendations for 90-degree hooked 
column reinforcement

Column reinforcement anchorage type can be determined 
from an anchorage check employing the proposed critical 
section. For drilled shaft footings designed with the 3-D 
STM, the results from this study would suggest that any 
anchorage type can be used if the available length satis-
fies the minimum development lengths required for the 
anchorage type. Nevertheless, it is envisioned that 90-degree 
hooked bars will be more generally employed in actual 
footing construction rather than straight or headed bars due 
to their ease of placement in the field.

Figure 19 presents different detailing options for the 
anchorage of hooked column reinforcement. Based on 
the test results, the detailing of the column reinforcement 
designed with 90-degree hooks needs to be determined from 
the internal force flow of drilled shaft footings. Considering 
constructability, hooked column reinforcement oriented 
outwards to the column is the conventional detailing practice 
for drilled shaft footings in construction projects. Although 
this detail can develop the yield strength of the bar if suffi-
cient embedment length is provided, the experimental results 
of this study showed that its structural performance is infe-
rior to that of inner-oriented hooked bars and even straight 
column reinforcement because the outward-oriented hook 
cannot activate any bearing action at its anchorage. The 
best structural performance would be obtained by placing 
all hook orientations inward to the column, but this detail 
can cause extreme congestion of the reinforcement at the 

Fig. 18—Compression field formed by diagonal struts and proposed critical section of column reinforcement.
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anchorage region of the column corners. Therefore, this 
study proposes a hybrid detailing for 90-degree hooked bars 
to achieve optimized structural performance and construc-
tability by providing inner-oriented and outer-oriented 
hooked column reinforcement against the major and minor 
flexural moment, respectively. Nevertheless, actual footings 
are designed considering various loading cases which may 
not satisfy that the major flexural moment occurs always in 
the same direction. For those cases, the performance of the 
hybrid detail and potential weakening effect of outer-oriented 
hooked bars should be further investigated.

CONCLUSIONS
This paper investigated various anchorage details for 

vertical column reinforcement embedded in drilled shaft 
footings subjected to combined axial force and moderate 
uniaxial bending moment. Four drilled shaft footing spec-
imens, employing four different column reinforcement 
anchorage details (straight, headed, inner-oriented 90-degree 
hooked, and outer-oriented 90-degree hooked), were fabri-
cated and tested under eccentric vertical loads. The speci-
mens were loaded beyond tension yielding of the column 
reinforcement.

The primary findings and conclusions obtained from 
large-scale testing are as follows:

1. All column bars were able to develop their full yield 
strength regardless of the anchorage type. However, column 

reinforcement force transfer actions were found to be depen-
dent on the anchorage details provided at the ends of the 
column reinforcing bars.

2. Experimentally obtained stress profiles of the column 
bars and the sectional crack patterns from specimen cuts 
indicate that the diagonal struts flowing down to the drilled 
shaft and the bottom end of the column reinforcement induce 
significant tensile stresses in the vicinity of the bottom end 
of the column reinforcement for all anchorage types except 
for the outer-oriented hooked anchor, which are commonly 
employed anchorage details for drilled shaft footings.

3. The inner-oriented hooked bars and headed bars relied, 
to a large extent, on the bearing action of the hook or head 
to develop tensile yield capacity, whereas the straight and 
outer-oriented hooked bars developed their capacities solely 
through bond.

4. The outer-oriented hooked bar could not activate its 
bearing action in the hook because no stresses were devel-
oped near the hook end. This resulted in a relatively high-
stress level developing in the central and upper portions of 
the embedment region.

5. Based on test results, a simple criterion is proposed to 
determine the critical section of the column reinforcement 
for a three-dimensional (3-D) strut-and-tie model (STM). 
The large compression field formed by the idealized diag-
onal struts in the base of the column can be considered to 

Table 5—Anchorage check based on proposed critical section

Specimen ID

VI-ST VI-HD VI-HKO VI-HKI

Anchorage types Straight Headed Hooked
(Orientation: outward)

Hooked
(Orientation: inward)

Available length (la), in. 18.0

AASHTO LRFD 
(2020)

Minimum development length (ld), in. 27.5
N/A*

7.0 7.4

la/ld 0.65 2.57 2.43

ACI 318-19 
Minimum development length (ld), in. 27.5 7.0 13.8 15.0

la/ld 0.65 2.57 1.30 1.20

*Minimum development length for headed bars is not specified in AASHTO LRFD2; N/A is not available.

Note: 1 in. = 25.4 mm.

Fig. 19—Anchorage detailing options of 90-degree hooked column reinforcement in drilled shaft footings.
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perform the same role as an extended nodal zone for estab-
lishing the critical section of column tie elements.

Alternative column reinforcement detailing strategies 
can be employed to optimize reinforcement anchorage and 
constructability when 90-degree hooked column bars are 
employed. The proposed definition of the critical section 
for the column bars is simple, consistent with the current 
3-D STMs in code provisions and provides a conservative 
estimation of the available development length of the bars 
according to the test results. Therefore, follow-up studies 
conducted with various design parameters (for example, 
footing geometry, column reinforcement size, and area) that 
can influence the behavior of the column reinforcement or 
cracking position due to the diagonal strut can solidify the 
proposal of this study.
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This paper presents the results of an experimental study investi-
gating the response of two shear walls repaired with engineered 
cementitious composite (ECC). One of the walls was reinforced in 
the boundary regions within the plastic hinge with superelastic, 
nickel-titanium (NiTi) shape memory alloy (SMA) bars, while the 
companion wall was reinforced with deformed mild steel bars only. 
The repair method involved the removal of the heavily damaged 
concrete in the plastic hinge zone, replacement of ruptured and 
buckled steel reinforcement, placement of starter bars at the base 
of the walls, and casting of ECC to replace the removed concrete. 
The SMA bars were reused as they sustained no damage from the 
initial testing. Summarized in this paper are an assessment of the 
performance of the repaired walls and a comparison with the 
responses of the walls previously tested in their original condi-
tion. The experimental program highlights the enhanced perfor-
mance of the composite system that integrates the self-centering 
capabilities of SMA bars and the distinctive tension strain hard-
ening and ductility of ECC. The lateral strength was markedly 
increased, while the energy dissipation and recovery capacities, 
in general, were improved for the repaired walls compared to the 
original walls. The repaired steel-reinforced wall developed a peak 
lateral strength of 23% larger compared to the original wall, while 
the repaired SMA-reinforced wall had a 16% increase in peak 
lateral strength compared to the original specimen. The strength 
enhancement of the repaired walls led to higher dissipated energy 
throughout testing. For both sets of walls, the SMA-reinforced 
walls exhibited larger rotations compared to the steel-reinforced 
walls primarily on account of the lower stiffness of the SMA bars.

Keywords: energy dissipation; engineered cementitious composite (ECC); 
nickel-titanium (NiTi); recovery capacity; reinforced concrete; repair; 
shape memory alloys (SMAs); shear walls.

INTRODUCTION
Reinforced concrete structures designated as normal 

importance are designed to behave in the inelastic range 
during rare events such as high seismic loading, the primary 
objective being safeguarding against collapse and ensuring 
life safety. This is achieved through the design of plastic 
hinge regions that are controlled by the yielding of the rein-
forcement, resulting in significant residual deformations 
and damage.1-3 Structures built in the major cities of Chile 
were designed based on relatively current codes,4 and they 
experienced severe permanent damage during the 2010 
earthquake.5 A similar scenario occurred in Christchurch, 
New Zealand, during the 2011 earthquake.6 This resulted 
in compromised, post-earthquake infrastructure in terms of 

structural integrity and functionality, leading to significant 
economic deficits.

The owners of structures damaged during design-level 
seismic events typically have two alternatives: demolition 
and replacement; or repair to recover the strength, stiffness, 
and ductility of the structure. The first alternative is highly 
disruptive and expensive, impacting the affected commu-
nity for a significant period. The second alternative has the 
potential to be more desirable when the extent of damage 
is limited, and the repair operations are feasible and can be 
executed in a reasonable time frame.

Ductility capacity and energy dissipation are two primary 
characteristics well-designed reinforced concrete structures 
are expected to exhibit. In addition, ease of repair after rare 
loading events is preferable from a reliability perspective. 
The implementation of innovative materials such as shape 
memory alloy (SMA) bars and engineered cementitious 
composite (ECC) materials provide an opportunity to improve 
the post-earthquake state of structures while achieving the 
primary design objectives of preventing collapse and safe-
guarding against loss of life. By limiting the post-earthquake 
residual damage, demolition may be avoided, and repairs 
for a relatively immediate occupancy become possible. The 
combination of these two materials leads to self-centering 
behavior with improved damage tolerance.

Applications of SMAs in structural systems have received 
increased research focus during the past decade as a viable 
option to design resilient structures. The recentering ability 
of SMAs makes them attractive for structures expected to 
experience large deformations. SMAs dissipate energy 
through hysteretic damping and can reach strengths compa-
rable to mild steel reinforcing bars. Disadvantages of SMA 
bars include high initial cost, smooth surface, low elastic 
modulus, and the need for couplers to connect with conven-
tional bars. The most common type of SMA studied for 
structural applications, which was also used for this experi-
mental program, is a nickel-titanium (NiTi) alloy consisting 
of approximately 56% nickel and 44% titanium. ECC mate-
rials are a special class of high-performance fiber-reinforced 
cement composites and consist typically of a mortar base 
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matrix comprising sand, silica fume, cement, fly ash, and 
up to a 2% volumetric fraction of polyvinyl alcohol (PVA) 
fibers.7,8 The tensile capacity varies between 4 and 6 MPa, 
and the response exhibits high ductility.

Experimental investigations on the use of SMA bars 
in concrete elements for new design and for the repair of 
concrete elements are limited and consist of applications for 
columns, beam-columns joints, beams, and shear walls.9-17 
Abdulridha and Palermo9 and Morcos and Palermo10,11 illus-
trated that substituting deformed longitudinal reinforcement 
with SMA bars in the boundary regions within the plastic 
hinge of a slender shear wall results in greater recentering 
capacity and reduced residual displacements. Cortés- 
Puentes et al.12 repaired a previously tested SMA- 
reinforced shear wall by replacing the damaged reinforcing 
bars within the plastic hinge region with new segments 
and the damaged concrete with self-consolidating concrete 
(SCC). The response of the repaired wall under cyclic 
loading was comparable to its response in the original state 
in terms of strength, stiffness, and cracking pattern. Saiidi 
et  al.13 demonstrated substantial benefits such as self-cen-
tering and improved damage tolerance when using a combi-
nation of SMA longitudinal bars and ECC in the plastic 
hinge region of a column.

RESEARCH SIGNIFICANCE
The experimental study presented herein focused on the 

structural behavior of a composite system that integrates 
NiTi SMA, mild steel bars, and ECC to enhance the perfor-
mance of a shear wall subjected to reversed cyclic loading. 
The investigation studied the applicability of ECC as part 
of a repair method for heavily damaged SMA- and steel- 
reinforced concrete shear walls that were previously tested. 
This study highlights the benefits of implementing ECC 
concrete and SMA reinforcement to enhance the post-repair 
behavior under simulated seismic loading by reducing the 
permanent deformation and damage typically experienced 
by shear walls. To the best of the authors’ knowledge, this 
is the first study to test a hybrid SMA-steel-reinforced shear 
wall repaired with ECC. The results of this study will be of 
general interest to practicing structural engineers and stan-
dards committees, with the goal of accelerating the accep-
tance of high-performance design concepts and repair strat-
egies incorporating NiTi SMA bars and ECC.

EXPERIMENTAL PROGRAM
The shear walls investigated in this study were previously 

tested by Morcos and Palermo10 under a reversed cyclic 
lateral loading protocol. The experimental program under-
taken by Morcos and Palermo10 focused on characterizing 
the behavioral response and the self-centering capacity of 
a hybrid NiTi SMA-steel-reinforced shear wall compared 
to a steel-reinforced wall. The original wall identifiers were 
SWS-R for the steel-reinforced wall and SWN for the hybrid 
NiTi SMA-reinforced wall. The first two letters “SW” repre-
sent the structural element type (shear wall), followed by 
“S” to denote the steel wall with local repairs “-R.” The 
“N” identifier following “SW” represents the hybrid NiTi 
SMA-steel-reinforced wall. The base of the original steel 

wall, SWS-R, experienced honeycombing regions that were 
locally repaired with SCC. After testing the original walls 
by Morcos and Palermo,10 both walls were repaired and 
renamed RSWS-R and RSWN to differentiate between the 
original and repaired walls.

Original walls
Wall details—The original walls were designed based on 

the seismic provisions for ductile walls prescribed by CAN/
CSA A23.3-04,10,18 respecting the reinforcement limits 
specified by the design standard. (Note that the original 
walls were similar to the walls reported by Abdulridha and 
Palermo,9 which were designed and constructed based on 
the requirements for ductile walls in CAN/CSA A23.3-04, 
the design standard that was current at the time.) The design 
of the SMA wall was similar to the steel-reinforced wall 
as no code provisions exist for SMA-reinforced structural 
components. The walls had identical nominal dimensions, 
the major difference consisting of the longitudinal rein-
forcement in the boundary zones. The walls had a rectan-
gular cross section, an aspect ratio (height-to-length ratio) 
of 2.2, and were 2200 mm in height, 1000 mm in length, 
and 150 mm in thickness. This aspect ratio was selected to 
promote flexural-dominant behavior. The walls were cast 
above foundation beams that were 1600 mm long, 500 mm 
high, and 1000 mm wide, which facilitated the anchorage of 
the walls to the strong floor of the laboratory. Additionally, 
loading beams 1600 mm long, 400 mm high, and 400 mm 
wide were monolithically cast with the walls to distribute the 
applied lateral loading.

Within the web region, the walls contained two layers 
of 10M bars (11.3 mm diameter, 100 mm2 area) spaced at 
150 mm in both the vertical and horizontal directions. The 
boundary zones were reinforced with four vertical bars 
confined by 10M closed stirrups spaced at 75 mm within the 
plastic hinge region and 150 mm above it. The vertical rein-
forcing bars in the boundary zones of SWS-R consisted of 
continuous 10M bars. The boundary zones of SWN contained 
12.7 mm diameter smooth SMA bars in the plastic hinge 
region, connected through mechanical couplers with No. 13 
(12.7 mm diameter, 129 mm2 area) bars extending above the 
plastic hinge region. The reinforcement details of Wall SWN 
are shown in Fig. 1. The SMA bars extended 900 mm within 
the plastic hinge region and 300 mm into the foundation 
beam. A noninvasive method of mechanical coupling, based 
on forging the bar ends and using threaded couplers, was 
employed to connect the SMA bars to the deformed No. 13 
reinforcement. Additional details on the design and fabrica-
tion of the original walls can be found elsewhere.10,19

Damage characteristics—The original walls were tested 
under reversed cyclic lateral loading following a protocol 
established by FEMA 46120 and ATC-24,21 which consisted 
of applying increasing lateral displacements until failure. 
Wall SWS-R sustained a peak load of 125 kN at 23 mm 
lateral displacement in the positive direction of loading, 
and SWN reached a peak load of 121 kN at 98 mm lateral 
displacement in the negative direction of loading.

For both walls, the first cracks propagated along the base 
at a lateral displacement of 1.2 mm. For SWS-R, subsequent 
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loading cycles led to the development of additional flexural 
cracks that propagated across the length of the wall and were 
spaced at approximately 150 mm over the height of the plastic 
hinge zone, as shown in Fig. 2(a). Additionally, flexural-shear 
cracks inclined at approximately 45  degrees developed. 
Crushing and spalling of concrete were pronounced around 
the toe regions of the wall. The loading cycles at an imposed 
lateral displacement of 72 mm led to the fracture of multiple 
vertical reinforcing bars in the boundary zones. Two bars frac-
tured during the first positive excursion near the outer face, 
followed by the fracture of the two opposite bars during the 
negative excursion. The second positive cycle resulted in the 

fracture of the second row of reinforcing bars in the boundary 
zone, which concluded the test.

Wall SWN developed a crack pattern that was noticeably 
different compared to SWS-R, as shown in Fig. 2(b). One 
dissimilarity pertains to the propagation of flexural cracks, 
some of which did not extend over the entire length of the wall 
and remained confined to the web region. The spacing of the 
cracks within the web region was similar to that observed for 
SWS-R. Within the boundary zones, however, over the height 
of the plastic hinge region, the crack spacing was approxi-
mately twice the distance, approximately 300 mm. Addition-
ally, three vertical cracks developed in the web, aligned with 

Fig. 1—Nominal dimensions and reinforcement details for Wall SWN: (a) elevation view; (b) section A-A; and (c) section B-B. 
(Taken from Morcos.19)

Fig. 2—Conditions of original walls after testing: (a) SWS-R; and (b) SWN. (Taken from Morcos.19)
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the position of the vertical reinforcing bars. As the loading 
progressed, one flexural crack along the base and another at 
300 mm above the base became dominant, developing signifi-
cantly larger widths compared to the rest of the cracks. Flex-
ural-shear cracks also developed, extending up to 1900 mm 
from the base, approximately 300 mm higher compared to 
Wall SWS-R. At a lateral displacement of 72 mm, rocking 
of the wall about the dominant flexural crack along the base 
was pronounced. Crushing of concrete in the toe regions 
was observed, albeit not as severe as SWS-R. The vertical 
bars in the web, closest to the boundary region, ruptured 
during the first negative excursion at 108 mm displacement. 
The web reinforcing bars placed along the centerline of the 
wall ruptured during the first imposed lateral displacement 
of 120  mm in the negative direction. The second positive 
excursion at 120 mm resulted in the rupture of the web rein-
forcement closest to the left boundary zone; this led to the 
termination of the test. No damage was observed in the SMA 
bars.

Both walls developed similar strength capacities; their 
overall responses, however, were marked by several signif-
icant differences. Compared to SWS-R, Wall SWN had a 
lower yield secant stiffness owing primarily to the lower 
stiffness of the SMA bars relative to the steel bars. Addi-
tionally, the smooth surface of the SMA bars led to the 
development of wider flexural cracks and larger crack 
spacing in Wall SWN in comparison with Wall SWS-R. The 
failure mechanism experienced by Wall SWN was charac-
terized by a markedly reduced degree of damage in terms 
of sliding of the base, concrete crushing, and distribution of 
cracking. Furthermore, the SMA bars in Wall SWN suffered 
no damage, remaining functional, while the steel bars in the 

boundary zones of SWS-R buckled and fractured. Further 
details on the performance of the original set of walls are 
available elsewhere (Morcos and Palermo10 and Morcos19).

Repair procedure
The repair procedure consisted of the construction of 

a bracing system for the walls to facilitate the safe and 
complete removal of damaged concrete from the plastic 
hinge region, replacement and addition of steel reinforcing 
bars, construction of formwork, and casting of the ECC 
mixture. Damage above the plastic hinge region, specifically 
concrete cracking, was not remediated in the repair strategy.

Concrete removal—Concrete removal was performed 
in three stages that allowed for a progressive investigation 
of the extent of the damage. The initial stage consisted of 
removing concrete over a height of 300 mm, as shown in 
Fig. 3, which revealed extensive damage experienced by the 
steel reinforcement in the form of buckling and fracture, and 
no observable damage for the SMA bars. The second stage 
involved removing concrete from the boundary regions over 
the entire plastic hinge length (900 mm in height from the 
base). No additional damage to the reinforcing bars was 
observed over this length for either of the walls. In addition, 
the coupling mechanism that connected the SMA bars to 
the No. 13 bars had no visible damage. During the third and 
final stage, the concrete was removed from the entire plastic 
hinge region and over a depth of approximately 60 mm 
into the foundation beam, as shown in Fig. 4. The concrete 
removal from the foundation was necessary to provide suffi-
cient height to couple the remaining existing bars with the 
replacement segments, and for the repair ECC to penetrate 
the foundation to form a shear key.

Fig. 3—First stage of concrete removal and damage of reinforcing bars: (a) SWS-R; and (b) SWN.
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The primary reasons for choosing this repair procedure 
were the extent of damage in the plastic hinge region and the 
opportunity to assess the behavior of the walls repaired with 
ECC in the plastic hinge region as part of a hybrid system. In 
addition, employing the same repair strategy for both walls 
permitted a direct comparison between their responses.

Replacement and addition of reinforcing bars—The 
damaged vertical steel reinforcing bars were removed and 
replaced with new segments of identical 10M bars. Shear-off 
mechanical couplers were used to connect the replace-
ment segments to the remaining bars. In addition, four 
10M starter bars, spaced at 150 mm along the base of the 
wall and extending 300 mm from the base, were provided 
in both walls to address the rocking and sliding observed 
at the base of the wall during testing of the original walls. 
Shown in Fig. 5 and 6 is the reinforcement layout within the 
repaired regions for RSWS-R and RSWN, respectively. For 
RSWS-R, all vertical bars were replaced, while for RSWN, 

only the vertical reinforcement in the web needed replace-
ment as the SMA bars were undamaged. The ties in the 
boundary regions and the shear reinforcement of both walls 
were reused as no damage was observed.

First, the buckled and ruptured reinforcing bars were 
removed with an angle grinder, 500 mm from the base 
and slightly below the foundation level. The ends of the 
remaining reinforcing bars were then prepared with a belt 
sander to create a flat cross section to ensure a butt-end 
connection in the couplers with the replacement segments. 
Thereafter, the starter bars were installed. A rotary hammer 
was used to drill holes into the foundation, 12.5 mm in diam-
eter and 125 mm in depth. The extent of drilling was based 
on the specifications required for the adhesive epoxy to 
ensure a proper bond. After the placement of the starter bars, 
the replacement segments of the vertical reinforcement were 
connected to the remaining bars using positional couplers. 
The couplers were 100 mm long and employed lock-shear 

Fig. 4—Final stage of concrete removal: (a) SWS-R; and (b) SWN.

Fig. 5—Reinforcement layout of Wall RSWS-R in plastic hinge region.
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bolts and serrated grip rails to mechanically splice the bars 
inserted from either end. An air impact wrench was used to 
tighten the bolts of the couplers.

Construction of formwork and casting of ECC—Plywood, 
12.5 mm thick, was used as the main formwork compo-
nent. Dimensional studs, 38 x 89 mm (2 x 4 in.), braced 
the plywood in the vertical and horizontal directions. In 
addition, snap ties were installed for additional resistance. 
A 200  x 300 mm opening was provided at the top of the 
formwork for concrete placement. The formwork design is 
illustrated in the Appendix, Fig. A.1.

The ECC was batched and mixed in-house, following a 
mixture design proposed by Eshghi,22 with two modifi-
cations: the addition of smaller-diameter PVA fibers (ϕ  = 
0.04  mm) and the use of a different high-range water- 
reducing admixture (HRWRA) to obtain a flow between 
200 and 250 mm, as per ASTM C1856/C1856M-17.23 As 
such, two different types of PVA fibers were employed in 
this mixture, one with a 0.1 mm diameter and 1200 MPa 
tensile strength, and the other with a 0.04 mm diameter and 
1560  MPa tensile strength. Both fiber types were 12 mm 
in length. Several trials were conducted to reach the final 
mixture design, summarized in Table 1. The objective was 
to achieve a mixture that provided post-cracking ductility,24 
while the compressive strength was not a controlling factor. 
The former was deemed critical for providing improved 
concrete damage control relative to the normal-strength 
concrete used in the original walls.

Casting deficiencies were encountered for Wall RSWS-R. 
The ECC was not adequately distributed along the top 
boundary of the plastic hinge, resulting in 50 mm gaps at 
both extremes of the wall, which gradually narrowed toward 
the center of the wall. To address this, SCC was cast in the 
affected areas. The curing procedure began immediately 
after formwork removal and was extended for 28 days. It 
consisted of covering the repaired regions of the walls with 

wet burlap sheets and a vapor barrier and watering every 
day until the end of the curing period. Figure 7 illustrates the 
repaired walls prior to testing.

Experimental setup and loading protocol
The experimental test setup is shown in Fig. A.2 in the 

Appendix and is the same as the setup used for the original 
walls, as designed by Morcos and Palermo.10 Lateral loading 
was applied in a displacement-controlled mode through a 
single hydraulic actuator positioned along the centerline of 
the top beam of the walls. The actuator was attached to a steel 
bracket that was fixed to the strong wall. A lateral supporting 
frame was used to control out-of-plane displacements. It 
consisted of four vertical I-section steel columns bolted to 
the strong floor and connected to each other with four steel 
beams to provide a rigid restraining system, as shown in 
Fig. A.2. The lateral supporting frame was connected to the 
top beam of the walls through four casters placed on each 
lateral side of the steel beams.

The response of the walls was monitored and recorded 
with strain gauges, linear displacement transducers, and 
cable displacement potentiometers. The lateral and vertical 
displacements at different heights and the diagonal elonga-
tions in the plastic hinge zone of the repaired walls were 
measured. Additional details on the instrumentation are 
available elsewhere (Soto Rojas24).

The loading protocol for Walls RSWS-R and RSWN 
consisted of reverse cycles at multiples of the yield displace-
ment (Δy) of Wall SWN to be consistent with the protocol 
applied to the original walls by Morcos and Palermo.10 
The approach was intended to evaluate the pre- and post- 
repair behavior of the walls under similar loading condi-
tions. The yield displacement (Δy) of SWN was estimated 
from a preliminary pushover analysis to be 24 mm.19 The 
loading cycles were divided into two groups: pre- and post-
yield lateral displacement phases. The first loading phase 

Fig. 6—Reinforcement layout of Wall RSWN in plastic hinge region.

Table 1—Mixture design proportions for 75 L batch

PVA fibers, kg

Cement, kg Fly ash, kg Silica fume, kg Slag, kg Sand, kg Water, kg HRWRA, kg Volume, Lϕ = 0.10 mm ϕ = 0.04 mm 

0.94 0.94 30 50 8.25 3.38 33.38 23.33 0.75 75
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consisted of three repetitions of seven targeted symmetrical 
displacements of 1/20Δy, 1/10Δy, 1/5Δy, 3/10Δy, 2/5Δy, and 
1/2Δy to reach the yield displacement Δy; thereafter, two 
repetitive cycles were imposed with displacement incre-
ments of 1/2Δy until 5Δy for Wall RSWS-R (following Wall 
SWS-R). Wall RSWN (following Wall SWN) continued 
with three repetitive cycles for each target displacement 
up to 2Δy and two cycles per subsequent displacement 
level thereafter. (Note that based on preliminary numerical  
analysis, the yield displacement of SWS-R was approxi-
mated as one-half the yield displacement of SWN; therefore, 
the walls were subjected to three repetitions of loading up to 
two times their respective yield displacements.)

TEST RESULTS
Material properties

Concrete properties—The compressive strength of the 
ECC and SCC was evaluated from standard compression 
tests on 75 x 150 mm cylinders. The average compressive 
strength of three cylinders for the ECC was 64 MPa for 
RSWS-R and 63 MPa for RSWN on the day of testing the 
walls. The SCC in RSWS-R had an average compressive 
strength of 59 MPa.

Four-point bending tests were performed to characterize 
the flexural strength of the ECC on two prism specimens: 
Prism P1 with the dimensions of 75 x 75 x 250 mm, and 
Prism P2 with the dimensions of 75 x 75 x 500 mm. The 
prisms were cast from the ECC batch for Wall RSWS-R and 
were tested at the age of 28 days. The corresponding average 
28-day compressive strength of three cylinders for the ECC 
was 49 MPa. Shown in Fig. 8 are the load-displacement 
responses, exhibiting a noticeable ductile behavior, charac-
terized by a plateau stage at the initiation of cracking and 
prior to reaching the peak load. The descending branch of 

both prisms followed a gradual softening behavior. Addi-
tionally, both prisms developed a stiff initial response, where 
the first crack developed at 85% of the peak load for Prism 
P1 and 75% for Prism P2. The presence of the PVA fibers 
prevented a brittle failure mode; both prisms developed a 
localized dominant crack within the constant moment region 
and additional multiple finer cracks, as shown in Fig. 8. The 
fibers were able to bridge through and control the opening of 
the dominant crack, leading to the formation of other finer 
cracks. The maximum equivalent flexural strengths were 
5.60 MPa for P1 and 6.42 MPa for P2; the corresponding 
midspan displacements were 0.22 mm for P1 and 0.77 mm 
for P2. (Note that the equivalent strengths were based on the 
gross section properties [Soto Rojas24]).

Fig. 7—Repaired walls prior to testing: (a) RSWS-R; and (b) RSWN.

Fig. 8—Load versus midspan displacement of ECC flexural 
prisms and crack patterns at end of testing.
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Reinforcement properties—The mechanical properties of 
the 10M bars used in the repaired region of the walls were 
determined from standard coupon tests. Table 2 summarizes 
the properties of the reinforcing bars used in the original 
walls and the replacement bar segments used in the repair.

To assess the recovery capacity of the SMA bars, Morcos19 
performed a hybrid monotonic loading with a 6% strain 
cycle on an SMA bar used in Wall SWN. Shown in Fig. 9 
is the comparison between the stress-strain response for 
the SMA bar and a 10M reinforcing bar used in the orig-
inal walls. The superelasticity property of the SMA bar 
is evident; at a 6% strain, the SMA developed a stress of 
495 MPa, and thereafter, when unloaded to zero stress, the 
SMA experienced a negligible plastic offset of 0.18% strain 
prior to reloading to failure. The SMA failed prematurely by 
rupture of the top conical head of the mechanical coupler 
used in the original SWN wall at a stress of 1034 MPa and 
a corresponding 16% strain.19 At a 6% strain, the 10M steel 
bar was in the strain-hardening phase and at a stress level 
of 534 MPa. Unloading to zero stress, the steel bar experi-
enced a residual strain of approximately 6%. Thereafter, the 
steel bar was loaded to failure, reaching a maximum tensile 
strength of 584 MPa at a corresponding strain of 16.6%.

Cracking characteristics
Figure 10 illustrates the cracking patterns after testing 

Walls RSWS-R and RSWN. The existing cracks from the 
initial testing are highlighted with red and the new cracks 
are marked with green. At 4.8 mm displacement (0.2% drift) 
Wall RSWN developed the first flexural crack in the repaired 
region, 425 mm above the base; the crack was 0.3 mm wide 
and 300 mm long. During the last repetition at 4.8 mm in 
the negative direction, a previously existing flexural crack 
located above the repaired region, 1250 mm from the base, 
widened and reached 0.25 mm in width. RSWS-R developed 
no cracks in the repaired region at this displacement level 
and the existing cracks did not experience growth.

Wall RSWS-R developed the first crack in the repaired 
region during the first cycle of 12 mm displacement (0.5% 
drift) in the negative direction; the crack was 250 mm long 
and surfaced 25 mm from the base of the wall. Another crack, 
0.15 mm wide and 25 mm long, appeared during the second 
repetition in the positive direction at 250 mm from the base. 
In addition, two flexural-shear cracks, 0.15 mm in width, 
developed at 1550 and 1650 mm from the base of the wall.

Both walls developed major cracks at a displacement of 
24 mm (1% drift). For Wall RSWS-R, a 3.0 mm wide flex-
ural crack formed at 275 mm from the base. The negative 
excursions propagated this crack through the entire length of 
the wall. This localized damage was attributed to the change 
in the wall’s stiffness at that location due to the presence of 
the starter bars and mechanical couplers. Additional shorter 
cracks developed on both sides of this major crack. Above 
the repaired region, three new 0.1 mm-wide shear cracks 
developed. Similarly, during the loading excursions at 
24 mm lateral displacement, Wall RSWN developed a major 
5.0 mm wide horizontal crack extending through the length 
of the wall, approximately 500 mm from the base. Two hair-
line shear cracks branched downward at a 45-degree angle 
from the major horizontal crack, and two existing hairline 
shear cracks located above the repaired region reopened and 
extended for an additional 5 mm.

As the displacement levels increased, the cracks for both 
walls experienced an increase in width, accompanied by 
visible pullout and rupture of the fibers. For Wall RSWS-R, 
the major horizontal crack extended along the entire length 
and through the thickness, dividing the wall into two sections 
that were mainly connected by the longitudinal steel rein-
forcement. During the loading cycles at 60 mm (2.5% drift), 
two longitudinal steel bars in the right boundary region of 
RSWS-R ruptured. At this displacement level, the cracks 
within the repaired region of the RSWN wall became wider 

Table 2—Mechanical properties of reinforcing bars

Specimen ID Bar Yield strength, MPa Modulus of elasticity, GPa Tensile strength, MPa Tensile strain, % Rupture strain, %

SWS-R 10M* 428 197 558 14.7 17.4

SWN 10M* 435 186 564 14.0 15.8

SWN No. 13* 463 203 627 12.3 16.5

SWN SMA 338 42 1034 16.0† 16.0

RWS-R and RSWN 10M‡ 430 175 537 16.4 26.2

*Mechanical properties following a repetition of the material tests. These updated properties differ from the values reported by Morcos,19 Morcos and Palermo,10 and Soto Rojas.24

†Strain at rupture.
‡Based on cyclic tensile test of one bar reported by Soto Rojas.24

Fig. 9—Stress-strain response with 6% strain cycle of 10M 
steel and SMA bars. (Adapted from Morcos.19)
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without undergoing any propagation, with the major hori-
zontal crack opening to 20 mm. Unlike the steel-reinforced 
wall, vertical cracks appeared on the right side of the wall 
and are attributed to debonding of the SMA bars. The same 
crack pattern was visible on the left side of the wall due to 
the loss of bond between the SMA bar and the surrounding 
concrete.

At the 72 mm displacement cycle (3% drift), testing of 
RSWS-R was terminated. The cracking characteristics did 
not change throughout this cycle, except for the dominant 
horizontal crack that extended to a width of 30 mm without 
recovery. Three longitudinal steel bars ruptured in the right 
boundary region by the end of the second repetition, while 
two bars ruptured in the left boundary region. At the end 
of testing, Wall RSWS-R experienced a lateral offset of 
approximately 20 mm along the dominant horizontal crack.

Testing of Wall RSWN proceeded with higher lateral 
displacements, up to 96 mm (4.0% drift). At 84 mm lateral 
displacement (3.5% drift), during the negative loading 
cycle, Wall RSWN experienced rupture of one longitudinal 
steel bar on the right side of the web region, adjacent to the 
SMA bars. The right side of the dominant horizontal crack 
widened to 31 mm. Testing was terminated at the end of the 
first cycle at 96 mm (4% drift). During loading to the posi-
tive direction, a longitudinal steel bar ruptured on the left 
side of the web region. Furthermore, in the final excursion 
in the negative direction, two longitudinal reinforcing bars 
located on the right side of the web region were ruptured.

Load-displacement response
The lateral load-displacement responses of the walls 

pre- and post-repair are illustrated in Fig. 11. The displace-
ments were based on readings from the cable potentiom-
eter installed at the midheight of the loading beam, which 
recorded measurements relative to the foundation. The 

performance of the repaired walls is marked by a higher 
lateral load resistance in comparison to the original walls and 
comparable displacement capacity. Wall RSWS-R dissipated 
more energy than Wall SWS-R, with slightly wider hysteretic 
curves characterized by the development of higher loads for 
the same displacements, as shown in Fig. 11(a). Similarly, a 
significant increase in the lateral strength was observed for 
Wall RSWN (Fig. 11(b)). Wall RSWN experienced a reduc-
tion in drift capacity relative to the original wall. No signif-
icant difference in pinching was observed in the repaired 
SMA wall in comparison to the original SMA wall.

Table 3 summarizes performance parameters for the 
original and repaired walls at the yield, peak, and ultimate 
points, calculated as an average from the positive and nega-
tive directions. Based on the reduced stiffness equivalent 
elastoplastic method,25 the yield point was determined with 
a secant stiffness passing through the load-displacement  
response at 75% of the average nominal strength. The 
average yield load for Wall RSWS-R was 127 kN with a 
corresponding average yield displacement of 13.6 mm (0.6% 
drift). Wall RSWN had an average yield load of 123 kN and 
an average yield displacement of 30.9 mm (1.3% drift). Both 
walls had a nearly linear response prior to yielding, with 
Wall RSWN exhibiting a softer response due to the lower 
modulus of elasticity of the SMA bars compared to the steel 
reinforcement.

The post-yield behavior of Wall RSWS-R was marked by 
a steep development of load capacity prior to reaching the 
peak load. Conversely, Wall RSWN exhibited a sustained 
plateau with only a minor increase in load. In addition, the 
displacement recovery capacity of Wall RSWN was signifi-
cantly more pronounced in comparison to RSWS-R; at the 
displacement level of 24 mm (1% drift), Wall RSWN experi-
enced a residual displacement of 4.9 mm, while the residual 
displacement in Wall RSWS-R was 11 mm.

Fig. 10—Repaired walls after testing: (a) RSWS-R; and (b) RSWN.
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Wall RSWS-R had an average peak lateral load capacity 
of 145 kN at an average displacement of 29 mm (1.2% drift). 
During loading to the positive direction at the first excur-
sion of 24 mm (1% drift), RSWS-R developed a major crack 
located 300 mm above the base of the wall that corresponded 
to the peak load for the positive direction. The peak load in 
the negative direction occurred during the first repetition at 
36 mm (1.5% drift) when a similar crack appeared on the 
opposite side. Wall RSWN had an average peak load of 
137 kN with an average displacement of 59 mm (2.5% drift).

The post-peak response of both walls was dominated by 
the major cracks that developed above the starter bars. The 
ultimate point was established based on a 20% reduction 
in the lateral load capacity or the displacement cycle prior 
to the fracturing of the reinforcement. After the peak point, 
Wall RSWS-R experienced a gradual degradation of lateral 
load capacity, leading to an average ultimate load of 128 kN 
at an average displacement of 56 mm (2.3% drift), which 
represented the last cycle prior to rupturing of the longi-
tudinal steel reinforcement in the boundary region. Wall 
RSWN sustained an average ultimate load of 124 kN with an 
average ultimate displacement of 84 mm (3.5%). The SMA 
bars located in the boundary region experienced no damage; 
however, the longitudinal steel reinforcing bars in the web 
region ruptured and marked the termination of the test.

DISCUSSION OF RESULTS
Envelope load-drift response

Figure 12 compares the lateral load-drift envelopes from 
the positive loading excursions of Walls SWS-R, RSWS-R, 
and RSWN and the negative loading excursion of Wall 
SWN. The negative loading envelope was chosen for Wall 
SWN to avoid discussing and comparing results obtained 
from the asymmetrical positive loading of this specimen. 
The envelopes were developed from the first repetition of 
each displacement level in the loading direction.

The original steel wall, SWS-R, exhibited a higher initial 
stiffness in comparison to the repaired companion wall 
RSWS-R; this difference is attributed to the existing damage 
above the plastic hinge region in RSWS-R. For the SMA- 
reinforced walls, the responses were relatively similar up 
to 48 kN lateral loading, after which they diverged signifi-
cantly, with the repaired wall exhibiting markedly stiffer 
behavior. The initial stiffnesses, determined at 1.2 mm 
displacement (0.05% drift), were 32.4 and 24.4 kN/mm 
for Walls SWS-R and SWN, respectively. Walls RSWS-R 
and RSWN developed initial stiffnesses of 20.1 and  
15.4 kN/mm, respectively.

It may be observed that the repaired steel wall experienced 
global yielding at a larger drift relative to the original wall. 
Conversely, the repaired SMA wall experienced a yield drift 
that was smaller than the original wall. However, the repaired 
walls exhibited a significant increase in the corresponding 
lateral strength at yielding. In the post-yielding regime, the 
repaired specimens, Walls RSWS-R and RSWN, sustained 
increased lateral loads in comparison with the original walls. 
The trend continued up to failure. It is noteworthy that, as 
shown in Fig. 12, the shapes of the envelopes are similar for 
RSWS-R and SWS-R. The envelope of RSWN exhibits a 

Fig. 11—Lateral load-displacement response of walls: 
(a) SWS-R and RSWS-R; and (b) SWN and RSWN.

Table 3—Average performance points of original and repaired walls

Specimen ID

Yield Peak Ultimate

δ, mm Drift, % Load, kN δ, mm Drift, % Load, kN δ, mm Drift, % Load, kN

SWS-R 8.7 0.4 98 30.0 1.3 118 60 2.5 101

RSWS-R 13.6 0.6 127 29.3 1.2 145 56 2.3 128

SWN 45.0 1.9 93 91.0 3.8 118 103 4.3 113

RSWN 30.9 1.3 123 59.0 2.5 137 84 3.5 124
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response that can be satisfactorily characterized by bilinear 
behavior, whereas SWN provides a more pronounced 
trilinear response.

Cyclic rotation responses
The rotation responses were calculated from the vertical 

displacements recorded from the soffit of the top loading beam 
relative to the top of the foundation. The load-rotation behav-
iors are shown in Fig. 13. Overall, the SMA-reinforced walls 
exhibited larger rotations compared to the steel-reinforced  
walls. This behavior was observed for the original and 
repaired walls and is primarily attributed to the lower stiff-
ness of the SMA bars and the development of dominant 
cracks. In addition, the SMA-reinforced walls were able to 
recover large rotations to a greater extent compared to the 
steel-reinforced walls due to the self-centering capacity of 
the SMA bars. The average rotation from the positive and 
negative loading cycles at yielding for Wall SWS-R was 
5.5  × 10–3 rad, while the average rotation for SWN was 
19.9  × 10–3 rad. The repaired Walls RSWS-R and RSWN 
exhibited 10.7 × 10–3 rad and 28.7 × 10–3 rad average rota-
tions, respectively.

Wall RSWS-R sustained noticeably larger rotations 
compared to Wall SWS-R in the final loading cycles. This 
was due to the influence of ECC on the overall response, 
which led to the formation of a dominant crack in the repaired 
region and thus facilitated increased rotations. Repaired 
Wall RSWN also developed larger rotations compared to the 
original SWN wall, primarily due to the ECC material. At 
peak, Walls SWS-R and SWN developed average rotations 
of 12.3 × 10–3 rad and 36.7 × 10–3 rad, respectively. Repaired 
Walls RSWS-R and RSWN had average rotations of 20.1 × 
10–3 rad and 45.6 × 10–3 rad, respectively. At ultimate, the 
original Wall SWS-R had a rotation of 21.7 × 10–3 rad, while 
SWN’s rotation was 41.1 × 10–3 rad. The repaired Walls 
RSWS-R and RSWN at ultimate sustained 34.1 × 10–3 rad 
and 58.6 × 10–3 rad rotations, respectively.

Shear strain responses
The shear strains were calculated in the plastic hinge area 

following the approach suggested by Oesterle et al.26

	 γ = (δ1d1 – δ2d2)/2hl	 (1)

where γ is the shear strain; d1 and d2 are the reference lengths 
of the cable potentiometers installed diagonally in the plastic 
hinge; δ1 and δ2 are the change in length of the diagonal 
cable potentiometers; and h and l are the vertical and hori-
zontal projections of the cable potentiometers. The dimen-
sions were the same for all walls, d1 and d2 were 1130 mm, 
and h and l were 800 mm. Figure 14 depicts the load-shear 
strain responses.

At yielding, the repaired walls experienced average shear 
strains of 1.5 × 10–3 rad for Wall RSWS-R and 4.4 × 10–3 
rad for Wall RSWN. The original walls, SWS-R and SWN, 
developed at yielding average shear strains of 0.5 × 10–3 and 
2.4 × 10–3 rad, respectively. At peak lateral load, Wall RSWN 
developed average shear strains of 6.75 × 10–3 rad compared 
to 4.0 × 10–3 rad for Wall RSWS-R. The original Walls SWN 
and SWS-R exhibited average shear strains at peak loads of 
4.50 × 10–3 and 2.9 × 10–3 rad, respectively. As the lateral 
displacements increased, Wall RSWS-R experienced larger 

Fig. 12—Lateral load-drift envelopes of Walls SWS-R, 
RSWS-R, SWN, and RSWN.

Fig. 13—Load-rotation responses of walls: (a) SWS-R and 
RSWS-R; and (b) SWN and RSWN.
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shear strains compared to Wall RSWN, reaching an ultimate 
average shear strain of 14.9 × 10–3 rad, while Wall RSWN 
was subjected to 9.1 × 10–3 rad. The ultimate average shear 
strains for SWS-R and SWN were 6.8 × 10–3 rad for Wall 
SWS-R and 4.6 × 10–3 rad for Wall SWN.

The repaired walls did not experience shear failure or 
significant shear damage, indicating that the shear capacity 
of ECC combined with the transverse reinforcement was not 
exceeded. The main difference between the repaired walls 
is denoted by the higher shear strain recovery capacity of 
the SMA wall, whereas the steel-reinforced wall sustained 
high residual shear strain. The recentering characteristics of 
the SMA bars promoted the symmetrical behavior of Wall 
RSWN, while the conventional steel wall experienced an 
asymmetrical response (ratcheting in one direction); similar 
responses were observed for the original walls. In addi-
tion, no accentuated pinching was observed in the walls, 
explained by the lack of shear cracks within the plastic hinge 
region. In comparison with the original walls, the repaired 
walls developed considerably larger shear distortions over 
the plastic hinge region, attributed mainly to the behavior 

of ECC and to the contribution of the starter bars. (Recall 
that the original walls experienced rocking at the base of the 
walls, which was controlled in the repaired walls.)

Energy dissipation
Figure 15 provides the load-displacement response of 

all walls at 36 mm (1.5% drift). The characteristics of the 
responses between each set of walls are similar, with the 
exception of higher loads measured for the repaired walls. 
The dissipated energy was calculated as the area encom-
passed by the loop of the first repetition of loading. At this 
displacement level, the energy dissipated by Wall RSWS-R 
was 6240 N∙m, which represented 8% more energy than 
SWS-R, with a dissipated energy of 5765 N∙m. Similarly, 
Wall RSWN dissipated 2700 N∙m, a 22% increase over Wall 
SWN, with 2130 N∙m of energy dissipated. The ECC used 
for the repaired walls contributed to a strength enhancement 
in the walls, leading to higher dissipated energy throughout 
testing. In addition, the starter bars shifted the critical section 
above the base of the wall, effectively reducing the lever arm 
and resulting in increased strength.

Figure 16 illustrates the energy dissipated at each drift 
level for the original and repaired walls. Up to a 0.5% drift, 
the energy dissipation for all the walls was comparable. 
Thereafter, it is evident that the repaired steel-reinforced 
wall dissipated more energy compared to the original wall. 
For the SMA walls, the difference in energy dissipation 
became more pronounced in the final loading cycles, with 
the repaired wall dissipating significantly more energy.

Recovery capacity
Figure 17 presents the recovery capacity-drift response 

of all the walls. The recovery capacity is calculated as the 
ratio of the difference between the peak displacement and 
the residual displacement to the peak displacement for each 
drift level. For Wall SWN, the negative loading direction 
was also included, due to a significant difference in response 
compared to the positive direction. For the remainder of the 
walls, the recovery capacity was similar for the positive and 
negative loading directions; as such, only the positive results 
are reported. The enhanced recovery attained by the repaired 
walls in the initial phase of testing was partly due to the 
preferred behavior of the ECC. In addition, the placement 
of the starter bars shifted the critical section away from the 
base of the wall, allowing for the characteristics of the ECC 
and SMA materials to better contribute to the response of 
the walls.

At the onset of testing, up to a 0.3% drift, the original 
and repaired steel-reinforced walls behaved in a similar 
manner. At a 0.4% drift, Wall SWS-R recovered 76% from 
the imposed displacement, while Wall RSWS-R recovered 
85.4%. Similar behavior was experienced throughout testing; 
at a 1% drift, Wall SWS-R recovered 40.2%, whereas Wall 
RSWS-R recuperated 51.6%. At a 2% drift, Wall SWS-R 
recovered 29%, while Wall RSWS-R was able to retrieve 
37.6%. The difference of approximately 10% in recovery 
capacities decreased as the walls approached failure.

The repaired SMA wall, RSWN, exhibited an improved 
recovery capacity up to a 1.5% drift, compared to both the 

Fig. 14—Load-shear strain responses of walls: (a) SWS-R 
and RSWS-R; and (b) SWN and RSWN.
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positive and negative responses of the original SWN wall. 
Thereafter, Wall SWN provided an enhanced recovery 
capacity in the positive loading direction compared to the 
repaired wall, which was maintained until failure. Compared 
to the recovery capacity of Wall SWN measured in the 
negative direction, the repaired wall exhibited a preferred 
response; the difference in recovery, however, was dimin-
ished as the walls approached failure, similar to the trend 
observed for the steel-reinforced walls. The primary reason 
behind the dissimilarity between the positive and nega-
tive loading responses for Wall SWN is attributed to the 
pronounced sliding at the base and rocking of the wall. Note 
that the increase of recovery for Wall RSWN at a 4% drift 
was the result of the fracturing of the longitudinal web bars, 
reducing the resistance to recovery.

Effect of starter bars
The addition of the starter bars in the web region of the 

repaired walls aimed to control the sliding of the walls 
along the cold joint between the ECC repair concrete and 

the existing concrete at the foundation level. In addition, 
the starter bars were used to prevent the rocking of the 
walls experienced by the original walls along their base. 
Controlling sliding and rocking resulted in a response that 
was controlled within the wall panel. This, in turn, ensured 
that the benefits of the ECC were realized. A cable poten-
tiometer was installed 50 mm above the base of the walls 
to monitor the horizontal displacements throughout testing. 
The maximum lateral displacement was 0.38 mm for Wall 
RSWN and 0.31 mm for Wall RSWS-R. The negligible 
displacements validated that the addition of the starter bars 
eliminated sliding along the base of the walls. Furthermore, 
the starter bars eliminated the damage experienced by the 
original walls at the base. Figure 18 illustrates the state of 
the base of Walls SWN and RSWN at the end of testing. No 
significant cracking surfaced in the repaired walls along the 
height of the starter bars (300 mm) due to the high concen-
tration of steel in this region, which created a rigid section, 
shifting the failure mode higher into the wall.

Fig. 15—Hysteretic response at 36 mm displacement (1.5% drift) of walls: (a) SWS-R and RSWS-R; and (b) SWN and RSWN.

Fig. 16—Energy dissipated at different drift levels.
Fig. 17—Displacement recovery capacity-drift responses of 
walls: SWS-R and RSWS-R; and SWN and RSWN.
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Failure modes
Figures 2 and 10 depict the crack patterns of the original 

and repaired walls at the end of testing. The influence of the 
ECC mixture is evident when comparing the state of the 
walls at failure. For the repaired wall, widespread cracking 
did not surface as was observed in the original walls (Fig. 2), 
and the formation of a more localized damage zone was 
evident (Fig. 10).

Replacing the conventional concrete with the ECC in the 
plastic hinge resulted in a delay in the damage experienced 
by the repaired walls at larger drifts. Moderate damage was 
detected up to a 1.5% drift for both repaired walls compared 
to a 0.5% drift for Wall SWS-R and a 0.3% drift for Wall 
SWN. This was associated with the effectiveness of the fibers 
in bridging the cracks at large displacements. The damage 
retention and crack recovery were sustained up to drifts of 
2% for Wall RSWS-R and 2.5% for Wall RSWN. Thereafter, 
the fibers began pulling out from and fracturing at the local-
ized major crack. The PVA fibers pulled out once the crack 
width exceeded the anchorage length of the fibers, approx-
imately 6 mm. The major crack that formed in Wall RSWN 
at a height of 400 mm from the base illustrated the benefits 
of the fibers, which prevented the crack from widening up to 
drifts of 2.5%. Figure 19 is a close-up view of the PVA fibers 

pulling out and fracturing at the localized cracks located in 
the boundaries and web region of Wall RSWN. Note that 
similar behaviors were observed in both repaired walls.

CONCLUSIONS
Two previously tested shear walls were repaired and tested 

under reversed cyclic loading. One of the walls was rein-
forced with nickel-titanium (NiTi) superelastic bars in the 
boundary regions of the plastic hinge area, while the other 
wall contained steel reinforcement only. The repair involved 
the removal of heavily damaged concrete in the plastic 
hinge area, the replacement of ruptured and buckled steel 
reinforcement, the addition of starter bars, and the casting 
of engineered cementitious composite (ECC) to replace the 
concrete that was removed. The following conclusions are 
drawn from the experimental testing:

1. The repaired walls developed localized damage 
primarily within one-third of the plastic hinge region, as 
opposed to the original walls, which presented widespread 
cracking. The major benefit of localized damage relates to a 
potentially more accelerated repair process.

2. The lateral strength of the repaired walls was consid-
erably higher compared to the original walls. The enhanced 
properties of the ECC were one of the main factors 

Fig. 18—State of base of walls at end of testing: (a) SWN; and (b) RSWN.

Fig. 19—Wall RSWN: Pulling out and fracturing of PVA fibers at localized cracks: (a) boundary zone; and (b) web region.
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contributing to the increase in capacity. Repaired Wall 
RSWS-R developed a peak lateral strength 23% larger 
compared to the original Wall SWS-R; both walls reached 
their peak strength at 30 mm lateral displacement. Wall 
RSWN had a 16% increase in peak lateral strength compared 
to SWN; the repaired wall developed its peak load at 66 mm 
lateral displacement, in comparison to 91 mm for SWN. The 
strength enhancement of the repaired walls led to generally 
higher dissipated energy.

3. The ultimate drift capacity of the repaired RSWS-R wall 
was marginally lower, 2.3% compared to 2.5% for SWS-R. 
A more pronounced reduction in ultimate drift was measured 
for Wall RSWN (3.5%) compared to SWN (4.3%).

4. Generally, enhanced recovery capacity was observed for 
the repaired walls compared to the original walls, primarily 
due to the enhanced behavior of ECC and the placement of 
the starter bars. (Note that this is true for the repaired shape 
memory alloy [SMA] wall relative to the negative direction 
of loading of the original wall.) The starter bars shifted the 
critical section away from the base of the wall, thus allowing 
for the ECC and SMA materials to better contribute to the 
response of the walls.

5. For both sets of walls, the SMA-reinforced walls exhib-
ited larger rotations compared to the steel-reinforced walls 
on account of the lower stiffness of the SMA bars.

6. The repaired walls did not exhibit significant shear 
damage. Wall RSWN developed a higher shear strain 
recovery capacity compared to Wall RSWS-R, which 
sustained high residual shear strain. The recentering char-
acteristics of the SMA bars promoted the symmetrical 
behavior of Wall RSWN, while the conventional steel wall 
experienced an asymmetrical response; similar responses 
were observed for the original walls.

In summary, the study presented herein demonstrates 
that NiTi SMA bars and ECC constitute a viable system for 
slender concrete shear walls. In general, the repair strategy 
enhanced the recovery and energy dissipation capacities, 
resulted in damage localization, and permitted the walls to 
exhibit enhanced shear distortion and rotation responses.
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Shear failures are one of the most brittle modes of response in rein-
forced concrete columns subjected to earthquake-induced lateral 
drifts, notably if the failure occurs before the flexural strength 
is reached. Columns exhibiting this failure mode are termed 
shear-critical and are associated with the loss of the column’s axial 
load-carrying capacity. Using a database of tests on 38 large-sized 
rectangular and square columns that exhibited this mode of failure, 
this paper reviews 10 methods published in the literature and 
compares their predictive capabilities. This paper shows significant 
differences between the methods, with the methods in Pan and Li 
(2013) and ASCE/SEI 41-13 being assessed as the most accurate.

Keywords: assessment methods; columns; earthquakes; lateral loading; 
shear failure; strength.

INTRODUCTION
Failure of shear-critical columns is one of the most unde-

sirable behavioral modes in reinforced concrete structures. 
Such failures are inherently brittle and can lead to the loss of 
gravity load-carrying capacity. This paper defines shear-crit-
ical columns as those where the longitudinal strains in the 
extreme fiber in the concrete and the tensile strains in the 
longitudinal reinforcement induced by combined flexure and 
axial force at the column ends are lower than those used to 
compute the capacity. A more descriptive definition of this 
type of failure is given in the paper. Failures of this type 
are more commonly found in the aftermath of an earthquake 
in columns of older buildings that were subjected to double 
curvature when side swaying. An accurate assessment of 
the shear strength of columns of old buildings in seismic 
regions is needed to support a decision if a column should 
be retrofitted. This paper examines 10 methods that can be 
used to assess the strength of shear-critical columns, namely: 
1) Priestley et al. (1994); 2) Bentz (2000); 3) Priestley et al. 
(2007); 4) Pan and Li (2013); 5) ASCE/SEI 41-13 (ASCE 
2014); 6) Pujol et al. (2016); 7) ASCE/SEI 41-17 (ASCE 
2017); 8) Hua et al. (2019); 9) ACI 318-19 (ACI Committee 
318 2019) Method A; and 10) ACI 318-19 Method B. The 
methods proposed by Priestley et al. (1994, 2007), Bentz 
(2000), Pan and Li (2013), ASCE/SEI 41-13, ASCE/SEI 
41-17, and Hua et al. (2019) have also been developed to 
capture flexure-shear failure in columns, which occurs after 
the column reaches its flexural strength. Such a failure mode 
is not examined in this paper.

RESEARCH SIGNIFICANCE
Many columns in older buildings in seismic regions could 

be classified as shear-critical. Shear-critical columns have 

a mode of response that is inherently brittle and whose 
failure compromises the columns’ gravity load-carrying 
capacity. This paper examines the predictive capabilities 
of 10 methods that could be used to assess the strength of 
normalweight reinforced concrete shear-critical columns. 
Predicted shear strengths are compared with those measured 
for 38 large-scale square- and rectangular-section columns 
exhibiting such a failure mode.

PREDICTIVE SHEAR STRENGTH MODELS
This section briefly reviews 10 methods suitable for 

assessing the strength of shear-critical square and rectan-
gular normalweight columns. The methods are presented in 
chronological order from the date the method was published.

Priestley et al. (1994) method
This method belongs to the family of superimposed 

parallel-angle truss and diagonal strut mechanisms of shear 
transfer (refer to Fig. 1) proposed simultaneously by Shohara 
and Kato (1981) and Minami and Wakabayashi (1981). 
These researchers fixed the angle of the truss to 45 degrees, 
and the angle of inclination of the diagonal strut αS was 
determined from equilibrium following several assumptions 
made to find the share of the shear force carried by each 
mechanism. Ichinose (1992) and Watanabe and Ichinose 
(1992) made the angle of the parallel-angle truss a function 
of concrete compressive strength, the transverse reinforce-
ment ratio, and its yield strength. They limited it to no less 
than 26 degrees, following the recommendation by Thürli-
mann (1979). As described next, Priestley et al. (1994) used 
an angle of inclination of 30 degrees to the vertical for the 
truss mechanism. This shear-transfer mechanism through a 
parallel-angle truss and a diagonal strut is straightforward 
and intuitive. However, overlapping two compressive stress 
fields having different orientations creates some conceptual 
difficulties. The nominal shear strength in the Priestley et al. 
(1994) method is given by the sum of three independent 
mechanisms

	 Vn = Vc + Vs + VN	 (1)
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where Vc is the shear force carried by the concrete, whose 
magnitude depends on the ductility level; Vs is the shear 
force carried by the transverse reinforcement; and VN is the 
shear force carried by the diagonal strut. The shear force sum 
Vc + Vs is the contribution of the truss mechanism to shear 
resistance, as first envisioned by Shohara and Kato (1981) 
and Minami and Wakabayashi (1981).

In Eq. (1), the shear force carried by the concrete is given 
by

	​ ​V​ c​​  =  ​k​ d​​ ​√ 
____

 ​fc ′ ​ ​​A​ e​​​ (MPa)	 (2)

where parameter kd depends on the displacement ductility 
and whether the columns are subjected to uniaxial or biaxial 
loading; and the effective shear area, Ae, is made equal to 
0.8Ag, where Ag is the gross area of the concrete section. For 
uniaxial loading, when the member displacement ductility is 
less than 2 or greater than 4, kd equals 0.29 and 0.1, respec-
tively. Factor kd varies linearly in the range of ductility 
values from 2 to 4.

In rectangular columns, the shear force carried by the 
transverse reinforcement, Vs, to be used in Eq. (1) is

	 Vs = (Av fyth′/s)cotθ	 (3)

where Av is the area of shear reinforcement within spacing 
s; fyt is the yield strength of transverse reinforcement; θ is 
the angle of inclination of the diagonal compressive stress 
field to the vertical and was made equal to 30 degrees; h′ is 
the distance between the perimeter hoop centers; and s is the 
center-to-center spacing of transverse reinforcement.

The contribution of the axial load component, VN, is given 
by

	​ ​V​ N​​  =  ​N​ u​​tan​α​ P​​  =  ​ h − c _ 2​a​ v​​  ​​N​ u​​​	 (4)

where Nu is the axial load acting on the column, defined as 
positive in compression; h is the column depth; c is the flex-
ural compression zone depth; and av is the shear span given 
by L for a cantilever column or the length of a column from 
the critical section to the point of inflection. In this method, 
the axial force Nu is assumed to act at c/2 at the column 
end, where the maximum bending moment occurs (refer to 
Fig. 2). A difficulty with this method is that the value of c has 
to be found by iterations using a section moment-curvature.

Response-2000 (Bentz 2000)
Response-2000 by Bentz (2000) is a program that 

adapts the Modified Compression Field Theory (Vecchio 
and Collins 1986) for calculating the force-displacement 
response of prismatic beams and columns. Among several 
other calculations, this program computes the nominal shear 
strength through numerical integration of the shear stresses 
in a sectional analysis. Response-2000 makes the kinematic 
assumption that plane sections remain plane, uses average 
stress-average strain constitutive material relationships, and 
incorporates a limit of the shear stresses at crack interfaces.

Priestley et al. (2007) method
In 2000, Kowalsky and Priestley modified the method 

proposed by Priestley et al. (1994) for circular columns, and 
in 2007, Priestley et al. extended it for application to rectan-
gular columns. In this method, the nominal shear strength 
in a rectangular column is the sum of the three independent 
mechanisms given by Eq. (1), with changes to the shear 
strength contributed by the concrete, Vc, and the transverse 
reinforcement, Vs, as follows

	​ ​V​ c​​  =  αβ​(0.29​√ 
_____

 ​fce ′ ​ ​)​​A​ e​​​ (MPa)	 (5)

	​ ​V​ s​​  =  ​ 
​A​ v​​​f​ yt​​(h − c − ​c​ o​​ )  ______________ s  ​cotθ​	 (6)

where 1 ≤ α = 3 – (av/h) ≤ 1.5; β = 0.5 + 20ρl ≤ 1; fce′ is the 
expected concrete compressive strength; θ = 30 degrees; c 
is the neutral axis depth; co is the cover to the centerline of 

Fig. 1—Earliest truss-and-strut model of shear resistance 
with truss mechanism with compressive stress field inclined 
at 45 degrees and diagonal strut inclined at angle αs with 
vertical. (Adapted from Shohara and Kato [1981].)

Fig. 2—Truss-and-strut model by Priestley et al. (1994).
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the perimeter hoop; and ρl is the ratio of the area of longitu-
dinal reinforcement to the gross concrete area perpendicular 
to that reinforcement.

Pan and Li (2013) method 
This method belongs to the family of superimposed truss 

and diagonal strut mechanisms of shear transfer previously 
discussed. However, in this method, the authors use a vari-
able angle instead of a parallel truss, and they estimate the 
crack critical angle based on minimizing the external work 
caused by a unit shear force. 

As in the Priestley et al. (1994) method, the nominal shear 
strength in this method is given by the sum of three compo-
nents (refer to Eq. (1)). The shear force carried by the trans-
verse reinforcement, Vs, is expressed by Eq. (3), where h′ 
is replaced by dv, defined as the effective shear depth taken 
as the flexural lever arm, which need not be taken less than 
0.9d. In Eq. (3), θ is defined as follows

	​ θ  =  arctan​​(​ 
n​ρ​ v​​ + ​ζ​ 2​​​ 

​ρ​ v​​​b​ w​​​d​ v​​ _ ​ρ​ v​​​A​ g​​  ​
  _____________ 1 + n​ρ​ v​​  ​)​​​ 

1/4

​​	 (7)

where n = Es/Ec; Es and Ec are the modulus of elasticity of 
reinforcing steel and concrete, respectively; and parameter 
ζ2 equals 0.57 and 1.57 for columns with fixed-fixed and 
fixed-pinned ends, respectively.

The shear force carried by the concrete in the truss model 
is

	 Vc = βbwdv√fc′ (MPa)	 (8)

where β is expressed as (Bentz et al. 2006)

	​ β = ​  0.40 _ 1 + 1500​ε​ x​​ ​  ​ 
1300 _ 1000 + ​s​ ze​​ ​​	 (9)

where sze is the effective crack spacing; and εx is the longitu-
dinal strain at the middepth of the cross section. Pan and Li 
(2013) express εx in Eq. (9) as a function of Vc + Vs, Nu, θ, Es, 
and As (area of longitudinal tension reinforcement), leading 
to a closed-form solution for Vc.

For defining the contribution of the axial load component, 
VN, Pan and Li (2013) equal the shear deformation produced 
by the truss model and that of the strut model; thus, they 
remove the incompatibility between the two mechanisms of 
shear transfer, making it conceptually clear

	​ ​ ​V​ c​​ + ​V​ s​​ _ ​K​ t​​  ​  =  ​ ​V​ N​​ _ ​K​ a​​ ​​	 (10)

where Ka and Kt are the shear stiffness of the strut model 
and the truss model, respectively, and these coefficients are 
defined in Pan and Li (2013).

From Eq. (10), the contribution of the axial load compo-
nent, VN, is given by

	 VN = (Vc + Vs)(Ka/Kt)	 (11)

ASCE/SEI 41-13 (2014)
The assessment and retrofit standard ASCE/SEI 41-13 was 

adopted with some modifications from the Sezen and Moehle 

(2004) method for computing the shear strength of rein-
forced concrete rectangular columns. In these two methods, 
the nominal shear strength in a rectangular column is the 
sum of concrete and transverse reinforcement mechanisms

	 Vn = ks(Vs + Vc)	 (12)

where ks is a shear strength factor that decreases with 
ductility and is equal to 1 in shear-critical columns.

In these methods, the contribution of the transverse rein-
forcement to the shear strength is given by the traditional 
“45-degree” truss

	 Vs = Av fytde/s	 (13)

where the depth de is the distance from the extreme fiber in 
compression to the resultant tensile force in the Sezen and 
Moehle (2004) method, whereas de = 0.8h in ASCE/SEI 
41-13. This is the only difference between these two methods.

The contribution of the concrete to the shear strength, Vc, 
is based on the assumption of diagonal tension failure, and it 
is assumed that this failure is related to the principal tensile 
stress acting in the column, σ1, which, in an x-y plane, is 
defined as

	​ ​σ​ 1​​  =  ​ 
​σ​ x​​ + ​σ​ y​​ _ 2  ​ + ​√ 

_____________

  ​​(​ 
​σ​ x​​ − ​σ​ y​​ _ 2  ​)​​​ 

2
​ + ​τ​​ 2​ ​​	 (14)

where σx and σy are the normal stresses in the x- and  
y-directions, respectively, taken as positive in tension; and 
τ is the shear stress. This method assumes σx = 0 and makes 
σy = –Nu/Ag, where Nu is defined as positive in compression 
and equal to zero in tension, and Ag is the column gross- 
section area. With these definitions, Eq. (14) can be solved 
for τ as follows

	​ τ  =  ​σ​ 1​​​√ 
_

 1 + ​  ​N​ u​​ _ ​σ​ 1​​​A​ g​​ ​ ​​	 (15a)

Sezen and Moehle (2004) made the direct tensile strength 
of concrete σ1 = 0.5​​√ 

____
 ​fc ′ ​ ​​ MPa, which is in reasonable agree-

ment with Gopalaratnam and Shah (1985) and Zheng et al. 
(2001) for normalweight concrete. As a result, the shear 
stress associated with the direct tensile strength of concrete 
is given by

	​ τ  =  0.5​√ 
____

 ​fc ′ ​ ​​√ 
_______________

  1 + ​  ​N​ u​​ ____________ 
0.5​√ 

____
 ​fc ′ ​ ​​A​ g​​

 ​ ​​ (MPa)	 (15b)

Vc is defined as the product of the shear stress, τ, given 
by Eq. 15(b), and an effective concrete area equal to 0.8Ag. 
Following the recommendation of Joint ASCE-ACI Task 
Committee 426 (1973), this method includes an empirical 
correction to relate Eq. (15) with Vc as follows

	​ ​V​ c​​ = ​k​ s​​​[0.5​√ 
____

 ​fc ′ ​ ​​√ 
_______________

  1 + ​  ​N​ u​​ ___________ 
0.5​√ 

____
 ​fc ′ ​ ​​A​ g​​

 ​   ​]​​ 
 0.8​A​ g​​ ______ av/de

 ​​  (MPa)	 (16)

where av/de ∈ [2, 4] and ks = 1.0 in shear-critical columns. 
In Eq. (16), ASCE/SEI 41-13 makes the effective shear area 
equal to 0.8Ag.
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Pujol et al. (2016) method
Pujol et al. (2016) used a Mohr-Coulomb failure crite-

rion with a tension cutoff (Paul 1961) as the basis for the  
development of a method to compute the strength of 
shear-critical rectangular columns. The nominal shear 
strength in a shear-critical column is given by the product of 
a shear stress, τn, times a shear area Acc

	 Vn = τnAcc	 (17)

where Acc is the core cross-sectional area defined by the 
centerline of the perimeter rectilinear hoops; and τn is a 
nominal shear strength given by the smaller of the stresses τ1 
and τ2 computed for Limit 1 and Limit 2, respectively, in the 
Mohr-Coulomb failure criterion with a tension cutoff (refer 
to Fig. 3). These stresses are given by (to achieve consis-
tency, some terms defined by Pujol et al. [2016] have been 
redefined in this paper)
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	(18)

	​ ​τ​ 2​​  =  ​√ 
______________

  ​(​σ​ a​​ + ​f​ te​​)​​(​σ​ t​​ + ​f​ te​​)​ ​​	 (19)

where fceff′ is the effective compressive concrete strength 
defined by these researchers as 2/3fc′ on the basis of the work 
on concrete plasticity by Nielsen (1998); and kc is a concrete 
confinement coefficient. Pujol et al. (2016) used kc = 4 as a 
simplification of the term proposed by Richart et al. (1929) 
of kc = 4.1. Using kc = 4 defines the cohesion and friction 

parameters k1 = 1/4 and k2 = 0.75 in the Mohr-Coulomb 
failure criterion (refer to Fig. 3(b)). In Eq. (19), fte = 0.083​​√ 

____
 ​fc ′ ​ ​​  

MPa is an effective concrete tensile strength assumed to act 
in a section not subjected to curvature. Finally, in Eq.  (18) 
and (19), the mean transverse stress, σt, and the mean axial 
stress, σa, are given by

	 σt = pwefyt	 (20)

where the ratio pwe = Av/(bcs) is the cross-sectional area of 
transverse reinforcement Av divided by the product of core 
width bc times stirrup spacing s

	​ ​σ​ a​​  =  ​ ​N​ u​​ + ​T​ e​​ _ ​A​ cc​​  ​​	 (21)

Unlike the assumption made of no curvature for defining 
the effective tensile strength in concrete, the tension force Te 
in this method is computed assuming the presence of curva-
ture in the section, for which the authors give the following 
simplified equation

	​ ​T​ e​​  =  ​ 1 _ 4 ​​A​ st​​ ​f​ y​​​(1 − ​  ​N​ u​​ __________ 0.3​fc ′ ​​A​ g​​
 ​)​​	 (22)

where Ast is the total cross-sectional area of longitudinal 
reinforcement.

ASCE/SEI 41-17 (2017) and New Zealand (MBIE 
2018) methods

The shear strength equations in ASCE/SEI 41-17 and the 
New Zealand Seismic Assessment Guidelines (MBIE 2018) 
adopted the model proposed by Sezen and Moehle (2004) 
with some modifications. In these references, the equations 
are to be used with lower-bound or expected strengths. In 

Fig. 3—Truncated Mohr-Coulomb failure criterion used in method proposed by Pujol et al. (2016).
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the context of this paper, where methods are compared with 
a data set of test results, the actual mechanical properties of 
the concrete cylinder and yield strength of the reinforcement 
are known. For this reason, the equations are rewritten in 
terms of the nominal shear strength Vn as follows

	​ ​V​ n​​  =  ​k​ s​​​

⎡

 ⎢ 
⎣

​
​α​ Col​​​(​ 

​A​ v​​​f​ y​​​d​ e​​ _ s  ​)​+
​  

​(​ 
0.5​√ 

____
 ​fc ′ ​ ​ ______ av/​d​ e​​

 ​  ​√ 
______________

  1 + ​  ​N​ u​​ ___________ 
0.5​A​ g​​​√ 

____
 ​fc ′ ​ ​
 ​ ​)​0.8​A​ g​​

​

⎤

 ⎥ 
⎦

​​ (MPa)	 (23)

where all variables except αCol were previously defined 
under the ASCE/SEI 41-13 method; and αCol is a parameter 
that evaluates the effectiveness of the transverse reinforce-
ment in resisting shear: αCol = 1.0 for s/de ≤ 0.75, αCol = 0.0 
for s/de ≥ 1.0, and αCol varies linearly for s/de between 0.75 
and 1.0.

Hua et al. (2019) method
The method proposed by Hua et al. (2019) determines the 

nominal shear strength as one given by three different shear- 
resisting mechanisms, namely: 1) the truss mechanism Vtruss; 
2) the diagonal tension mechanism, Vdiag-tension; and 3)  the 
strut-compression mechanism, Vstrut-compression. According to 
this method, the nominal shear strength is the maximum of 
the strengths computed for the three mechanisms

	 Vn = max(Vtruss, Vdiag-tension, Vstrut-compression)	 (24)

where the shear resisted by the truss mechanism, Vtruss, is 
given by

	 If Vs ≥ 0.1Vtruss-tension,
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 (25)
	 and if Vs < 0.1Vtruss-tension,

	 Vtruss = 0

taking fct = 0.5​​√ 
____

 ​fc ′ ​ ​​ MPa, α1 = 1.0; α2 = 0.9; α3 = 0.3; ζ = 3.35/​​
√ 

____
 ​fc ′ ​ ​​ MPa ≤ 0.52; and making ks = 1 in shear-critical columns. 

Furthermore, this method defines d as the distance from the 
extreme compression fiber to the extreme longitudinal rein-
forcement in tension.

The shear resisted by the diagonal tension mechanism 
Vdiag-tension is given by

	​ ​V​ diag-tension​​ =   ​k​ s​​​V​ c​​ = ​k​ s​​​(​ 
​f​ ct​​ _ ​a​ v​​/d

 ​​√ 
_

 1 + ​  ​N​ u​​ _ ​f​ ct​​​A​ g​​
 ​ ​)​​α​ 1​​​A​ g​​​ (MPa)		

		  (26)

The shear resisted by the strut-compression mechanism, 
Vstrut-compression, is given by

	 Vstrut-compression = α4ksKζfc′kdbwcosθstr	 (27)

where bw is the width of a rectangular column; α4 = 1.2; ζ = 
min(3.35/​​√ 

____
 ​fc ′ ​ ​​, 0.52) (MPa) is the softening coefficient of 

cracked concrete in compression; and kd is the depth of flex-
ural compression zone of an elastic column and is computed 
from Eq. (28)

	 kd = (0.25 + 0.85Nu/(Agfc′))h	 (28)

In Eq. (27), K is given by

	 K = 1 + 0.9(Fyh/ζfc′Astr) ≤ 1.67	 (29)

where Astr = kdbw; and Fyh is the yield force of horizontal ties 
and is given by

	​ ​F​ yh​​  =  ​ 3 _ 4 ​​(1 − ​  h _ 4​a​ v​​ ​)​​(​∑ 
i=1

​ 
nt

 ​​A​ v​ i ​ ​f​ yt​​​)​​	 (30)

where nt is the total number of ties along length av.
Angle θstr in Eq. (27) is given by

	​ ​θ​ str​​  =  ​tan​​ −1​​(​  ​l​ u​​ ________ h − 2kd/3 ​)​​	 (31)

Considering the two truss mechanisms defined by Hua 
et al. (2019), it can be shown that Vtruss is always larger than 
Vdiag-tension. Therefore, in this method, the shear strength of 
a column becomes the maximum of: 1) the shear resisted 
by the truss mechanism Vtruss; and 2) the shear resisted by a 
strut-compression mechanism, Vstrut-compression.

ACI 318-19 methods
The two design methods found in ACI 318-19 are included 

in this paper as assessment methods because these methods 
are used in some parts of the world for this purpose.

The nominal shear strength at a column section is calcu-
lated by

	 Vn = Vc + Vs	 (32)

The column’s cross section needs to satisfy

	 Vn ≤ Vc + 0.66​​√ 
____

 ​fc ′ ​ ​​bwd (MPa)	 (33)

For nonprestressed members and Av ≥ Av,min, the nominal 
shear strength provided by concrete, Vc, is given by either 
Eq. (34a) for Method A or Eq. (34b) for Method B

	​  ​V​ c​​  =  ​[0.17​√ 
____

 ​fc ′ ​ ​ + ​ ​N​ u​​ _ 6​A​ g​​ ​]​​b​ w​​d​ (MPa)	 (34a)

	​  ​V​ c​​  =  ​[0.66​​(​ρ​ w​​)​​​ 1/3​​√ 
____

 ​fc ′ ​ ​ + ​ ​N​ u​​ _ 6​A​ g​​ ​]​​b​ w​​d​ (MPa)	 (34b)

where ρw = As/(bwd); and As is the area of nonprestressed 
longitudinal tension reinforcement. In evaluating the paper’s 
ACI 318-19 methods, As was computed as 3/8Ast (Restrepo 
and Rodriguez 2013). The axial stress Nu/(6Ag) in Eq. (34) 
should not be taken greater than 0.05fc′ MPa, and the shear 
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strength provided by concrete, Vc, should not be taken 
greater than

	 Vc = 0.42​ ​√ 
____

 ​fc ′ ​ ​​bwd (MPa)	 (35)

Additionally, in this method, the shear strength provided 
by shear reinforcement Vs is given by

	 Vs = Avfytd/s	 (36)

According to ACI 318-19, the depth d is the distance from 
the extreme compression fiber to the centroid of the longitu-
dinal reinforcement in tension, but the Code gives no equa-
tion to determine this depth. Guerrini and Restrepo (2018) 
proposed a simple expression to compute d, which was used 
in the evaluation of the ACI 318-19 methods in the paper

	​  d  =  ​[0.65(0.76 ​  ​N​ u​​ _______ ​A​ g​​​fc ′ ​
 ​ + 0.28 )  + ​ 1 _ 2 ​]​h​	 (37)

In evaluating the ACI 318-19 methods carried out later, 
ACI 318-19 Method A and Method B refer to the cases of 
computing Vn using Eq. (34a) and (34b), respectively.

COLUMN DATABASE
To compare the predictive capabilities of the different 

methods described previously, a database of 38 shear-critical 
columns was compiled from reversed cyclic tests reported 
by Ramirez and Jirsa (1980), Kuramoto and Minami (1992), 
Yoshimura and Nakamura (2002), Kabeyasawa et al. (2002), 
Tran (2010), Nakamura and Yoshimura (2014), Ou and Kurni-
awan (2015), Ghannoum et al. (2015), Li et al. (2019), and 
Huy et al. (2022). The brittle-most behavior in shear-critical 
columns is when failure occurs before flexural yielding—
that is, when a column meets three criteria: 1) the column 
is subjected to double curvature and exhibits a distinct diag-
onal shear band at failure which passes through the point of 
inflection; 2) the maximum tensile strain in the longitudinal 
does not exceed 0.85εy; and 3) the peak compressive strain 
does not exceed εc′. The latter two criteria are most often 
determined by analysis with peak compressive strain defined 
by Eq. (38) (Collins and Mitchell 1991)

	​ ​εc ′ ​  =  ​ 
​fc ′ ​ ____ ​E​ c​​ ​ ​ 

​n​ 1​​ _ ​n​ 1​​ − 1 ​​ (MPa)	 (38)

where

	 n1 = 0.8 + (fc′/17) (MPa)	 (39)

The aforementioned definition implies that columns can 
also be shear-critical after yielding occurs at the column 
ends. An example of such columns is those whose density of 
transverse reinforcement is greater at the column ends than 
at the column midheight.

All columns in the database for this study were tested in 
double curvature. Because of possible size effects (Yu and 
Bažant 2011), only columns with a depth of at least 300 mm 
(11.8 in.) were selected for the database. Tables 1 and 2 list 
the key parameters of each of the columns. In Table  2, db 
is the nominal diameter of the longitudinal bar, dbt is the 

nominal diameter of transverse reinforcement, ρv is the ratio 
of Av to bws, and cc is the clear cover of reinforcement. Figure 
4 depicts the distribution of key variables, where it is evident 
that: 

1. The 38 columns in the database have a low to moderate 
axial load ratio. 

2. Twenty-eight columns have concretes with a measured 
cylinder compressive strength, ​​​fc ̂ ​ ′ ​​, lower than 42 MPa (6 ksi); 
and 10 columns have measured ultra-high-strength concrete ​​​
fc ̂ ​ ′ ​​ ≥ 90 MPa (13.1 ksi).

3. Thirty-six columns have a depth between 300 and 
600 mm (11.8 and 23.6 in.), with the distribution of depth 
in this range being rather uniform, and two columns are 800 
mm deep (31.5 in.). 

4. Twenty-six  columns have longitudinal reinforcement 
with a measured yield strength ​​​ f ̂ ​​ y​​​ of 376 and 455 MPa (54.5 
and 66.0 ksi), two columns have longitudinal reinforcement 
with a measured yield strength ​​​ f ̂ ​​ y​​​ ≤ 355 MPa (51.5 ksi), 
and 10 columns have longitudinal reinforcement with a 
measured yield strength of 735 MPa (106.6 ksi).

5. All the other variables (that is, fyt, ρl, ρv, and av/h) have a 
distribution that is somewhat uniform or normal.

EVALUATION OF METHODS’  
PREDICTIVE CAPABILITIES

The box plots depicted in Fig. 5 summarize the 10 methods’ 
predictive capabilities. The vertical axis in this figure is the 
ratio between the shear strength measured during testing 
versus the nominal shear strength predicted by a given 
method for the column database, or Vtest/Vn. The median 
(that is, 50% percentile) of the ratios is shown with a thick 
horizontal line inside the box. The upper and lower ends of 
the box are the 25 and 75% quartiles. The depth of a box is 
the interquartile range (IQR), which indicates the magnitude 
of the spread. The whiskers above and below a box extend 
to either the farthest (that is, maximum or minimum) data 
point or 1.5 IQR from the quartile. When the latter condition 
controls, the most distant point is defined as an outlier and 
plotted with a black dot. Table 3 contains all the quantita-
tive data supporting the box plots shown in Fig. 5. Because 
of space restrictions, the following paragraphs will largely 
compare the methods qualitatively.

In Fig. 5, the box plots computed for each method were 
sorted by the median computed for each method. Values of 
the median below unity indicate that the method overpredicts 
the experimental maximum shear force for at least 50% of 
the columns. That is, such a method has an unconservative 
bias. Conversely, values of the median above unity indicate 
that the method underpredicts the experimental maximum 
shear force for at least 50% of the columns, meaning that 
such a method has a conservative bias.

The median of the two methods by Priestley et al. (1994, 
2007) and that of Hua et al. (2019) exhibit an unconser-
vative bias and have the smallest IQR of all the methods 
examined herein. These methods will largely overpredict the 
shear force capacity of a column, as indicated by the ratios of 
Vtest/Vn at the 25 and 75% quartiles. The two Priestley et al. 
methods do not state how the neutral axis depth, c, required 
in Eq. (4) and (16), is calculated. Here, this depth for each 
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column in the database was determined with the program 
Response-2000 (Bentz 2000) at the maximum measured 
shear force of the column being assessed. It is interesting 

to observe in Fig. 5 that the revised Priestley et al. (2007) 
method shows no improvement over the original method.

Table 1—Relevant properties of rectangular test columns

No. Designation References h, mm bw, mm ​​​fc ′ ​ ̂ ​​, MPa ​​​ f ̂ ​​ y​​​, MPa ​​​ f ̂ ​​ yt​​​, MPa ρl, %

1 CUS Umehara and Jirsa (1982)* 406 229 34.9 441 414 3.1%

2 UNIT_1_1 Bett et al. (1985)* 305 305 29.9 462 414 2.4%

3 D1 Ousalem et al. (2004)* 300 300 27.7 447 398 1.7%

4 D11 Ousalem et al. (2004)* 300 300 28.1 447 398 2.3%

5 D12 Ousalem et al. (2004)* 300 300 28.1 447 398 2.3%

6 D13 Ousalem et al. (2004)* 300 300 26.1 447 398 2.3%

7 D16 Ousalem et al. (2004)* 300 300 26.1 447 398 1.7%

8 N-27C Nakamura and Yoshimura (2002)* 300 300 26.5 380 375 2.7%

9 SC-1.7-0.20 Tran (2010) 350 350 27.5 408 393 2.1%

10 B-1 Kabeyasawa et al. (2002) 300 300 18.3 338 289 1.8%

11 A1 Nakamura and Yoshimura (2014) 450 450 28.0 383 399 1.1%

12 B4 Nakamura and Yoshimura (2014) 450 450 28.0 383 399 1.7%

13 C1 Nakamura and Yoshimura (2014) 450 450 28.0 376 399 2.3%

14 S100 Nakamura and Yoshimura (2014) 450 450 25.0 383 399 1.7%

15 120C-U Ramirez and Jirsa (1980) 305 305 30.7 450 455 2.5%

16 2C Yoshimura and Nakamura (2002) 300 300 25.2 396 392 2.6%

17 3C Yoshimura and Nakamura (2002) 300 300 25.2 396 392 2.6%

18 2C13 Yoshimura and Nakamura (2002) 300 300 25.2 350 392 1.7%

19 2CUS Umehara and Jirsa (1982) 410 230 42.0 441 414 3.0%

20 A-1 Ou and Kurniawan (2015) 600 600 92.5 735 862 3.6%

21 A-2 Ou and Kurniawan (2015) 600 600 99.9 735 862 3.6%

22 A-3 Ou and Kurniawan (2015) 600 600 96.9 735 862 3.6%

23 A-4 Ou and Kurniawan (2015) 600 600 107.1 735 862 3.6%

24 B-1 Ou and Kurniawan (2015) 600 600 108.3 735 862 3.6%

25 B-2 Ou and Kurniawan (2015) 600 600 125.0 735 862 3.6%

26 B-3 Ou and Kurniawan (2015) 600 600 112.9 735 862 3.6%

27 B-4 Ou and Kurniawan (2015) 600 600 121.0 735 862 3.6%

28 4DH Li et al. (2019) 500 500 34.0 472 448 3.2%

29 4NL Li et al. (2019) 500 500 29.7 472 448 3.2%

30 4NH Li et al. (2019) 500 500 30.8 472 448 3.2%

31 3DL Li et al. (2019) 500 500 34.5 472 448 3.2%

32 3DH Li et al. (2019) 500 500 33.8 472 448 3.2%

33 3NL Li et al. (2019) 500 500 33.5 472 448 3.2%

34 3NH Li et al. (2019) 500 500 32.4 472 448 3.2%

35 C-S-L Huy et al. (2022) 800 800 43.0 473 398 3.1%

36 C-FS-L Huy et al. (2022) 800 800 41.0 473 398 3.1%

37 C62 Kuramoto and Minami (1992) 300 300 113.8 736 735 3.8%

38 C32 Kuramoto and Minami (1992) 300 300 113.8 736 735 3.8%

Mean 50.9 511 521 2.8%

Maximum 125.0 736 862 3.8%

Minimum 18.3 338 289 1.1%

*Ghannoum et al. (2015) column database.
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The three methods to the right in Fig. 5 (that is, the two ACI 
318 methods and Bentz’s Response-2000 method) exhibit a 
conservative bias. When used for assessment purposes, these 
methods are likely to underpredict the maximum shear force, 

as indicated by the ratios of Vtest/Vn at the 25 and 75% quar-
tiles, all of which are greater than 1. As design tools, the two 
ACI 318 methods, combined with the design strength reduc-
tion factor, will result in a column shear design with a very 

Table 2—Relevant properties of rectangular test columns (continuation)

No. Designation ​​N​ u​​/​(Ag​​fc ′ ​ ̂ ​)​​ db, mm dbt, mm s, mm ρv, % cc, mm av/h

1 CUS 0.16 19.0 6.0 89.0 0.56% 25.4 1.13

2 UNIT_1_1 0.10 19.1 6.4 210.0 0.17% 25.4 1.50

3 D1 0.22 12.7 6.0 50.0 0.38% 27.5 1.00

4 D11 0.21 12.7 6.0 150.0 0.13% 27.5 1.50

5 D12 0.21 12.7 6.0 150.0 0.13% 27.5 1.50

6 D13 0.23 12.7 6.0 50.0 0.38% 27.5 1.50

7 D16 0.23 12.7 6.0 50.0 0.38% 27.5 1.00

8 N-27C 0.27 16.0 6.0 100.0 0.19% 31.0 1.50

9 SC-1.7-0.20 0.18 20.0 6.0 125.0 0.13% 25.0 1.71

10 B-1 0.27 13.0 5.0 160.0 0.08% 28.5 1.50

11 A1 0.16 19.0 10.0 300.0 0.12% 40.5 1.00

12 B4 0.16 19.0 10.0 150.0 0.23% 40.5 1.00

13 C1 0.16 22.0 10.0 75.0 0.47% 39.0 1.00

14 S100 0.18 19.0 10.0 150.0 0.23% 40.5 1.00

15 120C-U 0.19 19.1 6.4 65.3 0.32% 25.4 1.50

16 2C 0.19 15.9 6.0 100.0 0.19% 31.0 1.00

17 3C 0.29 15.9 6.0 100.0 0.19% 31.0 1.00

18 2C13 0.19 12.7 6.0 100.0 0.19% 32.5 1.00

19 2CUS 0.27 19.0 6.0 89.0 0.28% 25.0 1.11

20 A-1 0.10 32.3 12.7 450.0 0.14% 40.0 1.50

21 A-2 0.10 32.3 12.7 450.0 0.14% 40.0 1.50

22 A-3 0.10 32.3 12.7 260.0 0.24% 40.0 1.50

23 A-4 0.10 32.3 12.7 260.0 0.24% 40.0 1.50

24 B-1 0.15 32.3 12.7 450.0 0.14% 40.0 1.50

25 B-2 0.18 32.3 12.7 450.0 0.14% 40.0 1.50

26 B-3 0.20 32.3 12.7 260.0 0.24% 40.0 1.50

27 B-4 0.20 32.3 12.7 260.0 0.24% 40.0 1.50

28 4DH 0.22 25.4 9.5 100.0 0.43% 30.0 2.00

29 4NL 0.08 25.4 9.5 300.0 0.10% 30.0 2.00

30 4NH 0.24 25.4 9.5 300.0 0.10% 30.0 2.00

31 3DL 0.07 25.4 9.5 100.0 0.43% 30.0 1.50

32 3DH 0.22 25.4 9.5 100.0 0.43% 30.0 1.50

33 3NL 0.07 25.4 9.5 300.0 0.10% 30.0 1.50

34 3NH 0.23 25.4 9.5 300.0 0.10% 30.0 1.50

35 C-S-L 0.09 32.3 6.4 350.0 0.02% 40.0 2.00

36 C-FS-L 0.10 32.3 6.4 120.0 0.13% 40.0 2.00

37 C62 0.17 19.0 6.0 80.0 0.47% 24.5 1.50

38 C32 0.33 19.0 6.0 80.0 0.47% 24.5 1.50

Mean 0.18 0.24% 1.43

Maximum 0.29 0.56% 2.00

Minimum 0.07 0.02% 1.00
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low probability of failing in shear before the column’s flex-
ural strength is reached and likely to ensure some ductility in 
the column’s response. It is noted that ACI 318-19 Method 
B is Method A with a refinement (compare Eq. (34a) and 
(34b)). The refinement in Method B shows no improvement 
in predictability over Method A, and it actually worsens it; 
hence, it does justify its presence in the Code.

The four methods with the lowest median bias are those 
by Pan and Li (2013), Pujol et al. (2016), ASCE/SEI 41-13, 
and ASCE/SEI 41-17. However, Pujol’s and the ASCE/
SEI 41-17 methods have some of the largest IQR and 
maximum-to-minimum data point ranges. In contrast, the 
methods by Pan and Li (2013) and ASCE/SEI 41-13 exhibit 
a reasonably small IQR of 16% and a maximum-to-min-
imum data point range of 43% and 50%, respectively. The 
median, mean, and standard deviation computed for the Pan 
and Li method were 0.92, 0.93, and 0.13, respectively, and 
for the ASCE/SEI 41-13 method were 1.09, 1.10, and 0.13, 
respectively.

Finally, it is also interesting to observe that, like in the 
previous cases where a refinement has been made to an 
original method, the ASCE/SEI 41-17 method—which is 
a refinement of the ASCE/SEI 41-13 method—does not 
enhance the predictability of the original method.

CONCLUSIONS
This paper reviewed 10 methods that can be used to 

predict the strength of shear-critical columns. Each meth-
od’s predictive capabilities were analyzed against the shear 
strength measured for 38 square and rectangular normal-
weight columns. The column database contained columns 
with a depth ranging between 300 and 800 mm (11.8 and 
31.5 in.). A quantitative analysis of the results shows that 
the method of Pan and Li (2013) and the method incorpo-
rated into the standard ASCE/SEI 41-13 (2014) have the best 
predictive capabilities.

Two of the methods examined, those proposed by Priestley 
et al. (1994) and Sezen and Moehle (2004), have been 
revisited and refined in Priestley et al. (2007) and ASCE/
SEI 41-17 (2017). This paper indicates that the refinements 
produce either a negligible improvement (in the case of 
Priestley et al.) or worsen the predictability (in the case of 
ASCE/SEI 41-17).

The two-column shear design methods in ACI 318-19 are 
often used in some parts of the world for assessing the shear 

Fig. 4—Distribution of key variables in shear-critical 
column database.

Fig. 5—Box plot diagram comparing experimental/predicted shear strength of 38 rectangular shear-critical columns predicted 
by 10 methods.
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Table 3—Vtest and Vtest/Vn calculated using various methods

No. Designation Vtest, kN

Vtest/Vn

Priestley et al. 
(1994)

Bentz 
(2000)

Priestley et al. 
(2007)

Pan and Li 
(2013)

ASCE/SEI 
41-13

Pujol et al. 
(2016)

ASCE/SEI 
41-17

Hua et al. 
(2019)

ACI 
318-19 A

ACI 
318-19 B

1 CUS 323 0.53 1.19 0.55 0.72 0.90 0.84 0.90 0.64 1.07 1.08

2 UNIT_1_1 214 0.76 1.22 0.67 0.95 1.06 1.08 1.20 0.80 1.45 1.52

3 D1 327 0.68 1.16 0.72 0.94 1.17 1.16 1.17 0.84 1.36 1.44

4 D11 245 0.83 1.49 0.75 1.12 1.17 1.26 1.17 0.86 1.44 1.52

5 D12 251 0.85 1.47 0.77 1.14 1.20 1.29 1.20 0.88 1.47 1.56

6 D13 266 0.64 0.95 0.65 0.99 0.96 0.94 0.96 0.76 1.10 1.15

7 D16 340 0.71 1.13 0.75 0.99 1.23 1.22 1.23 0.93 1.41 1.50

8 N-27C 263 0.79 1.35 0.73 1.14 1.14 1.19 1.14 0.87 1.29 1.34

9 SC-1.7-0.20 294 0.80 1.43 0.80 1.13 1.16 1.14 1.16 0.89 1.39 1.49

10 B-1 175 0.82 1.54 0.76 1.07 1.11 1.32 1.11 0.87 * *

11 A1 570 0.81 1.69 0.82 0.86 1.34 1.53 1.42 0.75 1.75 2.02

12 B4 578 0.70 1.29 0.71 0.84 1.15 1.22 1.15 0.65 1.46 1.57

13 C1 687 0.63 1.12 0.65 0.82 1.05 1.07 1.05 0.78 1.27 1.32

14 S100 522 0.65 1.16 0.66 0.77 1.07 1.12 1.07 0.66 1.32 1.43

15 120C-U 280 0.64 0.99 0.63 0.94 0.97 0.94 0.97 0.77 1.16 1.20

16 2C 222 0.67 1.15 0.63 0.74 1.07 1.12 1.07 0.63 1.33 1.38

17 3C 264 0.68 1.29 0.65 0.82 1.14 1.18 1.14 0.70 1.26 1.31

18 2C13 260 0.77 1.34 0.76 0.91 1.25 1.37 1.25 0.73 1.56 1.69

19 2CUS 400 0.67 1.25 0.66 0.88 1.16 1.07 1.16 0.65 1.35 1.35

20 A-1 1578 0.71 1.16 0.64 0.83 1.03 0.93 1.24 0.75 1.37 1.35

21 A-2 1638 0.71 1.16 0.64 0.84 1.03 0.93 1.23 0.75 1.36 1.34

22 A-3 1772 0.64 0.93 0.61 0.81 0.97 0.84 0.97 0.74 1.25 1.24

23 A-4 1781 0.62 0.90 0.59 0.79 0.93 0.81 0.93 0.70 1.20 1.19

24 B-1 2078 0.73 1.34 0.68 0.93 1.11 1.01 1.29 0.80 1.37 1.37

25 B-2 2298 0.70 1.34 0.65 0.88 1.07 0.97 1.21 0.76 1.40 1.40

26 B-3 2418 0.65 1.07 0.63 0.91 1.03 0.87 1.03 0.76 1.31 1.31

27 B-4 2528 0.65 1.09 0.64 0.92 1.03 0.87 1.03 0.76 1.34 1.34

28 4DH 772 0.56 0.86 0.66 0.89 0.94 0.74 0.94 0.77 0.94 0.95

29 4NL 467 0.80 1.34 0.85 0.93 1.22 0.95 1.22 0.93 1.48 1.48

30 4NH 661 0.83 1.50 0.89 1.14 1.30 1.08 1.30 0.97 1.27 1.29

31 3DL 766 0.64 0.91 0.63 0.81 0.98 0.91 0.98 0.78 1.29 1.29

32 3DH 845 0.57 0.91 0.59 0.85 0.91 0.81 0.91 0.70 1.03 1.04

33 3NL 471 0.74 1.26 0.62 0.75 0.99 0.94 0.99 0.71 1.46 1.46

34 3NH 699 0.78 1.42 0.69 0.95 1.12 1.13 1.12 0.87 1.33 1.35

35 C-S-L 1468 0.96 1.81 0.97 1.02 1.40 1.22 1.40 1.02 * *

36 C-FS-L 1708 0.88 1.37 0.93 1.15 1.36 1.08 1.36 1.01 1.60 1.62

37 C62 758 0.71 1.07 0.70 1.13 1.15 0.97 1.15 0.91 1.39 1.39

38 C32 801 0.59 1.01 0.62 0.99 1.01 0.79 1.01 0.83 1.32 1.32

Mean 0.71 1.23 0.70 0.93 1.10 1.05 1.13 0.79 1.34 1.38

Standard deviation 0.09 0.22 0.10 0.13 0.13 0.18 0.14 0.10 0.34 0.36

Minimum 0.53 0.86 0.55 0.72 0.90 0.74 0.90 0.63 0.94 0.95

First quartile (25%) 0.64 1.07 0.63 0.83 1.00 0.92 1.00 0.73 1.27 1.29

Median 0.70 1.21 0.66 0.92 1.09 1.07 1.14 0.77 1.34 1.35

Third quartile (75%) 0.80 1.35 0.75 1.00 1.17 1.18 1.22 0.87 1.43 1.49

Maximum 0.96 1.81 0.97 1.15 1.40 1.53 1.42 1.02 1.75 2.02
*Av < Av,min.
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assessment of rectangular columns. These methods yield the 
most conservative results of all the methods examined. One 
of the two methods is a refinement of the other method. The 
refinement did not yield any tangible improvement in the 
predictability, for which its presence in the Code as a design 
method does not seem justified.
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NOTATION
Acc	 =	 core cross-sectional area
Ae	 =	 effective shear area
Ag	 =	 gross area of concrete section
As	 =	 area of longitudinal tension reinforcement
Ast	 =	 total area of longitudinal reinforcement
Av	 =	 area of shear reinforcement within spacing s
av	 =	 shear span given by L for cantilever column
bc	 =	 core width
bw	 =	 width of rectangular column
c	 =	 flexural compression zone depth
cc	 =	 clear cover of reinforcement
co	 =	 cover to centerline of perimeter hoop
d	 =	� distance from extreme compression fiber to centroid of 

longitudinal tension reinforcement
db	 =	 nominal diameter of longitudinal bar
dbt	 =	 nominal diameter of shear reinforcement
de	 =	 effective depth
dv 	 =	� effective shear depth taken as flexural lever arm, which 

need not be taken less than 0.9d
Ec	 =	 modulus of elasticity of concrete
Es	 =	 modulus of elasticity of reinforcing steel
Fyh	 =	 yield force of horizontal ties
fc′	 =	 specified compressive strength of concrete
fce′	 =	 expected compressive strength of concrete
fceff′	 =	 effective compressive strength of concrete
fct	 =	 direct tensile strength of concrete
fte	 =	 effective tensile strength of concrete
fy	 =	 specified yield strength of longitudinal reinforcement
fyt	 =	 specified yield strength of shear reinforcement
​​​fc ′ ​ ̂ ​​	 =	 measured compressive strength of concrete
​​​ f ̂ ​​ y​​​	 =	 measured yield strength of longitudinal reinforcement
​​​ f ̂ ​​ yt​​​	 =	 measured yield strength of shear reinforcement
h	 =	 column depth
h′	 =	 distance between perimeter hoop centers
Ka	 =	 shear stiffness of strut mechanism

Kt	 =	 shear stiffness of truss mechanism
kd	 =	 depth of flexural compression zone of elastic column
kd	 =	 ductility-related factor
ks	 =	 shear strength factor
k1, k2	 =	 cohesion and friction defining parameters
L	 =	 length of cantilever column
lu	 =	 unsupported length of column
Nu	 =	 axial force
n	 =	 Es/Ec
nt	 =	 total number of ties along length av
pwe	 =	 ratio of Av to bcs
s	 =	 center-to-center spacing of shear reinforcement
sze	 =	 effective crack spacing
Te	 =	 resultant tensile force
Vc	 =	 shear force carried by concrete
Vdiag-tension	 =	 shear force carried by diagonal tension mechanism
VN	 =	 shear force carried by diagonal strut
Vn	 =	 nominal shear strength
Vs	 =	 shear force carried by shear reinforcement
Vstrut-compression	 =	 shear force carried by strut-compression mechanism
Vtest	 =	 shear strength measured during testing
Vtruss, 
Vtruss-tension, 
Vtruss-compression	 =	 shear forces carried by truss mechanism
α	 =	 factor accounting for aspect ratio
αCol	 =	� parameter accounting for effectiveness of shear 

reinforcement
αP	 =	� inclination of line joining centers of flexural compression 

at top and bottom in double bending column
αS	 =	 angle of inclination of diagonal strut
β	 =	 factor accounting for longitudinal steel ratio
εc′	 =	 peak compressive strain
εx	 =	 longitudinal strain at middepth of cross section
εy	 =	 tensile strain at yielding of longitudinal reinforcement
θ	 =	� inclination between shear cracks and vertical column 

axis, made equal to 30 degrees
θstr	 =	� inclination angle of diagonal compressive strut to hori-

zontal axis
ρl	 =	 ratio of Ast to bwh
ρv	 =	 ratio of Av to bws
ρw	 =	 ratio of As to bwd
σa	 =	 mean axial stress
σt	 =	 mean transverse stress
σx	 =	 normal stresses in x-direction
σy	 =	 normal stresses in y-direction
σ1	 =	 principal tensile stress
τ	 =	 shear stress
τn	 =	� nominal shear strength given by smaller of stresses τ1 

and τ2
τ1	 =	 shear stress computed for Limit 1
τ2	 =	 shear stress computed for Limit 2
ζ	 =	� softening coefficient of cracked concrete in compression
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