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Whatever is born,
animate or inanimate,
know them to be born
from the union of the field
and the field knower.

Bhagadvadgita 13.26
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Preface

The aim of this book is to deliver a comprehensive and concise introduction to the
principles and basic theoretic concepts of electromagnetics. The selection of topics
refers to the applications in microwave circuit and antenna design and communications
engineering. It is intended as a resource for understanding electromagnetics required
in current, emerging, and future broadband communications systems and high-speed
analog and digital electronic circuits and systems. This second edition is enlarged by
more than 300 pages. Some of the added material is of advanced character and the
reader or the lecturer using the book may decide where to go into depth.

The reader is expected to attain an understanding of the principles and skills in
electromagnetics that will enable him or her to apply modern electromagnetic design
tools. The book attempts to provide the background for the understanding of electro-
magnetic wave propagation, electromagnetic interference, radio-frequency, microwave
and optical circuits and systems, antennas, and high-speed digital circuits. The required
mathematical framework is introduced making use of geometric concepts in the pre-
sentation of electromagnetic theory. The visual element is crucial to the method of
presentation.

The book is intended to provide the framework for engineers and students to at-
tain the necessary background in electromagnetics for solving design problems in
microwave circuits and antennas. In particular, if electromagnetic CAD tools are used,
the engineer needs a solid grounding in electromagnetics in order to apply the tools in a
proper and efficient way. The book addresses students and engineers in communications
engineering who want to acquire a working knowledge in electromagnetics for design-
ing microwave circuits, antennas, and systems. The field of microwave engineering now
is rapidly shifting toward commercial and consumer applications. Electromagnetic
wave phenomena that in the past were in the domain of the microwave engineer are now
becoming a limiting factor in digital circuit operation. As wireless communications is
penetrating into the millimeter-wave frequencies, communications engineers need an
improved background in microwaves. The study of electromagnetics is fundamental to
the advancement of communications engineering and information technology to push
the frontiers of the ultrafast, high bandwidth regime.

The book develops all the required concepts of electrodynamics, starting from el-
ementary phenomena. Throughout the book, exterior differential forms are used to

xvii



xviii Electromagnetics

describe fields. Differential forms are an extension of the vector concept. Today in the
mathematics community the exterior differential calculus of Hermann Grassmann and
Elie Cartan is considered to be the most suitable framework for geometrical analysis
and field theory. Exterior differential calculus has simple and concise rules for com-
putation. Furthermore, the objects of differential calculus have a clear geometrical
significance and the geometrical laws of electromagnetics assume a simple and elegant
form. The use of differential forms does not mean giving up the vector concept and its
physical interpretations. On the contrary, the differential form representation supplies
additional physical insight in addition to the conventional vector picture. Moving
between the representations of exterior differential calculus and conventional vector
analysis is straightforward.

Chapter 1 defines the topic of the book and comments on the rationale and method
of the book.

Chapter 2 introduces the basic electromagnetic theory using exterior differential
forms. For the representation of the field quantities, differential forms of order zero
to three are used. The geometrical pictures of potential surfaces representing electric
and magnetic field intensities and tubes representing electric and magnetic flux are
introduced. The exterior derivative operator replacing gradient, curl, and divergence
lends itself to geometrical interpretation and provides an easy way for a physical under-
standing of electromagnetics. Exterior calculus allows the introduction of orthogonal
curvilinear coordinates in a most natural way. The discussion of Kirchhoff’s laws estab-
lishes the link between field theory and network theory. A unified representation of
normal and tangential boundary conditions is given.

In Chapter 3, scalar and vector potentials as a powerful tool to solve Maxwell’s
equations are introduced. The vector potentials are represented by first-order differential
forms. Electromagnetic plane waves and their reflection and diffraction at plane surfaces
are treated. The formulae for cylindrical and spherical waves are derived.

In Chapter 4, fundamental concepts, methods, and theorems are introduced. Poyn-
ting’s theorem and stored energy and power flow in the electromagnetic field are
discussed. Tellegen’s theorem is the basis for the segmentation and network represen-
tation of electromagnetic structures. Equivalent field sources consisting of impressed
electric and magnetic polarizations are introduced on the basis of the equivalence
principle and the uniqueness theorem. The field formulations of the reciprocity theo-
rem and the reaction concept are treated. Green’s function as a fundamental tool to
compute solutions of Maxwell’s equations by superposition of the filed contributions of
point-like sources is introduced. The integral equation method allows the computation
of the source distribution from the boundary conditions the excited field has to fulfill
and is the basis of advanced numerical methods for electromagnetic field computations.
Green’s theorems are powerful tools to develop methods for the analytic solutions of
Maxwell’s equations. The Sturm-Liouville equation provides the fundamental for the
expansion of solutions of Maxwell’s equations into series of orthogonal basis functions.
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In Chapter s, static and quasistatic fields are treated. The capacitance and inductance
of simple structures are computed. Solutions of the Laplace equation for static field
problems are given. The conformal mapping method for the static electric and magnetic
field computation of two-dimensional structures is treated. The Schwarz-Christoffel
method allows field computation of polygonal structures and is applied to investigate
some important planar structures.

In Chapter 6, the surface wave propagating along a plane surface of finite conductivity
is treated. Based on the exact solution of this problem, surface impedance models
are introduced. Skin effect, power loss due to the surface resistance, induced surface
currents, and image currents are discussed.

In Chapter 7 the general principles of transmission-lines and waveguides are dis-
cussed. A general treatment of the transverse electromagnetic (TEM) waveguide modes
is given. Multiconductor transmission-lines that play an important role in high speed
data cables and microwave integrated circuits and planar transmission-lines are also
included. The quasi-TEM waves in transversally inhomogeneous transmission-lines
and planar transmission-lines are discussed. A general treatment of hollow waveguides,
their field types, and the orthogonality of the modes is presented. Hollow waveguides
with rectangular and circular cross-section and dielectric waveguides are discussed.

In Chapter 8, a unified presentation of transmission-line theory for TEM transmission-
line modes and hollow waveguide modes is given. Generalized voltage and currents
and wave amplitudes are introduced to apply the transmission-line concept to hollow
waveguides as well. The Smith chart is introduced and its application to the design of
impedance matching circuits is treated. Multimode transmission-line equations and
methods for their solutions are discussed with respect to multiconductor transmission-
lines and multimode excitation of hollow waveguides.

In Chapter 9, resonant circuits and resonators are treated. The reactance theorem
characterizing lossless resonant circuits and resonators is treated from a field theoretic
point of view. The orthogonality of the modes of lossless resonators and the suitability
of the modal functions of the resonator as basis functions for the expansion of arbitrary
field distributions inside resonators are demonstrated. The coupling of resonators to
external circuits and the excitation of resonators by internal sources are discussed.

In Chapter 10, passive microwave circuits their multiport representations and their
analysis by signal flow graphs are treated. The network representation of microwave
circuits is discussed in detail by introducing the Foster and Cauer representations of
lumped element equivalent circuits. The connection circuit is discussed on the basis of
the Tellegen’s theorem. Furthermore, obstacles and posts in waveguides and symmetry
properties of microwave circuits are treated.

Chapter 11 on filters and periodic structures, far from giving a comprehensive treat-
ment, is intended to introduce the fundamental concepts of this topic. Periodic struc-
tures are treated using field and network methods. The wave parameter theory of
two-ports as a basis of filter theory is treated. Filter design on the basis of the insertion
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loss method is presented and applied to Butterworth and Chebychev filter design. Plane
wave scattering by periodic structures is treated. Metamaterials which are of growing
interest for a multitude of applications are discussed on the basis of simple models.

In Chapter 12, the radiation of the Hertzian dipole is treated in frequency and time
domain. The time domain treatment is crucial for the physical understanding of the
process of electromagnetic radiation. Sommerfelds theory of the electric dipole over
lossy half-space is presented. The vertically and horizontally oriented electric dipoles
over ground are treated. The space wave and the Zenneck surface wave are discussed.

In Chapter 13, antennas at first linear antennas are treated. The application of the
integral equation method to the linear antenna for accurate computation of the antenna
current distribution is demonstrated. The properties of the antenna as a receiving
antenna are related to the properties of the transmitting antenna using the principle of
reciprocity. Further parts of this chapter deal with antenna arrays, aperture antennas,
microstrip antennas, and broadband antennas.

Chapter 14 gives an overview over numerical methods for electromagnetic field
computation. The method of moments is introduced as a general method for trans-
forming an analytic concept of solving a field problem into an associated algebraic one
by expanding the field functions into a complete set of basis functions. The algebraic
treatment of the field problems is based on a potentially infinite-dimensional complex
linear vector space (i.e., the Hilbert space). Using Hilbert space methods to convert
analytic problems into algebraic problems and solving these numerically is a power-
ful methodology for computational electromagnetics. The transmission-line matrix
(TLM) method and the mode-matching method for numerical field computation are
introduced.

I am pleased to acknowledge the assistance of many individuals in my work on this
book. I thank Mahmoud Al-Ahmad, Bruno Biscontini, Klaus Fichtner, Yury Kuznetsov,
Yu Lin, Petr Lorenz, Dzianis Lukashevich, Marco Ottobretti, Uwe Siart, Christoph
Ullrich, José Vagner Vital, Sidina Wane, Karl Warnick, and Michael Zedler for a careful
proofreading of the manuscript and checking of the formulae. I am also indebted
to Leopold Felsen, Karl Warnick and Ke Wu for many helpful comments. I thank
Andreas Cangellaris for the permission to use some of his material in Section 11.7.
Also, for the second edition of this book the reviewer at Artech House has been of
great assistance. Of course none of the above individuals is responsible for whatever
inaccuracies remain. I would like to thank Michael Zedler for advice and assistance
in solving BTEX typesetting problems and in formatting the text and Uwe Siart for
making the Smith chart drawings and Dzianis Lukashevich for drawing the waveguide
field visualizations. I thank Julie Lancashire, Katherine Nolan, and Tiina Ruonamaa of
Artech House for their work in planning and production.

Peter Russer



Chapter 1

Introduction

A compact definition of radio-frequency engineering states that this discipline deals
with methods and techniques for the generation, processing, transmission, and techni-
cal applications of electromagnetic waves. Some decades ago, radio-frequency engi-
neering covered all aspects of circuits and systems for wireless communications and
other radio frequency applications. Today, methods of radio-frequency engineering are
necessary in a wide area of electrical and electronic engineering. Radio-frequency engi-
neering has developed from a product-oriented discipline towards a method-oriented
field, providing the fundamentals for dealing with high frequencies in all branches of
electrical and electronic engineering.

Radio-frequency engineering is the discipline dealing with the technical applications
of electromagnetic fields. It is based on Maxwell’s theory of electromagnetic fields.
Table 1.1 illustrates the history of the field theory from Huygens to Maxwell. In 1690,
Christian Huygens published his Traité de la Lumiére and presented there basic concepts
of a wave theory of light [1]. Huygens formulated the principle that each point of an
intermediate plane inserted in a propagating wave may be considered as the origin of
a spherical wave. The secondary waves are determined by the envelopes of all these
spherical waves.

At the end of this development, James C. Maxwell compiled all knowledge on electric
and magnetic phenomena available at his time [2,3]. Introducing the electric displace-
ment current, he went beyond the physical experience. Maxwell’s theory yielded predic-
tions on new phenomena that could be verified in the following years and decades. In
1865 Maxwell concluded that electromagnetic waves propagating in free-space must be
possible. The experimental verification of this prediction was given by Heinrich Hertz
in 1888 [4]. An excellent historical survey over the development of the electromagnetic
theory is presented in [5]. A frequency band is a continuous range of frequencies extend-
ing between two limiting frequencies. The band designations as decided upon by the
Atlantic City Radio Convention of 1947 and later modified by the Comité Consultatif
International des Radiocommunications (CCIR) Recommendation No. 142 in 1953 are
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Table 1.1: The Development of the Field Concept

Scientist Invention

Christian Huygens (1629-1695) ~ Wave theory of light
Huygens’ principle

Isaac Newton (1643-1727) Law of gravitation
Action over distance
Daniel Bernoulli (1700-1727) Hydrodynamics
Leonhard Euler (1707-1783) Flowing liquids are described by fields

of velocity and acceleration
Charles Coulomb (1736-1806) Electrostatics and magnetostatics

André Ampére (1775-1836) Force between conductors
under current
Siméon Poisson (1781-1840) Potential theory

Electrostatics and magnetostatics
Hans Ch. QOerstedt (1777-1851) Magnetic field induced by
moving electric charge

Michael Faraday (1791-1879) Electromagnetic induction
James C. Maxwell (1831-1879) Theory of the electromagnetic
field

listed in Table 1.2. The frequency range N extends from 0.3 10~ Hz to 3- 10V Hz. Today
the Telecommunication Standardization Sector (ITU-T) of the International Telecom-
munication Union (ITU) combines the standards-setting activities of the predecessor
organization CCIR.

Below the 1 mm wavelength we have the submillimeter waves, succeeded by the far-
infrared band, the infrared band, and the visible optical region. Due to the development
of semiconductor lasers and optical fibers the infrared region has gained importance
for communications and sensor applications.

There are also other frequency band designations used as well although not stan-
dardized. In the microwave and millimeter wave region a classification of frequency
bands summarized in Table 1.3 is in use [6,7].

In this book we deal with methods based on the electromagnetic theory for the
modeling of microwave circuits and antennas. The necessity to use field theoretic
methods for circuit modeling depends on the frequency as well as on the size of the
considered structures. The modeling of antennas and wave propagation requires field-
theoretic methods at low as well as high frequencies.

« At low frequencies, circuits may be described on the basis of currents and volt-
ages. The properties of a circuit only depend on its topological structure. The
theoretical framework for describing circuits at low frequencies is established by
the network concept. The network concept is based on Kirchhoff’s laws.



Introduction 3

Table 1.2: Frequency Bands as Defined by CCIR

Region No.  Frequency Wavelength Name

4 3...30kHz 100...10 km Very low frequencies VLF
5 30...300 kHz 10...1km Low frequencies LF

6 300...3000kHz  1000...100 m  Medium frequencies MF
7 3...30 MHz 100...10 m High frequencies HF
8 30...300 MHz 10...1m Very high frequencies VHF
9 300...3000 MHz  100...10cm Ultra high frequencies UHF
10 3...30GHz 10...1cm Super high frequencies SHF
11 30...300 GHz 10...1 mm Extremely high frequencies ~EHF

Table 1.3: Microwave Frequency Band Designation

Band L S C X Ku K Ka v w

ffGHz 1-2 2-4 4-8 8-124 12.4-18 20-265 26-40 50-75 80-110

« At high frequencies, the geometric structure of the circuits plays an important
role. An understanding of the circuit operation requires knowledge of the inter-
action of electric and magnetic fields in the circuit. The theoretical framework
for describing circuits at high frequencies is established by the field concept. The
field concept is based on Maxwell’s theory.

The electromagnetic field is determined by the geometric and material properties of a
structure as well as by external sources and boundary conditions. In many cases, sources
exist in a given structure, and only the amplitude of the source is subject to variation.
In this case we obtain an infinite number of partial solutions for the electromagnetic
field. The amplitudes of these partial solutions are integral field quantities and may be
considered as generalized voltages and currents.

The relation between the field concept and network concept may be illustrated by
Figure 1.1. Let us first consider the resonant circuit in Figure 1.1(a). The resonant circuit
is formed by an inductor and a capacitor that store magnetic energy and electric energy.
The magnetic energy is concentrated within the inductor, whereas the electric energy
is concentrated within the capacitor. Within the network concept the capacitor and
inductor are connected via two network nodes. The circuit may be described in terms
of node voltages and node currents. A field interaction between the circuit elements is
not considered within the network concept. If the inductor has an inductance L and
the capacitor exhibits a capacitance C, the resonant frequency f and the corresponding
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Figure 1.1: From the lumped circuit to the distributed circuit.

angular frequency w are given by

1
vIC
Increasing the resonant frequency can be done by reducing the inductance L or the
capacitance C. Reducing the inductance may be done by reducing the number of coils
of the spiral inductor. In Figure 1.1(b) the inductor has been reduced to one coil. A
further reduction of the inductance may be achieved by circuiting inductors in parallel.
Proceeding in that way we can circularly surround the capacitor with inductor coils.
Connecting all these coils will create a closed conducting surface surrounding the
capacitor. Now we also reduce the capacitance by increasing the distance between the
plates of the capacitor. At the end of this morphing process we obtain the pillbox-shaped
resonator shown in Figure 1.1(c). Electric and magnetic fields are interacting inside the
resonator. We cannot easily describe this resonator in terms of voltages and currents.
Defining, for example, an electric voltage via the path integral over the electric field
from the bottom to the top of the resonator, this voltage will exhibit a maximum in
the center of the resonator and decrease with the radial distance from the center. The
current flowing on the top and bottom surfaces of the resonator in the radial direction
increases with the radial distance from the center and vanishes at the center. The electric
field is generated by the surrounding alternating magnetic field due to Faraday’s law.
The magnetic field is generated by the vertically flowing displacement current formed
by the alternating electric field. A vertical line in the center of the cavity is surrounded
by maximum magnetic flux, and therefore the electric field exhibits a maximum value
in the center of the cavity. The magnetic field lines of a higher radius enclose a larger
displacement current, and therefore the magnetic field increases with radius.

We can distinguish between the low-frequency case where electric and magnetic
fields may be considered to be spatially separated and stored in capacitors and inductors

w=2nf = (L)
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respectively and the high-frequency case where the direct interaction of electric and
magnetic fields has to be considered. Figure 1.1(a) illustrates the low-frequency case
whereas Figure 1.1(c) is an example of the high-frequency case.

From this simple example we see that our conventional network concept is not
applicable to describe the resonator. Circuits that are based on the direct interaction of
electric and magnetic fields are called distributed circuits. The treatment of distributed
circuits requires electromagnetic field modeling. We will, however, see later that it is
possible to introduce integral field quantities also in the case of distributed circuits.
These integral field quantities will be generalized voltages and generalized currents.
Based on these generalized voltages and currents a network description is also possible
for distributed circuits. Excellent textbooks on electromagnetics include Stratton [8],
Schelkunoff [9], Ramo, Whinnery and Van Duzer [10], Harrington [11], Collin [7,12,13],
Kong [14], Balanis [15], Pozar [16] and Ishimaru [17].

Adding yet another book on electromagnetics to the existing literature should not be
done without good reasons. The development of communications engineering in the
past decade involved a tremendous increase in the body of knowledge to be acquired
by communications engineers. Over decades electromagnetics occupied a large part of
the education of electrical and electronic engineers. Today for electromagnetics, less
space can be allocated in electrical and electronics engineering curricula. However,
the engineer developing circuits and systems for wireless communications needs a
basic knowledge of electromagnetics. The goal in engineering education must be the
accumulation of understanding, the stimulation of creativity and the promotion of
the ability to solve problems. To solve problems in a systematic and efficient way
the engineer must study the required theoretical framework. The engineer also needs
intuition and creativity. These elements are strongly supported by imagery thinking [18].

The representation of electromagnetic theory can be simplified and the clarity can
be improved by using geometrical methods. In 1844 Hermann Giinter Grassmann
published his book Die lineale Ausdehnungslehre, ein neuer Zweig der Mathematik
[19], in which he developed the idea of an algebra in where the symbols representing
geometric entities such as points, lines, and planes are manipulated using certain rules.
Grassmann introduced what is now called exterior algebra, based upon the exterior
product

anb=-bna. (L.2)

The work of Grassmann already contains most of the algebraic structures of modern
exterior calculus. Elie Cartan applied Grassmann algebra to the theory of exterior
differential forms in his book Legons sur les Invariants Intégraux [20]. Exterior calculus
allows for the solution of field theoretical problems easily and directly. Furthermore it
establishes a direct connection to geometrical images and supplies additional physical
insight. Let us demonstrate this for the example of the electric field. The usual physical
interpretation of the electric field is the force applied to a small test charge. This leads
in a natural way to the vector representation of the electric field and to a picture we
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may call the force picture. Considering the change of energy a test charge experiences
as it is moved through the field yields a picture we may call the energy picture. The field
lines in the force picture give the graphic representation of the field, and it is given by
equipotential surfaces in the energy picture. The force picture is related to the vector
representation whereas the energy picture is related to the differential form represen-
tation. In the differential form representation, however, the vector representation is
also visible. Therefore the differential form representation provides additional physical
insight.

We can represent one-forms graphically as surfaces in space. For electrostatic fields
these surfaces are equipotential surfaces. Looking at the electric and magnetic flux
densities and the electric current density, the differential form representation clearly
points to the physical difference between field intensities and flux densities since flux
densities are represented by two-forms. The graphical representation of a two-form is
a bundle of tubes guiding the flux. This yields a much clearer physical interpretation
than conventional vector notation. Finally, volume densities such as the charge density
and the energy densities are represented by three-forms. Volume cells with cell size
inversely proportional to the charge density give the geometric representation of a
three-form form.

The exterior differential form calculus and its application to field theory is treated
in a number of textbooks [21-30]. Textbooks on electromagnetics based on exterior
calculus include [31] and [32]. Hehl and Obukhov have published an introduction to
classical electrodynamics based on exterior calculus [33], and Lindell has published a
comprehensive treatment of differential forms in electromagnetics [34]. An excellent
approach for the use of differential forms as a tool for teaching electromagnetics has
been given in [35].

In applying exterior calculus to an introductory level textbook, our goal is to develop a
working knowledge of the subject with as much of a theoretical framework as necessary
and as much clarity as possible.
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Chapter 2

Basic Electromagnetics

2.1 THE ELECTROMAGNETIC FIELD CONCEPT

In this chapter the framework of Maxwell’s theory in differential form representation is
introduced. The field quantities are discussed from a phenomenological point of view
and related to the corresponding network quantities. Prior knowledge in field theory
is not required but may be helpful [1-5]. The transfer of action between electrically
charged matter via the electromagnetic field can be used to transfer energy as well
as information. Electrically charged particles in rest interact via the Coulomb force.
In the case of moving charged particles magnetic interaction also occurs. Electric
and magnetic action propagates with a finite velocity, the speed of light, which is
2.998-108 ms™ = 3-10® ms™. To account for the finite velocity of the propagation
of action the concept of the field has proven to be very powerful. The field concept
means the assignment of physical quantities to the continuous space. A dynamic field is
time-variable. The electromagnetic field can propagate in free-space as well as in media.

(a)

Figure 2.1: Electric and magnetic force on a charged particle.
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It does not require a medium of transmission. Electrodynamics is concerned with
interrelated electric and magnetic fields. This interrelation always occurs if the fields
are time-varying. The electromagnetic field is generated by moving charged matter,
and it acts on charged matter. Maxwell’s theory summarizes the laws describing the
electromagnetic field.

The complete description of the electromagnetic field is specified by two vector
fields (i.e., directed fields). These fields are the electric field and the magnetic field.
The electric field specifies the force on a point-like charged particle. Let us consider a
particle with charge g at a point with the coordinates x, y, and z at time t. If the electric
field intensity exhibits in the x-, y-, and z-direction at the point x, y, and z at time ¢ the
components E;(x, y,z,t), E,(x, y,2,t), and E;(x, y,2,t), the three Coulomb force
components F¢!(x, y,z, t), F$'(x, y,2,t), and F§'(x, y, 2, t) are given by

Fl(x, 5,2.t) = qEx(x, 3,2, 1),
F(x,7,2,t) = qEy(%, .2, 1), (2.1
F(x, y,2,t) = qE:(x, 5,2, t) .

The electric field intensity E has the unit Vm™. The action of the electric field on the
charged particle is illustrated in Figure 2.1(a). We summarize the components in vectors
using the notation x = [x, y,z]” where the superscript T denotes the transpose (i.e.,
the column vector corresponding to the written line vector)

E(x, 1) = [Eo(x; 052 t), By (%, 7. £ £), B2 (%, 0.2, H)T. (2.2)
This yields the more compact vector notation for (2.1):
F9(x,t) = qE(x,t). (2.3)

In the case of a moving charge the magnetic field also causes a force. This Lorentz force
is proportional to the charge as well as to the velocity of the particle and has a direction
orthogonal to the velocity vector as well as to the direction of the magnetic field. The
action of the magnetic field on the moving charged particle is illustrated in Figure 2.1(b).
Let us consider the right-handed Cartesian coordinate system with coordinates x, y,
and z. If a particle with charge q is moving in the x-direction with velocity v, and the
magnetic field only exhibits a y-component B, the resulting Lorentz force will act in
the z-direction and will be given by F;"*® = q v, B,. Assuming invariance of the laws
of physics under rotation in space yields a Lorentz force in the negative z-direction if
the particle velocity has a y-direction and the magnetic field has an x-direction. In this
case we obtain F;' ¢ = —qv, B,. By superimposing all possible velocity components
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and magnetic field components, we obtain
F% = qvyB. - qv.B,,

Fy*8 = qv,B, - qv.B., (2.4)

F;“® = qvyBy — qv,B, .

We can again summarize these three equations in vector notation by
F™(x,t) = qv x B(x,t), (2.5)

where the symbol x denotes the vector product

U] [v] [uva-U.y,
U, | x|V, |=| UV - UV | (2.6)
v [v] [Uvy-Uyve

The magnetic flux density B has the unit Vsm™2. It has to be pointed out that the fields
E and B are of a different nature. E is a field intensity, whereas B is a flux density. The
difference between these types of fields will be discussed later.

Let us now put together the electric force F*! and the magnetic force F™*8. In this
case a test particle with charge g and velocity v at point x and time ¢ is influenced by
the force

F(x,t) =q(E(x,t) +v x B(x,1)). (2.7)

For low frequencies the state of an electric circuit can be described by the currents
flowing through the conductors and the voltages between the conductors. The network
concept follows this description of circuits by voltages and currents. The properties of a
circuit are only dependent on its topological structure (i.e., the connection structure of
the network). The geometric arrangement of the network elements and the interconnec-
tions plays no role in a network. In the case of high frequencies, however, we make the
observation that the geometric structure of the circuit may have a strong influence on
the properties of a circuit or may even constitute its properties. The reason is that the
abstract network describing the electrical properties of the circuit does not necessarily
give a one-to-one mapping of the topology of a physical high-frequency circuit. A
one-to-one correspondence between the physical network and the abstract network
only will hold if all circuit elements may be described by their relations between port
currents and their port voltages and these current voltage relations provide a complete
description of the circuit elements.

Network theory is based on Kirchhoff's current law and Kirchhoff's voltage law. Kirch-
hoft’s laws allow an axiomatic foundation for the network theory. However, Kirchhoff’s
laws are not first principles, but may be derived from Maxwell’s equations. For physical
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networks Kirchhoff’s current law only is valid if the time derivative of the electric flux
between the nodes can be neglected and if the time derivative of the magnetic flux
through network loops can be neglected. The abstract network theory considers these
conditions to be fulfilled exactly and takes Kirchhoff’s laws as the fundamentals of the
network theory.

Voltages applied to electric conductors cause an electric field between the conductors.
The electric currents flowing through the conductors cause a magnetic field. At higher
frequencies it is necessary also to take into consideration the electric flux between
physical nodes and the magnetic flux through network loops. If frequencies are very
high, it will also be necessary to take into consideration the direct interaction of electric
and magnetic fields. It is possible to describe the state of a circuit by specifying the
electric and magnetic fields instead of voltages and currents. The field description is
more general than the description by voltages and currents. The field description is
more complicated, however, since the electromagnetic field is a three-dimensional
continuous quantity, and for the complete description of the electromagnetic field
state it is necessary to specify the three electric field components and three magnetic
field components throughout the three-dimensional continuum. Therefore, wherever
electromagnetic effects may be described using the network concept, this description
is much easier than a description based on the field concept.

2.2 FIELD INTENSITIES

The electric field intensity has the unit Vm™ and is described by a vector E (x,1) =
[Ex(x,t), Ey(x, ), Ez(x,1)] T, As we have seen the meaning of the electric vector field
is to assign some property to the space, namely to apply a force on charged matter. Let
us consider in the following an electric field slowly varying with time. Moving a charged
particle in the direction opposite of the direction of the field means that we have to
supply energy equally to the product of force and distance of movement. If, for example,
the electric field has an x-component E,, the movement of a particle with charge g from
position x to x + Ax requires an energy AW = —gE,Ax. Moving the particle in three-
dimensional space along any curve from point x; = (1, y1,21) to 2 = (x2, y2,22)
means that we have to sum up the infinitesimal contributions —qE,Ax, -qEyAy, and
-qE.Az. This is illustrated in Figure 2.2. The path C is approximated by infinitesimal
line elements in the x-, y-, and z-direction. We are summing all contributions in the
x-, y-, and z-direction and with Ax, Ay, Az - 0 we obtain the energy W, required
for moving the charge from x; to x,:

Wy (t) =-q j; ' E.(x,y,2,t)dx + Ey(x, 5,2, t)dy + E;(x, y,z,t)dz.  (2.8)
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Figure 2.2: Line integral of the electric field over a curve C.

The electric potential difference or voltage v, between x; and x; is given by

X
vy (t) =— f ’ E.(x,y,z,t)dx + E,(x, y,2,t) dy + Ez(x, y, 2, t) dz. (2.9)

For moving a charge q from x; to x, the energy Wy (t) is related to the potential
difference vy;(t) via
Wzl(t) = qt’gl(t) 5 (210)

Introducing the so-called electric field differential form
£ = Ex(x,y,z,t)dx + Ey(x, 5,2, t)dy + E;(x, y,2,t) dz (2.11)

we also may write
x
vu(t) == E. (2.12)

X1
With a differential form we mean the complete expression under an integral sign,
including also the differentials (e.g., dx, dy, and dz, respectively) [6-9]. In order to
distinguish the differential form (2.11) from others to be introduced later, we call this
differential form a one-form.

Figure 2.3(a) shows the path of integration for the definition of the voltage vz, from
node 2 to node 1. The line integral sums up the projection of the field vector on the
vectorial path element. The contribution of the integrand is proportional to the product
of the magnitudes of the field vector with the infinitesimal path element and the cosine
of the angle enclosed between them.
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V21

Figure 2.3: Path of integration (a) for the definition of the voltage, and (b) for the definition of the current.

Figure 2.4: Field line and surface representations of a one-form.

The common physical interpretation of the electric field is related to the force on
a point-like unit charge. This force picture yields in a natural way to the vector rep-
resentation and to the visualization of the electric field via field lines. The field lines
are curves having the property that the field vector is tangential at all points of the
curve. Another viewpoint is to consider the energy of a charge moved through the
field. We can visualize the field via the change of the energy of a test charge moved
through the field. Figure 2.4 shows the representation of the field via field lines and via
the surfaces of constant test charge energy or constant electric potential, respectively.
The energy picture is more related to differential forms. For an electrostatic field the
surfaces associated with the one-form £ are equipotentials. Since the dimension of the
differential form £ is V the differential form £ expresses the change of electric poten-
tial over an infinitesimal path element. The field lines are orthogonal to the potential
surfaces. Depending on the properties of the field the potential surfaces also may end
or join. Figure 2.5 shows the surface representation of the three fundamental one-forms
dx, dy, and dz. Figure 2.6 shows a situation we will encounter in time-variable fields.
In the center of the structure the field intensity is higher than at its edges. In this case
the integral (2.12) will depend on the path from x; to x, and we cannot assign a scalar
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Figure 2.5: The fundamental one-forms in Cartesian coordinates.
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Figure 2.6: One-form with ending surfaces.

potential to the field.

The vector H(x,t) = [Hy(x,t), Hy(x,t), Hz(x,t)]" describes the magnetic field
intensity and has the unit Am™". An electric current i, which is slowly varying with time,
and the magnetic field generated by this current are related via

i(t) = ﬁ M 213)
with the magnetic field differential form
H =Hy(x,y,z,t)dx + Hy(x, y,z,t)dy + H:(x, y,2,t) dz. (2.14)

The circle on the integral symbol denotes the integration over a closed boundary.
Figure 2.3(b) shows the path of integration for the definition of the current i. With
9A we denote the boundary of the surface A. The relation between the direction of
reference for the current and the orientation of the path of integration is shown in
Figure 2.3(b). The current is counted positive if its direction coincides with the direction
of reference.
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Figure 2.7: Current flow.

(b)

Figure 2.8: The integration over an area.

2.3 CURRENT AND FLux DENSITIES

The current flowing through a conductor usually does not exhibit a uniform distribution
over the conductor cross-section. We describe the flow of the current by a current density
vector field J(x) = [Jx(x),Jy(x), J.(x)]". Consider a current i flowing through a tube
formed by the current density field lines going through the boundary dA of the area
A as shown in Figure 2.7. Let us at first assume a current flowing in the x-direction
only as shown in Figure 2.8(a). In this case, to compute the total current we have to
integrate over the surface A in the yz-plane. The integration may be performed by
subdividing the area A in small elements as depicted in Figure 2.8(a), multiplying the
current density with the area of the area elements and summing all these contributions,
so that

i= L}x dydz. (2.15)

If, for example, the boundary dA can be represented by two functions z;(y) and z2(y),
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(b)

Figure 2.9: The orientation of an area.

as shown in Figure 2.8(b), we can bring the integral (2.15) into the form

) w[ rzl)
:_fh [Lm ]xdz] dy. (2.16)

If we integrate a current density over an area not perpendicular to a coordinate axis we
have to consider the orientation of the area. If in Figure 2.8(a) the current density J
is positive, the current i also will be positive. Inverting the direction of ], will yield
a negative current. This inversion may be performed by mirroring the coordinates
with respect to the yz-plane. How do we know whether a surface integral is positive or
negative? The answer is: We have to define a positive orientation. A positive-oriented
or right-handed Cartesian coordinate system is specified as follows: If we are looking
in the z-direction on the x y-plane the x-axis may be rotated clockwise by 90° into the
y-axis. In Figure 2.9 the vector component J, is pointing in a positive orientation. On
the right side of Figure 2.9 the coordinate system as well as the vector field were rotated
by 180° around the z-axis. Physically nothing has changed. In the left figure, however,
the vector pointing towards the observer is positive, whereas in the right figure the
vector pointing away from the observer is positive.

We now introduce a notation that takes into account the orientation of a coordinate
system. The so-called exterior differential form dy A dz has the property

dyadz=-dzn dy. (2.17)

The product denoted by the symbol A is called the exterior product or wedge product.
Exterior differential forms consisting of wedge products of two differentials or sums
of such products are called two-forms. We may decide either dy A dz = dydz or
dy A dz = —dydz. Deciding

dya dz=dydz (2.18)
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Figure 2.10: Tube representation of a two-form.

assigns to dy A dz the positive orientation and to dz A dy the negative orientation.
The integral (2.15) can now be written in the orientation-independent form

1'=j;}xdyf\ dz. (2.19)

Figure 2.10 shows the tube representation of a two-form. The two-form is visualized by
a bundle of tubes carrying the current. The current density is inversely proportional to
the cross-sectional area of the tubes. Figure 2.11 shows the tube representations of the
fundamental two-forms dy A dz, dz A dx, dx A dy.

If the surface A is an arbitrarily oriented curved surface in three-dimensional space
and the current density vector has the x-, y-, and z-components J, /,, and J;, we have
to perform the integration over

i= [ Jedyndz+]ydzn dx+Jrdxn dy. (2.20)
A

The first term of the integrand concerns the integration of the x-component of the
current density over the projection of the surface A on the yz-plane and so forth.
Let us introduce the current density form J by the exterior differential form

J=J]xdyndz+]y,dzA dx+ ] dx A dy. (2.21)

The current i may be expressed in a compact notation as the integral of the differential
form J:

f=f.7. (2.22)
A
2.4 CONSTITUTIVE RELATIONS

In the case of electric and magnetic field quantities we distinguish between field intensi-
ties and flux densities. A field intensity usually occurs in a path integral whereas a flux
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Figure 2.11: The fundamental two-forms in Cartesian coordinates.

density occurs in surface integrals. Field intensities are related to the flux densities via
the constitutive relations. The constitutive equations depend on the metric properties of
the space or the chosen coordinate system and on the macroscopic material parameters.

On the microscopic scale of atomic distances the electric and magnetic fields exhibit
strong spatial variations. However, the knowledge of these variations is not relevant. We
are dealing with the averages of fields and sources over volumes large compared with
the volume occupied by a single atom. Such averaged quantities are called macroscopic
fields [1,2]. In a dielectric material by an applied primary electric field the negative
electronic charge is shifted spatially relative to the positive background charge. This
yields an electric polarization of the medium contributing to the electric flux density. In
the magnetic field the magnetic polarization determines the relation between magnetic
field intensity and magnetic flux density.

The electric flux density in the literature usually is called electric displacement, and
the magnetic flux density B(x) = [By(x), By(x), B.(x)]" usually is called magnetic
induction. The denomination “flux density” stresses the geometric properties of these
quantities and therefore is preferred in the following. The electric flux density D(x) =
[Dx(x), Dy(x), Dz(x)]" and the magnetic flux density B(x) are related to the field
intensities E and H via the material equations or constitutive equations. The electric
flux density D has the unit Asm™2, and the magnetic flux density B has the unit Vsm™2,

For homogeneous and isotropic media the constitutive equations are given by

D=¢E, (2.23a)
B=uH, (2.23b)

where € is the permittivity and y is the permeability.

€ Permittivity  AsV'm™,Fm™
g Permeability VsA~'m~',Hm™
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In the free-space € and y assume the following values:

1
€0 =8.854-1072Fm™ =z —10"° Fm !, (2.24a)
36m

po = 4m-107 Hm™, (2.24b)

The relative permittivity €, and the relative permeability u, are related to the permittivity
and permeability of free-space via

€ = £ ; (2.25a) Yr = £, (2.25b)
€ Ho

The surface integral of the electric flux density D over an area A yields the electric
Sflux . Introducing the electric flux form or electric displacement form

D=D,dyandz+DydzAa dx+ D,dx A dy (2.26)

we can write
Y= f D. (2.27)
A

The surface integral of the magnetic flux density B over an area A yields the magnetic
Sflux ®. Introducing the magnetic flux form or magnetic induction form

B=BydyA dz+BydzA dx + B,dx A dy (2.28)

we can write

®-= L B. (2.29)

We have seen that field intensities are described by one-forms whereas current densities
and flux densities are described by two-forms. The field intensities E and H are related to
the flux densities D and B via the material equations (2.23a) and (2.23b). We introduce
the star operator » or Hodge operator, defined by

*f=fdxadyn dz,
f: *(fdx;\ d}'A dZ),
*(Axdx+A,dy+A,dz) =A,dyAndz+A,dza dx+ A, dx A dy,
Aydx+A,dy+A,dz=x(Aydyndz+A,dza dx+A.dx A dy).

(2.30)

The star operator has the property

*x=1, (2.31)
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Figure 2.12: Volume element representation of a three-form.

The star operator allows to bring the material equations (2.23a) and (2.23b) into the
form

D=¢exE, (2.32a)
B=uxH. (2.32b)

In curvilinear coordinate systems the Hodge operator has a more complex form as
discussed in Sections 2.13 and A.4. The Hodge operator reflects the metric properties
of the space and the coordinate system. Together with o and yo the Hodge operator
expresses the metric properties of free-space.

In an anisotropic medium the relationships between D and E or B and H depend on
the direction of E or H, respectively. The constitutive relationship can be expressed by
a permittivity tensor € or a permeability tensor u. We obtain

D=¢E, (2.33a)
B=puH, (2.33b)

with the permittivity and permeability tensors given by

€xx €Exy Exz Uxx Hxy Paxz
e=|€yx €yy €yz|, B=|tyx Byy MHyz|- (2.34)
€zx €zy €zz Hzx Hzy Hazz

To analyze anisotropic media with exterior differential forms Karl Warnick [10] has
introduced the permittivity star operator » and the permeability star operator x . For
materials described in Cartesian coordinates by symmetric permittivity and permeabil-
ity tensors the permittivity star operator is defined as

xc(Exdx + Eydy + Eydy) = (€xxEx + €xyEy + €x:E;)dy A dz
+ (eyxEx + €yyEy +€),E;) dz A dx

+ (szEx + ezyEy + ezzEz)dx f"\ d}’,
(2.35a)
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x¢(Dydy A dz+ Dydz A dx + D, dx A dy) = (834 Dx + &5, Dy + g5, D:) dx
+(8)xDx + 8y, Dy +8,.Dz) dy
+ (g:xDx + gin)‘ + gizDZ)dz'

(2.35b)
The matrix elements g{; are the elements of the inverse permittivity tensor
g=el. (2.36)
The application of *. to a zero-form and a three-form respectively yields
*¢ f =det[e]fdx A dy A dz, (2.37a)
xe fdx A dy A dz = (det[e])7'f. (2.37b)

In the same way the permeability star operator is defined by

*xu(Hydx + Hydy + H;dz) = (uxxHx + pheyHy + pix.H; ) dy A dz
+ (pyxHy + pyyHy + py:H;) dz A dx

+ (PzxHyx + pzyHy + pzzH; ) dx A dy,
(2.38a)

*u(Bxdy A dz+BydzA dx + B, dx A dy) = (gt<Bx +gk,B, + gl B,) dx
+ (8)xBx + &y By + 83:B:) dy
+ (gt By + ¢!, B, + g B.) dz. (238b)

The matrix elements g':‘j are the elements of the inverse permeability tensor
gt=u'. (2.39)
The application of *, to a zero-form and a three-form respectively yields

xu f =det[p]fdx A dy A dz, (2.40a)
*y fdx A dy A dz = (det[p])" fdxdydz. (2.40b)

For symmetric material tensors the permittivity and permeability star operators are
identical with their inverse operators,

*c %=1 * *F:l‘ (2.41]



Basic Electromagnetics 23

dx Ady Adz

Figure 2.13: The fundamental three-form in Cartesian coordinates.

With these operators we can write the constitutive relationships for homogeneous
anisotropic materials as

D=xE, B=+H. (2.42)

These equations are valid for symmetric as well as for unsymmetric anisotropic materi-
als.

2.5 THE CHARGE DENSITY

The electric charge q is given by the volume integral over the electric charge density p.
For the electric charge density we may introduce a three-form, the so-called charge
density form

Q=pdxAdyndz. (2.43)

We obtain the charge q by performing the volume integral over the three-form Q,

g fv Q. (2.44)

We note that the exterior product dx A dy A dz changes its sign if two factors are
interchanged. Figure 2.12 shows the graphic visualization of a three-form by subdividing
the volume into cells. The cell volume is inversely proportional to the charge density.
Figure 2.13 shows the fundamental three-form dx A dy A dz.

The star operator applied to a three-form yields a zero-form and vice versa. A zero-
form is a true scalar as, for example, the scalar potential. A true scalar is invariant under
coordinate transformations, whereas a three-form may depend on the coordinate
system.
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The electric flux D flowing through the boundary 9V of a volume V is related to the
charge Q stored in the volume V via

ﬁwD: va' 245)

To calculate the electric field of a point charge g we consider the point charge to be in
the center of a sphere with radius r. In this way we can utilize the spherical symmetry
of the problem. For symmetry reasons the flux density is homogeneous over the sphere
and is directed radially. Therefore

563 [ D=4nr’D, = gq. (2.46)
From this we obtain q
"7 dmer? @40

The electric field vector is given by

r
- 4:er3 ' (2.48)

There exists no magnetic charge. Therefore over any closed boundary dV of a volume
V, we obtain

B=0; (2.49)
av

2.6 THE MAXWELL PuzzLE

Let us assume the electromagnetic field to be slowly varying. In this case we can consider
the electric and magnetic fields to be independent from each other. In lumped element
circuits we know elementary circuit elements, which are based either on electric field
concentration or magnetic field concentration. Capacitors store electric field energy
and inductors store magnetic field energy. Capacitors as well as inductors may be
considered as lumped circuit elements within the network concept.

Ampére’s law relates the current flowing through a surface A to the magnetic field
tangential to the boundary 0A of the surface A,

fu?ﬁLJ. (2:50)

In the case of rapidly varying electromagnetic fields, however, we have to consider the
direct mutual influence of electric and magnetic fields. To demonstrate this we consider
the plate capacitor depicted in Figure 2.14. This capacitor is permeable for alternating
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Figure 2.14: Plate capacitor.

current. The current flowing within a positive half-wave into the left capacitor plate
builds up a positive charge. This positive charge influences a negative charge of equal
magnitude in the right capacitor plate. The current flowing on the left side into the
capacitor is equal to the current flowing out from the right side of the capacitor. With
the electric field E between the capacitor plates there is a related electric flux density D
given by (2.23a) and (2.32a), respectively. We assume the diameter of the plate capacitor
to be large compared with the plate distance b. In this case the electric field is essentially
concentrated between the capacitor plates and is homogeneous within this region.
The electric flux ¥ is the product of the magnitude of electric flux density D and the
capacitor area A:

Y| = L D=AlD|. (2.51)
The total electric flux V¥ is equal to the electric charge g stored in the capacitor,
v=[ Q=q. (2552)
v
The rate of change of the electric charge g is equal to the current,
dq
j= — . 2.53
T el
With (2.22) and (2.45) we obtain
d
=— | D. 2.54
Jor=a @5

The time derivative of the electric flux d'¥/ dt is interpreted as the displacement current.
The displacement current was introduced by Maxwell, who considered for the first
time the concept that variations in the position of bound charge were equivalent in
their effect to a conduction current [1,11]. The conduction current (i.e., the current
carried by moving charges and flowing through the conductor) is continued by the
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displacement current between the capacitor plates. Since the displacement current is
equal to the rate of change of the electric flux, the displacement current is proportional
to the frequency. It was the achievement of James Clerk Maxwell to recognize that the
displacement current can give rise to a magnetic field in the same way as the conduction
current. Therefore he added in Ampére’s law (2.50) the displacement current term to
the conduction current term and obtained

éu?{:% LD+LJ. (2.55)

The displacement current can give a considerable contribution to the generation of the
magnetic field, especially in the case of high frequencies.

Michael Faraday discovered that a time-varying magnetic field generates an electric
field. This law is called Faraday’s law or law of induction,

ﬁf:-%fds. (2.56)

As a consequence, in a rapidly varying electromagnetic field the electric and magnetic
fields are directly interacting in space.

2.7 THE INTEGRAL FORM OF MAXWELL’S
EQUATIONS

Let us now summarize Maxwell’s equations. The integral form of Maxwell’s equations
is given by

ﬁﬁ?{ = -(% LD + LJ, Ampeére’s law (2.57a)
56 = .. f B, Faraday’s law (2.57b)
aA dt Ja
B=0, Magnetic flux continuity (2.57¢)
av
56 D= f Q. Gauss’ law (2.57d)
av v

Equations (2.57a) and (2.57b) are named as Ampére’s law and Faraday’s law; (2.57¢)
describes the flux continuity and (2.57d) is named Gauss’ law. The field quantities and
the corresponding differential forms occurring in these equations are summarized in
Table 2.1.

In (2.57a) and (2.57b) line integrals over the boundary of the surface A are related
to surface integrals over the area A. Figure 2.15(a) shows the relation between the
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Table 2.1: The Field Quantities

Name Field Quantity ~ Dimension  Differential Form  Dimension
Electric field intensity E Vm™! £ v
Magnetic field intensity H Am™! H A
Electric flux density D Asm™? D As
Magnetic flux density B Vsm™? B Vs
Current density J Am™? T A
Charge density P Asm™> Q As

Figure 2.15: (a) Area A with boundary dA, and (b) volume V with boundary aV.

orientation of the area A and the contour dA. The line integral over the closed contour
A is called circulation. In (2.57¢) and (2.57d) the surface integrals are performed over
the boundary aV of the volume V. Figure 2.15(b) shows the orientation of the boundary
surface V.

The conservation of charge is embodied in the continuity equation following directly
from Maxwell’s equations. Let us apply Ampére’s law (2.57a) on a surface A, which
is the boundary of a volume V' (i.e,, A = @V). Since a boundary has no boundary it
follows A = d(dV) = 0 and therefore we obtain from (2.57a)

ijﬁ D+ ¢ T=o0. (258)
dt Jav av
Inserting Gauss law (2.57d) yields the integral form of the continuity equation

d
_ + =0. 2.59
dt f v e av J (239)
From this it follows that any current flow through the boundary 9V of a volume vV
must be accompanied by an appropriate change of the charge in V. The total charge is
conserved.
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Table 2.2: Field Quantities and Network Quantities

Field Quantity ~ Network Quantity ~ Name Dimension
E v Electric voltage v
H Vm Magnetic voltage A
D v Electric flux As
B @ Magnetic flux Vs
I i Electric current A
P q Electric charge As

We shall demonstrate below that Maxwell’s equations exhibit plane wave solutions
with a free-space propagation velocity (i.e., the speed of light c,), given by

1

€olo

co = =2.998-10°ms™! = 3-10° ms™". (2.60)

In electric conductive media the current density form 7 is related to the electric field
form £ via Ohm’s law

T=a%E, (2.61)

where o is the conductivity with dimension AV~'m™. If there also exists an impressed
current density with the current density differential form Jp, the total current density
is given by

T=To+0+*E. (2.62)

To every field quantity there exists a corresponding integral field quantity. The integral
field quantities are obtained from the corresponding differential field quantities by
integration over a one-dimensional or a multidimensional spatial domain. Integral
field quantities may be interpreted as network quantities. Table 2.2 summarizes the
differential field quantities and the corresponding integral field quantities or network
quantities, respectively. The voltage v is defined by

2
vigi= fl € (2.63)

as the negative line integral over the electric field intensity. Figure 2.3(a) shows the
orientation of the voltage v;; and the path of integration. In the same way we may
define a magnetic voltage

2
v == [ H. (2.64)
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The electric flux ¥, the magnetic flux ®, and the current i are given by

Y= LD. (2.65a)
o- [ B, (2.65b)
ps f,.; 7. (2.65¢)
The electric charge q is given by
q= fv Q. (2.65d)

2.8 THE ELECTROMAGNETIC WAVE

James C. Maxwell was the first to predict the existence of electromagnetic waves. In
1864 he proposed that light is an electromagnetic disturbance in the form of waves [11].
In an electromagnetic wave the magnetic field is built up by the displacement current
due to the time-varying electric field and, vice versa, the electric field is built up by the
time-varying magnetic flux. In 1887 Heinrich Hertz provided experimental verification
of electromagnetic waves [12].

Following [13], we demonstrate how a propagating electromagnetic wave develops by
the mutual influence of electric and magnetic fields. A uniform plane wave is a wave
that depends only on time and one space direction (i.e., the direction of propagation),
and is uniform in all directions transverse to this direction of propagation. Apart from
the electrostatic and magnetostatic fields, plane waves represent the simplest solutions
of Maxwell’s equations. For simplicity we consider the case of an electromagnetic
plane wave, where the electric and magnetic field components are uniform in planes
transverse to the direction of propagation. If we choose in a Cartesian coordinate system
the z-direction as the direction of propagation, all field components will depend only
on the coordinate z and time f. Within some finite cross-section an electromagnetic
wave emitted from a far-distant source can be approximated by a plane wave.

The following considerations are not a derivation of an electromagnetic wave, since
we are already making very detailed pre-assumptions. However, we want to visualize
how the physical phenomena interact in order to establish wave propagation. First
we assume that in a far-distant transverse plane located in the negative z-direction,
at a certain moment a magnetic field H is suddenly turned on. We assume that this
magnetic field is directed in the y-direction and is homogeneous throughout the whole
transverse plane. This may be realized when in a large conducting plane a homogeneous
surface current directed in the negative x-direction is turned on instantaneously. Now
let us assume that a physical action can propagate with a maximum velocity, which we
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Figure 2.16: Generation of the electric field by the magnetic field.

will name c. Let us assume that a plane wave front is propagating now in the positive
z-direction and that the space in front of the wave front is free of field. The space behind
the wave front is filled by a homogeneous magnetic field H, in the y-direction.

We now, in a first step, are going to show that this propagating magnetic field due to
Faraday’s law will induce an electric field. Let us consider an area element of height h
and length ! corresponding to Figure 2.16. During the time of propagation of the wave
front through this area element, the magnetic flux ® flowing through the area element
is increasing linearly with time. We obtain from (2.65b)

d=phAzH,. (2.66)
For Az increasing with time the velocity c of the wave front is given by

B dAz

.. 2.67
T (:67)

Therewith we obtain from (2.66) for the time interval in which the wave front is
marching through the area element,

%:pthy. (2.68)
Due to Faraday’s law (2.57b) this change of the magnetic flux with time has to be
related with the circulation integral of the induced electrical field E. Now we may
assume that the induced electric field has no component in the z-direction, since such
a field should have the same direction throughout the complete transverse plane for
symmetry reasons. Such a longitudinal electromagnetic field would not be divergence-
free. Therefore a component E, cannot occur, since we did not assume any electric
charge in front of the wave front. We also may assume that there is no electric field in
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Z

Figure 2.17: Generation of the magnetic field by the electric field.

front of the wave front. Therefore only a homogeneous electric field E, between point
1 and point 2 of the path of integration gives a contribution to the integral, hence

E=-hE,. (2.69)
94

With (2.57b) and (2.68) we obtain
Ex=ucH,. (2.70)

We assumed that the magnetic field propagates in the positive z-direction without
discussing the rules governing this propagation. We now want to show that the prop-
agating electric field gives rise to a magnetic field. For this purpose we consider a
horizontal area element of length / and width a according to Figure 2.17. In the spatial
region inside the wave front exists a homogeneous electric field E,. In the time interval
in which the wave front propagates through the area element the electric flux through
this area element is given by

V=ecalAzE,. (2.71)
With (2.67) we obtain
%—T =¢cacE,. (2.72)

The displacement current d'¥/ dt generates a magnetic field. The circulation integral of
the magnetic field over the boundary of the area element is related to the displacement
current d¥/ dt according to (2.57a). Only the homogeneous magnetic field H, between
points 1 and 2 in Figure 2.17 gives a contribution to the integral, hence

H=aH,. 2.73)
dA
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With (2.57a) and (2.72) we obtain
Hy=ecE,. (2.74)

From (2.70) and (2.74) we obtain the propagation velocity ¢ of the plane electromagnetic
wave

(2.75)

This is the speed of light in the medium with permittivity € and permeability . A
dielectric material with € # €0 and p = o may be characterized by the refractive index

n=\/e. (2.76)

The refractive index gives the ratio of the free-space velocity co of the transverse elec-
tromagnetic wave to its velocity ¢ in the medium:

a2 (2.77)
c

For free-space the propagation velocity is the speed of light ¢y given in (2.60). Fur-
thermore, from (2.74) and (2.75) we obtain the ratio of electric and magnetic field

intensities, given by
Ex _ \/E , (278)
H, €

The ratio E,/H, has the unit VA™'. We define the wave impedance Zg by

- \/g . (2.79)

The free-space wave impedance is given by

Troo ? =3770 2120 Q. (2.80)
0

The considerations we have presented here naturally are independent from the choice
of the coordinates. Therefore we may assume in general that in the case of the plane
electromagnetic wave the direction of the electric field, the direction of the magnetic
field, and the direction of propagation form an orthogonal trihedron. Up to now we
only have considered a step wave defined by

0 forct—2z<0

s (2.81)
Ey for ct—-2z20

E.(z,t) = ZroHy(z, t) {
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X (a) X (b)

Figure 2.18: Superposition of step waves: (a) positive step wave, (b) negative step wave, (c) rectangular
pulse wave, and (d) step wave train.

Due to the linearity of Ampére’s and Faraday’s laws, however, we can use the principle
of superposition and thereby construct plane waves of arbitrary shape.

By superposition of a step wave, Figure 2.18(a), and a time-delayed step wave with
opposite amplitude, Figure 2.18(b), we obtain a rectangular wave as shown in Fig-
ure 2.18(c). Putting together such rectangular waves, we can construct wave forms as
depicted in Figure 2.18(d). If we reduce the width of the rectangular segments to zero,
we may construct continuous waves of arbitrary shape.

We therefore may assume waves of arbitrary shape propagating at a velocity ¢ with a
stable waveform. The spatial dependence and the time dependence of a plane electro-
magnetic wave propagating in the positive z-direction with the electric field directed
in the x-direction is given by

E.(z,t) =Ex(z-ct), (2.82a)
Hy(z,t) = Z;' E.(z—ct). (2.82b)
If the wave is propagating in the negative z-direction, we obtain

Ei(z,t) =E;(z +ct), (2.83a)
Hy(z,t) =-Z5 Ex(z +ct). (2.83b)
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Figure 2.19: Linearly polarized time-harmonic electromagnetic wave.

Assuming a sinusoidal time dependence of the electromagnetic field, we obtain the time-
harmonic electromagnetic wave. With frequency f, angular frequency w, wavelength A,
and wave number k, given by

w=2nf, (2.84)
k = % = 2n/A (2.85)
we obtain the field components
E.(z,t) = E§, cos(wt —kz + o), (2.86a)
H,(z,t) = Hy, cos(wt — kz + ¢o) . (2.86b)

E;, and Hg, are the amplitudes of the time-harmonic electromagnetic wave propagat-
ing in the positive z-direction. The electric and magnetic field amplitudes are related

via
Ej,=Z:H},. (2.87)

Figure 2.19 shows the field components Eg, and Hg, of the time-harmonic electromag-
netic wave. If the electrical field is directed in one direction only, the wave exhibits
linear polarization. The direction of the electric field vector is always called the direc-
tion of polarization. In free-space the speed of light co, the wave number ko, and the
wavelength A, are related by
w
ko=—= 21’{/)‘.[}. (2.88)
Co
The superposition of an electromagnetic wave propagating in the positive z-direction
with an electromagnetic wave propagating at the same frequency in the negative z-
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Figure 2.20: Linearly polarized time-harmonic electromagnetic wave.

direction is given by

E¢(z,t) = Ej, cos(wt — kz + ¢g ) + Eg, cos(wt + kz + ¢y ), (2.89a)
H,(z,t) = Hg, cos(wt — kz + ¢g) + Hy, cos(wt + kz + ¢y) . (2.89b)

The field amplitudes Ej, and Hy, of the wave propagating in the negative z-direction
are related by
Eo, =-Zr Hy, . (2.90)

The negative sign in (2.90) is due to the circumstance that for the wave propagating in
the negative z-direction, the directions of E, H, and the direction of propagation also
form a right-handed orthogonal trihedron.

2.8.1 The Wave Equation

To derive a wave equation for the plane electromagnetic wave we consider the continu-
ous plane wave according to Figure 2.20. We assume that the area elements considered
in Figures 2.16 and 2.17 exhibit an infinitesimal length Az. The magnetic flux varies
continuously, and we obtain from (2.66)

do dH
— =uhdz—2~. 2.91
ar T &)
The circulation integral of the electric field over the contour of the vertical area element
is given by

Sé;ﬁf,':—h (Ex(z) - Ex(z+ AzZ)) . (2.92)
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From (2.57b), (2.91), and (2.92) we obtain for Az — 0 the differential equation

o8, __ o,

= - ’ 2.93

oz~ Har o
The operator 9 denotes the partial derivation. The partial derivative 0E,/dz is formed
as if E, is only dependent on z. For the change of the electric flux with time we obtain

dv dE,
"a =ealz dt . (294)

The circulation integral of the magnetic field around the area element is given by

 H=a (Hy(z) - Hy(z+ Az)) . (2.95)
A
For Az — 0, we obtain
oH JdE
- e = x
= € T (2.96)

From (2.93) and (2.96), we obtain under consideration of (2.75) the wave equation

9* (E 1 0* [E,

R b e =0. 29

aZz {Hy} Cz atz {Hy { 7)

This wave equation is valid for Ex and H, as well. It is easy to verify that all the above-
presented solutions fulfill this equation.

2.8.2 The Polarization of Electromagnetic Waves

Let us again consider a plane electromagnetic wave propagating in the positive z-
direction. We now assume that the electric field exhibits an x-component as well as a
y-component given by

EY (t - ;) = E) cos(wt - Bz +¥x), (2.98)

Ef,ﬂ (t - %) = EJ{,;) cos(wt - Bz +yy). (2.99)

We allow different amplitudes E'3) and Ef,;} and different phases y, and v, for both

electric field components. Since E{ and .ng') may be chosen independently, every
superposition of (2.98) and (2.99) is a solution of Maxwell’s equations.
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Figure 2.21: Linearly polarized plane electromagnetic wave.

Let us consider the superposition of these two waves. We first consider the case
where v, is equal to y, (i.e., both components EY and E§,+} have the same phase). In

this case @ “
Ey(t-%) E

(+)( :) = ’(‘E} for yx =y, (2.100)
E)' (‘ o E) Eyl}

is valid. The ratio between the x-component and the y-component of the electric field
is independent from space and time. Such a uniform plane wave is called linearly
polarized. The angle

B (t-2)

B (1-2)
is constant. Figure 2.21 shows the direction of the field vector E and its x- and y-

components E, and E,. In general the condition for linear polarization is given by
¥y = Yy + mm where m is an integer.

6 = arctan (2.101)

We consider the special case given by y, = y + mand Eig) =E() = E{". From
(2.98), (2.99), and (2.100) we obtain

E®) (t - E) |= |E{(]+)| = const. foryy = yx +5m
¢ G ot o) (2102)
andEy " =E ) =E;, .

0 =+(wt-Pz+yy) y0
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Figure 2.22: Left-hand circularly polarized plane electromagnetic wave.

The magnitude |[E(*)| of the electrical field intensity is constant, whereas the direction
of the electric field rotates around the z-axis. The rotation occurs with the angular
frequency w. The rotation in space has a period given by the wave number 8. This wave
exhibits circular polarization. Figure 2.22 illustrates this case. If we are looking into
the direction of propagation of this wave, the electric field vector is rotating counter-
clockwise. The wave is left-handed circularly polarized. We have to consider that the
sense of rotation for constant space is opposite to the sense of rotation for constant time.
For y, = Y, — 7 the electric field vector E is rotating clockwise if we are looking in
the direction of propagation. If the rotation of a circularly polarized wave with respect
to time and the direction of propagation corresponds to a right-handed system, the
wave is called right-handed circularly polarized. In the most general case, if yx, ¥,

Eﬁ;) and E},E) are arbitrary, the electric field vector performs an elliptic motion. In this
case the polarization is called elliptic.

2.9 KiRCHHOFF'S LAwsS

The fundamental equations of network theory may be derived from Maxwell’s equations.
Figure 2.23 shows a network node with n conductors. We enclose the network node in
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Figure 2.23: Network node.

avolume V and apply the integral form (2.59) of the equation of continuity

d
=-— ' 2.103

av 4 dt f v 2 ( )
On the left side of (2.103) only the integration over the surface areas of the # conductors
gives a contribution. The surface integral over 9V may be subdivided into # integrals
over the cross-section areas A of the conductors. Each of these integrals corresponds
to a current iy flowing from the node.

ﬁvj=éﬁk5=§fk. (2.104)

From (2.65d), (2.103), and (2.104) we obtain
E [y =——. 2.105
1k at ( )

If the time variation of the charge on the conductors inside the volume V' can be
neglected, the right side of (2.105) disappears. In this case we obtain

n d
Sig=0 for —1=0. (2.106)
k=1 dt

The sum of the node currents vanishes. This is Kirchhoff’s current law. Since for a given
charge q the magnitude of dg/dt increases in proportion to the frequency, at higher
frequencies the term dq/dt may not be neglected any more. The displacement current
flowing in a real network from the node may be considered by insertion of one or
several capacitors in an equivalent circuit. Via these capacitors the displacement current
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Figure 2.24: Equivalent circuit with parasitic capacitors.

flowing between the conductors of the real network are modeled. Figure 2.24 shows
a network consisting of two inductors and one resistor. Three capacitors are inserted
in order to consider the displacement current flowing between nodes a, b and c. The
equivalent circuit contains additional circuit elements modeling the field between the
physical circuit elements.

To derive Kirchhoff’s voltage law we apply the integral form of Faraday’s law (2.57b)
to the loop depicted in Figure 2.25. The area or virtual surface bounded by this loop is
A. The line integral of the electrical field intensity E over the boundary 0A of the loop
area A is equal to the negative sum of the branch voltages:

f E=-vy -V — V43— V54— Vi5. (2.107)
2A

From (2.57b), (2.65b), and (2.107) we obtain

do

Var+Viz+ Va3 + V54t Vs = E . (2.108)

If the time variation of the magnetic flux through the loop can be neglected, the sum
of the loop voltages disappears:

Y v =0 for a8 =0. (2.109)
dt
loop

This is Kirchhoff’s voltage law. Since the quantity d®/ dt also increases with frequency,
at higher frequencies we can no longer neglect the magnetic flux through the loop.
This magnetic flux may be considered by insertion of inductors into the loop branches.
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Figure 2.25: Network loop.

The voltage induced from one branch into another is thereby considered via a mutual
inductance.

Inductors and capacitors, which do not correspond to real circuit elements, but
are introduced via the geometry of the conductors, are called parasitic capacitors and
parasitic inductors. At higher frequencies, these parasitic network elements cannot be
neglected anymore. Usually such parasitic elements are unwanted. By careful geomet-
ric design of the circuit and the paths of the lines, such elements can be kept under
control. As long as only parasitic capacitors and parasitic inductors occur, these net-
work elements may be considered within the framework of the network concept. The
situation becomes more complicated as soon as the dimensions of the circuits reach the
order of magnitude of the wavelength. In this case electric and magnetic fields may be
directly linked with each other. In this case it is not possible to describe the influence
of electric and magnetic fields independently via equivalent capacitors and inductors.
However, in these cases an equivalent circuit may also be established after solving the
electromagnetic field problem.

2.10 MAXWELL’S EQUuATIONS IN LOCAL FORM

Any measurement of electromagnetic field quantities is related to an integration or
averaging over a finite spatial domain. However, the field concept is essentially a local
concept, which means that in using the field concept we consider the local relations
between field quantities within an infinitesimally small neighborhood. We will bring
Maxwell’s equations into their local form.
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We introduce the exterior derivative dU of an exterior differential form U by
dU = Z dx; A % with dx; = dx, dy, dz (2.110)
ol 2 1 axi ! 3 y) . .

For the exterior derivative we have the following rules:

dU+V)=dU+dV, (2.111a)
dUAV)=dUAV+(-1)48DY A dY, (2.111b)
where the degree of the differential form U is degld = p if U is a p-form.

Stokes’ theorem relates the integration of a p-form U over the closed p-dimensional
boundary dV of a p + 1-dimensional volume V to the volume integral of {f over V via

favu=ﬁdu. (2.112)

Applying Stokes’ theorem to the integral form of Maxwell’s equations (2.57a) to (2.57d),
we obtain

f d?{=—d—f'D+fJ, (2.113a)
A dt Ja A
d
de=-— [ B, 2.113b
j:—; ¢ dt Ja ( )
f dB=0, (2.113¢)
v
[ ap=[ o (2.113d)
% v
and from this the differential representation of Maxwell’s equations:
a 3
dH = é—ID +J, Ampeére’s law (2.114a)
d€ = —%B, Faraday’s law (2.114b)
dB=0, Magnetic flux continuity (2.114¢)
dD = Q. Gauss’ law (2.114d)

Applying the Stokes’ theorem (2.112) to the integral form of the continuity equation
(2.59) yields the local form of the continuity equation

9
agﬂ» dJ=0. (2.15)
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2.11 TiMme-HARMONIC ELECTROMAGNETIC FIELDS

A time-harmonic electromagnetic field is an electromagnetic field with sinusoidal time
dependence. As far as physical quantities are time-harmonic, a representation of these
quantities by complex phasors can simplify the analysis [14]. The time-harmonic electric
field

Eox(x) cos (wt + ¢y (x))
E(x,t) = | Eoy(x) cos (wt + ¢,(x)) (2.116)
Eo.(x) cos (wt + ¢,(x))
can be represented as
E(x,t) =R {E(x)e*'} (2.117)
using the vector phasor
on(x) ej¢’x{x)
E(x) =|Eqy(x)e/®&® |, (2.118)
Eo.(x)el ¢=(x)
We mark phasors by underlining. Due to
d . jeat
EE(x,t) =R {jwE(x)e’ } (2.119)

the partial derivation with respect to time may be replaced by a multiplication with the
factor jw. We introduce the complex differential form phasor £ related to the differential
form &, For a time-harmonic field described by a differential form

E(x,t) = Egx(x) cos(wt + ¢y (x)) dx + Egy(x) cos(wt + ¢, (x)) dy
+ Ep.(x) cos(wt + ¢,(x)) dz (2.120)

we introduce
E(x,t) =Ey (x) el dx + E, (%) el (¥ gy 4 Ey.(%) el #:(*) 4z (2.121)
and obtain

E(x.t) =M {E(x)el*'}, (2.122a)
%S(x, t)=R{jwE(x)e"}. (2.122b)
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Table 2.3: Electric Material Properties

Material a/Sm™! € f./Hz
Copper 58-107 1 -
Germanium (pure) 2.2 16 2.5-10°
Sea water 4 81 8.9-10%
Water 1072 81 2.2-10°
Wet earth 107% 10 1.8-10°
Dry earth 1073 5  3.6-10*%

2.12 MAXWELL’S EQUATIONS IN THE FREQUENCY
DOMAIN

Replacing in (2.114a)-(2.114d) the time derivative by multiplication with jw we obtain
the complex phasor representation of Maxwell’s equations [15]

dH=jwD+ J, Ampeére’s law (2.123a)
d€ =-jwB, Faraday’s law (2.123b)
dB=0, Magnetic flux continuity (2.123¢)
dD=9. Gauss' law (2.123d)

In a homogeneous isotropic medium with permittivity €, permeability 4, and conduc-
tivity o, we obtain with (2.32a), (2.32b), and (2.62)

dH =(jwe+o)x E+ T, (2.124a)
d€ = —jop+ H. (2.124b)

For insulating materials usually we > o is valid. We may consider the losses in an
insulator via complex permittivity e.

e=¢ + o g, (2.125)
jw

If the losses in a dielectric material are due to ohmic conduction, o will be indepen-
dent from w, and €” will be proportional to 1/w. If the losses have other origins (e.g.,
polarization losses in a dielectric material), €” is not proportional to 1/w. Sometimes
the magnitude |¢| and phase 8, of the complex permittivity are also specified:

e=lele% =€ (1-jtand,). (2.126)
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Table 2.4: Complex Permittivity of Some Materials at 25°C

Frequency fiHz

Material 10 10 10® 108 10'°
Teflon el 2.1 2.1 2.1 2.1 2.0
e’ 111073 7:1074 410" 310 g107f
Polysterine ¢, 2.56 2.56 2.56 2.56 2.54
e/ 1310 1310 18107* 3107 111077
Quartz e 3.78 3.78 3.78 3.78 3.78
e/ 3210 23107 75107%  4107* 4107t

The phase §, is called the dielectric loss angle, and tan &, is the dielectric loss factor: For
small losses we obtain |¢| = ¢’ and tan §, = §,.. Magnetic losses may be described by a
complex permeability u,

u=p'~ju" =yl e = y/(1-jtand,,). (2.127)

The phase §,, is the magnetic loss angle, and tan &, the magnetic loss factor.
The relative permittivity is the ratio of the permittivity to the free-space dielectric
constant
e, =¢ —je! = £, (2.128)
€0

In the same way, the relative permeability K is given by

R P (2.129)
2, 1o
With the complex permittivity € and the complex permeability y, we obtain from
(2.124a) and (2.124b) -

dH=jwexE+ T, (2.130a)
d€=-jopxH. (2.130b)

For nonmagnetic materials y = pg is valid. A material for which, in the considered
frequency regime, ¢’ > ¢” is valid is called quasi-dielectric, for ¢’ < ¢’ the material is
called a quasi-conductor. The same material may be a quasi-conductor at low frequencies
and a quasi-dielectric at higher frequencies. The material cutoff frequency f. between

these regions is given by
a

o (2.131)

Jfe
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In Table 2.3, €/, 0 and f; are given for some materials. For metals, f. is far beyond the
optical frequency region. Table 2.4 specifies €] and €] for some important dielectric
materials in dependence from the frequency.

2.13 CURVILINEAR COORDINATES

It is one principal advantage of vector calculus and exterior calculus that the equations
defining and describing the properties may be formulated without reference to a specific
coordinate system. Depending on the problem, the choice of a specific coordinate
system may simplify the solution to the problem considerably. A detailed treatment of
curvilinear coordinates is given in Appendix A.4.

We introduce an orthogonal curvilinear coordinate system

u=u(x,y,z), v=v(x,y.z), w=w(xyz). (2.132)

The coordinate curves are obtained by setting two of the three coordinates u, v and
w constant. Coordinate surfaces are defined by setting one of the three coordinates
constant. In an orthogonal coordinate system at any point (except singular points) of
the space, the three coordinate curves are orthogonal. The same holds for the three
coordinate surfaces going through any point. The differentials dx, dy, dz and the
differentials du, dv, dw are related by

dx = E du + —é: dv + a dw ) (21333)
dy ay 9y
d dw, 2.133b
dy = > du + —dv+ — T w ( )
ds = 22 +%dv+£d (2.133¢)
u av

The rules for transformation of the Cartesian basis two-forms dx A dy, dy A dz, dza dx
and the Cartesian basis three-form dxa dya dz follow directly from the above equations
by applying the rules of the exterior product and are given explicitly in (A.97) and
(A.98). Using the metric coefficients g}, g3, and g3 defined in (A.104), unit one-forms
(A.109)

ss=gdu, s=gdv, s3=gs3dw (2.134)

are introduced. The integral of 5; = g; du along any path with v and w constant yields
the length of the path.
In a circular cylindric coordinate system defined by (A.143), the unit differential forms
(A.146) are
ssi=dr, s;=rd¢, s =dz. (2.135)



Basic Electromagnetics 47

n
\ n; @ AA)

Figure 2.26: The normal boundary conditions.

In a spherical coordinate system defined by (A.160), the unit differential forms (A.163)

are
ss=dr, s;=rdf, s3=rsinfd¢. (2.136)

For the curvilinear unit differential forms the Hodge operator as defined in (2.30) is

*f=fsiAsAS,
*(Ausi+ Ay + Ay S3) = Ay ASy + Ayss AS + AySi A5y,

2.137
*(A352h53 +AVS3A51+A“;51 J'\Sz) ZA“SI +Av52+Aw Sy, ( )

*(fsins;asy)=f.

2.14 BOUNDARY CONDITIONS

Usually we consider electromagnetic structures assembled from various materials with
different material properties. At a boundary surface between two materials the material
parameters undergo a discontinuous change. At the boundary surfaces the field quanti-
ties have to fulfill boundary conditions. If the materials are homogeneous, we can try to
find solutions of Maxwell’s equations in the following way: We seek the solutions in each
subdomain and fit these solutions along the boundaries. In the following we show that
at boundary surfaces the tangential components of the field intensities and the normal
components of the flux densities and the current density fulfill boundary conditions.
Figure 2.26 shows a section of the boundary surface between spatial regions 1 and 2.
We now consider an area element AA,; of this boundary surface. We introduce a local
orthonormal right-handed curvilinear coordinate system u, v, n with the coordinates u
and v tangential to the boundary surface and the coordinate n normal to the boundary
surface. In this coordinate system the magnetic flux density differential form is given
by

B=Bys;An+B,nans +BysiAs;. (2.138)
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We construct a small volume AV that is formed as a small circular cylinder like a pillbox.
The bottom surface of the cylinder is located in region 1, whereas the top surface of the
cylinder is located in region 2. The pillbox encloses a volume AV. We now apply the
magnetic flux continuity law (2.57¢) to the cylinder volume AV. In the limit process
AV — 0, the side surface of the pillbox will go to zero by a higher order than the bottom
and top surface and may be neglected. We therefore obtain

36 B=[ (B®-BW)= f (Bff’ = Bf,”) SiAS=0. (2.139)
a(AV) AAy AAy

B™M and B?) are the magnetic flux density differential forms in region 1 and region 2,
respectively. The above condition is fulfilled if and only if

na(B®-BW)=o. (2.140)

This is the boundary condition for the magnetic flux density.
Let us now compute the surface integral of the electric flux density over the boundary
of the pillbox. Performing the same limiting process as above, we obtain

55 D= (D(ZJ—D“))=f (D - D) si a5, (2.141)
a(AV) AAy AA,

We introduce a surface charge density p, (dimension As/m?). This means that the
infinitely thin boundary surface contains a finite charge. We can describe the surface
charge density by the surface charge differential form

Qa=pasiAs. (2142)
The surface charge density is related to the volume charge density via
Q=8(n)nA Qa, (2.143)

where # is the coordinate normal to the area and &(n) is the Dirac delta distribution
defined by

(2.144)

j;xz 0(x)dx =

i 0 forxé¢[x,x;]

{1 for x € [x, x3]

Let A be an area on the boundary surface and V be a volume supported by A and
exhibiting an extension normal to the surface from n = —3An to n = +3An. In this case

fv Q= L Qa (2.145)
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Figure 2.27: (a) Charge form Q, and (b) surface charge form Q4.

is valid. Figure 2.27(a) shows the geometric picture of a charge form Q and Fig-
ure 2.27(b) depicts the corresponding surface charge form Q. Inserting this in Gauss’

law (2.57d) yields
f p:fgﬁ, (2.146)
av A

f (fo) - Df,l)) SiAS = f PASI A S2. (2147]
AA, AAy

This yields the boundary condition for the electric flux density,

and

na (Dm - T)“)) =nAQ4. (2.148)

Equations (2.140) and (2.148) are called the normal boundary conditions, since they
give information about the normal components of the flux densities B and D.

Figure 2.28(a) shows the electric flux through the boundary for a homogeneous
electric field normal to the boundaries and no surface charge in the boundary. The
permittivity € in region 2 is assumed to be twice the permittivity ¢, of region 1. The
cross-section of the flux tubes remains unchanged when the flux tubes are crossing the
boundary surface. For the same flux densities in both regions we obtain in region 1
twice the electric field intensity as in region 2. Therefore the potential planes in region
1 have twice the density as in region 2, see Figure 2.28(b).

We now investigate the tangential boundary conditions. Figure 2.29 shows a normal
cut through the boundary surface. In our local coordinate system the magnetic field
differential form # is given by

H=Hys+ Hys; + Hyn. (2.149)
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Figure 2.28: The normal boundary conditions: (a) electric flux density, and (b) electric field.

The rectangular area element AA; has the side lengths d and I, where the longer side [
is parallel to u. One of these longer sides is totally embedded in region 1, and the other
one in region 2. Computing the circulation integral of the magnetic field intensity over
the contour AA,, we obtain ford — 0

— (2) _ (1)
ﬁ(ﬁﬂz)?{ fm(H GAOR (2.150)

H®D and H @) are the magnetic field intensities in regions 1 and 2 respectively. Let
us also assume a current flowing on the infinitely thin boundary layer. The current
density exhibits only components tangential to the boundary layer. The current density
differential form 7 therefore is given by

T=lussAn+],nAs. (2.151)

If the current is concentrated in the boundary layer the dependence in the normal
direction # is given by the delta distribution §(#) and we obtain

T = =Jau(u,v)8(n)n A sy + Jay(u,v)8(n)n A s . (2.152)
We introduce the surface current density
Ta(u,v) = Jay(u,v)s1 = Jau(u, v)s; - (2.153)
The surface current density form 74 and the current density form J are related via

J(u,v,n) =8(n)nn Ta(u,v). (2.154)
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Figure 2.29: The tangential boundary conditions.

The surface current density form J4 describes a finite current flowing in an infinitely
thin surface. Figure 2.30 shows the geometric representation of the current density
and the surface current density. The surface current density form Jy is a one-form.
However, unlike one-forms discussed up to now, the direction of integration is not the
same as the direction of the field but is orthogonal to the corresponding field direction.
We call such a one-form a twisted one-form. As a symbol for a twisted form we introduce
a line with an arrow indicating the direction of integration with thin lines to the side of
the arrow indicating the direction of the surface flux flow, as depicted in Figure 2.30(b).

To transform an ordinary one-form into a twisted one-form and vice versa, we
introduce the twist operator by

1 U=*(nAlU) . (2.155)

The index n of the twist operator L, denotes the axis of rotation. If u, v are the coor-
dinates tangential to the surface and # is the coordinate normal to the surface, the
application of the twist operator L, to a one-form tangential to the surface rotates the
one-form around n by 90° in the positive direction,

™ (Uusl + Uvsz) = _Uvsl + Uu52 5 (21568]
Ly (Uysi—Uysy) = Uusi+ Uys,. (2.156b)

If a current is flowing tangential to a surface, given by n = const., and if the current is
flowing within a small interval (n;, n,), as depicted in Figure 2.30(a), we can approxi-
mate the current distribution by a surface current distribution shown in Figure 2.30(b).
The surface current twisted one-form 74 is obtained by integrating the current density
two-form over the normal coordinate n from n; to n,. To integrate a differential form
over a single coordinate we first bring the corresponding coordinate differential to the
left. This follows from the circumstance that the integration is the inverse operation to
the exterior derivative, and the exterior derivation attaches a coordinate differential to
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Figure 2.30: (a) Current form .7, and (b) surface current form J4.

the left of a differential form,
na
Talu,v) =f J(u,v,n). (2.157)
Inserting (2.150) and (2.154) in Ampére’s law (2.57a) gives
#; H= [ (HD-HO)= f Ta. (2.158)
94, Al Al
This yields the boundary condition for the magnetic field,

nA(HD -HD)=nAJs. (2.159)

4 is the sum of the impressed surface current density and the surface current den-
sity induced by the field. A field-induced surface current density only may occur if
we assume infinite conductivity of the medium or a finite surface impedance of the
boundary surface. In case the media in both subspaces exhibit finite conductivity and
if no surface current density is impressed, we obtain

nA(H®-HD)=0 for Ja=0. (2.160)
For an electric surface polarization M., in the boundary surface related to 74 via

)}
Ja= 35 M.a (2.161)

we obtain from (2.159) the tangential boundary condition for the magnetic field intensity

d
nA(H® -HD)=nn = Mes. (2162)
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Figure 2.31: The tangential boundary conditions: (a) electric field, and (b) electric flux density.

In the same way we obtain the tangential boundary condition for the electric field
intensity:

nA(E® -EW)=-na %Mm. (2.163)

In this equation M, 4 is the magnetic surface polarization in the boundary surface. If
there is no magnetic surface polarization in the boundary surface, we obtain

na(E® -€W)=o. (2.164)

In Figure 2.31 we consider an electric field parallel to the boundary for no magnetic
surface polarization in the boundary. The electric potential surfaces are normal to
the boundary plane and do not change their spacing when crossing the boundary.
Assuming €; = 2¢; yields twice the density of flux tubes in region 2 as in region 1.

For a field in an arbitrary direction with respect to the boundary, the spacing of
the potential planes remains unchanged in directions parallel to the boundary surface
whereas the spacing normal to the boundary surface becomes smaller in the region with
the lower permittivity (see Figure 2.32(a)), indicating that the tangential component of
the electric field remains unchanged, whereas the normal component of the electric
field intensity is larger in the region with the lower permittivity. Figure 2.32(b) shows
the change in tilt of the flux tubes when crossing the boundary surface. The area of the
cuts of the flux tubes with surfaces parallel to the boundary remains unchanged. This
indicates that the flux component normal to the boundary is maintained. The area of
the cuts of the flux tubes with planes normal to the boundary surface is proportional
to the permittivity.
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Figure 2.32: Boundary conditions for field in arbitrary direction: (a) electric field , and (b) electric flux
density.

Introducing the contraction A 1 B of two differential forms A and B defined by

Si 485 = 5“- 3 (2.165a)
AL(BAC)=(A1B)AC+(-1)48AB A (A.C) (2.165b)

we can bring the boundary conditions in an explicit form with respect to the sources
impressed in the boundaries. The symbol i is named “angle” and the contraction is
also called the angle product. The angle product was introduced by Burke [7]. We use
the modified form given by Warnick [16]. It may be shown easily that the following
relations hold

Qa=ni(nnAnQa), (2.166a)
TJa=na(naJy), (2.166b)
Mea=ni(nAMea), (2.166¢)
Mpa=n3(nAMpya). (2.166d)

The normal boundary conditions (2.140) and (2.148) now can be written as

nJ [HA(B(Z} —B“))] =0, (2.167a)
na[na(D®-DW)] =0y, (2.167b)
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and the tangential boundary conditions (2.159), (2.162), and (2.163) are

nJ [n A (’H.(z) - 'H(l))] =Ja, (2.168a)
na[na(H®-HW)] = %Mm, (2.168b)
na [m\(fim —Em)] =—% Mua . (2.168c)

In the above notation we have brought tangential and normal boundary conditions to a
unified form. We note that the expression n_ (n A U) filters the tangential component
of U if U is a one-form, and same operation filters the normal component of U if U is
a two-form. We obtain the tangential component &; of the one-form £ and the normal
component D, of the two-form D by

E=ni(nnE)=ns[nA(Eus +Eysy+ Eyn)| = Eusi + Eysa, (2.169a)
Dy=ni(nAD)=nai[nADys;An+DynAs +DusiAS)
=D,5 As;3. (2.169b)

With (2.169b) the normal boundary conditions (2.167a) and (2.167b) are

BY _BW =0, (2.170a)
DP DV = 4, (2.170b)

and with (2.169a) the tangential boundary conditions (2.159), (2.162), and (2.163) are

HO _HO - 7, (2.171a)
d

HD - A = = Mea (2.171b)

£€D g _ _% Wi (2.171¢)

For complex phasors the normal boundary conditions corresponding to (2.167a) and
(2.167b) are

na [ na (B(z) - Bm)]

=0, (2.172a)
no [n A (D® - Q(l))] -9Q,. (2.172b)

The tangential boundary conditions corresponding to (2.168a), (2.168b), and (2.168¢)
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are
na [n A (ﬂ(z) —_’?_—i’t':”)] = Q’_ﬁ, (2.173a)
ns[nn(BP-1O)|=joM,,, (2.173b)
ni[nn(E®-£0)]=-joM,,. (2173¢)

Introducing the normal components B, and D,, of the flux densities via (2.169b) and
the tangential components H, and £, of the field intensities via (2.169a) yields for the
normal boundary conditions

B -BW o, (2.174a)
D - =9, (2.174b)

and for the tangential boundary conditions

HP -yO =g, (2.175a)
HD 4D SjoM.,, (2.175b)
E7 - £ = jo My, S

2.15 PROBLEMS

L. Let f(x) = x" and Y = df. Compute the integral [, U A «U. The region of
integration V is specified by the cube x, y, z € (0,1).
2. Consider the integral ¢ U, where the path of integration C is a circle in the
plane z = 0 with radius R.
a) Sketch the equipotential planes of U and compute the integral for
-1 _
U= Tt (ydx - xdy).
b) Sketch the equipotential planes of U and compute the integral for
U= —ﬁi—;;(xdx + ydy).

3. Compute the integral

(aydx — bxdy + czdz).

1
v

where a and b are constant parameters. The path of integration C is a helix of
radius py and pitch h, with the parametric representation given by

X =1y CoS2Mmu y =rpsin2mnu z=hy.
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Perform the integration over the interval u € [0,10]. Hint: Apply the method of
pullback discussed in Section A.4.5.

Let f(x, y,z) = (x* + y* + 22)™N/2. Compute df and  df. Integrate  df over
the surface of a sphere with center in the coordinate origin and radius R. Hint:
Use spherical coordinates.

Two one-forms U/ and V are given by

U=Us(y)dx + Uy(x)dy, V=V, (x)dz+ V,(z)dx.

Compute d(U A V), d(U A (*V)),and d((*U) A V).
A plane triangular surface is defined by x + y + z = 1m, x, y,z > 0. Compute
the total current flowing through this surface for the current density with the
components [, = J, =], = 1Am™2.
A semi-sphere is defined by x% + y2 + 2% = Im?, z > 0. Sketch the current flux
tubes and compute the total current flowing through this surface

a) for the current density given by 7 = 1Am™2 dx A dy,

b) for the current density given by 7 =1Am™2 sin6df A d¢ .
Give the components of the current density vector in both cases.
In conventional vector notation Maxwell’s equations in integral form (2.57a) to
(2.57d) are written as

ﬁﬁH-ds=%LD-dA+LI‘dA,
jﬁ E-ds:-i‘-fs-cm,
A dt Ja

B-dA=0,
v

d
ﬁvb-dA=fvpdV.

Use the relations (A.31) to (A.34) to show the equivalence of these notations.
In conventional vector notation Maxwell’s equations in local form (2.114a) to
(2.114d) are written as

dD JoB
tH = — R tE = ——,
ro Y +] ro Y
divB=0, divD=p.

Use the relations (A.31) to (A.34) and Table A.1 to show the equivalence of these
notations,

In conventional vector notation the normal boundary conditions for the electric
displacement are given by (D; — D;) - n = p4, where n is a unit vector normal
to the boundary surface. Derive these equations from (2.148).
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11. In conventional vector notation the tangential boundary conditions for the
magnetic field are (H, — H,) - 1y = J 4 - T2, where 7 is any unit vector tangential
to the boundary surface. Derive these equations from (2.159).

12. Consider the following electric fields in free-space for k = w./€qfio:

E(x,t) = Eg cos(wt — kz) dx,

1
E(x,t) = —=Eycos(wt — kz)(dx + dy),
(%,1) 500 ( )( y)
E(x,t) = Eg cos(wt - kz) dz,

E(x,t) = Egpcos (wr— %(Z~y)) dx,
1

Elx, b= ﬁﬁ'ocos (wt— %(z—y)) (dy + dz),

1 k
—ﬁEg cos (wt - \/_’i(z - y)) (dy - dz),

1 k
E(x,t) = ﬁEg cos(wt "5

Do these fields satisfy Maxwell’s equations? If this is the case, compute the
differential forms of the corresponding magnetic fields.

13. Consider a large plane surface, defined by z = 0. If we consider the close neigh-
borhood of this plane we can assume in the following infinite extension in x-
and y-directions.

a) Assume an impressed uniform time-varying electric surface polarization
Meﬂ(r) = MeAx(r) dy
i. Compute the magnetic field on both sides of the surface. (Consider
the symmetry of the problem.)
ii. Compute the electromagnetic field excited by the electric surface po-
larization on both sides of the surface.
b) Assume an impressed uniform time-varying magnetic surface polarization
Mpa(t) = =Mpay(t)dx.
i. Compute the electric field excited by the electric surface polarization
on both sides of the surface.
ii. Compute the electromagnetic field excited by the electric surface po-
larization on both sides of the surface.
¢) Consider the superposition of impressed uniform time-varying crossed
electric and magnetic surface polarizations Ma(t) = Mcax(t)dy and
Mm;l(t) = —Mmfl)'(t) dx.
i. Compute the electromagnetic field excited by the crossed electric and

E(x,f)=

(z—y))(dx+ dy + dz).
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magnetic surface polarizations.

ii. How must the electric and magnetic surface polarizations be chosen
to excite an electromagnetic wave only in positive or only in negative
z-direction?

14. Consider a transverse electromagnetic plane wave propagating in the z-direction.
The electric field is given by

E(z,t) = Eycos(wt = Bz + ¢, ) dx + Ey cos(wt — Bz + ¢, ) dy.

a) Give the expression for the trajectory of the electric vector in the x y-plane
atz=0,

b) Determine the polarization for E, = E, and ¢, = ¢, and give the expres-
sion for the trajectory of the electric vector in the x y-plane at z = 0.

¢) Determine the polarization for E, = E, and both cases ¢, = ¢, + 3 and
give the expression for the trajectory of the electric vector in the x y-plane
atz=0.
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Chapter 3

Potentials and Waves

3.1 THE ELECTROMAGNETIC POTENTIALS

Maxwell’s equations (2.114a)-(2.114d) are a system of 12 coupled scalar partial differential
equations. The introduction of electromagnetic potentials allows a systematic solution
of the Maxwell’s equations [1-4]. We are distinguishing between scalar potentials and
vector potentials. After solution of the wave equation for a potential, all field quantities
may be derived from this potential.

According to (2.114c), the magnetic flux density is free of divergence. Therefore,
due to Poincaré’s lemma (A.61), B may be represented as the exterior derivative of a
one-form A,

B=dA. (3.1)

The corresponding vector field A is called the magnetic vector potential and A is called
the magnetic vector potential form. Any two-form B with a vanishing exterior derivative
can be expressed as the exterior derivative of a one-form. Such a two-form describes a
so-called solenoidal field. Such a field has neither source nor sink of flux. The flux tubes
of a solenoidal field are continuous, neither originating nor ending anywhere. The flux
tubes of BB entering any closed surface must also leave it. Inserting (3.1) into the second
Maxwell’s equation (2.114b) yields

d(£+%A) - 0. (32)

Since the exterior derivative of the one-form inside the brackets vanishes, we may
express this one-form due to Poincaré’s lemma (A.61) as the exterior derivative of the
scalar potential @ and obtain

d
£=—-d(D——a-£A. (3.3)

61
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The negative sign of ® has been chosen due to the physical convention in definition of
potentials. Whereas in electrostatics the electric field may be computed from a scalar
potential @ in the case of rapidly varying electromagnetic fields, we also need the vector
potential A,

A field that may be expressed as the exterior derivative of a scalar potential only, for
example,

E=-do (3.4)
is called an irrotational field. From Poincaré’s lemma (A.61) and Stokes’ theorem (A.90)
we obtain
f £=- [ ado=o0. (35)
aA A

The circulation of an irrotational field £ around any closed path 9A is identically zero.
This implies that the line integral of an irrotational field £ is independent from the
chosen path. Therefore an irrotational field is also called a conservative field. A vector
field may be either irrotational or solenoidal or neither irrotational nor solenoidal.

The two potentials A and @ are not defined in an unambiguous way. Due to Poincaré’s
lemma, adding the exterior derivative of a zero-form V¥ to the vector potential A does
not influence the magnetic induction B. The electric field E also remains unchanged, if
A and @ together are transformed in the following way:

A] = A+ d¥ » (3.63]
¥
O =D - pve (3.6b)

This transformation is called a gauge transformation. The one-form A may be defined
in an unambiguous way, if we are prescribing its exterior derivative.

Inserting (3.1) and (3.3) in consideration of (2.32a), (2.32b), and (2.62) into the first
Maxwell’s equation (2.114a), we obtain

92 d b
*dx dA+,ueﬁA+‘uaaA+pd(ea+afb)~*ng. (3.7)
Inserting (3.3) and (2.32a) into (2.114d) yields
d 1
xdxdb+xdx —A=--xQ. (3.8)
at €

Since we may choose the exterior derivative of « A arbitrarily, we can make use of this
option in order to decouple the differential equations for A and ®. We impose the
so-called Lorenz condition first formulated by L. Lorenz [5, 6],

*d*A+y(e%d)+o(D)=0. (3.9)
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All potentials satisfying the Lorenz condition are said to be in the Lorenz gauge. In this
way, we obtain from (3.7) and (3.8) the equations

(dodx-+dxd)A- yeaz.A uo a:A_'*‘“J"’ (3.10a)
9? a0
*d*dd - ,uea 2¢—-.u0 a(b— - *Q (3.10b)

We define the covariant derivative, expressed by the operator d, via
dU = (-1)%8UH w d« U . (3.11)
Using the covariant derivative we introduce the Laplace operator A defined by
A=dd+dd. (3.12)
Applying the Laplace operator to a zero-form @ and a one-form A, respectively, yields

Ad=+dxdd, (3.13)
AA=(d+»d+-»dxd)A. (3.14)

With the Laplace operator A we can write (3.10a) and (3.10b) in the form

AA- yeazA ua atA——*th"o, (3.15a)
AD - eazd)— cad) ——*Q (3.15b)
BegE™ G '

The field intensities E and H derived from A and @ satisfy the four Maxwell’s equations
(2.114a)-(2.114d). Equations (3.15a) and (3.15b) are called wave equations, since their
solutions describe propagating waves. Equation (3.15a) is a one-form wave equation or
vector wave equation, whereas (3.15b) is a scalar wave equation.

Hertz has shown that it is possible to derive both potentials A(x, t) and ®(x,t)
from one vector, the so-called electric Hertz vector I1,(x, t) [7,8]. We introduce the
electric Hertz differential form

Il =H8xdx+Hgydy+Hezdz. (3.16)

The Lorenz condition (3.9) is fulfilled, if A and ® are derived from the electric Hertz
differential form 7, via

A= ye% M, +uall,, (3.17a)
d=-drl,. (3.17b)
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Inserting (3.17a) into (3.15a), we obtain

) 9* d
U (ea + a) All, - ysﬁ n, - ‘uag M )=-pu*Jo. (3.18)

For J, = 0 (i.e., without impressed current sources) we obtain the homogeneous wave
equation

0? )

= pe— My = po—{f1;=0. 3.
Al Hess yaatﬂ (3.19)

The field intensity differential forms £ and H follow from (2.32b), (3.1), (3.3), (3.17a),
and (3.17b),

£=ddn azn_ in (3.20a)
gl € !“Eatz e .uo'at [- ) i a
o= d(e% . + an,,,). (3.20b)

Subtracting from (3.20a) the wave equation (3.19), we obtain

E=-ddn, for Jp=0. (3.21)
Let us now consider the lossless case with impressed current sources. In this case
it is advantageous to use the impressed electric polarization Moo (x, t) instead of the
impressed current density Jo(x, t). The corresponding differential form is

Mo =M, dya dz+MeydzAdx+Mezdxx\dy. (3.22)

The impressed electric polarization form M is related to an impressed electric current
Jo via

d
35 Meo=To. (3.23)
In this way it follows from (3.18)
d 2° 1 90
sl — e— =% — =1, 3:
o (Aﬂ, peat! ﬂ,) PR M, forac=0 (3.24)

By integration over t we obtain

9? 1
Aﬂ,—yeﬁ . =-E*Meu forc=0, (3.25)
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Since the source of the Hertz vector field is an impressed electric polarization, the Hertz
vector also is called the electric polarization potential. From the solution of (3.25) we
obtain £ and # via (3.20a) and (3.20b). From (3.20a) and (3.25) we obtain

£=-adne—é*Meo. (3.26)

In the general case Jp # 0 and ¢ # 0, we will obtain an equation containing time
derivatives up to third order. This difficulty can be avoided by using the frequency
domain representation treated in the next section.

3.2 THE HELMHOLTZ EQUATION

For time-harmonic fields we can replace the operator d/dt by multiplication with
the factor jw. This transforms the wave equation into the Helmholtz equation. Using
Maxwell’s equations in phasor representation as introduced in Section 2.12 allows us to
consider complex frequency-dependent permittivity and permeability. From (2.130a)
and (2.130b) we obtain

dH=jw (exE+M,), (3.27a)

d€=-j WH * H, (3.27b)

where M, is the impressed electric polarization phasor. Also assuming a complex
permeability in order to consider the magnetic losses according to (3.18) and (3.23)
after transforming into the frequency domain and using (2.128) and generalizing for
complex permittivity, we obtain

AL + wipell, = =« My, (3.28)

where [1, is the electric Hertz differential form phasor. This type of equation that we
have obtained from the wave equation via 9/dt — jw is called Helmholtz equation. In a
similar way to (3.20a), (3.20b), and (3.26), we obtain the complex electric and magnetic
field forms £ and H

e LE L

£= dAM, v lpell, = adﬂe—%*Mw, (3.29)

(3.29b)
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If the electromagnetic field is generated by an impressed magnetic polarization M, .,
we obtain - instead of (3.27a), (3.27b) - the equations

dH =jwex £, (3.30a)

d8=—jm(||u*ﬁ+Mmo). (3.30b)

There exists a duality relationship [9,10] between (3.27a) and (3.27b) on one hand, and
(3.30a) and (3.30b) on the other hand. We may transform one pair of equations into a
dual one by performing the substitution

E,=-ZrH,, (3.31a)

1
E,z = z_p §,,1 3 (3.3lb)
Mor = Zr M,y - (3.31¢)

The field quantities of the pair of (3.27a), (3.28) are marked by the index 1, whereas the
index 2 is assigned to field quantities of the pair of (3.30a), (3.30b). The wave impedance
Zp is given by

Zgss (3.32)

NE

£

We can make use of the duality principle to derive from one set of field solutions
a dual set of field solutions with interchanged E and H. We also may introduce a
vector potential dual to the Hertz vector. This vector potential is generated by an
impressed magnetic polarization. We call this vector potential the magnetic Hertz vector
or magnetic polarization potential. This dual magnetic Hertz vector IT  is related to
the electric Hertz vector IT, by

1

H = — . 3.33
==m Z = ( }
The corresponding differential forms are related via
1. = —1 1 (3.34)
= A :

From (3.28) and (3.31a) - (3.31c), we obtain the inhomogeneous Helmholtz equation
for the magnetic Hertz form [1,:

A, + @pell,, = _ﬁ ‘M. (3.35)
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After inserting (3.31a)-(3.32) and (3.34) into (3.29a) and (3.29b), we obtain
E=-jowpxdl,, (3.36a)
* Mo (3.36b)

For the source-free region with M, = 0 and M, , = 0 the homogeneous Helmholtz
equation (3.28) for the Hertz form [1=11,, I1,, is given by

A+ w*uell=0. (3.37)
Using (3.12) and (3.14) yields

(dd+ dd) 1+ w’pell=(d* dx—» dx d) [T+ w’pel1=0. (3.38)

3.3 TiME-HARMONIC PLANE WAVES

Plane waves are the simplest wave solutions of Maxwell’s equations. However their
properties are significant for understanding even complex wave phenomena since
electromagnetic waves of general structure may be constructed by superposition of
plane waves. Consider a time-harmonic plane wave in a source-free unbounded homo-
geneous isotropic medium.

In Cartesian coordinates the Laplace operator for one-forms is given by

82!7 20 i

” 3
= E)x2 ay MF7

(3.39)

where [T stands for /1, or /1. The Helmholtz equation can be put into the form

1 *n o
Py + — 32 + — 322 + W yeﬂ‘ 0. (3.40)

The complete solution of this equation is given by
[(x) = (I, dx + Iy, dy + [, dz) e ** (3.41)

with

k k=K =k} +k+k2=w e, (3.42)
The complete solution (3.41) of the Helmholtz equation is represented by plane waves.
The wave vector k = [ky, ky, k;]T with dimension m™" is complex for complex € and
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complex . In a lossy medium a complex wave vector k describes an attenuated plane
wave. The real time-dependent Hertz form is given by

M(x,t) =R{N(x)e*'}. (3.43)

k=y\/ki+k+ k2 (3.44)

is called the wave number. The wave vector k is the product of the wave number and the
unit vector in direction of propagation. Let us now consider a plane wave propagating
in the z-direction.

The quantity

k=ke,. (3.45)

Due to (3.44), the sign of k is not determined. Since, due to (3.41), to each sign of k a
corresponding solution of the wave equation exists, we may specify

R{k} >0 (3.46)
without a loss of generality. According to (3.43) and (3.45) the Hertz form
N9z, t) =R { o ej{m—kz)} (3.47)

describes a uniform plane wave propagating in the positive z-direction. A uniform
plane wave is a plane wave that is uniform transverse to the direction of propagation.
The Hertz form

Az ty= O] eertal} (3.48)

describes a uniform plane wave propagating in the negative z-direction. The imaginary
parts of ¢ and y are negative for passive media, €” > 0 and 4" > 0. Hence, for a uniform
plane wave under the condition given by (3.46) it follows that J{k} < 0. This means
that the Hertz vector and therefore also the field quantities are decaying exponentially
in the direction of propagation. Figure 3.1(a) shows the amplitude of the Hertz vector
of an attenuated wave propagating in positive z-direction, and Figure 3.1(b) shows the
wave amplitude of the wave propagating in negative z-direction. Instead of the wave
number k the complex propagation coefficient y is also used. The propagation coefficient
y is defined by

y=jk. (3.49)

The convention
J{y}>0 (3.50)

corresponds to the convention specified in (3.46). The real part a and the imaginary
part f8 of the propagation coefficient y are given by

y:a+jﬁ. (3-51)
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Figure 3.1: Magnitude of the Hertz vector for an attenuated uniform plane wave in () positive, and (b)
negative z-direction.

The real part « is called the attenuation coefficient, and the imaginary part f8 is called
the phase coefficient. The dimension of y is m™". The attenuation coefficient « can also
be specified in decibels (dB) or Nepers. For a wave propagating over a length I we
obtain

Attenuation in Nepers: al, (3.52)
Attenuation in decibels: 20log e*! =~ 8.69al. (3.53)

3.3.1 Time-Harmonic Plane Waves in Lossless Medium

Consider a time-harmonic uniform plane wave in a source-free lossless homogeneous
isotropic medium. The wave number k is real in this case. We seek plane wave solutions
with the wave vector k = [k, k), k ;)T where the components k,, k,, and k; are
assumed as real. The Helmholtz equation (3.40) becomes

32!? 21 d*M
kK=o, ;
ay + = 552 +k*[1=0 (3.54)

where k, defined in (3.42)
ke k=k*=k+kl+k}=w'pe (3.55)
is real and positive. The electric Hertz form corresponding to (3.41) is

0,(x) = 0,ge7** (3.56)
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with the constant one-form

M,=1,,,dx+I,,,dy+1I,,,dz. (3.57)

~2e0x =ely

The exterior derivative of the uniform plane wave Hertz form (3.56) is
dfl,(x) = —jksk A [,ge 5%, (3.58)

where the magnitude k of wave vector k is given by (3.44) and sy is the unit one-form
in the direction of propagation. With the twist operator introduced in (2.155) we obtain

x df1,(x) = —jk * sg A Mg K% = —jk Ly 1,07 %>, (3.59)

This represents the projection of the Hertz form /1,(x) on a plane orthogonal to the
wave vector k and subsequent rotation around k by 90° in positive direction. From
(3.29a) and (3.29b) we obtain for source-free medium

H =jwex d[l, = wke * s Aﬂwe'jk'” = wke Ly ﬂeoe"jk'x " (3.60a)

E=xdxdll, =—k®*sc A(* sk A ﬂeo)e‘“"” =—k* Ly (Lx M,9)e? . (3.60b)

The magnetic field is normal to the direction of propagation and also normal to the
direction of the electric Hertz vector. The electric field is normal to the direction of
propagation as well as to the direction of the magnetic field. Figure 3.2 shows the wave
vector k and the phase plane that is normal to the wave vector. The electric and magnetic
field vectors are parallel to the phase plane.

In explicit notation of the field components the uniform plane wave field is given by

E= [(k; +kH,,, - kikyIL,,, - kxkzﬂeoz] e TkE gy

+[(K2 + K2)Ig, — kykoILg, - kykxIL,o, ] €7 dy

(8 + L, - kekalL, - Kby L, | 755z, (3610

H=we (k}’gel}z k ne()y) ek dx

+ we (kI = kell,,) €% dy
+ we (kell, g, — kyIg, ) €7 %% dz. (3.61b)

For a magnetic Hertz form corresponding to (3.41),
0,(x) = O,,e7** (3.62)

with

O, =0, dx + 11,6, dy + 11,4, dz, (3.63)
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Figure 3.2: Time-harmonic uniform plane wave.

we obtain from (3.36a) and (3.36b) for source-free medium

E=-jwurdfl, =-wkuxspAll, e kx = _wku 1y T pehE (3.64a)
H=xdxdll, =-K *sp A(xsp A0)e 7 *% = —k? 1y (Lg [O,,0)e7** (3.64b)

which yields the electromagnetic field

§.=_wy(k)’nmﬂz m()y) et dx

- wp (kI —k nmﬂz) ek dy
- wp (keILg, - kyIL,,0,) €75 dz, (3.65a)
H = [(k + k2,0, — kekyIL,0, = kek:IL,q, ] €757 dx
+ (K2 + k2,0, — kykeI o, = kykeIL,o, | €77%* dy
+ [(K; + K3) 0, = koky T, — koky I, 0 ] €77%% dz. (3.65b)

From (3.60a) and (3.60b) as well as from (3.64a) and (3.64b) together with (A.177) and
(A.178) we obtain

E=-ZpxsgnH=-Z¢ 14 H, (3.66a)
H=ZF*senE=ZF' 1k € (3.66b)

with the wave impedance Zp given by

Zp = \/E ) (3.67)
€
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The electric field vector, the magnetic field vector and the wave vector form a positive
oriented orthogonal trihedron. Electric and magnetic fields of the uniform plane
wave are transverse to the direction of propagation. Such a wave is called a transverse
electromagnetic wave or TEM wave.

Consider a TEM wave with k-vector in the xz-plane given by k = [k, 0, k;]T. Com-
puting this field from the electric Hertz form we obtain from (3.61a) and (3.61b)

£ = (k2M,q, — kek:I1,0,) €7 %% dx
+ kz_eoye" kxdy
+ (k21,q, — koksll,o, ) €715 % dz, (3.68a)

H=-k,well,, e Tk dx
+we (k. I1,0, — keIl g,) elkxqy

+ wekeIl,o, %% dz. (3.68b)

We can decompose this field into two uncoupled waves, one linearly polarized normal
to the xz-plane, represented by

£, =k1,e" k*dy, (3.69a)
H, = wek,dl,o e¥* dz - wek,I1,q, e dx (3.69b)
and the other polarized parallel to the xz-plane:
£y = (K, — k:keIL,,, ) €7%* dz
(k2 —kkeIl,g,) e % dx, (3.70a)
H, = we (k geh —ke0,,,) e ¥ % dy. (3.70b)

3.3.2 Complex Waves

Even for lossless media or free-space plane wave solutions of the Helmholtz equation
with complex propagation vector exist. A wave with a complex propagation vector is
called a complex wave [11,12]. Let the electric Hertz form of a complex plane wave be
given by

0,(x) = 0, *40*, (3.71)

This Hertz form satisfies the homogeneous Helmholtz equation (3.54) for

(a+jp)-(a+jp)=-k*=—-wpe. (3.72)
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From this we obtain directly

B-p-a-a=k, (3.73a)

B-a=0. (3.73b)

Without loss of generality we can assume propagation of the wave in z-direction and
exponential decay of the wave in positive x-direction. This yields « = («,0,0)7 and

B=(0,0,B)", hence
B -at=K. (3.74)

We obtain the solution for this case from (3.68a) and (3.68b) by substituting  for k.,
and —j « for ky

fs—‘ = ]ﬁ (a.g_eOz i ]Bﬂ—eﬂx) e“(aJHjﬂz) dx
g kZﬂgﬂye—-(ax +j Bz) dy
- (aﬂeﬂz - jﬁEer) e—(axd-jﬂz} dz, (3.75a)
ﬂ = _ﬁwé-_llg(}y E_(“x+jﬂz) dx
+ ij (aﬂe()z - }ﬁ—llel]x) e—(«Xﬂ'ﬂZ) d}'
—jweall,y, e~(ex41Pz) 4z, (3.75b)
The wave propagates in z-direction and exhibits longitudinal electric and magnetic

field components in the direction of propagation. This solution can be decomposed in
two independent parts. The first partial solution, given by

£y = klﬂeoye‘(anj F2) gy, (3.76a)

U, = -Bwell,y, e 1) dx — jweall,q, 1P dz, (3.76b)

is polarized normal to the zx-plane, and exhibits no longitudinal electric field com-

ponents in direction of propagation. This wave therefore is called a transverse electric
wave or TE wave. The second partial wave is polarized parallel to the zx-plane:

é’m = Jﬁ (aEeUz - jﬁﬂeﬂx) e_(uﬂ f) dx
=& (aﬂe{]z - jﬁﬂeﬂx) e—(ax+j,(]z) dz, (3.77a)
Hoy =jwe (all g, —j B ,o,) e (ax*if2) g4y . (3.77b)

This wave has no longitudinal magnetic field component and therefore is called a
transverse magnetic wave or TM wave.
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The transverse electric and magnetic field components of the TE and T™ waves are
related by

wp k

ZTEZ‘B“:ZFE{ZF, (3783)
ZTM — £ = ZFE > ZF . (3.78b)
we k

3.4 T™M AND TE FIELDS AND WAVES

Consider an electromagnetic field for which the z-component of the magnetic field
vanishes (i.e., H, = 0). Such a field is called a transverse magnetic or ™™ field with
respect to the z-axis. From (2.123c) it follows

dB=pud+»H=0. (3.79)
From this we obtain
o, b, o, _, (3.80)
ox dy 0z '
and SH
oH H,
—Z =-— fi H,=0. 3.81
dx ay or e (38D
This is the condition that the system of differential equations
o
9y
of
— =-H 3.82
ox 7 (3.82)

can be integrated. Due to (3.81) a function f(x) must exist, from which H, and H
can be derived using (3.82). Making the ansatz

n.(x)= M dz (3.83)
jwe
for the Hertz form due to (3.29b) the condition (3.81) is fulfilled. In general in the

source-free region an electromagnetic field with H, = 0 can be described by a Hertz
vector containing only a z-component I1,, as

0,(x)=1,,(x)dz. (3.84)
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The electric and magnetic fields are computed using (3.29a) and (3.29b). For source-free
regions with M, = 0 we obtain

H=jwexd/l,, (3.85)
E=-ddfl,=+d»d/l,. (3.86)

Decomposing the electric field £ into a transverse part £, and a longitudinal part £;,

E=E,+§ (3.87)
we obtain
H =jwe ( M, 4, e dy) (3.88a)
ady Tox
az—ez azﬂez
€= 32 ¥ yar (2.88b)
’1,, aln
& = ( 8x1 8y ) dz. (3.88¢)

A wave for which the magnetic field in direction of propagation vanishes is called a
transverse magnetic wave or T™™M wave. Using (3.84) we can derive a TM wave propagating
in z-direction from

ﬂe (x) =Beﬂz(x‘ y)e—rz dz (389)
with the complex propagation coefficient y = « + j 3. Inserting this into the Helmholtz
equation (3.37) and using (3.39) yields

asz a ne z
a.‘_“xloz + a 20 = (}Jiﬂ] = yz) L[.eOz = 0 » (3.90)

where y yo, the propagation coefficient of the TEM wave in the homogeneous isotropic
medium with material parameters ¢, y, is defined via

Yo = —w?pe. (3.91)

Inserting (3.89) into (3.88a) to (3.88¢) yields the field of the T™ wave

oIl oIl
H= ng( —a‘;"‘ dx - 3;“"‘ d,v) e, (3.922)
. aII! z a —elz
& = —Jwgzm( o 02 dx + E}yo d}’) (3.92b)

azne z a —118 =¥z
Ey=~ ( szu +-—Fﬂz)e Y2 dz. (3.92¢)
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with the wave impedance Z.; of the TM wave, given by

Pogm oL PO (3.93)
jue y

where Z is the wave impedance of the TEM wave in the homogeneous isotropic medium
with material parameters ¢, 4. The wave impedance of the TM wave relates the transverse
electric and magnetic fields. From (3.92a) to (3.92b), (A.177), and (A.178) we obtain

Ei=-ZmrxdznH=-Zy 1. H, (3.94a)
H=Z])+dznE =27} 1, &,. (3.94b)
An electromagnetic field for which E; = 0 is valid is called a transverse electric or TE field
with respect to z-direction. The electromagnetic field in a source-free region, fulfilling
the condition E; = 0, may be derived from a magnetic Hertz vector that exhibits only a

z-component I,
n.(x)=1,,(x)dz. (3.95)

The electric and magnetic fields are computed using (3.36a) and (3.36b). In source-free
regions with M, = 0 this yields

E=-j W * dan, . (3.96a)
H=-dd/l,. (3.96b)

We separate the magnetic field { into a transverse part #, and a longitudinal part ,,

H=H,+H, (3.97)

and obtain
E=-j w&(aﬂg—;(x) dx - a—"llg—';(—xl dy) , (3.98a)
Hi= E)SE;; dx + 8;%,,; dy, (3.98b)

A wave for which the electric field in direction of propagation vanishes is called a
transverse electric wave or TE wave, As in (3.89) we assume for a TE wave propagating
in z-direction

n.(x)=1I,,,(x, y)e"* dz. (3.99)

m0z
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From the Helmholtz equation (3.37) and (3.39) we obtain

azﬂ! z azﬂg ¥
et oyt~ Wi =¥ L. =0, (3.100)

where 0 again is given by (3.91). From (3.98a) to (3.98¢) and (3.99) we obtain the
field of the T™M wave

all all
E=-j “"E( _Ei;oz dx. — —azoz dy) e’ ’%, (3.101a)
= - aﬂﬂl Z aﬂ.m iz -’
H, =-j wﬁzng( ax" dx + ay" dy) e, (3.101b)
aZEmOz azﬂnmz -yz
H, =~ ( e - 3 e dz (3.101¢)

with the wave impedance Z; of the TE wave, given by

jw
P JTE e X (3.102)

The wave impedance Z,; relates the transverse electric and magnetic fields of the TE
wave. From (3.101a) to (3.101c), (A.177), and (A.178) we obtain

E=-ZygrdzaH, = —Zeg Lz Hy, (3.103a)
H,=ZxdznE=2Z7; 1, €. (3.103b)

3.5 REFLECTION AND TRANSMISSION OF PLANE
WAVES

Consider a time-harmonic TEM wave incident on a plane boundary surface as depicted
in Figure 3.3. The boundary surface is defined by z = 0. Region 1 above the boundary
surface is filled with medium 1 and region 2, below the boundary surface, is filled with
medium 2. Both media are assumed to be lossless, homogeneous, and isotropic and
characterized by the real material parameters e, ¢ and €3, ;. The direction of the
incident wave is given by the wave vector k;. The angle of incidence is 6, this is the
angle enclosed by the direction of incidence and the normal to the boundary plane.
The plane of incidence is defined by the direction of incidence and the normal to the
boundary plane. The incident wave causes a reflected wave in region 1 and a transmitted
wave in region 2. Electric and magnetic fields of incident, reflected, and transmitted



78 Electromagnetics

Incident wave

Reflected wave

Region 2

X
Transmitted wave

Figure 3.3: TEM wave incident on a plane surface.

waves are represented by the differential forms &;, H, &, Hy, &, and H,. The field in
region 1 is a superposition of incident and reflected waves.

From (2.173a) and (2.173c) we obtain the transverse boundary conditions for the
electric and magnetic fields:

na(ED(x.0)+E7(x,5,0) - £V (x, $,0)) =0, (3.104a)
nA (ﬂ_(i)(x, ¥,0) +H"(x,y,0) —ﬂ(‘)(x, bA 0)) =0, (3.104b)

The incident, reflected, and transmitted plane waves are described by

£0) = B0 (s vhicd) gy o, B (hinxvhist) gy o EDeri (hix+hicd) dz, - (31050)
£ = EN i (hoexkiet) g 4 BNl (hax—knd) gy o P e (rexkecd) g, (3.105b)

é{l) = Eg)e_j (kex+keez) dx + g‘(vr)e'j (kexx+kezz) dy o+ Eg')e_j (kexx +kis2) dz (3.105(:)
and

ﬂ(f) =ﬂ(()?e-j(k;sx+kizz) dx +ﬂg;)e'j{kixx+kizz) dy +ﬂ|§i)e_}(kixx+kixz) dz, (3.106a)
ﬁ(r) = .H_{(]rx)e_] (krxx—keez) dx + ﬂé;)e_j (kexx—keez) d}, + ﬂ‘(];)e‘J (kexx—kesz) dz H (3_106[})
ﬂ(t) = _H.Ei’e‘j (keex+kisz) gy +B_(();)e—j(kux+kuz) dy + _Ii((,?e'j(k“‘“k"z) dz. (3.106¢)

In region 1 the total field EM HW js given by

§(1) = Q(f) +§(f) , (3.107a)
ﬂ(l) o TA E(f} (3.107b)
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and the field in region 2 is the transmitted field,
@D _g 4@ O (3.108)

The wave numbers k; and k, in region 1 and the wave number k; in region 2 are

k,’ = kr = wy\/ € = & y (3‘1093)
Co
ke = /P26 = 1;—“’ , (3.109b)
0

where the refractive index n; and is given by

ny= i e B VErildri - (3.110)

€olo

Figure 3.4 shows the wave vectors of incident, reflected, and transmitted waves and
the geometrical relationship between the angle of incidence 6;, the angle of reflection
6, and the angle of transmission 6;. Drawing in both region 1 the semicircle with
radius |ky| = |k;| = |k,| and in region 2 the semicircle with radius |k,| = |k| we can
construct the direction of the reflected and transmitted waves by considering that the
x-components of the wave vectors of incident, reflected, and transmitted waves are the
same:

kix =, er = ktx = kx (3111}

The x-components of the wave vectors of incident, reflected, and transmitted waves are
given by

kix = kisin0; kyx = kysin 6, ¢y = ki sin 6y (3.112)
and the z-components of these wave vectors are

ki = k; cos 0; k,; = -k, cosB, kiz = ki cos 8, . (3.113)
From (3.109a), (3.109b), (3.110), (3.111), and (3.112) we obtain 8, = 6; and Snell’s law

sinf; ny

. 3.114
sinf; m ( )

In the following we write

gr = 95 = 9[ s 9; = 92 . {3115)
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Reflected wave

Incident wave
Region 1 kigy kg — — ——
k 1 0; Or 1 x ks
k,i
kz O :
Region 2 :
kg |[====
2 k; Transmitted wave

Figure 3.4: Reflected and transmitted waves.

The TEM wave impedances for media 1and 2 Z, and Zg; are given by

oS B = (3.116)

€] €2

3.5.1 Reflection and Diffraction of a TE Wave at a Plane Boundary

We consider a TE plane wave incident on the boundary (i.e., a wave polarized normally
to the plane of incidence). We assume the xz-plane as the plane of incidence. Incident,
reflected, and transmitted waves are uniform in y-direction. That means d/dy = 0 holds
for all field components. The resulting TE wave exhibits an electric field component in
y-direction and magnetic field components in x- and z-directions. In region 1 the field
of the incident wave can be derived from the magnetic Hertz form

ﬂm(f) = AW gmi (kax+kicz) 4, (3.117)
With (3.36a) and (3.36b) we obtain

ED = —jop » d1T,, = ok AV e xS dy (3:418a)
HO = ~dd T, = keki, AW e Fexrkisd) gy 4 2AW eI hexthie) 4z (3.118b)

For the reflected wave in region 1 we make the ansatz

1,7 = B¢ thexkict) g (3.119)
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This yields
é(r) s wy;kx_B_(l)e'j (kxx—kizz) dy, (3.120a)
ﬂ(r) - _kxkl_zﬁ(l)e—'j (kxx—ki.z) dx + kiﬁ{l)e_] (kxx—ki:z) dz. (3.120]3)

With (3.107a) and (3.107b) we obtain the total field in region 1

Q(I) = wylkxe"j kxx (A(l}e_jkixz +§(l}ejk;.2) dy} (3.1213)
E(i) = kekize™ kxx (é(lle—jk:.z —ﬁ(l)ej k;.:) dx
+ k2eThex (AWeikiez o pMeikiz) gy, (3.121b)

The transmitted wave we obtain from
ﬂm(f) :A(z)e—j(kxh‘kesz) dz. (3.122)
With (3.36a) and (3.36b) we obtain
Q(') = wiuzkxﬁ(z)e'j (kex+kiz2) dy, (3.123a)

HO = kykg AD e kexvkiez) gy 4 k2 A@) i (kex+ksz) g (3.123b)

We express all field quantities by the electric field amplitude E 5o of the incident wave.
The electric field amplitudes of the transmitted and reflected waves are related to the
electric field amplitude of the incident wave via the reflection coefficient R* and the
transmission coefficient coefficient T* introduced via

E,, = ok AV, (3.124a)
R*A® = g (3.124b)
T E o = wurk A®). (3.124¢)

We define the wave impedances Z; and Z; of the TE waves in region 1 and 2 by

w iy Wiy
Zl="=, Zi= : 3.125
1 kiz : ktz ( )

The wave impedances Z; and Z; relate the electric and magnetic field components
parallel to the boundary layer to the incident, reflected, and transmitted waves. Inserting
(3.109a), (3.109b), and (3.113) into (3.125) yields
VA
g1 2R zi= 2B
cos 6, cos 6,

(3.126)
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with the TEM wave impedances for media 1and 2, Zp, and Zg,, given by (3.116). Inserting
(3.124a) and (3.125) into (3.121a) and (3.121b) and considering (3.112) and (3.113) yields
for region 1

EW = p geikex (enikit 4 pieikir) gy, (3.127a)

»H{l) - %gﬂe—jk,x (e—jk.-,z _ Rid h,z) e
1

t
al"lglE

71 _yae‘fi k% (e_j ki:z . RLel "“z) dz. (3.127b)
1

For the transmitted wave in region 2 from (3.123a), (3.123b), (3.124¢), and (3.125) and
considering (3.112) and (3.113) we obtain

§(r) _ Tl_ﬁyne_‘i{k’”k"z) dy, (3.128a)
1 ; tan 6 i

}_{.(I') — ETLE}IOe—} (kex+kesz) dx + %Tlg}ﬂe—j (kex+kez) dz. (3.128b)
2 2

Applying the boundary conditions (3.104a) and (3.104b) to the fields (3.127a) to (3.128b)
and considering (3.107a) and (3.107b) yields the Fresnel formula

Zi—Z
1 2 1
_ , 3.129
Z3+ 2y R
2Z;
.. O 3.129b
Z; + 2} : )
With (3.126) we can bring these equations in the form
R = Zpycos ) — Zpy cos 6, i (3.130a)
Zpy cos 0y + Zpy cos 0,
i_ 2Z; cos b, . (3.130b)
Zpycos By + Zp cos 0,
For the special case y; = y; we obtain with (3.110)
1 _ mcos 61 — nycos B, (3.131a)
ny cos 0y + nycosfy '
7t 2mcosby (3.131b)

ny cos 6y + n, cos B

The dependence of R* and T+ on the angle of incidence 8, is shown in Figure 3.5. Usin
P 8 g
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Figure 3.5: Reflection and transmission coefficient dependence on angle of incidence for n; = 1.5n;.

Snell’s law (3.114) to express 8, by 6, we obtain

ny cos 0y — \/n3 — ni sin 67
R = — L L, (3.132a)
nycos 0 + \/n3 — ny sin 6}
2 g
T+ = sl (3.132b)

ny cos 0y +\/n3 — n? sin 62

The dependence of R* and T* on the angle of incidence 6, is shown in Figure 3.5.

3.5.2 Reflection and Diffraction of a TM Wave at a Plane Boundary

An incident plane wave polarized parallel to the plane of incidence yields, together with
the reflected wave, a T™ wave. We again assume the xz-plane as the plane of incidence.
Incident, reflected, and transmitted waves are uniform in y-direction and d/dy = 0
holds for all field components. The resulting TM wave exhibits electric field components
in x- and z-directions and a magnetic field component in y-direction. In region 1 the
field of the incident wave can be derived from the electric Hertz form

0,0 = cWe kexvkisz) g (3.133)
With (3.29a) and (3.29b) we obtain

HO = jwe x d 11, = -weky CVe Rexrhien) gy (3.1342)
ED = _dd [0, = kek;; CWeI extkied) gy 4 g2CWemi(kextkies) g7 (3,134b)



84 Electromagnetics

The reflected wave in region 1 is obtained from the electric Hertz form

11,0 = pWe (hex—kict) gy (3.135)

From this we obtain
ﬂ(r) _ —weika(l}e'j (kex—ki:2) dy, (3.136a)
£ = —k ki, DWe kexkic?) gy 4 g2 D) hex=kie?) gz, (3.136b)

In region 1 the total field HD, £ is given by (3.107a) and (3.107b). This yields

HY = —we ke ke* (Q(l)e‘jk"z 5 Q{l)ejk“’) dy, (3.137a)
é{l) _ k:{kize*j kex (Q(l)e‘jkizz _Q(l)eikuz) dx
+ k2 kex (CMegrikuz o pMeikin) gz, (3.137b)

The transmitted wave in region 2 we obtain from
1, = C@eitkexskiz) 4 (3.138)
With (3.29a) and (3.29b) we obtain

HO = —werk, CPe (kextkez) gy (3.139a)
EW = koky, CP eI (kexrhiez) g 4 2 C( i (hexvhicz) gz (3.139b)

We express all field quantities by the x-component of the electric field E,, of the
incident wave. The electric field amplitudes of the reflected and transmitted waves are
related to the electric field amplitude of the incident wave via the reflection coefficient
R! transmission coefficient T'. This yields

E.o = kekizCW, (3.140a)
RIc® = pO, (3.140b)
TIE, o = keki,CP. (3.140¢)

We define the wave impedances lel and ZE of the T™ waves in region 1and 2, respectively,
by

zl = ki (3.141a)
we,
| ke
zl=2 (3.141b)

wes
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The wave impedances lel and ZE relate the electric and magnetic field components
parallel to the boundary layer of the incident, reflected, and transmitted waves. Inserting
(3.109a) and (3.113) into (3.141a) and (3.109b) and (3.113) into (3.141b) yields

ZV = Zp cos 6, (3.142a)
Z) = Zg; cos 6, (3.142b)

with the TEM wave impedances for media1and 2 Zg, and Z; given by (3.116). Inserting
(3.140a) and (3.141a) into (3.137a) and (3.137b) and considering (3.112) and (3.113) yields
for region 1

2O - _ZL “ikex (ki 4 Rlgikiez) gy, (3.143)

I L,0¢
1
Q(U =£x0e-i kex (e—jk;.z _Rllejk.-‘z) dx

+tan 6, E, ge T =¥ (e7Tkie? 4 Rleikie?) gz, (3.143b)

For the transmitted wave in region 2 from (3.139a), (3.139b), (3.140c), and (3.141b) and
considering (3.112) and (3.113) we obtain

HO = —i” TIE, o7 (kextkuz) gy (3.144a)
ZZ

EW = TIE e kex+k?) gy | tan , TIE, 7 (kexthee2) gz (3.144b)

Applying the boundary conditions (3.104a) and (3.104a) to (3.143a), (3.144b) and con-
sidering (3.107a) and (3.107b), we obtain the Fresnel formula

_2-4

Rl = —— (3.145a)
L+ Z
ZZ"
Tl = : 2 i (3.145b)
L+ Z)
With (3.142a) and (3.142b) we can bring these equations in the form
sz cos 92 = Z,Fl cos 91
Rl = , 3.146
Zpaco80; + Zp cos 0 ( 2)
i e 2L, (3.146b)

ZF; cos 92 + Zpl cos B; '
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For the special case p; = u, we obtain with (3.110)

Rl = #ny cos @ — ny cos B

» 3.147a
ny cos 0y + nycosfy ( )

7l = 21, cos B

. 3.147b
n, cos By + ny cos 0, ( )

Expressing 6, by 6, by Snell’s law (3.114), we obtain

2 _ 7_ n2sin 02
j__nzcost —n/nj n{ sin 6

Rl = , (3.1482)
n? cos 6, + ny\/n% - nf sin 6]

2111, cos 92

2 Z_BcinO2
n3 cos 0 + ny\/n3 — ni sin 6;

Figure 3.5 shows the dependence of Rl and T' on the angle of incidence 6;. For the T™
wave the reflection coefficient R! becomes zero if the angle of incidence 6; becomes
the Brewster angle 6;,. From (3.114) and (3.147a) we obtain

Tl =

(3.148b)

112
ny

6, =tan” (3.149)

A T™ wave incident under the Brewster angle is completely transmitted into medium 2.
We obtain

6+ 6, =1in for 6,=0p. (3.150)

This means that due to the incident wave the dielectric medium 2 is polarized in the
direction of the reflected wave. Since no radiation occurs in the direction of polarization,
no wave is reflected.

3.5.3 Total Reflection

Let medium 1 have a higher optical density than medium 2, n; > n;. In this case from
Snell’s law (3.114) follows for a wave incident under the critical angle 8. given by

0, =sint 22, (3.151)
ny

that the transmitted wave propagates parallel to the boundary plane. This case is
illustrated in Figure 3.6. For 8, > 6, the transmitted wave propagates parallel to the
boundary plane and decays exponentially normal to the boundary plane.
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Figure 3.6: Total reflection.

In this case the incident and reflected electric and magnetic fields are still expressed
by (3.105a), (3.105b), (3.106a) and (3.106b) whereas for the transmitted field (3.105¢c)
and (3.106c) are replaced by

Q(f) = Ei')e-(i kex+aiz) 4y +§£,’}e"(j kex+az) dy +££l)e—(i kex+auz) g, (3152a)
H® = H{D e Okenran) gy 4 ge-Uhertans) gy glde-Uhrrant) gz, (3.152b)

where «, is the attenuation coefficient in z-direction in medium 2. Considering (3.110)
the homogeneous Helmholtz equation (3.37) is fulfilled for

k2 + k%, = n2k?, (3.153a)
k: ~at =nikk (3.153b)

with
kg = w*poeo . (3.154)

From this we obtain for 6, > 6, the dependence of the attenuation coefficient &, from

the angle of incidence
gz = koy/n?sin® 6, — n2. (3.155)

Even in the case of total reflection the field penetrates exponentially decaying with a
penetration depth a;; into the totally reflecting medium. The attenuation coefficient
increases with increasing angle of incidence ;.

For a TE wave the field in region 1 also is represented by (3.121a) and (3.121b). For the
field in region 2 we obtain by substituting & = j k¢, in (3.123a) and (3.123b)

EW = wuyk AP e Ukextan) gy (3.156a)
HO = ko AP e Ukex+au2) gy 4 k2 4D e(kexsanz) gy (3.156b)
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Figure 3.7: Dependence of the Goos-Hinchen shift ¢, and ¢, on angle of incidence 6, for n; = 1.5n.

Expressing all field components by the electric field amplitude E , of the incident wave
we obtain again (3.124a) and (3.124c), where the wave impedance in region 1, Z, is
given by (3.113) and (3.125) whereas the wave impedance of the evanescent field in

region 2, Z3, is purely imaginary. The wave impedances are given by

Wy W
Zi=—"=———, 3.157
A k,’z ko COos 81 ( 3)
L WH jwis
Z>s = . (3.157b)
25 &tz koy/n?sin® 6; — n3
For p; = W, the Fresnel formula (3.129a) and (3.129b) are
Rt o Mo 6, +jy/n?sin® 6, — n3 , (3.1582)
nycos By —j\/n? sin® 6, — n3
' = 21, cos 6, (3.158b)

ny cos 0, — jr/n?sin® 8, — n?
1 1 2

The totally reflected wave penetrates exponentially decaying into the forbidden region 2.
This is the origin of the Goos-Hénchen shift [4,13]. Due to the imaginary wave impedance
of medium 2 the reflected wave experiences a phase shift, the so called Goos-Hénchen
shift. For the totally reflected TE wave the Goos-Hinchen shift is

7 o e
,\/nZsin? 6, - n2

=2tan”
bur 1, cos 0,

(3.159)
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For a T™ wave the field in region 1 also is represented by (3.137a) and (3.137b). For the
field in region 2 we obtain by substituting «,, for jk,; in (3.139a) and (3.139b)

HO = —weyk, CPelikex+auz) dy, (3.160a)
EW = —jkya;,CPeUkextaut) gy 4 g2 e-Ukexsaus) gz (3.160b)

Expressing all field components by the electric field amplitude E , of the incident wave

we obtain again (3.140a) and (3.140c), where the wave impedance in region 1, ZIH, is
given by (3.113) and (3.141a). The wave impedance of the evanescent field in region 2,

ZE, following from (3.141b) by replacing k. by —j a, is purely imaginary, hence

Z"_E: w'ul

_ ’ 3.161
1 we) ko cOoSs 91 ( a)
Zﬂ _ —) &tz _ JWH2 . (316“)}
wey ko\/m
For yy = y, the Fresnel formula (3.145a) and (3.145b) now become
Rl n} cos 0y — jmy/n? sin” 6, — n , (3.162a)
cos 0y +j\/n?sin’ 6, — n3
o 2nyn; cos 6, (3.162b)

nZ cos 0, + jny\/nZsin’ 6; — n2

In the case of total reflection the reflection coefficient |R!| = 1 and the amplitude of
the reflected wave has the same amplitude as the incident wave. For the T™ wave the
Goos-Hinchen shift is given by

V/n?sin? 0; — n?
=2tan™ AL — 2% 3.163
Pir 1, cos 6, ( )

Figure 3.7 shows the dependence of the Goos-Hénchen shift ¢, , and ¢, on the angle
of incidence 6, for nj = 1.5n,. For n, = 1.5, the critical angle is 6, = 41.81°.

3.6 WAVES IN PLANAR LAYERED MEDIA
A layered medium consists of a number of layers of homogeneous material. In a planar

layered medium the layers are bounded by parallel planes. Consider a wave incident on
a layered medium from the left-hand side as shown in Figure 3.8. Due to the reflection
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Figure 3.8: Multilayer structure.

and transmission at every boundary surface waves are incident on every boundary
surface except on the rightmost surface. Therefore in all layers with exception of the
last one waves propagate in positive as well as in negative z-direction.

Planar layered media occur in multifarious forms of technological significance. From
the books referring to this subject we mention [4,12]. Planar layered media are the
simplest inhomogeneous media. Planar waves incident on a planar layered medium
under an angle 8; may be decomposed into a TE wave, polarized normal to the plane
of incidence and a T™ wave polarized parallel to the plane of incidence.

Consider the mth layer of thickness d,,, shown in Figure 3.9. Assuming wave propa-
gation in positive and negative z-direction, we obtain for TE waves from (3.127a) and
(3.127b)

gim _ g Hm yemikax gy (3.164a)
HA = [N ()eikex gy 4 sm(i*)" V™ ()eikex gz (3.164b)
ZF

with the amplitudes coefficients Zl(m) (z) and :J'(m) (z) describing the z-dependence
of the field:
ZJ.(HI)(Z) = ggfg+)e-j kmzz +E.§:(;'_)ej Kaud , (3.1653.)
=1(m) 1 m+) —jkpez m=) jkm:z
' (@) = o (EgPeritasa gilelbar] . (3.165b)
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Figure 3.9: Propagation through one layer.

The wave impedance of the TE wave follows from (3.114) and (3.116) as

ZLm) B Z;m}

ZJ.(ﬂ'I) - -
cos 0,

— ; (3.166)
‘2
1- ;5-‘: sin® 0;

where the index j refers to either to regions 1 or # + 1 or to any layer from 2 to n. This
allows to relate the impedance Z I0m) to the angle ; in any other layer. From (3.113)
and (3.114) we obtain the z-component of the wave vector

2
ns

Kz = km €08 O = ki \‘ 1- —T‘T sin” 6 . (3.167)
nm

The coefficients V(z) and I(z) may be considered as generalized transverse voltages
and currents per unit of length. These equations are in analogy to the transmission-line
equations treated in Sections 7.4 and 8.3. From these equations we can express the
transverse field amplitudes at the left surface of the /th V(0) and I(0) as functions of
the transverse field amplitudes V (d,,) and I(d,, ) at the right surface of this layer by

- L(m)

"=

(d) 08 kmzdd +JZ- ™ (dy) sin kzdm,  (3.1682)

" ¢0) ﬁ T (4, Y sinkedm + I (d) O kmzdm . (3.168b)

Il

We can express this equation in matrix form by

Zl(?ﬂ)(ﬂ.) _i(m) Z.I.(m)(dm)
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where the matrix A*(") is given by
szu(m) gink. d
im) _| cos kmzdm JZHM sin ko dy, 3.170
A [z—jﬁy Sin kpzdm €08 k2 dm ' :170)

The matrix A*(") is called the chain matrix, also treated in Section 10.2.2. In a multilayer
structure as depicted in Figure 3.8 n layers, numbered from 1 to n are embedded between
regions 0 and 7 + 1. The amplitudes V (z = 0), I(z = 0) can be expressed as functions
of the amplitudes V(z =d), I(z=d) withd =d, +d; +...d, by

Vi Vi(d
[IT((;))] = A* [Ft( d))] : (3171)
with
At = AL 41 | pt(m) (3.172)

If region n + 1 terminates the structure with the wave impedance Z*("*1), then
Vi(d) = 41 (d). (3.173)
Together with (3.172) this yields

L r71(n+l1) AL
AuZ" ™+ Ay 11 (). (3.174)

Vi(0) = o
— ( ) Aélzl("‘-])"‘Aéz_

For ™™ waves we obtain from (3.143a) and (3.143b)

glm - g1 (yeikex 4y 1 20 §in 6, 11D (z)e 14 dz, (3.175a)
#lm = [0 (g)eikex gy (3.175b)

with the amplitudes coefficients V(z) and I(z) describing the z-dependence of the
field.

VI () = Bl ehmes o pn-)eikmet (3.1762)
lmy, 1 (m+) i kmez _ p(m=) g kmsz
I'*(2) = s (EG*e B elkmr) (3.176b)

The wave impedance of the TE wave follows from (3.114) and (3.142b) as

' 2
n;

zll(m} - Zg:m)cos Bm = z!(_.‘.m) 1- n—;-sinz 9} 3 (3‘177)
m
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where the index j may refer to any region. In matrix form we obtain

v"{m) 0 " Vll(m) dm

where the matrix AI(™) is given by

s 7l(m) o
A"(”') _ [ ‘COS kmzdm ]Z sin kmzdm:l ) (3179}

yALC sin k. d c0S8 kpyod,y

3.7 THIN CONDUCTING SHEETS

Consider the wave propagation through a thin metallic layer of conductivity ¢. In the
metal we can neglect the displacement current since we <« ¢. For a TEM wave in the
metal the propagation coefficient y and the field impedance Z are given by

. ag i
y=\/jwpoo = %(1+]), (3.1802)

jwho jwio ;
Z — —_— = —— . 3
F=\/ = 20 (1+j) (3.180b)

In a metal the electric field is rapidly decaying under the surface with the so-called skin
penetration depth d,, given by

1 2

dy=——=+ [ ——.
d R{y} WHoO

(3.181)

The skin effect penetration depth is inversely proportional to the square root of the
frequency. For copper with a conductivity of ¢ = 5.8 -107Sm™" we obtain at a frequency
of 10 GHz a penetration depth dy = 0.66 pm. The skin effect will be discussed in
Chapter 6.

We assume the plane metallic surfaces of the conducting sheet oriented normally
to the z-axis at z = 0 and z = d. For a uniform plane wave incident under an angle of
incidence 6, and with the xz-plane as the plane of incidence let k;, be the x-component
of the wave vector. Inside the metallic sheet the propagation coefficient of the wave in

z-direction is
Yz=1\/y2+ kfx ; (3.182)

For metallic sheets due to k;,; < |y| we can set

YzE). (3.183)
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This means that inside the metallic sheet the electromagnetic wave propagates as a TEM
wave in the direction normal to the sheet. This allows to describe the wave propagation
through the sheet by the surface admittance matrix Y; or surface impedance matrix T;
as introduced in [14],

_ 1 | cothyd —cschyd

Yo= Z. [—csch yd cothyd ] ’ (3.184a)
_ cothyd —cschyd

s [—csch yd cothyd ] (3.184b)

with csch yd = 1/ sinh yd. We don’t need to distinguish between the TE- and T™ cases.
Furthermore these relations hold for any values of ky, k, as long as k,, ky, < [y| or
kyd, kyd <« 1. Assuming that the tangential electric and magnetic field components
are £,,, H, atz=0and £,,, H,, at z = d we obtain

ﬁ?{n ] =yden Y [fﬂ] , (3.1852)
—Lkip &2

é"] =xdzAZ [_ﬁ”] (3.185b
[Q,; | Hee | ‘ :

When the material conductivity o or the thickness d of the sheet is large enough, so
that yd — oo the surface impedance matrix becomes

.= 27, [é ?] for yd = 60. (3.186)

In this case the field does not reach through the conductive sheet and the fields satisfy
on both sides of the sheet the boundary conditions

En=-*dznZH,, E,=*dznZH,, foryd—oo. (3.187)

These boundary conditions will be treated in detail in Section 6.2. In the limit yd — 0
no current is flowing in the boundary and we obtain from (2.171a)

HP -HD =0 foryd »0. (3.188)

3.8 THE VECTOR WAVE EQUATION

In the previous sections we have shown that TE and T™ fields can be derived from
scalar fields. A general electromagnetic field can be obtained by superposition of TE



Potentials and Waves 95

and T™ field components. In this section we revisit the vector wave equation and the
vector Helmholtz equation to show that in cylindrical and spherical coordinate systems
the field can be decomposed in partial fields that can be derived from scalar potentials.
Within any closed domain of a homogeneous isotropic and source-free medium the
electric and magnetic field forms £ and H as well as the vector potentials A, 1, and
[M,,. For C denoting any of these one-forms the vector wave equation

0*C
AC - yé'w =0 (3189)

must be fulfilled. Due to the linearity of this equation, field solutions always can be
represented by superposition of time-harmonic solutions and without loss in generality
we can restrict our considerations to the solutions of the vector Helmholtz equation

AC+KXC=0 (3.190)

with the wave number k defined in (3.42). With (3.14) we obtain from this for one-forms
C the Helmholtz equation in the form

dxdxC-+dxdC+k*C=0. (3.191)

We can derive solutions of this vector Helmholtz equation from a scalar field y satisfying
the scalar Helmholtz equation

Ay+kiy=0. (3.192)
With (3.13) this can be written as
xdxdy+kKy=0. (3.193)
From the scalar field y and the one-form
a=aydx+a,dy+a,dz (3.194)

describing a constant vector @ = [ay, ay,a;]” we can derive a set of vector fields
described by the one-forms £, I/ and V as

L=dy, (3.195a)
U=+d(ay), (3.195b)

V= % «dU . (3.195¢)
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These differential forms £, U, and V correspond to the vector fields introduced by WW.
Hansen [2,15-17] and therefore are called Hansen forms. By insertion into the vector
Helmholtz equation (3.191) it can be verified easily that £, U, and V are solutions of
this equation.
From (3.195a) it follows
dL=0. (3.196)

Therefore the vector field described by L is irrotational. From (3.195b) and (3.195c) we
obtain

d«UU=0, d«=V=0 (3.197)

and therefore the vector fields described by U and V are solenoidal. From (3.191) and
(3.195b) we obtain the useful relation

g % . dV (3.198)
and from (3.193) and (3.195a) it follows
xdxL=-ky. (3.199)

From (3.29a), (3.29b), (3.36a), and (3.36b) we obtain for source-free regions the electric
and magnetic field forms

E=xd+dfl, -jouxdl,, (3.200)
H=jwexd[l ++dxdll,. (3.201)

Suppose that the solutions of (3.28) and (3.35) for given boundary conditions may be
expanded in series

0= AaVen, (3.202a)
n
N,=> B,aVmnu (3.202b)

with the expansion coefficients A, and B,,. In this case the electric and magnetic field
forms are

E=Y AkVen —jwpB,Un,n, (3.203a)

H =Y jweA, U+ B,kVmn . (3.203b)

n
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with
ue,ﬂ =xd (3 We.n) ) um,n =xd (3 Ym,n ) 3 (32043}
1 1
Ve = i dUe,n Vieii= T AU, n . (3.204b)

The solutions with the amplitudes A, are transverse magnetic with respect to the
direction of the vector a, whereas the solutions with the amplitudes B, are transverse
electric with respect to a. The Hansen forms allow to formulate the field solutions in
cylindrical and spherical coordinate systems in a systematic way.

To derive the vector field solutions from a scalar field in spherical coordinates a
method described by R.F. Harrington and R.S. Elliott may be more appropriate [3,18].
Consider the one-form

K=xrdrady, (3.205)

where y is a scalar potential satisfying the scalar Helmholtz equation (3.192). We show
that in this case C is a solution of the vector Helmholtz equation (3.190). From (3.205),
(A.165), and (A.168) we obtain

1 oy ay .
'_sinea¢’d9+39”‘“9d¢ . (3.206)

With the Laplace operator for a one-form in spherical coordinates (A.175) we obtain

= 1 dy 1 oy 2cosf %y
A}C_[ A(Si“93¢)+rzsin398¢ r2 sin 6 9¢ab rdo

2
+[ 2c0593'#+6(a_'4’) 1 ﬂ]rsinsdfp. (3.207)

“r2sin*09¢2 \26) r?sin?6 00
With
1 oy 1 0 2cosf d*y 1 oy
1 Yy 1 9 - Y 3.208
2 (sin ¢) sin 6 0¢ (4¥) r2sin” 0 0¢00 T sin 0 ¢ (320E)
dy\ 0 1 9y 2cosf dy
A ( 36 ) =368 * 257696 * i 0 992 (3:209)
we obtain from (3.192) and (3.207)
1 0 ad .
= —mﬁ(‘&w rdf + E(aw)r sin 8 d¢
Lo a0 2, Gn0dp=-KK, (3.210)

sinf@ d¢ 06
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Figure 3.10: Circular cylindric coordinates.

which prooves that K is a solution of the vector Helmholtz equation (3.190). We can
show that the field AV related to K via

N=%*d}c, ;c=-%*cw (3.211)

is also a solution of the the vector Helmholtz equation (3.190). The field described by
K is transverse with respect to dr. With K we can construct independent TE and T™
field solutions.

3.9 CIRCULAR CYLINDRICAL WAVES

For the analysis of circular cylindrical electromagnetic waves we use circular cylindrical
coordinates shown in Figure 3.10. Formulae for circular cylindrical waveguides are
summarized in Appendix A.4.2. We consider fields that are either transverse electric
or transverse magnetic with respect to the z-axis. In these cases the solution of the
Helmholtz equation (3.37) can be derived from the solutions of the scalar Helmholtz
equation for the z-component of the magnetic or electric Hertz vector respectively.
Fields that are neither transverse electric nor transverse magnetic may be obtained by
superposition of transverse electric and transverse magnetic fields.
Due to (A.158) for an electric or magnetic Hertz form /1, or /1, that exhibits a
z-component only,
n.=1,,.dz withi=e,m, (3.212)

the application of the vector Laplace operator (A.158) to the [Treduces to the application
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of the scalar Laplace operator (A.157) to the z-component only,
All=All,, dz. (3.213)
Thus inserting [T; into the homogeneous Helmholtz equation (3.37) yields

2’11 oIl,, 5 Il
iz 190 1 oL, + + kI, =0. (3.214)
ap? p ap p? 0¢? Bz

Applying the method of separation of variables we choose

0, =R(p) f($)Z(2). (3.215)

Inserting this into (3.214) yields

,1 d°R 1dR 1d*f &2z 5\
dep +pR F qubz p Ed—+ko =0. (3.216)

This equation can be completely separated into terms depending on one variable only.

In order to fulfill the equation, each of these parts must be constant. Introducing the
constant separation parameters k,, n and k., where k, and k; fulfill the relation

K3+ k2=kj (3.217)

we obtain the separated ordinary differential equations

2
zj_;j p3—§+(p2kf,—n2)R=0- (3.218a)
dl
) (3.218b)
2
% & kiz =0, (3.218¢c)
z

where (3.218a) is the Bessel’s differential equation of order n. In Appendix B.1 a detailed
discussion of the Bessel's differential equation is given. The solutions are the Bessel
function of the first kind ], (k,p), the Neumann function or Bessel function of the second

kind Y, (k,p), and the Hankel functions of the first kind H f,l) (kpp) and of the second
kind H ,(,2) (kpp). The general solution usually is expressed by a linear combination of
two of these functions. The index n depends on the order of the differential equation and
denotes the order of the function. The Bessel functions of first and second kind, J,, (k,p)
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and Y, (k,p) respectively describe standing wave solutions with respect to p-direction

as ocurring in hollow pipes. The Hankel functions of the first kind H ,{,l} (kop) describe
waves propagating in negative p-direction and the Hankel functions of the second
kind H,(,z)(kpp) describe waves propagating in positive p-direction. The solutions
of (3.218b) are cos n¢, sin ng, e "¢ and /"¢, where the solutions cos n¢ and sin n¢
describe waves standing in ¢-direction, and the solutions e7"% and e/ "% describe fields
rotating clockwise and counter-clockwise around the z axis. The z-dependence of the
field is given by (3.218¢). Here the solutions cos k. z and sin k,z describe waves standing
in z-direction, and the solutions e %% and e/ ¥* describe waves propagating in positive
or negative z-direction, respectively.

From (3.29a), (3.29b), (3.36a), and (3.36b) we obtain the transverse magnetic and
transverse electric field solutions:

TE, modes:
1, (p,¢,2) = ACy(k,p) cosnpe**dz, (3.2192)
H=ddO,+k0,, (3.219b)
E=-jopxdl,. (3.219¢)

TM. modes:
1.(p, $,2) = BCy(k,yp) cosnpe/** dz, (3.220a)
£=ddM, +k1,, (3.220b)
H=jwexd[l,. (3.220¢)

The TE, and ™™, modes are transverse electric and transverse magnetic with respect
to the z-direction. A and B are arbitrary complex amplitudes. The function C, (k,p)
stands for one of the solutions J,(kyp), Yu(k,p), Hf,l)(kpp) or H,(‘z)(kpp). From
(3.219a) to (3.220c) we obtain the field components listed in the following,

TE, modes:

H, = —jk.k,AC}, (kop) cos npe™ %%, (3.221a)
H, =jk, EACa (kpp) sinng e, (3.221b)
H, = k2AC, (kpp) cosng eIk (3.221¢)
E,= jwyo:gAC,,(kpp) sinnge ik (3.221d)
E, = jwpok,AC; (kop) cosng e ke, (3.221¢)

E,=0. (3.221f)
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Figure 3.11: Excitation of an electromagnetic field by a current filament.

T™, modes:
E,=-j k.k,BC, (k,p) cos n¢ e Ikez (3.222a)
E,= jszBCn(kpp)sin nge ik (3.222b)
E, = k2BC,(kyp) cos n¢ e ikez (3.222¢)
H,=-j wEOEBC,,(kpp) sinnge kT (3.222d)
H,=-j weok, BC, (kyp) cos ng gihz (3.222¢)
H, =0. (3.222f)

With C/, we denote the derivative of the Bessel function C, with respect to the argument,

Cy(x) = —dcc’l’ix) . (3.223)

3.9.1 Excitation of a Cylindric Wave by a Uniform Current Filament

Consider a current filament impressed at p = 0 in z-direction as shown in Figure 3.11.
Let the current be time-harmonic with the complex amplitude I and frequency w and
uniform in z-direction. If the current flows in the wall of a tube with radius a the
current distribution can be described by the differential form

I
J= Eé‘(pﬂa)fdpn d¢. (3.224)
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For symmetry reasons the wave excited by this filamentary current will be transverse
magnetic with respect to the z-axis and independent from the coordinates ¢ and z.
From (3.222a) to (3.222f) we obtain for this case

E, = k:BH (kop) » (3.225a)
H, = —jweok,BHSY (kpp) . (3.225b)

All other field components vanish. Assuming a wave propagating in positive p direction
only we have chosen the Hankel function of the second kind, H, 32) (kpp) for the radial
dependence of the wave. For p — 0 the derivative of the Hankel function of the second
kind can be approximated by

LIRH“’( x) = —;—x. (3.226)

Applying Ampere's law (2.57a) to (3.225b) under consideration of (3.226) for k,p <1
yields

kL )

el L (3.2272)
koI

H,-= ' P2 P (k,p). (3.227b)

For the far-field (i.e., for k,p > 1), we obtain the asymptotic solution

j e_J kpp

811\/'_

J e_JkPP
8m | fkpp ’

In the far-field the ratio of the transverse electric and magnetic field is given by the
characteristic impedance of the TEM wave. The field amplitudes decrease as 1/,/p in
contrast to the 1/r dependence of spherical waves.

(3.228a)

E_ =-Zrk p_

(3.228b)

H,=k,l

3.10 SPHERICAL WAVES

Waves emitted from point-like sources are called spherical waves since surfaces of
constant phases are spheres. Spherical waves occur in radiation problems [2-4,19]. The
Helmholtz equation in spherical coordinates has a complete set of spherical solutions.
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Figure 3.12: Spherical coordinates.

Waves emitted from a closed volume of limited spatial extension usually are represented
by a superposition of spherical waves.

We use spherical coordinates shown in Figure 3.12. Formulae for spherical coordi-
nates are summarized in Appendix A.4.3. The solution of the Helmholtz equation (3.28)
in spherical coordinates is a difficult task since in spherical coordinates all three coor-
dinates of the Hertz form are mixed in the Laplace operator (A.174). However, also in
the case of spherical solutions the TE- and TM-wave solutions may be derived from the
solution of the scalar Helmholtz equation in spherical coordinates. The homogeneous
scalar Helmholtz equation in spherical coordinates is given by

19 (,0¥ 1 9 ¥ 1 Y
RN 5 g (PR I (P (PP ,
r2 or (r or ) r2sin 6 90 (sme 26 ) T sin? 0 a2 HRE=0 (3:229)

Introducing
b (?’, 0, (P) = Zn(k?’) Y:I (61 ';b) (3.230)

the homogeneous scalar Helmholtz equation in spherical coordinates (3.229) is sepa-
rated into the two differential equations (B.49) and (B.29)

d?z,, (kr) dz,(kr)
247z " 22 2 _
P g Al R s g () =0, (3.231a)
1 d (. ,dyme,¢)\. 1 d*Y"(6,¢) i )
sin6 do (‘““9 0 ) aTe ag (Y (6.4)=0, G.2Ib)

where z,(kr) is a spherical Bessel function j,(kr), y,(kr), hs,l)(kr), or hP (kr) as
defined in (B.32a) to (B.32d), and Y" (6, ¢) is the spherical harmonic, defined in (B.52).
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The indices m and n can assume the values n = 1,2,3,4,... and m = —-n,—(n -
1),...,-2,-1,0,1,2,...,n —1,n. For real k the solutions j,(kr) and y,(kr) represent
standing waves with respect to radial direction, hf,z) (kr) represents outward traveling
waves and hf,l)(kr) represents inward traveling waves.

If both W}E (r, 0, ¢) and W (r, 0, ¢) are two independent solutions of the scalar

Helmholtz equation (3.229), we can use (3.205) to construct solutions of the vector
Helmbholtz equation by

Emn = * (rdra d¥,5) (3.232a)

1
My =—— = dEL, (3.232b)

jou
and

Hopn = * (rdr A d¥30) (3.233a)
Eon = Loanm™, (3.233b)

jwe

From (3.232a) and (3.233a) we can see that £'F, and . exhibit no longitudinal
components. Therefore the solutions with the superscript TE represent the transverse
electric spherical waves and the solutions with the superscript T™ represent the transverse
magnetic waves. In the case of spherical waves the classifications transverse electric and
transverse magnetic refer to the r-direction.

Field solutions exhibiting longitudinal electric and magnetic components may be

constructed by superposition of transverse electric and transverse magnetic solutions,

émn = Q-;fn + é;h:, 3 (3.234&]
Hoin = U t Hons (3.234b)

From this we obtain
E = —ngnT;ll‘i’L’: i (3.235a)

TE ™
1 J¥E 1 0 (ra‘i’m") ) (3.235b)

=07 "5in® 9¢ jweror\ a6

v 1 o owm™
_ Vo _ & 3.235
£ 90  jwersinf or (r ap |’ iZoc)
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ﬁr = M\p:l'; , (3.235d)
jwpr
1 o ( 0¥} G e
_ P, mn 3235
=0 jwuror (r a0 ) sinf  d¢ ( &)

(3.235f)

1 9 [ oveE)\ oy
r +
¢ 30
E

Solutions containing only W}*, represent the TE waves and solutions containing only
W™ represent the T™ waves.

If all sources of the electromagnetic field are located within a sphere of radius R
outside this sphere only outward traveling waves exist. The outward traveling waves may
be described by a superposition of waves with the radial dependence given by h,(,z) (kr).
The operator /dr when applied to e *" gives —j k. Application of the 3/dr to all other
terms gives rise to terms of the order (1/r)? or higher. In the far-field approximation
kr > 1 we keep only the terms of the order 1/r. Therefore, we can replace the operator
d/0dr by j k and obtain the far-field approximation

H,= —
= jwursinf or

E =0, (3.236a)

1 owrE oy
= mn Z mn ; 3.
=0 " sin6 a¢ e oy BA250)
IVIE  Zp QYN

Es="30 "6 3 ° S

H,=0, (3.236d)
TE ™

H, = 1 ¥ ;aq,’"" (3.236e)

=" "7, 00 sin0 9¢
L gvs  gu

By=-7 a0 36 ' 96 (F20)
From these equations we obtain in the far-field
Ey=ZpH, Ey=-ZgH,y . (3.237)
We can summarize (3.237) in the Sommerfeld radiation condition
lim (£+2Z¢» drAf)=0. (3.238a)
The Sommerfeld radiation condition may also be written in the form
lim (H-Z' »drag)=0. (3.238b)

r—+oo
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It can be shown that the Sommerfeld radiation condition holds for an electromagnetic
field generated by any source distribution confined in a volume V of finite extension
around r = 0. The proof may be given by expanding the field outside V into spherical
waves. A general proof of the Sommerfeld radiation condition is given for example
in [18]. The radiation condition requires that the electric and magnetic fields bear the
relation to each other found in wave propagation in regions remote from the sources.

3.11 PROBLEMS

L.

Besides the Lorenz gauge another useful gauge for the potentials is the so-called
Coulomb, radiation, or transverse gauge for which d » A = 0. Derive the second-
order partial differential equations for A and @ in the Coulomb gauge.

. Show that the Laplace operator applied to a zero-form, (3.13), in conventional

vector notation corresponds to A® = div grad @, where @ is a scalar function.
Show that the Laplace operator applied to a one-form, (3.14), in conventional
vector notation corresponds to A4 = grad div A - curl curl A, where A is a vector
function.

. Assume that the impressed current J can be expressed as the superposition

J = T + J; of a longitudinal or irrotational current J; with the property
d » J) = 0 and a transverse or solenoidal current J; with the property dJ; = 0.
Show that in the Coulomb gauge the transverse current is the source of the vector
field A and the longitudinal current is the source of the scalar field ®.
For an electromagnetic wave propagating in a lossless homogeneous isotropic
medium the electric Hertz form is given by /1, = (Ax + By) cos(wt - kz + ¢) dz.
a) Show that the Hertz vector satisfies the wave equation.
b) Compute the electric and magnetic fields.
Show that (3.20a) and (3.20b) correspond to

E =graddiv I eazl'l aal'[
-8 ”"”a:ze‘“a: =

H = curl (ei I1, +al'[f) ;
ot

where I1, is the electric Hertz vector and E and H are the electric and magnetic
field vectors.
Consider a perfectly conducting circular cylinder of radius a in free-space. Let
the electromagnetic field outside the cylinder be described by the magnetic Hertz
form [1,, = [f(r) + g(¢)] &/** dz.
a) Determine f(r), g(¢), and k so that [T, is a solution of the homogeneous
Helmholtz equation.
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b) Compute the electromagnetic field satisfying the boundary condition at
the surface of the perfectly conducting cylinder.

8. Inthe plane z = 0 at time t = 0 an electric surface polarization M, 4 is turned on.

Jotdy fort>0

0 fort<0

a) Compute the electric Hertz vector field due to this polarization.
b) Compute the electromagnetic wave excited by this polarization.

9. In the plane z = 0 a magnetic surface polarization M, , is impressed. This is
described by M, , = M, ,, dxel*?. The region z # 0 is free-space.

a) Compute the magnetic Hertz vector field due to this polarization.
b) Compute the electromagnetic wave excited by this polarization.

10. Express the solutions of transverse electromagnetic plane waves propagating in
free-space in +z-direction in terms of the components of the vector potentials
Aand [7,.

11. Express the solutions of TE and T™ plane waves propagating in free-space in
z-direction in terms of the components of the vector potentials /7, and /7,
Consider all four cases.

12. Consider a plane dielectric plate with thickness d and material parameters ¢, = 9,
r = 1. The incident plane wave is right-hand circularly polarized with electric
field amplitude E,,.

a) Compute the electric and magnetic field amplitudes of the reflected and
transmitted waves.

b) Determine the angle of incidence 6, and the thickness d to obtain linear
polarization of incident and reflected waves.

13. Consider a plane wave incident on a dielectric plate of thickness d with ¢, = 2.25
and g, = L.

a) Determine d such that a normally incident wave is not reflected.
b) Compute reflection and transmission factors for the same thickness d and
arbitrary polarization of the incident wave for skew incidence.

This is described by M4 = . The region z # 0 is free-space.
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Chapter 4

Concepts, Methods, and Theorems

4.1 ENERGY AND POWER

The field concept is based upon the hypothesis that electromagnetic energy is distributed
over the space. The electric and magnetic fields carry energy and changing electric
and magnetic energy densities are related to power flow in space [1-6]. We introduce
the electric energy density w,(x, t) and the magnetic energy density w,, (x, t) with the
corresponding three-forms

W, =w.(x,t)dx A dy A dz, (4.1a)
Wi = wWa(x,t)dx A dy a dz. (4.1b)

The energy densities are given by

W, =+EAD=1% (ExDy+E,D,+E.D;)dx A dyna dz, (4.2a)
Wp =tHAB=% (HeBy + H,B, + H,B,) dx A dy A dz. (4.2b)

Figure 4.1 visualizes the exterior product of the field one-form £ and the flux density
two-form D. The resulting three-form is visualized by the subdivision of the space
into cells. The number of cells per unit of volume is proportional to the electric energy
density.

In order to investigate energy storage and power flow in the electromagnetic field,
we start again with Maxwell’s equations (2.114a) and (2.114b). Exterior multiplication of
Ampere’s law from the left with —€ and of Faraday’s law from the right with H yields

—EA dH=D+J, (4.3)

dé=-8B AH, (4.4)

109
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Figure 4.1: The exterior product of the field form £ and the flux density form D.

where the dot means the partial derivative with respect to t, that is, D = (9/dt)D. This
yields

d(EAH)=-EAD-HAB-EANT. (4.5)

This equation can be brought into the form
)
d(f:f'\'H)=—§(%8AD+%HA8)—5AJ. (4.6)

The power loss density py (x, t) with the corresponding differential form
Pr(x,t) = pr(x,t)dx A dya dz (4.7)
is given by
Po=Ena+E. (4.8)
Due to the impressed current density Jo, a power per unit of volume po(x, t) is added
to the electromagnetic field. With the differential form
Po(x,t) = po(x,t)dx A dya dz (4.9)
the power added to the field by the impressed current 7, is given by
Po=-EnTo. (4.10)

We introduce the Poynting vector S(x, t) with the corresponding Poynting differential
form
S(x,t)=Sxdyn dz+S,dzA dx +S.dx A dy, (4.11)

given by
S=EAH. (4.12)
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Figure 4.2: The Poynting form S as the product of the field forms £ and H.

Figure 4.2 visualizes the Poynting two-form as the exterior product of the electric and
magnetic field one-forms £ and H. The potential planes of the electric and magnetic
fields together form the tubes of the Poynting form. The distance of the electric and
magnetic potential planes exhibit the dimensions V and A, respectively. The cross-
sectional areas of the flux tubes have the dimension VA. This yields the assumption
that the Poynting form describes a power flow through these flux tubes. The proof for
this assumption will be given in the following.

Inserting (4.2a), (4.2b), (4.8), and (4.10) into (4.6) yields the local form of Poynting’s
theorem: 5 3

dS= "'é"t’we = ‘é‘;wm -Pr+P. {413)

Integrating (4.13) over a volume V and transforming the integral over S into a surface
integral over the boundary 0V, we obtain the integral form of Poynting’s theorem:

ﬁw f O_Ef e %fv Wm—fv'PL- (4.14)

The first term on the right side of (4.14) describes the power added into the volume V via
impressed currents, The second and third term describe the time variation of the electric
and magnetic energy stored in the volume. The last term describes the conductive
losses occurring inside the volume V. The right side of the equation comprises the total
electromagnetic power generated within the volume V' minus the power losses in the
volume minus the increase of electric and magnetic energy stored in the volume. This
net power must be equal to the power, which is flowing out from the volume V' through
the boundary 0V. Therefore we may interpret the surface integral over the Poynting
vector on the left side of (4.14) as the total power flowing from inside the volume V
to the outside. Since this is valid for an arbitrary choice of volume V, it follows that
the Poynting vector describes the energy flowing per units of time through a unit area
oriented perpendicular to S.
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For time-harmonic electromagnetic fields, the introduction of a complex Poynting
vector is useful. For this we multiply the complex conjugate of (2.123a) from the left
with (=€) and (2.123b) from the right with %" and obtain

-En \ dH* = —jwe* xE + T, (4.152)

dE = ~jop H | AH . (4.15b)
Forming the sum of both equations, we obtain
dGEAH) =20 (e H A+ H -3 Env £ ) -2EnT;. (416)
We now introduce the complex Poynting vector
T
T={1:1:5) (417)
with the corresponding differential form
T=Tyedyndz+ TydzA dx + T;dx A dy, (4.18)

given by
T=2En", (4.19)

We have to note that 7 is not the phasor corresponding to S. Therefore we have used a
different character to distinguish between the complex Poynting vector and the real
Poynting vector. In order to give an interpretation of the complex Poynting vector T,
we compute first the time-dependent Poynting vector form S for a time-harmonic
electromagnetic field

E(x, 1) =R{E(x) &'} = % (E(x) eI + £* (x) ), (4.20a)

M, 1) =R {H(x) '} = 2 (H(x) €1 + B () 7). (4.200)
Inserting into (4.12) we obtain

S(x,t) =R {E(x) AH (x)} + IR {E(x) AH(x) ¥} . (4.21)

The first term on the right side of (4.21) is equal to the real part of the complex Poynting
form 7 according to (4.19). This term is independent of time. The second term on the
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right side of (4.21) oscillates with the double frequency of the alternating electromag-
netic field. The time average of this part vanishes. Therefore the real part of the complex
Poynting vector form 7 is the time average of the Poynting form S.

S(x,t)=R{T(x)}. (4.22)

The real part of the complex Poynting form 7 denotes the power flowing through a
unit area surface element oriented perpendicular to the Poynting vector.
For time-harmonic fields the time averages of the electric and magnetic energy
densities w, and w,, and the corresponding differential forms are related via
W, =wW.dx A dy A dz, (4.23)
W =Wmdx A dya dz. (4.24)

The time-average electric and magnetic energy density forms are given by

We=31En+ £ =1€ (IE|* + |§y|1 +|E,*) dx A dy A dz, (4.25)
Wh=3'HarH =3 (|H ] + [ﬂyP +|H,*) dx A dy A dz. (4.26)
We have to consider that the quantities ¢’ and y’ in the complex representation corre-

spond to the quantities € and y in the time-dependent formulation. The time-average
electric power dissipation density p,, with the differential form

Pre=p.dxAadyndz (4.27)

is given by the differential form

Pre=30En+E =1we" Enx E. (4.28)

The introduction of the complex permittivity  allows also to consider the magnetic

losses with the average magnetic power dissipation density p, .. with the differential
form
Pim=Prmdx A dyadz (4.29)

given by
Pim=3op" HaxH'. (4.30)

The total average power dissipation density is described by the differential form

Pr=twe" EnxE +lop" HAxH". (4.31)
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The complex power added to the field per unit volume, Pco(x) due to the impressed
current density J, is described by the differential form

Poo = Podx A dy A dz. (4.32)

The differential form describing the complex power added via the impressed current
T, is
Po=—3EAT;. (4.33)

The real part of P.o equals the time average Py according to equation (4.22).
Po=R{P.o}. (4.34)

The proof is similar to equation (4.22).
After inserting of (4.19), (4.25), (4.26), (4.31), and (4.33) into (4.16), we obtain the
local form of the complex Poynting’s theorem:

dT = -2j0(Wp, - W,) =P +Peo. (4.35)

By integration over a volume V/, we obtain the integral form of the complex Poynting’s

theorem 9€w e fv B.o < fv(wm -W,) - fv PL. (4.36)

We consider first the real part of (4.36):

m{favr}=m{fvm}—fvﬁ. (4.37)

The left side of (4.37) equals the active power radiated from inside the volume V' through
the boundary V. On the right side of this equation, the first term denotes the power
added via the impressed current density Jo; the second term describes the conductive
losses, the dielectric losses and the magnetic losses inside the volume V. The imaginary

part of (4.37) is
:I{ﬁVT}:J{fVPco}—ZwL(Wm—W,,.). (4.38)

The first term on the right side gives the reactive power added into the volume V via
the impressed current density Jo. Let us first consider the case where the second term
on the right side is vanishing. In this case we see that the left side of (4.38) denotes the
reactive power radiated from volume V. Since the volume V' can be chosen arbitrarily, it
follows that the imaginary part of the complex Poynting vector T describes the reactive
power radiated through a unit area normally oriented to the vector T. The second term
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Figure 4.3: Power flow in a stripline.

on the right side of (4.38) contains the product of the double angular frequency with
the difference of the average stored magnetic and electric energies. This term yields no
contribution, if the magnetic energy stored in the volume V' equals the average electric
energy stored in V. The magnetic energy as well as electric energy oscillate with an
angular frequency 2w.

The field energy is permanently converted between electric energy and magnetic
energy. If the averages w, and w,, are equal, electric and magnetic energies may be
mutually converted completely. In this case the energy oscillates between electric and
magnetic fields inside the volume V. If the average electric and magnetic energies are
not equal, energy as well oscillates between volume V' and the space outside V. In this
case there is a reactive power flow between V and the outer region. For w,,, > W, the
reactive power flowing into volume V is positive, whereas for w,, < w, the reactive
power flowing into V' is negative.

To give an example for the relation between the description by voltages and cur-
rents and the electromagnetic field description let us consider the stripline depicted
in Figure 4.3, We assume a transverse electromagnetic wave to propagate in positive
z-direction. In the case of a transverse electromagnetic wave neither the electric field
nor the magnetic field exhibits a z-component. Let us furthermore assume the distance
b between both conductor strips to be small compared with the width a of the strips.
The electric power P transported via the line in the positive z-direction is given by

P=vi. (4.39)



116 Electromagnetics

The voltage v and the current i are given by

b b
v=-[ €=-[ E.dx=bE,, (4.40a)
x=0 x=0
i=[ #=[ Hydy=aH, (4.40b)
y=0 y=0

In the network concept the electric power is considered to be carried by voltage and
current. In the field concept, the electric power is considered to be transported via the
electromagnetic field. The electromagnetic power flux density is represented by the
Poynting form S given by

S=E.H,dxn dy. (4.41)

If E and H are orthogonal, the vectors E, H and § form a positive-oriented orthog-
onal trihedron. In Figure 4.3 the Poynting vector S(x, t) is directed in the positive
z-direction, with z-component §;.

P=LS=LExHydxAdy. (4.42)

We obtain the power P flowing through the stripline by multiplying the power density
S with the cross-sectional area a b of the stripline and obtain

P=abE.H,. (4.43)

Inserting (4.40a) and (4.40b) into this equation yields (4.39). The network concept and
the field concept give the same result.

4.2 Fi1eLp THEORETIC FORMULATION OF
TELLEGEN’S THEOREM

Complex electromagnetic structures may be subdivided into several spatial subdo-
mains. Comparing a distributed circuit represented by an electromagnetic structure
with a lumped element circuit represented by a network, the spatial subdomains may
be considered as the circuit elements whereas the complete set of boundary surfaces
separating the subdomains corresponds to the connection circuit [7]. Figure 4.4 shows
the segmentation of an electromagnetic structure into different regions R separated
by boundaries B. The dashed curves denote the boundaries. The regions R; may
contain any electromagnetic substructure. In our network analogy the two-dimensional
manifold of all boundary surfaces B,y represents the connection circuit whereas the
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Figure 4.4: Segmentation of an electromagnetic structure.

subdomains R, are representing the circuit elements. We can establish a field represen-
tation of Tellegen’s theorem relating the tangential electric and magnetic fields on the
two-dimensional manifolds of boundaries B,y [8].

Tellegen’s theorem states fundamental relations between voltages and currents in
a network and is of considerable versatility and generality in network theory [8-10].
A noticeable property of this theorem is that it is only based on Kirchhoff’s current
and voltage laws (i.e., on topological relationships) and that it is independent from
the constitutive laws of the network. The same reasoning that yields from Kirchhoff’s
laws to Tellegen’s theorem allows us to directly derive a field form of Tellegen’s theorem
from Maxwell’s equations [8].

In order to derive Tellegen's theorem for partitioned electromagnetic structures let us
consider two electromagnetic structures based on the same partition by equal boundary
surfaces. The subdomains of either electromagnetic structure, however, may be filled
with different materials. The connection network is established via the relations of the
tangential field components on both sides of the boundaries. Since the connection
network exhibits zero volume no field energy is stored therein and no power loss occurs
therein.

Starting directly from Maxwell’s equations we may derive for a closed volume V



118 Electromagnetics

I

Passive

¥
Source l circuit

Figure 4.5: Connection of a passive circuit with a source.

with boundary surface @V the following relation:

jﬁwg'(x,r YAH" (2,1") = —f E'(x, ') A T"(x, ")

fo x, r.”) aBH(x, H')
= ! ’
|, Bty - [ S (44

The prime ' and double prime " denote the case of a different choice of sources and a
different choice of materials filling the subdomains. Furthermore the time argument
may be different in both cases.

For volumes V of zero measure or free of field the right side of this equation van-
ishes. Considering an electromagnetic structure as shown in Figure 4.4, we perform
the integration over the boundaries of all subregions not filled with ideal electric or
magnetic conductors, respectively. The integration over both sides of a boundary yields
zero contribution to the integrals on the right side of (4.44). Also the integration over
finite volumes filled with ideal electric or magnetic conductors gives no contribution
to these integrals. We obtain the field form of Tellegen’s theorem:

51% E'(x, ) AH (x,t")=0. (4.45)

Tellegen’s theorem is a very powerful theorem yielding important applications in the seg-
mentation of electromagnetic structures and in circuit theory. In Section 10.3 Tellegen’s
theorem will be treated from the network point of view.

4.3 SOURCES OF THE ELECTROMAGNETIC FIELD

In the network concept, electric sources are modeled using ideal current sources or
ideal voltage sources, respectively. Ideal current sources or voltage sources impress
a current or a voltage, respectively, into the network. Sources may be modeled by
parallel circuiting an ideal current source and an admittance or series circuiting an
ideal voltage source and an impedance. In this fashion, we obtain a simple phenomeno-
logical description of sources without having to consider the complicated structure
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Figure 4.6: Introduction of (a) an equivalent voltage source V, and (b) an equivalent current source I
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Figure 4.7: Introduction of an equivalent voltage source V and an equivalent current source I together.

of real sources in detail. In the same way we can establish a simple phenomenological
description of electromagnetic field sources [3].

Figure 4.5 shows the connection of a network source with a passive network. The
network source and the passive network are connected via one pair of nodes. From the
network source a current [ is flowing into the passive network. At the pair of nodes a
voltage V is occurring. The node current I and node voltage V' are related via

v=2lI, (4.46)

where Z;, is the impedance of the passive network. If the node current I and the node
voltage V are known, it is possible to replace the source with a voltage source V ora
current source I. Figure 4.6(a) shows the introduction of an equivalent voltage source
V, and Figure 4.6(b) shows the introduction of an equivalent current source . Itis
also possible to introduce an equivalent current source  and an equivalent voltage
source V together as shown in Figure 4.7. Whereas in Figure 4.6(a) the impedance
of the source is replaced with a short circuit, and in Figure 4.6(b) the impedance of
the source is replaced by an open circuit, we can insert a source impedance Zs in
Figure 4.7. Due to (4.46) in Figure 4.7, no current is flowing through Zs and no voltage
is applied to Zs. This means that we can replace Zs by an arbitrary impedance also
including a short circuit and an open circuit. Replacing Zs with a short circuit, we can
omit the current source in Figure 4.7 and we have reduced the source to an impressed
voltage source as in Figure 4.6(a). If, however, Zs is replaced by an open circuit, we can
omit the impressed voltage source V, and we obtain an equivalent circuit as shown in
Figure 4.6(b).
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Figure 4.8: Field sources in a volume V.

4.4 THE UNIQUENESS THEOREM

Figure 4.8 shows a number of field sources within a volume V). The volume V; is
bounded by the virtual boundary 9V;. In our network model of the source we only
were interested in investigating the passive circuit and decided not to investigate the
source in detail. Therefore we have chosen a simple model for the source. We have an
analogous situation in our field model, where we are only interested in the field outside
Vi, which is generated by the sources located within the volume V;. We will try to
replace the field sources inside volume V; by impressed equivalent polarizations at the
boundary surface dV;. To do this, we first prove the so-called uniqueness theorem [3,5],
which states:

The electromagnetic field in the source-free outer region V; is determined in
a unique way, if the tangential component of either the electric field intensity
or the magnetic field intensity is known on the boundary surface dV;.

To prove the uniqueness theorem, we will show that the opposite assumption will yield
a wrong result. Let us assume that in the outer region V; there exist two different field
solutions E, and H,, on the one hand, and E, and H, on the other hand. Both exhibit
the same tangential electric and magnetic field components on dV. The difference
between field solutions 0E = E, - E,, §H = H, — H, due to the linearity of the field
equations must also be a field solution. In this case, however, either §E or §H has no
tangential field component on dV. Consequently the complex Poynting differential
form 7 due to (4.19) has no component normal to 9V, and the surface integral of 7
over dV vanishes. We now apply the real part of (4.36) to the outer region V3. Since
the left side of (4.37) vanishes, and since V; is free of sources, also the first term on
the right side vanishes, and the integral of the average power loss density p, over
V5 also must vanish. Due to (4.31) the integrand is positive definite and can in the
case of arbitrarily small electric and magnetic losses only vanish, if in the complete
outer region V3, 0E = 0 as well as §H = 0 are fulfilled. This means that in V; the
identities E, = E, as well as H, = H, are fulfilled and consequently the definition of
the tangential components of either E, or H, on 0V determines the electromagnetic
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Figure 4.9: (a) Magnetic surface polarization M,, , impressed on an ideal electric conductor, and (b) elec-
tric surface polarization M, , impressed on an ideal magnetic conductor.

field in the outer space in an unique way. This proves the uniqueness theorem.

4.5 THE EQUIVALENCE PRINCIPLE

Many source distributions outside a certain region may yield the same field distribution
inside that region. Two source distributions outside a region producing the same field
distribution inside this region are said to be equivalent within that region. This is
called the equivalence principle [3]. The equivalence principle follows directly from
the uniqueness theorem and is an expression of the Huygens’ principle. Due to the
uniqueness theorem different source distributions inside a volume V' that produce
the same tangential electric or magnetic field distribution on the boundary oV will
produce the same electromagnetic field outside the volume V.

The uniqueness theorem makes it possible to replace the sources in the volume V;
by surface polarizations impressed into the boundary surface 0V In the same way we
have replaced the source in Figure 4.5 by a current source in series with a short circuit
in Figure 4.6(b), now we may replace the virtual boundary surface dV' in Figure 4.8 by
a real boundary surface dV formed by an ideal conductor as shown in Figure 4.9(a).
We impress a magnetic surface polarization M, , given by

1 1
M"’A(x’)=_j_m n_ (n,«\g):_j—wg, (4.47)

on this conductor, where E is the electric field intensity on 0V as specified in Figure 4.8.
Since we assumed an ideal conductor inside the boundary, now the electric field within
V, is vanishing. This means that due to (2.175c), the tangential component of the electric
field outside dV is determined in a unique way. We have assumed that there is no source
in the outer region V5. Therefore due to the uniqueness theorem on the boundary oV
the tangential component of the electric field also determines its normal component.
The replacement of the source by an equivalent current source in the network model in
Figure 4.6(b) corresponds to the insertion of an ideal magnetic conductor (Zf = o)
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Figure 4.10: Electric surface polarization M, , and magnetic area polarization M, , impressed in a virtual
boundary surface.

in the boundary surface 9V and replacement of the sources in the volume V; by an
electric surface polarization M, , on dV. The electric area polarization is given by

1

W1
Mm(x)=j—wm(nf\ﬁ)=jwﬂ,. (4.48)

Since the magnetic field inside the boundary 9V vanishes, due to (2.175b) for an electric
surface polarization M, , impressed on the boundary 9V the tangential magnetic field
on the outer surface of dV is determined in a unique way. Figure 4.9(b) illustrates the
impression of electric surface polarization sources on an ideal magnetic conductor.
The ideal conductor in support of the impressed magnetic polarization as shown in
Figure 4.9(a) corresponds to the short-circuit in series to the ideal voltage source in
Figure 4.6(a) and the ideal magnetic conductor in support of the impressed electric
polarization according to Figure 4.9(b) corresponds to the open-circuit in series to the
ideal voltage source in Figure 4.6(b).

The combination of impressed voltage sources and impressed current sources due to
Figure 4.7 yields an analogous field model. We remove in Figure 4.8 the field sources in
the inner region V; and impress in 9V magnetic as well as electric surface polarizations
M, , and M, ,, respectively, such that in the inner region V} the electromagnetic field
vanishes completely, and in the outer region V; the electromagnetic field corresponds to
the electromagnetic field as generated before by the sources in V;. Figure 4.10 illustrates
this arrangement. The replacement of the inner field sources by the impressed surface
polarizations M, , and M, , is accomplished by choosing the impressed surface po-
larizations according to (4.47) and (4.48). Due to (2.175b) and (2.175¢) this choice of
the equivalent polarizations is compatible with a vanishing field in the inner region
Vi and the field produced by the original field sources in the outer region V. Since
in Figure 4.10 both regions V; as well as V; contain no sources due to the uniqueness
theorem this solution also is the only existing solution. Since V; is free of field, any
medium without sources introduced into the region V; does not influence the field in
V5. This case corresponds to the introduction of a voltage source and a current source
in the network model according to Figure 4.7.
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Figure 4.11: Complementary screens: (a) aperture in a conducting screen, and (b) complementary screen.

4.6 BABINET'S PRINCIPLE

Consider a screen with an aperture and its complementary screen as depicted in Fig-
ure 4.11. We compare a primary field scattered by the aperture with the field scattered
by the complementary screen. There exists an interesting relation between the fields
scattered by the aperture and its complementary screen expressed by Babinet’s princi-
ple [11-15]. It states:

The sum of a field behind a plane screen and the field behind the complemen-
tary screen is equal to the field if there were no screen present.

Let & i ?_1[" be the primary electromagnetic field without a screen, £ *, H’ the scat-
tered field when the screen with an aperture is present, as shown in Figure 4.11(a).
In Figure 4.11(a) the aperture surface is denominated with A, and the surface of the
surrounding screen with Ap. The total field £,, H, in this case is

£ =€ +E, (4.49a)
H=H+H. (4.49b)

In the aperture plane the fields £, and #, fulfill the boundary conditions (2.168a) and
(2.168c¢), hence

nn€ =0 on Ay, (4.50a)
nnH, = m\ﬂf on A,, (4.50b)

where n is the unit normal form of the screen. Let us now replace the aperture by
a thin perfectly magnetic conducting sheet and remove the screen. This yields the
complementary structure shown in Figure 4.11(b). Let £', i, #' be the same primary
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electromagnetic field as above, £°, ° the scattered field when the magnetic conductor

screen is present, as shown in Figure 4.11(b). In this case the total field £,, H, is
gt (4.51a)
H,=H +H. (4.51b)

This field satisfies the boundary conditions

nA_é_'z:nAE on Ag, (4.52a)
nAH,=0 on A,. (4.52b)

Now consider the superposition of the fields £, + £,, H, + H,. From (4.50a), (4.50b),
(4.52a), and (4.52b) we obtain

nn(§l+§2)=nf\§" on Ay, (4.53a)
nA(H,+H,)=nAH on Ag. (4.53b)

Since the sum of the tangential fields on the infinitely extended surface A, U Ay is
equal to the primary field £, #' we conclude from the uniqueness theorem presented
in Section 4.4 that the sum of the fields £, + £,, H, + H, is identical to the primary
field, hence

g+ E=E (4.54a)
Ho+H,=H . (4.54b)

Since we have related the field scattered by a perfectly electric conducting (PEC) screen
to the field scattered by the complementary perfectly magnetic conducting (PMC)
screen, we can apply the principle of duality discussed in Section 3.2 to determine the
electromagnetic field scattered by the complementary PEC screen. Let the surface A,
be covered by a PEC. Furthermore let us replace the primary field £', #' according to
(3.31a) and (3.31b) by the dual primary field £ td qyid

E=_Z:H, (4.55a)
ia 1o

=gt 4.55b

H 7 4 (4.55b)

That means we have to replace the primary field sources by the dual field sources as
described in Section 3.2. Then the total field £2, 14 also is dual to £,, H,, hence

E=-ZrH,, (4.56a)

He = ZLF 2, (4.56b)
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Inserting (4.54a) and (4.54b), this yields

& =-Zr(H'-H,), (4.57a)
Ha= Zi(é" -&). (4.57b)
F

This is the form of Babinet’s principle relating the fields scattered by an aperture and a
complementary screen provided that the screen and complementary screen both are
PECs and the incident electromagnetic field in both cases is dual to each other.

4.7 RECIPROCITY

4.7.1 The Lorentz Reciprocity Theorem

We consider the electromagnetic field excited by various field sources. We combine
these field sources into sets of field sources. Each of these sets of field sources may
contain an arbitrary distribution of impressed electric polarization sources M, (x)
and an arbitrary distribution of impressed magnetic polarizations M, ;(x) with i =
1,2,...n.Let E;(x) and H;(x) be the electromagnetic field excited by the polarization
dlstnbutlons M M, ;and M, ;. From (3.27a) and (3.30b) it follows

dH;=jw (ex £+ M,y;) » (4.58a)
dé;=-jw (E* H; +-M—-mﬂl‘)‘ (4.58b)

Let us now compute the expression

d(E; AH,) = dE; AH; - £, A 4,
=—jm[g AN E) U H) AR+ Mypoi A H +E A M| - (459)

After interchanging i and j and forming the difference of both equations, we obtain

—d(E;AH;-E AN,

~yw[£ AMogj - HiAM ;- €A Mo + K, AMmu,]. (4.60)

_mo0j
In a source-free subregion of the space the right side of (4.60) disappears and we obtain
the so-called Lorentz reciprocity theorem, which states the following: In source-free
regions and for isotropic materials the electromagnetic fields E;, H; and E ;, H ;, respec-
tively, excited from different sets of sources M,,;, M,,,; and Mo, M, ;. respectlvely,
satisfy the equation

d(&;AH;-E;AH;)=0. (4.61)
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Integrating this equation over a source-free subdomain V of the space and converting
the volume integral into a surface integral by using Stokes’ law we obtain the integral
form of the Lorentz reciprocity theorem

95 (&, AH, - €A H,;)=0. (4.62)

4.7.2 'The Reciprocity Theorem for Impressed Sources

We now derive from (4.60) another useful form of the theorem of reciprocity. For this
purpose we integrate (4.60) over a volume V, where we are transforming the left-hand
side into a surface integral over the boundary oV.

= ﬁv(ﬁi “ﬂj _Qj f"\ﬁi)

=jw fv [E5 A Mpoj —Hi A Mpoj = E5 A Meg; + H; A Moi] - (4.63)
M,y M,,0; and M, M, ;, respectively, are mutually independent distributions of
impressed field sources of the source sets i and j.E; H;, and Ej, H , respectively, are
the fields excited by the sets of field source sets i and j. We now are choosing a volume
of integration V such that all field sources of the ith group as well as the field sources
of the jth group are located in the volume V and choose the boundary 9V sufficiently
far in the far-field so that all the field sources of the ith and the jth set form together a
point-like source, if they are observed from any point on the boundary dV'. Since we
may choose the volume V arbitrarily this condition may be fulfilled with an arbitrary
accuracy.
We now embed our electromagnetic structure in a spherical volume V' with radius
rv and let ry — oo. From the Sommerfeld radiation condition (3.238b) we obtain on
the boundary 9V of the volume V

1 ;
EinHy=Ejnt;= 7~ (EgiEq; + E4iEqy;) r*sin0d6 A d¢. (4.64)

Since the field components are of order (1/r) this expression remains finite for r — oo.
Therefore the left-hand side of (4.63) vanishes, if we are expanding the volume V into
infinity. Integrating over the complete space, the following relation is fulfilled exactly

j“’fv [Qf ‘\Meuj -H; "\_Mmoj] =j“’fv [Qj A M, “1{_} "\Mmm] . (4.65)

The integral on the left side describes the reaction [3,16] of the field E;, H; on the

sources My, M, ;. This is another useful formulation of the reciprocity theorem. We
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(a)

Figure 4.12: Impressed current source (a) in the network concept, and (b) in the field concept.

define the so-called reaction R;j of a field E;, H; on the sources M, ;, M,,,; by

RU Ij&.’ fV [§I "\Meﬂj - ﬁi AMMI}}] 1 (466)

The reciprocity theorem according to (4.65) now can be written in the form
Rij =Rji. (4.67)

The reaction of a field E;, H; on the sources M, ;, M,,,; is equal to the reaction of a
field E;, H; on the sources M M,,;, M, ;. As an example we compute the reaction of a
voltage V, on a current source [, Ly; according to Figure 4.12(a). In a field an impressed
current source ,; can be represented, for example, by a polarization density impressed
into a gap of a conductor. Let us impress a polarization

M

N T (4.68)
—e0 ,' S j w A y 4
into the gap between the two conductors in Figure 4.12(b). Inserting (3.23) and inte-
grating over the cross-sectional area A verifies this relation. According to (4.66) the
reaction of the field E; on the network-source I,; is given by

Ly

R,'J"—‘ A

: E, dxndyndz. (4.69)

Performing the integration over the gap region where the impressed polarization M, ;
exhibits a nonzero value yields

f "E,dz=-V,. (4.70)
z)
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From this we obtain
Rij = -Vl (4.71)

where V, is the node voltage due to the field E; across the nodes of the current source
I, ;. From this and from (4.67) we obtain

Vil =Vl;. (4.72)

The port voltages of source-free linear multiports may be represented by the system of
equations

Vi=2Zily;, (473)

J
if the I,); are the impressed port currents. With (4.67) we obtain from this the condition
Zij=2Zj. (4.74)

This is the network form of the reciprocity theorem.

4.8 GREEN’S FUNCTION

The reciprocity theorem reveals the relationships between two sets of sources and fields.
The mathematical structures constituting these relationships are represented by Green’s
theorems and Green’s functions. In his work An Essay on the Application of Mathematical
Analysis to the Theories of Electricity and Magnetism published in 1828, George Green
presented a method to solve Poisson’s equation in electrostatic potential theory [17,18].
The method is based on the superposition of functions representing the potentials
of point or line sources of unit magnitude. A three-dimensional Green’s function
G(x, x") describes the field at point x due to a unit point source at x’. Since any source
distribution may be considered a continuous superposition of unit point sources, the
field generated by arbitrary source distributions is obtained by superposition of the field
contributions of point sources with the source distribution as the weighting function.
Green’s function technique has been very widely applied to equations arising in field
theory and is a fundamental method for solving problems in electromagnetics (2, 19-24].
Reciprocity is expressed by the symmetry of Green's function G(x,x") in x and x’.

A point-like excitation by an impressed electric or magnetic polarization yields a
spherical electromagnetic wave. The computation of the electromagnetic wave due to
a point-like excitation is of fundamental importance for the computation of electro-
magnetic waves excited by arbitrary source distributions since the field generated by
arbitrary distributions may be computed by superimposing the fields originating from
point-like sources. This follows from the application of the superposition principle and
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from the circumstance that every source distribution may be considered as a continu-
ous superposition of point-like sources. The mathematical formulation of this problem
yields Green's function.

To compute the electromagnetic field generated by electric or magnetic polariza-
tions impressed in space we have to solve the inhomogeneous Helmholtz’ equations
(3.28) or (3.35), respectively, for arbitrary spatial distribution of the impressed electric
polarization M, , or the impressed magnetic polarization M,,,, respectively. Using
(3.42), we obtain the Helmholtz’ equations

Aﬂe + kz Ee = _é x ..M..gu 3 (4753)
AL, + K0T, === Moo (4.75b)
%

Since we can make use of the principle of duality in the following, it will be sufficient
to solve (4.75a). To compute the field at a point x excited by a point-like source located
at x” we use Green’s double one-form [25,26), also called dyadic Greens form, defined by

G =G, dxdx' + G,dxdy’ + G ;dxdz'
+ G, dydx" + G,,dydy’ + G,,dydz (4.76)
+G,, dzdx’ + G;,dzdy’ + G,,dzdz’.

We introduce the so-called identity kernel
I(x,x') = 8(x - x') (dxdx’ + dydy’ + dzdz') (4.77)

and the three-dimensional Dirac delta distribution

S(x-x)=08(x-x")o(y-y")d0(z-2"). (4.78)
From (D.45) we obtain
' ] 1 for x'eV
j;ﬁ(x—x)d.xr\dyf\dz—{o for x'¢V ° (4.79)

For an arbitrary smooth scalar function f(x) we obtain as the three-dimensional
generalization of (D.47) the relation

p ! f ! V
ff(x)é(x—x)dxf\ dy A dz={ f(g) fz: :’:V . (4.80)
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With the identity kernel we can map any one-form I/ and any two-form V from the
source space to the observation space (i.e., the respective form is mapped in itself and
the primed differentials are replaced by unprimed differentials). We obtain

/ "I 2 Ak UG =UR) (4.81a)

o [ Tx) A V() = V() (4.81b)

The primed integration symbol denotes that the integration is performed over the
primed variables. For the integration the unprimed differentials are treated as constants.

Using Green’s double one-form we can express the Helmholtz equation (4.75a) for a
point-like unit source at x” by

AG(x,x") +k*G(x,x") = —é (%2, (4.82)

where Z(x, x') is the identity kernel, introduced in (4.77). In the above equation the
Laplace operator acts on the unprimed differentials whereas the primed differentials
are treated as constants. Forming the exterior product with M, (x") integrating over
the primed variables and using (4.81b) yields

[ (86050 x) A Mual') + R G(x) h Mog(x)] = -2+ M), (489

Since the sequence of partial derivation with respect to the unprimed coordinates
and integration over the primed coordinates may be interchanged, under very general
conditions we obtain

! (] ! ! ! L 1
A [ g x) A M) + 8 [ [ G08) A Maa(x)] = =2 # Muot).
(4.84)
Comparing this equation with (4.75a) yields

0,x) = [ 9(0x) A My (+). (4.89)

In Cartesian coordinates the Laplace operator for one-forms (A.73) is symmetric in its
three components and leaves the three components uncoupled. Therefore (4.84) may
be solved with

G(x,x") = G(x,x")(dxdx" + dydy’ + dzdz') . (4.86)
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where G(x, x") is a scalar Green’s function, obtained by solving the scalar Helmholtz
equation

1
(A+K)G(x,x") = —- 8(x - x') . (4.87)
€
In the infinitely extended homogeneous isotropic space the scalar Green’s function
G(x, x") must exhibit spherical symmetry and therefore can only depend on the magni-
tude r = |r| of the distance vector r = x — x’ between the points x and x’. We introduce
spherical coordinates at the origin r = 0. With the scalar Laplace operator in spherical

coordinates (A.174) we obtain from (4.87) considering the spherical symmetry

L d—z-(rG(r)) +k*G(r) = —16(1') (4.88)
rdr2t = = e ’ '

With the exception of the origin r = 0, G(r) satisfies the homogeneous differential
equation

;—;("Q(f)) +k*(rG(r)) = 0. (4.89)

The solution is given by ) :
rG(r) =ée—’k'+§e’h, (4.90)

where A and B are complex coefficients not yet determined. The first term on the right
side of (4.90) describes a wave propagating from the origin r = 0 into the space, whereas
the second term describes a wave propagating into the origin. The second solution does
not occur for physical reasons; therefore we set B = 0 in the following. To determine
A we consider the field in a small neighborhood of the point source. We assume the
extension of this neighborhood to be much smaller than the wavelength A. Therefore
|kr| <1, and k may be neglected in (4.87) and (4.89). Within this approximation we
obtain

; A
Go(r) =limG(r) = =. (4.91)
From (4.87) it follows that
1
AG,(x,x") =—E§(x—x'). (4.92)

This equation corresponds to the Poisson equation from electrostatics,
1
dxdGy(x,x") =—=8(x —x")dx A dy A dz. (4.93)
€

We integrate both sides of (4.92) over a spherical volume of radius r around the center
point x’. On the left side we can transform the volume integral into a surface integral.
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Considering

1

x dGy(x,x") =r smﬂag; dGAd¢+5m98idqud e
sin

3G,
6 99 dradf, (4.94)

we obtain
fi}vr smﬂ—dﬂ d¢———f6(x x')dx A dyn dz. (4.95)

Since G, is uniform over the surface of the sphere, we obtain

,9G
4nrt =2 = "3 (4.96)
ar €
From this we obtain
1
el — ;
_O(r) 4mer (4.97)
Comparing with (4.91) yields
1
A=— 4.98
—  4me ( )
and therewith from (4.90)
e-j kr
G = . 4,99
6(r) =+ (4.99)

Inserting (4.99) into (4.86) we obtain Green’s double one-form

i klx=x']

G(x,x") = (dxdx' + dy dy’ + dzdz’) (4.100)

4relx — x|
and with this the retarded electric Hertz differential form

el klx- x|
d dzdz' .10
m,(x) = f reramer(CLLL rdydy + dzdZ/) AMo(x)).  (4100)

In the same way we obtain for the impressed magnetic polarization M, ,,(x") from
(4.75b) the retarded magnetic Hertz differential form is

o - FhklE # ' ’ ' ’
,(x)= f (G drdy FdzdZ)AM,o(x').  (4102)
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By inserting M, ,(x") and M, ,(x"), respectively, in component form into (4.101) and
(4.102) we obtain

1 emiklx x| : ; y
,(x) = f m(!‘lenx(" Jdx + M, (x')dy + M,,,(x")dz)

dx’' A dy’ A dZ2’, (4.103a)

e~ klx=x|
—m( ) f 4ny|x x;| —ml’.}x(x )dx + MmOy(x )d}' + Msz(xf) dz)

dx’ A dy' A d2’. (4.103b)

The computation of the field quantities E and H from M_, or M, respectively, is
performed using (3.17a) and (3.17b) or (3.20a) and (3.20b). If impressed electric polar-
ization as well as impressed magnetic polarization exist, the electromagnetic field is
obtained by superposition of the electromagnetic fields computed from M,, and M, ,
respectively.

4.9 THE INTEGRAL EQUATION METHOD

The electromagnetic field of a three-dimensional structure can be computed from
unknown quantities over certain boundary surfaces that are obtained by the integral
equation method [21,27-30]. If the distribution of the sources of the electromagnetic
field is known, the field may be computed in a straightforward way by computing the
Hertz vector fields via (4.103a) and (4.103b) and from these the electric and magnetic
fields. However, in electromagnetic field computation the source current or polarization
distribution is not known initially - its determination is part of the problem. To show
this we consider the scattering of the electromagnetic field by a conducting sphere,
illustrated in Figure 4.13. Let £/ ) be the incident or primary field, existing without the
conducting sphere (Figure 4.13(a)). At the surface of the conducting sphere the primary
field £ will not satisfy the boundary conditions. Therefore in the conducting sphere
currents will be induced, creating a secondary or scattered field £ (), 50 that the total
field has no tangential electric field component on the surface of the scattering body.
The complete field £ on the surface S of the conductive body in Figure 4.13(c) results
from the superposition of the incident field £(") and the scattered field £*),

E=£W g1, (4.104)
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Figure 4.13: Scattering: (a) incident field, (b) scattered field, and (c) total field.

The source of the scattered field is the electric surface current, described by the surface
current density form J , (x). Inserting

d
ﬁ'MeO = Jo (4105)
into (4.85) leads to
.(x) = lfg (x,x") A J(x) (4.106)
Lle jfﬂ Zeo ] o »

where the integration is performed over the surface S of the sphere. The free-space
Green’s dyadic form G_ is given by (4.100),

G,o(%,x") = Go(x,x")(dx dx' + dy dy’ + dz d2’) (4.107)
with
el y o 4.108)
Cal®¥) = g @

With (3.292) and (3.29b) we obtain the scattered electric field form
EW =dadn, + k1, (4.109)

with k? = w?eu. We introduce the dyadic Green’s function
g, (%) = ji(d A+ k) (G o(x#)(dx dx' + dy dy' + dz dz)),  (4110)
= w

where the exterior differential operators d and d act on the variable x only and not on
x', and obtain

£0= [ g(6) A Z(). (4
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‘The integration is performed over x'. In a more explicit notation (4.110) may be written
as

1 [[2*G,, *G *G
= — || =2 +#G,o | dxdx' + == dxdy’ + —=2dxd7’
Ga(%¥) [( ox? _‘0) e dxay V't azax T
8‘2 0 0’G ’G
—e d dxr‘ —el kZG dvd ! -—tﬂd df
Bxay 4 +( dy? TE S0 | OV dyodz e

’G ’G ’G
4+ 980 4,4, 20 dzdy' + [ —22 + k*G,, | dzdz'| . (4112
dzdx dydz 0z? =0 (412)
Using
J(u,v,n)=8(n)nA Ta(u,v) (4.113)
to express the current on the sphere by the surface current density we obtain from
(4.111) after integration over the direction normal to the surface the relation between
the surface current density on the scatterer 7 , (x") and the scattered electric field

EW) = j:_g_el(x, &b T (a0)s (4.114)

The integral is performed over the surface S with x’ as the variable of integration.
On the surface of the scatterer the tangential electric field component must vanish.
With

E=ni(nnE)=ni[na(Eus +Eysy+ Eyn)]

=E,s1 +E,s;, (4.115a)
Dp=nis(nAD)=ns[nA(Dys;An+Dynns+DysAs,))
= Dn51 NSy, (41]5'))
This yields
E,=EN+ €9 =n, (n A (ED + g{’))) =0 forxeS. (4.116)

We obtain the integral equation
EN = _n, (m\ j; g, ,(x,x") A iA(x’)) forx,x" €S. (4.117)
This integral equation can be written as a functional equation
Lop(J,) =€) - (4.118)

This functional equation is called the electric field integral equation (EFIE). It may be
solved numerically using the method of moments (see Section 14.2).
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4.10 THE FREE-SPACE GREEN’S DyApic FOrRM

From (4.106), (3.29a), and (4.116) we obtain for free-space regions with M, = 0 the
integral equation for the electromagnetic scattering problem in free-space

_E.Ei)(x) = Qﬁf)(x) = —jiwn_. [rm ((a dfs’gw(x,x’) A ia(x’))] . (4.119)
We introduce the dyadic Green’s form G, (x,x")

_g_l(x,x’)=—jiwn_|[m\(adgw(x,x’))] . (4.120)

In the following we derive the Green's dyadic form for the free-space in Cartesian

coordinates for a plane scatterer with surface S oriented normal to the z-axis. The

electric surface area current density exhibits x- and y-components only. The dyadic
Green'’s function G, (x, x) is given by

G (%,%") = Gy dxdx’ + Gyydxdy’ + Gy dydx’ + G,y dydy’ (4.121)
with
: k22 2 2 2 -3
! [@ REL YL ] exp(ikor) 41200
jweg r r r r 4nr
- 1+ k22 3ikey? 32 ik
G,y = [ _Ltkey dikey |3y JewCikn) g0
jweg r rt r r 4nr
Xy kg 3] ko 3 exp(—j ko r)
G = G g | e Fm— || e e———— 4.
<y = Gy jweo[ =ik — (4.122¢)
and
r=v(x-x")(y-y')*. (4123)

It can be seen that G, and G, are even functions in all three space coordinates. The
components Gy and Gy, are odd functions in x and y and even functions in z. With
the dyadic Green’s function of free-space we obtain the integral equation

£0(x) =-£0(x) = [[ 6,55 A Z,(x). (4124)

4.1 GREEN’S THEOREMS

4.11.1 The Scalar Green’s Theorems

Consider a volume V with boundary 9V as depicted in Figure 4.14. The two scalar
functions ¢(x), y(x) are assumed to be continuous together with their first and second
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Figure 4.14: Volume V with boundary V.

derivatives in the volume V and on the boundary V. With Stokes’ theorem (2.112) we
obtain

fv d*(ydg) = fav *(vdg). (4.125)
Expanding the exterior derivation at the left-hand side as
dx(yd¢)=d(y+dg)=dya+dp+ydrxdd=+dyndp+ydrd¢  (4126)

yields Green's first scalar theorem

[ awnvdes [ ydrdp=§ +(vdg). (4127)

Introducing coordinates u, v, n such that u and v are tangential to the surface 9V and
n is normal to @V, the surface integral is performed over du A dv. With

*(yd¢) = wa—qb%dv A dn+ wa—‘b%drx A du+ wa—qb%du Adv (4.128)
du gy ov on

8v &n

we obtain from (4.127) the representation of Green’s first scalar theorem,

_ 9P gugy
L(dwm*d¢+wd d¢)'5€w“’an 5 dun dv. (4.129)
Inserting
dx dg =+ Ad = Ap gugygndu A dv A dn (4.130)

yields another representation of Green’s first scalar theorem,

& o088
fv(dwntd¢+*(w&¢))—9€wwan e dun dv. (4.131)

n
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Interchanging ¢ (x) and y(x) in (4.127) yields

fvdqudwfv‘pd*dw:fw*(cpdw). (4.132)

Subtracting (4.132) from (4.127) and considering that dy A » d¢ = d¢ A * dy yields
Green’s second scalar theorem

[(wdsdg-gdrdy)=§ [«(vdg)-+(pdy)]. (139

For the coordinates u and v defining the surface dV and the coordinate #» normal to
9V, Green’s second scalar theorem is expressed by

wd*d(p_‘ﬁd*dw = w—_ == ]22224 dv. g
./;'( ) av ( aﬂ a?‘l n el (4 134)

Inserting (4.130) at the right-hand side of (4.134) yields another useful representation
of Green’s second scalar theorem,

fvi(w,gqs_qsmp): ﬁv(wg—i—qbg—":)%dux\dv. (4.135)

4.11.2 Green’s Theorems in Two Dimensions

For the analysis of two-dimensional structures the scalar Green’s theorems in two dimen-
sions are useful. Such two-dimensional problems arise if the properties of transverse
modes in electromagnetic structures exhibiting cylindrical symmetry are investigated.
Consider a structure with general cylindric symmetry. In a Cartesian coordinate system
x, y, z let the z-axis be the axis of the cylindric structure and let x and y be the trans-
verse coordinates. The cylindric structure under investigation exhibits translational
invariance in z-direction. We introduce the transverse exterior derivative

dUd = dx% + dya—u. (4.136)
0x dy

For a two-form U exhibiting only transverse components,
U(x,y) = Us(x,y)dy A dz+ Uy(x, y) dz A dx (4.137)

Stokes’ theorem (2.112) becomes

ﬁ U= fv dU. (4.138)
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In component notation this is

?%V(Ux(x,y) dy - Uy(x, y)dx) A dz

=f aU,(x,y) . AU, (x, y)
v dx dy

) dxAadynadz. (4.139)

Since the integrands in both sides of the equation do not depend on z we can omit the
integration over z, hence

fim (Ux(x, y)dy-Uy(x,y) dx)

_ [ (9Ux(x,y) . 9U«(x,y)
_L( SR )dxndy. (4.140)

On the right-hand side of this equation the integration is performed over a cross-
sectional area A of the cylindric structure and the integral on the left-hand side of the
equation is performed over the boundary curve dA of the area A. We can write this
two-dimensional Stokes’ theorem as

ﬁdmdu L (deld)dz. (4.141)

Consider a cross-sectional area A of a cylindric structure, bounded by the closed curve
dA. Let ¢(x, y) and y(x, y) be two-dimensional scalar functions continuous together
with their first and second derivatives in the area A and on the boundary dA. With the
two-dimensional Stokes’ theorem (4.141) we obtain

Ld,(t(wd,qb))sz: ﬁA(*(wd,qb))sz. (4.142)

Proceeding as in Section 4.11.1 we obtain the two-dimensional form of Green's first scalar
theorem

L(d,w v dep)odz+ L(“” de » dig)dz = ﬁA(*(wdgb))sz. (4.143)

Choose a coordinate system u, n, z such that 4 and # are the transverse coordinates
and z is the longitudinal coordinate. Furthermore u is tangential and » is normal to
the boundary curve dA. This yields

9¢ 8u g4
an g,,

a‘:ﬁ gn

(*(ydi¢))adz=y V3, d n-y— (4.144)
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Inserting this into (4.143) and using
di* dip =+ A=Ay gugndun dnna dz (4.145)

yields an alternative two-dimensional form of Green'’s first scalar theorem,

a¢ a‘l" En a¢ 3'§/ Bu a¢ Su
s bk, Je vy A¢t gugndu A dn = - -l
L(auaug,.+anang, duAdﬂ+Lw 9 8ugndu n dn aAwang,, “

(4.146)
Interchanging ¢ and y in (4.143) and forming the difference between both equations
considering that dy A x d¢ = d¢ A » dy yields the two-dimensional form of Green’s
second scalar theorem

L(#" de* dig - ¢ di » dyy)adz= _/;A[*('Pdtﬁf’) - *(¢diy)]adz.  (4147)

Inserting (4.144) yields an alternative two-dimensional form of Green’s second scalar
theorem,

fdib— b dox _ 99 _ oV &
[ dindip-gdind)ade=- [ (y3E "’an)g,,d”- (4148)

With (4.130) we obtain from this

_ 99 _ 9 8u
_L('J’Atﬁb - $Ay)gugndun dn =~ _/;A (Wa = 955;) & du. (4.149)

4.11.3 The Vector Green’s Theorems

Let U/ and V be one-forms that are continuous together with their first and second
derivatives in the volume V and on the boundary 9V. With Stokes’ theorem (2.112) in
analogy to (4.125) we obtain

f d(u.«*dv)=f UnxdV. (4.150)
v v
Expanding the differential form on the left-hand side into

dUaxdV)=dUAxdV-UAd*dV (4.151)

yields Green’s first vector theorem

f(dUA*dV—UAd*dV)=f Un+dV. (4.152)
v av
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Figure 4.15: Volume V with embedded volume V.

Interchanging I and V yields
fv(dun*dV—VAd*dM’):LVVA*du. (4.153)
Subtracting (4.153) from (4.152) we obtain Green's second vector theorem

f(v:\d*du—u.«d*dvhf UnxdV-VardU).  (4154)
1’4 av

4.12 INTEGRAL FORMULATION OF THE
EQUIVALENCE PRINCIPLE

Consider a volume V; with boundary dV; enclosed by a volume V with an outer bound-
ary @ Vout against Voo and the inner boundary dV; against Vj, as shown in Figure 4.15.
Now let V; be connected with V., via a tube of infinitesimal diameter. The introduction
of this tube connecting the inner and outer boundaries of V' demonstrates that inner
and outer boundaries may be considered as parts of one simply connected boundary
surface. Hence V is bounded by a single surface -9V} + Vo The negative sign of
-9V indicates that the orientation of this part of the boundary of V is opposite to the
orientation of the boundary @V, of V;. The surface integral over —dV} is the negative
surface integral over @V;. The complete boundary 9V of V' is ~9V; + dVoyur. The volume
V.. outside V is extended into infinite space. We assume all sources to be concentrated
in volume V;. In the following we assume the media in V and V., also to be lossless.
For lossless and source-free regions Ampére’s law (2.124a) and Faraday’s law (2.124b)
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are

dH=jwex &, (4.155a)
dE€=-jou~H (4.155b)

with real e and p. Under the above assumptions we obtain for the source-free and
lossless regions V and Vi,

*»dx dE(x) + k*E(x) = 0. (4.156)

We consider a dyadic Green’s form G, (x, x”) as defined in (4.76), fulfilling
«dxdg,(x,x")+K* G, (x,x") =—§I(x,x'), (4.157)

where Z(x, x") is the identity kernel, introduced in (4.77). The exterior derivatives are
performed with respect to x whereas the coordinate x” is considered to be constant.
In the volume V the homogeneous Helmholtz equation (4.156) is valid. The source is
embedded in V}. Substituting in (4.154) £ for V and G, for U yields

fv [E(x) A d* dG,(x,5") -G, A dx dE(x)]

- f_ammm [G,(x,8') A x dE(x) - £(x) A+ A, (x,%)] . (4158)

The volume V is embedded between the inner volume V; and the outer volume V...
Therefore the boundary of V is given by 0V = 0V, — dV}, where 0V, is the outer
boundary. The inner boundary —dVj is identical with the boundary dV; of V; but has
opposite orientation. The negative sign indicates that the negative contribution of
the integral over dV; has to be taken. Connecting the inner boundary and the outer
boundary by a wormhole of infinitesimal cross-section we can consider dVyy, and
~dV, as parts of a single boundary surface oV.
Inserting (4.156) and (4.157) in the left-hand side of (4.158), we obtain

JL 1) A dx dg, (5,5) - G, (%) A dx dE()]

- [ &) A*I(x,x')={

-1g(x") forx'eV

. (4.159)
0 forx' ¢V

Let the boundary @V, be spherical and let its radius go to infinity. Assuming that £
aswellas G, satisfy the Sommerfeld radiation condition (3.238b), the contribution of
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the surface integral over 9V, vanishes in (4.158) and we obtain

, efiu E(x)A»dG (x,8") —€f5, G, (x,x)AxdE(x) forx'¢V,
Q(x ) = 1 =e | =& ;
0 forx' e V)
(4.160)
This expression is a formulation of the Huygens’ principle, already discussed in Sec-
tion 4.5. Inserting Ampére’s law (4.155a) into the second integral yields

Ela")= Efav E(x)AxdgG,(x,x") +j% ./:w G,(%,x") nH(x) forx'¢ V).

(4.161)
Following the principle of duality we can derive an equation for the magnetic field:

H(x")=u ./;v H(x)A+dG, (x,x") _j:d_zj;v G, (xx")AE(x) forx' ¢ V;.
(4.162)

4.13 THE STURM-L10UVILLE EQUATION

The treatment of many boundary value problems in electromagnetics yields to the Sturm-
Liouville differential equation [21,31]. The homogeneous Sturm-Liouville differential
equation has the general form

2 [p(x)d“;—f)] +[9(x) + Ao(x)] y(x) =0, (4169)

where y(x) is the unknown function whereas p(x), g(x), and o(x) are real and
continuous functions within the considered domain of x. Furthermore, in general
p(x) and o(x) are considered to be positive. The constant A in general may also be
complex. In the following we investigate the solutions of the Sturm-Liouville differential
equation in the interval [a, b] for the boundary conditions

Yi+Cq (:iil =0 for x=a, (4.164a)
i+ cbﬂi =0 for x=b, (4.164b)
dx

where ¢, and ¢, are real. The solutions of the differential equation (4.163) exist for
certain eigenvalues A, of A. For chosen boundary conditions at x = a and x = b, we
obtain an infinite number of solutions y, of the differential equation (4.163) with the
corresponding eigenvalues A,,.
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If the complex function f(x) and the real positive function o(x) are defined in the
interval [a, b] and the integral

(1= [ oG (o) dx < oo (4165

exists, the function f(x) is called square integrable with the kernel function o(x). The
collection of all functions, square integrable in a given interval [a, b], forms an infinite-
dimensional complex linear vector space. An infinite-dimensional complex linear
vector space is called a Hilbert space [32,33]. In the Hilbert space an inner product and
a metric upon this are defined. The expression

b
(f(x)lg(x)) = j; a(x)f"(x)g(x) dx (4.166)
is the inner product of the functions f(x) and g(x). The expression

171 = V{1 (4.167)

is called the norm of f(x).

We show that in the case of fulfilled boundary conditions (4.164a) and (4.164b) the
eigenvalues A, are real and that the eigenfunctions y,,(x) and v, (x) belonging to
different eigenvalues A,, and A, are orthogonal with respect to the weighting function
o(x), in other words

(Wnlym) =0 for Ay #A,. (4.168)

To prove the above assumption we insert ¥, and A,, into (4.163) and multiply the
equation from the left with y};. Then we form the same expression with interchanged
indices m and n. The difference of these expressions is integrated over the interval
[a, b] and we obtain

b d dy,, d ( dy;
Tl (PR 1.y [ p L “mdx. (4.
fa [:,v,, (p ) Ym dx( )] dx = ( Am) oY, ymdx. (4.169)

By partial integration of the left side we obtain

dym d‘f’n]
P["’" & dx  dx dx

[ QY dw;]*’
‘P[Wn =5 YVm e |

f [dw: dy,, dy;, dwm] dx

b
= (A2 =Am) f oVl ymdx. (4170)
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If Yu(x) and y,(x) fulfill the same boundary conditions (4.164a) and (4.164b) it
follows that

"dx " dx
From (4.170) and (4.171) it follows for n # m that

+ Ym v d"”“:o for x=a=b. (4.171)

(A% = Am) (Ynlym) =0. (4.172)
For m = n, due to
b 2
(Wnlyn) = j; olyn|*dx (4.173)

(4.172) may only be fulfilled for (A}, — A,,) = 0 (i.e., the eigenvalues A, must be real).
With this it follows from (4.172) that

()'n - )"m) ('PnWm) =0. (4.174)

and from this we obtain (4.168).

The functions y,, are orthogonal in the interval [a, b] with respect to the integration
kernel o(x). For degenerate eigenvalues A; = A; the corresponding eigenfunctions
vi(x) and y;(x) need not be orthogonal. In this case we may introduce the new
eigenfunctions v/} and ‘P} by a linear transformation

llyé =V, l;/} = I'U.F + oy, (4.175)

where the coefficient « is given by

oo oV (4.176)

(vi, vi)

This method can be extended to an arbitrary number of degenerate eigenvalues and is
called the Gram-Schmidt orthogonalization method.

In the following we assume an orthonormal system of eigenfunctions (i.e., that all
eigenfunctions are normalized and mutually orthogonal), so that

(Vml¥n) = Omn . (4.177)

The eigenfunctions y, form a complete set of functions and allow the expansion of an
arbitrary piecewise continuous function f(x) into a series

f(x) = i An¥n(x). (4.178)
n=1
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To determine the coefficients a,, we multiply both sides of the equation with o (x)y;, (x)
and integrate from a to b, to obtain

b e b -~
j; o(x)y, (x)f(x)dx = E a,,f o(x)yp, (x)yn(x)dx = E AnOmn . (4.179)
n=1 a n=1
From this it follows that

Ay = f:a(x)w;, (x)f(x)dx. (4.180)

The function f(x) is assumed to be square integrable with the kernel function o(x) > 0
for x € [a, b]. We investigate the convergence of the series expansion of f(x) into
¥, (x) and consider the series truncated after the Nth term,

N
fn(x) = Z an¥n(x) , (4.181)

where the coefficients a,, are given by (4.180). The y,, (x) form a complete set of func-
tions if for every function f(x), square integrable in the interval [a, b], the relation

. b 2
I\}le_/; 1f(x) - fu(x) o(x)dx =0 (4.182)

is valid. After inserting (4.181), we obtain from this

2

b N
lim f(x) =Y anyn(x)| o(x)dx=0. (4.183)
—o00 Jg n=1
For N — oo we obtain Parsevals theorem
b 2 had 2
f fx)Po(x)dx =Y |anl* . (4.184)
a n=1

If (4.182) is fulfilled in the interval (a, b) for any piecewise continuous function f(x),
the set of functions v, (x) is complete.

4.14 SPECTRAL REPRESENTATION OF GREEN’S
FUuNCTIONS

The inhomogeneous Sturm-Liouville differential equation for a perturbation g(x) is
given by

L) S+ 1g(x) + Ao(x)] y(x) = (). (4155)
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The inhomogeneous Sturm-Liouville differential equation for a point-like perturbation
at x” described by the delta distribution §(x - x') is

dG(x,x")

~ [q(x) + Aa(x)] G(x,x") = 6(x - x). (4.186)

< p(x)

Green’s function G(x, x) is the solution at x for the point-like perturbation at x’. We
expand Green’s function G(x, x) into eigenfunctions v, (x) with the eigenvalues A,,. If
the same boundary conditions (4.164a) and (4.164b) are assumed in (4.185) and (4.186),
the solution of (4.185) is given by

b
y(x) = -/; G(x,x")g(x")dx". (4.187)

Green’s function G(x, x") may be considered as a function of the variable x with the
parameter x’ denoting the position of the point-like source. Since the solutions v, (x)
of the homogeneous Sturm-Liouville differential equation (4.163) form a complete set
of basis functions, we can expand G(x, x") into a series

G(x,x") = i an(x )y, (x), (4.188)

where the expansion coefficients a, (x’) depend on the location x’ of the source. After
inserting into (4.186), it follows with (4.163) that

o0

Y an(x")(A=2,)a(x)yn(x) = 8(x - x"). (4.189)

H=—00

Multiplying both sides with v}, (x) and integrating over the interval [a, b], we obtain

o0

3 an(e)3 ) [ o0 (I (5) 5 = (<) (A - A)

- /bw;(x)é(x -x")dx =y, (x'). (4.190)

With this it follows from (4.188) that

G(x,x") = 2 %’i’;(") . (4.191)

Green’s function G(x,x") exhibits poles at A = A,. We note that Green’s function
is symmetric in x and x’. This expresses the property of reciprocity since we may
interchange the point of source with the point of observation.
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4.15 PROBLEMS

1. Consider the superposition of two plane waves described by the electric Hertz

form
, = (Aef(kxx-k.z} i Bej(—-k,x—k,z)) dz.

a) Compute the electric and magnetic field of this wave.

b) Compute the time-dependent Poynting vector S(x, t).

¢) Compute the complex Poynting vector T(x).

d) Compute the complex power per unit of area flowing in x—, y-, and z-
direction.

2. Show that the Poynting vector S(x, t) in conventional vector notation is given
by

S(x,t) = E(x,t) x H(x,1)
and that this equation corresponds to (4.12).

3. Consider a plane dielectric plate depicted in Figure 4.16 with thickness d = 1cm
and material parameters €, = 25, y, = 1. The incident harmonic plane wave with
frequency 1 GHz is linearly polarized with electric field amplitude E, = 107 V/m.

a) Compute the electric and magnetic field amplitudes of the waves propagat-
ing in positive and negative z-direction in regions 1, 2, and 3.

b) Compute the active and reactive power densities in W/ m? of the waves in
regions 1, 2, and 3 as a function of z.

¢) Compute the electric and magnetic energy stored per m? in region 2.

d) For which frequencies exhibits the amplitude of the transmitted wave
maximum or minimum magnitude?

4, Consider a plane wave incident on a dielectric plate of thickness d with ¢, = 2.25
and y, = 1 (Figure 4.16).

a) Determine d such that a normally incident wave is not reflected.

b) Compute reflection and transmission factors for the same thickness d and
arbitrary polarization of the incident wave for skew incidence.

c) Compute the Poynting form S(x, t) for x <0,0 <x <d and x > d.

d) Compute the complex Poynting form 7 (x) forx < 0,0 <x <d and x > d.
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Chapter 5

Static and Quasistatic Fields

5.1 CONDITIONS FOR STATIC AND QUASISTATIC
FieLDs

A field invariant with time is called a static field. For static fields the time derivatives in
Maxwell’s equations (2.114a) to (2.114d) vanish and we obtain

dH=7, (5.1a) dB=0, (5.1b)
dé=0, (5.2a) dD=0Q. (5.2b)

In the static case electric and magnetic fields are not coupled with each other. The
source of the electric field is the electric charge and the source of the magnetic field is the
electric current. Since in the static case electric and magnetic fields are not coupled with
each other the electrostatic field and the magnetostatic field may be treated independently.
Electrostatic phenomena involve time-independent distributions of electric charge and
electric field. On the other hand, there are no free magnetic charges. Therefore magnetic
phenomena are quite different from electric phenomena. Magnetostatic phenomena
involve time-independent distribution of electric current and magnetic field. A detailed
treatment of electrostatic and magnetostatic fields is given in [1-5].

An example of an electrostatic problem is an arrangement of two or more conductors
insulated from each other at different time-constant potential levels and with no im-
pressed currents. In this case an electric field, but no magnetic field exists. Figure 5.1(a)
shows an arrangement of two narrowly spaced conducting plates. The electric field
and the stored electric energy are mainly concentrated in the space between the con-
ducting plates. A structure optimized for storing electric energy is called a capacitor.
An example for a magnetostatic problem is a conductor coil or solenoid with an im-
pressed time-constant current. The current flowing through the conductor gives rise to
a static magnetic field only. Figure 5.1(b) shows a solenoid. A current impressed into
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Figure 5.1: (a) Capacitor, and (b) inductor.

the solenoid gives rise to a magnetic field mainly concentrated inside the solenoid. A
structure designed for storing magnetic energy when a current is impressed is called
an inductor.

Maxwell’s equations describe the most complex electromagnetic wave phenomena
occurring at short time scales or at high frequencies. For problems dealing with relatively
long time scales and low frequencies truncated versions of Maxwell’s equations may be
applied. To establish a measure for the vague characterization “slow;” we consider the
time an electromagnetic wave needs to propagate through a typical dimension of the
system of interest. If this time is small compared with the time scale of field evolution
in the system, we may consider the field as a so-called quasistatic field.

Slowly varying fields in many cases may be treated as quasistatic fields [3,6]. The
quasistatic laws are obtained by neglecting either the time derivative of the magnetic
induction or the electric displacement current. The first approximation is called the
electroquasistatic approximation, the second one the magnetoquasistatic approximation.
From Maxwell's equations (2.114a)-(2.114d) we obtain

Electroquasistatic approximation Magnetoquasistatic approximation
dH = gf'D +J, (5.3a) dH =z J, (5.3b)
d€ =0, (5.4a) d€ = —%B, (5.4b)
dB=0, (5.5a) dB=0, (5.5b)
dD =0, (5.6a) dD=Q. (5.6b)

Due to (5.4a) the electroquasistatic field is essentially irrotational whereas (5.5b) re-
quires the magnetoquasistatic field to be solenoidal.
To give an example of an electroquasistatic field we consider again the capacitor
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depicted in Figure 5.1(a). Impressing a slowly time-varying voltage gives rise to a time-
varying electric flux between the capacitor plates and by that way to a displacement
current flowing between the plates. To describe the capacitor in the case of an applied
time-varying voltage we have to consider the time variation of the electric flux density
D. However, in the low-frequency case we usually can neglect the time variation of the
magnetic induction B due to the current flowing through the capacitor. Capacitors may
be treated within the electroquasistatic approximation specified by (5.3a) and (5.4a).

The inductor in Figure 5.1(b) may be considered within the magnetoquasistatic
approximation specified by (5.3b) and (5.4b). The time variation of the current creates
a time variation of the magnetic induction B in the solenoid and this time-varying flux
induces a voltage in the solenoid. In the case of the inductor at low frequencies the
displacement current may be neglected.

5.2 StATIC AND QUASISTATIC ELECTRIC FIELDS

5.2.1 Green’s Function for the Static Electric Field

In 1828 George Green published An Essay on the Application of Mathematical Analysis to
the Theories of Electricity and Magnetism [7]. In this work Green developed a technique
to solve Poisson’s equation of potential theory. Green’s function gives the potential
of a point or line source of unit strength. Since arbitrary source distributions may be
considered as superpositions of point or line sources Green’s function is a powerful
tool for solving field problems [8,9].

Due to (5.2a) and (5.4a) in the electrostatic or quasielectrostatic case, the electric
field is irrotational and may be derived from the scalar potential ® as discussed in
Section 3.1 from

E=-do. (5.7)

We obtain this equation also from (3.3) for the static case. From (5.6a), (5.7), and the
constitutive relation (2.23a) we obtain the Poisson equation

A=t @il (5.8)
€ €

We note that the Poisson equation also follows from (3.15b) for the static case.

We calculate the scalar potential field due to a point-like unit charge located at the
point x’. A point-like source may be described by a three-dimensional Dirac delta
distribution

8(x-x")=08(x-x")8(y-y)o(z-2") (5.9
already introduced in (4.78). The electric charge form Q(x) describing a point-like
unit charge located at the point x’ is given by

Q(x)=8(x-x")dx A dyn dz. (5.10)



154 Electromagnetics

Inserting this into (5.8) yields
AGo(x,x") =—:1:6(x—x'). (5.11)

We have renamed the unknown function ®(x) by Go(x, x’), where x is the variable,
and x’ is the constant coordinate vector denoting the location of the unit source.
The function Go(x, x”) is called Green’s function. It relates the source space x' to the
observation space x and gives the potential at point x created by a unit source at point
x'. Multiplying this equation with Q(x’) and integrating over the primed coordinates
yields

! . 1
8 [ Go(x.x)Q(x") = ——q(x). (5.12)
Comparing this with (5.8) yields

O(x) = fvf Go(x,x")Q(x"). (5.13)

We apply the Hodge operator on both sides of (5.11) and integrate over a spherical
volume of radius r and center point x’. On the left side we apply Stokes’ theorem (A.90)
to transform the volume integral into a surface integral.

ﬁ‘ *dGo(xx)———fé(x x)dxf\dyndz-—; (5.14)

We now introduce spherical coordinates (r, 8, ¢) around the center point x’. Due to
the spherical symmetry of the problem, G(x, x") only depends on r = |x — x| and we
can write G(r) instead of G(x, x”). Since Gy is constant over the surface of the sphere,
performing the integration on the left side of (5.14) yields

ﬁ * dGo(x,x") = f 720 126in 6 dO A d¢ = 4nrt— aGu (5.15)
From (5.14) and (5.15) we obtain
9Gy 1
aioad BRERE 5.16
ar 4mer? (102
and after integration the scalar Green’s function for the electrostatic problem
Galr) = o (5.17)
¢ 4mer '

Green’s function relates the observation space x to the source space x'.
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() %,

Figure 5.2: (a) Closed multiconductor structure, and (b) open multiconductor structure.

5.2.2 Capacitance

Applying an electric voltage between two conductors yields an electric field and an
associated electric flux density between these conductors. The flux density induces
positive and negative charges of same magnitude in both conductors. The ratio of the
induced charge to the applied voltage is called capacitance.

Figure 5.2 shows closed and open multiconductor structures. We consider a mul-
ticonductor structure with N + 1 conductors. The conductor 0 is assumed to exhibit
the potential @, = 0. Let the voltage between conductor k and conductor 0 be v;. The
potential field for the case when the kth conductor exhibits voltage v, and all other
conductors exhibit voltage v; = 0 for | # k is named ®; (x). Applying the superposition
principle yields the total potential

N
O(x) =) Di(x). (5.18)
k=1

We introduce the normalized potential ¢, by

0]
$i(x) = —‘L Ex) . (5.19)
With this we obtain from (5.18)
N
¢(x) = Z Vk¢k (x) ' {5.20)
k=1

The charge of conductor [ is given by the integral of the electric flux density over the
surface A; enclosing conductor /.

; N
q,:jﬁmvz—eﬂ*dd):-gvke ﬁ;*dgsk. (5.21)
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(c)

Figure 5.3: (a) Spherical capacitor, (b) electric field, and (c) electric flux density.
The charges induced on conductor ! due to the voltages v on conductors k is given by
N
q1=. Cix vk» (5.22)

k=1

where the partial capacitance Cyy is given by
Gk 55 * dy- (5.23)
Ay

The current i; flowing into the /th conductor is given by

r dq; N dlw'k
h i _kzzjlc,k T (5.24)

Let us now explicitly calculate the capacitance of some geometrically simple con-
ductor structures. We compute the electric field of an electrically charged spherical
conductor of radius a depicted in Figure 5.3(b). We assume spherically symmetric
charge distribution over the surface of the spherical conductor. Due to the spherical
symmetry of the problem the electric field as well as the electric flux density will only
exhibit radial components E,(r) and D, (r), where r is the distance from the center of
the sphere. In spherical coordinates the electric flux form is given by

D(r) =D,(r)r*sin8df A d¢. (5.25)

Applying Gauss’ law (2.57d) and integrating the flux density over a sphere with radius
r > a yields the charge g

_ _ 2 e
qﬁfvgﬁ ﬁV'D-wr D,(r) ﬁw d6 A d¢ = 4nr2D,(r). (5.26)
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From this we obtain the radial component of the flux density
q
D,(r) = 5.27
(r) 4nr? G20

and the flux differential form

D(r) = % sin0dé A d¢. (5.28)

Figure 5.3(c) visualizes the flux differential form D by cones originating at the center
of the sphere. The cross-section of the cones are proportional to 1/r%. We consider that
it is impossible to give a spherically symmetric tessellation of the surface of a sphere.
Therefore the picture in Figure 5.3(c) is not spherically symmetric. However, the shape
of the flux tubes is of no account. If all flux tubes have the same cross-section at a given
distance r from the center of the sphere, the dielectric flux density exhibits spherical
symmetry. With (2.32a) we obtain

==x = .29
£(r) =2+ D(1) = 11 (5:29)
and the corresponding radial component electric field component

E(r) = (5.30)

4ner2

Using (2.63) we compute the potential difference ®; — ®; between the two points 2
and 1 with distance r; and r, from the origin

O(r2) - d(n) f £=— (— - —) (5.31)

rn

Choosing the potential of reference at ®(oo) = 0, the potential d(r) is given by

O(r) = 4:€r. (532)

Figure 5.3(b) shows the equipotential spheres. For an equal potential difference between
neighboring spheres the distance between the spheres must be proportional to 1/r.
Drawing the electric field lines normal to the equipotential spheres, the number of field
lines piercing an equipotential sphere per unit of area is proportional to 1/r.

The potential of the surface of a metallic sphere with radius a and charge g is ®(a).
The capacitance is defined as the ratio of the charge and the potential,

C= (5.33)

4.
®
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Figure 5.4: Electrostatic field of a dipole.

A sphere with radius a has a capacitance
C = 4nea. (5.34)

A spherical capacitor is formed by two concentric conducting spheres as depicted in
Figure 5.3(a). The inner sphere 2 has a radius a and the inner radius of the outer
spherical conductor 1is b. For a charge q on sphere 2 we obtain from (5.31) the voltage

q (1 1)
=t === 535
"1 e (a b (235)
and from this with (5.33) the capacitance of the spherical capacitor
€= it (5.36)
b-a

The charge g on the inner sphere 2 induces a charge —q on the outer sphere 1.

Figure 5.4 shows an electric dipole consisting of two spherical conductors of radius
a in a distance h. We assume h > a. This means that we can neglect the perturbation
of the field of sphere 1 when bringing the uncharged sphere 2 into the field created by
sphere 1. In this case the potentials ®; and @, on spheres 1 and 2 are approximately

given by
1 (a4 fi‘z) 1(612 °I1)
PR S| . LB € 8 SO - - LY [ 5.37

®: 4ne(a+h e 4me a+h (5.37)

where g; and g are the charges of sphere 1 and sphere 2. If both spheres contain charge
of equal magnitude and opposite sign, g = 1 = —42, the potential difference between
the spheres is
q (1 1 )
e,y =L (2. 5.38
va=0—H Zﬂe(a h (538)
With (5.33) we obtain the capacitance

C =2me (5.39)

a
1-a/h’
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(b)

Figure 5.5: (a) Coaxial line segment, (b) electric field, and (c) electric flux density.

For h > a the capacitance C becomes independent of 4 and is half the capacitance of
a single sphere. This means the dipole structure of Figure 5.4 in this case behaves like
two spheres connected in series.

The coaxial circular cylindric structure shown in Figure 5.5(a) is formed by an inner
conductor with outer radius a and an outer conductor with inner radius b. We consider
a segment of this structure of length [. Let g be the charge on a segment of length I of
the inner conductor. Due to the cylindric symmetry of the structure, the electric field
exhibits only an r-component in a cylindrical coordinate system. The electric flux form
D is given by

D(r)=D,(r)rd¢ A dz. (5.40)

Using (2.57d) and integrating the flux density over a cylinder of length / and radius r
a < r < byields the charge g on the inner conductor segment of length /,

=¢ D=rD(r) § dpn dz=2nrID,(r). 5.41
a=§ D=rD,(r) § donde=2mriD, (1) (5.41)
The charge per unit of length g’ is given by

q = fji = 2nrD(r). (5.42)

q
D.(r)=—. 5.43
(l‘) 2nr ( )
and the flux differential form
D(r) = 4 rd¢ A dz. (5.44)

2nr
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Figure 5.6: (a) Plate capacitor, (b) electric field, and (c) electric flux density.

With (2.32a) we obtain

’

1
£(r)=-+D(r) = %; dr. (5.45)

and the corresponding radial component E, of the electric field,

E(r)= 1. (5.46)

b b
Vi 2= D & %m;. (5.47)
a

C'=—. (5.48)

The capacitance per unit of length computed in the quasistatic approach is related to
the inductance per unit of length and the characteristic impedance of a transverse
electromagnetic wave propagating in the cylindric structure (see Table 7.2).

Figure 5.6 shows two parallel plates with distance d. In case of infinite extension of
these plates we obtain a homogeneous electric field between the two plates if a voltage
vy, is applied between both plates. The field solution for infinite extension will also give
a good approximation for plates of finite transverse extension if b, I > d. For symmetry
reasons the electric field is homogeneous and only exhibits a component normal to the
plates. The plates 1 and 2 exhibit uniform surface charge densities Qa1 and Q4,. With
(2.170b) we obtain

D=-Qa =Qu=qadxAdy. (5.49)

From (2.32a) we obtain

e=l.p=-944,, (5.50)
€ €
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With (2.63) we compute the potential difference v;; between the top plate 2 and the

bottom plate 1.
2 2
vu=-f g=_ﬁif az=1a8 (5.51)
1 € N €

From this we obtain the capacitance per unit of area

i dtg s (5.52)
Va1 d

5.3 STATIC AND QUASISTATIC MAGNETIC FIELDS

5.3.1 Green’s Function for the Static Magnetic Field

Following (3.1) we obtain the magnetic induction form B from the magnetic vector
potential form A via

B=dA. (5.53)

For static magnetic fields excited by a steady current
Jo=Joxdy A dz + Joydz A dx + Jo. dx A dy (5.54)

we obtain from (3.15a) the vectorial Poisson equation
AA=—+uls. (5.55)

The solution of the vector field problem with unit point-like vectorial source is given
by a dyadic Green's function with the components G;; relating the ith component of
the field vector to the jth component of the source vector [8,9]. In differential form
calculus dyadics may be represented by double forms. To compute the field at a point x
excited by a point-like source located at x” we use Green’s double one-form [10,11]. A
double one-form G is defined by

g(x, x’) = Gll dx dx' + Gu dxdy' + G13 dxdz'
+Gndydx' + Gy dydy’ + Gysdydz (5.56)

+ Gy dzdx’ + Gy dzdy’ + Gy3dzdz’.
Green'’s double form relates the observation space x to the source space x'. Primed
and unprimed differentials dx] and dx; commute (i.e., in products they may be inter-

changed without changing the sign). The rules are

dx; dx; = dx;dx; with dx; = dx, dy, dz. (5.57)
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With the identity kernel already introduced in (4.77)
I(x,x") = 8(x - ') (dxdx’ + dydy' + dzdz’) (5.58)
we can express the vectorial Poisson equation (5.55) for a point-like unit source at x” by
AG(x,x") = -uTI(x,x"). (5.59)

In (5.59) the Laplace operator acts on the unprimed coordinate variables whereas the
primed coordinate variables are treated as constants. Forming the exterior product
with Jp(x"), integrating over the primed variables and using (4.81b) yields

x f AG(x, %) A To(x') = ~uTo(x). (5.60)

Since the sequence of partial derivation with respect to the unprimed coordinates
and integration over the primed coordinates may be interchanged under very general
conditions, and considering (A.64), we obtain

A f’ G(x,x") A To(x) ==+ uTo(x). (5.61)

Comparing this equation with (5.55) yields

A= f’g(x,x') A Jo(x"). (5.62)

In Cartesian coordinates the Laplace operator for one-forms (A.73) is symmetric in its
three components and leaves the three components uncoupled. Therefore (5.61) may
be solved by

G(x,x') = G(x,x")(dx dx" + dydy’ + dzd2'), (5.63)

where G(x,x') is a scalar Green’s function, obtained by solving the scalar Poisson
equation

AG(x,x") =-ud(x-x"). (5.64)
This problem has already been treated in Section 5.2.1. In analogy to the solution (5.17)
of (5.8) we obtain

G(r) = Zf:—r (5.65)

Inserting (5.54), (5.63) and (5.65) in (5.62) yields

_ ¥ " Jox(x) dx + Joy (x") dy + Joo (x") dz

Alx) 4n |x — x|

dx’' A dy' A dZ’. (5.66)
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To compute the vector potential A excited by a thin wire carrying a current I we have
to perform the volume integration in (5.62) over the volume of the wire. The integral
may be performed first over the cross-sectional area of the wire, which is transverse to
the curve followed by the wire and then in the direction tangential to the wire. After
the integration over the cross-sectional area we obtain

A(x) = Io L G(x,%"). (5.67)

With (5.53) we obtain from (5.62) the dependance of the magnetic induction from the
current as

B(x)=d f’g(x,x') ATo(x'), (5.68)

where the exterior derivation is applied to x and integration is performed over x’. We
introduce Green's form
Gps(x,x") = dG(x,x"), (5.69)

and obtain the Biot-Savart law [3]

B(x) = [ Gas(x#') A To("). (570)

Biot-Savart’s law is often considered as the experimental postulate on which magne-
tostatics is based [8]. Green’s form Gps(x,x’) is a one-two double form since it is a
product of a two-form in x and a one-form in x”. From (5.63), (5.65), and (5.69) we
obtain

Gps(x,x') = _ll::—’(xdx +ydy +zdz) A (dxdx’+ dydy’ + dzdZ’) . (5.71)
r

The magnetic induction B excited by a thin wire along a curve C, carrying a current Iy
is given, similar to (5.67) by

’
B(x) =1Io fc Gps(x,x"), (5.72)
where the integral is performed over the curve C;.

5.3.2 Inductance

A current flowing through a conductor creates a magnetic field. The magnetic induction
or flux density associated with this field yields a magnetic flux through a coil formed by
the conductor. The ratio of this magnetic flux to the current creating the flux is called
the inductance of the conductor. If the magnetic field that is created by the current in
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Figure 5.7: Transformer.

one conductor induces a magnetic flux through a coil formed by another conductor,
the ratio of the flux through this coil formed by the other conductor to the current
through the first conductor is called the mutual inductance between both conductors.

Figure 5.7 illustrates the inductive coupling of two coils 1 and 2. The current i; flowing
through coil 1 creates a magnetic field and a total flux ®y;. The part of the magnetic flux
flowing through the coil 2 is denominated with ®;,. If current i; changes with time, the
corresponding time variations of ®y; and @3, respectively, induce voltages ; and u;
across the poles of coil 1 and 2, respectively. The arrangement of two inductive coupled
coils is called a transformer.

We consider two wire coils 1 and 2 following the closed curves dA; and dA,, respec-
tively. These closed curves may be interpreted as the boundaries of the surfaces A, and
A,. The vector potential due to a current io; flowing in coil 1 is given by

!
=i %), 5.73
Ax) =i [ GG (573)
The magnetic flux ®5; through coil 2 due to the current i, flowing in coil 1 is
Ou= [ Blx)= ¢ ; 5.74
a=[ Bx)=¢ A (574
Inserting (5.73) into (5.74) yields
4
(Dz[ = il % f g(x, x') . (575)
dA; v 9A,

The ratio Ma,; of flux @, through coil 2 to the exciting current i; through coil 1 is called
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the mutual inductance between coils 1 and 2.
d} '
Mu==2=¢ § G(xx). (5.76)
i 24, Jaa,

We note that the expression for the mutual inductance is symmetric with respect to
coils 1 and 2. From this it follows

Mz =M. (5.77)

If both coils exhibit the same orientation with respect to the flux flow, the mutual
inductance is positive; otherwise it is negative. Interchanging the poles of one coil
changes the sign of the mutual inductance. The ratio of flux and current through the
same coil is called self-inductance or simply inductance. The inductance of coil 1 is given

by
L= 953 . fﬁa | 9(x,x). (5.78)

If two coils k and I are coupled magnetically, the magnetic flux @; through coil /,
excited by a current i; through coil k is given by

Oy =M ix. (5.79)
The voltage v; induced in coil [ is given by

ao '
Loy B (5.80)

[T dt

In the following we will discuss the inductance of some simple conductor structures.
Figure 5.8 shows a solenoid of length | and diameter 2a and n turns. It is composed of
a thin, perfectly conducting wire, wound in a helix. We assume  >> 2a. From Ampére’s
law (5.3b) we obtain for magnetoquasistatic fields

9€MH=LJ. (5.81)

The area A enclosed by the closed path of integration in Figure 5.8(b) is pierced n times
by the conductor of the solenoid. Therefore the path of integration encloses the total
current ni. Due to the assumption | > 2a the magnetic field created by the current is
mainly concentrated inside the solenoid. For this reason we only need to integrate #
over the part of the path inside the solenoid from the bottom 1 to the top 2. We obtain
the relation

sz = ni (5.82)
1
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(b) Pay1 of integration  (c) Surface of integration
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Figure 5.8: (a) Solenoid, (b) magnetic field, and (c) magnetic flux density.

and since the field is homogeneous inside the solenoid

H = ? dz. (5.83)

With (2.32a) we obtain
nyi
B=p*?{=Bzdx!\dy=dex\dy. (5.84)

The coil and therewith the path of integration is linked » times with the flux. Therefore
the area of integration A in the above integral is n times the cross-sectional area of the
solenoid. The flux @ through the solenoid is given by

na*n

l

®= L B=anB,=pu2 ;. (5.85)
The surface A; bounded by the solenoid exhibits » layers as depicted in Figure 5.8(c).
Therefore the magnetic flux flows n times through cross-sectional area A and we obtain
the flux linkage

n*a*n

¢L=L B:nLanaanz=y T (5.86)

by summing the flux contributions of all the turns of the coil. The flux linked by the
coil is due to the current i itself. Since the flux linkage @ is proportional to the current
i the ratio of the flux linkage to the current characterizes the solenoid. The inductance

L is defined as =
L=—%, (5.87)
1
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The inductance of the solenoid is

2,2

AL ‘; n (5.88)
We apply Faraday’s law (2.57b)
d
#’;AIE‘"H—: [ B, (5.89)

The boundary dA, follows the conductor solenoid and is closed via the path marked by
the thin dashed line outside the conductor. Since the electric field component tangential
to the solenoid conductor vanishes, only the part of the path outside the conductor
region from node 1 to node 2 contributes to the path integral over £ and gives the
voltage between nodes 2 and 1:

fme:: flze - (5.90)

The voltage v, is independent of the path of integration as long as this path is not
wound around the solenoid.

The inductance L is the ratio between the voltage v and the time derivative di/ dt of
the current:

=L g (5.91)
Va1 = dt v .

A coaxial line structure also exhibits an inductance per unit of length. We assume a
current 7, flowing in the z-direction in the inner conductor 2 of the coaxial line depicted
in Figure 5.9(a). The magnetic field must exhibit cylindrical symmetry and therefore
depend only on r. Due to (5.5b) the r- and z-component of the flux density and the
magnetic field vanish and we obtain

H=Hy(r)rdo. (5.92)

From Ampére’s law (5.1a) we obtain by integrating over the path C in Figure 5.9(b)

56 H = 2mrHy(r) = iy (5.93)
[
and from this .
Iz
= —rdo. 5.94
" 2nrr ¢ ( )

With (2.32a) we obtain the magnetic flux density form

B=,u*?{=%dzf\ dr. (5.95)
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Figure 5.9: (a) Coaxial line segment, (b) magnetic field, and (c) magnetic flux density.

The flux ® between the inner conductor 2 and the outer conductor 1 over a length [ of
the coaxial line is given by

. " i
lb:fB:p_h—zf E:an.ﬁ. (5‘96)
A 2n J2 r 2n a

The flux per unit of length @' is given by

i, b
o' =0/l=L2- 97
/ 2n na G47)

and the inductance per unit of length L' of the coaxial line is

U=0ip=Lml. (5.98)
2n  a

We now consider the parallel plate structure shown in Figure 5.10. On the inner surface
of both plates surface currents with surface current densities J4; and J 4 are impressed.
We assume the surface current to flow in the positive or negative x-direction. In this
case the surface current differential forms are given by

Jar = -Jaixdy, Taz = Jazxdy. (5.99)

We make the point that the direction of the surface current flow, the orientation of the
twisted one-form, and the orientation of the surface normal direction form a positive
oriented orthogonal trihedron. This explains the different signs in the equations above.
Due to the symmetry of the structure and also due to (5.5b) between the parallel plates
only a tangential magnetic field exists and from (2.168a) it follows

W= =i (5.100)
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Figure 5.10: (a) Parallel plate structure, (b) magnetic field, and (c) magnetic flux density.

and from this Ja1x = —Ja2x. With (2.32a) we obtain the magnetic flux density form
B=u+H=pulaxdzn dx. (5.101)

The magnetic flux ® through the area element A of length I and height d (Figure 5.10(c))
is given by

®= f B=pudl s (5.102)
A
The current i, flowing on conductor 2 in the positive x-direction within a strip of width
bis
2
iy = _/; Taz = bJazx- (5.103)
From this we obtain the inductance Lj;; of a parallel plate segment of width band

length [
dl

L;ﬂ, :‘D!iZ:PT. (5.104)
Introducing the inductance Ly of a quadratic parallel plate element

Lo=ud (5.105)

we obtain

1
Ly = 9 =—Lg. (5.106)
1z b

5.4 THE LAPLACE EQUATION

Electrostatic and magnetostatic problems involve the solution of the Laplace equation.
For regions free of charge (i.e., = 0), the Poisson's equation (5.8) becomes the Laplace
equation

AD, =0. (5.107)
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Figure 5.11: Potential separation plane.

In the following sections of this chapter we will denominate the electrostatic potential
with @, in order to distinguish it from the magnetic potential introduced below. The
electric field is given by

E=-do,. (5.108)

In the magnetostatic case the magnetic field also may be derived from a scalar potential.
For regions where £ = 0 from (5.3b) follows dH = 0. Due to Poincaré’s lemma (A.61),
the magnetic field form can be represented as the exterior derivative of a scalar potential
D

H=-do,,. (5.109)

With (5.5b), (2.32b), and (3.13)
AD, =0. (5.110)

A solution of the Laplace equation is called a harmonic function.

In structures containing perfect electrical conductors the surface of the conductors
are equipotential surfaces (i.e., surfaces of constant ®,). The exterior derivative d®, is
normal to the surface of a perfect conductor. The magnetic field exhibits no normal
component at the surface of a perfect conductor. Therefore, equipotential surfaces of
the scalar magnetic potential ®,, are normal to the surface of a perfect conductor and
d®,, is tangential to the surface.

5.4.1 Potential Separation Planes

Consider a wire carrying a current i depicted in Figure 5.11. Due to Ampére’s law (2.57a),
the integral of H over the closed curve c enclosing the current i is

9§C H =2nmi. (5.111)
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Figure 5.12: Open metallic box.

Note that the potential is multiple valued if the current carrying line is encircled more
than once. The Laplace equation is not valid in the conductor. A path of integration
encircling the current is not allowed. We can introduce a potential separation surface
as shown in Figure 5.11 to make the scalar magnetic potential single-valued [3,12]. If
potential separation planes are introduced in such a way that the complete space region
under consideration remains connected but no current can be encircled by a closed
path, the static magnetic field can be derived from a scalar magnetic potential y. The
integral from side 1 of the current separation plane around the current i to the opposite
side 2 of the current separation plane is given by

2 .
9§CH=5€ H =210 = ~(Opmz - Oput) - (5.112)

This expression is valid for any path of integration from side 1 to side 2 of the potential
separation plane.

5.4.2 Three-Dimensional Laplace Equation in Cartesian Coordinates

In this section we investigate the scalar field solutions of the Laplace equation when
boundary conditions are specified in orthogonal Cartesian coordinates [3]. Consider
the three-dimensional solution in Cartesian coordinates. With (A.69) we obtain

@ b *d

—=0. 5.113
axt dy? s (il

The function
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O(x) =l = ¢ (yxx+yyy+yez) (5.114)

is a solution of the Laplace equation (5.113) for
P Y=it+¥y+yz=0. (5.115)
Separating the y; into real and imaginary parts «; and §; by
yi=ai+jBi fori=x,y,z (5.116)
and inserting this into (5.115) yields

a-a-f-p=oi-pi+a,-p,+a;-pi=0, (5.117a)
a-B=afe+ayfy+af,=0. (5.117b)

The field exhibits an exponential behavior in direction of vector « and an oscillatory
behavior in direction of vector 8, where B is normal to a.

Consider a metallic box as depicted in Figure 5.12. The box is open at z = 0. All other
planes are perfectly electric conducting. Assume the metallic walls at potential @, =0,
the solutions fulfilling the boundary conditions are

Demn(X, y,2) = Apy sin (?) sin (HTU) sinh [y, (d - 2)] (5.118)

G =\/(m—::3‘~)2 +(%)2. (5.119)

We have an infinite number of solutions, parameterized with m and n. The fields
belonging to these solutions are called modes. Since the solutions are electrostatic ones
the modes are electrostatic modes. The higher the order mn of the mode is, the steeper
is the decay of the static field in z-direction. Any linear combination

with

0.(%.92)=Y Y Ams sin(”‘:")sin(%‘y)sinh[a,,.,(d _9)]  (5.120)

m=1 n=1

is a solution of the Laplace equation. The contour plot of the solution ®.y, is depicted
in Figure 5.13.

For z = 0 the modal functions @, (x, y,0) are complete in the two-dimensional
interval x € (0, a), y € (0, b). This allows to expand any potential distribution in the
plane z = 0 into a two-dimensional Fourier series. If this Fourier series expansion is
known, the complete field solution inside the metallic box is also determined. Assume
an arbitrary field distribution @, (x, y) impressed at the surface z = 0, satisfying the
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Figure 5.13: Contour plot of electrostatic field in open metallic box.

boundary conditions (0, ) = Peo(a,y) = Peo(x,0) = Peo(x,b) = 0. We can
expand @, (x, y) into a two-dimensional Fourier series

Guo(%,9)= 3 Bonn sin(mT’“‘)sin(”—?’) . (5.121)
m=1n=1

The Fourier coefficients B,,, are given by

4 b a . (mmx\ , [nmy
Bun = 25 fy[f Ol p)sin( 5 sin () ax] @y, )

Superimposing the partial solutions of (5.120) in such a way that the obtained expres-
sion is equal to o (x, y) at z = 0 yields the complete field solution inside the box.
Comparing (5.121) with (5.120)

Byn = A sinh (ayad) . (5.123)

With this we obtain the electrostatic potential field @, (x) in the whole box expressed
by the Fourier expansion coefficients of the potential field impressed in the boundary
surface at

oo
Bmﬂ

sinh (a,;,d

D (x,y,2) = i

m=1n=1

) sin ( m:x ) sin (_n_;_rz) sinh [apmn(d - 2)] (5.124)

with By, given by (5.122) and &, from (5.119).
As an example we consider the closed metallic box shown in Figure 5.14. All walls
are assumed to be ideally conducting. With exception of a patch of width s and height
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Figure 5.14: Metallic box with patch electrode.

h in the center of the wall at z = 0 all walls exhibit potential @, = 0. The patch is ideally
conducting, however isolated from the other parts of the wall and at a potential @,

O, for $(a-s)<x<ij(a+s)a3(b-h)<y %(b+h)
0 elsewhere

¢¢(x'z)|z=0 el {

(5.125)
Inserting this into (5.122) yields the Fourier coefficients

x=1(a+s) y=4(b+h)
Bun = 49e0 {f sin(mnx) dx] [f sin (m) d,v]
ab x=4(a-s) a y=4(b-h) b

16D n nh

= i sin $m sin kbt sin $nm sin n_ (5.126)
mnm? 2a 2b

This can be simplified to
16D, (2m+1)ns . (2n+1)nmh
Bams = -1)™*" sin sin ,

2m+1,2n+1 mm’(z( ) 24 Zb

Bim,2n = Bam+1,2n = Bam,2ns1=0. (5.127)

Figure 5.15 shows the equipotential lines in the plane y = 1b for s = 1a.

5.5 CONFORMAL MAPPING

Two-dimensional electrostatic and magnetostatic field problems can be solved in an
efficient way by conformal mapping [13-15]. Conformal mapping is based on the theory
of complex functions. The method is general for two-dimensional potential problems.
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Figure 5.15: Contour plot of electrostatic field in a metallic box excited by an electrode.

In the two-dimensional case, where in the Cartesian coordinate system the field depends
only on the two coordinates x and y, the Laplace equation (5.113) reduces to
0, " *D,
dx? ayr

(5.128)

The theory of complex function [16-19] supplies efficient methods to solve the two-
dimensional Laplace equation. Let us interpret x and y as real and imaginary parts of a
complex number z

z=x+jy. (5.129)

We have underlined the complex number z in order to distinguish it from the coordinate
z in three-dimensional coordinate systems. We define a complex function f(z) to have
the form
w=f(z) =u(x,y) +jv(x,9). (5.130)
In the following we will discuss some general aspects of field computation by conformal
mapping. Figure 5.16(a) shows the contour plot of a conformal mapping. The full curves
represent the lines of constant 1 whereas the dashed curves correspond to constant v.
In analogy to the derivative of a real function the derivative of a complex function
f(z) is defined as

df(@) _ i, fz+02) - f (z) (5.131)
0z

dz  6z-0
Inserting (5.130) yields

clf(g)= lim u(x+:’5x,y+5y)—u(x,y)+jv(x+5x,y+6y)—jv(x.y)
dz  éx,6y-0 8x+jby '

(5.132)
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We require that the limit is path-independent (i.e., independent on the path in the
complex plane over which 8z goes to zero). The result has to be identical if we let
first 6y — 0 and then 6x — 0 or first x — 0 and then 8y — 0. In the following two
expressions, the first one describes the case where first the transition § y — 0 has been
made and then the §x — 0 is made. The second equation corresponds to the opposite
sequence of the limit processes.

Af(2) _ iy W +80y) ~ulny) +jv(esdny) jv(xy)

~4 = Jim, = (5.133a)
d B . oy
f(2) _ oy Wyt 8y) —u)) +iv(0y +8y) —iv(%y)  (g1aa
dz  &y-0 joy
This gives for the two cases of limit processes
df(z) _ du(x,y) . ov(xy)
az i +j % (5.134a)
df(z) _ ov(x,y) _.du(xy)
== = - . 5.134b
dz TR ( )

If the derivatives have to be path-independent, both expressions must be identical,
hence

du(x, y) _ ov(x, y)

i o2, (5.135a)
v(xy) __du(xy) (5.135b)
dx dy

These equations are called the Cauchy-Riemann equations and are the necessary con-
ditions for a unique, path-independent derivative of a complex function. A complex
function for which the Cauchy-Riemann equations are fulfilled is called an analytic
function. An analytic function is conformal at any point where it has a nonzero deriva-
tive. Conversely, any conformal mapping of a complex variable that has continuous
partial derivatives is analytic [17,20-22].

A conformal mapping or conformal transformation is a transformation in the complex
number plane that preserves local angles [20-22]. The proof of angle preservation can
be given as follows. Consider a variation from z, to z by an infinitesimal distance dz,
where &r and ¢ are magnitude and phase of this variation, so

z=2z,+0z=z,+eor. (5.136)

Let w = f(z) be an analytic function of z. The variation 8z will be mapped into the
variation dw, given by

dw = f(2) - f(2) = f'(2)lyn, 82 = f'(2)l,y, €707 (5.137)
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Figure 5.16: (a) Conformal mapping w = arccosh £, and (b) confocal elliptic cylinder structure.
PP r P!

This shows that any change of the angle ¢ of 8z yields the same variation of w. There-
fore the conformal mapping is angle preserving. Since the lines of constant « and v
respectively constitute an orthogonal grid in the w-plane and the conformal mapping is
angle-preserving, both sets of curves with either constant u or constant v are mutually
orthogonal.

The angle-preserving property of the conformal mapping has an interesting impli-
cation on the metric coefficients defined in (A.104). Inserting the Cauchy-Riemann
equations of the inverse mapping,

ox(u,v) dy(u,v)

r)  Bpley), (5.138a)
dy(u,v) __ax(u,v) (5.138b)
du ov ‘

into (A.104) yields

ax\r (ay\r [ay\r [ox\?
£ @ -GG e e

The identity of g, and g, means that in a conformal mapping from z-plane to w-plane,
where z, is mapped to w, a circle with infinitesimal radius r and center z, is mapped
into a circle with radius gdr and center w,. We set g = g3 = g. In the three-dimensional
cylindric coordinate system with coordinates u, v, z, the metric coefficients are

51=8=8, g=1, (5.140)
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hence the Hodge operator (A.111) for the three-dimensional cylindric coordinate system
u,v,zis

xf=g"fdun dva dz, (5.141a)

x(A,du+ A, dv+A,dz) = (Au dvadz+A,dza du+ ngz du A dv) . (5.141b)
Note that z in the above equation is the coordinate normal to x and y in the three-
dimensional Cartesian coordinate system, and has to be distinguished from the complex

variable z.
From the Cauchy-Riemann equations it follows directly

*u(x, y) N ?u(x, y)

= 57 =0 (5.142a)
2 2

That means that if a function w(z) is analytic, its real part u(x, y) as well as its imaginary
part v(x, y) fulfill the two-dimensional Laplace equation.

Consider the exterior derivatives of the scalar fields u and v. With the Cauchy-
Riemann equations (5.135a) and (5.135b), we obtain

du(x,y) u(xy) (%), V(%)
- dy = - dy, ;
du o dx + 3 ¥ 3y dx o y (5.143a)
dv = (%) dx + (%) dy= Ju(x) dx + 9u(x, y) dy. (5.143b)
dx dy dy ax

This yields with the twist operator introduced in (2.155):

du=-+(dznadv) =-1; dv, (5.144a)
dv =« (dz A du) =1, du. (5.144b)

We obtain the vector field dv by rotating the vector field du locally in every point of
space by an angle 37 around the z-axis. Vice versa, local rotation of dv in every point
of space by an angle —}m around the z yields the field du.

The one-forms du and dv also are related by

du = dz, » dv, (5.145a)
dv=-dz, » du. (5.145b)

Let the electrostatic potential ®,(x, y) be proportional to u(x, y), hence
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Figure 5.17: (a) Conformal mapping w = f(z), (b) one-form du, and (c) two-form dv A dz.

D (x,y) = Aau(x,y) + Aco, (5.146)

where A, and A, are constants to be determined. The equipotential lines are given
by setting u(x, y) constant. The choice of the two parameters A, and A, allows to
match the solution to given potentials at two equipotential lines. If we consider only
potential differences we can skip A, and let A,; = A,. With (5.7) we obtain the electric
field form

E(x,y)=-A.du. (5.147)

Figure 5.17(a) shows the equipotential lines of « and v for a conformal mapping and
Figure 5.17(b) represents the potential surfaces of the one-form du. With the constitu-
tive relation (2.32a) and the Hodge operator given by (5.141b) we obtain the electric
displacement form

D(x,y) =—-€A, » du=—€A,dv A dz. (5.148)

The flux tubes of the two-form dv A dz are shown in Figure 5.17(c).

For the two-dimensional problem it is useful to introduce the two-dimensional
electric displacement form D (x, y) by integrating over dz over unit length. This means
removing dz after bringing it to the left side. This operation can be performed by
contracting dz with D, hence

Da(x,y) = dz.D(x,y) =€A.dv. (5.149)

The two-dimensional electric displacement form is a twisted one-form. Integrating
Da(x, y) over a curve C in the xy-plane yields the electric flux through the side walls
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of a cylinder generated by C and of unit height. So the integral of D4(x, y) over a curve
gives an electric displacement per unit of length.

Consider the cross-section through a structure of two ideally conducting general-
ized cylinders in Figure 5.16(b). The ideally conducting cylinders are defined by the
equipotential planes of constant values v; and v,. The voltage between conductor 2 and
conductor 11is given by

V=A(u - ). (5.150)

We obtain the charge per unit of length Q' by integrating the electric flux density
per unit of length D, over the closed curve C,. Due to the insertion of the potential
separation plane, the curve C; in Figure 5.16(b) is equivalent to a closed curve. With
(5.149) we obtain

Q= fDA - fc Dp=eAc(va-m). (5.151)

The capacitance per unit of length is given by the ratio of charge per unit of length Q" to
voltage V:

! -
C' = Q _ g2 M (5.152)
v U —

Consider now the magnetic field in this structure. At the surface of a perfect electric
conductor the magnetic field is tangential. Let the magnetostatic potential @, (x, y)
be proportional to v(x, y):

Op(x,y) = Amv(%, ). (5.153)
From (5.109) we obtain the magnetic field form
H=-dd, =-A,dv. (5.154)
With (2.32b) and (5.141b) we obtain the magnetic flux density form
B=uxH=-pAudza du. (5.155)
For the two-dimensional problem we introduce the two-dimensional magnetic flux
density form B4(x, y) by integrating over dz over unit length. By contracting dz with

B we obtain
By =-uA,,du. (5.156)

The current flowing through conductor 2 in positive z-direction is related to # via
Ampére’s law (2.57a). Integrating over the path C, in Figure 5.16(b) yields

I=Am [ dv=An(v2-w). (5.157)
C,
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The magnetic flux per unit of length @' is obtained by integrating B, over the curve C,
in Figure 5.16(b). We obtain

o' = f Ba = tAm(tig - 1) . (5.158)
C

The inductance per unit of length L' is the ratio of magnetic flux per unit of length @’
to the current I

’ —
[Py P o g bamty (5.159)
I Va — ¥
From (5.152), (5.159), and (2.75) we obtain
IS |
L'C=¢u= = (5.160)

This means that the product of the inductance per unit of length L’ and the capacitance
per unit of length C’ is independent from the geometry structure as long as the non-
conducting regions are either free-space or filled with homogeneous dielectric. The
speed of light ¢ is the speed of a transverse electromagnetic wave in the medium with
permittivity € and permeability 4. The propagation of transverse electromagnetic waves
in cylindric structures will be discussed in Section 7.4.

A cylindric structure with two unconnected conductors may be characterized by
its characteristic impedance Z, given by

! ]
=\/= - \/_ e (5.161)
C! VvV — V;

The characteristic impedance describes the ratio of voltage to current of a transverse
electromagnetic wave propagating in the cylindric structure with speed c in one direc-
tion. This will be discussed in detail in Section 7.4.

Interchanging u and v yields a dual field solution with interchanged electric and
magnetic field. Replacing f(z) by j f(z) yields

f(@)»if(D): u(xy) » v y) v(xy) > u(xy).  Gl62)

To every field solution we can find a dual field solution with interchanged electric and
magnetic field potential lines. In the dual field solution ideal electric conductors have
to be replaced by ideal magnetic conductors and vice versa.

5.5.1 Field of an Elliptic Cylindric Line

Consider the conformal mapping represented in Figure 5.16(a). This mapping is de-
scribed by the inverse hyperbolic cosine-transformation,

z
w = arccosh = . (5.163)
a
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Figure 5.18: (a) Conformal mapping w = arccosh % and (b) confocal elliptic cylinder structure.

The transformation from the w-plane into the z-plane is the hyperbolic cosine-transfor-
mation
(x+jy)=acosh(u+jv). (5.164)

Splitting this transformation into real and imaginary parts yields

x =acoshucosv, (5.165a)
y=asinhusinv. (5.165b)

From these equations we obtain the equations for the equipotential lines

x?. yI 3
+ —=——=a", (5.166a
cosh’u  sinh’u )
2 2
S SE (5.166b)

costv sin’v

where (5.166a) describes a set of confocal ellipses and (5.166b) represents a set of
confocal hyperbolas. In both cases the focal points are z = +a.

A confocal elliptic cylindric line with the cross-section depicted in Figure 5.18(a)
exhibits an inner conductor at 4, and an outer conductor at u,. The outer dimensions
of the inner conductor and the inner dimensions of the outer conductor are given
by the widths and heights of the ellipses, by, bz, i, and ha, respectively. To make v
single-valued in the interval (0, 27), the complex z-plane is cut by the line from A to
D and C to D, respectively, where the points A and D are located on the upper side of
the cut at v = 0 and the points C and D are located below the cut at v = 2.
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The ellipses defined by constant u; and u,, respectively, in Figure 5.18(a) are mapped
into the lines A'D" and B'C’ in the w-plane in Figure 5.18(b). Since both ellipses are
confocal with the focal points at z = +a, only three of these four parameters may be
chosen independently. From (5.166a) and (5.166b) we obtain for i = 1, 2:

b; =2acoshu;, (5.167a)
h; =2asinhu;. (5.167b)

Considering v, — v1 = 21 we obtain from (5.152) the capacitance per unit of length

Q' vy-w 2me
= —= =

C’ = (5.168)
V. u;-wu  arctanh %: —arctanh %Il
with the constraint
bl - h} = b3 - h:. (5.169)
From (5.159) we obtain the inductance per unit of length
(0} h h
Ll T 2‘“—“ (arctanh é — arctanh b_:) . (5.170)

Also in this equation the constraint (5.169) has to be considered.

5.5.2 Field of a Coaxial Line
To investigate the field of a coaxial circular cylindric structure shown in Figure 5.5(a)
we consider the logarithmic transformation [14,23]

w=f(z) =Inz. (5.171)

This function is analytic in the complete z-plane with exception at z = 0. Expressing
the complex number z by its magnitude r and its phase ¢,

z=rel?, (5.172)

yields
w=u+jv=Inr+j¢. (5.173)

Figure 5.19 illustrates this mapping. Real part « and imaginary part v of w are

u=lInr, (5.174a)
v=¢. (5.174b)
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Figure 5.19: Conformal mapping w = Alnz.

We choose the electric potential
G, =A.u=A.Inr, (5.175)

where A, is a constant. From (5.146) and (5.149) we obtain with (A.151) the electric
field form & and the electric displacement form D :

E=-db,=-A,du= —l‘llga—udi"=-ﬁ dr, (5.176a)
ar r
Da=€A.dv = m,ﬂ dp=€eA.d¢. (5.176b)

¢

The coaxial line with the cross-section shown in Figure 5.20 exhibits an inner conductor
of diameter 24 and an outer conductor with inner diameter 2b. According to (5.150)
the voltage V between the conductor 2 and the inner conductor 1 is

V=A,(u(b)~u(a)):Aeln§. (5.177)
From (5.151) and (5.174b) we obtain the charge per unit of length Q"
Q' = § Dy =2meA.. (5.178)
The capacitance per unit of length C' is given by
_ Q' _ 2ne

—_ (5.179)

6
\ b
In ]
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Figure 5.20: Field of a coaxial line.

According to (5.149) and (5.156) we derive the magnetic field H dual to the electric
field £ from the magnetic scalar potential A, v(x, y) and the magnetic flux per unit of
length B, from the potential function A, u(x, y). The constant A,, depends on the
current impressed in the conductors,

H=Ap dv:Amg—;; dé=A,,d¢, (5.180a)
By =uAp du=yAm-‘;—:dr=—pATm dr. (5.180b)

The current I through conductor 2 in positive z-direction is given by the integral (5.157)
over the path C, in Figure 5.20, hence

I=A,(v(2n) -v(0)) =2nA,,. (5.181)
The magnetic flux per unit of length @’

b
P = f Ba=pApln b : (5.182)
a a

The inductance per unit of length L' is

L'= s (5.183)

b
@ i}
I 2n
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(a) —_ T~ (b)
> i iy ~. Vv =const.
_ N/

Figure 5.21: (a) Construction of the mapping w = Aln £14 and (b) region map of &.

z-a’

5.5.3 Parallel Wire Line

A parallel wire line is formed by two parallel wires [14, 24]. Usually the wires are
assumed to be of circular cylindric shape and we will consider only this case here. In
the symmetric parallel wire line both wires exhibit the same diameter. Considering the

mapping

z+a
= (5.184)
z-a

w=f(z)=lnZ

as shown in Figure 5.21(a) and representing the complex numbers z + a and z — a by
the real distances r, r, and the phase angles ¢, and ¢, hence

z-a=rel", (5.1852)
z+a= rnelt . (5.185b)

Inserting these equations into (5.184) yields
n o .
_141=lnr—1 +j(¢1 - ¢2). (5.186)
2
Separating w into the real part u and imaginary part v gives
u=lnlt, (5.187a)
r2
v= ¢|1 = ¢2 . (5187]3)
We obtain the equipotential lines by setting u constant. This yields

ry =cr (5.188)
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v = const,

z+a

Figure 5.22: Plot of the mapping w = Aln +—

where ¢ is a constant. From Figure 5.21 and the equations (5.185a) and (5.185b) we
obtain

rs=(x-a)’+y*, (5.189a)
rt=(x+a)+)y. (5.189b)

From (5.188) to (5.189b) we obtain
(x - xu)2 + y2 = pi . (5.190)

This equation defines circles with centers on the x-axis, given by

(1+¢?)
Xo = a =) (5.191)
and radius p, given by
2ac
w= . 5.192
Tl (5.192)

Figure 5.22 shows the contour plot of this conformal mapping. The full circles represent
constant u. The field exhibits singularities at z = +a.
To compute the potential lines for constant v we have to set (5.187b) constant. The
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angles ¢, and ¢, are given by

¢, = arctan i 5 (5.193a)
x+a

¢, = arctan (5.193b)

x-a
Using the relation given in [25]
0 foré& &, >-1

arctan £, — arctan §; = arctan( b-& ) +4{m for& >0, & <-1 (5194)
1+ &6
-t foré; <0, £& <-1

we obtain from (5.187b), (5.193a) and (5.193b) by setting v = v, constant

2ay
e pagh - Bolga=Pu Oy =tanvo=B). (5.195)

where the angle d is
0 forx*>+y*>a?

8={mn fory<0, x2+y*<a® . (5.196)

-n fory >0, x*+ y* < a?

Figure 5.21(b) shows the region map of the angle §. We can rewrite (5.195) in the form
2+ (y-n)=p;, (5.197)

describing circles with centers on the y-axis and going through the points x = +a. The
center of a circle is given by

yo =acot (v — &) (5.198)
and its radius is
py=Vat+c?. (5.199)

In Figure 5.22 the dashed circles represent constant v. These circles exhibit constant
values of v inside as well as outside the circle |z| = a. However due to (5.187b) the value
of v undergoes a change of +m when the circle passes a singularity at z = +a.

Let the electric equipotential lines be defined by constant « and the magnetic ones be
given by constant v. We chose electric and magnetic potentials @, and @, respectively

b, m A peAdin D, (5.2002)
L]

(I’m = AmV = Am (¢1 - ¢2) . (5200b)
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The constants A, and A,, will be determined below.

With (5.147) and (5.149) we obtain the electric field £ from the electric scalar poten-
tial @, and the electric displacement per unit of length D4 (x, y) from the potential
function A.v:

E(ry) = -Acdu==-A, (> dn-—dn)., (5.201a)
r )
Da(x,y) =€eA.dv=€A.(d¢, - d¢,). (5.201b)

The constant A, depends on filamentary charges at the singularities z = +a. We obtain
the charge per unit of length Q' at x = a, y = 0 with (5.151) by integrating the electric
displacement per unit of length D4 (x, y) over the path C; as

mn
Q = _[; Dy =ed; f_ dgy = 2meA, (5.202)

In Figure 5.22 we have introduced the potential separation plane PSP between the
singularities at z = —a and z = 4. This can be done, since the chosen conformal
mapping describes a field where the filamentary charges at z = —a and z = a exhibit
equal magnitude and opposite sign. The integral over a closed contour not intersecting
the potential separation plane yields zero. Such a path of integration encircles either
none of the singular points z = +a or both of them.

Following (5.154) and (5.156), we derive the magnetic field H dual to the electric
field £ from the magnetic scalar potential ®,, and the magnetic flux per unit of length
B, from the potential function yA,,u(x, y). This yields

sty =hdy A (= 4933, (5.203a)
By = —piAmdui = —pAn (i TR dr,) . (5.203b)
r 2

The constant A, depends on filamentary currents impressed at z = +a. The filamentary
current [ at z = a is obtained from Ampére’s law (2.57a) by integration over the path
C; in Figure 5.23. This yields

1=§ M= -A.,,fﬁ déy +A.,,3£ dés. (5.204)
G o G
The path of integration C; encircles the singular point at z = a but not that at z = —a.

Only the function ¢, exhibits a singular point inside the contour of integration C,.
Therefore only the second integral on the right-hand gives a contribution, hence

n
I=A, f d¢, = 21A,, . (5.205)
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conductor 1
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Figure 5.23: Field of a parallel wire line.

Consider the symmetric parallel wire line with the cross-section shown in Figure 5.23.
The axes of the wires are separated by a distance s and their diameters are d. Since the
boundaries of the wire cross-sections are equipotential circles we obtain from (5.191)
and (5.192) the following relations to determine the parameters a and ¢

a=2Vst-d?, (5.206a)

c—ii\lfz——l (5.206b)
T d FEN '

The negative sign in (5.206b) refers to conductor 1and the positive sign to conductor
2. From (5.187b), (5.188), and (5.200a) we obtain the voltage V from conductor 2 to
conductor 1 as

2
V=b,-DPa=A(uy-u)=24A.Inc= 2A,ln(% + % - 1) =2A, arccosh 3 g
(5.207)
Inserting (5.202) and (5.207) into (5.152), we obtain the capacitance per unit of length
f
gzl b (5.208)

v arccosh §

We compute the magnetic flux per unit of length @ using (5.158) and (5.207),
s

' = j; By = pAp(uy —uy) =2uA, arccosh 3 (5.209)
1
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Figure 5.24: Conformal mapping of (a) a polygonal line in the z-plane into (b)the u-axis of the w-plane.

From this we obtain with (5.159) and (5.158) the inductance per unit of length L’ as

' u s
L'=—==% h—. 5.210
7 arccos y ( )

5.6 THE SCHWARZ-CHRISTOFFEL
TRANSFORMATION

The Schwarz-Christoffel transformation is a general method for conformal mapping of a
polygon in the complex z-plane into the real axis u of the complex w-plane [20, 22, 26].
Consider the polygonal line with vertex z, depicted in Figure 5.24(a). On a straight
line the argument arg dz of the interval dz is constant. Now, let the polygonal line be
mapped onto the real axis u of the w-plane in Figure 5.24(b), such that the vertex z, is
mapped into u;. To construct this mapping, we consider

dz

- Au-u)* (5.211)

with complex A and real a, u, and u,. The derivative dz/ dw undergoes a discontinuous
phase change at z,

dz {|A(u—u1)“|ef"(“*"} foru <u (5.212)

dw | |A(u-u)4lel foru>u,

For the change of the phase angle of dz/dw, we obtain

it dz _ ala+m) foru<u1. (5.213)
dw an for u > u
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(a) ' (b) jv
. b z-Plane .

Figure 5.25: Schwarz-Christoffel transformation of (a) a polygon in the z-plane into (b) the u-axis of the
w-plane,

Since the phase angle of dz/dw remains constant in both regions 1 and 2 for u < u;
and u > uy, respectively, the integration of dz/ dw over du yields straight lines in every
region 1 and 2. However at the vortex z, undergoes a discontinuous change by the angle

¢ =-anm. (5.214)

Inserting this into (5.211) we see that the mapping of the real axis u of the w-plane into
the polygonal line in the z-plane shown in Figure 5.24 has the form

ﬁ s _ ~/m

dw =A(u-1u) : (5.215)
If the argument of dz/dw is constant the integration of dz/dw over u yields a straight
line. Due to (5.212) the argument of dz/dw exhibits a discontinuous change when
u passes u;. Therefore the mapping z(u) consists of two straight line segments that
are maps of u < u; and u > uy, respectively. These line segments are connected in the
vortex u;. We now can construct a function that maps the real axis u of the w-plane
into a polygon in the z-plane as depicted in Figure 5.25. For w = u the expression

% =A(w-u)e " (w-u)e ?(w—us)e™® ... (w—uy)e? (5.216)

changes the argument by ¢; whenever u passes u;. A necessary condition for mapping
the u-axis of the complex w-plane into a closed polygonal curve in the z-plane is

Gr+a+ds+... ¢, =2m. (5.217)

This yields the transformation

z=2z,+A f (w-w)e® (w-w,)e?(w-wy)e® ... (w-w,)e* dw. (5218)
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The Schwarz-Christoffel transformation is of great utility for the solution of two-
dimensional potential problems for structures with polygonal boundaries [14,15,23,27].

5.6.1 The Coplanar Line

A coplanar line consists of a strip of thin metallic film with two ground electrodes in the
same plane as the strip and adjacent and parallel to the strip. Consider a coplanar line
with negligible thickness of strip and ground electrodes as depicted in Figure 5.26(a).
The strip width is 2a and the width of each gap is (b - a). The electrostatic field solution
can be obtained by application of the Schwarz-Christoffel transformation [28-31].

The upper half-plane J{z} > 0-plane is mapped onto the rectangle in the w-plane
shown in Figure 5.26(b) by means of the transformation

z dz
i z ‘ 5.219)
w(z) -/l; \/(g—xl)(g—xz)(é‘xs)(é—x-l) (

With x, = -b, x, = —a, x3 = a, x4 = b the appropriate transformation is given by [32)

z d‘_-‘r_,
we)=4, V@-a) -5

(5.220)

The mapping of the x-axis of the z-plane into the boundary of the rectangle in the
w-plane can be understood as follows. For the mapping of the x-axis the path of
integration is along the x-axis. According to Section 5.6 in the map w,, w,, w,, w 4 of
the x,, X3, X3, x4 a sharp 90° bend is introduced. Furthermore, we consider that for
X1 < X3 < X3 < x4 the integrand is real for x between —oco and x;, between x; and x; and
between x4 and oo. The integrand is imaginary for x between x, and x, and x between
x3 and x4. Therefore, the line segments —oco < x < x;, X, < x < x3 and x4 < x < 00
are mapped into lines with constant v, that means horizontal lines in the z-plane and
the segments x; < x < x; and x3 < x < x4 are mapped into lines with constant u (i.e.,
vertical lines in the z-plane).
The change of variables { = z/a and k = a/b yields the normalized representation

(5.221)

A (e d
T =0 ok

This integral can be expressed by the inverse elliptic function [20,33-35], defined by

e [ &
S v e =t o
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Figure 5.26: (a) Coplanar line, and (b) mapping into w-plane.

We obtain A
w(z)=2sn”" (ék) : (5.223)
b a
The elliptic function sn(& +j#, k), where & and # are the real and imaginary part of the

complex argument { is double-periodic with period 4K (k) in & and period 2K’(k) in
1. The functions K(k) and K’(k) are given by

s d¢
K(k)= [ N oIk (5.2242)
I Lo d¢
;Jf<(;lc)_fi T 0h (5.224b)

The function K (k) is called the complete elliptic integral of the first kind, and K'(k) is
called the complete elliptic integral of the second kind [20, 34, 35]. The complete elliptic
integral of the second kind also may be expressed by

d¢

1
K'(k) :j; ST T = K(K) (5.225)
with
k' =V1-k2. (5.226)

The mapping from the z-plane to the w-plane is performed such that the points listed
in Table 5.1 correspond to each other. Applying (5.152) to compute the capacitance per
unit of length C’ it has to be considered that only the upper half-space of the z-plane
has been mapped into the rectangle in the w-plane. The capacitance computed from
this formula therefore has to be doubled. This yields

V2 —W _EK"UC)

C'=2 = .
6”2‘“1 K(k)

(5.227)
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Table 5.1: The Elliptic Function sn({)

w -K+jK' -K 0 K K+jK' jK
{=sn(w, k) -k -1 0 1 k™! 00
z=asn(w,k) -b -a 0 a b 00

(a) (b)

Figure 5.27: (a) Inhomogeneous coplanar line, and (b) inhomogeneous coplanar stripline.

Figure 5.27(a) shows the cross-section of an inhomogeneous coplanar line where the
dielectric is not uniform in transverse direction. If the lower half-space is filled with
a homogeneous isotropic dielectric with permittivity €; and the upper half-space is
free-space, the partial capacitance of the lower half-space has to be multiplied with
€r1. The partial field solutions for the lower and upper half-plane fulfill the boundary
conditions, since for a < |x| < b the tangential electric boundary conditions are fulfilled
at y = 0. Therefore we obtain the capacitance per unit of length as the sum of half the
capacitance per unit of length computed with €y and half the capacitance per unit of
length computed with ¢,

2 =W o I+€rl Kf(k)
2 — U e 2 K(k)

C' = (eo +&1) : (5.228)

In computing the inductance per unit of length L’ it has to be considered that only
the part in the upper part of the path of integration of (5.157) is considered by the
conformal mapping in Figure 5.26. Therefore the difference u, — ; has to be multiplied
by 2 and we obtain

Uy — Uy K(k)

Ll=2 = .
y Va—¥ Ilul("l(}l'[)

(5.229)
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(a)

Figure 5.28: (a) Coplanar line, and (b) mapping into w-plane.

5.6.2 The Coplanar Stripline

The coplanar stripline consists of two parallel conductor strips in the same plan. Fig-
ure 5.28(a) shows the cross-section of the coplanar stripline. The strips are of width
b - a and are separated by a gap of width 2a. The thickness of the strips is assumed
negligible. The coplanar stripline in Figure 5.28(a) is obtained from the coplanar line in
Figure 5.26(a) by replacing at y = 0 the metallized regions by nonmetallized ones and
vice versa. Both structures are dual to each other. The electric equipotential lines of the
coplanar line correspond to the magnetic equipotential lines of the coplanar stripline
and vice versa. This allows to use the same conformal mapping for the coplanar stripline
as for the coplanar line in the previous section. The mappings in Figure 5.26(b) and
Figure 5.28(b) are related by interchanging electric and magnetic walls.

Since in our mapping now the lines of constant v are the electric equipotential lines
and the lines of constant u define the electric flux tubes, we have to interchange u and
v in (5.152). Furthermore we have, as discussed in the previous section, to multiply
this expression by 2 in order to consider the contributions of the lower and the upper
half-space to the capacitance. This yields

U —uy e K(k)

C'=2 = ;
é.'Ivf'g -V K'(k)

(5.230)

Consider the inhomogeneous coplanar stripline with the cross-section depicted in
Figure 5.27(b). If the lower half-space is filled with a homogeneous isotropic dielectric
with permittivity €, and the upper half-space is free-space, the capacitance per unit of
length is the mean value of the capacitances per unit of length computed with ¢, and
€1, hence

(5.231)

' V2 —-W 1+€,-1 K’(k)
Ch= + = :
(eu El) Uz — U " 2 K(k)

For the inductance per unit of length L’ we obtain from (5.159) by interchanging u and
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Figure 5.29: Cross-section of (a) a stripline, and (b) one quarter of a stripline.

v and considering a factor 2 for both half-spaces

Uy — W K’(k)
L'=2 =2 ‘ 5.232
# V=W “ K(k) ( )

5.6.3 The Stripline

Consider the cross-section of a stripline shown in Figure 5.29(a). A conducting strip of
width 2a and negligible thickness is embedded in the middle between two conducting
plates spaced by a distance 2h. The width 2d of the stripline is assumed to be much larger
than the distance 2h. For this reason the field at x = +a will be negligible and we can
assume d — oo. The structure is symmetric with respect to the planes x = 0 and y = 0.
This simplifies the computational task, since it is only necessary to analyze the quarter of
the structure depicted in Figure 5.29(b). The full lines represent the conducting planes,
whereas the dashed lines indicate the symmetry planes. The electric field is normal and
the magnetic field is tangential to the conducting planes. For symmetry reasons the
electric field is tangential and the magnetic field is normal to the dashed regions of the
symmetry planes. We can assume the dashed lines to be magnetic conductors.

The analysis of the stripline structure by conformal mapping has been treated in liter-
ature [9,36-41). The usual procedure is based on two consecutive Schwarz-Christoffel
transformations, first from the z-plane into the w'-plane and then from the w'-plane
into the w-plane as illustrated in Figure 5.30. With a first Schwarz-Christoffel trans-
formation the quarter cross-section of the stripline in Figure 5.30(a) is transformed
into the plane v/ = 0 of the w-plane. The vortices z,, z,, 25, z, are transformed into the
points u], u}, u}, u} on the u’-axis. With a second Schwarz-Christoffel transformation
the structure of Figure 5.30(b) is transformed into the structure shown in Figure 5.30(c).
The field in this structure is homogeneous and isotropic with equipotential lines given
by constant v.

For the first mapping we can represent the inverse mapping by a Schwarz-Christoffel
transformation. The mapping from the w-plane into the z-plane is performed by the
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Figure 5.30: (a) Quarter of a stripline, mapping into (b) w'-plane, and (c) w-plane.

Schwarz-Christoffel transformation

2(w') = Auld] f v . dw' +B. (5.233)

Sa)(w - ) (- ) (W )

The constants A and B will be determined below. The factor /u{u/, may be considered
to be a part of the arbitrary constant A. It has been introduced to get a finite limit of
this expression if we let 4] and u} go to the point at infinity. Note that the complex
number plane exhibits a single infinite point, irrespective in which direction we move
to infinity. For u{, u} — oo we obtain

dw' + B. (5.234)

" _ 1
) =4 [ N CETACETD)

We note that in the complex plane there is only one point at infinity. The transformation
to the point at infinity does not occur in the Schwarz-Christoffel transformation. We
now choose uj = -1and uj = 0 and obtain

2(w) =Af dw'+B=2AIn(VE+\/w+1)+B. (523

(w'+1)w
We determine A and B such that z(-1) = 0 and z(0) = jh and obtain

2Aln/-1+B=jnA+B=0, (5.236a)
jh=B. (5.236b)

This yields
z(w) = —% In (/% + /W +1) +jh. (5.237)

The point w’ = -1, in the w’-plane is mapped into z = —a in the z-plane, hence
P W a w-p PP E4 P

\/u;+\/uf,—l=exp(§). (5.238)
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This can be expressed as

u, = cosh? (;—:) . (5.239)

We now perform a second Schwarz-Christoffel transformation from the w’-plane
shown in Figure 5.30(b) to the w-plane depicted in Figure 5.30(c). We require this
transformationtomap w' = —u}, > w, =0, W =u)=-l->w,=Lw =u} =0
wy =1+jvo, w' = uj = 00 — w = jvy, where v, is a real constant to be determined.
Considering that the transformation of the infinite point does not occur explicitly in
the Schwarz-Christoffel transformation, we obtain

"o 4 dw’ 4
ww')=C j; W CET AT D. (5.240)

With the change of variables w' = —(* we put the integral into the form

D, (5.241)

W) 2jC d{
wle \/u_'f JO-Cliy(i-0) |

where £ is a complex variable and k is the modulus of the elliptic function (5.222).
Elliptic functions are treated in [20,34]. Using the inverse elliptic function we represent
(5.241) by

5C
V “L
Fulfilling the above formulated requirements for the mapping of the points —u}, -1, 0

of the w'-plane into the points 0, 1, 1+j v, of the w-plane and considering sn (0, k) = 0,
we obtain the equations

w(w') = n~((-w)"%,u. ) + D. (5.242)

2jC
Ua
2jC

VA

snt (w2 w4 D=0, (5.243a)

sl (Lu, )+ D=1, (5.243b)

D=1+jvg. (5.243¢)

From these equations we can determine C, D, and v, as follows:
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Table 5.2: Stripline Parameters
2a/h  wy  K(u7) K((-u) ) v
0.5 1.162 2.731 1.760 1.552
0.7 1.334 2.441 1.854 1.316
1.0 1.755 2.161 2.015 1.075
1.4 2.782 1.949 2.258 0.8632
2.0 6.296 1.775 2.667 0.6661
3.0 28.33 1.654 3.411 0.4848
4.0 134.4 1.606 4.185 0.3838
5.0 644.5 1.587 4,968 0.3194
6.0 3.098 10° 1.578 5.752 0.2743
7.0  1.49010* 1.574 6.538 0.2408
8.0 7.16910° 1.572 7.323 0.2147
9.0 3.449 10° 1.572 8.108 0.1938
10.0 1.65910° 1.571 8.894 0.1767
~ 1
- E Sn_ju:—lﬂ(u;alfzj u;a-lf’Z) _ sn...](l’ u;ﬂ—-lfl‘) 2
~ sn'l(uf,“rz
sn-t (w2, u V) — sn1 (1, u,2)
—jsn1(1,u
L T T TS Th
sn (w2 ug ') —sn(Lu, ')
From
sn(K) =1,
sn(K-jK')=1/k
we obtain

With this we obtain from (5.244c)
_K(k) _

sn(,k) =K,
sn”'(1/k, k) =K -jK’.

TR T KVI-R)

(5.244a)

(5.244b)

(5.244c)

(5.245a)
(5.245b)

(5.246a)
(5.246b)

(5.247)
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With (5.239) we obtain k as

N S (5.248)

7 na
Ju! cosh 3}

Inserting this into (5.247) we obtain

K ((cosh %)_1)

5.249
K (tanh %) ( )

Vo =

To compute the capacitance per unit of length we apply (5.152). However, we have
to consider that compared with (5.152) the roles of u and v are interchanged in Fig-
ure 5.30(c). The equipotential lines now are the lines of constant v. Furthermore, we
have considered only a quarter of the cross-section of the complete stripline shown
in Figure 5.29(a). Therefore we have to multiply the capacitance per unit of length
computed for the quarter cross-section by a factor of 4 and obtain by this way the
capacitance per unit of length for the complete stripline:

,  4e K(tanh%)
= — =46———“_1—.
Vo K((cosh ;—'E) )

Table 5.2 summarizes the stripline parameters for several values of the ratio 2a/h.

(5.250)

5.7 PROBLEMS

1. A spherical capacitor consists of two concentric metallic spherical surfaces. The
inner sphere exhibits a diameter of 5 mm and the outer spherical shell has an
inner diameter of 6 mm. The space between the spheres is filled with a dielectric
with €, = 20. Compute the capacitance.

2. Two spheres of 1 cm diameter are arranged in a distance of 10 cm. Compute the
capacitance between these two spheres and derive the electric field.

3. Three spheres of 1 cm diameter are arranged in a line every 15 cm.

a) Compute the mutual capacitances between these three spheres.
b) Compute £ as a function of the potential of the three spheres. (Give an
approximate solution that does not exactly match the boundary conditions.)

4. Inabox defined by 0 < x <a,0 < y < b, 0 < z < d, an electrostatic potential

®,(x,y,z) =g sin axsin fysinh yz

is given. The boundary conditionsare , =0atx=0,x=a,y=0,y=b.



202

Electromagnetics

Figure 5.31: Disk capacitor.

a) Determine «, 8 and y.
b) Compute £.

. Discuss the discharge of the disk capacitor with diameter 2a and plate distance

h, depicted in Figure 5.31 on the basis of Poynting’s theorem. At the time , the
voltage across the capacitor is v(1o).
a) Compute the capacitance of the capacitor.
b) Compute the electric energy stored in the capacitor.
¢) Connecta resistor R in parallel to the capacitor. Compute the decay of the
voltage across the capacitor with time.
d) Apply Poynting’s theorem to compute the power flowing out from the
capacitor. Where is the power going?
Consider a coaxial line. The diameter of the inner conductor is 0.5 mm. The inner
diameter of the outer conductor is 1.25 mm. The space between inner and outer
conductor is filled with a dielectric with €, = 2.25. Compute the capacitance per
meter and the inductance per meter.

. Consider a symmetric stripline. The distance between the top and bottom elec-

trodes is 2mm. The conducting strip of I mm width is located in the middle
between the top and bottom electrode. The stripline is filled with a dielectric with
¢, = 4. The transverse extension of top and bottom electrodes can be assumed to
be infinite.
a) Compute the capacitance per unit of length and the inductance per unit of
length.
b) Compute the characteristic impedance of the stripline.

. Consider the coaxial line of the previous example. Let the inner conductor be

biased with a Dc voltage of 1 V with respect to the outer conductor and let a pc
current of 20 mA flow in positive direction through the inner conductor.
a) Compute the electric energy stored per unit of length by integration of the
electric energy density.
b) Compute the electric energy stored per unit of length from the capacitance
per unit of length.
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Corner Wedge

Figure 5.32: Corner and wedge.

%
=D,
2%

h =0
I

Figure 5.33: Wedge above ground electrode.

c¢) Compute the magnetic energy stored per unit of length by integration of
the magnetic energy density.

d) Compute the magnetic energy stored per unit of length from the inductance
per unit of length.

e) Compute the dc power flowing through the coaxial line from the electric
and the magnetic field using Poynting’s theorem and compare the result
with the power computed from voltage and current.

9. Show that Biot-Savart's law in conventional vector notation

By =L [ G2V o

4m e — x|

is equivalent to (5.70).

10. Figure 5.32 shows a corner and a wedge formed by two not quite touching half-
planes. Assume in both cases that one half-plane is grounded and the other is on
potential ®o. Compute the charge distributions on the half-planes.

11. Consider the two-dimensional electrode configuration depicted in Figure 5.33.
The ground electrode is on potential ® = 0 and the wedge electrode is on a dc
potential ®y. Use the Schwarz-Christoffel transformation to compute the electric
potential field..
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Chapter 6

Waves at the Surface of Conducting Media

We consider the propagation of an electromagnetic wave along a plane conducting
surface. To simplify our considerations we assume the conducting plane to be infinitely
extended in the yz-plane. According to Figure 6.1 the space is subdivided into two
half-spaces 1 and 2 by a plane surface at x = 0. The half-spaces 1 and 2 each are filled with
homogeneous and isotropic media. This problem is encountered when the propagation
of electromagnetic waves along the Earth’s surface or the propagation of electromagnetic
waves along metallic surfaces is considered. Assuming region 1 to be filled with an ideal
conductor a TEM wave with electric field perpendicular to the plane z = 0 and magnetic
field parallel to this plane fulfills the boundary conditions. In the conductor surface
the tangential magnetic field induces a surface current, shielding region 1 from the
magnetic field. The tangential magnetic field is directed perpendicular to the direction
of wave propagation, whereas the surface current is flowing in the direction of wave
propagation.

If, however the region 1 is filled with a conductor of finite conductivity, the electro-
magnetic field and the shielding current are penetrating into the conductor. Due to the
finite conductivity, the current flowing in the direction of propagation gives rise to a

Region 2

Region 1

Figure 6.1: The plane surface.
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longitudinal electric field component. The field in both regions 1and 2 is transverse
magnetic. Due to the conductor losses, the electromagnetic wave is attenuated in the
direction of propagation. In transverse direction, the field is strongly decaying in the
conductor region 1and weakly decaying in region 2 if region 2 is free-space or filled by
a dielectric. We call such a wave a surface wave. Zenneck was the first to give a solution
of Maxwell’s equations describing a surface wave guided by a plane interface separating
any two media [1]. Therefore this type of wave also is called Zenneck wave. Treatment
of surface waves is also given in [2-5].

6.1 TRANSVERSE MAGNETIC SURFACE WAVES

We seek solutions of the field equations that describe a plane wave propagating parallel
to the surface. Without any restriction in general we assume the z-direction to be the
direction of propagation of the electromagnetic wave. According to (3.84) a transverse
magnetic wave can be derived from a Hertz form that has a z-component only. Therefore
we make the ansatz

M,(x)=1,,(x) dz (6.1)

—ezi

for the Hertz form in either half-spaces i = 1,2. We are only considering a wave
propagating in positive z-direction and can therefore describe the z-dependence of the
Hertz vector by a factor ™. This assumption corresponds with an electromagnetic
field generated from a source at z = —oo. Thereby we obtain the following ansatz for
the z-component of the Hertz vector for both half-spaces 1 and 2:

nu(x’z) nezm(x)e_yzdz' (6-2)

The propagation coefficient in the z-direction must be equal in either regions 1 and
2, since only in this way the solution in both half-spaces can be matched along the
boundary at x = 0. From (3.40) and (6.2) we obtain the Helmholtz equation for the
z-component of the Hertz vector for both half-spaces 1 and 2:

az i 82H821
ax;z P azz - ytz)iﬂezi =0. (6'3)

In this equation yo; and y,, are the complex propagation coefficients of the plane wave
in medium 1 and 2, respectively. According to (3.42) and (3.49) we obtain

}’m ~w? Hi€j . (6.4)

The sign of the y,; is determined by (3.50). We now solve (6.3) for either half-spaces 1
and 2. Afterwards we match these partial solutions along the boundary surface x = 0.
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Inserting (6.2) into (6.3) yields

2

d He i
_dx_l'o +(y* - ¥5:)0,0 =0. (6.5)

Introducing the propagation coefficient in the x-direction x; defined by

Xi=vei-v (6.6)
we obtain
dI ..
Sy, =0, (67)

The solution of this equation is given by
g =A;e¥* +B,e™0%, (6.8)

where A; and B, are complex amplitudes not yet determined. The sign of ; is deter-
mined via the condition

R{x} > 0. (6.9)

The solutions exponentially decaying for |x| — oo are given by

Ll-ul = Al exP(XI" = }’z) ’ {610&)
I,,, = B exp(—x2% - y2) . (6.10b)

With (3.85) and (3.86) we obtain the following relations for the field intensities E and
H in both subspaces:

aznu.

e 1. 6.11
=t 9x0z (6:d1s)
B, =0, (6.11b)

11,
E,= “#ax;z ’ (6.11c)
H,;=0, (6.11d)
oIl .
Hy, =-j wef—;;" ' (6.11¢)

H,=0. (6.11f)
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Inserting (6.10a) and (6.10b), we obtain the field quantities

E. =-xiyA exp(ix - yz), (6.12a)
E, =-xiA exp(ax - y2), (6.12b)
H, = -jwei A exp(1ux - y2), (6.12¢)
E,, = XayByexp(—x2x - y2) (6.12d)
E,, = —13B,exp(-x2x - y2). (6.12¢)
H,, = jwe; 2B, exp(-jax - y2) (6.12f)

in both subspaces. Due to the continuity of the tangential components of the electric
field intensity at the boundary surface,

(6.13)

we obtain
XiA = B, (6.14)

In the same way from the continuity of the tangential components of the magnetic
field intensities at the boundary surface,

H, ; (6.15)

x=0

x=0 " Ey?.
we obtain
axid, = -ex28,. (6.16)

From (6.4), (6.6), (6.14), and (6.16) we obtain the equation for the propagation coeffi-
cient y of the wave propagating along the boundary surface:

2 2
1- :’ &
y2 =yl —lubr (6.17)
1-1g &
Yor H2

From y and from (6.6), we also may determine the transverse propagation coefficients
y1 and yz. In the important special case, where both half-spaces exhibit the same
permeability, (6.17) reduces to

2 2
2_ _YoYoz

= , for py = pa. (6.18)
Yo+ Yoz

Y
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Before discussing the solution we will make further simplifying assumptions. We
consider the case where half-space 1 is filled by a nonmagnetic conductor and half-
space 2 is free-space. For this case we obtain

We| K0y, Wi =Ho, €=€0, MH2=Ho. (6.19)

In half-space 1 we can neglect we] compared with ¢, and with

‘ 1
j == —(1+4] 6.20
Vi 1+ (6.20)
we obtain
Yor = \/j@hoor = \/2wpeor(1+]). (6.21)

For the free-space region 2 we obtain
: . L@
Yoz =jw\/Hofo =jPo=j—, (6.22)
0

where By is the phase coefficient of the free-space and ¢ is the propagation velocity
of the plane electromagnetic wave in free-space. Inserting (6.21) and (6.22) into (6.18)
yields

y=ifo—. (6.23)
Under the assumption wey < 0y, we obtain the following approximation
8 weg .
= - = . 24
y=a+jp ﬁu(zal +)) (6.24)

The transverse propagation coefficient in the quasi-conductor x; can be computed from
(6.6). Due to wep < 07 we can neglect y* compared with y3, in (6.6) and with 2 = 2,

we obtain from (6.21)
X1 =V3wuo(1+j). (6.25)

To compute the transverse propagation coefficient in the free-space, y, we eliminate
from (6.4), (6.14), and (6.16) the ¢; as well as the B, and A, and obtain

}’2
X2=-y 3. (6.26)
Yo

After inserting (6.21), (6.22), and (6.26) we obtain

X2 = Boy /%‘f(l—j)- (6.27)
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The field is decaying with increasing distance from the boundary surface in the free-
space as well as in the conductor. Inside the conductor the field decays with

1
di =i .28
= R (6.28)

by a factor 1/e. This effect is called the skin effect, and d, is called the skin penetration
depth. Within the chosen approximation we obtain from (6.25) and (6.28)

dy = \ / 2 i (6.29)
WHoOy

Also in the free-space the field intensity decays with increasing distance from the
boundary surface. Within the transverse extending height hg, given by

g s (6.30)

R{xz}

the field intensity decays by a factor 1/e. From (6.27) and (6.30) we obtain within our

approximation
1 2
By, (6.31)
Bo weg

In Figure 6.2 the frequency dependence of the skin penetration depth do and the
transverse extending height hy are shown for copper and wet soil. For the frequency
dependence of the skin penetration depth in copper, we obtain

B 66 mm

do = b
Vf/Hz

We now compute the field intensities E and H by inserting (6.24), (6.25), and (6.27)
into (6.12a) to (6.12f). Furthermore we use (6.15) and express the complex amplitudes
A, and B, by the complex magnetic field amplitude H , at x = 0,z = 0, given by

for copper . (6.32)

_I-_I},o=ﬂﬂ(x=0,z=0)=ﬂy2(x=0,z=0). (6.33)
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(a) (b)
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Figure 6.2: (a) Skin depth do, and (b) transverse characteristic height hq depending on frequency f for
copper (o = 5.8-107Sm™") and wet soil (o = 1073sm™, e = 10).

We obtain
Z}
E.=-—"Hy, exp(x1x — yz), (6.34a)
Zro
E, = ZpHexp(pix - yz) (6.34b)
H, =H,exp(xx-yz), (6.34¢)
E,, = ZpoH o exp(~x2x - y2) » (6.34d)
E,;=ZpH exp(-x2X - yz), (6.34e)
H,, = H exp(—x2x - y2). (6.34f)

Within our approximation, we; << i, the wave impedance Z; of the quasi-conductor

is given by
w ; w 24
Zn=\ [ o 1+) =\ [T exp(jim). (639)

The wave impedance of the free-space, Zo, is given by

Tis s L, (6.36)
€

Figure 6.3 shows the time dependence of the electric field intensity at the boundary in
the free-space as well as in the conductor. The longitudinal component E, of the electric
field intensity is continuous at the boundary plane, whereas the normal component of
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Figure 6.3: Time dependence of electric field intensity in the quasi-conductor and in free-space.

the electric field E , is discontinuous. Usually the magnitude of the wave impedance Zp,
of the quasi-conductor is by order of magnitudes smaller than the wave impedance Zr,
of free-space. From (6.34a), (6.34b), (6.34d) and (6.34e) it follows that the magnitude
|E,,| of the transverse component of the electric field in free-space is considerably
larger than the magnitude |E,,| of the longitudinal component, whereas in the quasi-
conductor the magnitude of the transverse component of the electric field [E | is by
orders of magnitude smaller than the magnitude |E,, | of the longitudinal component of
the electric field. Furthermore longitudinal and transverse components of the electric
fields are - neither in free-space nor in the quasi-conductor - in phase with transverse
component of the electric field. In free-space the transverse component of the electric
field is delayed by 45° with respect to the longitudinal component, whereas in the
quasi-conductor the transverse component advances the longitudinal component of
the electric field by 45°. In the vector picture the tip of the arrow of the electric field
vector moves on an elliptic trace.

We now consider the surfaces of constant phase and constant amplitude of the
surface wave. From (6.24) and (6.25), we obtain

2
exp(y1x — yz) = exp | \/3wpoo1X - 2, exp|j | V3iwpoo1x - 2z)]. (6.37)
201¢q Co

The first exponential term at the right side of (6.37) gives the space dependence of the
amplitude, whereas the second exponential term describes the space dependence of
the phase. From (6.24) and (6.26) we obtain for region 2

w weg WwEep . W Weg
exp(-x2x — yz) = exp [—C—U, / %00 (x + 4 /rmz)]exp[ = (‘ /z—alx - z)] ‘
(6
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—— Constant Phase
---- Constant Amplitude

My

Figure 6.4: Planes of constant amplitude and constant phase.

We obtain the areas of constant amplitude in both regions by setting the first exponential
factor on the right side of (6.37) or (6.38), respectively, constant. We obtain the surfaces
of constant phase by setting the second exponential factor constant in either equation.
The surfaces of constant amplitude as well as constant phase are all planes parallel to the
y-axis. Figure 6.4 depicts the planes of constant amplitude and constant phase for either
half-space. The planes of constant amplitude enclose angles ¥} and W4, respectively,
with the plane x = 0. The planes of constant phase enclose the angels ¥ and ¥ with
the plane x = 0. From (6.37) and (6.38) by setting constant either constant exponential
terms we obtain

3 2€pw
tan WA = % (“’—"’“) . (6.39%) PP =y /JL, (6.39b)
0 1

tan WA = | [ =2, (6.40a) D (6.40b)
209 weg

For soil with ¢; = 10~2 S/m we obtain at a frequency f = 1MHz the angles ¥ =
3% \P{’ = 87°, \I’l“" 1% ‘Yl‘“ = 6°, where the superscript prime denotes the arc minute. In
the case of a good conductor with g; > we, the planes of constant phase in free-space
are nearly perpendicular to the boundary surface, whereas the planes of constant phase
in the conductor are nearly parallel to the boundary plane. The planes of constant
amplitude are nearly parallel to the boundary plane in either subspaces.

The electric field lines are depicted in Figure 6.5. In metallic conductors the depth
of penetration is very small. The transverse extending height exceeds the dimensions
of circuit elements or systems considerably and may be considered to be infinite. In
free-space the electromagnetic field distribution is not considerably influenced by a
finite conductivity of the conductors. Therefore in the electromagnetic modeling of
transmission-lines and distributed circuits in a first step, for the computation of the
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Plane of constant phase
e ;
Plane of constant amplitude

= Plane of constant amplitude
Plane of constant phase

Figure 6.5: Electric field lines of the surface wave.

electromagnetic field in the free-space and dielectric regions, the metallic surface may
be considered to be perfectly conducting. In a further step of the analysis the power
losses may be computed from the surface current distribution and the finite surface
conductivity due to the skin effect. The surface current distribution for the power loss
computation is directly obtained from the tangential magnetic field distribution at the
metallic surfaces.

The behavior of electromagnetic surface waves also is important for the understand-
ing of wave propagation phenomena along the Earth’s surface. The surface wave may
be considerably attenuated by losses in the Earth’s surface. In this case the transverse
extending height cannot be neglected. Surface waves can only be used up to the medium
frequency ranges for radio transmission. Below about 10 m wavelength the surface
wave will be attenuated within a short distance. In the short-wave range long-distance
propagation is achieved by making use of the ionospheric reflection of the wave radi-
ated into space, whereas in the wavelength region down from meter-wave range only
line-of-sight propagation is possible.

6.2 SURFACE CURRENTS

We now consider the case of metallic conductors in which o exceeds we’ by orders of
magnitude. In this case the electric field in free-space is nearly normal to the conductor
surface, whereas the electric field in the conductor is nearly parallel to the conductor
surface. Using (6.24), (6.25), (6.29), and (6.34b) we obtain the longitudinal component
of the electric field in the conductor,

Ezl(x, z, f) =R {Ezl(x’ z) ejwf}

(6.41)
= |ZF1ﬂyo| exp (—ﬂz + din)cos(wr +¢o - Pz + E‘o.) ;
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@ ,
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Figure 6.6: Skin effect: (a) The x-dependence of E;(x, 0, 0) for ¢ = wt + ¢, and (b) current distribution
in the conductor.

where ¢, is the phase of Zg H . The x dependence of E;, is shown in Figure 6.6(a).
Since the field as well as the current penetrates into the metal only to a depth of the
order dy we can describe the current by a surface current. From (6.34a), (6.34b) and
(6.34c), we obtain

E=ZpnHy, exp(x1x — yz) (? dx + dz) , (6.42a)
Fo
H=H,exp(xx-yz)dy. (6.42b)

Corresponding to (2.61) we obtain for the conductor region x > 0 the relation between
the current density J and the electric field intensity £,

_j_ = O'l * Q . (6‘43)

Inserting (6.42a) into (6.43), considering |Zr| < Zfo and integrating J over x over
the interval (—o0, 0), we obtain the surface current density form

aZr

0
Zuwn)= [ TCavn) = =R A,

=H,

x=0

(6.44)

x=0

At the surface the magnetic field only exhibits a tangential component. Therefore we
have set ﬁ|x= o = He L: . Since in a metallic conductor |Zg,| < Zpy is fulfilled we may
neglect inside the conguctor the electric field component normal to its surface and
obtain from (6.42a) the approximation

E=xE =ZnHy,exp(xx-yz)dz. (6.45)
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Figure 6.7: Orientation of H, J4, E: (a) Wave propagation in z-direction, and (b) arbitrary orientation.

Figure 6.6(b) shows the current distribution under the surface of the metal. Using the
twist operator (2.155) we can express the relation between the tangential electric and
magnetic fields (6.42b), (6.45) on the conductor surface by

ét e ZF] J—ﬂ ﬂ‘ ]
H,=-Z5 L E,. (6.46)

The magnitude of the surface current density is equal to the magnitude of the tangen-
tial magnetic field at the surface. The surface current field is orthogonal to the tangential
magnetic field at the surface. As we can see from Figure 6.7, the surface normal vector
n, the magnetic field H, and the surface current density J4 form a positive-oriented
orthogonal trihedron.

We now consider the relation between the surface current density and the electric
field in the conductor. The vectors n, H, and E form the positive-oriented orthogonal
trihedron depicted in Figure 6.7. Equation (6.46) gives the so-called practical boundary
condition. We can apply this practical boundary condition also to curved surfaces, if
the radius of curvature is large compared to the skin depth. In this case we assume the
surface to be replaced in every point by its tangential plane. From (6.44) and (6.46) we
obtain

Qt = ZF'. J-I'i i;’. ]
T =25 ks & (6.47)

The relation between the surface current density J4 and the tangential electric field E; on
the surface is given by the wave impedance Zp of the conductor. On a conductor surface
the tangential magnetic field and the surface current density have equal amplitude and
are mutually orthogonal, The surface current field lines are obtained by rotating the
magnetic field lines counterclockwise by 90°.

Consider the rectangular surface element shown in Figure 6.8. Let the longer side !
of this rectangular surface element be parallel to the direction of the surface current
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Figure 6.8: Conductor surface element: (a) electric field, (b) magnetic field, and (c) Poynting field.

and assume a surface current flowing in z-direction. The surface current form J , and
the tangential electric and magnetic field forms £, and , are given by

Ty=1,,4dy, &, =E,dz, H,=H,dy. (6.48)
With (6.46) and (6.47) we obtain
&= ZFliAz dz, H,= /7 dy. (6.49)

The surface current flowing through this area element in the z-direction is given by

1= [P g,=b1,,. (6:50)

n

The voltage across the longer side of the area element is

Z
V= [ g=1E,=1Zn],,. (6.51)

Z

From this we obtain the impedance Z of the rectangular area element of length / and
width b. The impedance of the rectangular area element oriented in parallel to the
surface currents only depends on the ratio side lengths I and b and the wave impedance
Zr of the material,

U
Z=%=7Zn. (6.52)
A square area element exhibits an area impedance equal to the wave impedance Zp,

independently from its size. At low frequencies we may define for any thin conducting
layer with a thickness d a surface impedance Z, = 1/od. If the skin effect occurs, also
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for thick conductive layers the current is only flowing within a thin layer under the
surface of the conductor. Due to (6.35) the skin effect surface impedance Z 4 is given by

w "
z,l:zﬂ=‘/2—‘:’(1+,). (6.53)
1

The real part of the surface impedance is the surface resistance R 4 given by

w 1
Rﬁ:m{zﬁ}=‘lrf::’=m. (6.54)

The surface resistance 0—1;— is equal to the surface resistance of a conducting layer with
thickness dy and the conductmty 01. The imaginary part of the surface X4 of the
surface impedance is equal to its real part. The imaginary part of the surface impedance
corresponds to a surface inductance originating from the penetration of the magnetic
field into the metal,

Xa=Ry4. (6.55)

If we are only interested in the electromagnetic field in the free-space or in the dielectric
material, but not in the field distribution inside the conductor, the practical boundary
condition (6.46) allows us to simplify the field computation considerably. We solve the
field equations in free-space or in the dielectric material, respectively, and match the
electric and magnetic field intensities together at the surface of the conductor using
the practical boundary conditions. Let us consider for example the surface wave along
a plane. From (6.12d) to (6.12f) we obtain

Za_ Y (6.56)
H, jwe
Esr_ (6.56b)
H, jue

From the practical boundary conditions (6.46) we obtain

Es _ 7. (657)

‘[_.I_yﬁ

From (6.4), (6.6), and (6.56a) to (6.57) we obtain y and 2, which coincide with the val-
ues obtained from (6.24) and (6.27). Thereby we have determined the electromagnetic
field in region 2 completely without computing the field in region 1.

The results of this section may also be applied to a wire with a circular cross-section,
if the cross-sectional radius is considerably larger than dy. In this case small surface
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Figure 6.9: Current distribution in conductor with circular cross-section.

elements of the wire can be approximated by their tangential plane and the practical
boundary conditions may be applied. Due to the symmetry of a conductor with circular
cross-section, the current distribution over the circumference of the conductor is
uniform. In Figure 6.9 the current distribution of the current in the circular conductor
for dy < a is shown [6]. With the surface impedance Z, according to (6.53), we obtain
the impedance of a conductor of length /,

I
P N3 = ——— () 6.5
+)X 2naldoa(1+” (6.58)

The impedance Z exhibits an inductive imaginary part X, which is due to the penetra-
tion of the magnetic field under the conductor surface. This inductive part, however,
in general can be neglected in comparison with the inductance due to the magnetic
field outside the conductor. At high frequencies due to the small penetration depths,
the real part of the impedance Z may be much larger than the DC resistance

I 1
Ro = - —. (6.59)
ain o

Figure 6.10 shows the results of an exact computation of R and X for the conductor
with a circular cross-section.

6.3 SURFACE CURRENT LOSSES

Surface currents in a conductor yield power loss by conversion of electromagnetic
energy into thermal energy. This power loss is the reason for the attenuation of the
electromagnetic surface wave. Let us now compute the surface current losses per unit of
area. Since the electromagnetic field under the conductor surface decays exponentially
with a very small penetration depth do, we can assume that the electromagnetic energy
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R/Ry/
X/R,

Figure 6.10: Exact values of R and X for a conductor with a circular cross-section.

flowing through the surface into the conductor is converted there directly into heat.
The power loss Py, in the conductor consequently is equal to the active power flowing
into the conductor through the surface. From (4.37) we obtain

P =-R { L T} . (6.60)

The negative sign in (6.60) occurs since the area normal vector n is directed towards the
conductor outside, whereas we are computing the power flowing into the conductor.
From (4.19) and (6.46) we obtain

=i [ e nmi}-im{ [ Hin@nn B} 66
Introducing the surface impedance operator
Zpi=Zp Lp . (6.62)
with (C.172) we can express (6.61) as
P =3R{(H,|ZnH,),} - (6.63)
In an orthogonal coordinate system (u, v, n) with the coordinates u and v tangential to
the surface and n normal to the surface and the corresponding basis forms sj, s, and

n, the magnetic field form is
H=H,s +H,s,, (6.64)

and we obtain

HiA(LnHy) = ( |ﬂu|2 + |ﬂv|2) S1AS = ]-H.t|151 A Sy (6.65)
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and from this .
Po= [ RalH,Psins:. (6.66)
2JA

Since the magnetic field due to (2.114c¢) is free of divergence and since the magnetic
field disappears inside the conductor, the magnetic field exhibits only a tangential
component at the conductor surface. We therefore may set H = H,. If the magnetic field
at the conductor surface is known, (6.63) and (6.66) respectively allow us to compute
the conductor losses. This allows a further simplification of the field computation,
which we will apply in the following as far as possible. The field distribution in the
free-space or in the quasi-dielectric, respectively, does not change considerably, if a
metallic conductor is replaced by an ideal conductor. Therefore we can proceed in the
field computation in two steps:

1. The field is computed for an ideal conductor (¢ = o).

2. From the tangential component of the magnetic field at the conductor surface,
the losses are computed using (6.66).

If we are using this method, we have to consider the following: If we let ¢ — oo,
this does not influence the normal components of the electric field and the tangential
component of the magnetic field considerably, whereas the tangential component of
the electric field at the conductor surface is going to zero. However, this does not cause
essential changes in the field distribution, since the tangential component of the electric
field in the case of metallic conductors is by orders of magnitude smaller than the
normal component.

Let us now consider as an example the power loss in the area element according to
Figure 6.8. Inserting (6.48) in (4.19), we obtain the complex Poynting’s form

T=-3E,Hy;dyndz. (6.67)
With (6.49) it follows that

Tx

=-1Z4]2 |dy A dz. (6.68)

x=0

The loss of power flowing into the conductor per unit of area is given by

m{'r,

o} =—3Ral,| (6.69)

With (6.60) the power loss flowing into the area element according to Figure 6.8 is
given by
P =1bIR4A|T: | (6.70)
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(b)

Figure 6.11: (a) Wire in distance a parallel to a conducting wall, and (b) mirror wire.

Similar to (6.52), the real part of the impedance of the area element is

!
R= ERA . {6.71)

With (6.50) we obtain from (6.70) the power loss
Py =iR|P| (6.72)

as the electromagnetic active power flowing into the surface element and being dis-
sipated there. This is exactly the power loss occurring in a resistor R, if a current I'is
impressed.

6.4 INDUCED SURFACE CURRENTS

A static magnetic field can penetrate a nonmagnetic conductor without any perturba-
tion. Contrary to this a high-frequency electromagnetic field induces surface currents
on the conductor, which shield the electromagnetic field from inside the conductor.
If the skin penetration depth d, is small in comparison with the linear dimensions
of the conductor, we can assume the electromagnetic field, to be completely shielded
from inside the conductor. If the alternating magnetic field is known at the conductor
surface, the surface current density may be computed from (6.46). However, we have
to consider that the induced surface currents contribute to the electromagnetic field too.

In the following example we consider a straight circular conductor in parallel to
a plane conducting surface, as depicted in Figure 6.11(a). We assume the circular
conductor as well as the conducting plane to have infinite extension. The distance
between the circular conductor and the conducting plane is a. The plane conducting
surface is positioned at y = 0. The circular conductor is oriented in parallel to the z-axis.
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(®)

Figure 6.12: (a) Magnetic field around a straight wire in free-space, and (b) introduction of a mirror
conductor.

We assume that the radius of the circular conductor may be neglected in comparison
to the distance a. We first compute the magnetic field generated by a current I flowing
through the conductor in the negative z-direction without assuming the presence of
the conducting plane. Due to the symmetry, the magnetic field lines in this case are
concentric circles with the circular conductor in the center.

We compute the magnetic field due to the current i flowing through a straight wire
in free-space. From Ampére’s law we obtain the magnitude of the magnetic field H,, at
a distance r from the axis of the wire given by

Hy=—. (6.73)

At the plane y = 0 the tangential component of the magnetic field, H,, is given by

a

i
H.. = —
=0t 21 a? +x2°

H, (6.74)

= | &

as can be concluded directly from the similarity of the two triangles {r,a,x} and
{H,H;, H,} in Figure 6.12(a). If we now insert the conducting plane at y = 0, the
magnetic field Hy induces a current in the conducting wall, shielding the magnetic
field from inside the conductor. For symmetry reasons all the induced wall current
flows parallel to the z-axis. The magnetic field H; generated by the induced wall current
exhibits tangential components that are antisymmetric with respect to the plane y = 0.
Since the magnetic field Hj, which is generated by the wall currents, is compensating
the primary field Hy inside the conductor, it follows that outside the conductor the
tangential components of H; and H, exhibit equal magnitude and equal sign. From
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Figure 6.13: (a) Wire normal to a conducting plane, and (b) mirror wire.

this we obtain the surface current density

i a
iﬁzzﬂtZZﬂm:;m. (675}
In Figure 6.12(b) a mirror conductor is introduced. The wall at y = 0 is removed and
an image conductor at y = a is inserted. In the image conductor a current —i with
the same magnitude and opposite direction is flowing. In the half-space y < 0 this
image conductor produces the same magnetic field as the shielding currents in y = 0.
Figure 6.11 illustrates the mirror principle.

We obtain the total current induced in the wall, i;,4 by integrating the area current
density induced in the wall over x:

ina= [ L dx=i. (6.76)
The total current induced in the wall has the same magnitude as the current flowing
in the wire and exhibits opposite direction. We also can use the mirror principle to
compute the total magnetic field due to the current in the wire and the current in
the wall. If we remove again the wall in the plane y = 0 and arrange a mirror wire at
y = a with a current —i impressed, the total magnetic field can be computed as the
superposition of the field contributions from both wires.

Figure 6.13 illustrates the application of the mirror principle to a wire normal to a
conducting plane. In the arrangement of a conducting plane and a straight wire shown
in Figure 6.13(a), positioned normal to the conducting plane according to Figure 6.13(b),
the conducting plane is replaced by the mirror image of the line in the region x < 0. In
the case of the wire normal to the plane, the direction of the current in the mirror wire
is the same as in the original wire.
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We may further generalize the mirror principle to wires of arbitrary shape. We can
replace any arrangement of conductors and an infinitely extended wall by the original
arrangement of conductors plus the mirror image of this arrangement. The mirror
plane is the plane of symmetry. The currents in the mirror conductor arrangement
have opposite components in parallel to the symmetry plane and identical components
normal to the symmetry plane. If charges are mirrored at a conducting wall the mirror
charges have the opposite sign. The mirror currents and the mirror charges are the
sources of mirror electromagnetic fields. With respect to the plane of symmetry the
tangential components of the magnetic field and the normal component of the electric
field are keeping their sign, whereas the tangential components of the electric field and
the normal component of the magnetic field are changing their sign.

If we use a perfectly magnetic conducting wall as the mirror, the mirror currents
have the same tangential components and opposite normal components, and the
mirror charges have the same sign as the original charges. Furthermore the tangential
components of the electric field and the normal component of the magnetic field are
keeping their sign, whereas the tangential components of the magnetic field and the
normal component of the electric field are changing their sign.

6.5 PROBLEMS

1. A linearly polarized time-harmonic plane electromagnetic wave with electric
field amplitude E? is normally incident from free-space on a plane copper surface
(0=5.8-10Sm™).

a) Compute the electric and magnetic field components of the incident and
reflected waves in free-space and the electric and magnetic fields in the
metal.

b) Compute the complex Poynting vector in the metal and give an interpreta-
tion of the meaning of its real and imaginary parts.

¢) Compute the reflection coefficient for the frequencies 1 GHz, 100 GHz and
10 THz.

2. At2.5GHz the biological tissue has the following material properties: Fat: ¢, = 13,
o = 0.4 S/m, cartilage ¢, = 21, ¢ = 0.13 $/m; muscle: ¢, = 50, 0 = 2.2 S/m.
Compute for these three cases for an incident power density of 1 mW/ cm? the
specific absorption rate in watts/kg as a function of depth. The specific absorption
rate is the absorbed power per unit of mass of the medium. For this calculation
we assume that the media exhibit the same mass density as water.

3. The y-z-plane is the boundary surface between the two half-spaces 1 and 2. Half-
space 1, x < 0 is filled with a homogeneous isotropic material, and half-space
2, x > 0 is free-space. A transverse magnetic surface wave propagates along the
boundary surface in positive z-direction.
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a) Half-space 11is filled with iron (g, = 300, ¢ = 8.0 - 10° Sm™). Compute
the longitudinal propagation coefficient y, and the transversal propagation
coefficient x; and «;, the penetration depth dy, the height hg, and the
surface impedance of the iron surface Z, for the frequencies 50 Hz, 1 kHz,
and 1 MHz.

b) Half-spacelis filled with dry earth (€, = 5, 4, = 1,6 =107° Sm™). Compute
the longitudinal propagation coefficient y and the transversal propagation
coefficient x; and «; for the frequency 10 MHz.
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Chapter 7

Transmission-Lines and Waveguides

7.1 INTRODUCTION

A transmission-line or waveguide allows the guidance of electromagnetic energy along
a certain path. Usually the radiation of energy from the line into the environment and
also the excitation of waves on the line by environmental fields should be avoided. The
transmission-line concept is based on the description of the guided wave by voltages
and currents, whereas the term waveguide is related to the field description of the
guided wave. In its narrower sense the term transmission-line applies to structures
of two or more unconnected conductors between which voltages can be applied. The
introduction of generalized voltages and currents, however, allows the application of
the transmission-line concept to other types of waveguides. Particularly with regard
to the generality of the field concept, transmission-lines may also be considered as
waveguides. Therefore the decision whether the term transmission-line or waveguide
is more appropriate is also related to the methodology we apply for the investigation
of the respective structure. Waveguides and transmission-lines are treated in detail
in [1-5].

We use the expression waveguide to denote various structures that have the purpose
to guide electromagnetic energy. We therefore introduce the following definition: A
waveguide is a structure consisting of various materials that can guide electromagnetic
waves along a given curve in space. A homogeneous cylindrical waveguide has the
shape of a generalized homogeneous cylinder. A generalized cylinder is a surface that
is generated by moving a closed curve in parallel to a line. A homogeneous cylinder is
invariant with respect to translations in the direction of the generating line.

Figure 7.1 shows examples of various types of homogeneous cylindric waveguides.
The parallel wire line, Figure 7.1(a), and the coaxial line, Figure 7.1(b), exhibit a two-fold
connected cross-section. These lines have no cutoff frequency and can be used for all
frequencies from DC upwards. The cutoff frequency of a certain type of a guided wave

229
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Figure 7.1: (a) Parallel wire line, (b) coaxial line, (c) rectangular waveguide, (d) circular waveguide,
(e) microstrip line, (f) circular dielectric waveguide, (g) image line, and (h) optical fiber.

(a)

is the frequency below which this type of wave cannot propagate. In the coaxial line the
electromagnetic field is confined within the region between the inner conductor and the
outer conductor. Therefore the coaxial line is completely shielded. In the parallel wire
line the electromagnetic field is not confined within a transverse cross-section of finite
extension. Therefore from the parallel wire line and other open waveguide structures,
radiation may occur as a leakage effect yielding radiation loss and electromagnetic
interference. At higher frequencies therefore the coaxial line is preferred compared to
the parallel wire line, since the coaxial line exhibits no radiation losses. Hollow-pipe
waveguides simply are called hollow waveguides as the rectangular waveguide shown
in Figure 7.1(c) and the circular waveguide shown in Figure 7.1(d) exhibit only a single
connected metallic boundary. The region inside the waveguide is either empty or filled
with dielectric material. Hollow-pipe waveguides exhibit a lower cutoff frequency, since
there is no electrostatic field solution for the region inside the hollow waveguide. In a
hollow waveguide waves can only propagate if half the wavelength of a plane wave is
smaller than the largest cross-sectional dimension of the hollow waveguide. By filling
the hollow waveguide with the dielectric material, the lower cutoff frequency can be
moved to lower values. This, however, will increase the waveguide losses. In comparison
with coaxial lines, hollow waveguides exhibit lower conductive losses and are preferred
at frequencies above 10 GHz compared with coaxial lines. In order to transmit high
power, hollow waveguides are also used at lower frequencies below 1 GHz. At millimeter-
wave frequencies and higher frequencies, hollow waveguides also exhibit considerable
conductor losses. Therefore, for submillimeter waves, infrared waves and in the optical
wavelength region, dielectric waveguides are preferred. Figure 71(e) shows a microstrip
line, consisting of a metallic strip on an insulating substrate with metallic ground plane.
The microstrip line is a planar structure and can be fabricated using printed-circuit
techniques. Figure 71(f) shows a circular dielectric waveguide. The dielectric waveguide
exhibits a higher permittivity than the surrounding dielectric material or free-space,
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Table 7.1: Classification of Waveguide Modes

Mode Type Longitudinal Longitudinal
Electric Field ~ Magnetic Field

TEM or L modes E =0 H. =0

(Lecher modes, transverse electromagnetic modes)

TE or H modes E,=0 H,#0

(transverse electric modes)

TM or E modes E #0 H,=0

(transverse magnetic modes)

Hybrid modes E #0 H, +0

respectively. The electromagnetic field is not strictly confined within the dielectric
waveguide, but decays exponentially in a transverse direction outside the core region
of the dielectric waveguide. The image line depicted in Figure 7.1(g) is a dielectric
waveguide mounted on conducting substrate. The electromagnetic field is mirrored
on the substrate. Compared with the dielectric waveguide in Figure 71(f), the image
line provides a mounting of the waveguide without perturbing the electromagnetic
field. For very short wavelengths, especially in the optical region, a dielectric waveguide
as depicted in Figure 7.1(h) is advantageous. The core of this waveguide with higher
permittivity is embedded in a dielectric material with lower permittivity. In the outer
region of the waveguide, the electromagnetic field is rapidly decaying, and at the
boundary of the outer region the electromagnetic field has decayed sufficiently so that
the field is not perturbed by the mounting of the waveguide. Also a cladding deposited
onto the outer region will not increase the attenuation of the electromagnetic wave.
Circular dielectric waveguides with core and cladding are realized as optical fibers.

We now consider a homogeneous cylindric waveguide. We assume that the wave-
guide is oriented along the z-axis of our cylindric coordinate system. We seek a solution
of Maxwell’s equations exhibiting the form

E(x) = Ey(x,y) e, (71a)
H(x) = Ho(x, y) e*?. (7.1b)

Due to the translational invariance of the waveguide geometry in the z-direction, we
can decompose the expressions for the field intensities into the exponential factor e*”*
and the forms depending only on the transverse coordinates, £,(x, y) and H,(x, y),
respectively. We will see that there is an infinite number of solutions existing with
distinct transverse field structures £,(x, y) and H,(x, y), respectively. Each of these
solutions is called mode. We can subdivide the modes into propagating modes and
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evanescent modes. In the case of a lossless waveguide, the propagating mode exhibits an
imaginary propagation coefficient y = j 8, whereas the evanescent mode exhibits a real
propagation coefficient y = a. If a mode exhibits a cutoff frequency, below this cutoff fre-
quency the mode will be an evanescent mode, and above the cutoff frequency the mode
will be a propagating mode. The number of existing propagating modes increases with
increasing frequency. If below some cutoff frequency there exists only one propagating
mode, this propagating mode is called the fundamental mode of the waveguide. We
also may classify the modes with respect to the occurring field components. Table 7.1
summarizes the classification scheme of waveguides. The transverse electromagnetic
modes or Lecher modes exhibit only transverse field components. The transverse electric
modes (TE modes) exhibit no electric field components in the longitudinal direction,
whereas the transverse magnetic mode (TM modes) exhibit no magnetic field compo-
nents in the longitudinal direction. The hybrid modes have electric longitudinal field
components as well as magnetic longitudinal field components.

7.2 PHASE AND GROUP VELOCITY

For a propagating mode we obtain from (7.1a) for a wave propagating in the positive
z-direction the electric field intensity

E(x,1) = R{Ey(x, y) &) P9} (72)

The velocity by which a plane of constant phase is propagating is called the phase
velocity. We obtain the phase velocity by setting the exponential term in (7.2) constant

c=—. (7.3)

A harmonic electromagnetic wave exhibits a phase velocity, which in general depends
on frequency. The frequency dependence of the phase velocity may be caused by the
geometric properties of the waveguides as well as by the frequency dependence of
the permittivity and permeability of the material filling the waveguide. A wave packet
as depicted in Figure 7.2 may be considered a superposition of harmonic waves. The
electric field of such a wave packet may be described by

wo+Aw .,
E(x,t) :m{f gﬂ(x’y’w)el(whﬁ(m}z)dw} . (7.4)
wo—Aw

We assume the phase coefficient (w) to be frequency-dependent. Considering a narrow-
band wave packet, the phase term wt — f(w)z may be expanded in a certain frequency



Transmission-Lines and Waveguides 233

Figure 7.2: A periodic wave train.

interval around the center frequency wy into a Taylor series,

wt - B(w)z = wot — Bwo)z + (w - wo) (t— %’f—) " z) . (7.5)

After inserting (7.5) into (7.4), we obtain

E(x, t) = m{ ej{u'u!-ﬁ(wu)z) wo+hw Eo(x,y‘ w) ej(w—wg} (t_-:"%

o) dw} . (76)
wo—Aw
The exponential term describes a harmonic wave propagating in the z-direction withan
angular frequency wo. This harmonic wave propagates according to (7.3) with a phase
velocity c. The integral in (7.6) describes the envelope of the wave. Setting f - (dB/dw)z
constant we obtain the velocity v, of propagation of the envelope,

vg= (:—ﬁ)‘l : 77)

'This velocity v is called the group velocity. Energy and information propagate with the
group velocity. The phase velocity is only a virtual velocity of the phase planes and does
not determine the velocity of transmission of energy or information, respectively.

7.3 THE FIELD COMPONENTS
In this section we discuss the way to evaluate the electromagnetic field components

in linear waveguides. Without any restriction in general we assume the waveguides
to be oriented in the z-direction. Furthermore, we assume that the cross-section of
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the waveguide may be subdivided into subsections and that each of these subsections
is either empty or filled by conducting material or homogeneous isotropic lossless
dielectric material. One strategy to solve Maxwell’s equations for such structures is
to seek the partial solutions for every subsection and to match the solution along the
boundaries. If the metallic conductors are considered to be perfectly conducting, we
do not need to solve the field equation inside the metallic regions. By superposition
of partial solutions the boundary conditions may be fulfilled. The mathematical effort
may be reduced considerably, if we can choose a cylindric coordinate system in which
boundary surfaces of the waveguide may be defined by setting constant one coordinate.
In this case a single partial solution may already represent the field distribution of a
mode.

‘We may derive transverse magnetic modes from the electric Hertz form /1, and the
transverse electric modes from the magnetic Hertz form [7,,. We can choose an electric
Hertz form /1, or a magnetic Hertz form [7,,, which exhibits only a longitudinal field
component I1,, or I _, respectively. The electric and magnetic Hertz forms and the
scalar wave equation for the longitudinal components of the Hertz forms are given by

Transverse Magnetic Field Transverse Electric Field
H,=0 E,=0
n,(x)=1,,(x)dz, (7.8a) n,(x)=01,,(x)dz, (7.8b)
2 _ _ -
ALl - ¥, llez = 05 (7.9a) AlL,, - ¥y oz =05 (7.9b)
Yo =~ HE> (710)
E=-ddfl,=+dxd[l,, (7lla) H=-ddf, =+dxd,, (71b)
H=jwexd[l,, (7.12a) £= _jwﬁ* daf, . (712b)

The field components in Cartesian coordinates are

Transverse Magnetic Field Transverse Electric Field
H,=0 E,=0
o’ 1l
= ——£2 4 = ——E 13
E. oxoz G1%) 4, dxoz 1)
2 ’ll
E = o 1L, , (7.14a) H =—=, (7.14b)
21_[” dyodz az”H dyoz
o ez _ .2 - =mz _ .2
==yt L., (15) H ==ty . (1)
anez H aﬂ-mz
H =joe=5<, (7.16a) Eo=—jop=5r=, (716D
o, ) .
Hy=-jue=%t,  (07a) E,=jop =2, (17b)

H,=0, (7.18a) E =0, (7.18b)
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For hybrid modes, a linear combination of a longitudinal electric Hertz vector according
to (7.8a) and a magnetic Hertz vector according to (7.8b) may be chosen.

7.4 WAVEGUIDES FOR TRANSVERSE
ELECTROMAGNETIC WAVES

Transverse electromagnetic or TEM waves exhibit no field components in the direction
of propagation [2-5]. Choosing the z-direction as the direction of propagation, we
obtain E, = 0 and H, = 0. Therefore we can derive the transverse electromagnetic
wave from (7.8a) as well from (7.8b). We are choosing the formulation (7.8a). In this
case the Helmholtz equation (7.9a) is valid and the field components in the Cartesian
coordinate system are given by (7.13a)-(7.18a). With E, = 0 we obtain from (7.15a)

azﬂez 2
S5 lolles =0 )
This equation is satisfied by
IL,(x) = 0% (x, y) e L™ + I1E) (x, y) el (7.20)

For lossless lines we obtainy = jBmo. Due to (7.10) the phase velocity of the TEM
wave is equal to the phase velocity of the plane electromagnetic wave. In the following
we assume ideal conductors in lossless media. From (7.9a) and (7.19), we obtain

azﬂeﬂ + azﬂ-eﬂ
axz | oy

=0, (7.21)

which holds for Qg;) (x, y) as well as ﬂg) (x, y). This equation is the two-dimensional
Laplace equation known from electrostatics. Due to (7.13a), (7.14a), (716a), and (717a)
the two-dimensional Laplace equation must also be satisfied by the components E,,
E,, H,,and H . The transverse field distribution therefore corresponds to the field
dlstrlbunon of the static two-dimensional problem. Furthermore, from the validity of
the two-dimensional Laplace equation for the transverse field components it follows that
in a waveguide bounded by a connected conductor a transverse electromagnetic wave
cannot occur. Transverse electromagnetic waves only may occur if the waveguide cross-
section exhibits at least two unconnected conductors. Figure 7.3 shows schematically the
cross-sections of two transverse electromagnetic waveguides. Figure 7.3(a) generalizes
the parallel wire line according to Figure 7.1(a). The transverse electromagnetic field
is infinitely extended. In the waveguide cross-section depicted in Figure 7.3(b), the
outer conductor 1 completely surrounds the inner conductor 2. The electromagnetic
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Figure 7.3: Paths of integration C, and C; for (a) parallel wire line, and (b) shielded line.

field therefore is bounded to the region between the inner conductor and the outer
conductor and is shielded from the outside region by the outer conductor.

Using (2.63) we now compute the voltage between conductor 2 and conductor 1 in a
transverse plane (i.e., in a plane normal to the z-axis). The integration is performed
along a path of integration C,. We obtain

Vy(z) =- fc £ (722)

For any transverse plane (i.e., for a certain z), we obtain a voltage V,,(z), which is
independent from the choice of the path of integration. The independence from the
path of integration is due to the circumstance that in the transverse electromagnetic
mode, no longitudinal magnetic field occurs and any closed contour of integration
yields a zero contribution to the path integral (7.22). We therefore may define for a
certain transverse plane a voltage between the two conductors 2 and 1. The voltage
V,,(2), however, depends on the longitudinal coordinate z. Figure 7.4 shows the arrow
for the voltage V,,(z). In the following we shall use the simplified notation V(z)
instead of V,,(z). We now determine the current I, flowing through conductor 2. To
do this we insert (2.65c¢) into (2.57a) and integrate over the closed path C, surrounding
the conductor 2. Since the transverse electromagnetic mode exhibits no longitudinal
electric flux, the integral of the magnetic field over the closed path C; is equal to the
current flowing through the inner conductor in positive z-direction. We obtain

L(z) = ﬁ:, H. (723)

The arrow for the current I,(z) is shown in Figure 7.4. In the following we write
I(z) instead of I,(z). If the waveguide cross-section exhibits only two unconnected
conductors, the currents flowing into these conductors are of equal magnitude and
opposite direction. E, = 0 is only valid for ideal conductors with o = co. In the case of
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finite conductivity there also occurs a small z-component of the electric field. However,
in most cases we do not need to consider the finite conductivity ¢ of the metallic
surfaces for computing the electromagnetic field distribution of the modes. Electric
losses and conductor losses may be calculated on the base of field distributions of
lossless lines. Furthermore we restrict our considerations to electromagnetic waves
propagating in the positive z-direction. From (713a), (714a), (7.16a), and (717a) we
obtain for the transverse field components in the lossless medium

oIl oIl
E =-j —£z, H, =j —=£, 7.24
E, =-jBmo—3, H, =joe) (7.24a)
E iB ILL, H jw IlL. (7.24b)
= = ) = € . .
Ey=-1Pm—3, Hy =Tjwe—y
From (2.79) and (7.10) it follows that
E,=ZrH, E,=-ZH,. (7:25)
These equations may be generalized in differential form notation as follows
E=-Zpx(dzaH), (7.26a)
ﬂ:i*(dzng). (7.26b)
Zf

The electromagnetic field distribution is completely described by specifying I(z) and
V(). We can express the complex field intensities E(x) and H(x) as a product of the
complex scalar amplitudes V(z) and I(z) with normalized real field vectors e(x, y)
and h(x, y),
E(x)=V(z)e(x,y), (7.27a)
H(x) = I(2)h(x, ) - (727b)

We call e(x, y) the electric structure function and h(x, y) the magnetic structure function
of the TEM mode. The structure functions are given by

e(x,y) = [ex(x,y).ey(x,y)]T ; (7.28a)
h(x, y) = [Ae(x, y). hy(x. )] (728b)

where e, (x, y), ,(x, y), hx(x, y) and hy(x, y) are the components of the structure
functions. The corresponding differential forms are the electric structure form e(x, y)
and the magnetic structure form h(x, y), given by

e(x,y) = ex(x, y)dx +ey(x, y) dy, (7.29a)
h(x, y) = he(x,y) dx + hy(x,y) dy. (7.29b)
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I(2)

V51(2)

Figure 7.4: Arrows for V(z) and I(z) in the TEM line.

With this we can express the electric and magnetic field forms by

E(x)=V(z)e(x,y), (7.30a)
H(x) =1(z)h(x,y) . (7.30b)
From (7.22), (7.23), (7.30a), and (7.30b) we obtain
_j(':l e(x,y) =1, (7.31a)
jﬁc h(x,y) =1. (7.31b)

Due to the uniqueness of the solution of the two-dimensional Laplace equation (7.21)
the field vectors in distinct transverse planes only differ by a factor independent from x
and y. The structure forms e and h are independent from z. The lossless TEM waveguide
may be characterized by the capacitance per unit of length C' and inductance per unit of
length L'. Let us consider the charge per unit of length Q" on conductor 2. We determine
the charge Q' Az stored within a section of length Az by

Q'Az=¢ fA RE, (732)

The volume of integration V is the cylinder shown in Figure 7.5. The side surface of the
cylinder is generated by the curve C,. Due to the transverse character of the electric
field we only have to integrate over the side surface of the cylinder.

Inserting (7.26a) into (7.32) yields

Q'Az=—€Z; f dz A = eZs f H A dz, (733a)
e A Az

Q=eZi § H=cZl. (733b)
2
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Figure 7.5: Volume for integration to determine the charge.

Inserting (7.27a) into (7.32) we obtain

Q’Az=zef ve. (734)
A;
Inserting (7.29a) yields
Q'Az f exdyn dz+e,dza dx)
(7.35)
f exdy —e,dx )r\ dz .

The capacitance per unit of length, C’, is given by

Q'

Cl==
X

= § (exdy—ey dx) . (7.36)
Cy

If the electromagnetic wave is propagating only in the positive z-direction, the ratio of

voltage and current due to (7.33b) and (7.36) is given by

Zu K Q =ZF€

e (7.37)

Z, is the characteristic impedance of the transmission-line. The characteristic impedance
is the impedance of a line with infinite length. With (2.75) and (2.79) we obtain

1
Zy= ok (7.38)
The characteristic impedance depends on the phase velocity and on the capacity per
unit of length. The phase velocity ¢ of the transverse electromagnetic wave is equal to
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Figure 7.6: Area of integration to determine the magnetic flux ®'Az.

the phase velocity of the plane electromagnetic wave propagating in the same dielectric
medium that is filling the space between the conductors in the transverse electromag-
netic waveguide. The capacitance C’ per unit of length is identical with the electrostatic
capacitance per unit of length.

To determine the inductance per unit of length, we consider the line segment of
length Az. Between both conductors a magnetic flux per unit of length @’ is flowing.
From (2.130b) we obtain

D'Az=y L H. (7.39)
1

The integration is performed over the area A;, which is obtained by parallel translation
of the curve C, in z-direction by a distance Az (Figure 7.6). With (7.26b) we obtain

o'az=L dzA§=--"‘-f Endz. (7.40)
Zp J4A, FJA
This yields directly
o' =-L£ f £. 741
) Zr Jo & (7.41)
With (7.22) we obtain
o' =Ly. 7.42
&=z (7.42)
The inductance L' per unit of length is defined by
!
L= ;!}_ ; (7.43)

From (7.27b) and (7.39) we obtain

®'Az=1u [ (hxdyn dz+hydznA dx)
% (7.44)

=ipj;l(hxdy—hyd.x)ﬂdz.
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This yields directly

o =Iu fc (hedy - hydx) . (7.45)

With (7.43) we obtain
L’:;‘fc (hedy - hydx) . (7.46)

Using (7.37), (7.42), (7.43), (2.75), and (2.79) we can express the characteristic impedance
Z, of the transmission-line by the phase velocity c of the electromagnetic wave and the
inductance per unit of length L’,

Vv
Zozg—,L’:—L =cl’, (7.47)

Furthermore, we obtain from (2.75), (7.38) and (7.47)

L."

Z() = -6_" 3 (7483)
1
- e (7.48b)
vI'e e

We now consider wave propagation in positive z-direction and in negative z-direction
as well, and derive the transmission-line equations for V and I. To investigate the
variation of V(z) with z we evaluate the difference of the voltages V (z) and V(z + Az)
drawn in Figure 7.7(a). Since the tangential component of the electric field vanishes at
the conductor surface, the difference of the voltages V(z) and V(z + Az) is given by

%4 Az)-V(z) = = d€. 7.49
V(e+8)-Y(2)= § £= [ de (749)
Using Faraday’s law (2.123b), (7.39), and (7.43) we obtain
V(z+Az)-V(2)=-j w,uf *H=-jud Az =-jwL'IAz. (7.50)
Ay

After performing the transition Az — 0,

dv
5 ,};To — [V(z+Az)-V(2)], (7.51)

we obtain the differential equation for the variation of V(z),

& oL (752)
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(b)

Figure 7.7: (a) Application of Faraday’s law, and (b) application of Ampere’s law.

We can compute the difference of currents I(z + Az) and I(z) applying Ampére’s law
(2.57a), and integrating over the cut cylindric surface in Figure 7.7(b). The circulation
integral along dA; is composed of the circulation integrals in the transverse planes at
zand at z + Az. These circulation integrals yield the current contributions I(z) and
~I(z + Az). The contributions of the path integrals parallel to the z-axis from z to
z + Az compensate each other and therefore give no contribution to the circulation.
Therefore we obtain

_{(z+Az)—l(z)=-ﬁAﬂ=— | dH. (753)

In the area integral we can replace the cut surface A3 by the uncut surface A, according
to Figure 7.5. Since the area A, is not penetrated by a conduction current, Ampére’s
law (2.123a), together with (2.130a) and (7.32) yields

Iz + A2) - I(z) = j weL v E=-jwQ Az=-jwC' VAz.  (754)

With the transition Az — 0 we obtain

af o}
=4 = lim =[I(z+42) - 1(z)], (755)

and therewith it follows from (7.54) that

dI
< = JwC'V. (7.56)

Equations (7.52) and (7.56) are the first-order transmission-line equations. We can elimi-
nate V or I, respectively, and we obtain the second-order transmission-line equations,
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(a) (b) . y (c)

) —> L'\ LA LAz L'Az
PR o .

V() C'Az == C'Az == =—£CAZ 1lcoar o=

Figure 7.8: Equivalent circuits for a lossless TEM line of length Az: (a) elementary equivalent circuit,
(b) T-equivalent circuit, and (c) IT-equivalent circuit.

also called telegrapher’s equation

dl
d_;: +BI=0, (7.57a)
dl
_dz%ﬂgizzo, (7.57b)
with
B=Bmo=wVLC. (7.58)

The transmission-line equations for the lossless TEM line are (7.51), (7.56), (7.57a) and
(757b) and describe the z-dependence of V and I. The phase coefficient $ of the TEM
mode is identical with the phase coefficient B of the plane wave propagating in
the same dielectric material. For short line segments we can use equivalent circuits
with lumped elements. Figure 7.8 shows three of these equivalent circuits for lossless
TEM lines of length Az. The equivalent circuits provide a good approximation, if Az is
very small in comparison with the wavelength. Let us consider the equivalent circuit
according to Figure 7.8(a). As we can see easily, the relation of the four amplitudes and
both pairs of nodes of the equivalent circuit is given by

V(z+Az)=V(z)-jwLl'AzI(z), (7.59a)
I(z+Az) =1(z) -jw C'AzV(z). (7.59b)

Taking the limit Az — 0, we obtain (7.52) and (7.56). This means that we can approximate
aline segment with arbitrary accuracy, if we are choosing a sufficiently small Az. If we
have to model longer line segments by this equivalent circuit with high accuracy, we
can cascade several of these equivalent circuits. The T-equivalent circuit according to
Figure 7.8(b) and the IT-equivalent circuit in Figure 7.8(c) are obtained by connecting
two equivalent circuits according to Figure 7.8(a).

We can improve the equivalent circuit for the line segment by replacing (7.59a) and
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Figure 7.9: Equivalent circuit for a lossless TEM line of length Az.

(7.59b) by a more accurate integration scheme,

V(z + Az) =Z(z)—ij'Az% [I(z) + I(z+ Az)] , (7.60a)

I(z + Az) = I(z) —ij'Az-;: (V(z) + V(z+Az)] . (7.60b)

From these equations we obtain the admittance representation
I2) \_(L L) V(2
(-l(z % Az)) ) (L Y, ) \V(z + Az) (7.61)

Y, =ijwAzC +

with
Y,=ijwazC -

(7.62)

1
jwAzL!’ joAzL'’

The corresponding all-pass equivalent circuit is shown in Figure 7.9.

Up to now we have considered lossless TEM waveguides only. In the real waveguide,
however, losses occur due to the finite conductivity of the metallic conductors. Due
to the skin effect these losses are increasing with frequency. If the line is filled with a
dielectric, we also have to consider the dielectric losses. The skin effect losses as well as the
dielectric loss increase with increasing frequency. In the case of unshielded transmission-
lines at higher frequencies also radiation loss has to be considered. Radiation loss
occurs if the longitudinal homogeneity of the transmission-line is perturbed. Also
longitudinally homogeneous transmission-lines may radiate in the case of improper
excitation when the sum of the currents through the conductors does not vanish. In
that case the transmission-line is said to be excited in an antenna mode. If an antenna
mode is excited the radiation can be computed by the methods discussed in Chapter 13.

Let us first compute the losses in the dielectric material. If the dielectric material
has an ohmic conductivity o # 0, due to (2.61) a conduction current is flowing in the
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dielectric material. The conductive current I; Az flowing within the length interval Az
from conductor 2 to conductor 1 is given by

fLAz:aL * E. (7.63)
2

I} is the dielectric loss current per unit of length. The integration is performed over the
area A, in Figure 75. Inserting (7.32) and (7.36) we obtain the conductive loss current
I} per unit of length,

[=2Q'=2CY (764)
We define the conductance per unit of length G' as the ratio of the current flowing per

unit of length from conductor 2 to conductor 1 and the voltage between conductor 2
and conductor 1,

G'=2¢" = wC'tans, . (7.65)
€

If a loss current [} is flowing from conductor 2 to conductor 1 per unit of length, we
have to modify (7.56) as follows:

dI
d_; =-jwC'V-1I}. (7.66)
With (7.64) and (7.65) we obtain

=—(;wC'+G )V. (7.67)

Rl

The dielectric losses are considered by the loss conductance per unit of length G'.

To compute the skin effect losses in conductors 1 and 2 we use (6.66) and integrate
over the areas A’ and A” in Figure 7.10. We introduce a cylindrical coordinate system
(n,v, z) with the transverse coordinates n and v and the longitudinal coordinate z. The
coordinates v and z are tangential to the conductor surface and the coordinate n is
normal to the conductor surface. The corresponding basis differentials are n, s, dz.
With (6.66) we obtain the skin effect losses Az P; within a line segment of length Az

1 1
P’Az:—f Ry|H Pazas=<A 56 RA|H s, 7.68
L 2 Jarvar Al 1= 2% Yo Al GRoR)

where R4 is the skin effect surface resistance defined in (6.54). This yields

1
P =

R4H,|*s,. 7.69
2 Jorecn AI__(I 1 ( )
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Figure 7.10: Area of integration to determine the skin effect losses.

The skin effect losses per unit of length are proportional to the square of the line current
(i.e., the skin effect losses may be expressed by a resistance per unit of length R'). The
power loss due to the skin effect surface resistance is given by

Py =3R|I%. (7.70)
Using (7.23), (7.69), and (7.70) we can express the skin effect resistance per unit of length,
R’, by
= Foer R4|H,[*s
=,
(95(:” [£r|51)

Due to the resistance per unit of length, R’, the voltage decreases per unit of length by
R'I. Therefore we have to modify (7.52) as follows:

(7.71)

dv
=, = ~(@L'+R)L. (z72)

For a line segment of length Az of a lossy TEM waveguide, we obtain the equivalent
circuit Figure 7.11. We note that due to the conductor losses also a very small longitudi-
nal electric field component occurs. Nevertheless, we still call this waveguide mode
transverse electromagnetic. We can again eliminate V(z) or I(z), respectively, from
(7.67) and (7.72) and obtain the telegrapher’s equation for the lossy transmission-line.

d2
@Z— }’2_\{'.= 0, (7.73a)
d?,

Egg-f;=o. (7.73b)
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Figure 7.11: Equivalent circuit for a lossy TEM line of length Az.
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Figure 7.12: Modified equivalent circuit for a lossy TEM line of length Az.

Figure 7.12 shows the modification of the equivalent circuit depicted in Figure 7.9 for
the lossy transmission-line. The admittances Y, and Y, in (7.61) are given by

Y, =4AzY'+ 5z’ Y,=1AzY'- 27 (7.74)
with
Z' =jwl'+R', Y =jwC'+G". (7.75)
The complex propagation coefficient y is given by
y=V(jwC +G')(jwl’ +R'). (7.76)
The solution of (773a) and (7.73b) is given by
V(z)=Y{Per+ L‘," eTE, (7.77a)
I(z2) =L er + [ e, (7.77b)

If the electromagnetic wave propagates only in one direction, the ratio of current and
voltage due to (7.67) and (7.72) is given by

V(z) =+Zol(2), (7.78)
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Table 7.2: Data of Some Important TEM Waveguide Structures.

Coaxial Line Parallel Wire Line Parallel Plate Line
a<x<b

®,

|
l

Capacitance per unit 2ne AE eb
of length C’ In % arcosh )
Inductance per unit u b u 5 ua
of length L' e et 3
Conductance per unit 2no na ab
of length G’ Int arcosh% =
Resist:lmce Ee; :mit of R4 ( 11 ) 2R, s 2R4
k. T 5o O sl S e
engt 2n\a b nd /5% - d2 d
Characteristic 7 b
impedance Zg L= Zr arcosh= Zry
(lossless case) 2n 4 1'[ d

where the complex characteristic impedance Z, is given by

jwL'+ R’
Zo=r[——. 77
"V jwC +G (779)

The positive sign in (7.78) is valid if the electromagnetic wave is propagating in the
positive z-direction, whereas the negative sign corresponds to a wave propagating in
the negative z-direction. For small losses, i.e., G' « wC' and R’ «< wL', we obtain
the following approximation for the propagation coefficient and the characteristic
impedance,

— el el G R (7.80a)
- 20\C"  L')|’

U], j (R &
s e [ M . 7.80b
< c*[ Zw(L’ c’ (o)
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Figure 7.13: Multiconductor transmission-line.

Table 7.2 summarizes the data of some important TEM waveguide structures.

7.5 MULTICONDUCTOR TRANSMISSION-LINES

A multiconductor transmission-line is a transmission-line with more than two parallel
cylindric conductors as shown in Figure 7.13. In a multiconductor transmission-line all
conductors are mutually coupled and signals are coupled from one conductor to the
other. If the coupling is unintended this effect is referred to as crosstalk. Multiconductor
transmission-lines play a role in flat cables for high-speed data transfer, in printed
circuit boards, and in monolithic integrated circuits. Multiconductor transmission-lines
are treated in detail in [6-10].

In this section the TEM modes of multiconductor transmission-lines filled with
homogeneous isotropic dielectric are treated. It will be shown that in the homogeneous
multiconductor transmission-line with n + 1 conductors n TEM modes can propagate.
All these modes propagate with the same velocity, that is, the TEM plane wave velocity
¢ for the dielectric material given in (2.75).

Figure 7.13 gives a schematic view of the general cylindric multiconductor transmis-
sion-line. The current flowing in the kth conductor in positive z-direction is ix(z, t)
and the voltage from conductor k to conductor ! is vk (2, t). Usually a transmission-line
is operated in such a way that the sum of the currents through all conductors vanishes.
Therefore, for a multiconductor transmission-line with 7 +1 conductors only n currents
can be chosen independently. Also from the 3 (n +1)n voltages vi; (2, t) only n voltages
may be chosen independently. Consequently we can choose one conductor as the
reference conductor and describe the state of the multiconductor transmission-line by
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the currents in the other conductors and the voltages between every conductor and the
reference conductor. We number the conductors of a multiconductor transmission-line
with n + 1 conductors from 0 to n with conductor 0 as the reference conductor. The
voltages vy, v3, ... v, between conductors 1,2,...n and the reference conductor 0 and

the currents iy, i, ... i, through the conductors 1to n are summarized in the vectors
vI(z,t) = [vi(z, 1), va(2, 1), ... va(z,1)] , (7.81a)
iT(z,t) = [i(z: 1), i2(2, 1), .. . in(2, 1)] - (7.81b)

Let £ (x, t) be the electric field form describing the electric field for the kth conductor
at potential v¢(z) and all other conductors at potential zero. Furthermore, let H (%, t)
be the magnetic field created by the current through conductor k when through all
other conductors (with the exception of conductor 0) no current is flowing. This partial
field is given by

Ex(x,t) =vi(z, t)ex(x,y), (7.82a)
Hi(x, t) = ix(z, ) he(x, ), (7.82b)

where e (x, y) and hi(x, y) are electric and magnetic structure forms as defined in
(7.29a) and (7.29b). Since we are seeking TEM wave solutions the structure forms are
transverse (i.e., they exhibit no dz-components). Consider that the cases where only
one of the conductors 1. .. n exhibits a voltage unequal to zero and where only one of
these conductors is carrying a current are different in the following sense. In the first
case all conductors apart from the kth one are grounded, whereas in the second case
all conductors except from the kth one are open at their ends. Generalizing (731a) and
(7.31b) for the multiconductor case we obtain

i (%, ¥) = 8t (7.83a)
fc ol By (7.83b)

The total electric and magnetic field of the multiconductor transmission-line is repre-
sented by the differential forms

E(x,t) = i Ex(x,1), (7.84a)
k=1

H(x, t) = ‘Z Hi(x,t). (7.84b)
k=1

For a TEM field the structure functions must satisfy the two-dimensional Laplace
equation (7.21) and correspond to the two-dimensional electrostatic and magnetostatic
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fields. According to Section 5.4 the structure functions may be derived from normalized
scalar electric and magnetic potentials ¢,x(x, y) and ¢« (x, y), respectively, hence

ex(x,y) = dpex(x, ), (7.85a)
he(x,y) = dpmk(x, ). (7.85b)

From Poincaré’s lemma (A.61) follows

dex(x,y)=0, (7.86a)
dhi(x,y)=0. (7.86b)

With this we obtain from (7.82a) and (7.82b) the exterior derivatives of the partial
electric and magnetic field forms,

g (z, t)

dEx(x,t) = dz A ep(x,y), (7.87a)

Brk(
0z

Inserting (7.82a), (7.82b), (7.84a), (7.84b), (787b), and the constitutive relation (2.32a)
into Ampére’s law (2.114a) yields

dHi(x,t) = ) dz A he(x,y). (7.87b)

ovi(z,t)

z": 8rk(z ) dzAhi(x,y)=¢ i *er(x,y). (7.88)

k=1 k=1

Contracting this with dz and inserting (2.165b), we obtain

Z alk(Z, f)h ( ) ZMdZJ*ek(x,y), (7.89)

k=1 k=1

Integration over the closed curve cy; yields
SBED § - EBED § a0

k=1

Inserting (7.83a) for the integral in the left-hand side of this equation and defining
Ci = uef dzuxe(x,y) = ef [e,u(x, y)dy - e, (%, ) dx| (7.91)
€

yield the first set of multiconductor transmission-line equations

9ii(z,t) t) v (z, t)
e S 2
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The coefficients Cj, are the mutual capacitances per unit of length.

To obtain the second transmission-line equation we insert (7.82a) (7.82b), (7.84a),
(7.84b), (7.87a), and the constitutive relation (2.32b) into Faraday’s law (2.114b). This
yields

B8 o "odik(z, t
5B e 9) = a3 TEED (9. (793)
i 0z ki Of

Contracting this with dz yields

DR PN ) S A e P Y
k=1 k=1

We integrate this over the curve ¢;; and obtain

n g ; 1 dir(z,
1 Vka(j r) -/C'u Ek(x,y) = _P‘Z Mf Sl hk(x, y) l (795)

k= = ot cu

We insert (7.83b) in the left-hand side of this equation and define the inductances per
unit of length

Ly =~ f : dzox hi(x, y). (7.96)

This yields the second set of the multiconductor transmission-line equations

vi(zt) &, 9ik(zt)
== éf‘“‘_ar b (7.97)

Summarizing the voltages and currents in the vectors (7.81a) and (7.81b) and the el-
ements C}, and L], in the matrices C' and L’ we can write both sets of first-order
multiconductor transmission-line equations in matrix form as

di(z,t) _c av(z,t)

o 5% (7.98a)
owv(zt) . ,9i(zt)
e L TIRE (7.98b)

From this we obtain the second-order multiconductor transmission-line equations

*v(z,t) ., ,0*v(z,t)
322 =LC T H (7993)
2
FHaY _op@inl) (7.99b)

0z2 at?
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Due to reciprocity the capacitance and inductance matrices satisfy

Cl=Cr, (7.100a)
'=r”. (7.100b)

To derive an important relation between L’ and C’ we insert Ampere's law (2.114a) into
Faraday’s law (2.114b) and obtain

0*E
dxdE=—per. (7.101)
With (7.82a), (7.84a), and (7.87a) this yields
" %vi(z, t) - " 9%vi(z, t)
Zl s F dz A x dz A e(x,y) = —yekzﬂ 53 w(x, ). (7.102)
With (A.176) and (A.179) we obtain
xdzAx dzAer(x,y) =12 ex(x,y) = ~e(x, ), (7103)
and with this
5 z,t ?vi(z,t
2 D) o (e, 9) = e 32 THED (). (7104)

k=1

We integrate this equation over the curve ¢,

n 2 n 21:-"
Z:a vk(z,‘)j; ek(x,y)=ﬂezé$£ ex(x,) (7105)

2
P k=1

and obtain a second-order transmission-line equation for v;,

*vi(z,t) 1 3*v(z1t)

R T i

In a similar way we can derive a second-order transmission-line equation for the ;.
We can write these equations in matrix form as

?Zv(z,t) 1 d*v(z,t)
922 & ot

?%i(z,t) 1 d%(z,t)
22 & o

(7.107a)

(7107b)
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Comparing this result with (7.99a) and (7.99b) yields

L'c'=c'L' = .:lzl’ (7.108)

where 1 is the unit matrix. This means that all TEM modes of the multiconductor
transmission-line exhibit the same velocity ¢, which is phase and group velocity as well.
Such modes are called degenerate modes.

7.6 QUASI-TEM MODES OF TRANSMISSION-LINES

7.6.1 Quasi-TEM Modes of Two-Conductor Transmission-Lines

Inhomogeneous transmission-lines (i.e., transmission-lines with transversely inhomoge-
neous dielectric) are important components in microwave technology. The fundamental
mode of a two-conductor inhomogeneous transmission-line exhibits no lower cutoff
frequency, and it also exhibits longitudinal electric field components. Examples of
inhomogeneous transmission-lines are the microstrip line and the coplanar waveguide.
In these cases the cross-section exhibits metallic, dielectric, and free-space regions. The
longitudinal field components are required to satisfy the boundary conditions at the
interfaces between dielectric and free-space regions or between dielectric regions of
different permittivity. If the longitudinal field components are very much smaller than
the transverse ones, these fundamental modes are called quasi-TEM modes. For static
field also an inhomogeneous two-conductor transmission exhibits transverse electric
and transverse magnetic field solutions. From these transverse static field solutions
we can compute capacitance and inductance per unit of length. However, as we have
shown in Section 7.4 a TEM wave exhibits the same velocity as a plane wave in the same
medium. In an inhomogeneous waveguide the guided wave propagates with an average
velocity, deviating from the TEM velocities corresponding to the material in the various
parts of the waveguide cross-section.

Consider a coaxial waveguide, partially filled with a dielectric with permittivity €,
and partially empty with the cross-section depicted in Figure 7.14. From (5.176a), (5.177),
(5.180a), and (5.181) we obtain the static electric and magnetic fields for applied pc
voltage V and Dc current [,

£=-A,dr= dr, H=Apdv= -2I—d¢. (7.109)
s

b
rin=

This field is not influenced by the dielectric. However, the electric displacement D is
increased by a factor €, in the dielectric region. Capacitance and inductance per unit
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Figure 7.15: Inhomogeneous transmission-line.

of length follow from (5.179) and (5.183) as

Int
C'= “‘“E#)— I'= ‘”"z—n : (7.110)
n3
From this and (7.48b) we obtain the wave velocity
1 2
c= T ~\/ T = o (7.111)
and from (7.48a) the characteristic impedance
i 2 Zpo, b
s ) = —In-. 7112
% c’ 1+¢, 2m tn a ( )

Consider the inhomogeneous transmission-line with the cross-section shown in
Figure 7.15. Let the permittivity € and the permeability u of the material between the
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conductors depend on the transverse coordinates u and v. To verify the accuracy of
the quasi-TEM approximation of inhomogeneous transmission-lines we expand the
field and the phase coefficients into power series of the frequency [11,12]. At first we
decompose the field forms £, H into transverse parts £, H; and longitudinal parts £;,
He,

E=E,+E;. (7.113)

In a general cylindric coordinate system with transverse orthogonal curvilinear coordi-
nates u, v and the longitudinal coordinate z this decomposition is done by

E,=dz(dz.€) =E,dz, (7.114a)
E;=€E-E,=E,du+E,dv. (7.114b)

The electric and magnetic field of wave propagating in positive z-direction with a phase
coefficient § is described by

E(u,v,z) = E(u,v)e P2, (7.115a)
H(u,yv,z) = H(u,v)e P~ (7.115b)
Exterior derivation of £ and H yields
d€=dE e P74 dE,e1P* —jBdz A Ee7F7, (7.116a)
dH = dH e P* + dH,eP* —jBdz A H e P*. (7.116b)

Inserting (7.113) to (7.116b) in the complex Maxwell’s equations (2.124a) and (2.124b)
and separating transverse and longitudinal parts yields

d€, = -jop(u,v) *H,, (7117a)
d€, = -jou(u,v) *H,+jBdznE,, (7117b)
dH, =jwe(u,v) «E,, (7.117¢)
dH, =jwe(u,v) « &, +jpdzAH,. (7117d)

Choosing a coordinate system where at the metallic surfaces du is normal to the surface
and dv is tangential to the surface the boundary conditions are

dun€=0, (7.118a)
dvAaH =0. (7.118b)

We seek an asymptotic series solution for equations (7.117a) to (7.118b) represented by a
power series with the normalized frequency

Q= l‘.d/wn s (7119)
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where wy is a frequency of reference which may be chosen arbitrarily. Considering
that the complex field forms £,(w), £,(w), H,(w), H,(w), in (7117a) to (7117d) are
related to the real time-dependent field forms £,(t), £,(t), H,(t), H,(t) via Fourier
transform, as

E(w)= [ E(nei* do. (7120)

From this it follows
£, (~w) =&} (w). (7.121)

Hence the real part of a field function is an even function and the imaginary part is
an odd function of w. In the static limit the transverse field forms £,(w) and H,(w)
become real. Therefore we can assume the transverse field forms to be even functions
of w and therefore to be real. Due to (7.117a) and (7.117¢) in this case the longitudinal
field forms £, (w) and H,(w) are odd functions of w. Also the phase coefficient f8 is an
odd function of w. This becomes obvious when considering its linear approximation.
Therefore the power series expansion of the field forms and the phase coefficient is
given by

E, =€+ VPdiE,+..., (7.122a)
E, =08, +Pa &, +..: (7122b)
He=Heo+ Q2d Hyp+..., (7122¢)
H,=0H, +QdH  +..., (7122d)

B=Qby+ Q%bg +.... (7.122e)

Inserting these expansions into (7117a) to (7.117d) and separating the equations by order
of ) we obtain the zero and first-order equations

d€, =0, (7123a)
dizl = —jop(u,v) *Em"’jﬁdz“gm: (7.123b)
d#,, =0, (7.123c)
dH,, =jwe(u,v) € +jBdzAH,,. (7123d)

The higher-order equations are given by

dgr.zk = —jopu(u,v) » ;:,2];_] , (7.124a)
dE, jea = —jwp(u,v) xH, 5 +jBdz A E, 5, (7124b)
dH, 5 =jwe(u,v) *E, i1 (7124c)

dH, pepr =jwe(u,v) * € gy +jBdzAH, 51 - (7124d)
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The electrostatic and magnetostatic field approximations for the multiconductor trans-
mission-line must satisfy (7123a) and (7.123b). However, these equations are not suffi-
cient to determine the electrostatic field solutions. Also the divergence relations (5.1b)
and (5.2b) have to be considered. To obtain the electrostatic and magnetostatic field
approximations of the multiconductor transmission-line we derive the electric and
magnetic fields from the scalar potential @ and the magnetic vector potential A. From
(5.2b), (5.7), and the constitutive relation (2.23a) for the electric potential ®(u,v) we
obtain

d[e(u,v) d®(u,v)] =0, (7.125)

and for the magnetic vector potential A from (5.1b), (5.7) and the constitutive relation
(5.53) for the magnetic vector potential form ,A(u,v) we obtain

d[ﬁ dA(u,v)] =0. (7126)
From (7.118a) and (7.118b) we obtain the boundary conditions for ® and A as

du A e(u,v)dd(u,v) =0, (7127a)

1
dv A mé(u, V) =0. (7.127]3)

Equations (7.125) to (7127b) contain all the information necessary to compute the
electric and magnetic fields in the static zero-order approximation. Different from
the homogeneous transmission-line, electric and magnetic field functions are now
independent from each other. There exists no simple relation between L’ and C’ and
both values have to be computed independently.

Similar to (7.91) and (7.96), we can derive the capacitance per unit of length C’ and
the inductance per unit of length L’ as

C'=- f e(u,v)dzax e (u,v), (7128a)

L'=- f u(u, v)dzox hi(u,v). (7.128b)

The integrations are performed over the paths ¢; and c;; shown in Figure 7.15. Since in
the static approximation no longitudinal field components exist, the integrals in both
equations are independent from the paths as long as ¢, is going from conductor 1 to
conductor 2, and ¢,2 is encircling conductor 2.

The first-order approximation of the longitudinal fields may be computed from
(7123b) and (7.123d) whereas (7.124b) and (7.124d) yield the higher-order field approxi-
mations,
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L

Figure 7.16: Inhomogeneous multiconductor transmission-line.

7.6.2 Quasi-TEM Modes of Multiconductor Transmission-Lines

The quasi-TEM modes have been investigated for inhomogeneous multiconductor trans-
mission-lines in [12,13]. Figure 7.16 shows the cross-section of a general multiconductor
transmission-line. The above treatment of the field components also holds for the
multiconductor transmission-line case. We derive the capacitance per unit of length
matrix elements C}, and the inductance per unit of length matrix elements L}, as

Cix =~ 5£ e(u,v)dza~ ex(u,v), (7129a)
€

Lj,cz—f u(u,v) dzo by (u,v) . (7129b)
1]

The paths of integration are shown in Figure 7.16. Considering the longitudinal field
components the degeneration of the modes is canceled and the modes exhibit different
velocities. The transmission-line equations (7.98a) and (7.98b) remain valid also for the
quasi-TEM multiconductor transmission-line but not so (7.107a) and (7107b). We obtain

d—{d(zi) =-jwC'V(z), (7.130a)
av(z) .
T jwL'I(z). (7130b)

The modes of the multiconductor transmission-line must be determined by diagonal-
ization of (7.99a) and (7.99b) via solution of the eigenvalue equation

WIL'C'V(2) = B2V (2), (7.131a)
W?C'L'I(z) = p*1(z). (7131b)

Different from the TEM case for the quasi-TEM modes, the voltages and current vectors
describing modal solutions are not be chosen arbitrarily but must be eigenvectors of the
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Figure 7.17: Microstrip line.

matrix L'C’ and C'L’, respectively. The solution of the multiconductor transmission-
line equations will be discussed in Section 8.6.

7.7 PLANAR TRANSMISSION-LINES

Planar transmission-lines are formed by metallized plane dielectric plates [14-17]. Planar
transmission-lines play an important role as the basic line structures in hybrid and
monolithic integrated circuits.

7.7.1 The Microstrip Line

The microstrip line is depicted in Figure 7.17. In the microstrip line the electromagnetic
field is not confined to the substrate, but spreads over the free-space. The microstrip
line is an inhomogeneous waveguide since the transverse dielectric region is nonhomo-
geneous. Due to this circumstance the fundamental mode is not a TEM mode, but a
quasi-TEM mode. The quasi-TEM mode approaches a TEM mode if the frequency goes
to zero.

The analysis of microstrip lines only can be performed using numerical methods.
Accurate methods of modeling (integral equation method, spectral domain method,
partial wave synthesis, finite difference method, transmission-line matrix method)
in some cases may require a high numerical effort. The easiest approximation is the
quasistatic approximation. In the quasistatic approximation the transmission-line wave
is approximated by a TEM wave and the transmission-line properties are calculated from
the electrostatic capacitance. This approximation can be used if the transmission-line
width as well as the thickness of the substrate are very small in comparison with the
wavelength. In the following we give simple formulae for the quasistatic approximation.

Let C, be the capacitance per unit of length of the microstrip line for the case in
which the dielectric is replaced by free-space and let C be the capacitance per unit of
length with dielectric. The wave impedance Z, and the phase coefficient 8 are given by

Zy=1/c\/CC,, (7.132a)
B =ko(C/Ca)"/* = ko\/erett (7132b)



Transmission-Lines and Waveguides 261

with
Ereff = ()‘IJ/‘."C)2 = C/Ca ) (7.133)

where Ag is the free-space wavelength and A, is the wavelength of the guided wave.
Closed-form expressions for Zg and ¢, ¢ have been given by Wheeler [18,19], Schnei-
der [20] and Hammerstad [21].

The maximum frequency up to which a microstrip line may be used is limited by
the losses that increase with frequency. This is in particular due to the excitation of
substrate waves. The cutoff frequency f, beyond which a strong coupling between the
quasi-TEM mode of the microstrip line and the surface wave of lowest-order occurs, is
given by

f és= E’E -

mth \| € e —1

tan~' ¢, GHz mm (7.134)

with the cutoff frequency f.; in GHz and the height h in millimeters. From this it
follows for a GaAs substrate with €,=12.9 that for a frequency of 100 GHz the maximum
thickness of the substrate should not exceed 0.3 mm.

Furthermore, the maximum substrate thickness is limited by the radiation losses
excited at transmission-line discontinuities. For a A resonator the Q-factor due to
radiation approximately is given by

- 36,-20)‘.%
"7 32p0h?

(7.135)

At 100 GHz a GaAs substrate therefore must be thinner than 0.125 mm to achieve a
Q >100.

In the following the approximate formulae for the computation of the parameters of
amicrostrip line are summarized [16]. The approximation formula for the characteristic
impedance is given by

. ﬁﬂﬁln(ah+025ﬁ) forw/h<1,
0

> , i (7136)
e[ +1393+0.667In (% +1444)] " forw/h>1,
with
125 ¢t 4
£={§+E§(l+ln "“’) forw/h<1, (7137)
h ¥+l22(14ndt 1) forw/h>1.
The approximation formula for the effective permittivity is given by
-1 -1 t/h
ETL s W / (7138)

2

Vwih
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with

(1+12h/w) ™2 +0.04(1- w/h)? forw/h<1,

7139
(1+12h/w) V2 forw/h>1. (7139)

F(w/h) = {
The attenuation coefficient is given by

o {1 3!?.',:‘Z %%)LIA ’ forw/h<1, (7140)
6.1x 10“5’*—23,&&[ Ww'[h+ %] A forw/h>1,
with
A={l+ (148 LB 4 ) forw/h <1, (7141)

l+w,(1 1“2:‘ %ln%) forw/h>1.

The microstrip line is the most common planar transmission-line structure. The full
metallization of the bottom side of the substrate facilitates the mounting. The insertion
of circuit elements in series can be done without difficulty; however, parallel circuiting
of circuit elements requires either wire holes or the realization of short circuits via ;A
lines. The latter solution is possible within a narrow-band only.

7.7.2 Quasistatic Approximation for the Microstrip Line

Figure 718 shows a cross-sectional view of the shielded microstrip line. The microstrip
line exhibits a conductor strip of width w on a dielectric substrate of height k. The
permittivity of the substrate is €. The ground plane of the substrate of a microstrip
line usually is fully metallized. The thickness of the strip conductor is neglected. For
computational reasons we have embedded the microstrip line in a waveguide of width
a and height h. We assume a and h to be sufficiently large, so that the influence of the
embedding on the characteristics of the microstrip line may be neglected.

We apply a quasistatic approximation [22] to analyze the shielded microstrip line
where we assume that in subregions with constant € the transverse electric field is
governed by the two-dimensional Laplace equation

2?0  *D

Ex—2+a—y220. (7.142)

The boundary conditions for the electric potential ®(x, y) are
O(-ta,y)=®(3a,y) =D (x,0) =D (x,b) . (7.143)
We expand ®(x, y) into products of the basis functions ¢, (x) and y,(y)
(x,y) = Z cn®n(X)¥a(y) . (7.144)
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s S,

Figure 7.18: Cross-section of the shielded microstrip line.

As the basis functions ¢, (x) we choose
¢, (x) =cos % with n=13,5,... (7.145)

Presupposing that each term in the sum at the right-hand side of (7.144) fulfills the
Laplace equation (7.142), it follows that

¥a(y) = sinh 33? for 0<y<h (7146)

and we obtain for the region 0 < y < h the series expansion

nny

Oy(x,y)= Y. cpcos ng sinh for 0<y<h. (7.147)

n=1,3,5,...

In a similar way we obtain for h < y < b the series expansion
nnx ., . nn(y-b)
®o(x,y)= ), dncos—sinh —— for h<y<b. (7.148)
n=1,3,5,... L

On the boundary surface y = h the area charge density p, is given by

nm
pPA= Z r'n COS i . (7.149)
n=1,3,5,... a

A surface charge density p4 # 0 only exists on the conductor, that means in the region
x| < 4w. This condition is enforced by extending the Fourier integral for determination
of the coefficients r,, only over the interval [-3w, jw]:

w/2
i 2 f pa(x) cosﬂdx i (7.150)
aJ-wp a
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On the boundary surface x = h the continuity condition
®y(x, h) = Do(x, h) (7151)

must be fulfilled. From this it follows that

PR L RPN (7152)
a

From the boundary condition for the electric flux density it follows that

) ad
_Eua—y(bo(x,y)‘i'ﬁ'la(bl(x,y) —Pﬁ|y=}| (7.153)

and from this

nm

= (—e.}d,, cosh M

h
+ €;¢, cosh ﬂ~) T (7.154)
a

From (7.148), (7.150), (7.152), and (7154) we finally obtain

w/2 !
O(x,h)= > gncos ikl pa(x") cos il P (7.155)
n=1,3,5,... a J-wh
with
2 1

gn=— —_, (7.156)
"7 T ¢ coth ﬂ-’jﬁ — g coth ﬂi—b)

In (7.155) the integration is only performed over the interval [-3w, }w] since the
integrand vanishes outside this interval. We put this equation into the form

w/f2
Vo=¢(x,h):f ! G(x,x")pa(x')dx" for |x|<3iw, (7157)
-wf2

where V, is the potential of the conductor strip and the Green’s function for this problem
G(x,x") is given by

'}
G(x,x")= ) gncos o bl (7.158)
n=135,... a a
For b — oo we obtain from (7.156)
1
8n = - (7.159)

AT ¢ coth "f:" + 6
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(b)

Figure 7.19; (a) Coplanar waveguide, and (b) coplanar stripline.

The charge per unit of length g’ is

w/2
! —
q-= f_wﬂpﬁ(x)dx. (7.160)

The capacitance per unit of lengths C" of the microstrip line is
p P g P
!

r_ 4
C'==+. 7161
Ve (7161)

7.7.3 Coplanar Waveguide and Coplanar Stripline

Figure 7.19 shows the coplanar waveguide and the coplanar stripline. On coplanar wave-
guides and coplanar striplines, quasi-TEM modes may propagate. The approximation
formula for the characteristic impedance of a coplanar waveguide is

7 - Zro  K(K')
0= ENT K(k)

and the approximation formula for the effective relative permittivity of a coplanar
waveguide is

(7162)

€, —1K(k")K(ky)

2 K(K)K(k{)
with k = a/b, a = ts, b = 35 + w, and k; = sinh (ma/2h)/ sinh (nb/2h). The functions
K(k)and K’(k) = K(k') are the complete elliptic integrals defined in (5.224a), (5.224b),
and (5.225). The function K (k) is called the complete elliptic integral of the first kind,

and K’ (k) is called the complete elliptic integral of the second kind [23-25]. The ratio
K(k)/K'(k) is given by the following approximation formula

Ereff =1 (7163)

K(k) [%l“ (2 :tﬁ)]_l for0 <k <0.7

(k) = (7.164)

%ln(z%@) for0.7<k<1
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0A

Figure 7.20: Hollow waveguide.

The approximation formula for the characteristic impedance of a coplanar stripline is

Zy = Zro K(k)
v/ Er eff K( k’)

The approximation formula for the effective permittivity of a coplanar stripline is also
given by (7.163).

(7.165)

7.8 HoLLow WAVEGUIDES

In 1897 Lord Rayleigh in his paper “On the passage of electric waves through tubes, or
the vibrations of dielectric cylinders” suggested that electromagnetic waves could prop-
agate through metallic tubes or dielectric cylinders [26]. A hollow waveguide exhibits
a single connected metallic boundary. Figure 7.20 shows the schematic drawing of a
cylindric hollow waveguide. Since electrostatic fields cannot occur inside closed hollow
tubes TEM modes will not exist. However, electromagnetic wave solutions with either a
longitudinal electric field or a longitudinal magnetic field exist. Hollow waveguides
play an important role in microwave technology, especially for low attenuation and
high power applications and as basic elements of microwave circuits. In the following
we discuss the general properties of TE-, and T™ modes. For a first reading the reader
may directly proceed to Section 7.9.

7.8.1 TE Modes

Consider a closed uniform general cylindric hollow waveguide with cross-section A
and bounded by perfectly conducting walls at dA as depicted in Figure 7.20. Let the
waveguide be filled with a lossless dielectric. To represent the electromagnetic field in
the waveguide we choose a general cylindric coordinate system with the coordinates
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u,v, z where z is a linear coordinate and u, v are orthogonal curvilinear coordinates
transverse to z. Furthermore, we choose the transverse coordinates such that the wall
of the waveguide is a boundary surface (i.e., a surface defined by setting one of the
transverse coordinates constant). In Figure 7.20 the boundary is defined by setting v
constant. In this case du is tangential and dv is normal to the waveguide wall. If the
waveguide wall exhibits wedges (e.g., in the case of the rectangular waveguide) the
coordinates u and v may change their role of being tangential or normal. We denote
the coordinate normal to the waveguide boundary with n. In Figure 7.20 we have v = n
since we usually denote the coordinate normal to the boundary surface with n.

Following (7.8b) we can derive all components of a TE field propagating or decaying
in positive or negative z-direction from a magnetic Hertz form /1, (x) exhibiting a
z-component [T, _(x) only. We set

0,(x)=1,,(x)dz=¥"(u,v)e’"* dz, (7.166)

where W™ (u, v) is a scalar potential defining the transverse field distribution and y is
the propagation coefficient of the TE mode.

The negative sign in the exponent of the above equation corresponds to a wave
propagating or decaying in positive z-direction whereas the positive sign occurs when
the wave is propagating in negative z-direction. The following formulae are given for
waves propagating or fields decaying in either positive and or negative z-direction.
The upper sign of + and ¥ always corresponds to propagation or decay in positive z-
direction case whereas the lower sign corresponds to propagation or decay in negative
z-direction. The real part & and the imaginary part f of y are the attenuation and phase
coefficients,

y=a+jp. (7.167)
From (7.9b) and (7.10), we obtain the Helmholtz equation for the z-component of the
magnetic Hertz vector describing the TE waveguide modes,

AII™® + B oII = 0. (7168)

According to (7.10), the plane wave phase coefficient By of the plane wave in lossless
media is

Bmo = w/HE. (7.169)

This yields the two-dimensional scalar Helmholtz equation for ¥™* (u,v)

AY™E (u,v) + B2 Y (u,v) =0 (7170)

¢, TE

with the two-dimensional Laplace operator A; defined in (A.138). For a bounded wave-
guide cross-section of finite extension, this two-dimensional elliptic partial differential
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equation usually exhibits an infinite number of solutions belonging to a discrete eigen-
value spectrum of S ;. In the lossless case the propagation coefficient y either is purely
real or purely imaginary. The waveguide propagation coefficient y is related to the plane
wave phase coefficient o

y=a=\/B% - Bho for Bato < Pe,re s (7171a)
Y= }ﬁ =j V ﬁi{ﬂ D ﬁg.'rs for ﬁMU > ﬁc,"rz s (7.171b)

where f; 1; is the cutoff phase coefficient. For By < e re, the TE mode is evanescent
whereas for S0 > B1* the TE mode is a propagating wave. Inserting (7.166) into (7.8b),
(7.11b), (7.12b), and using (7.170), we obtain

ET=E" =—jopr AT} =jwu(dzA d Y™ (u,v))e™?, (7.172a)
H™=+dx dﬂl: = ﬂ}s + _}” 2 (7.172b)
He* = Fyd ¥V (u,v)e™, (7172¢)
H® = -AY™(u,v)dze™ = B2 W™ (u,v) dze™*, (7.172d)

where £;* and ;" are the transverse electric and magnetic fields and 2" is the
longitudinal magnetic field. In Cartesian coordinate notation the TE field components
are

[0V (x, ) o¥™ (x, ) .
TE it L yz ]
£ (x)=-jwu ( = dx s—==idy &, (7173a)
10y _ oo [ O¥ (%)) VY™ (x, y) 2
He (%) =Fy ( ot 3 dy|e™*, (7.173b)
ﬂ}-s (%) = ﬂf,rz‘y“(x’ y)dz poE, (7.173c)

From (7.172a), (7.172¢) and (2.155) we obtain

é}.E = ;ZTE *(dz A El) = :FZTE 1z }—t-t ) (7.1743.}
1 1

EE =+ t(dzf\ét):i"z—' 1z Q: (7.174‘)}
TE TE

with the wave impedance of the TE mode

ZTE = % . (7-175)

This means that the transverse electric and magnetic fields are orthogonal and their
ratio is independent from the transverse coordinates and given by the wave impedance
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of the TE mode. The wave impedance is imaginary below the cutoff frequency and real
above the cutoff frequency. With (7.171a) and (7.171b) we obtain

Zos ’“’*‘ for w < w,, (717632)

,'
vV ETE ﬁMD V “"2
\/ ﬁc TE V - “"2

with the wave impedance of the homogeneous isotropic medium filling the waveguide

given by
Zy \/E (7177)
€

and the angular cutoff frequency w¢ 1g,

z“’*“

for w > w, (7.176b)

w ﬁc TE
¢, TE = 2
NG

On 0A the tangential component of the electric field must vanish. In accordance with
(2.173c) this yields

(7.178)

nanE=0. (7179)
With (7.172a) we obtain for the potential ¥** the boundary condition

nA (x dE) = na [« d(¥™(u,v)e 7P dz)] =0, (7.180)
where n = g, dn is the unit differential form normal to the boundary dA. From this we

obtain - e
dn A (B‘P (159 du - N (u,v) dv) =0.

ov du (130

Introducing a local coordinate system where either du or dv is identical with dn yields

a\P‘ TE
dan

=0. (7.182)

This condition is called the Neumann boundary condition. It can be applied if a co-
ordinate system can be chosen, where the boundary of the waveguide cross-section
is defined by setting u constant and v is the normal coordinate and vice versa. In
cases where the waveguide cross-section boundary exhibits 90° edges for parts of the
boundary u and for other parts v may be the normal coordinate.

The partial differential equation (7.168) together with the boundary condition (7182)
define an eigenvalue problem. Since the field is bounded in transverse directions the two-
dimensional Helmholtz equation (7.170) exhibits a discrete eigenvalue spectrum of B ..
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The eigenfunctions W**(u, v) belonging to the eigenvalues f v define the waveguide
modes. The set of eigenfunctions and eigenvalues usually are numbered with two
indices m and n as ¥, and B rgmy. Eigenvalues are usually distinct. Eigenvalues that
coincide are said to be degenerate.

7.8.2 T™M Modes

To investigate the TM modes in a closed uniform cylindric hollow waveguide with
cross-section A and bounded by perfectly conducting walls at d A shown in Figure 7.20,
we essentially proceed as in the previous section. Let the waveguide be filled with a
lossless dielectric. According to (7.8a), for a T™ field propagating or decaying in positive
or negative z-direction, choose an electric Hertz form exhibiting a z-component only.

MM (x) =" (x) dz = ¥™ (u,v)e™* dz, (7.183)

where Y™ (u, v) is a scalar potential defining the transverse field distribution, u, v
are orthogonal curvilinear coordinates, and y is the propagation coefficient of the T™
mode. The negative sign in the exponent of the above equation corresponds to a field
propagating or decaying in positive z-direction, whereas the positive sign occurs when
the field is propagating or decaying in negative z-direction. From (7.9b) and (7.10)
we obtain the Helmholtz equation for the z-component of the magnetic Hertz vector
describing the TM waveguide modes,

AL + B3I =0, (7184)

with Buo given in (7.169). This yields the two-dimensional scalar Helmholtz equation
for W™ (u,v)
AY™ (u,v) + B2 Y™ (u,v) =0 (7185)

with the two-dimensional Laplace operator A, defined in (A.138). For a bounded wave-
guide cross-section of finite extension, this two-dimensional elliptic partial differential
equation usually exhibits an infinite number of solutions belonging to a discrete eigen-
value spectrum of B2 1. In the lossless case the propagation coefficient y either is purely
real or purely imaginary. The waveguide propagation coefficient y = a + j B is given in
(7171a) and (7.171b). For Bao < Be,ru the TM mode is an evanescent mode B0 > Be,rms
and the T™ mode is a propagating wave. With (7.183), (7.8a), (7.11a), (7.12a), and (7.185)

we obtain

EM=ndnd =M +EM, (7186a)
EM =Fyd Y™ (u,v)e™*, (7186b)
EM=-AY™(u,v)dze™? = B2 W™ (u,v)dze™?, (7.186¢)

H™ =HM =jwe* d[T™ = —jwe « (dz A d; Y™ (u,v)) e™?, (7.186d)
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where £™ and 2™ are the transverse electric and magnetic fields and £;" is the
longitudinal magnetic field. In Cartesian coordinate notation the T™ field components
are

Y™ (x, y) o¥™(x,) .
£ (x) =%y ( G dy|e™, (7187a)
EPN (%) = Bran Y™ (2, y) d2ET*, (7187b)
. Y™ (x, y) V™ (x,y) .
Hy(x) = Jwﬁ( 3y ity e, (7187¢)
From (7.186d), (7.186b) and (2.155), we obtain
EM=%Zwy x(dz AH,) = FZou Lo H,» (7.1882)
1
HM =% L (dZAL) == L, £, (7.188b)
Zyy Ly
with the wave impedance of the T™ mode
Zyy = —}’—' . (7.189)

jwe

This means that the transverse electric and magnetic fields are orthogonal and their
ratio is independent from the transverse coordinates and given by the wave impedance
of the TM mode. The wave impedance is imaginary below the cutoff frequency and real
above the cutoff frequency. With (7171a) and (7171b) we obtain

/BT — 2 [? — w2
M = __a_. = L‘_’“.._ﬁﬂ =_sz___i for w < w, (7190a)
Jwe Jwe w
2. _ RE 2 _ 2
7. = B VPio P _, V&' -0 forw>w,  (7190b)
we we w

with the wave impedance of the homogeneous isotropic medium filling the waveguide
Zg given in (7177) and the angular cutoff frequency w, defined in (7.178).
On 0A the tangential component of the electric field must vanish. In accordance
with (2.173c) this yields
nAnE=0, (7.191)

where n = g, dn is the unit differential form normal to the boundary dA. With (7.186b)
and (7.186¢) we obtain for the potential ¥™ the boundary condition
dn A d Y™ (u,v) =0, (7.192a)
dn A dzW™(u,v) =0. (7.192b)
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From (7.192a) we obtain

™ T™
dn A (a‘}' (.v) du + oY (:v) dv)

3u 3, 0. (7.193)

We can introduce a local coordinate system where the boundary is dA defined by
either constant u or constant v. Let us introduce a local coordinate system where u is
tangential to dA and n = v is normal to dA. Let the boundary be defined by v = vq. For

Y™ (u,v9) =0 (7.194)
the equation (7.192b) is fulfilled. From (7.194) follows

™

Mq_). =0 (7.195)

du
and therefore also (7192a) and (7.193) are fulfilled. That means that the tangential
electric field component at dA vanishes if and only if (7.194) is fulfilled. This condition
is called the Dirichlet boundary condition. If a coordinate system can be chosen, where
the boundary of the waveguide cross-section is defined by setting u constant, then v
is the normal coordinate and vice versa. In cases where the waveguide cross-section
boundary exhibits 90° edges for parts of the boundary u and for other parts v may be
the normal coordinate.

The partial differential equation (7.184) together with the boundary condition (7194)
define an eigenvalue problem. Since the field is bounded in transverse directions the
two-dimensional Helmholtz equation (7.185) exhibits a discrete eigenvalue spectrum
of B2 1y The eigenfunctions W™ (u,v) belonging to the eigenvalues B define the
waveguide modes. The set of eigenfunctions and eigenvalues usually are numbered
with two indices m and n as \V,,, and B¢ rumn. Eigenvalues are usually distinct.

7.8.3 Modal Expansions in Waveguides

Any electromagnetic field in a waveguide can be expanded in a series of all possible
TE and TM modes. We first proove that in the non-degenerate case each waveguide
mode is orthogonal to all others. We consider TE and T™ modes numbered with k with
associated scalar potential functions W;*(u, v) and ¥; ™ (u, v), fulfilling the Helmholtz
equation (7.170) for the eigenvalues B, x, respectively. In this section we number the
modes with one index. The TE mode belonging to the eigenvalue 8. x is called the TEj
mode. Dealing with specific waveguide structures it will be reasonable to denominate
every mode with two indices.
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From (7.172a), (7.172c), (7.186b), and (7.186d) we obtain the transverse electric field
and the transverse part of the magnetic field of the TEx and T™; modes,

E Ei =jwp * (dz A de ¥ (u,v)) e, (7196a)
iy = Fye d V5 (u, v)e™e, (7.196b)
Et = Frrede ¥ (u, v)e™, (7196¢)
i = —jwex (dz A dWEM (u,v)) e™2, (7.196d)

We can express the transverse field forms as products of electric and magnetic structure
forms €}*(u, v) and h®(u, v) with complex amplitudes depending on the z-coordinate
only, such that

£, = ( VP emnez V'( )e”‘) e (u,v), (7.197a)
1 o

H, = - (K:u)e_m _K;( )em) e (u,v) (7197b)
P,

where P stands for TE or T™. The structure forms are given by

e (u,v) = x (dz A di¥5E(u,v)) = —+(dz A hE(u,v)), (7.198a)
bt (u,v) = -de¥iE (u,v) = »(dz A g% (u,v)), (7.198b)
e (u,v) = —dy¥g™ (u,v) = *(dz A B (u,v)), (7.198¢)
hi (u,v) ==+ (dz A d W™ (u,v)) = = «(dz A € (u,v)). (7.198d)

Inserting W;** (4, v) and ¥[*(u,v) or ¥;"* (u,v) and ¥/™(u, v) into the two-dimen-
sional form of Green’s second scalar theorem (4.149) yields

f (W™ (u,v) ALY (u,v) =¥ (u,v) AP (4, v)) gugndu A dn
A

oY} (u, oYy (u, u
=- ¢ ‘I’;*(u,v)ﬂ —‘I’f(u,v)M g—du, (7.199)
aA on an .

where p stands for either TE or T™. In the TE case ¥;*(u,v) and W[*(u, v) fulfill the
Neumann boundary condition (7.182) on dA and the right-hand side of (7199) vanishes.
In the TE case W;®(u, v) and W[ (u, v) satisfy the Dirichlet boundary condition (7.195)
on dA. Therefore, also in this case the right-hand side of (7.199) becomes zero. Inserting
(7.170) on the left-hand side yields

ﬁck !)f Wit (u,v) ¥ (u,v) gugndun dn=0. (7.200)
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From this it follows
f Vit (u,v) Y] (4,v) gugndun dn=0 for B x # Bc. (7.201)
A

The scalar potentials ¥} (u, v) and ¥} (u,v) are orthogonal for B x # B,i. For k = I
the integral assumes a positive and real value. We normalize the potential functions
W% (u,v) so that

f Ve (u, v) ¥ (u,v) gugndu A dn = a; 8y (7.202)
A

is fulfilled, where a; is a positive real quantity to be determined in an appropriate way.
Now we insert W}* (4, v) and ¥} (u,v), Green’s first identity in two dimensions (4.143)
and obtain

f (d ¥ (u,v) A * WP (u,v))adz + f (¥ (u,v) dy » de¥F (u,v))dz = 0.

! ! (7203)
For P = TE as well as for p = ™™ the right-hand side of this equation vanishes since
in the TE case the ¥ (u, v) fulfills the Neumann boundary condition (7.182) on 9A,
and in the T™ case T (u, v) fulfills the Dirichlet boundary condition (7.195) on dA.
Transforming the second term of the left-hand side of this equation in the form of
(4.146) and considering the Helmholtz equation (7.170), we obtain

f(d,\r;;*(u.v) A dt‘P,"(u,v))_ndz=ﬁ§,f(‘{’;‘(u,v) WP (1, 7)) gugn du A dn.
A " Ja

(7.204)
Inserting (7.202) and choosing a; = 77 we obtain

L(dr‘lf,f'(u, V) A x deWP (u,v))adz = 8y . (7.205)

At first we prove the orthogonality of the TE and T™ modes. Inserting (7.198a) and
(7.198b) into (7.205) yields

Lef‘*(u,v) ARE(u,v) = B2, L(‘I’I“(u,v)‘l’?(u,v))g,g,, dun dn, (7.206)

where we have considered that e}*(u, v) and e;™(u, v) both exhibit no z-component.
We obtain the orthonormality relations for the exterior product of electric and magnetic
structure forms,

f e (u,v) A H.-m(u. v) =08 . (7.207)
A
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The dual set of structure forms e;*(u,v) and h"(u,v) is called a biorthonormal set of
structure forms. We can write this in Dirac notation (C.173) as

(1A = = (Flel™) 4 = O aon

In a similar way we can derive the orthonormality relations for the electric and magnetic
structure forms of the TE modes. Inserting (7.198¢) and (7.198d) into (7.205) yields the
orthonormality relations for the product of electric and magnetic structure functions

j; M (1, v) A K™ (1, v) = (eP|AT™) , = — (KE|eP™) , = bkt (7:209)

We now show that every TE mode is orthogonal to any TM mode. With (7.198a) and
(7.198¢) we obtain

L(e}f(u,v)f\i e™(u,v))adz= L(dz AdeYEE(u,v)A d Y™ (u,v))adz. (7.210)
Using (A.59) and Poincaré’s lemma (A.61) we obtain
dz A de¥eE(u,v) A A ™ (u,v) = = de(dz ¥ F (u,v) A AW ™ (u,v)) . (7.211)
This yields
fA(dz A AW (u,v) A de¥ ™ (4, v)) o dz
= fi“(dz WIF(u,v) A dp¥P™ (4, v))odz = 0. (7212)

The right-hand side of this integral vanishes since W;*(u, v) fulfills the Dirichlet bound-
ary condition and ¥;™(u, v) fulfills the Neumann boundary condition, both on JA.
From (7.205) and (7.198a) to (7.198d) we obtain the orthogonality relations for the prod-
uct of TE electric with TM magnetic structure functions and the product of T™ electric
with TE magnetic structure functions,

) M B 9) = (R =0, (72130
'/;EIM(“,V) A h}.n(u, v) = (ezM|hTB)A =0. (7.213b)

From (7.198a), (7.198b), (7.198c¢), and (7.198d) we derive further useful relations between
the structure forms,

* dy e (u,v) = » dy (dz A di ¥ (u,v)) =0, (7.214a)
x de* B (u,v) = =AY (u,v) = BEPYEE (4, v), (7.214b)
x dexef™(u,v) = =AY (4, v) = BV (u,v) (7.214c)

*dyx " (u,v) = —» dy (dz A de¥E™(u,v)) =0. (7.214d)
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This yields
de > de » % (u,v) =0, (7.215a)
de* de * B (u,v) = —BUR A (u,v) (7.215b)
de* de » e (u,v) = —ﬁ:fe?"(u,v) ; (7.215¢)
dg * d; * hIM(u, V) = (4 (7.215(1)

In a similar way we obtain

x dyx de e (u,v) = Brier (u,v), (7.216a)
* d( * dg h?(u,v) =0 N (7.2].6]3)
x dyx dy " (u,v) =0, (7.216¢)
* dy* dy R (u,v) = BURERE™ (u,v) . (7.216d)

Inserting (7.215a) to (7.215d) into (3.14) yields

At (u,v) = —priie (w,v), (7217a)
AR (u,v) = -Beiehit (u,v), (7.217b)
A (u,v) = - (wv), (7217¢)
AR (u,v) = =B hE" (u,v) (7217d)

7.9 RECTANGULAR WAVEGUIDES

Figure 7.21 shows a rectangular waveguide (i.e., a waveguide with a rectangular cross-
section and the inner dimensions a and b). The waveguide may be empty inside or filled
with dielectric material. We first consider the lossless case and assume the waveguide
walls to be perfectly conductive and the inner region to be either empty or filled with a
homogeneous isotropic lossless dielectric.

7.9.1 Transverse Electric Modes

The electromagnetic field transverse electric (TE) or H modes can be derived from a
magnetic Hertz form /1, exhibiting only a longitudinal component I1,,,, as introduced
in (7.8b). In the lossless case the Helmholtz equation (7.9b) is given by

Aﬂmz + ﬁiz\{u_l__[.mz =0, (7'218)
where the phase coefficient 8 is given by

Bmo = w /€pt = Bor/Erpir - (7.219)
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Figure 7.21: Waveguide with rectangular cross-section.

For a wave propagating in the positive z-direction we choose
10,,,(x) = Do (x, y) 72, (7.220)
Furthermore for IT,,,(x, y) we choose
IL,,0(x, y) = X(x) X(») (7.221)
and obtain from (7.218), (7.219), and (7.220)

1 X 1 d’Y 2 2
X-a-g*'zd—yz*'(ﬁm—ﬁ):w (7.222)

Since the first term in (7.222) depends on x only and the second term on y only, this
equation can be satisfied only if both terms are constant. Therefore the equations

1 d?
5 _dx% =-p2, (7.223a)
1 &Y 2

must be satisfied and B, and g, have to fulfill the condition
B3 + B = Bio - B (7.224)
The general solutions for X(x) and Y () are given by

X(x) = A'sin Byx + B' cos fxx, (7.225a)
Y(y)=C'sinByy+ D cosByy. (7.225b)
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Since we have assumed perfectly conducting waveguide walls, the tangential electric
field components must vanish at the waveguide walls. From (7.16b), (7.221), (7.225a),
and (7.225b) we obtain C’ = 0, if E,, has to vanish at y = 0. Furthermore it follows

B =M for n=0,12..., (7.226a)
b

ifﬁxlyzer = 0 has to be satisfied. In the same way we obtain from (717b) A’ =0and

ﬁx=ﬂa’l for m=0,1,2..., (7.226b)

ifﬁ}, has to vanish at y = 0 and y = a. From (7.221) and (7.225a) to (7.226b) we obtain

therefore
}‘.ITI:)’

i
where A is a complex wave amplitude. The quantities , and f3, are determined by
the cross-sectional dimensions a and b of the rectangular waveguide and by the posi-
tive integer numbers m and n. The waveguide modes are indicated by m and n. The
transverse electric mode belonging to the indices m and n is called TE,;,, mode or Hy,
mode, respectively. From (7.227) and (7.220) we obtain for the wave propagating in the
positive z-direction

I0,,4(x,y) = Acos ? cos (7.227)

Im,.(x)=A cosm—mcos%ze“jﬂ”. (7.228)
a

After inserting into (7.218) we obtain

B = Biro — Phuc (7.229)

Buc = i+By=\/(f;—n)z+(%)z. (7.230)

The relation between the wavelength of the plane wave in free-space Ao and the phase
coefficient B of the plane wave in the medium is given by

with

PO N~ . (7:231)
Po Bmo
The guide wavelength A, is given by
Ay= =i} (7.232)
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We define the so-called cutoff wavelength A, by

2n NG
/1; SENfEYhr o = T
P (@) + (3)

a

(7.233)
From (7.229) to (7.233) it follows

5 1 Ao
4 ﬁ {1_(_}1)2'

A waveguide mode can only propagate if the free-space wavelength A is smaller than
the cutoff wavelength A.. The cutoff wavelength A, depends on the mode and decreases
for increasing m and n. The cutoff frequency

(7.234)

fim S8 (7.235)
Ac
is the frequency corresponding to the cutoff wavelength. For a > b the fundamental

mode (i.e., the mode with the largest cutoff wavelength), is the TE;; mode. For the TEo
mode we obtain

Ao =2a /ey, . (7.236)
If in a rectangular waveguide a side ratio a/b = 2 is chosen in the frequency interval
between the cutoff frequency and the double cutoff frequency, only the fundamental
TE1p mode can propagate. The modes TE;o and TEq, have twice the cutoff frequency of
the fundamental mode and all other modes have higher cutoff frequencies. From (7.3),

(7.231), (7.232) and (7.234) we obtain with ¢y = w/f, the phase velocity ¢ of the guided

wave 1
Cp
cy= . (7.237)
Erér - (ﬂ)2

€

The group velocity of the waveguide wave is computed from (7.7) under the assump-
tion that the permittivity of the dielectric material filling the waveguide is frequency-
independent. From (7.229) we obtain

dp dpo w
28— =2¢,1, Bo—L2 = 2¢, 4ty — 7238
ﬂdw 2erprPo dw 2k = (7238)

and from that using (7.7) and (7.237) the group velocity v, of the waveguide wave

2~ 2 2
,,f(iﬁ_) % P _« 1_("_") _ (7239)
dw €y 0 \[E Ac
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Figure 7.22: Wavelength dependence of crx and vgry.

Figure 7.22 shows the wavelength dependence of the phase velocity and the group
velocity of the waveguide wave. For small wavelengths the phase and group velocities
approach the velocity of the TEM wave propagating in the waveguide medium. If the
wavelength approaches the cutoff wavelength, the waveguide group velocity approaches
zero, and the waveguide phase velocity goes to infinity. The group velocity in the
waveguide never can exceed the propagation velocity of the plane wave in the waveguide
medium. If two or more modes exhibit the same cutoff frequency these modes are
called degenerate modes. Degenerate modes exhibit same frequency dependence of
phase and group velocity.

We obtain the field components of the TE,,, mode from (713b) to (7.18b) and (7.228)
as follows

E, =jwu (ﬂ)écos P2 sin 22 1Pz, (7240a)
b a b
E, =-jou (—"ﬂ) Asin 2™ cos 2T o162, (7240b)
a a b
E, =0, (7.240¢)
H,=jp ( n:-[ ) Asin 7% cos n:y e IPz, (7.240d)
H, =j ﬁ( - )A cos 22% sin 2T o182 (7.240¢)
H, = BA cos T cos "—:y eIz, (7.240f)

For the wave propagating in the negative z-direction we have to replace e 1Pz by elb?
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Figure 7.23: Field distribution of some waveguide modes of waveguides with a rectangular cross-section.

and due to the partial derivation with respect to z in (7.13b) and (714b) the sign of
(7.240d) and (7.240e) must be changed. Figure 7.23 shows the field distribution of
some waveguide modes of waveguides with a rectangular cross-section. From (7.240a),
(7.240b), (7.240d) and (7.240e) and using (2.79), (7.231), (7.232) and (7.234) we obtain
for the wave propagating in the positive z-direction

E_ & ew_ _ Zr (7.241)
H H, B W\ '
v ()
We define the wave impedance Z; of the TE mode by
Zog = W (7.242)

2
A
-(%)
In the general notation of (7.241) we obtain with (2.155) for the waveguide wave propa-
gating in the positive z-direction

Ee=—2m L H,, . (7.243)

£,, and H,, are the transverse electric and the magnetic field forms
€ =E,dx+E dy, (7.244a)
H,=H,dx+H dy. (7.244b)
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For the wave propagating in the negative z-direction we have to replace Zy; in (7.243)
by minus —Z,;. For the TE;; mode we obtain from (7.240a) to (7.240f):

E, =0, (7.245a)
E, = —jw,u A sin 7 e Pz, (7.245b)
E,=0, (7.245¢)
H, =j ﬁgé sin ’L—x e ibz, (7245d)
H, =0, (7.245€)
H, = B, Acos % eibz, (7.245f)

Waveguides with the side ratio a/b = 2 have a maximum monomode frequency range
from f; to 2f; and are in general used in a frequency region from 1.25f, to 1.9f,. For
frequencies below 1.25f; the dispersion and the attenuation become too large. For
frequencies above 1.9f, the attenuation coefficient of the higher modes becomes too
small so that evanescent modes with cutoff at 2, can reach too far into the waveguide.
In Table 7.3 the data of standardized waveguides with a rectangular cross-section are
summarized. The frequency regions of standardized waveguides are overlapping,

7.9.2 Transverse Magnetic Modes

To investigate transverse magnetic T™M- or E-field types we start with an electric Hertz
form £ with a longitudinal component I1,, as given in (7.8a). The derivation is per-
formed as in the preceding section. Equations (7.229)-(7.235) and (7.237)-(7.239) are
also valid for TM modes. These modes are named T™,,, or E,,, modes. Instead of
(7.228) we obtain using (7.13a) and (7.14a) for the waveguide wave propagating in the
positive z-direction

II,,(x) = Bsin anx sin n:y e Pz, (7.246)

Using (7.13a) to (7.18a) we obtain the field components of the T™,,, modes:
E, =—jﬁ(mn)Bcos?sm m;y eibz, (7.247a)
]ﬁ( ) Bsin % cos n—? eIPz, (7.247Db)

Ez = ﬁMrESin ild

Jcsm ; e IPE (7.247¢)
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Table 7.3: Data of Standardized Rectangular Waveguides for the TE1p Mode. (Frequency range given by
1.25f < f < 1.9f;, attenuation « for copper metallization with oc, = 5.8 107 S/m at 1.5f;.)

Type Frequency Range Dimensions Attenuation at 1.5 f;
EIA DIN a b
1.5f; theor.  max accept.
(GHz) (mm) (mm) (GHz) (dB/m) (dB/m)

WR 2300 R3 0.32 -0.49 584.2 292.1 0.385  0.00078 0.001
WR 2100 R4 0.35-0.53 533.4 266.7 0.422  0.00090 0.0012
WR 1800 R5 0.41 - 0.62 457.2 228.6 0.49 0.00113 0.0015
WR 1500 R6 0.49 -0.75 381.0 190.5 0.59 0.00149 0.002
WR 1150 R8 0.64 -0.98 292.1 146.05 0.77 0.00221 0.003
WR 975 R9 0.76 - 1.15 247.65 123.82 0.91 0.00283 0.004
WR770 R12 0.96 - 1.46 195.58 97.79 1.15 0.00405 0.005
WR 650 R14 1.13-1.73 165.1 82.55 1.36 0.00522 0.007
WR510 R18 1.45-22 129.54 64.77 1.74 0.00748 0.01
WR 430 R22 1.72 - 2.61 109.22 54.61 2.06 0.00967 0.013
WR 340 R26 2,17 -33 86.36 43.18 2.6 0.0138 0.018
WR 284 R32 26 -395 72.14 34.04 3.12 0.0188 0.024
WR 229 R40 3.22-490 58.17 29.08 3.87 0.0249 0.032
WR 187 R48 3.94-599 47.549  22.149 473 0.0354 0.046
WR 159 R58 4.64-7.05 40.386  20.193 5.57 0.0430 0.056
WR 137 R70 5.38 - 8.17 34849 15799 6.45 0.0575 0.075
WR112 R84 6.57 - 9.99 28.499 12.624 7.89 0.0791 0.103

WR 90 R 100 82-125 22.860  10.160 9.84 0.110 0.143

WR75 R120 9.84 - 15.0 19.050 9.525 11.8 0.133

WR 62 R 140 11.9 -18.0 15.799 7.899 14.2 0.176

WR51 R 180 14.5 - 22.0 12.954 6.477 17.4 0.236

WR 42 R 220 17.6 - 26.7 10.668 4318 21.1 0.368

WR 34 R260 21.7 - 33.0 8.636 4318 26.0 0.436

WR28 R320 26.3 - 40.0 7.112 3.556 31.6 0.538

WR 22 R 400 32.9-50.1 5.690 2.845 39.5 0.815

WR19 R 500 39.2 -59.6 4.775 2.388 47.1 1.058

WR 15 R 620 49.8-758 3.759 1.880 59.8 1.52

WR12 R740 60.5-91.9 3.0998  1.5494 72.6 2.02

WR 10 R 900 73.8-112 2.5400  1.2700 88.5 2.73

WR 08 R 1200 92.2 - 140 2.0320 1.0160 110.7 3.81

WR 06 R 1400 113 -173 1.651 0.8255 136.2 5.21

WR05 R 1800 145 - 220 1.2954  0.6477 173.6 7.49

WR 04 R 2200 172 - 261 1.0922  0.5461 205.9 9.68

WR 03 R 26001 217 - 330 0.8636  0.4318 260.2 13.76
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H, =jwe (ﬂ) Bsin i O M T ; (7.247d)
b a b
Hy, =-jwe (ﬂ) Bcos X sin 212 182 ; (7.247e)
a b
H,=0. (7.247f)

The field distribution of the T™;, and T™;; modes are shown in Figure 7.23. From
(7.247a), (7.247b), (7.247d) and (7.247e) we obtain with (2.79), (7.231), (7.232) and (7.234)
for the wave propagating in the positive z-direction:

E E, g Ao\
gt P L gl 120 :
H ™ H “w F () PR

We introduce the wave impedance Z,, for the transverse magnetic modes as

)
Zew=2Z\| 1- (A—) . (7249)

In the general notation of (7.248) we obtain with (2.155) for the transverse magnetic
wave propagating in the positive z-direction

Ew=-Zm L H,, . (7.250)

7.9.3 Power Flow in the Waveguide

The active power P flowing through the waveguide is obtained from (4.37) as the real
part of the integral of the complex Poynting form 7 over the waveguide cross-section
A, at the longitudinal coordinate z,

b a
P@)=R( [ T)}=R([ Tx)dxndpp=n( [ ([ T:x)dx) ay).
' ' (7.251)
In the lossless waveguide the active power is independent from the longitudinal coordi-
nate z.
Let us first compute the power transmitted by the TE,,, mode. From (4.19) and
(7.243) we obtain for the electromagnetic wave propagating in the positive z-direction

T, = 3(E.Hy - E H}) =3Zu(|H, 1 + |H,P). (7.252)

We now insert (7.240d), (7.240e) and (7.252) into (7.251). Using

a b
f f sin? 1% cog? % dxdy = 2ab(1 - 8mo) (1+ 8no) , (7253)
0 0 a
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where §,,, is the Kronecker symbol defined in (A.8), we obtain the power P transmitted
through the waveguide

= 2abZyg,mn BIAP [( ) (1=8mo)(1+68n0) + (%n)z (14 8mo)(1- 6,,.})]

(7254)
From this we obtain
prE _ 3abZrsmn PPl Amnl? for m#0,n%0 (7255)
mn 1abZrg mnPByclAmn> for n=0o0rm=0 ° '

Transverse magnetic modes only exist for m # 0, n # 0. For the TM modes evaluation of
the integral (7.251) under consideration of (7.247a), (7.247b), (7.248) and (7.249) yields

ey ﬁMr|anrz (7.256)

™
Pﬂ‘lﬂ =

SZTM mn

7.9.4 Orthogonality of the Waveguide Modes

Under general excitation conditions several modes may propagate in a waveguide. The
electromagnetic field is represented by

E(@) =) [Eau(x) +E0(x)] (7.257a)

H(x) = ) [Hon (%) + Hp (%)] - (7.257b)

The summation is performed over all propagating modes. Inserting these modal expan-
sions of £(x) and (x) into (4.19) and (4.37) we obtain the active power P flowing
through the waveguide cross-section A|; at the longitudinal coordinate z as

P@) =4r{ [ £ Al (o)

=% m';M {L _m(x).m,,,,,(x)}
m',n' .M’

(7.258)

where the superscript M may assume TE or T™. With (7.240a), (7.240b), (7.240d),
(7.240e), (7.247a), (7.247b), (7.247d), (7.247¢), (7.255) and (7.256) we obtain the orthogo-
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nality relationships
%D‘t{ j; . Emn (%) A#L‘:,,f(x)} Smm? Onnt Py (7.259a)
%9*{ fA], QL"I,(x)AﬂL‘T,,:(x)F Smme Snn Py » (7.259b)
%m{ fM, £ (x) AR, (x)} 0, (7.259¢)
%m{ L . Emn (%) N Hoos (x)} (7.259d)

where 8., is the Kronecker delta function, defined in (A.8). The orthogonality of
functions is discussed in Section 4.13. Inserting these equations into (7.258) yields

=3 ([, Ene s} 3 Tn{ [ £ nin)

m n
(7.260)

7.9.5 Generalized Currents and Voltages in Waveguides

Section 7.4 has shown that for TEM waves the transverse complex field vectors E and H
may be represented as products of scalar complex amplitudes and real vector structure
functions. The complex scalar amplitudes only depend on the longitudinal coordinate
z, whereas the structure function only depends on the transverse coordinates x and
y. This decomposition of the transverse electric and magnetic field functions into a
real structure function and a scalar complex amplitude has been very useful, since
the vector structure function only depends on the mode, and hence is independent
of the excitation of the waveguide. The excitation of the waveguide only determines
the scalar amplitude. Since in the waveguide longitudinal field components also ex-
ist, the integrals defining voltage and currents now are dependent on the paths of
integration. It is, however, also possible to introduce complex scalar amplitudes for
hollow waveguides. One possibility may be to introduce scalar amplitudes as path
integrals of the complex field intensities E and H over specified paths of integration.
Another way to introduce integral field quantities is to define complex amplitudes via
area integrals of the field quantities. We demonstrate this method for the TEjp mode.
We introduce a generalized complex current I(z) and a generalized complex voltage
V(z) for the electromagnetic wave propagating in the positive z-direction. We impose
the condition that the generalized voltage V (z) and the generalized current I(z) are
related in analogy to (7.37) via the wave impedance Z,; of the waveguide

V(z) = Z:1(z). (7.261)
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Furthermore, we want to introduce the generalized voltage V (z) and the generalized
current I(z) such that the transmitted active power can be described in the usual way
by

P(z) =iR{V(2)I(2)"}. (7.262)
With (7.261) it follows that the wave propagating in the positive z-direction is carrying

the active power
P(2) = §Zw|I(2)[*. (7.263)

Using (7.255) and (7.263) we now can express the complex amplitude A by the general-
ized current I(z), and we obtain

N N i e
A= B ~1(z=0), (7.264)

where we have to impose a condition for the choice of the phase of I(z). Using (7.261)
and (7.264) we can express the transverse field components of the TE;p mode in (7.245b)
and (7.245d) by the generalized voltage V(z) and the generalized current I(z). The
phase of I(z) in (7.263) has been chosen such that V(z) and E(x, y, z) both are in
phase. For the wave propagating in positive z-direction, the z-dependence of V(z) and
I(z) is given by an exponential factor e Bz and for a wave propagating in the negative
z-direction the z-dependence of V (z) and I(z) is given by the exponential factor elfz,
In this case (7.261) has to be replaced by

V(z) = =Zel(2). (7.265)

Now we allow wave propagation in both directions and use the equations

2 X
=1/ =V(z)sin—, :
E, trm_(z)sm - (7.266a)
2 mx
==/ — in — .266b
H, abl(z)sm = (7.266b)

with not yet determined V(z) and I(z). From Faraday’s law (2.57b) it follows that

oE, )
a—x :-Jwyﬂz, (7.267)

We now can express the longitudinal component H, of the magnetic field by the

generalized voltage V (z)
j 2 X
H,=——\/—V(z)cos —. (7.268)
wp a \ ab a
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Figure 7.24: Equivalent circuit of a waveguide segment of length Az excited in the TEjg mode.

Furthermore it follows from (2.57b)

e — 7.26
5 - Hesd, . (7.269)

Inserting (7.266a) and (7.266b) we obtain

dv
— =—jwul. 7.270
dz Jeous ( )

From Ampere’s law (2.57a), it follows that

oH, oH
=X = %
% o jweE y (7.271)
After inserting (7.266a), (7.266b) and (7.268) we obtain
2
4. [me_L(E) ]1. (7272)
dz wy \a

Equations (7.270) and (7.272) correspond with the transmission-line equations

av .,

_d: =-j st_]_" (72733)
a o ., 1

-—.dz =—j (wCP — _wL; ) V. (7.273b)
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The series inductance per unit of length L, the parallel inductance per unit of length
Cp» and the parallel capacitance per unit of length L7 are defined in the following way

Li=p= % ; (7.274a)
1
Cl=e=—, 7.274b
p =€ Zre ( )
a 2 ZF
L”=y(—) =—. (7.274c)
P T cﬁik

From the transmission-line equations (7.273a) and (7.273b) we obtain for a short line
segment of length Az the equivalent circuit as depicted in Figure 7.24. Due to the parallel
inductance L;," / Az the equivalent circuit exhibits high-pass behavior. This corresponds
to the high-pass property of the waveguide.

7.9.6 Attenuation Due to Conductor Losses

Due to conductor losses the guided wave is attenuated. In this case the propagation
coefficient y = « + j B is complex. For small losses a < f the field distribution and the
phase coefficient f can be calculated disregarding the losses. The conductor losses then
are computed from the current distribution in the waveguide walls and the surface
resistance. Considering that the transmitted active power P, is proportional to the
absolute square of the amplitude of the guided wave, for an attenuated wave propagating
in the positive z-direction the relation

P(z) = Pye ** (7.275)

must hold. From this it follows that

9P sap, (7.276)
dz
and therefrom we obtain { dp
=—, 7.277
TIPS (7277)

Therefore we can calculate the attenuation coefficients «, if we know the transmitted
power P(z) and the power loss per unit of length P} = - %. Initially we consider the
field solution for the lossless waveguide and compute the power losses due to the wall
currents using (6.66). We integrate (6.66) over an infinitesimal wall surface element of
length dz according to Figure 7.25. The power loss in this area element is equal to - dP,

aﬂd we Obtain 1
P" =— = f R H zds‘ 7278
L 1 - 2 AI tl ( )
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Figure 7.25: The wall currents in the rectangular waveguide.

We compute the power losses due to the wall currents for the TE,,, mode of the
rectangular waveguide. From (7.278) we obtain

a b
Pi=Ra [ (HLF+HPlax| R [P+ HPIG| o @279)
With (7.240d) to (7.240f) we obtain
2
I+ 1P =B (5F) 1R sint P25 + Blelafcost 25, (7280)
ﬁ a

(1L + B, = 32( )|Afzsm B Bllafoost B2 28

From this it follows with (7.279) for the power losses due to the wall currents per unit
of length

P, =1R, |A|2[[32( ) (1= 8 o)+

+ Bas(1+ 8pmo)a + B2 ( ) (1= 840)b + B (1+ 5,0)b] (7.282)
Inserting (7.254) and (7.282) into (7.277) we obtain the attenuation coefficient

P, 2Ry
2P abZyp?
B(22)" a(1 = 8mo) + ()" b(1 = 8u0) ] + Bisc [(1+ mo)a + 1+ 80 )]
[(22)7 (1= 8mo)(1+ 8u0) + (32)° (1+ 8mo) (1= 8o |

(7.283)
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Using (7.229)-(7.234) and (7.242) we obtain

2R,

*= abZF.

(50 800) + 5= 000)) (1 38) + (3 + §5) [+ Sma)a+ 1+ Sn0)b] 3

V1= (22) [(2)7 (1= 8ma)(1+ 810) + (2)” 1+ o) (1= 800)]

(7.284)
For the TE;p mode it follows with §,,0 =0, 8,0 =1,
2
g 2R L, Eh) , (7.285)
W\ \2 aA?
bze\/1- (1)

For the TE;p mode the theoretic losses and the maximum losses allowed due to the
DIN standard are summarized in Table 7.3, To compute the wall current losses for the
T™;o modes we obtain from (7.278)

a b
PL =R, fo |ﬂ“|2dx|y=0+R;, fﬂ lﬂylzdy|x=0. (7.286)

After inserting (7.247d) and (7.247¢) and applying (7.230), (7.248) and (7.249) we obtain

2 2 2
—%:%RA[BP[(%) a+(m7“) b]; . (7.287)
™

With (7.256) we obtain the attenuation coefficient of the T™,,, mode

(7.288)

7.9.7 Attenuation Due to Dielectric Losses

If a waveguide is filled with lossy dielectric material in addition to the conductor
losses dielectric losses will also occur. In case of dielectric losses the free-space TEM
wave propagation coefficient y o becomes complex. With the complex permittivity
introduced in (2.125) we obtain

Yo = &nmo +jBmo = jwr/ (€' = j€") o . (7.289)
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We generalize (7.229) to

¥ = Va0 *+ e (7.290)
Inserting (7.289) yields

i - . _wzeu
y =iy W€ ~je" o - ?uﬁlﬁ\‘ 1= ﬁzy (7.291)

we'ug - B, . (7.292)

with

For weak dielectric losses characterized by €’ <« €’ we can approximate

w2y . wrey
1-j I zx—}—z—ﬁz—, (7.293a)
Bmo = wy\/€' ug (7.293b)
and the attenuation coefficient & and the phase coefficient f are
2.n 2.n
B O (7.294a)

NI
B=\/Bo — B (7.294b)

With the dielectric loss angle §, introduced in (2.126) we can put (7.294a) in the form

i = Bmo tand, _ n\/e_;',tané,, .
Vi-() ayi- ()

If the waveguide exhibits conductor losses as well as dielectric losses, the total at-
tenuation coefficient aoq) is the sum of the attenuation coefficient aonq. due to the
conductor losses and the attenuation coefficient ag;e;. due to the dielectric losses,

(7.295)

Xtotal = Fcond. T Ediel. (7.296)

7.10 CIRCULAR CYLINDRIC WAVEGUIDES

7.10.1 The Circular Waveguide Modes

Figure 7.26 shows a circular waveguide with inner diameter 2a. We investigate the
lossless circular waveguide with a perfectly conducting wall and free-space inner region.
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Figure 7.26: Circular cylindric waveguide.

To investigate the TM and TE modes of the circular cylindric waveguide we derive the
fields either from an electric Hertz form /7, or a magnetic Hertz form /7, exhibiting
only a z-component

n-=1,dz, (7.297a)
n,=0,.dz. (7.297b)

For both cases the Helmholtz equation (3.28) has the following form:
AL, +Bi0, =0 i=em (7.298)
with B2 = w?eopo. With (A.157) we obtain for circular cylindric coordinates

P, 13, 1P, PI,
afz ; arz ¥ ; a¢2z * a 2 ﬁoﬂgz =i} (7299)

We seek solutions for waves propagating in the positive z-direction and choose the
separation formulation

I1,(r. ¢,2) = R(r) f(¢) e I*. (7:300)
From this it follows that

&R 1dR R d&f

i el e T +(Bs - B*)Rf =0. (7.301)

We introduce the parameter k. given by

=B - B (7.302)
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and obtain . 1
2l 1d°R 1 dR 1d 2,2
+r ———+r'ki=0. 7.303

Rdr?  Rdr f d¢? : ( )
The first two terms of this equation are dependent on r only, whereas the third term
only depends on ¢. This equation therefore can be fulfilled only if the sum of the first
two terms and the last term as well as the third term each are independently constant.
Therefore we set the third term equal to —n? and obtain

2
:Thfl +nlf=0. (7.304)
The solution of this equation is
f(¢)=A"sinng + B cosn¢. (7.305)

Since f(¢) is periodic with 2, the parameter n must be an integer. Furthermore A" = 0
without loss of generality, since both solutions in (7.305) only are distinguished by a
rotation of the field distribution around the z-axis by 90°. For R(r) we obtain from
(7.303) Bessel's differential equation

rr——+ PR 5 (r*k2-n*)R=0. (7.306)

The solution is given by
R(?’) =g]n(kef)+Q’Yn(kc?‘), (7.307)

where J,(x) and Y, (x) are the ordinary Bessel functions of the nth-order and first
and second kind. Since Y, (x) for x = 0 exhibits a singularity, D’ = 0 must be valid
in (7.307). Up to now the treatment of the Helmholtz equation is the same for the
electric and magnetic Hertz forms /1, and [1,,. From (3.29a), (3.29b), (3.36a), (3.36b)
and (7.300), (7.305), (7.307) we obtain

™ modes:  [1,(r, ¢,z) = BJy(kcr) cosng e P24z, (7.308a)
£=ddn, +p310,, (7.308b)
H=jwexdll,. (7.308¢)
TE modes: /1, (r, $,2) = Al (kcr) cosnpeP*dz, (7.309a)
H=dd,+pi0,, (7.309b)

E=—jouxdll,. (7.309¢)
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A and B are arbitrary complex amplitudes. For circular cylindric coordinates we obtain
for the Hertz form (7.297a)

1011 oll
et 2 [ - ] ! 2310
dri, 0 r e rd¢ (7.310)
- Il 1% 91

ddri, = = - —=£ dz. .

O,=—- dr+ r 900z rd¢ + ) dz (7.311)
With (7.302) we obtain

ddf, +gin, = Caf dred VL rd¢ + k211, dz (7.312)

= TPOEET Grok r 0¢dz o A '

With this we obtain from (7.308a) to (7.309c¢) the field components

T™ modes: E = —jBkcBJ, (kcr) cosng e P, (7.313a)
ipB y —ipBz

E,= ]ﬁ;ﬁ)’,. (k.r)sinngeP?, (7.313b)

E, = k2B, (k.r) cosndpeiP?, (7.313¢)

H, = —juweo %ﬁfn(kcr) sinnge P (7.313d)

H, = ~jweok BJ) (kcr) cosng P2, (7.313€)

H, =0, (7.313f)

tE modes: H, = —jpk Al (kc.r) cosng ek, (7314a)
H, =jﬁ;éfn(kcr)sinn¢e’jﬂz, (7.314b)

H, = k2AJu(kcr) cosnge™ bz (7.314c)
£r=jwlug-:-é],,(kcr) sinnge P2 (7.314d)

E, =jwpok AL, (ker) cosng e P2, (7.314e)

E,=0. (7.314f)

With J;, we denote the derivative of the ordinary Bessel function of the first kind with
respect to the argument. At the perfectly conducting waveguide wall the tangential
component of the electric field must vanish at r = a (i.e, §¢L=a =0 and Eer:a =0).
From this it follows for the T™ and TE modes:
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Table 7.4: The mth Roots for ], (x) and mth Roots for J| (x)

Enm: :nn:
n ms= m=2 m=3 n m= m=2 m=3
0 2405 5520 8654 0 3832 7016 10.173
1 3832 7016 10.173 1 1840 5330 8540
2 5135 8417 11.620 2 3054 6706 9.969
T™ modes TE modes
Ju(kca) =0, (7.315a) (k)um = Enms™ s (7.315b)
I (k.a)=0, (7.316a) (k)nm =& a7t (7.316b)

For the transverse magnetic modes the Bessel function J, for r = a must be zero,
whereas for transverse electric modes the derivative of the Bessel function J;, must be
zero at r = a. The mth zero of ], is denoted with &, and the mth zero of ], is denoted
with &/,,... The lowest-order zeros &,,, and &}, are listed in Table 7.4.

The k. are determined by the conditions (7.315a) and (7.316a), respectively. According
to (7.302) we obtain the phase coefficient  of the waveguide wave.

B=1\/B%-k2. (7.317)

With the free-space wavelength A¢ = 21/, the guide wavelength Ay = 2m/p and the
cutoff wavelength A, = 2n/k. it follows that

12 b (7318)

- (&)

This equation is identical with (7.234) for the guide with rectangular cross-section. A
waveguide mode only can propagate, if Ao < A.. From (7.315b), (7316b) and A, = 2mt/k.
we obtain the cutoff wavelength

2na
gﬂm ?

2na
TE modes: (A )pmn =

™ modes: (A, )pn = (7.319a)

(7.319b)

[
nm
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Figure 7.27: Field distribution of some waveguide modes of waveguides with a circular cross-section.

The wave impedances Zyy and Zy;, follow from (7.313a) to (7.314e) and (7.317) to (7.318)

E E ?
T™M modes: Zgy = — = i, 8 £ =Zpo\| 1- (A—U) ; (7.320a)
ﬂ¢ H..r wel] /‘.c
E
TE modes: Zg = :-EL g, B0, L . (7.320b)
ﬂ¢. ﬁr ﬁ A 2
- (3)

Therefore (7.242) and (7.249) are valid also for circular waveguides. Furthermore the
generalization (7.243) and (7.250) is valid, since e,, ey and e; form a right-handed
orthonormal frame.

The field lines of the most important modes are shown in Figure 7.27. The data of
some standardized waveguides is presented in Table 7.5. A relative frequency range
for single-mode operation in the case of cylindric waveguides is smaller than that for
rectangular waveguides. For circular waveguides the TEo,» modes are of special interest
since the attenuation of these modes decreases with increasing frequency. From (7.314a)
to (7.314f) we obtain for the TEy,, modes the following field distribution:
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Table 7.5: Data of Standardized Circular Waveguides.
. Attenuation of TE;; mode
Type Cu;:ﬂ" Freq:;nc:es Dimension 1.2 fe Oy =5.8-107 §/m
f [GH‘Z’I p F(‘;Hz] 2a [mm)] [GHz] « [dB/m]
& £ Theor.  max accept.
C33 0.27 0.35 647.9 0.325  0.00067 0.0009
C6.2 0.51 0.66 345.1 0.611 0.00174 0.0023
cl12 0.96 1.25 183.77 1.147  0.00447 0.0058
Cc25 21 2.74 83.6 2.521 0.014 0.018
C48 3.95 5.16 44,45 4.74 0.0375 0.049
Cl04 8.68 11.3 20.244 1042  0.122 0.15
C255 211 27.5 8.33 25.31 0.462 -
C495 402 525 4.369 48.26 1.211 -
CB890 736 96.1 2.388 88.3 3.011 -
E =0, (7.321a)
Ey =jwpokcAlg(kcr) e P2, (7.321b)
E,=0, (7.321¢c)
H, =ik AJy(k.r)e P2, (7.321d)
H, =0, (7321e)
H, = k2AJo(kr) e7iP?, (7.321f)

Figure 7.27 shows the field distribution of some waveguide modes of waveguides with
circular cross-section.

7.10.2 Power Flow and Attenuation in the TEq; Mode

We determine the active power flowing through the waveguide as the real part of the
integral of the complex Poynting differential form over the waveguide cross-section.

For the TEq; mode it follows from (4.19), (7.320b) and (7.321a)-(7.321d):

T, = ~3E H = 4 Zug|H, > = $ 20 PR2| AP (Ker) .

(7322)

Since the z-component of the complex Poynting vector only depends on r, the active
power P flowing through the waveguide is given by

P=2n9{{fuarTz(r)dr}.

(7.323)
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Figure 7.28: Path of integration.

After insertion of (7.322) we obtain
P =nZ Bk AP f: rj:f(kcr) dr.
With (B.27) we obtain from this
P = inZ:e A (kea)*Jo(kea) .
With &, = 3.83 it follows that
in(k.a)?Ji(k.a) =3.74

and with this
P=3.74Z.:f*|AP.
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(7.324)

(7.325)

(7.326)

(7.327)

The conductor losses per unit of length Pj are calculated with (7.278). The integration
is performed over the boundary dA of the waveguide cross-section A according to

Figure 7.28. Since H, is independent from ¢ it follows that

Pl =1R, 56{_” |H,[*ds = rmRAlﬂzP'r:n.

After inserting (7.321f) we obtain the current losses per unit of length

P} = naR kAP TE (kca) .
The attenuation coefficient alpha follows from (7.277):

-1dP _Pj Rak?

“T3% &z 2P Zyfa

(7.328)

(7.329)

(7.330)
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Using (7.302), (7.318), (7.320b), A = 2n/k. and Ay = 21/ By we obtain from this

. Ry (%)2

— Z;.-oa l_(%ﬂ)z’

€

(7.331)

We see that for Ag < A, the attenuation coefficient « is proportional to )tg‘f 2. The
decrease of attenuation with increasing frequency in the TEy; mode has the following
reason. Since according to (7.321e) the ¢-component of the magnetic field vanishes,
the wall currents and therewith the wall current losses are only due to the longitudinal
magnetic field component H,. The ratio of the longitudinal magnetic field component
H, to the transverse magnetic field decreases according to 1/f. The transmitted power
is proportional to the square of the magnitude of the transverse field. The wall current
losses are proportional to the square of the magnitude longitudinal field. For a frequency-
independent surface resistance R4, therefore the losses would decrease with increasing
frequency according to 1/ 2. Taking into consideration the skin effect, according to
(6.54) the surface resistance R4 increases with f /2 and considering both effects we
obtain a total frequency dependence of the losses proportional to 1/ /2,

This holds for all TEq, modes of the circular waveguide, since in these cases according
to (7.321e) we obtain H 5= 0. The TEg; mode is the most interesting mode here, since it
exhibits the lowest cutoff frequency of all TEy,, modes. However, if this mode will be used
for low-attenuation signal transmission it has to be considered that the TEg; mode is
not the fundamental mode. Also, if the mode is used at higher frequencies, a number of
higher-order modes may also be excited at these frequencies in principle, and therefore
it is necessary to take care that only the TEq; mode will be excited. Inhomogeneities and
perturbations in the waveguide have to be avoided in order to obtain mode conversion.
It has to be considered that the T™;; mode exhibits the same cutoff frequency as the TEy,
mode. Therefore both modes have the same guide wavelength at the same frequency.
This is called mode degeneration. Mode degeneration may yield to mode coupling even
in the case of small inhomogeneities of the waveguide.

7.11 RADIAL WAVEGUIDES

7.11.1 Radial Parallel Plate Waveguide

In a radial waveguide electromagnetic waves propagate in +p-direction. Figure 7.29
shows a radial parallel plate waveguide formed by two circular disks with inner diameter
p1 and outer diameter p,. The disks are in distance k. In Section 3.9 we have calculated
the circular cylindric TE* modes and T™? that are transverse electric and transverse
magnetic with respect to the z-direction. We will obtain the modal field functions of the
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P2

X y

Figure 7.29: Radial parallel plate waveguide.

radial parallel plate waveguide by matching these solutions to the boundary conditions
of this waveguide. In this way we will obtain two sets of solutions that are transverse
electric or transverse magnetic with respect to the z-direction.

The TE? modes we obtain from (3.221a) to (3.221f) considering also the waves propa-
gating in negative z-direction. Deriving the wave components for the wave propagating
in negative z-direction k; must be substituted by —k.. In this case (3.221a) and (3.221b)
change the sign and we obtain

TE*:  H,=-j k:k,C;,(k,p) cosm¢ (é(”)e'jk‘z —ﬂ("z)eik"’) ; (7.332a)
H= ij%Cm (kpr) sinmg (ACD e kez - AC2)elkez) | (7.332b)
H, = k3Cum(kpr) cos m¢ (AWDeiker 4 ACPeik®) | (7.332¢)

. m i +2) —jkez -z jkez
E. =prﬂ-;Cm(kpp)sm me (ﬁ( deTikez | A(=D)giks ) , (7.332d)

E, = jwpok,Cp, (kpp) cos mé (AUDeikez o ADeIRZ) | (7332¢)
E =0. (7.332f)

With C/, we denote the derivative of the Bessel function C, with respect to the argument.
To satisfy the boundary conditions at the metallic plates E, and E, must vanish at
z=0and at z = h. The first condition yields AC*) = ~A**) and the second condition
requires k, = nm/h with integer n. We replace 1402 = _1 A2 by the amplitudes
A™) and A of the wave propagating in positive and negative p-direction. For a
wave propagating in positive p-direction Cp (k,p) is given by Hg,z)(kpp) and for a
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wave propagating in negative p-direction the radial dependence of the wave is given
by HS)(kpp). Hence we obtain for a wave propagating in positive and negative p-

directions
3 . ! = ' nnz
TE* 1 H, = -jk;k, (ﬂ(*')H,{,f} (kpp) + Al )H'(”l} (kpp)) cos m¢ COST, (7.333a)
Hy =jkzﬂ (A(+)H£f)(kpp) + é(—)Hg)(kpp))sin me cos HT“Z ,  (7.333b)
P
H,=-j k: (ﬁ(*}Hf:)(kpp) __4(-)H$](kpp)) cos m¢ sin _n:_z‘ (7.333c)
E, = op™ (A9 HD (kyp) - AOHL (kpp) ) sin m s % . (7333d)
P
N ‘ g . . nmz
E, = wpok, (,_1{ Y (kop) - ACO) W (kpp)) cos m¢ sin - (7.333e)
E,=0. (7.333f)

From (3.217) we obtain the radial wave number

k, =\/kE- k2, (7.334)

with P
ke = —. (7.335)
h
The corresponding cutoff frequency is
n
= . 7.336
ff.ﬂ 2.‘1\/@ ( )
The guide wavelength A, of the radial waveguide as in (7.232) is given by
Ag= . . - (7.337)
El' ¥
(i)
with the cutoff wavelength for the TM* modes given by
';lr:,n = 2‘_h‘ Erly - (7.338)
n

For the radial transmission the wave impedance is defined as the ratio of electric
and magnetic field components transverse to the direction of propagation. The wave
impedance of the radial transmission-line depends on p and also is different for the
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Re{f,(x)}

210 1 2 3 x4
Figure 7.30: The function fp (x) for m=0,1,2.
waves propagating in positive and negative p-directions. The wave impedance AN, (p)

of the wave propagating in positive p-direction is given by

(+)
ko H(Z) (kpp) H(z) (kop) Zro

rch hHmwp)’H“wwn/

With Ej (+) yH; () and E( ) »H (-) we denote the electric and magnetic field components
of the waves propaga{mg in positive or negative p-direction only. The wave impedance

(7.339)

z$3 (p) of the wave propagating in negative p-direction is

. B ko HY' (k HY (k,p) 2
zZ$ (p) =~ ':_) = —jZpo— m( 22, =-j (l)( i i (7.340)
H; ko Hy’ (kop) Hy' (kop) 1-("_n)2
a-t:
With (B.7a) and (B.8b) we obtain from (7.339) and (7.340)
z5p) =25 (p). (7341)

This result is not surprising and reveals that the segments in a chain of radial waveguides
with equal h are matched to each other if both ends of the chain are terminated reflection-
free.

Inserting (B.6a) and (B.6b) into (7.339) and considering (B.12b) we can separate

Zﬁ;) (p) into real and imaginary parts, hence

M@)zm—mww) (7342)
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with f,, (x) given by

2+ Un(®) (%) + Y (%) Y ()]
fu(x) = T (%)% + Yo ()2 '

(7.343)

The function f,,(x) is plotted in Figure 7.30 for m = 0,1,2 and in Figure 7.31 for
m = 0,10, 20, 30. The cutoff frequency does not depend on the azimuthal wave number
fe,v defined in (7.336). For k,p < n the electromagnetic field’s behaviour is evanescent
with a predominant imaginary part of the wave impedance, whereas the wave for
k,p > n is oscillatory with predominantly real wave impedance.

The TEG, modes exhibit rotational symmetry with respect to the z-axis. Using (B.10)
we obtain

1e5, 0 H, =jkk, (ADH® (kyp) + AOH (kyp)) cos "T""’ ., (7344a)
H,=-jk} (,_W)ng’(k,,p) - AOHM (kpp)) sin % : (7.344b)

4 . . onm
E, = -wpok, (A H® (k,p) - A )Hl(l)(kpp))sln¥. (7.344c)

The TG, modes exhibit no H,-, E - or E,-components.

The TM* modes are transverse magnetic with respect to the z-direction. We obtain
these modes from (3.222a) to (3.222f), hence

™" : E,=-jk;k,Cy,(kop) cosm¢ (B#2)emikez _ p=2)gikez) | (7.345a)
E, = jk,%c,,,(k,,p) sinmg (BUDe ke _ pl-oeiker) (7.345b)
E, = k2Cu(kyp) cosm¢ (B eTikez 4 B-2eikez) | (7.345¢)

i m . +z) _—j —-z)_jk:z
ﬂpz—]weu;cm(kpp)smmqb (BU2ekez 4 BU-2eikez) | (7345d)

Hy = —jweok, C,, (kyp) cos mg (B{“')e_j kz g B(_‘)ej"‘z) ,  (7.345e)
H,=0. (7345f)

The boundary conditions at the metallic discs require that E, and E; vanishat z = 0 and
at z = h, hence yield BC?) = B(*?) and k, = nnt/h with integer h. Replacing :B*?) =
1B(-2) by the amplitudes B(*) and B(-) of the wave propagating in positive and negative
p-directions and taking H ,(,,2) (kpp)and H ,(,,l) (k,p) for the waves propagating in positive



Transmission-Lines and Waveguides

m=0 m= 10 m=30
- Im{f,,(x)}
6 m=30
m=20
4 N m=10
e
2 |
<]
N AN
J V V UNYJ V W W
2 0 5 10 15 20 25 30

Figure 7.31: The function fi, (x) for m = 0,10, 20, 30.

and negative p-directions yields
TM:I?? :
E,=-k:k, (§(+)H5:)'(kpp) +§(—)Hg)'(kpp)) cosm¢ sin nTnz

E,= kz% (BHD (kpp) + BOH) (kyp)) sinmg sin Lt

.= h

E, = k& (BVH (kyp) + BO)H? (kyp)) cosme cos ==
Hy=-j weolg' (BHD (kop) + BOH (kyp)) sinmg cos HTM ’
H, = -jweok, (QMH:(:}'U%P) + ﬁ(“)HS),(kPP)) cos . <o ”_;:_7:

H, =0.

¥4

The wave impedance Z\}; is given by

() _Ee__ip ko H(kp) _ iy Hp'(kpp) (L)
™ foot I; - [ .
H, ko HY (kyp) H3Z (kop) A

Inserting (B.6a) and (B.6b) into (7.347) and considering (B.12b) we obtain

k
z$ (p) = ZFu*k—zf;](ka)

305

(7.346a)

(7.346b)
(7.346¢)

(7346d)

, (7.346¢)
(7.346f)

(7.347)

(7.348)
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Figure 7.32: The function f;!(x).

with f,!(x) given by
2 =i Um(X) (%) + You (x) Yo ()]
J: (%)% + Y/, (x)? '

Figure 7.32 shows plots of f;,!(x) for m = 0,1, 2. The rotationally symmetric modes
TEg, exhibit no E;-, H -, and H,-components. Their field components are given by

(7.349)

m (%) =

™, -E-P - kzkp (§(+)H1(2)(kpp) +§(“)H1(1)(kpp))sin HTT(Z 4 (7.350a)
E, = K (BWH® (kyp) + BOHP (kyp)) cos "T“z , (7.350b)

H, = jweok, (g(”H{”(ka) + BOH (kyp) ) cos % . (73500)

The T™},, modes are uniform in z-direction and exhibit no lower cutoff frequency.
Their field components are

™o E, =k (Q(")HS:}(kpp) +§(’)H$}(kpp))cos me, (7.351a)

H,=-j weo% (E(”HS:’(kpp) + BOH (kyp))sinme,  (7351b)
H, = -jweok, (E(J')Hf:)’(kpp) + §(-)Hg)’(kpp)) cosm¢p.  (7.351c)
The T™},, modes exhibit no cutoff frequency. The wave impedance is given by

) oL g, B )
™ - t "
H, Hy (kop)

(7.352)
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The T™MZ, mode is transverse electromagnetic with respect to the p-direction (i.e.,
TEM},).

E, = k:BH? (k,p), (7.353a)
H, =jweok,BH (kpp) . (7.353b)

TMZ, ¢

The wave impedance is

E, .. HP(k
Z4d = ~siiZpy ——fn( £), (7354)
=¢ Hy”(kop)

7.11.2 Wedged Radial Parallel Plate Waveguide

The wedged radial waveguide as depicted in Figure 733 is bounded by conducting
surfacesat z = 0,z = h, ¢ = 0 and ¢ = ¢,. Following the procedure as for deriving
(7.332a) to (7.332f) in the previous section we obtain for the field TE] , modes the field
components

z

TE

H, =-jkk, (ﬂ“)HSi)'(kPP) + A(—)Hgt‘)’(kpp)) COS Vi ¢ cos HTTTZ , (7.355a)
Hy=j kzv?'" (é("]Hf,i)(kpp) - g_(')Hg,lf (kpp)) $in v, ¢ cos nTnz ,  (7.355b)
H, = ~jk2 (A H (kor) - AOH( (kpp)) cos v sin % . (7355¢)

E,= w,u[,"?"’ (AHD (kyp) - AOH (kyp)) sin v sin % ,  (7355d)

i ! e ’ . nmz
Eg4 = wiok, (é( YHD (k,p) - AOHY (kpp))cosvmqﬁ sin——,  (7355¢)

E,=0. (7.355f)
In order to satisfy the boundary conditions, fractional order Hankel functions H Si) (kop)
and H f,f") (k,p) are used here. The order vy, of the Hankel functions is given by

mn

=E'

Using (3.217) we obtain the radial wave number

Vm (7.356)

ky=\/k2 - K2, (7.357)
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Figure 7.33: Wedged radial parallel plate waveguide.

with the cutoff wave number

ken=—. 7.358
"= (7.358)
From this we get the cutoff frequency
n
— a 7.359
fe 2h. feu (7359)

The characteristic impedances Z-ﬁ:)( p) and Zf-;)(p)are derived in the same way as
(7.339) and (7.340). We only have to replace m by v,,, hence

ko HS (kop)

Z(p) = 252" (p) =i Zro ) (7360)
In analogy to (7.342) we find
Zi)(p) = ZFo;:—:fv.. (kpp) (7.361)
with f,_(x) given by
ey - B Ve (O, () + Yo (Y, ()] 362

L, ()2 + Y, (x)?

To obtain the T™]_, modes of the wedged radial waveguide we rotate the radial modes
(7.346a) to (7.346f) by 37 around the z-axis in order to satisfy the boundary conditions at
¢ = 0. This is done by the substitutions sin v, ¢ — cos v,, ¢ and cos v, ¢ — —sin v, .
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Furthermore, to fulfill the boundary conditions at ¢ = ¢o we use fractional order

Hankel functions with order v,, given by (7.356). This yields

z .
Vit *

E, = k:k, (ﬁh)HSi)’(kpp) +§(“)H£L)’(kpp))sin Vi sin nTﬂz ,

™

Vm 2 . hmz
Ey= kz_P_ (§(+)H£i)(kp9) + B )Hf,i')(kpp))cos Vi sin -

E, = —k;‘; (§(+)H£i)(kpp) +§(“)H$L)(kpp)) sin v, ¢ cos % >

P
nmz

H, =jweok, (§(+)Hﬁi)'(kpp) +§(—)H£;)’(kpp))sin Vm¢ cos e
.ﬂz =0.

Similar to (7.347) the wave impedance is given by

k, H (kyp)
Z(p) = 20" (p) = =i Zrogs — 3 -
™ ™ %o HSi) (k,p)

As in (7.348) we obtain the wave impedance
(+) kp o1
Zyi (p) = ZFok—ofv,,.(ka)
with f;!(x) given by

o =i T, (1) + Y ()Y, ()]
v (%)= T (%) + Y, (x)? '

7.12 SPHERICAL WAVEGUIDES

H,=-j weui;'"‘ (§(+)H£i)(kpp) +§(‘)H£:‘)(kpp)) COS Vy§ cos%yl ,

(7.363a)

(7.363b)

(7.363c)

(7.363d)

(7.363¢)
(7.363f)

(7.364)

(7.365)

(7.366)

If the walls of a waveguide conform to the spherical coordinate system the waveguide is
called a spherical waveguide. If the waveguide wall is a cone specified by constant 6 these
waveguides are conical waveguides. Waveguides formed by two cones with the same
axis such that the wave is guided between these cones are called biconical waveguides.
To satisfy the boundary conditions at the conducting walls fractional degree associated
Legendre functions can be used. For fractional order v the associated Legendre function
P™(x) exhibits a pole at x = 1. Therefore P}" (cos 8) becomes infinite at 6 = 7 and
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P!" (- cos 8) becomes infinite at 8 = 0. Inserting (B.59a) and (B.59b) into the scalar
potential ¥(r, 8, ¢) introduced in (3.230) and allowing also fractional degree associated
Legendre functions we obtain the potential

hf,z)(kr) cosm¢| | PJ'(cosf)
¥(r,0.9) = A{hal)(kr)} {sin m¢} {Pf'(—cos 9)} (7307)

from which the field components of conical and biconical waveguides may be derived.
The spherical Hankel functions hs,lj(x) and hsz}(x) are solutions of the differential
equation (B.29). The spherical Hankel function of the first kind h‘(,l)(x) describes a
wave propagating in negative r-direction, whereas the spherical Hankel function of the
second kind h{? (x) describes a wave propagating in positive r-direction. Since in the
spherical wave solution the order v of the spherical Hankel functions corresponds to
the degree of the associated Legendre functions the Hankel functions are of fractional
order.

Inserting (7.367) for ¥,(r, 6, ¢) into (3.235a) to (3.235f) yields the TE,,, field compo-
nents

TEiin *
&=l (7.368a)
m  [h$®(kr)) [-sinmg) [ P™(cos8)
Eg= 'ém {hg](kr)}{ cos me }{Pf’(—cos 9)} ) (7.368b)
h(z}(kr)} {c05m¢}{ 4P (cos ) }
E =A{ ( i n ; (7.368¢)
gl 1 4P7 (“cos0)
hy (kr) | | sinm¢ o
_ v(v+1) (KD (kr)) [cosm) [ PI(cosB)
H=A jwur {h‘(f)(kr) sinmg [ | P™"(-cosB) [’ (7.368d)
L(rn? 4Py (cos 0)
Hy=4A: l {di(rh‘fi)(kr))}{c?s mqb}{dpﬂ(‘liose)} > (7.368e)
jopr | 5 (rhy” (kr)) ) (S0 me Ll GO
m l(rh(l)(kr)) ~sinm¢ P™(cos )
) W .. S N |2 v i
- Ajw]ursinﬁ {d;d,(rhgl](kr))}{ cosme }{Pf’(—c()sﬂ)} . (7.368f)

Inserting (7.367) for W, (r, 8, ¢) into (3.235a) to (3.235f) yields the T™M,,, field compo-
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nents
TMpp
 av(v+]) w3 (kr)| [cosme) [ P™(cos8)
E =-B jwer {hﬁl)(kr) sinm¢ [ | P (-cosB) [’ (7.369a)
dr.,(2) dP™(cos )

E,=-B. 1 { dd'(rh'('n(kr))} {c?s m¢} d_r_p”'('iemsa) , (7:369b)

WET E("hv (kr))) |sin me S
m 4 (rh$® (kr))| [-sinme) [ P™(cos)

Ejm—B—x—— il 4 , (7369

= ijersine {%(rhg)(kr)) cosme Pf’(—cos&)} %

H, =0, (7.369d)
m hgz)(kr) —sinm¢| | PM(cos@)

Hy = _ﬁm {hgl] (kr)| | cosm¢ | | Py (- cos 9)} ’ (#367¢)

hgz}(kr) cos m¢ G
H, =§{hgl)(kr)} {sinmqp} dP"'(E-E:osB) . (7.369f)

Superimposing these field components such that the boundary conditions are fulfilled
we can construct the TE,,,, and T™,,, modes of radial waveguides. The partial waves
containing P"(cos 8) and P}" (- cos 8) become infinite for 8 = 0 and 6 = m, respec-
tively. These singularities must be located outside the field region, (i.e., covered by
the ideal conductor). For conical waveguides only one of these solutions is used. For
biconical waveguides in general both solutions have to be superimposed to satisfy the
boundary conditions at both cone surfaces.

7.12.1 Conical Waveguide

The conical waveguide is formed by one cone as depicted in Figure 7.34. The TE,;,, modes
and the T™,,,, modes of the conical waveguide we obtain from (7.368a) to (7.368f) and
(7.369a) to (7.369f), respectively, considering the partial waves depending on P} (cos 8)
but omitting the partial waves P} (- cos 8). At the cone surface the tangential electric
field components E, and E, must vanish. For the TE,,, modes together with ( 7.368b)
this yields

dP™(cos 8)

0 =0 for TE,,, modes. (7.370)

b

For the TE,;, mode the fractional degree v must be chosen such that the nth zero of
the derivative of the associated Legendre function fulfills (7370). This nth solution of
the equation we name v/,,,,. For the T™,,, modes the boundary conditions E, = 0 and
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Figure 7.34: Conical waveguide.

E4 = 0 on the cone surface yield
P)'(cos ;) =0 for T™™M,,,, modes. (7.371)

For the T™,;, mode the nth zero v,,, of the fractional degree v of the associated
Legendre function fulfills (7371). In general the zeros of (7.370) and (7.371) with respect
to v/,,,, and vy, have to be computed numerically. The conical waveguide modes exhibit
no cutoff frequency. However, for small values of kr < 1 the modes exhibit evanescent
character and show wave character for larger kr > 1.

The wave impedance Zﬁ;) (r) of the wave propagating in positive r-direction and
ZE;} (r) of the wave propagating in negative r-direction follow from (7.368b), (7.368¢),
(7.368¢) and (7.368f) as

EM) & B (k
2P (1) = -2t = 20 =k Zr— e tea (K7) (7372a)
HY H & (rhD (kr))
gC) ( -) (1)
25 = % ==t =jkZr —h""iﬁgﬂ (7.372b)
Hy HS L (rh$), (k)

The wave impedance Z (r) of the wave propagating in positive r-direction and
ZiM)(r) of the wave propagating in negative r-direction follow from (7.369b), (7.369¢),
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Figure 7.35: Biconical waveguide.

(7.369¢) and (7.369f) as

£ E _jZF" %(rh‘(ﬂ(kr))
H  HY ki (k)
- pon 1

EY) Bz & (vl (kn))

ZL N =—m =25
HY  HY ko ki (k)

Z8)(r) =~ ; (7.373a)

. (7.373b)

Since the spherical Hankel functions of first and second kind are mutually complex
conjugate it follows

z$)(r) =25 (r), (7.374a)
G (r)=Z85" (). (7.374b)

7.12.2 Biconical Waveguide

The biconical waveguide is formed by two cones 6 = 6; and 6 = 6, as depicted in
Figure 7.35. Since in the biconical waveguide 6 = 0 as well as 6 = 7 are outside the
region of the field we can use both associated Legendre function solutions P!"(cos @)
and P (- cos 8). This allows to fulfill the boundary conditions at the cone surfaces at 6,
and 6. To obtain the field components of the TE,,, modes of the biconical waveguides,
we superimpose solutions P} (cos 8) and P} (- cos §) in (7.368a) to (7.368f),
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TEmy modes:
£ =0, (7.375a)
. m hf.il(kr) —sinm¢ pr § » 4 :
=07 "5in0 |h) (kr)[ | cosm¢ (AP (cosB) +A,P)" (~cosB)), (7.375b)
hs.i)n(kr) cos m¢ dP}" (cos®) dP}! (-cos0)
E"_{hi:')"(kr) snm [\ ag T4 Ty ) (7.375¢)
_ Von(Ven +1) h‘(,“:_)n(kr) cos m¢ - "
B= " aur {hEL’,(kr) sinmgp [ (AiPor (0988) + 4oyl (- c0s6))
(7.375d)
o1 [ (20 fcosmg) (, AP, (cos6)  dPE, (~cos)
0% jaur | 2 (rh® (ke)) [ lsinmg [\5T a9 "% T ;
(7.375€)

T

d (2)
B m T rhy.’ (kr) —sinm¢ m m
Ho " fapring {: Lha:z,(kr) cosmg | (AFL(0080) + 482, (~e0s)

(7.375f)

Denoting with P} "(cos 0) the derivative of P™ (cos 6) to its argument we can write

dP!"(+cosB)

0 =FP)" (£cosf) sinf. (7.376)

The boundary condition E = 0 at the cone surface yields

AP™ (cos ;) — A,P™ (~cos6;) =0 for TE,,, modes, (7.377a)
AP™ (cos8,) - A,P™ (- cos8,) =0. (7.377b)

The v, are determined as the roots of the characteristic equation
P™ (cos 8;)P™ (- cos B,) — P™ (- cos 6;) P (cos 6,) = 0, (7.378)

where n refers to the nth root for given m. The biconical waveguide modes exhibit no
cutoff frequency but are evanescent for kr << v and wavelike for kr > v.

The wave impedances z$) (r) and r-direction and Z$2) () of the waves propagating
in positive and negative r-direction, respectively, follow from (7.375b), (7.375c), (7.375e),
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and (7.375f) as

E( ) E(+) h(z)
z(r) = L v (KT)__ (7379)
Hg+> H{) 2 (rh$2) (kr))

This expression is identical with those obtained for the conical waveguide in (7.372a)

and (7.373a).
The field components of the T™,,,, modes of the biconical waveguides are obtained by
superposition of the solutions P! (cos 8) and P} (- cos 8) given in (7.369a) to (7.369f),

TM,y Modes:

__n(n+1) (KD (kr)| [cosme) p om "

E, = . {hf.}“).(kr) din mqb} (B,P" (cos6)+B,P;" (-cosb)),
(7.380a)

E. - _L Ai rhgi},,(kr) cos mqb B dP::“(COS 8) +B dP‘Tnn (— cos 9)

=8~ jw&'f d fhs:n)n(k?') sin m‘p =1 de 29 do »
(7.380b)

(2) .
m hy,,. (kr) —-sinm¢ m m

EQ ) m { ?rhﬂ‘)ﬁ(kr)}} { cos m¢ } (Eipvm(ms 9) +§2Pvm(—c058)) d
(7.380c)

H =0, (7.380d)

m hSZ) k - si m m
Hy= T {h(ﬁngk;;} { c:l::f} (B,P) (cos®)+B,P;" (-cos 8)) , (7.380e)
h(zl(kr) cosm¢ dP;’_‘"(cos ) dP","‘_m(—cos 0)
Hy = { Mg, (kr)} {Si“ mﬁb} (ﬁl o BT ) s {g2en)

The boundary conditions E, = 0 and E, = 0 at the cone surface yield

B, P} (cos 6y) + B,P;"(—cos 0,) =0 for TE,,, modes, (7.381a)
B,Pl'(cos8;) + B,P)"(—cosf;) =0. (7.381b)

The v,,, are determined as the nth roots of the characteristic equation

P™(cos 8,)P!' (—cos 8;) - P} (—cos 8;) P;" (cos 62) = 0. (7.382)
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The wave impedances AN (r) and Z ) r) of the waves propagating in positive and
negative r-direction, respectwely, we calculate from (7.380b), (7.380c¢), (7.380e) and

(7.380f), hence
ZFO dar (rh,(,i)_(kr))

rh? (kr)
This result is in coincidence with that obtained for the conical waveguide in (7.373a)
and (7.373b).

Z3(r) =25 (r) =j 20 (7.383)

7.13 DIELECTRIC WAVEGUIDES AND OPTICAL
FIBERS

7.13.1 Homogeneous Planar Dielectric Waveguides

The simplest dielectric waveguide is the planar dielectric waveguide depicted in Fig-
ure 7.36. The planar dielectric waveguide consists of a dielectric slab of thickness h
and permittivity €; enclosed by two regions with lower permittivities ¢, and €3, respec-
tively [3,5,27]. In Figure 7.36 the slab region is called region 2. Regions 1 and 3 either
are filled by a dielectric or are free-space regions. For €; > €, €3 the slab can guide
electromagnetic waves. In the following we assume a symmetric dielectric waveguide
with the same permittivity €, in regions 1 and 3. We assume in all regions nonmagnetic
media with permittivity yo. The TM modes may be derived from an electric Hertz form
exhibiting only a z-component II,, dz whereas the TE modes may be derived using a

—£z
magnetic Hertz form I1  _dz, that is

n,=1I1,,,dz for ™ modes, (7.384a)
n,;=1,.,dz for TE modes. (7.384b)

For the TM modes the Helmholtz equation in medium i is given by
Afl,; +Bgifl,; =0 fori=1,2, (7.385)

where the phase coefficients fo; and o, for transverse electromagnetic waves in media
1and 2 are

Poi = w\/Eip; fori=12. (7.386)
Regions 1 and 3 are filled by medium 1, whereas region 2 is filled by medium 2. We look
for solutions of the Helmholtz equation guiding waves propagating in the z-direction.
We assume uniform field distribution in y-direction and therefore d/dy = 0. This yields
the two-dimensional Helmholtz equation,
9’1l E)z

ey, P Lesi g2y 0. 7387
Tox? | 9z Poi' I (7387)
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Figure 7.36: The planar dielectric waveguide.

Assuming wave propagation in the positive z-direction we choose

= X,‘(JC) e P,
Inserting this into (7.387) gives
d?X;
<z * (Bui-B)Xi=0. (7.388)

Guided waves with a phase coefficient § exist for

Boi < B < Poz - (7.389)

This condition yields solutions that are oscillatory in the transverse direction in the
slab region and are varying exponentially in the transverse direction outside the slab
region.

The transverse components of the Hertz vector are even or odd functions of x. The
odd function HS) yields symmetric transverse field distribution whereas the even
function ﬂgf) yields anti-symmetric transverse field distribution. With the transverse
phase coefficient B, for region 2 and the transverse attenuation coefficient for regions

1and 3, given by
Bx2= \Y; p%z -p, (7.390a)
ax =\/B? - B3, (7.390b)

we obtain the odd solutions

Xf”)(x) = Bsin f,x for |x| <
_)_{1(0:' (x) = sign(x)De %W for |x| >

. (7.391a)
(7.391b)

- =

(ST P
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and the even solutions
X{)(x) = Beos pux
X{(x) = De™H

The expression for the TM-mode therefore is

_llf,“) De%*emibz
Hiu) = _115” = Bsin B xe P2
o) = —De %X g7IFz

—ez3 ~

H(f] Dea X —;ﬂz

==ezl ~

{) = { 1) = Bcos frx e1P?

ezz

n(‘) De %*¢ -jBz

——=ez3

for |x| < 3h

for |x| = 1h

for x <-%h
for |x|<%h ,
for x>1h

for x
l

IA
|
=
-

<3h .
h

for

=

for

IV

Inserting (7.393a) into (6.11a) to (6.11f) we obtain the field components

joy BD e%* e7IP=

E, ={-jBBBcosp.xeF*
jagpDe " eI
alDe%* e 1Pz

E, ={B2Bsin B xe1F*
,aige"“‘x E_j Bz
jweray D e®* eT1Pz

H, ={—jwe;B,Bcos B xe P
jwea, D e %> e7IP

For simplicity of notation we choose

u=3p:h,

Continuity of E, and H, at x + 3 requires

for x <-3h
for |x|<3h ,
for x>1h
for x <—-3h
for |x|<3ih ,
for x>1h
for x<-3h
for |x|<ih .

for x>13h

vie ' D+usinuB=0,

eve ' D+eucosuB=0.

(7.392a)
(7.392b)

(7.393a)

(7.393b)

(7.394a)

(7.394D)

(7.394¢)

(7.395)

(7.396a)
(7.396b)

This set of homogenous equations only has solutions with non-vanishing B and D if
the determinant of the coefficients is zero. This condition yields

€]
y=—utanu for odd T™M mode .

€2

(7.397)
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Figure 7.37: Graphical solution for eigenvalues for T™M modes.

From (7.390a), (7.390b) and (7.395) we obtain
u? +v: = w? (7.398)

with the normalized frequency w defined by

wh wh
w=3hy/ B3, - Bty = EC_O\/Er_Z'_erl= 26 V ny - ni, (7.399)

where n, is the refractive index of the slab medium and n, is the refractive index of the
medium in regions 1 and 3. This, coupled with (7.397), is the characteristic equation for
determining the phase coefficient § and the cutoff frequency of the odd T™ modes of
the symmetric planar waveguide.

Even T™ modes are obtained by inserting (7.393b) into (6.11a) to (6.11f) and following
the same procedure as above. The characteristic equation for even T™ modes is

y = =3 ucotu for even TM mode , (7.400)
€2

together with (7.398).

The characteristic equations for even and odd T™ modes can be solved graphically.
This is accomplished by the diagram shown in Figure 7.37 where the abscissa represents
u and the ordinate v. The full curves are the plot of (7.397) and the dashed curves
represent (7.400). Both plots are drawn for €;/e) = 2.5. The plots of (7.398) are circles
with the radius w. The intersections of the circles with the curves representing (7.397)
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and (7.400) determine the modes that propagate unattenuated in the dielectric slab
waveguide,

TE modes of the planar dielectric waveguide may be derived using (7.384b). There is a
complete duality between TM and TE modes. In the coordinate system of Figure 7.36 the
TE mode propagating in the z-direction will exhibit an electric field in the y-direction
and magnetic field components in the x- and z-direction. Applying the principle of
duality to (7397) and (7.400) we obtain the characteristic equations for the TE modes
given by

v= ::—1- utanu for odd TE mode , (7.401a)
2
v= —% ucotu for even TE mode (7.401b)
2

together with (7.398). For nonmagnetic media we obtain y,/u, = L.

The cutoff frequencies for TE, and T™™, modes are identical for the same n. The
cutoff frequency TEq mode as well as the TMy mode is zero. This means the Ty and
TM, propagate unattenuated no matter how thin the slab is. However, if the slab is very
thin the field extends wide into the regions 1 and 3 and becomes the TEM wave with
infinite extension in x-direction when the frequency becomes zero. In this limiting
case the wave is not guided any more by the slab.

The normalized cutoff frequency w, , of the TE, and T™,, modes is given by

Wen = SHT. (7.402)

With (7.359) we obtain the cutoff frequency

ncp

2"‘7\/ €2 —€n )

In the design of planar circuits for higher frequencies one has to take care that higher-
order surface waves cannot propagate. The lowest higher-order modes are the TE; and
T™; modes. In case of a silicon substrate with €, = 12.6 the cutoff frequency of TE; and
T™; modes is

Sfen = (7.403)

Co _ 421 GHz

T 2hJen-1 hj[mm]’

7.13.2 Dielectric Slab with Single-Sided Metallization

Jed (7.404)

Figure 7.38 shows the dielectric slab of thickness h with single-sided metallization. The
slab has the permittivity €,,. The region above the slab (x > h) exhibits a permittivity
€;1. The dielectric plate with metallization on one side carries surface waves of T™M
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Figure 7.38: The planar dielectric waveguide.

type as well as of TE type. We can obtain the field solutions for the dielectric slab with
single-sided metallization directly from the solutions for the slab without metallization
by application of the mirror principle. At the plane x = 0 odd T™ modes and even TE
modes of the dielectric slab waveguide without metallization exhibit an electric field
normal to this plane and a magnetic field tangential to this plane. Therefore, these field
solutions remain valid in either half-space x > 0 or x < 0 if a perfectly conducting sheet
is inserted in the plane x = 0.

In the case of the TE wave the current lines are normal to the direction of propa-
gation, whereas the TM wave exhibits current lines in direction of propagation. The
phase coefficients for the T waves and TE waves, respectively, are determined via the
eigenvalue equations

€

v="utanu for TM modes, (7.405a)
€r2

v=-ucotu for TE modes, (7.405b)

where the parameters u and v are given by

v="h\/B* - By

The normalized frequency w is given by

w=Vu?+vi=h\/pL - B2 . (7.407)

The T™o mode has no lower cutoff frequency. For the higher modes the normalized

(7.406)
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Figure 7.39: (a) Dielectric waveguide and (b) graphic solution of the eigenvalue equation.

cutoff frequencies are given by

Vermn = N for TM modes, (7.408)
Veren = (n+3)W for TE modes. (7.409)

The lowest higher-order mode is the TEq mode for which the cutoff frequency on silicon
substrate is given by
Co _21.0 GHz

Jexeo = == = i/ fmm]

(7.410)

7.13.3 Circular Dielectric Waveguides with Step Index Profile

The circular cylindric dielectric waveguide plays an important role as optical fibers [28-
31). Figure 7.39(a) shows the circular cylindric dielectric waveguide. The core region r <
a (region 1) is filled with a homogeneous isotropic dielectric with a permittivity €;. The
outer region r > a (region 2) also is homogeneous and isotropic and has a permittivity
€. The outer region either is free-space (e, = €o) or filled with a dielectric. In order
to guide a wave €, < ¢; must be valid. The dielectric waveguide is an open waveguide.
This means that the electromagnetic field is not confined within the waveguide, but is
extended also in the outer region. Therefore we have to solve the field equations in both
regions r < a and r > a. This is done by seeking the general solutions in both regions
assuming either region to be infinitely extended and then by matching these partial
solutions along the boundary. Since the boundary surface between the core region
and outer region is a circular cylinder, the circular cylindric coordinate system is most
suitable to solve the problem. The circular cylindric dielectric waveguide also exhibits
hybrid modes. These are modes exhibiting electric as well as magnetic longitudinal
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components. Therefore, in general we have to superimpose solutions derived from a
longitudinal electric Hertz vector field IT,, and solutions derived from a longitudinal
magnetic Hertz vector field I, if we want to use Hertz vector fields exhibiting z-
components only. For the core region 1 with r < a the solutions (7.313a)—(7.314f) of the
field equations are valid. We now have to consider that the core region is filled with a
dielectric and therefore (7.302) has to be replaced with

ke =5y - B (7.411)
with the phase coefficient By, of the plane wave in a medium with permittivity ¢, given

by
Bor = w\/Ho€1 = \/enPo . (7.412)

The occurrence of hybrid modes follows from the circumstance that the boundary
conditions at 7 = g can be generally fulfilled only if transverse electric and transverse
magnetic partial solutions are superimposed. Comparing the field components of the
transverse magnetic partial solutions (7.313a)-(7.313f) with the field components of
the transverse electric partial solutions (7.314a)-(7.314f) we see that we have to rotate
one of the two partial solutions by 90° around the z-axis in order to match the Te
partial solutions and T™ partial solutions. We rotate the T™ partial solutions by 90°
using the solution sin n¢ instead of the solution cos n¢ of (7305). The corresponding
solutions are obtained by the substitutions cos n¢ — sinn¢ and sinn¢ — —cosn¢
in (7.308a) and (7.313a)-(7.313f). Instead of (7.308a) and (7.309a) we use the following
z-components of the electric and magnetic Hertz vectors

0.(r,¢,z) = BJy(k.r) sinnge P dz, (7.413a)
0,(r,¢,z) = AJu(ker) cosnge™ P24z, (7.413b)

By superposition of TE partial solution and the rotated T™ partial solution (7.313a)-
(7.313f) we obtain

E, =j [w,uoﬁﬁ],,(kcr) - ﬁkcﬁj’;(kcr)] sinnpeP? (7.414a)
r

E,=j [wyokrﬁj;(kcr) - ﬁ;_}yﬂ(k;r)] cosnpe P, (7.414b)

E, = k?BJ(kcr) sinnge %, (7.414¢)

H, = [ﬁkcé}:,(kcr) - welgﬁjn(k,r)] cosngpe P, (7.414d)

Hy=j [ﬁ%yﬂ (ker) - welkcﬁf:,(k,_.r)] sinngeP? (7.414e)

H, = k2AJ, (k.r) cosnpe P (7.414f)
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For region 2 we are seeking solutions decaying stronger than exponentially with r — co.
Such solutions describe guided waves. It exists for B¢z < f, where By, is the phase
coefficient for a plane wave in the medium of region 2, given by

Boz = w\/Ho€z = /€20 . (7.415)
We introduce the parameter k., given by
ke =B~ By (7.416)

and obtain for the subregion 2 instead of (7.306) the Bessel differential equation

d*R  dR
r"F +rE-(r2x3+n2)R=0. (7.417)
The solutions are the modified Bessel functions K, (x) and I, (x). The solution K, (x)
for x — oo goes to 0 stronger than exponentially, whereas the solution I,,(x) is not
bounded for x —» co. We obtain the solutions for subregion 2 from the solutions for
subregion (7.414a)-(7.414f) by performing the following substitutions

In(ker) = Ku(xer), (7.418a)
kelp(ker) = kK (ker) s (7.418b)
€ = €2, (7.418c)
k2 <> =x3 (7.418d)
and obtain

E =j [NPO ;QK,,(KC r) - ﬁx;QK:,(xcr)] sinnge P, (7.419a)
Ey=j [wyochKL( Ker) = ﬁ;gKn(xcr)]cos npe bz, (7.419b)
E, = -k*DK,(x.r)sinn¢ eIz, (7.419¢)
H =-j [ﬁmQKL(w) — we;= DK ( Kcr)] cosnge (7.419d)

r
Hy=j [5%§Kn(xcr) = szxc_Q.K;(xcr)] sinnge P (7.419¢)
H, = -k*CK,(x.r) cosngpe 1%, (7.419f)

We now introduce the normalized parameters u and v by

u=kea=a\/p3-p* (7.420a)
v=kca=a\/p*-p,. (7.420b)
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With (7.411) and (7.416) we obtain therefrom

u? +v:=a*(Bi - BL,), (7.421a)

w4 = azﬂg(erl —€r2) . (7.421b)

The partial solutions for subregions 1 and 2 must fulfill the boundary conditions (2.160)
and (2.164) at r = a. The tangential components Ey, E;, H s and H, of the fields at the
boundary surface must be continuous at r = a. From (7.414b), (7414c), (7.414e), (7.414f),
(7.419b), (7.419¢), (7.419¢) and (7.419f) we obtain therewith

wpoul!,(u)A - ﬁn},,( )B = wuovK., (v)C - BnK,(v)D, (7422a)
Ja(4)B = —v*K,(v)D, (7.422b)

Bnl,(u)A - wcluf (u)B = BnK,(v)C - we;vK},(v)D, (7.422¢)
], (u)A=—v'Ky(v)C. (7.422d)

Using (7.422b) and (7.422d) we can express the complex amplitudes C and D by A and
B, and after inserting into (7.422a) and (7.422¢) we obtain

1 ]'(u) 1 K, (v)
4o (u T vK,,(v))A Bn (—+—)B (7423a)

1 1 €r1 ];(u) €r2 Ku(v)
ﬁn(— +V—)A—w€|](? }n(U) + T K,,(V))

|=~

(7.423b)

This homogeneous system of equations for A and B only has a solution if the coefficient
determinant vanishes. This yields the eigenvalue equation

1) | lK;(v)][eﬂ J(w) | €n K;(v)]_ﬁz,,z L l)zzo.

u Jo(u) v Ku(v) u ],,(u) v Ku(v) vt
(7.424)
We eliminate the unknown phase coefficient . From (7.420a) and (7.420b) we obtain
2[ 1 1 _ ﬁm ﬂoz w? €1 €r2
ﬁ[?*?ﬁ - Cpcn) -2 o0 & (7.425)

and with this from (7.424) the eigenvalue equation in the following form

Eroad ol | eyxoascs so e bR T )

(7426)
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From (7.421b) and (7.426) the normalized parameters # and v and from this the quan-
tities 3, k. and k. may be determined. The solution of the eigenvalue equation only
may be obtained by numeric or graphic methods. To obtain the graphic solution we
introduce the functions

11w

En(u) = Hare (7.427)
_1K,(v)

Hn(v) = K.0) (7.428)

and obtain the eigenvalue equations

(&) + 1) e () +eann(0) = (G + ) (54 5], a29)

=)z
u? +v:=a’Bi(en—€). (7.430)

These equations are solved graphically by drawing the curves given by both equations
in the uv-plane. The solutions are given by the intersections of the curves. The curve
given by (7.429) only depends on the parameter n and the geometric parameters of
the waveguide. By (7.430) circles in the uv-plane are defined, the radius of which is
proportional to the frequency. The graphic solution is depicted in Figure 7.39(b). In
(7.429) a family of curves belongs to each n. According to (7.414a) to (7.414f) the ¢-
dependence of the field components is given by sin n¢ and cos n¢, respectively. The
parameter 1 therefore determines the number of node planes in the field. Furthermore
the circular cylindric dielectric waveguide exhibits a number of node cylinder surfaces.
Modes are marked with indices # and m where n is the number of node planes and m
is the number of node cylinders for a certain mode. To each pair of indices two field
types are assigned. For n = 0 these two field types are transverse electric modes and
the transverse magnetic modes. For n # 0 the modes are of hybrid type exhibiting
longitudinal electric as well longitudinal magnetic field components. These field types
are HE,,, and EH,,, modes, respectively, depending on whether the transverse field
structure is similar to the TE,,, modes or the T™,,, modes of the circular cylindric
hollow waveguide.

Let us first consider the modes with n = 0. These modes exhibit rotational symmetry.
For n = 0 the right side of the eigenvalue equations (7.426) and (7.429), respectively,
vanish. These equations are fulfilled if one of the expressions in brackets on the left side
vanishes. For the TEg,, waves we obtain

§o(u) +mo(v) =0, (7.431)
whereas for the T™My,,, waves

endo(u) +€nmno(v) =0 (7.432)
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Table 7.6: Parameter 1o at the Cutoff Wavelength A,

HE,m — Modes EHpm — Modes
(TMom for n=0) (TEgm for n=0)
n=0 Jo(ug)=0 Jo(uo) =0
n=1 Ji(ug)=0, (uo#0) Ji(uo) =0, (uo#0)
n22 PG -Emm Ja(w) =0, (u0#0)

is valid. The assignment of these equations for n = 0 to the transverse electric and
transverse magnetic fields, respectively, becomes obvious by comparison with (7.423a)
and (7.423b). For n = 0 both equations are uncoupled. The transverse electric field
with amplitude A and the transverse magnetic field with amplitude B therefore are not
coupled.

In Figure 7.39(b) solution curves of (7.429) are drawn for the HE;; mode, the Hy;
mode and the gg; mode. The solution curve for the HE;; mode originates at u = 0,
v = 0. Therefore for circles according to (7.430) with an arbitrarily small radius, a point
of intersection exists (i.e., the HE;; mode exhibits no lower cutoff frequency and can
propagate for arbitrarily small frequencies). The field distribution of the HE;; mode is
depicted in Figure 7.40(a). For all other modes the curves of solution of (7.429) exhibit
v = 0 for u > 0. The values uq of u for which the curve of solution of the specific
modes are going through v = 0 are summarized in Table 7.6. These values 1, determine
the lowest values of By according to (7.430) and the largest values of the free-space
wavelength A, for which the mode can propagate. The cutoff wavelengths A, of the

modes are given by
2na
'lc =—— €1 —€r2. (7433)
g
With the exception of the HE;; mode, which has no cutoff frequency, the TEs; mode
exhibits the lowest cutoff frequency. According to Table 7.6 and (7.433) it is given by

2na

AETEN} -
2.405

VErn —€r2. (7434)

Figure 7.39(b) shows the solution curves for the HE;;, T™Mq; and the TEg; modes for
V€ = 1.5and \/€,, = 1.4955. The square roots of the relative permittivities are equal to
the refractive indices. For optical fibers such small differences of the refractive indices
between the core and cladding region are usual. Such small differences may be realized
by different doping of the quartz material. Small differences between core and cladding
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Figure 7.41: Dispersion diagram for the HEy; and TEo; modes.

refractive indices allow for the realization of optical fibers with a core diameter of
up to 10 pm, in single-mode operation for less than 1 um wavelength. Figure 7.39(b)
shows the graphic solution of the eigenvalue equations for a circular cylindric dielectric
waveguide with a core diameter of 2a = 5 um and core and cladding refractive indices of
1.5 and 14955, respectively. From (7.434) we obtain a cutoff wavelength A, = 0.758 um.

Figure 7.40 depicts the field distribution of the TEq; mode. For the small difference
between €,; and €,,, (7.431) and (7.432) are nearly identical. Therefore the solution
curves for the TEg; and the T™o; modes cannot be distinguished. Figure 7.41 shows the
dispersion diagram of the TEo; mode. The HE;; mode exhibits no lower cutoff frequency;
however, it is not suitable to guide waves of an arbitrarily low frequency. The lower
the frequency becomes, the less the electromagnetic field is guided by the core of the
fiber and the more it is spread in the cladding of the fiber or in free-space in the case of
small perturbations of the waveguide or even small bending. The optical waveguide has
to be designed such that the electromagnetic field is rapidly decaying in the cladding
region. Otherwise the electromagnetic energy will be attenuated by lossy material on
the surface of the cladding or it will be scattered.
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7.14 PROBLEMS

1. Consider the electric and magnetic Hertz forms given by
0, = L (40P 1+ 4OV dp,
p
n, = (§(+)e—iﬁz +§(-]eiﬁz) dé.

a) Show that each of these Hertz forms allows to compute the field of the time-
harmonic waves TEM mode of the coaxial circular cylindric waveguide.

b) Compute electric and magnetic field forms for the coaxial circular cylindric
waveguide with inner conductor diameter 2a and inner diameter of the
outer conductor 2b.

¢) Find the normalized electric and magnetic field structure functions and
express the field forms by voltages V) (2), V) (z) and currents 1M (2),
1) (z) describing the waves propagating in positive and negative z-direction
and the structure functions.

d) Compute the characteristic impedance of the coaxial circular cylindric
waveguide.

e) Compute the complex Poynting vector for the general case of waves propa-
gating through the waveguide in both directions.

f) Compute the complex power P, (z) flowing through the waveguide for the
general case of waves propagating in both directions by integrating the
complex Poynting vector over the cross-section of the waveguide. Compare
this result with the complex power computed from the voltages Vv¥(2),
V) (2) and currents 1) (z), 19(2).

g) Give the conditions for P, (z) being either real or imaginary over the whole
length of the waveguide.

2. Show that the electromagnetic wave propagating in a coaxial circular cylindric
waveguide can be derived from the magnetic Hertz form

0, =(fP(z-ct)+ fO(z+ct)) dg.

a) Compute electric and magnetic field forms for the coaxial circular cylindric
waveguide with inner conductor diameter 2a and inner diameter of the
outer conductor 2b.

b) Find the normalized electric and magnetic field structure functions and
express the field forms by voltages v (z - ct), v()(z + ct) and currents
i) (z = ct), i) (z + ct) describing the waves propagating in positive and
negative z-direction and the structure functions.

c) Compute the characteristic impedance of the coaxial circular cylindric
waveguide.



330 Electromagnetics

d) Compute the time-dependent Poynting vector for the general case of waves
propagating through the waveguide in both directions.

e) Compute the power P(z, t) flowing through the waveguide for the general
case of waves propagating in both directions by integrating the complex
Poynting vector over the cross-section of the waveguide. Compare this
result with the complex power computed from the voltages v(*)(z - ct),
v(:)(z + ct) and currents i(*) (z - ct), i) (z + ct).

3. Consider a circular cylindric coaxial transmission-line with copper conductors
(0k =5.8-107 Sm™). The diameter of the inner conductor is 2a = 0.9 mm and
the inner diameter of the outer conductor is 2b = 2.95 mm. The coaxial cable is
filled with polyethylene (uo, €, = 2.1, tan &, = 2- 107* at 1 GHz).

a) Compute the parameters C’, L', G’ and R'.

b) Compute the propagation coefficient y and characteristic impedance Z.

¢) Draw the T-, I1- and allpass lumped element equivalent circuits for a line
segment of length Az and compute the lumped element parameters for
Az=2cm.

4. A multiconductor transmission-line exhibits three conductors 1, 2, 3 shielded by
a conductor 0. The space between the conductors is filled with a homogeneous
isotropic dielectric material of €, = 2.25. The capacitance per unit of length

matrix is
60 20 20
C'=[20 60 20|pF.
20 20 60

a) Compute the wave velocity.
b) Compute the inductance per unit of length matrix L’ .

5. Show that the TE,,o modes of the rectangular waveguide can be derived from a
magnetic Hertz form

0, = Asin B,xe P2 dy
and compute the field components.

6. Consider a lossless rectangular waveguide with given height to width ratios
bfa=1,0.5and0.2.

a) Compute the cutoff frequency f; of the fundamental mode TE;,.
b) Compute the cutoff frequencies of the next four higher modes.
¢) Give the single-mode frequency range.

7. Consider a rectangular waveguide with copper walls (¢ = 5.8 - 10" Sm™') and
inner dimensions a = 1 cm, b = 0.5 cm is filled with air. Let the waveguide be
excited in the TE;p mode,

a) Compute the cutoff frequency f; and the cutoff wavelength A, of the fun-
damental mode.

b) Compute the cutoff frequencies and the cutoff wavelengths of the next four
higher modes.
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¢) Compute the free-space wavelengths and the TEjo guide wavelengths for
the frequencies f = 1.1 f,, 1.5 f;, 1.9 f..

d) Compute the amplitude attenuation coefficient a due to the skin effect
losses for the TEjp mode at the frequencies f = 1.1 f¢, 1.5 f., 1.9 f..

e) Compute the amplitude attenuation coefficient « for the evanescent fields
of the next four higher modes at the frequencies f = 1.1 f, 1.5 f;, 1.9 fe.
For these computations the skin effect losses may be neglected.

8. Consider an empty rectangular hollow R 320 waveguide (inner dimensions a =
7.112 mm, b = 3.556 mm).

a) Compute the cutoff frequencies for the TE;q and TE;; modes.

b) Compute the guide wavelengths at 60 GHz for the TEjq and TE;; modes.

¢) Compute the attenuation coefficients due to skin effect losses in copper
walls (o = 5.8 -107 Sm™) at 60 GHz for the TE,o and TE;; modes.

d) Let waveguide now be filled with a homogeneous isotropic dielectric with
permittivity (e, = 2.25) and loss tangent tan &, = 0.001. Compute the cutoff
frequencies for the TEjo and TE;; modes.

e) Compute the guide wavelengths for the filled waveguide at 60 GHz for the
TEj and TEj; modes.

f) Compute the attenuation coefficients due to skin effect losses in copper
walls for the filled waveguide at 60 GHz for the TEjo and TE;; modes.

g) Compute the attenuation coefficients due to the dielectric losses in the
filled waveguide at 60 GHz for the TEjo and TE;; modes.

9. Consider the empty rectangular hollow R100 waveguide with copper (o =5.8 -
107 Sm™*) walls of inner dimension a = 22.86 mm, b = 10.16 mm. The waveguide
is excited in the TE;o mode at a frequency of 10 GHz. The power of I mW is fed
into the waveguide.

a) Compute the guide wavelength, the phase coefficient, the attenuation coef-
ficient, the phase velocity and the wave impedance.

b) Compute the amplitudes of the transverse electric and magnetic fields and
of the longitudinal magnetic field.

¢) Compare the calculated waveguide attenuation with the attenuation of a
coaxial line with diameter of the inner conductor 2a = 0.9 mm and inner
diameter of the outer conductor 2b = 2.85 mm, filled with a dielectric with
permittivity (e, = 2.25) and loss tangent tan §, = 0.001 at 10 GHz. Consider
skin effect losses as well as dielectric losses.

10. Consider the standardized circular cylindric waveguide C 48 with an inner
diameter 2a = 44.45 mm. The waveguide consists of copper (¢ = 5.8 -10” Sm™).

a) Compute the cutoff frequencies TEq;, TEy, TMo; and T™My modes.

b) Assuming a perfectly conducting waveguide wall, compute for the TEq
mode the wave impedance, the guide wavelength and the phase and group
velocities of the guided wave at the frequencies 10 GHz, 12 GHz, 15 GHz,
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20 GHz, 40 GHz and 60 GHz.
c) For the waveguide consisting of copper (¢ = 5.8 - 10’ Sm™), compute
the attenuation coefficient of the TEg, at the frequencies 10 GHz, 12 GHz,
15 GHz, 20 GHz, 40 GHz and 60 GHz.
An empty circular cylindric hollow waveguide of inner diameter 24 = 2 mm
guides an optical wave with a free-space wavelength Ay = 1.3 ym. The waveguide
is excited in the TEg; mode. The waveguide is made from copper (¢ = 5.8 -
107 Sm™"). Compute the attenuation coefficient.
Consider the radial waveguide excited in the TEgp mode.
a) Show that this mode is a TEM mode.
b) Show that in a surface p =const. a voltage V(p) and a current I(p) can be
defined by V(p) = ~hE, (), I(p) = 2npH,(p) .
c) Express electric and magnetic field forms by generalized voltage and current
amplitudes and the electric and magnetic structure forms.
d) Show that V(p) and I(p) satisfy the differential equations
S50 = —jwL'(p)I(p) and L = —jwC'(p)V(p)

with L'(p) = £2, C'(p) = Z22.

e) Compute the wave impedance Zg(p) and the characteristic impedance
Zo(p).
f) Compute the complex Poynting form 7 (p) for a superposition of harmonic
waves flowing in positive and negative p-directions.

Using the asymptotic expansions of the spherical Hankel functions, show that
the wave impedances of the conical and biconical waveguide modes satisfy
limy—.co Zt3)(r) = limy .0 283 (r) = Zro,
limy—o Z$ (r) = X2 Zgo, limy—0 Z$2 (r) = =i 2% Zso-
Consider a dielectric slab of 1 mm thickness and relative permittivity ¢, = 12.
Give the cutoff frequency of the eight lowest surface wave modes.
Consider a perfectly conducting metallic plate clad by a dielectric layer of 0.5 mm
thickness and relative permittivity €, = 12. Give the cutoff frequencies of the
eight lowest surface wave modes.
Design an optical fiber for monomode transmission of light with a free-space
wavelength A = 1.6 ym. Let the refractive index of the core be n; = 1.5 and the
refractive index of the cladding n; = 1.497.

a) Determine the core diameter such that the normalized frequency is w = 2.

b) Give the cutoff wavelength of the next two modes.
Consider the shielded microstrip line with cross-section depicted in Figure 718.
The dimensions are a = 4 mm, b = 2 mm, w = 0.6 mm and h = 0.6 mm. The
region 0 < y < h is filled with a dielectric with relative permittivity e, = 12. Use
the quasistatic approximation in the following computations.

a) Compute the capacitance per unit of length.
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b) Compute the inductance per unit of length.

¢) Compute the wave velocity.

d) Compute the characteristic impedance.
Hint: The numerical computations require some numerical effort. Using a high-
level programming tool like Mathematica or Matlab will be helpful.

REFERENCES

[1] J. A. Stratton, Electromagnetic Theory. New York: McGraw-Hill, 1941.
[2] R.E. Collin, Field Theory of Guided Waves. New York: IEEE Press, 1991.
[3] R.E Harrington, Time Harmonic Electromagnetic Fields. New York: McGraw-Hill, 1961.
[4] S.Ramo, J. R. Whinnery, and T. van Duzer, Fields and Waves in Communication Electronics. New
York: John Wiley & Sons, 1965.
[5] C. A. Balanis, Advanced Engineering Electromagnetics. New York: John Wiley & Sons, 1989.
[6] P.1 Kuznetsov and R. L. Stratonovich, The Propagation of Electromagnetic Waves in Multiconductor
Transmission Lines. Oxford: Pergamon Press, 1964.
[7) S. Frankel, Multiconductor Transmission Line Analysis. Boston: Artech House, 1977.
[8] J. A. Brandio Faria, Multiconductor Tr ission-Line Structures. New York: John Wiley & Sons,
1993.
[9] N. Faché, E Olyslager, and D. De Zutter, Electromagnetic Circuit Modelling of Multiconductor
Transmission Lines. Oxford: Clarendon Press, 1993.
[10] C.R. Paul, Analysis of Multiconductor Transmission Lines. New York: John Wiley & Sons, 1994.
[11] A.E D.Santos and J. P. Figanier, “The method of series expansion in the frequency domain applied
to multidielectric transmission lines,” IEEE Trans. Microwave Theory Techn., vol. 23, pp. 753- 756,
Sept. 1975,
[12] I.V.Lindell, “On the quasi-TEM modes in inhomogeneous multiconductor transmission lines,”
IEEE Trans. Microwave Theory Techn., vol. 29, pp. 812~ 817, Aug. 1981.
[13] 1. V.Lindell and Q. Gu, “Theory of Time-Domain Quasi-TEM Modes Multiconductor Lines in
Inhomogeneous Multiconductor Lines,” IEEE Trans. Microwave Theory Techn., vol. 35, pp. 893~ 897,
Oct. 1987.
[14] K. C. Gupta, R. Garg, 1. Bahl, and P. Bhartia, Microstrip Lines and Slotlines. Boston: Artech House,
1996.
[15] B. C. Wadell, Transmission Line Design Handbook. Boston: Artech House, 1991.
[16] K. Chang, Handbook of Microwave and Optical Components, Vol. 1, Microwave Passive and Antenna
Components. New York: John Wiley & Sons, 1989.
[17] R. K. Hoffmann, Integrierte Mikrowellenschaltungen. Berlin: Springer, 1983.
(18] H. A. Wheeler, “Transmission line properties of parallel strips separated by a dielectric sheet,” IEEE
Trans. Microwave Theory Techn., vol. 13, pp. 172185, Mar. 1965.
[19] H. A. Wheeler, “Transmission line properties of a strip on a dielectric sheet on a plane,” [EEE Trans.
Microwave Theory Techn., vol. 25, pp. 631-647, Aug. 1977.
[20] M. V. Schneider, “Microstrip lines for microwave integrated circuits,” Bell System Tech. J., vol. 1969,
pp. 1422-1444, 1969.
[21] E. O. Hammerstad, “Accurate models for microstrip computer-aided design,” 1980 Int. Microwave
Symposium Digest, pp. 407-409, June 1980,
[22] R. C. Booton, Computational Methods for Electromagnetics and Microwaves. New York: John Wiley
& Sons, 1992.
[23] P. Morse and H. Feshbach, Methods of Theoretical Physics, Part 1. New York: McGraw-Hill, 1953.




334 Electromagnetics

[24] H. Hancock, Lectures on the Theory of Elliptic Functions. New York: Peter Peregrinus, 1958.

[25] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions with Formulas, Graphs and
Mathematical Tables. New York: Dover, 1965.

[26] ]. Rayleigh, “On the passage of electric waves through tubes, or the vibrations of dielectric cylinders,”
Phil. Mag., vol. 43, pp. 125-132, Feb. 1897.

[27] H. Kogelnik, “Theory of dielectric waveguides,” in Integrated Optics (T. Tamir, ed.), no. 7 in Topics
in Applied Optics, pp. 13-81, Berlin Heidelberg New York: Springer, 1979.

[28] H. G. Unger, Planar Optical Waveguides and Fibers. Oxford: Clarendon Press, 1977.

[29] D. Marcuse, Light Transmission Optics. New York: Van Nostrand Reinhold, 1982.

[30] ]. A. Buck, Fundamentals of Optical Fibers. New York: John Wiley & Sons, 1995.

[31] K. Chang, Handbook of Microwave and Optical Components, Vol. 3, Optical Components. New York:
John Wiley & Sons, 1990.



Chapter 8

The Transmission-Line Equations

8.1 THE TRANSMISSION-LINE CONCEPT

In this chapter we are concerned with the longitudinal variations of the wave amplitudes
on a transmission-line. We assume the transmission-line to be excited in a certain mode.
The transverse field distribution is determined by the excited mode. In the longitudinal
direction the spatial variation of the field is governed by the transmission-line equations
(757a) and (7.57b). Transmission-line theory is presented in [1-4].

In our treatment of the TEM waveguide we have observed that the transverse field
distribution is only determined by the geometry of the waveguide. The state of a
transmission-line is described completely by the scalar quantities V' (z) and I(z), re-
spectively. Current and voltage are governed by the line equations (7.67) and (7.72).
In the same way we can describe the TE;p mode of a rectangular waveguide by the
transmission-line equations (7.273a) and (7.273b), if we are introducing generalized
currents and generalized voltages to describe the electromagnetic wave in the waveguide.
If we are choosing a certain mode in a waveguide, the specific state of excitation also
is given by the generalized voltage and the generalized current, which depend on the
longitudinal coordinate z only. We can now formulate the transmission-line equations
in a more general form, which is valid for TEM modes in two-conductor waveguides as

@ 7oAl ® oAl © LAl Cs"IAl
CNI qu

P
Al Al Al

1\

Figure 8.1: Equivalent circuits for (a) the TEM waveguide, (b) the TE waveguide, and (c) the T™ waveguide.
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Table 8.1: Transmission-Line Parameters of Lossless Waveguides

Mode  Impedance per  Admittance per
unit of length unit of length
z!’

Characteristic Phase
impedance coefficient
Zy B

TEM jwL!
TE jwL; j (wCI, -
juie o

™ (a.-L; - —‘,,)

L
Ei Wy ;"L;C},

= “%2
-(32) ()

well as for TE and T™M modes,

v _ o,
Pl

The characteristic impedance Z, is given by

The propagation coefficient y is given by

y=a+jB=VvZ'y'.

a

i A 4 (8.1)
(8.2)
(83)

For the TEM wave and for the TE,o waveguide mode we know the impedance per unit of
length Z' and the admittance per unit of length Y', If we now assume that transmission-
line equations of the type of (8.1) also are valid for other waveguide modes, we can
derive the impedance per unit of length Z’ and the admittance per unit of length Y’
from the characteristic impedance Z, and the propagation coefficient y of these modes

using (8.2) and (8.3),

Z'= }'Zu,

' Y
Y = 2 8.4
Zo ( )
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These quantities are summarized in Table 8.1 for the lossless line. Using the impedance
per unit of length Z’ and the admittance per unit of length Y’ we can specify the
equivalent circuits according to Figure 8.1 for short line segments of length Al. The
equivalent circuits according to Figure 8.1(a) and 8.1(b) are the equivalent circuits
already derived for the TEM waveguide mode and for the rectangular waveguide mode.
The equivalent circuits according to Figure 8.1(b) and 8.1(c) are valid in general for the
TEmn modes and T™,,, modes of waveguides, respectively. In Figure 8.1(b) and 8.1(c)
we have applied for the first time the network concept to a waveguide segment where
current and voltage are not defined as usual by line integrals over magnetic and electric
fields, respectively. This extension of the network concept will be very useful in the
following. It allows not only a simple description of waveguide circuits, but also the
application of network theory to waveguide circuits.

8.2 GENERALIZED VOLTAGES AND CURRENTS

Like voltages and currents generalized voltages and generalized currents are integral
field quantities. For these integral field quantities different definitions are used in
literature. For transverse electromagnetic waves the definition of current and voltage
as usual by line integrals makes sense. We also want to introduce for waveguide modes
definitions of generalized voltages and generalized currents, which are independent
from the waveguide modes. For the TE;p mode of the rectangular waveguide we have
introduced the generalized voltage V and the generalized current I such that they
are interrelated with the transmitted active power according to (7.262). We want to
keep this definition in the following. Since the transmitted active power depends on
the transverse components of the electromagnetic field, it makes sense to define the
generalized currents and voltages as integrals of the transverse field intensities of the
waveguide modes.

We subdivide the field in the waveguide into transverse and longitudinal components.
The transverse field components are described by the differential forms £, and H,,
respectively, and the longitudinal components are described by the differential forms
&, and H, respectively. For the x y-plane as the transverse plane and z-direction as
the longitudinal direction, we obtain

E(x) =§“(x) + él(x) » (8.5a)
H(x) = Hy(x) + Hy(x) (8.5b)

with
£,(x) = E,(x)dx + E,(x)dy, (860

£/(x) =E,(x) dz, (8.6b)
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H,(x)=H,(x) dx+ H (x)dy, (8.6¢)
H,(x)=H,(x) dz. (8.6d)

We now split up the transverse field intensities as in (7.27a) and (7.27b) into the complex
amplitudes V(z) and I(z) and the real normalized structure functions e(x, y) and
h(x, y). For the TEM mode e(x, y) and h(x, y) have been normalized in Section 4.4
such that V(z) and I(z) are defined via the path integral from conductor 1 to conductor
2 and the circulation integral around conductor 2.

In (7.27a) and (7.27b) we introduced the structure functions e and h. Introducing
structure functions for the transverse field components we generalize the definition of
the structure functions for TEM, TE, and T™M waves,

E (x)=V(z)e(x.y), (8.7a)
H, (x) =1(z)h(x,y). (8.7b)
In (7.27a) and (7.27b) the differential forms e and h were introduced:
e(x,y) = ex(x, y) dx + e, (x, y) dy, (8.8a)
h(x,y) = he(x,y)dx + hy(x,y)dy. (8.8b)
From (8.7a) and (8.7b) we obtain the corresponding relation for the differential forms:
E(x) =V (2)e(x, ), (8.9a)
H, (x) =L(z)h(x, ). (8.9b)

Let us first consider the TEM modes. For the TEM mode the field intensities are coincident
with the transverse field intensities. We can normalize the structure functions via path
integrals with the normalization already given in (7.31a) and (7.31b).

Figure 8.2 shows the relation of the direction of the arrows for current and voltage and
the direction of field lines and the Poynting vector. For the waveguide the introduction
of integral field quantities can only be performed if the path of integration is specified.
The disadvantage of this method, however, is that we have to specify a path of integration
for every waveguide mode, and a definition of a path of integration independent from
the mode is not possible. We therefore will perform the normalization on the basis of
the area integral over the absolute squares of the transverse field quantities. The active
power transmitted by the waveguide is given by

P=iot [ £,(x0) AR5} (8.10)

Thearea integral is performed over the cross-sectional area A of the waveguide. Inserting
(8.9a) and (8.9b) yields

P=1R{V(2)I'(2)} j; e(x, ) A h(x,y). (8.11)
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Figure 8.2: Relation of arrows and field orientation in the TEM waveguide.

From (7.31a) and (7.31b) we obtain

[ e abixy)=- [ e(x.5) gﬁcl h(x,y) =1 (8.12)

and with this from (8.11)
P={R{V(2)1(2)"} . (8.13)

To consider rectangular and circular hollow waveguides we summarize (7.241),
(7.242), (7.248) and (7.249), which have been derived for waveguides with a rectan-
gular cross-section in

E

X ==y
i = 8.14
H H 0 ( )

¥ s2x
Furthermore

(8.15)

7 = Z.x for TE modes
O Zy for TM modes

is valid. Since (7.243) and (7.250) also have to be considered for waveguides with a
rectangular cross-section as well as for waveguides with a circular cross-section, we
obtain

H, = “ZI_o xdzag,,, (8.16a)

E=—Zo*dzAH,,. (8.16b)
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We now are inserting (8.9a) and (8.16a) into (8.10) and obtain for the guided wave
propagating in positive z-direction the transmitted active power

P=5;—0|£|2LEA*(dZAe). (817)
This yields
P:Eé;|Z|2L(ei+ei) dx A dy. (8.18)
We now specify the structure function e to be real and normalize it according to
L (e2+ey)dendy=1. (8.19)

Inserting (8.8b) and (8.16b) into (8.10) we obtain for the active power P transmitted in
the positive z-direction

P=17|IP f (W2 +12) dx A dy. (8.20)
A
We now normalize the real structure function h according to

J (B +h3) dxndy=1. (8.21)

The differential forms of the electric and magnetic structure functions are related via

h=x+(dznre), (8.22a)
e=—x(dzah). (8.22b)

From (8.22a), (8.22b) and (8.20) it follows that

fef\hzl. (8.23)
A

Application of this normalization to the TE;o mode of the rectangular waveguide yields

2 . TX
.=/ Y Vsin = dy, (8.24a)

ﬂlr=zic*dz;\§“=—\f%15in%dx. (8.24b)

Concerning the structure functions we have only decided that they are real and that
their absolute square is normalized. We may choose the sign of V and I, and we have
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Figure 8.3: Relation of arrows and field orientation in a hollow waveguide.

to decide how the signs of V and I shall be related to the direction of the electric
and magnetic fields. Figure 8.3 shows the assignment chosen in the following for the
relation between the arrow of the generalized voltage V and the generalized current [,
respectively, and the direction of the field quantities in the TE;o mode.

We note that for TEM modes the currents and voltages are defined in the conventional
way via the line integrals over H and . Therefore, the ratio of voltage and current differs
from the ratio of transverse electric and magnetic fields. The characteristic impedance
for a TEM transmission-line wave therefore is not identical with the wave impedance of
the corresponding field. For TE and T™™ modes, however, we have defined generalized
voltages and currents in such a way that the ratio of generalized voltage and generalized
current is identical with the ratio of the transverse electric and magnetic fields. For the
modes of hollow waveguides the characteristic impedance therefore is identical with
the wave impedance.

8.3 SOLUTION OF THE TRANSMISSION-LINE
EQUATIONS

Eliminating V and [ in (8.1), we obtain again the transmission-line equation, see (7.73a)
and (7.73b), respectively. This second-order ordinary differential equation has the two
independent solutions e?* and e?* or cosh yz and sinh yz, respectively. Let us consider
the first pair of solutions. The solution ™7 describes a wave propagating in the positive
z-direction, whereas e’* describes a wave propagating in the negative z-direction. The
generalized voltage V may be represented by

V(z) = K(*) eV 4 Yz, (8.25)
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where V(*) and V() are the complex amplitudes of the wave propagating in the
positive and negative z-direction, respectively. Introducing (8.25) into (8.1) we obtain

1
I(2) = Z( v(H vz oy erzy, (8.26)

In the same way as V, the generalized current I may be represented by
I(z) = 1M e 4 [O) 2, (8.27)

where I*) and 1) are the complex amplitudes of the electromagnetic waves propa-
gating in the positive and negative direction respectively. Comparing (8.26) and (8.27)
we obtain

1M = v N B :
- Zo - Zy
If an electromagnetic wave is propagating only in one direction the ratio between
voltage and current is given by Z, and is independent from z. If we know voltage
and current at a certain point of the line (e.g., at z = 0), and want to compute voltage
and current at any other point of the line, it is useful to represent the solution of the
transmission-line equation in terms of cosh yz and sinh yz. For the voltage V we obtain
the general solution

(8.28)

V(z) = Acoshyz + Bsinhyz, (8.29)
where A and B are complex amplitudes. With (8.1) we obtain

1
I(z) = —Z—(ésinhyz+_Bcoshyz). (8.30)
0
At z = 0 voltage and current are given by
B
V(z=0)=A, I(z=0)=-=. (8.31)
Zy
We therefore can express A and B by V and I and obtain
V(z) = V(z=0)coshyz - ZyI(z=0)sinh yz, (8.32a)

V(z=0
j(z)=—¥ sinhyz + I(z2=0) coshyz. (8.32b)
0

Since we may choose the point z = 0 at any position of the line we may calculate from
V(0) and I(0) the voltage V(z) and the current I(z) at any other position z on the
line. Let us consider a line segment of length ! as depicted in Figure 8.4. Let V , and I,
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z=-1 ] »z=0
Figure 8.4: Line segment of length [.

be voltage and current at the input of the line segment and V, and I, the voltage and
the current at the output of the line segment. We can compute V, and I, as a function
of V, and I,. From (8.32a) and (8.32b) choosing z = 0 at the output, at the line input
we then obtain z = -[.

V, =V, coshyl + ZI,sinhyl, (8.33a)

Vy, .
I, = E—- sinhyl + I, coshyl. (8.33b)
0

The hyperbolic functions with the complex argument y! may be represented by

sinh yl = sinh al cos Bl + j cosh alsin Bl (8.34a)
cosh yl = cosh al cos Bl +j sinh al sin Bl (8.34b)

For the lossless line with the characteristic impedance Z, and the phase coefficient
we obtain

V,=V,cosBl +jZol,sinpl, (8.35a)

v
I, =i§£ sin Bl + I, cos Bl .. (8.35b)
0

Considering a line terminated with an impedance Z; at the end of the line at z = 0,
according to Figure 8.5 we obtain the relation

l/-b = Zle 3 (8.363)

Z,==2. (8.36b)

After inserting (8.33a) and (8.33b) we obtain

é _ Zy + Zgtanhyl ' (8.37)
Zy Zo+ Zptanhyl
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Figure 8.5: Line terminated with Zp .

For complex y we use

tanh a! + j tan Bl

tanhyl = 3 8.38
vy 1+ j tanh al tan Bl (834)

For the lossless line we therefore obtain
i _ZL +jZo tan pl (8.39)

Zo Zo+jZtanpl’

8.4 WAVE AMPLITUDES

We already have shown that a transmission-line wave of a certain mode may be de-
scribed by two complex amplitudes V (z) and I(z). If the wave is propagating in one
direction only, it may be completely described either by the voltage amplitude V/(z) or
the current amplitude I(z), since for a wave propagating in the positive z-direction the
voltage to current ratio is given by V.(z)/1(z) = Zo and for a wave propagating in the
negative z-direction the voltage to current ratio is given by V(z)/I(z) = - Z,. Instead
of voltage V(z) and current I(z) we may also use the amplitudes of the electromag-
netic waves propagating in the positive and negative z-direction, respectively. In the
following we assume the line to be lossless and the characteristic impedance to be real
and define the wave amplitudes a(z) and b(z) via

1
5(2)=2\/Z—0

b(z) = 2\/12_0

(V(2) + ZoI(2)], (8.40a)

[V(2) - ZoI(2)]. (8.40b)
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After inserting (8.25) and (8.26), we obtain

1 )
a(z) = =y el#z, (8.41a)
) 7
1 .
b(z) = EKH elf?, (8.41b)

These equations show that a(z) describes the wave propagating in the positive z-
direction, whereas b(z) describes a wave propagating in the negative z-direction. The
voltage V(z) and the current I(z) may be expressed by the wave amplitudes a (z) and
b(z) as follows

V(2) = /Zola(z) + b(2)], (8.42)
I(z) = \/;z— la(2) - b(2)]. (8.42b)

From (8.1), (8.4), (8.40a), and (8.40b) we obtain the transmission-line equations for
the wave amplitudes a(z) and b(z)

98 _ _iga, (8.432)
dz

d

4 igs. (8.43b)
dz

The transmission-line equations for the wave amplitudes a(z) and b(z) are not cou-
pled. The waves propagating in the positive and negative z-directions are propagating
independently. The solutions of (8.43a) and (8.43b) are given by

a(z)=a(z=0) eIz, (8.44a)
b(z) = b(z=0)elP*. (8.44b)

The active power transmitted through the line in the positive z-direction is given by
P(2) = $R{V(2)I" (2)} = $R{la(2)]* - [b(2)I* + &’ (2)b(2) - a(2)b" (2)} - (8:45)

From this it follows

P(2) = 5 (8P - b()F) (8.46)

The first term |a(z)|? describes the power transmitted by the wave a(z) in the positive
z-direction, whereas the second term |b(z)|* describes the power transmitted by the
wave b(z) in the negative z-direction. We have defined the wave amplitudes only for
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lossless lines. This definition may also be used for lines with small losses where the
complex characteristic impedance of the transmission-line can be approximated by a
real characteristic impedance Z;. In (8.41a), (8.41b), and (8.43a)-(8.44b) we have to
replace j B with y. This approximation is justified since the characteristic impedance of
a transmission-line with weak losses only differs slightly from the characteristic imped-
ance of a lossless line. In the treatment of waveguides and waveguide circuits, the use of
wave amplitudes a(z) and b(z) is more common than the use of generalized voltages
and generalized currents, the reason being that for waveguides wave amplitudes are
physically descriptive and, furthermore, may be measured directly. Numerous simple
design methods for microwave circuits are based on the wave amplitude description.
The introduction of generalized voltages and currents, however, allows the applica-
tion of common network theoretic design methods. Therefore, one always will choose
the representations of the integral field quantities, which are better suited for either
measurement or analysis and change the representation, if necessary.

8.5 REFLECTION COEFFICIENT AND SMITH CHART

The lossless line terminated at the end exhibits an input impedance as described by
(8.39). The input impedance gives the ratio of generalized voltage V and generalized
current [ at the input of the line. We also may describe the impedance by the ratio of
the complex amplitudes of the incident wave and the reflected wave. We name this
ratio the reflection coefficient p defined by

b(z)

==—. 8.47
e o

Let us assume the reflection coefficient p at z = 0 is given by

b(0)
===, 8.48
Po a(0) (8.48)
With (8.44a) and (8.44b) we obtain

p(2) = poe”. (8.49)

For a line segment of length [ according to Figure 8.6 that is terminated at the end with
Po, we obtain from (8.49) the reflection coefficient p at the line input

pa=p(z=-1) =pue'2j‘m. (8.50)

From (8.42a) and (8.42b) we obtain the input impedance Z, of the terminated line
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1(z)
Pa lj{(z) Po
T 0z

Z. =2 =P bS (8.51)

From this we obtain the following relations between impedance Z and reflection
coefficient p,
Z l+p

Zo l—p

Z-7Zy

8.52 = :
(&:528) B Z+Zy

(8.52b)

The description of the terminated lines by that reflection coefficient at the input is
equivalent to the description by the input impedance. Comparing (8.39) and (8.49)
we see that the relation between the reflection coefficient and length of the line has a
much simpler form than the relation between line impedance and line length. If the
reflection coefficient p is given at a certain point of the line, and if we propagate along
the line in the positive or negative z-direction, the reflection coefficient p is moving on
a circle with center zero in the complex p-plane. The graphical representation of the
impedance transformation properties of a line is given by the Smith chart [5], depicted
in Figure 8.7. The point with

po = |pole’® (8.53)

is marked in the diagram. Increasing the distance from the line termination means to
move in the negative z-direction. According to (8.49) and (8.50) in this case we move
clockwise on a circle p = const. Moving by half the line wavelength ;A corresponds
to a complete rotation of 360° in the Smith chart. Mapping the coordinate grid of the
Z-plane into the p-plane yields a circular coordinate grid as depicted in Figure 8.7. Any
linear fractional transformation in the complex plane is mapping circles into circles [6].
Straight lines also belong to the set of circles, since a straight line may be considered
as a circle through the infinite point. It is useful to normalize the mapping between
the impedance and reflection coefficient with respect to the characteristic impedance
Zo. We obtain the orthogonal circular coordinate grid for X = const. and R = const.,
respectively. This diagram with the Z-coordinate grid drawn in the p-plane is called the
Smith chart. The Smith chart provides an easy way to determine the input impedance
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Figure 8.7: The Smith chart.

of a line terminated at the end and shows the graphic solution of impedance matching
problems. It provides information regarding the impedance, reflection coefficient, and
the standing wave ratio of a microwave circuit. Figure 8.8 shows the complete Smith
chart with scaled curves of constant R/Z, and constant X/Z,. On the periphery of the
Smith chart the phase angle B/ and the normalized line length //A are scaled. This scaled
Smith chart is a powerful tool for the graphical design of microwave circuits within a
reasonable degree of accuracy. The scales of the Smith chart allow us to determine the
position of a normalized impedance directly. As shown in Figure 8.7 we can determine
magnitude and phase of the corresponding reflection coefficient p.

If a transmission-line is terminated with the wave impedance Z; (i.e., Z; = Z,), we
obtain from (8.52b) the input reflection coefficient p = 0. If the line is terminated with
its characteristic impedance no wave will be reflected from its end. Due to (8.49) we
have p = 0 over the whole line length and therefore also at the input of the line no wave
is reflected. In the case of a non-reflecting terminated line we have power matching. For
po # 0 the magnitudes |V (z)| and |I(z)| depend on z. To determine the z dependence
of the magnitude of the voltage, we insert (8.49) and (8.53) into (8.42a) and obtain

[V (2)| = a(0)|\/Zo[1+ |po|? + 2|po| cos(2Bz + 80)] . (8.54)
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Figure 8.8: The complete Smith chart.
In the same way we obtain from (8.42b) the absolute value of the current
1
L)1 = a0/ -1+ ol ~ 2ol cos(2pe + 0] (855)

The z dependence of |V (z)| and |I(z)| is demonstrated in Figure 8.9. The magnitude of
the voltage |V (z)| assumes its maximum value |V (2)|max at z, and its minimum value
|[V(2)|min at z5. From (8.54) and (8.55) we obtain for the maximum and minimum

magnitudes of |V (z)| and |I(z)|:

Vinax = ZoImax = \/2312(0)1(1 +|pol) » (8.56a)
Vo = Zolin = v/Zola(0)|(1 - pol) - (8:56b)
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Figure 8.9: Variation of |V (z)| and |I(z)| along the transmission-line.

We define the standing wave ratio (SWR) as
SE—— (8.57)

The standing wave ratio s is a real number such that 1 < s < co. This quantity also is
called voltage standing wave ratio (VSWR). With (8.52a), (8.56a), and (8.56b) it follows

that
L (8.58)
Zy  Z(z)
The voltage standing wave ratio depends only on the magnitude |p| of the reflection
coefficient. In the Smith chart the locations of constant s are circles centered around
the origin. Figure 8.10 shows the circles of constant s.

From measuring the z dependence of the magnitude of the voltage |V (z)| with
a potential probe we can determine the reflection coefficient. From the ratio of the
maximum magnitude and the minimum magnitude of the voltage we can determine
the magnitude of the reflection coefficient from the position z, or zy, respectively.
Using (8.54) we can determine d, and thereby the phase po. This determination may
also be performed using the Smith chart since z, and z, are positioned on the X = 0
axis of the Smith chart. The right intersection of the circle p = const. with the X =0
axis yields Z,, whereas the left intersection of the circle p = const. with the X = 0 axis
yields Z;,. From the Smith chart we may compute not only the complex impedance Z,
but also the complex admittance Y. The normalized impedance z and the normalized
admittance y are given by
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Figure 8.10: Circles of constant s in the Smith chart.
Z
2=, (8.59a) y=YZ. (8.59b)
" L

The normalized impedance z and the normalized admittance y are related by

y=2". (8.60)

The relation between the reflection coefficient p and the normalized impedance z and
the normalized y, respectively, according to (8.52b), (8.59b), and (8.60) is given by
z-1 ¥y=1
==, 8.6la -p ==, 8.61b
= (8.61a) e (8.61b)
We can use the coordinate grid of the Smith chart for the normalized impedance z
as well as for the normalized admittance y if we consider that transforming from the
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Figure 8.11: Representation of impedances and admittances in the Smith chart.

normalized impedance to the normalized admittance means a change of sign of the
reflection coefficient and therefore mirroring p at the origin of the Smith chart.

The inversion in the impedance or admittance plane corresponds to a rotation by
180° in the p-plane. Figure 8.11(a) shows the Smith chart with the impedance grid. The
admittance grid is depicted in Figure 8.11(b). The normalized impedance z, and the
normalized admittance y; = 1/z; can be determined from the reflection coefficient
p using the impedance or the admittance grid respectively. Instead of rotating the
grid it is more convenient to rotate the p-plane by 180°. This means that if we want to
determine the normalized admittance y, we remain in the impedance grid and mirror
the location of the impedance at the origin of the Smith chart.

The Smith chart provides information about circuits containing transmission-line
elements and is a valuable tool for microwave circuit design (7, 8]. Up to now we have
assumed the transmission-line to be lossless. If the transmission-line is lossy, however,
we have to replace (8.50) with

pa=poe !, (8.62)

Propagating on a lossy line from the load towards the generator, we are moving in the
Smith chart on a logarithmic spiral instead of a circle (Figure 8.12). For a long lossy line
the input impedance also converges to the characteristic impedance of the line if the
line is not terminated with its characteristic impedance. With a lossy line we cannot
perform extreme impedance transformations, since normalized impedances with very
large magnitudes as well as normalized impedances with very small magnitudes are
located in the Smith chart close to the point p = +1. With the spiral we cannot transform
to such points. A short circuit, for example, cannot be transformed with a lossy 41 line



The Transmission-Line Equations 353

Figure 8.12: Reflection coefficient of a lossy line terminated with (po = -1).

into an open circuit with p = 1, but is transformed due to (8.62) into a finite impedance
with p = e ¥}, A detailed treatment of lossy transmission-lines is given in [9].

8.5.1 Impedance Matching with Lumped Elements

Using two lumped reactance elements any complex load Z; with R{Z;} > 0 can
be matched to a real impedance Z,. Figure 8.13 shows the matching of a load with a
series capacitor and a parallel inductor. Consider a load with normalized impedance
z; = 0.2 +j2. The location of this impedance is at the intersection of the circles r = 0.2
and x = 2. Connecting a series capacitance C; means to move in negative direction
on the circle of constant r. In this way we transform to the point z;. The change from
the normalized impedance z, to the normalized admittance y; = 1/z is performed by
mirroring at the origin. We now are in the normalized admittance representation, where
the circles of constant r and x have changed to circles of constant g and b respectively.
The parallel connection of the inductor L, yields a transformation of y; into the origin
p = 0. To perform this transformation the real part of y; must be ®{y;} = 1. This can
be achieved by drawing the auxiliary dashed half-circle that mirrors the half-circle
R{y} = 1at the origin. The location of z, is found as the intersection of the r = R{z. }
circle with the dashed auxiliary circle. In this way we obtain z; = 0.2 - j0.4 with
1/j wC;Zy = —j2.4. Inverting z, yields y; = 1+ j2. The transformation from y, to the
origin y = 1is achieved by a parallel inductance L, with Zp/jwL, = —j2.

Figure 8.14 shows a matching circuit consisting of a series inductor L, and a parallel
capacitor C, to match the load impedance Z;, to the real impedance Zo. With the series
inductor we transform z; moving clockwise on a circle of constant r into a 2; that can
be mirrored into y, located on the circle of constant normalized conductivity g = 1.
To find this point we draw the dashed auxiliary circle. For a given z; = 0.2 -j0.6 we
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Figure 8.14: Matching of a load with a series inductor and a parallel capacitor.

obtain z; = 0.2 +j0.4 and from this jwL,/Z, = j. Mirroring z, at the origin of the chart
yields y; = 1-j2. This normalized admittance can be transformed into the origin by a
parallel capacitor with jwC,Z, =j2.

In the matching circuit depicted in Figure 8.15 first an inductor L, is connected
parallel to the load impedance Z;, and then the capacitance C; is connected in series
to this circuit. Let the normalized load impedance be z;, = 0.2 — j1.4. Inversion of zj,
by mirroring at the origin of the Smith chart yields y; = 0.1+ j0.7. With the parallel
conductor we move on the g = 0.1-circle in negative direction to the intersection with
the dashed auxiliary circle. This yields y; = 0.1 - 0.3 and Zp/jwL, = -j. Mirroring y
we obtain z; =1+ j3. This can be transformed into the origin with a series capacitance
1/jwCsZy = —j3.
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Figure 8.16: Matching of a load with transmission-line and open series stub line.

8.5.2 Impedance Matching with Stubs

At higher frequencies the realization of matching circuits with transmission-line el-
ements becomes advantageous since the required transmission-line elements are of
shorter length and allow the realization of compact matching circuits. Furthermore,
transmission-line elements exhibit a higher Q-factor than lumped reactances and also
can be integrated by the use of planar transmission-line elements. Open or shorted
transmission-line elements allow the realization of any reactance. In addition to this
the impedance transformation can be used.

Figure 8.16 shows a matching circuit consisting of a transmission-line of length l; and
an open line stub of length [,. On the transmission-line the impedance is transformed
on a circle of constant |p|. We choose the length I; of the transmission-line such that z,
is on the circle R{z} = 1. From the scale on the periphery of the Smith chart we can
read /;/A = 0.25. Via the transmission-line the load impedance is transformed into the



356 Electromagnetics

Figure 8.17: Matching of a load with two parallel short-circuited stub lines.

normalized impedance z; = 1 + j2. This can be transformed with normalized series
reactance z = —j2 into the origin. This capacitive reactance can be realized via an open
stub line. The length of the open stub line also may be determined via the Smith chart.
Assume that the open stub line also has a characteristic impedance Z,. Then the length
of the open stub determined with the Smith chart is I;/A = 0.074.

Figure 8.17 shows the matching of a load by two short-circuited stub lines. Starting
from the load with a given normalized impedance z; = 0.05 - j0.35 we obtain by
mirroring at the origin y;, = 0.4 +j2.8. Parallel circuiting a stub with a normalized
admittance —j2.6 yields y; = 0.4 +j0.2. This admittance can be realized with a short-
circuited stub line of characteristic impedance Z, the length /; of which can also be
determined with the Smith chart. We obtain an electrical length 81, = 42.075° which
corresponds to /;/A = 0.0584. The next step is to transform the admittance such that
its location in the Smith chart is on the circle R{y} = 1. The admittance is moved
on a circle of constant |p| up to the intersection with the R{y} = 1-circle. This yields
the normalized admittance y; = 1+ j and the electrical length of the transmission-
line Bl = 90° corresponding to /;/A = 0.125. The transformation from y; to the
origin is performed by stub with a normalized admittance —j. This admittance can be
realized with a short-circuited stub with an electrical length I, = 90° corresponding
to Iy/A = 0.125.

8.6 SOLUTION OF THE MULTICONDUCTOR
TRANSMISSION-LINE EQUATIONS

We consider a multiconductor transmission-line with n + 1 conductors shown in
Figure 8.18. The transmission-line is assumed to be inhomogeneous, therefore the mul-
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ticonductor transmission-line will exhibit n quasi-TEM modes. For a detailed treatment
of multiconductor transmission-lines, see [10-15]. In the case of a lossy multiconductor
transmission-line the conductor losses are described by a per-unit-length resistance
matrix R’ and the dielectric losses are represented by a per-unit-length conductance
matrix G'. The first-order time-domain multiconductor transmission-line equations
derived in Section 7.5, (7.98a) and (7.98b) are

ai(;: t) = —G'v(z, t) - C@l’% , (8.63a)
ov(zt) . _9i(zt)
— R'i(z,t)-L of (8.63b)

with the per-unit-length impedance matrix Z’ and the per-unit-length admittance
matrix Y', given by
Z' =R +jwl’, (8.64a)
Y =G +jwC’. (8.64b)

The frequency-domain first-order transmission-line equations for the lossy multicon-
ductor transmission-line are

_ﬁ_di(:) =-Y'V(2), (8.65a)
dv(z) .
" Z'1(z2). (8.65b)

In frequency-domain the second-order multiconductor transmission-line equations
are given by

2
d dzz(zz ) _2'v'v(2), (8.662)
&L(z) i
2 =Y'ZL(). (8.66b)

For a closed form frequency-domain solution of the multiconductor transmission-line
equations we diagonalize the per-unit-length impedance and admittance matrices z
and Y’ by a similarity transformation (see Section C.2). We seek matrices My and M|
such that M7 Z'M; and M;'Y' My are diagonal and given by

MPZ'M; = Z' = diag[Z), Z,, ... Z,], (8.67a)
M;'Y'My = ¥' = diag[ Y1, Ya,... V] . (8.67b)
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Figure 8.18: Multiconductor transmission-line segment of length /.

The mode voltages V(z) and mode currents I(z) are given by

V(z) =My'¥(z),
I(z) = M;'I(z).

Inserting (8.67a) to (8.68b) into (8.65a) and (8.65b) yields

AG) _ g
dz __YK(Z)’
dV(z) _ 5
) 21(2),

(8.68a)
(8.68b)

(8.69a)

(8.69b)

where the modes are uncoupled. From this we obtain the uncoupled second-order

multiconductor transmission-line equations

dz.?..(z) ! vl ¥

= 2V,
dzi.(z) Tl 2 &

o =V'Z1(2)

(8.70a)

(8.70b)

(8.71a)
(8.71b)
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Since Z' and Y’ are both diagonal matrices, their product is commutative, that is,

2y =Yz (8.72)

and the expressions My Z'Y' My and M['Z'Y' M| are identical with their transposes.
We therefore can write

My'Z'Y'My = MYY'Z/ (MM = M7'Y'Z'M; = MTY'Z' (M;)T . (873)

From this it follows M;! = M7 . This means that we only need to diagonalize either the
product Z'Y’ or the product Y’'Z’. We introduce

M=My=(M])". (8.74)
Introducing the diagonal matrix

§#*=2'Y = Y'Z' = diag[7}, 72,... 73], (8.75)

the uncoupled second-order multiconductor transmission-line equations (8.70a) and
(8.70b) can be written as

dV(z) ¢

g 8 ACHE (8.76a)
dzi(z) _ 2%

- =71 (8.76b)

According to (8.25) and (8.26) the solutions are given by

(+)

V(z)=e V" 4 & ﬁ(") ; (8.77a)
I(z) =e7* i(+} + e¥? I(_) (8.77b)
with
e*7? = diag[e*h?, e*72%, .. e*17]. (8.78)
The modal voltage and current amplitudes are summarized in the vectors
9= ®, ¥, 29, (8.79a)

e g ST gL (8.79b)
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With (8.68a) and (8.68b) we obtain from (8.77a) and (8.77b) the conductor voltages
YV(z) and conductor currents I(z) as

V(z)=M(e " LAREL Z(_)) , (8.80a)
I(z) = (M) (e 71 + 7 17) . (8.80b)

Inserting (8.80a) into (8.69b) yields
I(z) = Z'My (e'f'” im - ef* z(_)) . (8.81)
We define the characteristic impedance matrix
Zy= My'M'Z. (8.82)
With this the current vector (8.81) can be expressed as
I(z)=2;'M (e ¥ - 7 7). (8.83)

We decompose the multiconductor transmission-line waves into waves propagating in
positive z-direction described by the voltage and current vectors V*)(z) and I*)(z)
and waves propagating in negative z-direction described by the voltage and current

vectors V() (z) and (2),

V(z)=V(2) + Y (2), (8.84a)
I(z) =1V (2) +I(2). (8.84b)

The voltage and current vectors of the unidirectional waves follow from (8.84a) and
(8.83) as

V(z) = Me P 7, (8.852)
VO (z) = Me#* 7, (8.85b)
I9(z) = ;' Me 7 ¥, (8.85¢)

(-)

19)(2) =-Z;'Me* ¥ (8.85d)

We define the reflection coefficient matrix I'(z) relating the backward-propagating
voltage waves to the forward-propagating voltage waves via

V9 (2) =T(2)¥M(2). (8.86)
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Figure 8.19: Multiconductor transmission-line segment of length [.

Inserting (8.85a) and (8.85b) yields

Me'* Z{_) =T(z)Me ™" e

(8.87)

From this we obtain the relation between reflection coefficient matrix values at the two
longitudinal coordinates z and 2y,

I'(z) = Me?E-2) M'T () Me? )M (8.88)
With (8.85¢) and (8.85d) we obtain from (8.86)
10)(2) = -Z;'T(2) ZoI(2) .. (8.89)
From (8.84a) to (8.85d), (8.86), and (8.89) we obtain

V(z) = (1+T(z))Me 7 7, (8.90a)

I(z) = ;' (1-T(2) Me 7. (8.90b)
We define the impedance matrix Z(z) relating the voltages and currents at z,
V(z) = ZI(z). (8.91)
From (8.90a) into (8.90b) we determine Z(z) as
Z(z) = (1+T(2))(1-T(2)) ' Z,. (8.92)
The dependence of the impedance matrix Z(z) on the reflection coefficient matrix

I'(z) is given by
I(z) = (Z(2) - Zo)(Z(2) + Zo)™". (8.93)
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Consider the multiconductor transmission-line of length | terminated at z = 0 with
a load multiport with impedance matrix Z; shown in Figure 8.19. At the end of the
transmission-line, z = 0, the matrix Z(z) becomes

Z(0)=2;. (8.94)
The load may be characterized by the reflection coefficient matrix I'.,
I'(0)=TIy. (8.95)
The reflection coefficient matrix at the load is
I =(ZL-Zo)(2ZL + 2Zo)". (8.96)

Terminating the multiconductor transmission-line with a multiport whose impedance
matrix Zj, is equal to the characteristic impedance matrix Z, of the multiconductor
transmission-line yields I'y = 0. Due to (8.88) the reflection coefficient matrix vanishes
everywhere, that is, ['(z) = 0if ['(0) = I', = 0. For a reflection-free termination of a
multiconductor transmission-line, a load multiport with the impedance matrix Z is
required. It is not sufficient to connect every conductor via an impedance to ground. All
conductors must be mutually connected via impedances corresponding to the matrix
elements of Z;.

The total active power flowing in positive z-direction through the multiconductor
transmission-line is

P(2) = R{I'(2) ¥(2)}, (8.97)

where the symbol 1 denotes the Hermitian conjugate. Inserting (8.84a) and (8.83) into
this equation we can express the active power flow in terms of voltage and current
amplitudes of forward and backward traveling waves

P(z) = MR(I (2) V) (2) + I (2) ¥ (2)
+H IOV (2) + IOV (2)}, (8.98)

where I (2) V*)(2) and It (2) V() (2) represent the average powers flowing
in positive and negative z-directions and IV (2) V() (z) and It (2) V(*) (2) are
cross-coupling terms between waves flowing in positive and negative z-directions.

We can introduce wave amplitudes for multiconductor transmission-lines generaliz-
ing the wave amplitude concept introduced in Section 8.4,

a(z) =1[g7'V(z) + gI(2)], (8.99a)
b(z) =1[g7'V(2) - gl(2)], (8.99b)
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where the matrix g has to be determined such that
=2y, (8.100)
The voltage and current vectors expressed by the wave amplitude vectors are
Y(2) = gla(z) + b(2)], (8.101a)
I(z) = g7'[a(2) - b(2)]. (8.101b)

The wave amplitude vectors a(z) and b(z) are related to the unidirectional voltage and
current wave vectors V*)(z) and I*)(z) defined in (8.85a) to (8.85d) via

a(z) =g 'V (2) = g1V (2), (8.102a)
b(z) = g7V (z) = g1)(2). (8.102b)

With 8.86 this yields
b(z) = g"'I(z)ga(z). (8.103)

8.7 MurLTiMODE ExciTATION OF UNIFORM HOLLOW
WAVEGUIDES

Consider a uniform cylindric hollow waveguide with cross-section A and boundary of
the cross-section dA as depicted in Figure 8.20. Let the waveguide be bounded by an
ideal conductor. In Section 7.8 the modal field solutions of a closed uniform cylindric
hollow waveguides were already discussed. The modal fields have been derived from
scalar potentials fulfilling the two-dimensional scalar Helmholtz equation in A and
either the Neumann or the Dirichlet boundary condition on the boundary dA of the
waveguide cross-section.

In this section we investigate the general excitation of hollow waveguides also in-
cluding the case of sources inside the waveguide. In addition to the excitation of modes
from the ends of the waveguide we also allow excitation by internal sources over the
whole length of the waveguide [11]. First-order partial differential equations governing
the transverse electric and magnetic field equations are derived. Expanding the trans-
verse electric and magnetic field forms into a series of electric and magnetic structure
forms with generalized voltages and currents as the expansion coefficients yields the
multimode transmission-line equations for the generalized voltages and currents.

8.7.1 The Transverse Field Equations

Allowing electric and magnetic sources described by the impressed electric and mag-
netic polarizations M, (x) and M, ,(x) the electromagnetic field in the waveguide
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Figure 8.20: Relation of arrows and field orientation in a hollow waveguide.

is governed by Ampére’s law (3.27a) and Faraday’s law (3.30b),

dH = jw(exE+M,,), (8.104a)
df =-jow(uxH+M,,). (8.104b)
We introduce the general cylindric coordinate system u, n, z with the curvilinear trans-
verse coordinates u, n and the longitudinal coordinate z. We assume that the boundary

du is tangential to the boundary whereas dn is normal to the boundary. Hence the
boundary conditions are

dna&=0 ondA, (8.105a)

dniH =0 onoA. (8.105b)

As already shown in Section 7.6 we can separate the electric and magnetic fields £ and
M into transverse parts £,, H, and longitudinal parts £ _, H_,

E=&,+E,, (8.1062)

H=H, +H,. (8.106b)

For transverse orthogonal curvilinear coordinates u, v and the longitudinal coordinate

z this is performed by
£, =dz(dzu€) =E,dz, (8.107a)
E;=E-E,=E,du+E, dv (8.107b)

and in a similar way for #{. A two-form, as for example M, can be subdivided into a
transverse part M, and a longitudinal part M,,, by

M., = dza(dzn M,,) =M,,, dua dv, (8.108a)

M= M,o-M,o. =M, dvAadz+M,,, dzA du. (8.108b)
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The exterior differential operator d is split into a transverse exterior derivative d; and a
longitudinal derivative,

d€ = diE+ dzn %é— , (8.109a)
z
d;£€ = dun ?,Q +dva ?é (8.109b)
du av

Application of the Hodge operator on both sides of Maxwell’s equations (8.104a) and
(8.104b) and exterior multiplication from the left with dz yields

dza(x dE) = -jowpdzAaH -jwdzAa*M,,, (8.110a)
dza(x dH) =jwedzaE +jwdzAx M,,. (8.110b)

Considering that the exterior product of dz with any one-form depends only on the
transverse part of this one-form and using the identity

d ad
dz A (* dé)z*dﬁz—t£§=*d,ﬁz-*£§, (8.111)

we obtain from above equations

0 :
—§;§, = —jwx(pdzAaH, + dzAx M) - dE;,

,éa;lﬁ:jw*(edz AE+dzAx M,,) - diH, . (8.112b)

(8.112a)

Multiplying both sides of Maxwell’s equations (8.104a) and (8.104b) from the left with
dz we obtain another set of equations,

dzAa dH =jw(edza*E+ dzn M,,), (8.113a)
dzA dE = -jo(pdzaxH+dzA M, ). (8.113b)
This yields
= 1
E, =L «(dzA dH) - -M,q, (8.114a)
we €

H. =3 w(dzn di€) - M,,. (8.114b)
.u

2z

wy
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Eliminating the longitudinal field components E, and H, by inserting (8.114a) into
(8.112a) and (8.114b) into (8.112b) yields

1 ; e
oy * dy d:) (Hond2) +jw ((* M ffn) A dz)
(8.115a)

2 .
—£§:=wa(l+

d
-—H, =jwex (l + :
w?ue

= * dy * d,)(dmg,) +jw(dza (» M), (8.115b)

where we have defined the effective transverse electric and magnetic polarizations M,

and M | respectively, by

MG, = Mem‘];dz’\ d:M

1
Mifgr = Mo + JE dzA diM,, - (8.116b)

(8.116a)

—m0z?

The transverse field equations provide a complete description of the electromagnetic
field in the hollow waveguide.

8.7.2 Modal Field Representation

As discussed in Section 7.9.4 for a homogeneous waveguide with perfectly conducting
walls and filled with lossless dielectric the electromagnetic field can be expanded into
orthogonal modal functions. Following (7.257a) and (7.257b) the transverse electromag-
netic field can be represented by

E,(x)= Z [E, () +ETS (%] » (8.117a)

Z[ (%) + A (2)] (8.117b)

where the index f denotes the transverse field component. The summation is per-
formed over all modes, including propagating and evanescent modes. As in (8.9a)
and (8.9b) we can represent each modal field form as a product of a normalized struc-
ture form et%, (u,v), €™ (u,v), hyr, (4, v), and hy (4, v) depending on the transverse
coordinates u, v only and a scalar amplitude. These scalar amplitudes are the general-

ized voltages V¥ (z), V)1 (z) and generalized currents I} (z), I,h, (z), I, (2) and
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I'™ (z) as introduced in Section 7.9.5

Elan(%) = Vi (2)€pu (s v), (8.1182)
&5 (%) = ViR (2)eun(wiv), (8.118b)
Hn (%) = L () i (w,v) (8.118¢)
Hin (%) = L (2) gy (u,v) - (8.118d)

The generalized voltages and currents representing the transverse electric and magnetic
field amplitudes of the waveguide modes also are called the modal voltages and modal
currents respectively. Assuming the set of TE together with TE structure functions to be
complete we can expand the transverse component of the electromagnetic field into
the structure forms as

E,(x) =Y [V (2) e (u,v) + Vo (2) e (1,v)] (8.119a)

H,(x) = 3 (% ()R8, (1, v) + L () et (u,9)] (8.119b)

The effective transverse electric polarization M if]f, and the effective transverse mag-

netic polarization M, introduced in (8.116a) and (8.116b) can be expanded into the
structure forms. Considering that the structure forms are one-forms and the transverse
polarizations are two-forms we have to apply the star operator,

M (x) = 3+ [ M35 1 (2)Ehin (,9) + Meg. () Emn (V)] » (8.120a)
mn

MR (%) = 3 % [ M3 (2ot (1) + Mt (D) i (w9)] - (81200)

mn

The M35 n(2)s Mg, mn(2) Mo, mn(2); M . (2) are the modal amplitudes of the
effective transverse electric polarization and magnetic polarizations. With (7.208), (7.209),
(7.213a) and (7.213b) we obtain the orthonormality relations for the structure forms of

the waveguide

(e:ﬂh:M h= _( Iﬂe:fn},q = OkmOin » (8.121a)
() |homm) 4 = = (hil'l€mn) 4 = OkmOtn » (8.121b)
(€ki|hm) 4 = (hil'|€nin)a =0 (8.121¢)
(k1 ) 4 = (hkil€mm) 4 =0 (8.121d)

Using these orthonormality properties we obtain from (8.117a) to (8.118d) the ampli-
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tudes of the modal voltages V* (2), V" (z) and the modal currents I, (z), [ (2),

n =mn

Vo (2) = = (i (w,v)|E,(%)) 4], » (8.122a)
Vo (2) = = (k' (. V) E,(%)) ], » (8.122b)
Lin(2) = (eki (V) [Hy (%)) 4], » (8.122¢)
Ln(2) = (&' (w,v)|Hy(x)) ], - (8.122d)

These inner products are computed by integration over the cross-sectional surface A
with the logitudinal coordinate z kept constant. From (8.120a) to (8.121d) we obtain
the modal amplitudes of the effective transverse electric and magnetic polarizations

M5 nn(2) = = (Bip ()| » MEG (%)) 4, > (8.123a)
Mg (2) = = (B (u,v)| » Mg, (%)) 4, (8.123b)
Moo mn(2) = (€1 (1, v)| x Mino (%)) 4], (8.123¢)
Mt n(2) = (€R1 ()| » Miger (%)) o, - (8.123d)

According to (7.198a), (7.198b), (7.198c) and (7.198d) the electric and magnetic structure
forms are related as

ekt (4, v) = *(hij (u,v) A dz), (8.124a)
ekl (u,v) = x(hiy' (u,v) A dz), (8.124b)

ki (u,v) = *(dz A € (u,v)), (8.124¢)
hit' (u,v) = *(dz A €f)' (u,v)) . (8.124d)

8.7.3 Multimode Transmission-Line Equations for Hollow Waveguides

To derive the multimode transmission-line equations for hollow waveguides we insert
the modal expansions of the transverse field and the effective transverse polarizations
into the transverse field equations. Inserting (8.119a), (8.119b) and (8.120b) into (8.115a)
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yields

- dKI?(Z) iy v) — _kI (Z) 'm v
%:—dz ki (14, v) %—dz 1 (u,v)

=jwy %:117(2) * (14 By * de + dp) (hif(u,v) A d2)
+iwyZH?‘(3) * (1+ Bato * de * dy) (hii' (u,v) A dz)
"‘JWZM uu(z) (hki (u,v) A dz)

+jw Z mo.k1(2) *(he)' (u,v) A dz) (8.125)

with the plane wave phase coefficient

Bmo = w\/HE. (8.126)

Inserting (8.124a) and (8.124b) and using (7.215a) and (7.215¢) we obtain

v W) . _v 4Y41'(2) o
% dz kl(u V') % dz )V)
=jwp %-ﬁ(ﬂ%’f(“»")+J“P§ﬂ?(z)(1—(ﬂcm.mn/ﬁm)2)Eﬂ'(“»?)
1
+jw ) Mob i (2)exi (uv) +jw Y- Mk o (2)egd (u,v) . (8.127)
kil kil

Forming the exterior product of this equation with hy,, (u,v) and hy,, (4, v) respec-
tively, integrating this over the cross-sectional area A of the waveguide, applying the

orthonormality cross relations (8.121a) to (8.121d) and considering (7.169) and (7.178)

we obtain the transmission-line equations

4V, (2)

dz
dvin(z)

dz

=] (d‘HI (z) _] mel} mn( ) (81283)
= —jwp [1- (Wermmn/@)? lI"" (2) —joMy un(2) (8.128b)

with the cutoff frequency w¢, ra,mn of the T™,,,, mode,

We,rm,mn = ﬁr._.'rb'(,ﬂ . (8.129)

NG



370 Electromagnetics

In an analogous way we can derive a second set of transmission-line equations by
inserting (8.119a), (8.119b) and (8.120a) into (8.115b),

dL, 7 (z) ]we[l - (w5 /w) ]VTE (2) —jwMg mn(2), (8.130a)
dlm"(z) —jweV™ (2) - jwM™,  (2) (8.130b)

with the cutoff frequency @ rg,mn of the TE,,, mode,

Wirs.nn = Peasimn (8.131)

VEH
The propagation coefficient as introduced in (7.171a) and (7.171b) is given by
Yre/tv,mn = Crefrm,mn = EH “-’f“;-m_m,, - w? for w < Werg/rm s (8.132a)
Yrejrsmn = Prejrm,mn = J /€6 \/ w? - wi'raf'm.mn for w > wergyry - (8132b)

The characteristic impedances introduced in (7176a), (7176b), (7190a) and (7.190b) are
jop Z jw

Zors.mn = = 5 for w < Werg, mn » (8.133a)
Qre,mn wcmm" - w
wy w
Z[n-z,mn = = ZFT for w > Werg,mn s (8133b)
ﬁ“rl-:,mn w*e = wc“‘m
2 2
Xm,mn Wepp,mn — W
Zorm,mn = — =Zr - for w < Werm,mn » (8.133¢)
jwe jw
ﬁTM mn w? ~ Werm,mn
Zorm,mn = s =Zp o for w > Werm, mn - (8.133d)

Above the cutoff frequency @ rgjrm,mn the characteristic impedance Zoyg jre, mn is real
and positive. Below the cutoff frequency the characteristic impedance Zog/rg,mn 18
purely imaginary. The imaginary part of Zorg,mn is positive (i.e., below cutoff the
characteristic impedance of a TE mode is inductive, whereas the imaginary part of
Zorwm.mn is negative and therefore below cutoff the characteristic impedance of a T™™
mode is capacitive).

With (8.132a) to (8.133d) we can write the transmission-line equations (8.128a) and
(8.130a) for the TE modes as

dv‘fE

_2;.( 2 = ~Yre,mn Zove,mn Ly (2) = 0 Mo,mn(2) (8.134a)
TE

dl (2) _ _ YrEmn Ve (z) —joMg . (2) (8.134b)

dz ZOTE mn
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Figure 8.21: Equivalent circuit for a mode in a waveguide segment with impressed voltage and current
sources.

and the transmission-line equations (8.128b) and (8.130b) for the TM modes as

VTM z
_22( ) ~Ytm,mn ZUTM mn Imn(z) _]meO mn( ) (8.1353.}
d‘rm (z) )"m
= =V (2) - j oM, : 8.135b
4z Zomm g Lnn ()~ 0Meg i (2) (8.135b)

For the TE modes the impedances per unit of length Z7, ., and the admittances per
unit of length Y{; ,,, are

Z;E,mn = Yre.mn Zote,mn = J WH , (8.136a)
2 2
W - w
Y.!' = yTE.mN - ‘WE CTE,mn 8.136b
TE,mn o J ot ( )

and for the T™,,, modes the impedances per unit of length Z7,, .., and the admittances
per unit of length Y7, ., are

’ . gt'= wi‘l‘n.mn
Zrrgmn = Yri,mn Zorm,mn = w#—w}*—— 3 (8.137a)
Yymn = 22 = e, (8.137b)
Zore,mn

We introduce the modal amplitudes of the impressed voltage V TE/T™™(2) and the im-

—5,mn
pressed current LT;’: "(z) as
V™ () = —joMamn(2) (8.138a)
LT (2) = Mg (2) (8.138b)

Figure 8.21 shows the equivalent circuit for a mode in a waveguide segment of length
Az with the impedance and admittance per unit of length Z’ and Y’, and the impressed
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voltage and current sources per unit of length V'(z) and I'(z) respectively. For the
two-port current-voltage source the symmetric representation discussed in Section 10.6
is used. With the above definitions the transmission-line equations (8.134a), (8.134b),
(8.135a) and (8.135b), can be written as

V'rs.,.l"m (z)

dz ;‘EJ’TM,mﬂ I‘r"::’{'ru( I VsT:r{;m (z), (8.139a)
TE[TM
dImI:‘i (2) YfEfTM mn V;E’{TM (2) ITE;TM( ) : (8139]3)

In the homogeneous waveguide the modal transmission-line equations are uncoupled
and can be solved independently as in the single mode case. Sources in the waveguide
may be expanded into modal amplitudes and contribute to the excitation of the wave-
guide modes according to their modal amplitudes. Figure 8.21 shows the equivalent
circuit of a section of infinitesimal length Az of one waveguide mode. Since this equiva-
lent circuit is the same for all TE and T™M waveguide modes, we have omitted all indices.
For any source distribution in the waveguide the impressed electric polarization M,
of (8.104a) and the impressed magnetic polarization M, , of (8.104b) can be expanded
into modal amplitudes. To do this we have at first to compute the effective transverse
electric and magnetic polarizations introduced in (8.116a) and (8.116b). From their
modal amplitudes the modal amplitudes of the impressed voltage and the impressed
current can be computed. From (8.116a) and (8.116b) we see that the modal amplitudes
of the effective transverse electric polarization and the impressed current depend on
the transverse component of the impressed electric polarization M, and the longitu-
dinal component of the impressed magnetic polarization M, ,. The modal amplitudes
of the effective transverse magnetic polarization and the impressed voltage depend
on the transverse component of the impressed magnetic polarization M, , and the
longitudinal component of the impressed electric polarization M,,.

Since in the homogeneous waveguide the transmission-line equations for different
modes are uncoupled we can solve them for every mode independently. For arbitrary
source distributions, we can do this by applying Green’s function methods [11, 16].
From (8.13%a) and (8.139b) it follows that for every mode we have to solve the pair of
inhomogeneous first-order transmission-line equations

4v(z) _

5, - X (0)(2) + Vi(2), (8.140a)
di(z) ' /
—5 = 1B (@)X(2) +L(2), (8.140b)

where V(z) and I(z) are the modal transmission-line voltage and current, V'(z) and
I'(z) are the impressed modal voltages and currents per unit of length, X'(w) is the
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(a)
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Figure 8.22: Equivalent circuit for a mode in a waveguide segment with impressed voltage and current
sources, (a) for a TE mode, and (b) for a TM mode.

series reactance per unit of length and B'(w) is the parallel susceptance per unit of
length. For the TE modes we obtain from (8.136a) and (8.136b)

Xip = wp=wl', (8.141a)

2

W € 1

B, = we- - = wC' - —. (8.141b)
) wLP

Figure 8.22(a) shows the equivalent circuit for the TE modes in a waveguide segment
of length Az with internal sources.

The equivalent circuit for a waveguide segment excited in a TE mode is shown in
Figure 8.1(b). The parallel capacitance per unit of length C’ and the series inductance
per unit of length L’ are related to the modal electric and magnetic energies of the
transverse electric and magnetic fields. The parallel inductance is inversely proportional
to the energy stored in the longitudinal component of the magnetic field. For the T™
modes we obtain from (8.137a) and (8.137b)

2

1
X = G hy =o' - —, (8.142a)
B, = we=wC'. (8.142b)

In this case the inverse series capacitance per unit of length is related to the longitudinal
electric field component. Figure 8.22(b) shows the equivalent circuits for the TM modes
in a waveguide segment of length Az with internal sources.
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8.7.4 Multimode Transmission-Line Equations of Lossless Waveguides without
Internal Sources

Let us consider the waveguide without internal sources. This means V;(z) = 0 and
I'(z) = 0 and we obtain from (8.140a) and (8.140b) the homogeneous first-order
transmission-line equations

%(z) =-jX'(w)I(z), (8.143a)
di(z) _ ..
& jB'(w)V(z). (8.143b)

Eliminating either I(z) or V(2) in these equations yields the second-order homogeneous
transmission-line equations

2
d d—igz ) + BV(2) =0, (8.144a)
d’I(z)
—24p I(2)=0 (8.144b)
with the phase coefficient
X'(w)B'(w). (8.145)

Below the cutoff frequency of the respective mode w rg/ru either X'(w) or B'(w) is
negative and therefore y = « is real. The field of a mode below its cutoft frequency is
evanescent. Above the cutoff frequency w 1/ the series reactance per unit of length
X'(w) as well as the parallel susceptance per unit of length B'(w) are positive and
therefore y = j f is imaginary. In this case the modal field is a space-harmonic wave.

Above the cutoff frequency w,g/ry We obtain solutions representing space-harmonic
waves propagating in positive and negative z-directions.

V(z) = ¥ Medbz 4 yOleibz, (8.1462)
I(z) = [WeTPe 4 [Oleibz, (8.146b)

where V*) and I(*) are the voltage and current amplitudes of the waves propagating
in positive z-direction and V) and I are the voltage and current amplitudes of
the waves propagating in negative z-direction. Below the cutoff frequency w rg/rn We
obtain the evanescent field solution

V(z) =Y Me 2 4 ez, (8.147a)
I(z) = 1We ™ + [e2, (8.147b)
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Figure 8.23: Line with impressed voltage and current sources.

where V) and I*) are the voltage and current amplitudes of the evanescent mode de-
caying in positive z-direction and V) and I are the voltage and current amplitudes
of the evanescent mode decaying in negative z-direction. From (8.143a) and (8.143b)
we obtain for @, rg/ry modes

K(+) = ZOTBJ’TM.I.(+) , (8.148a)
.Y,.(_) = ‘Zl]'rah'ml(_) . (8.148b)

The characteristic impedance Zorg/ry is given by (8.133a) to (8.133d). Above the cutoff
wpp/rm the characteristic impedance is real and positive, Below cutoff the characteristic
impedance is imaginary with a positive imaginary part for TE modes and a negative
imaginary part for TM modes.

8.8 GREEN’S FUNCTIONS FOR TRANSMISSION-LINES

To solve the transmission-line equations for arbitrary distributions of voltage sources
and current sources along the line, we can apply the superposition principle and
consider any distribution of sources as a continuous superposition of point-like sources.
Consider a transmission-line with a point-like combined voltage and current source at
z' as shown in Figure 8.23. The first-order transmission-line equations (8.140a) and
(8.140b) yield

d%?) =-jX'(0)I(2) + Vo8(z -2, (8.149a)
M == Y’(W)K(Z) +1,0(z- ') (8.149b)

dz
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with the voltage V ; and the current [, impressed at z’. Integrating (8.149a) and
(8.149b) from 2’ — § to 2 + & yields

V(' +8)=V(-98)+V,,, (8.150a)
I(z' +8)=1(z" - 8) + 1. (8.150b)

From (8.149a) and (8.149b) we obtain

2
: d_igz) -y2V(2) ==V, 08" (z-2) -j X' (w)],8(z - 2') (8.151)

with the propagation coefficient y given by
V2 =-X'(0)Y'(w). (8.152)
The distribution 8’(z) represents the derivative of the delta distribution §(z). It can be

defined via partial integration. For a smooth function f(x) the distribution §'(x) is
defined by

fé"(x—x’)f(x)dx=~fé‘(x—x') d{i(:)dx=— d’;i") . (8153)

x=x"

For z # 2’ we have to solve the homogeneous transmission-line equation

d*V(z)

T y2V(z) =0. (8.154)

Due to the impressed current and voltage at z = 2/, the line voltage and the line current
exhibit a discontinuous change at this point. We therefore obtain partial solutions for
z< 2 and z > z/, hence

V(“) -y(z-2") V(") y(z=2) <z,
V(z) = {—‘ ’ w2 orees (8.155a)

Viere=) 4 yerc-2) forz> 2,

(+) —y(z-2") _ (=) _y(z-2") '
YoV ¥ y 1
1(2) = { oV, ‘e YoV, e forz<z (8.155b)

Yazgﬂe'?(’:"') e Yozg_)e?(‘“‘l) forz >z’

with the characteristic admittance Y; (i.e., the reciprocal characteristic impedance Z,)

given by
()
Yot=Zo=1/ % : (8.156)
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Figure 8.24: Voltage and current sources with terminations.

The line voltage and current at the left-hand side of the point sources are V (2’ - §) and
I(2' - &) at the right-hand side of the point sources the line voltage and current are
V(z' +8)and I(2' +6),

V(Z-8)=v® + v, (8.157a)
V(2 +8)=v{P + v, (8.157b)
I(2 -8) = YoV - vo¥ ), (8.157¢)
1(2/ +8) = Yo¥{ - vo v, (8.157d)

where § is an infinitesimal distance. From this we obtain

ViV =4 [V(' - 0) + Zol(7 - 9)] \Al=n)
VO =1 V(2 - 8) - Zol(2' - 9)] (8.158b)
VD =1 V(2 +8) + ZoI(2' +8)] (8.158¢)
VO =1 V(2 +6) - ZoI(2 +8)] . (8.1584)

To determine the voltage and current amplitudes we consider the combined voltage and
current source terminated with the impedances Zr, and Zr; as shown in Figure 8.24.
The impedances Zt, and Z, are the impedances of the waveguide connected with the
sources on the left and on the right. For an infinitely extended waveguide we will set
Zr1 = Zry = Zo. However, for a waveguide of finite length Zr, and Z, will depend
on the waveguide termination on both ends. We compute the voltage and current
amplitudes as

Z1 ZrZpy
V(z'-6)=- Vv I,, 8.159
Y(z-9) Zp + 21 " Zn+Zn™° (8:1554)
Z1y ZnZty

5 Yot —7 1o
In+Zr™" ZIn+Zr”

V(' +9)= (8.159b)
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1 Zra
I(z'-68) = V.- i - 8.159¢)
I ) Zn+Zr 0 Zp+Zr™° (
' 1 ZTI
I d) = V.. + I.,. 8.159d
I('+9) Zr+Z1 0 Zn+ Zp™ ( )

8.8.1 Green’s Function for the Transmission-Line with Matched Terminations

Let us solve the transmission-line equations for the transmission-line infinitely ex-
tended in both directions. For the transmission-line terminated with its characteristic
impedance Z,

ZTI - ZT; = Zo . (8.160}

For z > 2’ only waves propagating or decaying in positive z-direction occur and for
z < ' only waves propagating or decaying in negative z-direction occur. Therefore,
(8.155a) and (8.155b) reduce to

(+) ~y(z-2") ;
V(z) = {Zﬁ € forgiaia’, (8.161a)

Kf-)e?’("z') forz<z',

(+) ~y(z-2") '
- {re 1)
We obtain from (8.159a) to (8.159d)
Vi) =zl = % (Vo + Zolyp) » (8.162a)
v{) = Z" = % (Vo + ZoLyp) - (8.162b)
Inserting this into (8.161a) and (8.161b) yields
Y(z)= % [E(z-2')V o + ZoIs] €771, (8.163a)
I(2) = % [25' Vo + E(z - 2') L] e (8.163b)
where the function £(x) is defined as
-1 forx<0
Ex)={0 forx=0. (8.164)

1 forx>0
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Figure 8.25: Terminated line with impressed current source.

From this we obtain the dyadic Green's function G(z,2') for the transmission-line
terminated at both ends with its wave impedance Z

G(z,2') =14 [E(zzglz’) E(ZZ—O z’)] e V=71, (8.165)

For a transmission-line with distributed voltage and current sources where V(z) is
the impressed voltage per unit of length and I;(z) is the impressed current per unit of
length, the transmission-line voltage V (z) and the transmission-line current I(z) can

be computed by

K(Z) : ¢ ' K;(ZF) '

[l(z)] _fo G(z,2') [12(2’) dz’. (8.166)
The integration is performed over the length I of the transmission-line.

8.8.2 Green’s Function for the Transmission-Line with Arbitrary Linear Passive
Terminations

Consider a transmission-line of length | terminated with the linear impedances Zp,
at z = 0 and Z;, at z = | and the combined voltage and current source at z = 2, as
shown in Figure 8.25. If the impedances Z;; and Z;, deviate from the characteristic
impedance Z; of the transmission-line, the wave is reflected at the respective end. To
determine the transmission-line voltages and currents we use the equivalent circuit
shown in Figure 8.25. Using (8.37), we determine the impedances Zr, and Z; as

Zy1 + Zytanh yz

Zo+ Zp tanhyz’
Zi2+ Zotanhy(l - 2)
Zy+ Zpptanhy(l-z)

ZT] (Z) = Zn (8167&)

Z12(2) = Zo

(8.167b)
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From (8.158a) to (8.158d) and (8.159a) to (8.159d) we obtain

v U _Zn(@)2Z | (Zn(2)*Z)Zn, ] 8.168
) [Zn(z') +Zn(@) 0 Zn(2) + Zn@) ) (3168)

() 1 Z7y(2') £ Z (Zral2) & Z0)Zm
V¥(z )= [Zr[(z’) +Zra(2') ™ Yot Zn(2') + Z12(2) L) - (8.168b)

We can express this relation as

[%((:))] G(z,2) :,:] dz’. (8.169)

The dyadic Green’s function of the terminated transmission-line G(z, ) is given by

’ GVV(z»z ) GVf(ztz ) —y|z-2|
G(z7) = [Gw(z Z')  Gu(z72 )] s (8470}

with the matrix elements

&(z,2")Zr(2z,2') coshy(z - 2') — Zg sinhy(z - 2')

Gyv(z,2) = Znn(2) 7 Zra(@) (8.171a)
Gl dye Z(2")2Z72(2") coshy(z - 2') - &(2,2") 2o Z7(2', z) sinh y(z - 2 )
e Zri(2') + Zra(2')
(8.171b)
~&(2,2')2Z11(2") Z12(2") sinhy(z - 2') + Zg cosh y(z - 2)
Gvl(z,z') = , (8.171c)
vi{te) 2o(Z1i(2") + Z12(2))
Gy = ~Z1i(y,2')Z12(2") sinhy(z - 2') + &(2,2") Zo Z7(2', z) cosh y(z - 2 )
= Zo(Zni(2') + Z12(2))
(8.171d)
The function &(z, z') given by (8.164) and Zy(z, 2") is given by
i Zpy forz<z',
) = 8.172
Z1(5:2) {Zn forz>=z'. ( )

For voltage and current sources distributed over the transmission-line with the im-
pressed voltage per unit of length V' (z) and the impressed current per unit of length

I'(z) we obtain
K(z) = : ’ K:(z’) '
[ﬂﬂ]'fn Gimt) g(zf)] g (8.173)
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Figure 8.26: Matching circuits.

8.9 PROBLEMS

1. Consider an R 320 rectangular waveguide with inner dimensions a = 7.112 mm
and b = 3.556 mm. Determine the equivalent circuits according to Figure 8.1
for a waveguide section of length Al = 0.5 mm for the TEq, TEo;, TE20, TEp; and
TMq modes.

2. Consider the matching circuits shown in Figure 8.26. The matching circuit
consists of two coaxial cable segments (Zo = 60 ©, ¢ = 2-10° ms™") with lengths
I; and I, and either a series reactance X; or a shunt susceptance B, between.
The generator provides a harmonic signal of frequency f =100 MHz and has
an impedance Zg = 50  and is terminated with an RL series circuit with an
impedance Z; = (35 +j14) Q.

a)

b)

c)

d)

e)

Determine the parameters X, I; and I; of the matching circuit shown in
Figure 8.26(a) for matching Z; to Zg for minimum lengths of /; and I, and
either an inductor or a capacitor as the series reactance X;.

Realize the series inductance with a short-circuited stub of a shielded
parallel wire line (Zo =60 Q,c=2- 10% ms™!). Determine the minimum
length [ of this stub.

Determine the parameters B,, I; and I of the matching circuit shown in
Figure 8.26(b) for matching Z to Zg for minimum lengths of /; and I,
and either an inductor or a capacitor as the series susceptance Bp.
Realize the series admittance B, with a short-circuited stub of a coaxial
line (Z = 60 Q, ¢ = 2-10® ms™"). Determine the minimum length I, of
this stub.

Compare the frequency behavior of both matching circuits (a) and (b)
in the frequency interval from 90 GHz to 110 GHz by drawing real and
imaginary parts of Z; for the above matching circuits.

3. For the load and the generator given in Problem 2 determine lumped element
matching circuits as shown in Figures 8.13, 8.14 and 8.15. Determine the L- and
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Figure 8.27: Excitation of a waveguide by a current filament.

C-values of the four possible circuits and compare the frequency behavior of
these matching circuits in the frequency interval from 90 GHz to 110 GHz by
drawing real and imaginary parts of Z;.

4. An X-band rectangular waveguide (a = 22.86 mm, b = 10.16 mm) of 9 cm length
is excited in the TEjp mode at the frequency f = 10 GHz. At its end the waveguide
is filled over a length d = 7 mm with a dielectric material (¢, = 2.5) and then
short-circuited. Determine the input impedance of the line.

5. A four-conductor transmission-line with the conductors embedded in free-space

g y : 05 3
has the per unit of length inductance matrix L = ( Ig io 150) nH/m.

a) Determine the per unit of length capacitance matrix.

b) Determine the characteristic impedance matrix Z,.

¢) Determine the load impedance matrix Z; for reflection-free termination
of the four-conductor transmission-line.

6. A four-conductor transmission-line has the per unit of length inductance and

. . , (1013 , 5 2515
capacitance matrices L' = ( 14 é) nH/mand C' = ( 25 4 1 ) pF/m.
a) Give the multiconductor transmission-line equations.
b) Derive the diagonal form of the multiconductor transmission-line equa-
tions.
¢) Determine the load impedance matrix Z;, for reflection-free termination
of the four-conductor transmission-line.

7. A rectangular waveguide of width a, height b = 14, and infinite extension in
positive and negative z-directions is excited by a current filament I(y) in y-
direction placed a x’, 2’ (see Figure 8.27). Compute the modal amplitudes of the
excited electric and magnetic fields.

a) Assume uniform current distribution I( y) = I, over the interval 0 < y < b

and excitation at a frequency f = 1.4 f.1g10.
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Figure 8.28: Transmission-line with impressed sources terminated at one side.

b) Assume a current distribution I(y) = I, sin %2 over the interval 0< y < b
and excitation at a frequency f = 1.4 frs10.

A rectangular waveguide of width a height b = }a and infinite extension in
positive and negative z-directions is excited by two current filaments directed in
y-direction and uniform over their whole length. One filament is placed at 2’
and x’ = 1a and excited with the current I. The other current filament is placed
at z' and x” = 2a and excited with the current —I in the opposite direction. The
frequency is f = 2.4f.re10. Compute the modal amplitudes of the excited electric
and magnetic fields.

. Compute Green’s function for the transmission-line terminated at the left-hand

side with the impedance Z;; and infinitely extended on its right-hand side, as
shown in Figure 8.28.
Consider a lossless two-conductor transmission-line of length [ with character-
istic impedance Z, and phase coefficient § = w/c. Let the transmission-line be
terminated at z = 0 and z = [ with Z,.
a) Impress a current per unit of length I(z) given by
I'(z) = Lye TP foril<z<dl
- 0 elsewhere
and compute the voltage and currentdistribution over the whole transmission-

line.
b) Impress a voltage per unit of length V/(z) given by

V() = VP foril<z<il

= 0 elsewhere
and compute the voltage and current distribution over the whole transmission-
line.

c) Impress a current per unit of length I' (z) together with a voltage per unit of
length V' (z) with the distributions given in the two previous paragraphs.
Discuss the case V! (z) = +Z,1.(z).
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Chapter 9

Resonant Circuits and Resonators

Resonant circuits and resonators are important circuit elements in radio-frequency
engineering. A resonant circuit is formed by a capacitor and an inductor connected
in parallel or in series. As components in active and passive circuits, resonant circuits
and resonators allow a selective transmission or blocking of signals. In oscillators these
components serve as the frequency-determining elements.

9.1 THE LINEAR PASSIVE ONE-PORT

A circuit element with a single port is called a one-port. Figure 9.1 shows the schematic
drawing and the equivalent circuit of a one-port. Incident and reflected waves are
related to a given transverse plane of reference. The signal at the port is described either
by the complex amplitudes a and b of the incident and scattered waves or by the voltage
V and current I. If the relation between V and I or a and b, respectively, is known, the
one-port is defined as a circuit element. If the relation between V. and Jor g and b,
respectively, is linear, the one-port is called a linear one-port. The complex power P,
flowing into the one-port is given by

P. :—L‘T. (9.1)

The integration is performed over the cross-sectional area A of the waveguide port
in the plane of reference. With (4.19), (8.92), (8.9b) and (8.22a) we obtain a complex
power P, flowing into the one-port:

P, =3VI*. (92)

B

The real part of the complex power P, is the active power P. The imaginary part is the

reactive power Py:
P.=P+jP,. (93)

385
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(a) (®)
L

¥ z

e

Figure 9.1: One-port: (a) schematic drawing, and (b) equivalent circuit.

Using (8.42a) and (8.42b) we express the complex power P. by wave amplitudes,

1

Pc=5

(laf* - [b]* +a*b—ab*) . (9.4)
For P = 0 the one-port is lossless. A lossless one-port also is called a reactive one-port.
For the passive one-port we obtain |p| < 1. For the reactive one-port |p| = 1is valid. For
the source-free one-port we obtain from (4.36) and (9.1)

P.=P+2jw(Wy - W,), (9.5)

where W, is the average stored magnetic energy and W, is the average stored elec-
tric energy. The momentary values of W, and W, oscillate between zero and their
maximum value with the double oscillation frequency. For W, = W,,, within a quarter
of the period of oscillation the stored magnetic energy is completely transformed in
electric energy and vice versa. For W,,, # W, a periodical energy exchange also occurs
with an external circuit driving the resonant circuit. In this case the reactive power is
flowing through the port. The ratio of voltage and current or generalized voltage and
generalized current is given by the complex impedance Z or the complex admittance
Y, respectively. It follows from (9.2) that

P.=3Z|I? = 3Y*|V]. (9.6)
With (9.5) we obtain
P+2jw(W, -W,) P+2jw(W, - W,)
Z= »  (97a) Y= - . (9.7b)
312 3|V
The reactance X and the susceptance B are
4w 4w

X=—=(Wy-W,), 9.8 B= — (W, -W,). 9.8b
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9.2 THE REACTANCE THEOREM

Foster’s reactance theorem [1-3] imposes a condition on the frequency dependence of a
reactance. From the complex Maxwell equations (2.130a) and (2.130b) we obtain for
real permittivity, real permeability, and no sources

dH= jwex &, (9.92)
df€=-jouxH. (9.9b)

The partial derivative of these equations with respect to w is given by

oH _. 9

d% =jex £ +jwe* 5 (9.10a)
o€ oM

d—==—-jurH-j * — i
g - e H-jopr o= (9.10b)

‘We now compute the following expressions

d(a—ﬂ As‘) =je(x E)AE" +juwe ( a_g)“g* SjauIE A (s H) . (1)
dw dw

a(ﬁ AE) =-ju(x H)AH -jop (*a_ﬂ)“”*ﬁweéf\(* £).
E dw u

From these equations and (4.25) and (4.26) we obtain

9 OH  ox (T LT
d(ﬁnﬁ)—d(ﬁag):—& (We +Wh) . (9.12)
Integrating this equation over a volume V with the boundary @V and applying Stokes’
theorem (A.90) yields

B W N s P oxo
f(Ew-Tor)n om0

w

We apply this relation to the one-port depicted in Figure 9.1(a). The boundary surface
9V is assumed to enclose the complete one-port. The reference plane A of the waveguide
defining the port is assumed to be a part of the boundary @V Therefore on the left-hand
side of (9.13) we only need to perform the integration over the cross-sectional area A
of the waveguide. We consider that the orientation of the boundary surface dV of the
volume V is outwards, whereas the cross-sectional area A of the waveguides is oriented
inwards. Therefore we have to change the sign on the left-hand side of (9.13) when we
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are replacing dV by A. Since A is a transverse plane, £ and H may be replaced by their
transverse components £, and #,_ as introduced in (8.6a) and (8.6c). From (8.9a) and
(8.9b) we obtain
E(x)=Ve(uv), (9.14a) H, (x)=Ih(u,v), (9.14b)
%Qu(x) = % e(u,v), (9.15a) gaaﬂ“(x) = ﬁ% h(u,v), (9.15b)
where u, v are the transverse coordinates in the port plane. From (9.14a) to (9.15b) and
(8.23) it follows that

aé * _ a«étr * _ d— *

$, 50 2 =~ §, S A He =L e
aﬂ - aﬂtr * dl *

fw 30 & = f! 30 =gt (316b)

Inserting this into (9.13) we obtain

dv dI S
—I*'4+ —=V"=8j =8 (W, +W,) . 9.17
=+ =V s,fv(w,+w,,,) 8j (W, + W) (9.17)
From
V=jXI, (9.18a) I=jBV (9.18b)
WO 4 ax dI . dB
—==j= ; == e ; 9.19
dw de'{ I=const. dw dm__|£=const. (519)
and dX dB
—|I? = —|V]*. 9.20
TR = 1] (9:20)
Inserting (9.19) and (9.20) into (9.17) yields
dX, , dB .
—\I* = ; —|VI*=4(W, + W,) . 9.21b
TUP=4(Wo+Wo),  G20)  SVE=4(Wor W), G21)
Together with (9.8a) and (9.8b) this yields
dX X\, ., dB B
wi=3 (9% _X\y =s(__ u)vz, 9.22
R [ ] G [l (9222)
dX X dB B
==+ )IP=%—~-—=]) V2. 9.22b
W “(dw+w)m ‘(dw w)l_i (9:220)
Since W, and W,, are non negative it follows for passive lossless one-ports
XX, 02%) 2B E|. (9.23b)
do |w do |w

This is called Foster’s reactance theorem.
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Figure 9.2: Resonant circuit: (a) parallel circuit, and (b) series circuit.

9.3 RESONANT CIRCUITS

In Figure 9.2 the parallel resonant circuit and the series resonant circuit are depicted.
Parallel and serial resonant circuits are mutually dual. Therefore we will treat them in
the following in parallel. The admittance Y, of the parallel resonant circuit and the
impedance Z; of the series resonant circuit are given by

Parallel resonant circuit Series resonant circuit
1 1
Y, =G, +j(wCp- —), (9.24 SO LY
»=Gp+j(wCy wLP) (9.24a) Zs=R, +j(wL wc,) (9.24b)

At the resonant frequency wy given by

Parallel resonant circuit Series resonant circuit
1 1
wp = , (9.25a) wo = (9.25b)
VLpCp LC,
the admittance Y, and Z;, respectively, are real.

Parallel resonant circuit Series resonant circuit
For constant impressed current the For impressed voltage a series
parallel resonant circuit exhibits a resonant circuit exhibits a current
voltage maximum at the resonant maximum at the resonant
frequency. frequency.

The complex power P, flowing into the resonant circuit and the active power P are
given by
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Parallel resonant circuit Series resonant circuit
P =1V, |V, (9.26a) B.=3Z1%; (9.26b)
P=1G,|V|?, (9.27a) P=1iR|I?. (9.27b)

The average electric energy W, stored in the capacitor and the average magnetic energy
W,, stored in the inductor for both cases are given by

W, = {ClV[%, (9.28)

Wi = 4LILP. (9.29)

For resonance we obtain in both cases
W, = W,. (9.30)
The total stored energy W, is given by
Weot = We + W = $CIV 2 = 4L|IP. (931)

The quality Q of a resonant circuit is defined by

e St.on.ad energy . (932)
Energy dissipated per period
The energy dissipated per period is given by
2nP
wL = Energy dissipated per period. (9.33)
0
With this we obtain
Parallel resonant circuit Series resonant circuit
Wy (&) P 1 wOLs 1
= = , 9.34a o 9.34b
UG Sy o Q= =R, bl
In many cases it is useful to introduce the so-called detuning parameter v
v= (i— ‘-”—'1). (9.35)
wp w
For small detuning v the following approximate formula
y=22790 for 2200 g, (9.36)

Wy (C]]



Resonant Circuits and Resonators 391

Im{Y}A _1 Im(Z}A _
V=5 v _é
Av av
45° _ 50 >
Gy Re(Y) R Refz)
v =—é Vv :—é
= S I
Im{Z}A = E}v Im{Y]A V=0
45° 1/G,\ \ 45° UR\\
JRe(Z) JRe(Y}
v v
v =(12 v =§l

Figure 9.3: Impedance and admittance plots of series and parallel resonant circuits in the Y -plane and
Z-plane.

is valid. With (9.25a), (9.25b), (9.34a), (9.34b), and (9.35) we obtain the normalized
representation

Parallel resonant circuit Series resonant circuit

Y, =Gp(1+jQv), (9.37a) Z,=R,(1+jQv). (9.37b)

In Figure 9.3 the admittance and impedance curves of the parallel and series resonant
circuits are depicted in the Y -plane as well as in the Z-plane. The 3dB cutoff frequencies
w, and w_ are the frequencies for which the voltage across the parallel resonant circuit
for the impressed current of constant amplitude decreases by a factor 1/\/2 compared
with the resonant case. For the series resonant circuit with impressed voltage of constant
amplitude the current is reduced by a factor 1/7/2 compared with the resonant case.
The 3 dB cutoff frequency w. is given by v = 1/Q and the cutoff frequency w_ is given
by v = —1/Q. With (9.35) it follows that

w, 1 1) w_ kA
b (ﬁ) L3 e (ﬁ) +1. (938b)
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Figure 9.4: Reactance X and susceptance B of the lossless (a) parallel and (b) series resonant circuits.

The 3 dB bandwidth Aw is given by the difference
Aw=w, —w_. (9.39)

With (9.38a) and (9.38b) we obtain

Aw==2, (9.40)

The relative bandwidth Aw/w is equal to the reciprocal quality factor. In some cases in
literature the parameter damping d also is used

Aw 1
B S 9.41
o (9.41)

For lossless resonant circuits G, = 0 and R = 0, respectively, are valid. In Figure 9.4
the frequency dependence of reactance X and the susceptance B according to (9.24a)
and (9.24b) is depicted.

9.4 THE TRANSMISSION-LINE RESONATOR

A segment of a transmission-line at one or both ends, either open or short-circuited,
is a resonant structure, Such a circuit element is called a transmission-line resonator.
We consider a lossless transmission-line of length I with characteristic impedance
Zy, which is short-circuited at one end as depicted in Figure 9.5. This short-circuited
transmission-line is a reactive one-port. From (8.39) we obtain the input impedance Z
and the input admittance Y,



Resonant Circuits and Resonators 393

Z

Figure 9.5: Transmission-line of length I short-circuited at one end.

l , j !
Z=jX=jZotan=,  (9.42a) Y=jB=-Lcot2.  (9.42b)
c Zy c
We introduce the angular frequency w; =t and obtain
Z=iX=jZotanm—,  (9.43a) Y=jB=-2cotn—.  (9.43b)
W Zy w

The frequency dependence of the reactance X and the susceptance B are depicted in

Figure 9.6. In order to obtain the equivalent circuit for the short-circuited transmission-
: . : B " ;

llge we perform a Mittag-Leffler expansion (4] of tan 72> and cot -, respectively, and

obtain

20 & 1
i =JZ|]E Z . ( )2 y (9453.)
v (n-4)*- (2
Y= —Z’— % + j—:: (—);—— , (9.45b)
0 1 n=1 | & o n2
and from this that
= 1
Z=y ; (9.46a)
n 1 "'“1 w)
n=l ) wiw.Zo T { ZZn“ ]
! 4 i ! - (9.46b)
joi 5 (ot - L rmak | |

We now introduce the following quantities
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Figure 9.6: (a) Reactance X(w), and (b) susceptance B(w) of the short-circuited transmission-line.
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Figure 9.7: Equivalent circuits of the lossless transmission-line resonator (a) according to (9.50a) and (b)
according to (9.50b).

n nZy VAN
o, (9.47a) Eo=0 fpm 2N, TS
P Zwlzo v ) 2(0] ( )
27, 2
Loy = ——————, (9.48a) = ——, 9.48b
¢ (n-1)*nw, ninw, Zo ( )
1
Wopn = ———= = (n-3) w1, (9.49a) Wosn = = nw, (9.49b)
LV CPLPfI LSCSH
and obtain with this
1 e 1
2 1 Y= + .
Z= Z -_'_“—II (9.50&) j(dLo Hz;‘i ] (st 5 (l.‘ )
n=lj((dcp—w[‘“) Yhan
" (9.50b)

These fractional expansion representations are called the Foster representations [3,5].
The Foster representation of the first kind, given by (9.50a), describes the series connec-
tion of an infinite number of parallel resonant circuits with resonance frequencies given
by (9.49a), whereas the Foster representation of the second kind, (9.50b), describes the
parallel connection of an infinite number of series resonant circuits and one inductance
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Figure 9.8: Equivalent circuits of the lossless transmission-line resonator (a) near a parallel resonance
and (b) near a series resonance.

Lo where the resonant frequencies of the series resonant circuits are given by (9.49b).
The corresponding equivalent circuits are the Foster equivalent circuit of the first kind
shown in Figure 9.7(a) and the Foster equivalent circuit of the second kind shown in
Figure 9.7(b).

For lossy transmission-lines we have to add loss resistors in the equivalent circuits.
In the case of Figure 9.7(b) we have to add a loss conductor in parallel to each parallel
resonant circuit, and in the case of Figure 9.7(a) we have to add a loss resistor in series
to each series resonant circuit. Considering a transmission-line resonator at frequencies
Wopn OF Wosp in the neighborhood of one pole of the reactance function allows us to
neglect all poles with the exception of the pole under consideration. In this way the
equivalent circuit may be reduced to a single resonant circuit describing the pole under
consideration. Figure 9.8 shows the corresponding equivalent circuits consisting ofa
single parallel or series resonant circuit, respectively. The short-circuited transmission-
line allows for the replacement of series resonant circuits as well as parallel resonant
circuits. A short-circuited transmission-line exhibits an infinite number of resonances;
however, in general it is possible to design a circuit with transmission-line resonators in
such a way that only one dominant pole plays a role. Compared with lumped element
resonant circuits realized with lumped elements, a resonator in general exhibits a much
higher quality factor.

9.5 CAvVITY RESONATORS

9.5.1 The Rectangular Cavity Resonator

We have seen that a transmission-line short-circuited at the end is a resonator. The
transmission-line may be either a TEM transmission-line or another type of transmission-
line (e.g., a waveguide). Such a transmission-line segment terminated by short circuit
or open circuit is a resonator. Resonators formed by segments of hollow waveguides
are called cavity resonators.

Figure 9.9 shows a rectangular cavity resonator with side-lengths a, b, and d. This
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Figure 9.9: Rectangular cavity resonator.

cavity resonator consists of a waveguide segment of length d, terminated at both ends by
conducting planes. The electromagnetic field in the resonator consists of a superposition
of waves traveling in the positive and negative set direction exhibiting node planes at
z=0and z = d. We obtain the boundary conditions E¢,| =0, Et,[ = 0. To fulfill
these boundary conditions the distance d must be an mteger multlple of iAg.

d=3pA;, forp=0,1,2.... (9.51)

Superimposing waves in the forward and backward direction yields nodes in distances
7Ag. With (7.229) to (7232) it follows that the phase coefficient = B, is given by

() e

The resonant frequency @, and the corresponding free-space wavelength A, are

given by
2 2 2
BTGB oo
NG a b d
v Er
p= - ‘urz 5 (9.54)
VEY+ (%) +(5)
If the resonant mode originates from the TE,,, mode of the waveguide, the resonator

mode is called the TE,,,p mode. If the resonator mode originates from the T™,,,, mode
of the waveguide, the resonator mode is called the ™, p mode.
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9.5.1.1 The TEmnp Modes of the Rectangular Cavity Resonator

To determine the field components of the TEun, modes of the rectangular cavity
resonator we consider the field components of the TE,,, waveguide modes of the wave-
guide with a rectangular cross-section according to (7.240a)-(7.240f). We superimpose
a waveguide wave of amplitude A®) propagating in the positive z-direction with a
waveguide mode with amplitude AL propagating in the negative z-direction. We take
into consideration that the wave propagating in the negative z-direction exhibits the
inverse sign of the transverse magnetic field components. This change of sign is due
to the replacement of e”1#* by e*1% and follows from (7.13b) and (7.14b) due to the
partial derivation with respect to z. Therefore we obtain

E, =jw1u? cos T2 gin 11% (A eife + A eif7), (9.55a)
E,=-j wy% sin —m? cosgb)’ (é(” e 1Pz 4 A e”"‘) ; (9.55b)
E =0, (9.55¢)
H, =jﬁ? sianmcos—??—y (A(+) e 1Pz _ o) ejﬂz), (9.55d)
_.fiy=jf3n—; cosmesin—m;—y(A(”e'wz —_.ﬁ(")ew"), (9.55¢)
H, = Py cos m:x cos n%y (AP e1P7 4 AC) i), (9.55f)

At z = 0 the transverse components of the electric field vanish (i.e., in this transverse
plane E, =0and E, = 0 must be valid). From this we obtain

AP =AW, (9.56)

From this condition (9.51) follows. With (9.56) we obtain from (9.55a) to (9.55f)

nm mnx . AMy . pnz
E, =2BZ Tﬁcos = sin Ty sin Ed_' (9.57a)
mn . mux nmy . pnz
E,= ~2BZ+g Té sin e cos Ty sin Bd_’ (9.57b)
E, =0, (9.57¢)
H, = Zjﬁﬂﬂsin % o8 Y cos &, (9.57d)
a a b d
H, = Zjﬁ%?ﬁcos m:x sin % cos PT:Z, (9.57e)
H, = -2, Acos T cos I sin 222, (9.57f)

- a b d
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9.5.1.2 The T™ p Modes of the Rectangular Cavity Resonator

We obtain the T™,,,p modes of the rectangular cavity resonator from the T™,,, modes
of the rectangular waveguide. Starting with (7.247a)-(7.247f) and considering that
replacing e”1#% by e*1#% due to (713a) and (714a) yields a change of sign of E andE ,
we obtain

E, = ~jB"" cos " sin T (B4 s pO) eile) (9.582)
E, = B2 sin 7% cos T2 (B() I _ ) eibe) | (9.58b)
% b a b
E, = B, sin = sin EEZ (B P 4 BO) eibeY | (9.580)
H, =j T L (B® e71P= 1 () elB2) | (9.58d)
H,=-j zf,. ? cos ”’:" sin”_:Z (B e7ibe 4+ BO) eibe) | (9.58¢)
H,=0. (9.58f)
From the boundary conditions E, | _ =0, E | = 0it follows that
E(‘*) =§('} =§. (9.59)

With this we obtain the field components of the T™,,, p mode

MNX ., WMy . pmz

E, = *Zﬁf—na—nﬁcos sin 5 sin R (9.60a)
B AT . mux nmy . pnz

E}, = —2ﬁT§ s1n '—-a—' cos T sin T, (960b)

E, =2p% Bsin —@;—x sin n_:y cos % (9.60c)

H, =2j qu ?ﬁsin % cos %Z cos %, (9.60d)

ﬂy =-2j Zf,., —(—;B 0s m:x sin n%;y cos % N (9.60e)

H.=0. (9.60f)

9.5.1.3 The Quality of Rectangular Cavity Resonators

The definition of the quality factor Q according to (9.32) has been so general that it may
also be applied to the resonator. To every mode a quality factor Q,, may be assigned
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by
Omnp Winp

anp = ) (9-61)

P Imnp

where Wi,,p is the average energy stored in mode mnp and P pyp is the energy of
the mode dissipated per unit of time. Furthermore, the quantities marked with mnp
depend on whether we are considering the T™ mode or the TE mode. With (2.32a),
(2.32b), (4.2a), and (4.2b) the average stored energy Wi is given by

Wonnp = 3 fv (€ Ax E+ P H AxH) . (9.62)

The integration is performed over the resonator volume V. According to (6.66), the
power 10ss Py ynp is given by

1
Proynp = 3 ﬁw RA|H:|25|A52- (9.63)

The integration is performed over the boundary dV (i.e., the walls of the resonator). For
the TE;o; mode with the field components following from (9.57a) to (9.57f) we obtain

T nx ., Mz
E, =-2 —Asin — sin —, 9.6

E, B+ —Asin— sin — (9.64a)

n nx Tz
H, =2jB—Asin— — 9.64b
H, jﬁa_sm o cos — ( )

m nz
H, = -2jp%.Acos 7" sin =~ (9.64¢)
The quality is given by

nZ b(a® +d?)}

2 L) (9.65)

S = 2R, ad(a? +d?) +2b(a3 +d?)

The field lines of the TE;; mode of the rectangular resonator are depicted in Figure 9.10.

9.5.2 The Circular Cylindric Cavity Resonator

The circular cylindric cavity resonator is formed by a segment of a circular cylindric
waveguide terminated at both ends by a conducting plane. The resonator modes origi-
nate from the circular cylindric waveguide modes. The waveguide wavelength Ag has to
fulfill the condition (9.51). From the TE,,, modes and the T™M modes, respectively, of
the circular cylindric waveguide we obtain the TE,mp modes and the T™,np modes of
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Figure 9.10: Field lines of the TEjg) mode of the rectangular cavity resonator.

the circular cylindric cavity resonator. The resonant frequencies following from (7.317),
(7.318), (7.319a) and (7.319b)are

2
TMpm Co pn
in? = [+ (7) , (9.66a)

2
w:’:;r = %‘ f&':‘zm + (%T.) . (9.66b)
rbr

As an example we calculate the field of the TMg;o mode of the circular cavity resonator.
From (7.313a)-(7.313e) it follows that

E, = ~jkcJo(kr) (B &P - BO) elF) , (9.67a)
E, = KJo(ker) (B &7 + B &IF7) C570)
H‘¢ = _j weﬂkc;:)(ktr) (£(+) e_j ﬁz < Q{_) e} IGZ) . (9-67c)

The negative sign in (9.67a) originates from the partial derivative with respect to z in
the first term on the right side of (7.312). For the TMq;0 mode we obtain $ = 0. This
corresponds to the operation of the waveguide at the cutoff wavelength. The radial
electric field component E, must vanish at z = 0 and z = d, and due to 8 = 0 vanishes
everywhere. We obtain

B =3") =B, (9.68)
From (7.317) we obtain with 8 = 0 and (7.315b)

405
Bo=222 = sia (9.69)

a -ﬁg




Resonant Circuits and Resonators 401

From (9.67a) to (9.67c) we obtain the two remaining field components E, and H ,:
E, =2BBLJs(Bor), (9.70a)
2
Hy=2BL2 1, por). (9:70b)
Zro

9.5.2.1 The Quality of the Circular Cylindric Cavity Resonators

The quality of a circular cylindric resonator excited in the T™qyp mode is computed in
the following using (9.61)-(9.63). At the resonant frequency we obtain

W =2W, = le fv |E,Prdr A dé A dz. (9.71)
With (9.70a) it follows that
a
W = dneo|BBid fo r2(Bor)dr . (9.72)

With (B.28) we obtain
W =2meo|B[* Boa’dJ} (Boa). (9.73)

The power loss follows from (9.63):
P, =1R, jﬁ [H,[Pr(d¢ A dz + dr A dg). (9.74)
v

The integral has to be performed over the side wall and the top and bottom walls of the
circular cavity resonator. We obtain

4 a
P, = 2R, |BP L0 [Znad}f(ﬁna) van [ rﬁ(ﬁgr)dr], (9.75)
z, 0

where the first term corresponds to the integral over the side wall and the second term
is the integral over the top and bottom walls. With (B.27) it follows that

4
P, = 4na(d + a)R A[g;’*ﬁ—f J2(Boa). (9.76)
ZFO

From (9.61), (9.73) and (9.76) we finally obtain

_ eowoad Zj,
" 2(d+a) Ry’

Qo (9.77)
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Figure 9.11: Resonant circuit connected with generator.

With (7.315b) it follows that
ﬁga = Em =2.405 (978)

and with egwoZpo = o we obtain the quality factor

_Zro _ &nm

= —_— 9.79
Ry 2(1+§) B9

Qo

9.6 CoUuPLING OF RESONANT CIRCUITS AND
RESONATORS

9.6.1 The Loaded Quality Factor

If a resonant circuit or a resonator is coupled to an external circuit, energy stored
in the resonant circuit or the resonator will be exchanged with the external circuit.
Figure 9.11 depicts the connection of a parallel resonant circuit and a series resonant
circuit, respectively, with a generator. The generator consists of an impressed current
source ) and an inner conductance G; or of an impressed voltage source V, and
the inner resistance R;. We have assumed the impedance of the generator to be real.
This simplifies the following considerations; however, it does not impose restrictions
since in the case of a reactive component of the generator impedance this can be easily
compensated by detuning of the resonant circuit.

According to (9.34a) and (9.34b) the quality factor Q of the resonant circuit not
connected with the generator is given by

Parallel resonant circuit Series resonant circuit
woC L
Qo= —2F, (9.80a) Gy= 0, (9.80b)
GP RS

If the resonant circuit is connected with the generator, the resonant circuit also is
damped by the external conductance G, or the external resistance R, respectively.
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Figure 9.12: Transmission-line terminated with resonant circuit.

Considering the generator as ideal current source or ideal voltage source, respectively,
and G, or R, to be part of the lossy resonant circuit, we can introduce a loaded quality
factor Qi given by

Parallel resonant circuit Series resonant circuit
Wo CP woLs
= J (9.81a) = 9.81b
TG +G, Q=2 7R, (O:81b)

We name Qy as the unloaded quality factor or unloaded Q and Q. as the loaded quality
factor or loaded Q. It is useful to introduce also a so-called external quality factor Qex
given by

Parallel resonant circuit Series resonant circuit
woC wolL
Qe = ——L, (9.82a) Que = —=. (9.82b)
Gl Rl

The external quality factor Qe is a2 measure for the damping resonant circuit by the
external circuit. From (9.80a)-(9.82a) and (9.80b) - (9.82b), respectively, it follows that

L 4
QL Ql’.} Qext l
The smaller Qey; is, the larger the damping due to the coupling of the resonant circuit

to an external circuit. For Qey; > Qp the resonant circuit is undercoupled, for Qext = Qo
we obtain critical coupling, and for Qeyt < Qo the resonant circuit is overcoupled.

(9.83)

9.6.2 Termination of a Transmission-Line with a Resonant Circuit

We now consider a transmission-line terminated either with a parallel resonant circuit
or a series resonant circuit as depicted in Figure 9.12. The transmission-line input is
connected to a generator with an internal impedance equal to the wave impedance
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Zy of the transmission-line. Therefore the resonant circuit also is terminated with the
characteristic impedance Zg. According to (9.82a) and (9.82b) we obtain

Parallel resonant circuit Series resonant circuit
wolL
ext = W0CpZo (9.842) Qe = = (9.84b)
0

Using (8.59a), (8.59b), (9.24a), (9.24b), (9.80a), (9.80b), (9.82a) and (9.82b) we normalize
the admittance of the parallel resonant circuit and the impedance of the series resonant
circuit with respect to the wave impedance and obtain

Parallel resonant circuit Series resonant circuit
=i Qexl . e Qext M
Vp=——(1+jQov), (9.85a) zg=—(1+jQqv). (9.85b)
Qo Qo
With (8.61a) and (8.61b) we obtain the reflection coefficient
Parallel resonant circuit Series resonant circuit
1= (14jQov) 1= (1+Quv)
p =—————  (9.862) p =- - . (9.86b)
S l+%ﬂn£(1+jQ0v) = 1+%ﬂl(l+;Qov)

The rational functions (9.86a) and (9.86b) define circles in the p-plane. In Figure 9.13
the curves of the parallel resonant circuit and the series resonant circuit are given for
undercritical coupling, critical coupling and overcritical coupling.

In the case of critical coupling the impedance curve passes p = 0 at resonance. In the
case of overcritical coupling the origin p = 0 is enclosed by the reflection factor curve,
whereas for undercritical coupling p = 0 is not enclosed by the reflection factor curve.
The 3 dB cutoff frequencies w_ and w, correspond to points on the reflection factor
curve with X = R and X = —R of the Smith chart. We obtain these curves by drawing a
circle with center at p = —j or p = j, respectively, and passing through p = -landp = 1.

To determine the input impedance of a transmission-line of length 4 and character-
istic impedance Z, terminated with a parallel resonant circuit we have to rotate the
points of the p curve of the parallel resonant circuit according to Figure 9.12(a) in the
Smith chart by ntd /A. Strictly speaking we have to rotate every point of the p curve by
another angle since each point belongs to another frequency. If, however, the resonant
circuit exhibits sufficiently high quality the essential part of the p curve belongs to a
very small frequency interval. In this case by approximation we may rotate the p curve
by an angle corresponding to the waveguide length d and the waveguide wavelength A
or Ag, respectively, at the center frequency of the resonant circuit.

Comparing Figure 9.13(a) and 9.13(b) we see that the reflection factor curves of the
parallel resonant circuit are transformed in the Smith chart by a rotation over 180° into
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Figure 9.13: Curves (a) of the parallel resonant circuit and (b) of the series resonant circuit for (1) under-
critical, (2) critical, and (3) overcritical coupling.

the reflection factor curves of the series resonant circuit. Therefore a A transmission-
line terminated with a series resonant circuit behaves like a parallel resonant circuit
and vice versa,

9.6.3 Inductive Coupling of Cavity Resonators

Resonators may be coupled to external circuits, via coaxial lines, waveguides or other
kinds of transmission-lines. The coupling may be performed inductively over a loop
or capacitively over a pin or by some combination of these methods. In Figure 9.14
various examples for the coupling of resonators to waveguides are depicted.

As an example we treat the inductive coupling of a coaxial line to the TMq;o mode of
the circular cylindric resonator. Figure 9.15 shows the inductive coupling of a coaxial
line to a circular cylindric resonator. The inner conductor of the coaxial line inside the
resonator forms a coupling loop enclosing an area A. The magnetic field in ¢-direction
intersects the loop normally. If at the resonant frequency of the T™q;0 mode a current
with amplitude I is impressed, a magnetic field in the resonator is induced. On the
other hand the alternating magnetic field of the excited T™q;p mode induces a voltage
in the loop. This voltage will assume a maximum value at the resonant frequency of
the T™Mg;0 mode. Therefore we expect that the equivalent circuit of the cavity resonator
excited in the T™Mq10 mode via an inductive loop will be a parallel resonant circuit, if
we assume that the transverse plane of reference is positioned in the side wall of the
resonator. The voltage V induced in the inductive loop is given by

V=jwuoAH, +jwll, (9.87)

where the first term at the right side of (9.87) describes the voltage induced due to
Faraday’s law (2.57b) by the magnetic field of the T™o;0 mode in the coupling loop.
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Figure 9.14: Coupling of a resonator to a waveguide with (a) inductive loop coupling, (b) capacitive pin
coupling, (c) hole coupling, and (d) inductive hole coupling.

The second term in (9.87) is due to the self-induction due to the inductance L of the
coupling loop. The computation of L is more complicated since we have to consider all
resonator modes for this, However, it is not necessary to know the value of L since in
the case of a high resonator Q factor the inductance L will cause only a minor detuning
of the resonator. We can compensate the influence of L by a small change of frequency.
The complex power P, flowing into the resonator is given by

P = 3VI" = jjwpoAHy(a)I" + FjwL|I*. (9.88)
In the resonant case the complex power P, is real and equal to the loss power Py,
P.=P = %J wHOAE¢(a)1*1 (9.89)

where the resonant case is defined by tuning for real input impedance. The contribution
of the loop inductance L in this case is compensated by a small detuning of the resonator.
Assuming that the power loss flowing into the cavity resonator only is due to the
resonator wall losses, we obtain from (9.70b) and (9.76):

Py =na(d +a)Rs|Hy(a)* for w=wy. (9.90)
From (9.89) and (9.90), it follows that

_ _(wpod)|I?

= . 9.9
" 4na(d + a)Ry (291

On the other hand according to Figure 9.2(a) we obtain for the parallel resonant circuit

lliz
p; == 9.92
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Figure 9.15: Inductive coupling of a coaxial line to a circular cylindric resonator.

From (9.91) and (9.92) we obtain the loss conductance G, of the parallel resonant circuit
according to Figure 9.2(a):
_2ma(d +a)Ry
P70 (wpod)?
Since we already have computed the quality Qo for the T™o;p mode of the circular
cylindric resonator in (9.79) according to (9.37a), we obtain

(9.93)

Y =G,(1+jQov). (9.94)

This is the admittance of the cavity resonator of excitation in the TMo1o mode and refers
to the plane of reference in the resonator wall. According to the made assumptions
this admittance is only correct within a neighborhood of the resonant frequency of the
TMo10 mode, since only in this case the magnetic field contribution of the TMq;p mode
is the dominating magnetic flux contribution in the coupling loop.

9.7 ORTHOGONALITY OF THE RESONATOR MODES

For a resonator filled with homogeneous isotropic material, with perfectly electrically
conducting walls and without source we obtain from Ampéres law (3.27a) and Faraday’s
law (3.30b) the equations

xd*dE, -wheuE, =0, (9.95a)

«dx dH, - wheuH, =0, (9.95b)

where k is the mode index, wy is the resonant frequency or eigenfrequency of the kth
mode, and £ and H are the electric and magnetic modal fields. Let n be the unit

differential form normal to the ideally conducting boundary 9V Then the boundary
conditions for the electric and magnetic fields are
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nAn€E=0 ondV, (9.96a) nsH=0 onadV. (9.96b)

Equations (9.95a) or (9.95b) together with the boundary conditions (9.96a) and (9.96b)
define an eigenvalue problem. For a finite resonator volume solutions exist for a discrete
eigenvalue spectrum wg. We need to solve the eigenvalue problem either for the electric
or the magnetic field only. The complementary field can be determined from (3.27a) or
(3.30b). According to Section C.4.1 solutions of (9.95a) and (9.95b) belonging to different
eigenvalues are orthogonal. The modal functions of the electric and magnetic fields form
a complete set of functions that can be used as a basis to expand any electromagnetic
field distribution in the resonator. We introduce the electric and magnetic structure
forms Ey and Hy satisfying (9.95a) and (9.95b). With the inner product defined in
(C.157) the orthonormalization relations are written as

L(* Ex) AEr=(ELIE)) = Or» (9.97a)
fv(* HEY A Hy= (R ) = S (9.97b)

For cylindric cavity resonators the orthogonality of the modal functions also follows
from the orthogonality of the transverse structure functions and the orthogonality of
the longitudinal sinusoidal functions. For resonators of more general shape the reader
is referred to the literature [6-9].

The cavity modes usually are characterized by three indices m, n, p and the property
TE or T™. To abbreviate the notation in the following a single index is used to mark the
mode. An initially excited cavity can oscillate at one or more of its resonant frequencies
at the resonant frequencies without being connected to an external source. Since the
resonator modal functions constitute a complete set of orthogonal basis functions we
can expand any field in a driven resonator into modal basis functions.

For an arbitrary field distribution £ and H in the cavity satisfying (9.103a) and
(9.103b) may be expanded into series

E(x)=) Vi / ikEk(x). (9.98a)
k w

H(x) =D Iy /ika(x) , (9.98b)
k w

where the coefficients V, and I, may be considered as generalized resonator voltages
and currents with dimensions V and A respectively, and c is the speed of light in the
resonator medium. The factor (¢/wi)"/? has been introduced to obtain generalized
voltages and currents as the expansion coefficients.

To represent the resonator modes by equivalent lumped element resonant circuits,
we introduce equivalent capacitances Cy and equivalent inductances Li, imposing
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their relationship to the resonant frequency w, and the wave impedance Zr given by

1 L
Vi ‘/C—’;=\/§=2F. (9.99)

This yields

1 1
{8 el & j W | (9.100)
Wy H Wi €

With (4.25) and (4.26) and the inner product defined in (C.lS?_)we 0b}_a_in the mean
values of the electric and magnetic energy stored in the cavity W, and W, as

W, = fvwezﬁe{gig), (9.101a)
W= [ W =i (HIH) (9.101b)

Inserting (9.98a) and (9.98b), considering the orthonormality relations (9.97a), (9.97b)
and also (9.100) we can express the stored electric and magnetic energies as

W.=4 Z o |Kk|2 , (9.102a)
k

W= 3 LelLf . (9.102b)
k

9.8 EXCITATION OF RESONATORS BY INTERNAL
SOURCES
Allowing electric and magnetic sources described by the impressed polarizations

M,,(x) and M,,,(x) the electromagnetic field in the waveguide is governed by
Ampére’s law (3.27a) and Faraday’s law (3.30b),

dH=jw(exE+M,,), (9.103a)
dE=-jw(p~H+M,,)- (9.103b)

Consider the electromagnetic field in a resonator excited by an electric polarization
M, only. For M, ; = 0 we obtain from (9.103a) and (9.103b)

S/ SV (+ d x dEy - 0P epbi) = 0+ uM,o (9.104)
k V @k
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The structure form Ej is a solution of (9.95a) for the eigenfrequency wg,
xd*dE; - wieuEr =0. (9.105)
Subtracting (9.105) from every term in the sum of (9.104) yields
Yey [ —V, (w2 - w?) B =w?* M,,. (9.106)
K Wk

Forming the inner product with Ex on both sides over the whole cavity volume V and
considering the orthonormality relation (9.97a) we obtain

c
(wf - 0?) /w—kzk = 4w? (Ex|* M,,) . (9.107)

Inserting this into (9.98a) gives the electric resonator field £ due to the excitation by
the electric polarization M, as

4w?
£=) ———E(E|* M) . (9.108)
Wi - w
The magnetic field form is given by
dww
ﬂ=zz—k2Hk(Ek|*M,o)- (9.109)
r Wi - w

At the resonance frequencies wy, the field becomes infinite. This is true for a lossless
driven resonator. However, in reality any resonator exhibits losses and therefore a finite
QQ-factor. Therefore the field also remains finite in the lossless case.

For a field excited by a magnetic polarization M, only with M, = 0 we obtain
from (9.103a) and (9.103b)

b3 /wiklk(*d*de—wzska)=w2teMmu. (9.110)
k

The structure function Hy is a solution of (9.95b) for the eigenfrequency wy,
xd x dHy —wieuH; =0. (9.111)

Subtracting (9.111) from every term in the sum of (9.110) yields

Zk:p‘ /wiklk (wi —wz) Hi=jwxM,,. (9.112)
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We form on both sides of the equation the inner product with Hy. over the whole cavity
volume V. With the orthonormality relation (9.97b) we get

(wi - w?) /f;ik = 4w (Hy| * M) - (9.113)

Inserting this into (9.98b) gives the magnetic resonator field # due to the excitation by
the magnetic polarization M, , as

4w?
H=) ——Hk(Hil* M) - (9.114)
T wp-w
The electric field form is given by
dwwy
Q = ; wi = wl Ek (Hkl * Mm@) . (9.115)

9.9 PROBLEMS

1. A rectangular hollow (€p, o) cavity resonator, made of copper (0 = 5.8:107 Sm™1),
and with inner dimensions a = 5cm, b = 2 cm, and d = 6 cm, is excited in the
TE;0, mode with an electric field amplitude | Ex(}a, y,4d) [=1Vm™.

a) Determine the resonance frequency.

b) Compute the energy dissipation Py due to the finite conductivity of the
resonator walls.

¢) Determine the time average stored energy w.

d) Compute the unloaded quality factor Qo.

2. A coaxial resonator of length | = 20 mm is formed of a coaxial line with inner
diameter 2a = 2mm and outer diameter 2b = 5mm. The resonator is made
of copper (o = 5.8 107 Sm™") and filled with a dielectric with ¢, = 2.25. The
dielectric can be considered as lossless.

a) Compute the 3 lowest parallel resonance frequencies and determine the
equivalent circuit of the resonator considering these resonance frequencies
only.

b) Compute the 3 lowest series resonance frequencies and determine the
equivalent circuit of the resonator considering these resonance frequencies
only.

¢) Considering the skin effect compute the ratio of power loss per period of
oscillation to the stored energy and from this the quality factors for the
three lowest parallel resonance modes.
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d) Determine the equivalent circuit for the three lowest parallel resonance
modes also including the parallel loss conductance.

e) Considering the skin effect compute the ratio of power loss per period of
oscillation to the stored energy and from this the quality factors for the
three lowest series resonance modes.

f) Determine the equivalent circuit for the three lowest series resonance
modes also including the series loss resistance.
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Chapter 10

Passive Microwave Circuits

10.1 LINEAR MULTIPORTS

A general microwave circuit is a multiport (i.e., a circuit with a number of ports) [1-4].
In the network picture, a port is constituted by a pair of external nodes where the
currents flowing into the two nodes of a port have equal amplitude and opposite signs.
In microwave circuits a multiport usually exhibits waveguide ports. The port is defined
by the junction plane of the waveguide. If more than one mode is excited in the junction
plane of the waveguide, we have to assign one port to every mode. In the following we
assume that in every waveguide only a single transverse waveguide mode is excited.
In this case the number of physical ports is identical with the number of ports in the
abstract multiport scheme.

Figure 10.1 shows the schematic drawing of a multiport. The port either may be of

Figure 10.1: Multiport.

413
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(a) : (b)
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Figure 10.2: Multiport described by the amplitudes (a) V,, I, and (b) a,,b,.

a coaxial type, a waveguide type, or any other type. To each port a pair of complex
amplitudes is assigned; these describe the incident and scattered electromagnetic waves
completely. The complex amplitudes are defined for a certain plane of reference in
the waveguide termination. To describe the state of the kth port (k =1...n) we may
take the incident and scattered wave amplitudes a, and b, or the current I, and the
voltage V. Current and voltage may be defined in a conventional way for TEM ports.
For non-TEM waveguide ports, currents and voltages may be considered as generalized
currents and voltages.

Figure 10.2 shows the schematic representations of a multiport. In Figure 10.2(a), a
pair of nodes is assigned to each port. The arrows for the voltages V, and currents I
are drawn for every port. Voltages are only defined between the two nodes of the same
port, but are undefined between nodes of different ports. The currents flowing into
the nodes of one port have the same amplitude, but opposite sign. If the signals are
characterized by the wave amplitudes of incident and scattered electromagnetic waves
a, and b, respectively, an assignment of arrows according to Figure 10.2(b) is possible.
The multiport may be completely described by specifying the relations between incident
and scattered amplitudes.

10.2 SOURCE-FREE LINEAR MULTIPORTS

10.2.1 Impedance and Admittance Representations

Source-free linear multiports are described by a linear system of equations [2,3,5]. In a
multiport with n ports, also called an n-port, the n port voltages V, ...V are related
to the n port currents I, ... I, via an n-dimensional linear systems of equations:

Vi =Zuly, + Zpl, + ... Zwul,,
K:; =Zul, + Znl, + ... Zzn:l,, i (10.1)
Zn =Zml, + aniz + . Zpnly,
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where Z,,, are impedances. These equations may be written in the following form

n
Y=Y Zul, for i=1...n. (10.2)
k=1

Port voltages and port currents are described by n-dimensional vectors. An n-dimen-
sional column vector is a matrix of type (n x 1),

V

L1
Vv

—<nxl> T : )

|4

—_M =n

(10.3a) I

=<nxl> T

(10.3b)

ko B |l
fin

The impedances Z;x may be summarized in a matrix of type (n x n) (i.e., an nth order
quadratic matrix)
Zy oo i
Zenxn> = (Zik) =] i ¥ (10.4)
Zii  wis Lan

The circuit equations (10.1) and (10.2), respectively, can be written in matrix notation,
V=2I. (10.5)

Z is called the impedance matrix of the multiport. The description of the multiport by
(10.1), (10.2) and (10.5) is the Z-representation or impedance representation of the multi-
port equations. On the other hand, the admittance matrix Y and the Y -representation or
admittance representation represent the port currents as a function of the port voltages,

I=YV. (10.6)

From (10.6) and (10.5), it follows that
V=ZI=2YY (10.7)

and we obtain
Y=2". (10.8)

10.2.2 The Chain Matrix

The multiport in Figure 10.3 is port-number symmetric, i.e., it has the same number
m = in of input ports and output ports. In the chain representation of the circuit
equations, the currents and voltages of the m input ports are represented as functions
of currents and voltages of the m output ports. The input ports are numbered from 1 to
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'Y] 4 ¢zm+l
n=2m
L, | .
Yon A

Figure 10.3: Port-number symmetric multiport.

m and the output ports are numbered from m + 1 to n. The input amplitudes may be
summarized in the m-dimensional vectors

Yiwa=o Y Xal s (10.92)
Ly = s Ly <L) < (10.9b)

To save space in the book we sometimes write column vectors as transposed row vectors.
The output quantities are summarized in

T
Yotmsty = Yomsrr Xomazr o Yl (10.9¢)
T
-lz{mxl) = [.!.m+1’ £m+2i L ,.I.,,] . (109d)
The input quantities are represented in dependence of the output quantities by

Kl =An K; +A12(_lz) »

(10.10)
L=AnY,+An(-1,).

where Ajj<mxms - - - A22<mxm> are quadratic mth order submatrices. These may be
summarized in a supermatrix A, x>, given by

(A Ap]

A= . 10.11

Az Az URID

Summarizing the input quantities and the output quantities in n-dimensional vectors,
we obtain . <
i o I 2

[ll =A {_12 . (10.12)

The matrix A is called chain matrix. The chain representation is useful for the analysis
of cascaded multiports. Figure 10.4 shows the cascading of two port-number symmetric
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L P -
P ! 4

Figure 10.4: Cascading of two multiports.

multiports. The first multiport is described by the chain matrix A,, the second multiport
by the chain matrix A,. The m output ports of the first multiport are connected with
the m input ports of the second multiport. Both multiports are described in chain
representation by

[_‘Z'lx] = A [_Kle ; (10.13)
Y, v,

=A ; ;
[L] ’ [—14] 68

For appropriate numbering of the output ports of the first multiport and the input
ports of the second multiport we obtain

|4 v
Yal_|Xs
[:] . [13 ] . (1015)
From (10.13) to (10.15) it follows that
[{"l] =A A, [L] ‘ (10.16)
I, -1,
The chain matrix
A=A A, (10.17)

describes a multiport obtained by cascading of the multiports 1 and 2 in Figure 10.4.

We obtain
_I[ — _._.iil
[11 ] =A [—I ] 4 (10.18)

To convert the Z-representation into the A-representation we first write (10.5) in the
form

V.=2Z,1, +Zp1,,

(10.19)
V,=2Zul +Zpl,,
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where V., I, are the input quantities and V/,, I, are the output quantities. The Zy; .. . Z5;
are the four mth order quadratic submatrices of the matrix Z. To compute A;, we set
I, = 0in (10.10) and obtain

V,=A,V, forl,=0. (10.20)
From (10.19) it follows that
V,=2Zyl,=Z,Z;!V, forl,=0. (10.21)
From this we obtain
Ay=2,2Z; forl,=0. (10.22)

For A;; we obtain from (10.10)
I,=AyV, forl,=0. (10.23)
In the same way we obtain for I, = 0 the submatrix
Ay=2Z;. (10.24)
To determine A;; and Aj; we set V, = 0 and obtain from (10.10) and (10.19)
IL=-2Z;Zpl, forV,=0. (10.25)
By comparison with (10.10) we obtain
Ap=2;2Z,. (10.26)
From (10.19) it follows that
Vi=(-ZuZy Zn+2Zp)l, (10.27)
and therewith under comparison with (10.10) we obtain
Ap=-Zp+72y2;!Zy, forV,=0. (10.28)

With this we can express the A matrix by the Z matrix in the following form:

P [zu Z;! -Zu+ZyZy Zzz] . (10.29)

Zill 2511 Zy
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The so-called inverse chain matrix B represents the output signals as a function of the

input signals
Vol_g | Ya
[l;] =B [—11] . (10.30)

For the cascading of two multiports according to Figure 10.4 we obtain
B= Bz B], . (1031)

We consider that in spite of the name inverse chain matrix B # A~'. Conversion
formulae between the Y-, Z-, A-, and B-representation are given in Table 10.1.

10.2.3 The Scattering Matrix

The multiport according to Figure 10.2(b) is described by the wave amplitudes of the
waves incident through the ports and scattered through the ports. The wave amplitudes
a, and b, are related to the (generalized) voltages V, and (generalized) currents I,
according to (8.40a) and (8.40b) via

4
T (WS ST A 10.32a
= E(\/lek Ok_k) ( :

v
bowd | S/ ZoaLi | 10.32b
=k 2 (\/’Z{E‘ Ok._k) ( )

We allow at various ports different kinds of waveguide types (e.g., a multiport may
contain coaxial ports as well as waveguide ports). We also have to consider that the
wave impedances of the transmission-lines of the various ports may be different. We
summarize the wave amplitudes of the n incident waves g, ... a, and the n scattered
waves b, ... b, in n-dimensional column vector

) (10.33a)
(10.33b)

With the diagonal matrix g summarizing the square roots of the characteristic imped-
ances,

g = diag [v/Zo. V/Zo - (10.34)
we can write (10.32a) and (10.32b) in matrix notation:

a=1(g'V+gl), (10.352)
b=1(g'V-gI). (10.35b)
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Table 10.1: Transformation of Signal Transmission Matrices

Y Z A
=1 0 A |71 -1 Ay
b 4 Y Z 1 Az ] 0 Ay ]
-1 -1 An =1 0 Az
Z  § z 0 Ay ] [ 1 Ap }
Yu -1 Slry, o 12y V10 Zy
A -Yn 0 ] [—Yn -l] {U Zn] lzn] A
B ~Ya o] w1 0 Zn ]_l 1 Zy ] An —-An ]-1 [ 10 ]
=Y 1 Yy -0 -1 Z3; 0Zy Ay —Ax 0 -1
-1 3-1
_‘[ & —Angr-Ang ] :
_ -1y _ o 1=lp, - -gi' —Anga-Ang:
S [s'+vg]” [s7-vs] (2s7'+8] " [257's] g ~Aage-stidd ]
[ &1 —Angat+Ang; ]
&' —Auga+Ang
-1 -1 =1 Zugi+g ~Zugt+m 17! s &t
[Y]|g|+g, Yugi-g, ] . _[ ng 1gl g lxl] i _[ 1 —l] 4
T Yag Yug Zngy -Zng, & &
[ ~-Yig:2 -Yig !] [ —zuxz-l Z.:g{' ] [ —Anga+Ang;' —AHSI—J“I:S;—I ]
~Yngitgy -Yugi-g: ~Z387' 82 Zng;' 82 —Anga+Ang;' -Angr-Ang;'

If all ports exhibit the same characteristic impedance Z,, we obtain

g=VZl. (10.36)
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Table 10.2: Continued: Transformation of Signal Transmission Matrices

B S T

(Tu-Tia)g2 |,
(B0 (] g (4 @me]
By 1 By 0 [xl—l —(T||+Tu)s;" ]

g ~(Tu+Tn)gs'

e [2,—‘ —(Tu+Ti)g;" ]-1.

By =177 [ By 0 il g g —(Tu+Tn)g;'
-5 g+5¢g 1
[Bn 0 ] [Bu -1 [x £ ] [ ] [~g: (—T:|+T|z}g:]
& (-Ta+Tn)g
-1 -1 -1 _ -1
_ [ (=5u)g —(=+su)g=] . _ [". x:] i
By -Bna ]_l [1 0 ] =Sug =Sug &' &
By -Ba 9= ~Si2g5" Sug ] ~(Tu+Ti2)g;' (Tu-Ta)g: ]
(1-822)g;" (14812) 52 ~(Tu+Tn)g:' (Tu-Ta)g:
= - kv -1
_ -51285" -Sig2 ] 1. [('r||+'r|3)g;g1 (Tu-Tu}Sz] .
B (1-822)g;7" —(14822) g2 (Ta+T22)gs" (Tu-Ta2)g:
(-Sw)g" (1+51|)S|] [s." & ]
~Sugl'  Sam &' -o
-1 -1
['B||8|~3|18| g2 ] '
~Bugi-Bag' -85 S —(}1 ?: ]"1 ? ;_‘n ]
~-Bugi+Bug;' & ] 1 1
-Bugi+Bag &5
[3|18|+B|18f| Hllgl‘-Blz.gfl ]_l
Byugi+Bng ' —Bugi—-Bung' -1 8y ]_i [ =52 0 T
[xz £ ] 0 Sn =52 1
&' -8

Multiplying (10.35a) and (10.35b) from the left with g and g7, respectively, and forming
the sum and the difference, we obtain in analogy to (8.42a) and (8.42b)

V=g(a+h), (10.37a)
I=g'(a-b). (10.37b)
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The linear system of equations
b=Sa (10.38)

gives the dependence of b on a. The matrix § is called the S matrix or scattering matrix.
The representation of a multiport by the scattering matrix is the scattering representation.
This name originates from the picture that the waves incident into the multiport leave
the multiport as scattered waves through the ports.

Conversion formulae between the Y, Z, and § representations are given in Table 10.1.
We show how the scattering matrix may be represented in terms of the impedance
matrix. To do this we insert (10.37a) and (10.37b) into (10.5) and obtain

g(a+b)=Zg"'(a-b). (10.39)
Multiplying this equation from the left with g~ we obtain
(87'Z2g' +1)b=(g"2g" -1 a. (10.40)

Multiplying from the left with the inverse of the bracketed expression on the right we
obtain
b=(g"'Zg "' +1) (g7 Zg " - 1) a. (10.41)

Comparing this with (10.38) yields the representation of the scattering matrix via the
Z matrix

S=(g"Z2g"'+1) (g Zg" -1). (10.42)

We note that the bracketed expressions in (10.42) may be interchanged. The proof for
this is as follows: The matrix 1 may be interchanged with every matrix, and therefore
also with g™! Z g1 If two matrices may be interchanged, the sum of both matrices
may also be interchanged with the difference of both matrices. Furthermore, the two
matrices A and B™' may be interchanged, if A and B are interchangeable. This may be
demonstrated by multiplying the equation A B = B A on both sides from the left and
from the right with B~
We now consider the connection of two multiports according to Figure 10.5. The first
multiport has a port number 7,; the second multiport has a port number n, < n,. Every
port of the second multiport is connected with a port of the first multiport. Therefore
at the first multiport
n=mn —ny (10.43)

ports remain unconnected. We number the ports of the first multiport such that the
ports remaining unconnected have the numbers I to n. The multiports 1 and 2 are
described by the scattering matrices S!) and $(2), We summarize the wave amplitudes
of the ports 1 to n of the first multiport in the vectors a, and b,. The wave amplitudes of
ports n +1to n; are summarized in the column vectors @, and b,. The waves incident
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Figure 10.5: Connection of two multiports.

into the second multiport are summarized in b,; the waves flowing out from the ports
of the second multiport are described by a,. We assume that the connected ports of
both multiports are of the same type. The circuit equations of both multiports are

bii_c | _ s
[22 ]_s [-"—z : (10.44a) a,=5Pp,. (10.44b)

Subdividing the scattering matrix of the first multiport into submatrices Sy, 812, S21
and S5, we obtain from (10.44a)

b =5Pa +59a,, (10.452)
by =55 a,+5%) ;. (10.45b)
Inserting (10.45b) into (10.44b) yields
a,=5D sV g 1 5DsDa . (10.46)
We bring this expression into the following form:
a,=(1-S@s)1s@ sV g . (10.47)
After inserting into (10.45a), we obtain
by =[s$ +53 (1-5@ 5P s@ 50| a,. (10.48)

For the scattering matrix S<,« s>, which relates incident and scattered waves of the first
n ports of the first multiport according to

b, = Scnxn> 4, (10.49)

we obtain
s =80 + 8D (1- 5@ syt s s (10.50)
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Figure 10.6: Portnumber symmetric multiport.

10.2.4 The Transmission Matrix

The transmission matrix may be defined for port-number symmetric multiports accord-
ing to Figure 10.6. It represents the incident and scattered wave amplitudes of the input
ports in dependence from the incident and scattered wave amplitudes of the output
ports. This representation of a multiport is called the transmission representation,

b(_..|a
2]-r[2] s

The transmission matrix for the wave amplitudes therefore corresponds to the chain
matrix for (generalized) voltages and (generalized) currents. In the column vectors
a, and b,, the wave amplitudes of the m input ports and in the vectors a, and b, the
wave amplitudes of the m output ports are summarized. The total number of ports
is n = 2m. The transmission matrix allows one to compute easily the cascading of
two port-number symmetric multiports. For two cascaded multiports according to

Figure 10.7 we obtain
[ﬁl] =T® [52] ; (10.52)

1 b,
b a
23| - (2) | L4
[23] =g ¢ ] , (10.53)

where T() and T(? are the transmission matrices of the multiports 1 and 2. By appro-
priately numbering the output ports of the first multiport and the input ports of the

second multiport we obtain
a,| _|bs
[Qz] - [53] ’ (10.54)

From (10.52) to (10.54) it follows that

b|_.,|a
[ﬂi} =T [E:] ; (10.55)
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Figure 10.7: Cascading of two multiports.

where the transmission matrix T of the multiport obtained by cascading multiport 1
and multiport 2 is given by

=70, (10.56)

The transformation between the scattering representation and the transmission repre-
sentation is performed by the formulae summarized in Table 10.1.

10.3 TELLEGEN’S THEOREM

We have already discussed the field form (4.45) of Tellegen’s theorem in Section 4.2.
Tellegen’s theorem states fundamental relations between voltages and currents in a
circuit. It is only based on topological relationships and is independent from the
constitutive laws of the network [6-9]. In network theory Tellegen’s theorem gives a
fundamental relation between voltages and currents in the connection network of a
circuit. The connection network consists only of connections and ideal transformers.
Stressing the analogy between an electromagnetic structure and an electric network,
we can partition an electromagnetic structure by separating surfaces into substructures.
These substructures can be set in analogy to the circuit elements of an electric network
and the set of separating surfaces plays the role of the connection network.

To derive the network form of Tellegen’s theorem from field form (4.45) of Tellegen'’s
theorem we consider the set V of all boundary surfaces of the electromagnetic structure.
The set of boundary surfaces is of zero volume. In the integral we can substitute the
fields by the transverse field components since the normal field components give no
contribution,

§ Elxt) A= 1) =0, (1057)
aVe

where E(x, t) and Hy,(x, t) are field forms representing the transverse electric and
magnetic field components (i.e., the field components tangential to the boundary
surfaces). Each surface of Vp has two sides and the integral over the boundary 0V is
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performed over both sides of every boundary surface. We mark each side of every part
of the set of boundary surfaces by a or f.

We now expand the fields £ and H,, at the boundary surfaces into a biorthonormal
set of basis forms ef,, and hf,, as introduced in (7197a), (7197b) and (C.174) with & = a, ,
where a and 8 denote the side of the boundary surface. If we choose structure forms as
(7197a) and (7.197b) as the basis forms, these forms are already solutions of Maxwell’s
equations and we have only to satisfy the boundary conditions. Since the field functions
in time domain are real we have to choose a real basis of structure forms. The numbers
of structure forms are N, on side & and Np on side f3. The expansion coefficients are

the generalized voltages V,f, and the generalized currents [ ,'f,, Inserting (8.9a) and (8.9b)
we obtain

N¢

En=Y Viet, (10.58a)
N

W =Y 5 h (10.58b)
m

Inserting this expansions into (10.57) yields

Nz Ng
' ’ " "y _ a'pory qa g o a
ﬁﬁs(x,:);\n (5t = DX VA (O @ )ﬁﬁem,«hn

FRDVEOR () § hnkh=0.  059)

We assume biorthonormal structure forms as introduced in (7.197a) and (7.197b), however,
for the expansion of time-domain field forms we require the structure forms to be real.
As in (7.206) the structure forms are biorthogonal,

9% . b bt =8 (10.60)
and obtain
Na ' " Np ’ 1
S VEWIE (") + S VEWHIE (") =0. (10.61)
n n

We summarize all voltages and currents in the vectors

V() = [V V(0. VE O, V)] (10.62)

I(t) = [I,"(t), RO A Iﬁ,(t),]T (10.62b)
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Figure 10.8: Canonical form of the connection network.

and obtain the general network form of Tellegen’s theorem [6-8,10]
vy (t") =0, (10.63)

where V(t) and I(t) denote the voltage and current vectors of the connection circuit.
The prime ’ and double prime " again denote different circuit elements and different
times in both cases. It is only required that the topological structure of the connection
circuit remains unchanged.
Taking (10.63) and
rriyv’(" =o, (10.64)

which follows directly from (10.63) by interchanging the primed with the double primed
variables and considering the symmetry of the inner product and inserting (10.372)
and (10.37b) in both equations we obtain, after forming the sum and the difference of
the resulting equations, Tellegen’s Theorem in wave amplitude representation [11,12]

()b (") =b'T(t) a" (1), (10.65a)
aT(t')a"(t")=bT(t") b (t"). (10.65b)

In a network representation of a circuit the connection circuit contains all connections
but no energy storing or dissipating circuit elements [5]. Ideal transformers may be
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considered as parts of the connection circuit and not as circuit elements. Expanding
the tangential electric and magnetic fields on the boundaries again into basis functions
allows us to give an equivalent circuit representation for the boundary surfaces. The
equivalent circuit of the boundary surfaces is a connection circuit exhibiting only
connections and ideal transformers.

Consistent choices of independent and dependent fields do not violate Tellegen’s
theorem and allow to draw canonical networks, which are based only on connections
and ideal transformers. Figure 10.8 shows the canonical form of the connection network
when using as independent fields the vectors V# (dimension N ) and I* (dimension
Ng). In this case the dependent fields are V* (dimension N,) and I # (dimension N, )
In all cases we have Ng + N, independent quantities and the same number of dependent
quantities. Note that scattering representations are also allowed and that the connec-
tion network is frequency-independent. It is apparent from the canonical network
representations that the scattering matrix is symmetric (i.e., sT = §), orthogonal, (i.e.,
$7§ =1) and unitary (i.e., ST = 1). The * denotes the hermitian conjugate matrix.

10.3.1 Connection Networks

We now consider the fields as expanded on finite orthonormal basis function sets; the
assumption of orthonormal basis is not necessary, and is introduced to simplify the
notation. We consider a set of expansion functions of dimension N, on side « and a
basis of dimension Ny on side f.

Subject to the above assumption, we may write the transverse field expansions as

Na ) Ng
F= 3 Vel (x), E=5vidx)), (10.66)
Na " Ng
=3 I%hE(x e =S 1hH(x) (10.67)

where we have used the tilde, as in [13], in order to denote fields expressed by finite
expansions. The vector fields e} (x) and h’ (x), £ = a, B, are the selected basis functions
for electric and magnetic fields. Moreover, Viand I}, £ = a, B, denote the field ampli-
tudes of the electric and magnetic fields, respectively. They are conveniently grouped
into the following arrays for the expansion coefficients of the electric field, which are
generalized voltages,

LA LA 7 R L | 7 N X2
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and the expansion coefficients of the magnetic fields, which are generalized currents,
T T
r=(r 5 - 5] . r=[tf £ - 1] . (10.69)

leading compactly to

V= [%;] . = [%;] . (10.70)

10.3.2 Tellegen’s Theorem for Discretized Fields

We start by expanding the fields in (10.57) into basis functions:

Ns Na ' a
ﬁ% £ (x, ') AH" (x,") = Zﬂ: % vE ()12 () fan e A K

i & (10.71)
" ’ ’ fr
EPVEOE W) §dnth.
ek R
By introducing the matrix A with elements
AL, = 56; LAk, (10.72)

with & standing either for « or B, the general form of Tellegen’s theorem is

v T()YAI"(t") = 0. (10.73)

In general it is convenient to consider orthogonal electric and magnetic field expan-
sions; when this is not the case a suitable orthogonalization process can be carried out
providing an orthogonalized basis. In that case Tellegen's theorem takes the standard
form

_‘{'T(t')f’(t") -0 (10.74)

where V(t) and I(t) denote the voltage and current vectors of the connection circuit.
The prime ' and double prime " again denote different circuit elements and different
times in both cases. It is only required that the topological structure of the connection
circuit remains unchanged.
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10.4 THE POWER PROPERTIES

The total active power P flowing into a multiport is equal to the sum of the active power
flowing into every port. We obtain from (8.46)

n
P=Yl|a|-lb[*=ata-b"b. (10.75)
i=1

The superscript T denotes the Hermitian conjugate of a vector or matrix, respectively, as
defined in (C.38). The term @' a represents the power carried by the waves incident into
the multiport and b' b is the power carried by the waves scattered from the multiport.
The difference is the power P absorbed in the multiport. Inserting (10.38) and its
Hermitian conjugate

b' =a'st (10.76)

we can represent this equation by
P=a"(1-5"8)a. (10.77)
For a passive multiport for an arbitrary choice of the incident waves @ P > 0 must always

be valid, i.e., the right-hand side of (10.77) must be a positive semidefinite Hermitian
form in a. This is fulfilled if and only if

dety(1-8'8)>0  fork=1...n (10.78)
is valid, where the symbol det; denotes the leading principal minor of order k of a
matrix as defined in (C.53).
If the multiport is lossless, the total absorbed active power is P = 0. A lossless
multiport is called a reactance multiport. With (10.77) we obtain
st=g"1 for lossless multiports. (10.79)
A matrix fulfilling (10.79) is called unitary. The scattering matrix describing a lossless
multiport is unitary. In impedance and admittance representation we obtain from
(10.42) and (10.79) for reactance multiports
Z(w) +ZN(w)=0, Y(w)+Y'(w)=0. (10.80)

A lossless one-port is called a reactance one-port. It has the property

R{Z(w)} =0, R{Y(w)}=0, |p(w)=1. (10.81)
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Figure 10.9: Embedding of a multiport into the domain of integration V.

10.5 RECIPROCAL MULTIPORTS

We already have treated reciprocity in Section 4.7 from a field point of view. We now
derive the reciprocity theorem for source-free multiports. To do this we consider the
multiport depicted schematically in Figure 10.9 and apply the integral form of the
Lorentz reciprocity theorem to this structure.

The planes of reference of the m ports are part of the boundary 0V’ of the volume V..
From (8.9a) and (8.9b) we obtain the transverse components of the field quantities in
the plane of reference of the kth port, (k =1...n):

£).= Ve, (10.82)
HD =1 h. (10.83)

The index i refers to the excitation of field by the ith group, (i =1...n), of impressed
field sources where the impressed field sources all are located outside the volume
V and may be represented by sources connected to the ports of the multiport. The
voltages ZE) and the currents [ i') are the (generalized) port voltages and (generalized)
port currents of the kth port in the case of excitation of the ith group of sources. The
one-forms ey and hy are the normalized structure forms according to (8.8a) and (8.8b).

We compute the area integral of £; A ; over the boundary 9V Since an electromag-
netic field only occurs inside the waveguides, the integral only needs to be performed
over the cross-sectional areas A; ... A, of the n waveguides. Since A; ... A, are trans-
verse cross-sectional areas, only the transverse field components in the waveguide
cross-section give contributions to the area integral. We follow the usual conventions
that the orientation of the boundary surface 3V of the volume V is outwards whereas
the cross-sectional areas of the waveguides are oriented inwards. Therefore the integrals
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over dV and over all A; have opposite sign. With (10.82) and (10.83) we obtain

. ) () _ _ 5~y )
$ Enn, gﬁkér,_kﬂﬂ,,_k > vl J, enhe. a0

From (8.24a) it follows that

f exAhg=1 (10.85)
Ay
and therewith
n +
55 Ent;=-3 V1P, (10.86)
av k=t

Inserting (10.86) into (4.62), we obtain

n n ¥
; v - kZliﬁ”lﬁ’) : (10.87)
=] =]

We summarize the Z}(") and [ ﬁ'.) into the n-dimensional column vectors X(i) and I @,
With the transposed vectors VT and 17, we obtain according to

a"b=ayb, +ab; +...a,b, (10.88)

from (10.87)
KT(") l(j) - lT(l’) KU) . (10.89)

With (10.5) and the transposed equation
vi=1T2T (10.90)

we obtain
17 ZT 1) = 70 Z O | (10.91)

This equation is valid for connection of arbitrary groups of external sources i and j.
This is only possible for
Z=Z"T. (10.92)

For a reciprocal multiport the Z matrix is symmetric. In component notation this means
Zik = Zii. With (10.8) it follows that

Y=y, (10.93)
The A matrix of a reciprocal multiport fulfills

AnAjz - ApAg =1. (10.94)
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Figure 10.10: Reciprocal two-ports: (a) T-circuit, and (b) n-circuit.

I
Z, Z, <=

From this we obtain for reciprocal multiports
detA=1. (10.95)

Inserting (10.92) into (10.42) and considering that the bracketed expressions in (10.42)
are commuting and that g = g" we obtain

s=8T. (10.96)

10.6 ELEMENTARY TwWO-PORTS

In the following we discuss some important elementary two-ports. We confine the
treatment of this topic to the basics required for the modeling of passive microwave
circuits and sources, From (10.92), (10,93), and (10.94) we obtain for a reciprocal two-port

Zyu=2Zy, Yu=Yy, AnAn-ApAn=1. (10.97)
A reciprocal two-port can be represented by the T-equivalent circuit shown in Fig-

ure 10.10(a) or the n-equivalent circuit shown in Figure 10.10(b). The impedance and
admittance matrices for these equivalent circuits are given by

1] i ZI +22 22 il

[Zz] _[ Z, I +zz] [12 ’ (10.98a)
11 _ YI + Yz --Y2 -Zl

[lz] - [ -, Y3+ Yz] [Kz] ' (10.98b)

A two-port which is invariant under exchange of ports 1 and 2 is called a symmetrical
two-port. The symmetrical two-port is a special case of the reciprocal two-port. For
the symmetrical two-port in addition to (10.97) we obtain also

Zn=2Zyp, Yu=Yn, An=Axn. (10.99)
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Figure 10.12: General controlled sources with arbitrary input and output impedance: (a) current controlled
voltage source, and (b) voltage controlled current source.

Figure 10.11 shows a two-port current-voltage source. The two circuits in Figure 10.11(a)
and (b) are electrically equivalent. We therefore use the symmetrical symbol depicted
in Figure 10.11(c). The impressed voltage V, enforces a difference between V, and V,
and the impressed current [, causes a difference between I, and -I,. This yields

V,=V,+V,, (10.100a) L=l # 2 (10.100b)

Controlled sources, the ideal transformer and the gyrator are two-port circuit elements
that are very useful in circuit modeling. Some of these two-port circuit elements cannot
be described in the Y- or Z-matrix representation or in both of them. However, there
are no restrictions in the S-matrix representation of these circuit elements.

Figure 10.12 shows the general controlled source with arbitrary input and output
reflection factors. Figure 10.12(a) shows a current controlled voltage source with tran-
simpedance Zr. Figure 10.12(a) and Figure 10.12(b) show a voltage controlled current
source with transadmittance Yr . The general controlled source is described by the
scattering matrix

T P2

where for the voltage controlled current source the reflection coefficients p;, p; and the
transmission coefficient T are

= [Pl 0] , (10.101)

_Zu -2y _Zn-Zn ~ 2Zp\ Lo Zo,
pp=———, pr=—————, T= (10.102)
Zy+Zy Zy+Zp (Zn+Zo1)(Z22 + Zo2)
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Figure 10.13: The ideal transformer.

whereas for the current controlled voltage source these coefficients are

e 1-YuZo pa= 1- Y520, - 2YrvZoZoa
! 1+ Y”Zm ’ o 1+ YgzZu; ’ (1 + Y]J,Zm) (1 + YzzZuz)

(10.103)

For p; = 0 and p; = 0 we obtain the matched controlled source. The ideal transformer
(Figure 10.13) relates the voltages and currents V,, V, and I, I,, respectively, of two
branches 1 and 2 via

V,-nV,=0, (10.104a) nl,-1,=0, (10.104b)

where # is a real number, called the turns ratio. With

e
Il
=

N |LN

; (10.105)

=01

where Z, and Z,, are the characteristic impedances of reference for the ports 1 and 2
we obtain the $ matrix ,, of the ideal transformer

41
Sy = [ e (10.106)
wiom
If the turns ratio is given by the square root of the ratio of the characteristic impedances
Z,, and Zy,, the ideal transformer is matched and we obtain

o1 _ ‘ Zy,
§"_[l 0] for n= E (10.107)

Choosing the characteristic impedances Z,, and Z, according to (10.107) shows that
the ideal transformer may also be interpreted as part of the connection circuit instead
of a circuit element.

The gyrator with the circuit symbol shown in Figure 10.14 relates the voltages and
currents V,, V, and I, I, respectively, of two branches 1 and 2 via

s
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Figure 10.14: The gyrator.

I,-G,V, =0, (10.108a) L+GgV,=0. (10.108b)

The real conductance G, is called the gyration conductance. With

0=/ ZmZmGg (10.109)

we obtain the S matrix S, of the gyrator

—gyr
-2
Seyr l _@] (10.110)
l+l',l 1+n?

Choosing the appropriate characteristicimpedances Z,, and Z,, we obtain the matched
gyrator.

0 -1 1
S .= [ ] for Gp=—e. (10.111)
Rl ZoZo,

10.7 SiGNAL FLOw GRAPHS

We can represent the relations between the wave amplitudes established by the scatter-
ing parameters in a graphic format. The corresponding graphs are called signal flow
graphs [14-16]. A microwave circuit can be analyzed by investigation of the structure of
the signal flow graph. The description of a circuit by its signal flow graph is equivalent
to its description by the circuit system of equations. This way of solving the network
equations is very efficient. The signal flow graph is specified as a set of nodes together
with a set of directed branches. It represents incident and reflected waves as nodes and
the scattering parameters as directed branches. The rules for the construction of the
signal flow graph are: 1. Draw a node for every a; and every b;. 2. Draw a directed
line from a; to b, for every S;;. Figure 10.15 shows the flow graphs for some common
circuit elements.

Consider a two-port connected at port 1 to a generator and at port 2 to aload as shown
in Figure 10.16(a). The open-circuit voltage is V ; of the generator and the generator
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Figure 10.15: Signal flow graph of common circuit elements, (a) two-port, (b) four-port, (c) generator, (d)
load.
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Figure 10.16: (a) Two-port with source and load, (b) corresponding signal flow graph.

impedance is Zg. The load impedance is Z;. The § matrix of the two-port is

bl Su Slz a,

=Ll= = 10.112
[Qz] [321 S22| |8, ( )
and the flow graph of the two-port is represented in Figure 10.15(a). The generator and

the load are described by

a,=4ag+pch, (10.113a) a,=prb,, (10.113b)

with the generator wave amplitude a; given by

VZo (10.114)

AQrn = 0.
=G 7
ZG 01
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Figure 10.17: Transformation: (a) a graph with loop into (b) equivalent graph with loop, (c) equivalent
graph without loop, (d) equivalent branch.

The flow graph of the generator and the load are drawn in Figure 10.15(c) and (d).

When circuits are connected it is only necessary to connect the corresponding flow
graphs since the outgoing wave of one circuit is the incoming wave to the circuit
connected with it. Connecting the flow graphs of generator, two-port, and load yields
the flow graph shown in Figure 10.16(b). The system described by the signal flow graph
has only one independent variable, the generator wave amplitude a. The signal flow
graph contains paths and loops. A path is a sequence of branches directed in the same
direction such that no node is touched more than once by one branch. The value of
the path is the product of all the values assigned to its branches. Two parallel paths
in the same direction can be replaced by one path that is the sum of these two paths.
There is one path from the node a, to the node b,. Its value is Sy,. A first-order loop is
a closed sequence of branches in the same direction such that no node is touched more
than once by one branch. The value of the loop is the product of all the values of its
branches.

If a graph contains a loop we can replace this graph by an equivalent graph without
loop, as shown in Figure 10.17. In a first step the graph with loop (a) is transformed
into a graph with a loop beginning and ending in the same node. A loop with the value
S can be expanded into a branch with the value

@ 1
§'= —. 10.115
> s (10.115)

After combining the two branches in the path (c) we can represent the graph by a single
branch (d). We apply this rule to the computation of the ratios b,/a, and b,/a, in
Figure 10.16(b) and obtain

b

Sy B B LG (10.116a)
a 1-82p1

b
=2 S (10.116b)

ac  1-Supc - Supr +pcpr(SuSa - S128n)
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10.8 LuMPED ELEMENT EQUIVALENT CIRCUITS

The application of network-oriented methods to electromagnetic field problems can
contribute significantly to the problem formulation and solution methodology. The field
problem can be systematically treated by the segmentation technique and by specifying
canonical Foster representations for the subcircuits. Connection between different
subdomains is obtained by selecting the appropriate independent field quantities via
Tellegen'’s theorem. For each subdomain, as well as for the entire circuit, an equivalent
circuit extraction procedure is feasible, either in closed form for subdomains amenable
to analytical description or via the relevant pole structure description when a numerical
solution is available.

10.8.1 Foster Representation of Reactance Multiports

The field solution £(x, @) may be expressed in integral form [17,18] as
E(x,w)= j; Gl(x, %", 0) A T (5, w), (10.117)
I

where J (x', w) is the excitation electric density current distribution within the region
R; and G!(x, x’, w) is the electric dyadic Green’s form (4.76)

G! = Gydxdx' + Gipdxdy' + Gj3dx dz’
+ Gy dydx’ + Gy dydy’ + GysdydZ (10.118)
+ G31 dz dx’ + G32 dZdyf + G33 dz dZ’ .

The prime in the integral denotes that this operation is carried out with respect to the
source point x’. The current density can be expressed by means of a surface density
current 7 _, (%', w) flowing on the surface R} = (u',v',w’ = wy) and related to
J (', w) as follows

J(x',w) = S(w' —wp) n' Aim(x',w) for x' € 9Ry, (10.119)

where the n is the unit differential form corresponding to the vertical coordinate w and
whose orientation is normal outward with respect to dR;. Inserting (10.119) in (10.117)
yields

E(x,w) = ﬁ;f Gi(xx,w) AT, (5, w). (10.120)

Now by imposing the continuity condition of the tangential components, and applying
the equivalence principle, the surface dR; is replaced by a perfect magnetic conductor
and the equivalent electric surface current defined as

I, (s 0) = Hi(x', 0). (10.121)
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Also the tangential component of the electric field can be obtained by recognizing that

E'=n.inng, (10.122)

where the contraction s; J s; of two unit differential forms s; and s; is defined by
Si48; = 5,'j i (10.123)

Applying this relationship together with (10.121), (10.120) results in

El(x,w) = ﬁn na(n A Gi(x.x',w0)) AH(x', 0). (10.124)
4

The superscript [ in (10.124) implies that the corresponding quantity belongs to the
region Ry, so that £} and %!, for instance, represent the electric and magnetic field
components tangential to dR;, transferred into the region R;. The operation n un A
applies only to the observation point x while the integral is over x’. This allows to

define
Z(x,x",w)=n(n A Gi(x,%,0)) (10.125)

as the double differential form for the impedance representation of the dyadic Green’s
form. The substitution of (10.125) into (10.124) yields

Elx,s) = ﬁm; Zl(x, 2", 0) AH (¥, 0), (10.126)

which provides an integral relationship between the tangential electric and magnetic
components on the considered subdomain surface dR;. In the same way we can derive

H(x,5) = f‘ek Vix,x',w) A EN(x, w), (10.127)

where Z(x,x',w) and Y(x,x’, w) are the dyadic Green’s forms in the impedance
representation or admittance representation, respectively. Green’s forms Z(x, x', w)
and YV(x, x’, w) are given by [9]

1 ’ - l 1 ’ L";'(x’ xf)
Z(x,x',w)= jwﬁo(x,x )+ %: j—(w =iy (10.128)
and C’( y
1 X, x
Wiz, 2, 0)=—Clx,x)+ Y 1L, (10.129)
( ) jw 0( ) ;j(&) _wq)
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The dyadic forms £ (x, x') and C{ (x, x') represent the static parts of Green's functions,
whereas every term £} (x, x’) and C;(x, x"), respectively, corresponds to a pole at the
frequency w, or w,, respectively.

We discretize (10.126) and (10.127) by expanding the tangential fields on dR; into a
complete set of vector orthonormal basis functions. These expansions need only to be
valid on dR;,

Ni

El(x,0) =Y Vi(w)el(x), (10.130a)
n=1
N;

Hi(x ) = Y L (0)hp(x) . (10.130b)
n=1

The electric and magnetic basis forms are related via

R o=«(n're), (10.131a) e =—x(n'Ah,) (10.131b)

)
n

and satisfy the orthogonality relation
faR &bt AL = (ebylh)or, = Omn» (10.132)
I

where n'(x) is the unit differential form normal to dR;. The expansion coefficients V.,
and I, may be considered as generalized voltages and currents. From (10.130a) and
(10.130b) and the orthogonality relation (10.132) we obtain

Va(@)= [ A () A E(x @) == (BrlE (% @))ag, » (10.133a)
L(w)= fu el (%) AH, (%, 0) = (en[H,(x, ©)) 5, - (10.133b)

If the domain R is partially bounded by an ideal electric or magnetic wall £, or #,,
respectively, vanish on these walls. If the independent field variable vanishes on the
boundary, this part of the boundary does not need to be represented by the basis
functions. If only electric walls are involved, the admittance representation of Green's
function will be appropriate, and if only magnetic walls are involved, the impedance
representation will be appropriate. Consider for example the case where the main part
of the boundary 9R is formed by an electric wall and only the ports are left open.
Choosing the admittance representation, we only need to expand the field on the port
surfaces into basis functions. Applying the method of moments, we obtain

zZ!, () = ﬂ;n. e (x) A 2l (x, 5", w) A B (2"), (10.134a)

Yy (@)= ffax, B (%) A Y (x5, @) A€l (x'). (10.134b)
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Then from (10.128) and (10.129), the impedance matrix Z,, ,(w) and the admittance
matrix Y, , (@) may be represented by

Zon () = L2 o —_—g,! (10.1352)
m,n J G Zp:waz—w’i Pm,n’
Youn(@) = — )'om nt ‘; = Vi (10.135b)
] q J -w q

For alinear reciprocal lossless multiport an equivalent circuit model may be specified by
the canonical Foster representation [19, 20]. Figure 10.18(a) shows a compact reactance
multiport describing a pole at the frequency w,. This compact multiport consists of
one series resonant circuit and M ideal transformers. The admittance matrix of this
compact multiport is given by

1 w?

Y)(0) = A, (10.136)

jwLy w? -

with the real frequency-independent rank 1 matrix A, given by

2
myy ?‘lu;uz cee MMM
nyah n e nppn
Aj = Azt A2 : x| (10.137)
: : . ;
mmia MMz ... LYY

The n,; are the turns ratios of the ideal transformers in Figure 10.18(a). A compact
reactance multiport describing a pole at the frequency w = 0 is shown in Figure 10.18(b).
The admittance matrix of this compact multiport is given by

1
jwLo

Yy = (10.138)

where A is a real frequency-independent rank 1 matrix as defined in (10.137). If the
admittance matrix is of rank higher than 1 it has to be decomposed into a sum of rank
1 matrices. Each rank 1 matrix corresponds to a compact multiport.

The complete admittance matrix describing a circuit with a finite number of poles
is obtained by parallel connecting the circuits describing the individual poles. In the
canonical Foster admittance representation, the admittance matrix Y (p) is given by

2

N
ZL —2 A, (10.139)
S jwly w? - w}

Y)(w) =
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Figure 10.18: A compact series multiport element representing a pole, a) at = wy, and, b) at w = 0.
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Figure 10.19: Foster admittance representation of a multiport.
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Figure 10.20: A compact parallel multiport element representing a pole, a) at w = w, and, b) at w = 0.

This admittance matrix describes a parallel connection of elementary multiports, each
of which consists of a series resonant circuit and an ideal transformer. Figure 10.19 shows
the complete circuit of the canonical Foster admittance representation. There exists
also a dual impedance representation where elementary circuits consisting of parallel
resonant circuits and ideal transformers are connected in series. Figure 10.20(a) shows
a compact reactance multiport describing a pole at the frequency w,. This compact
multiport consists of one parallel circuit and M ideal transformers. The impedance
matrix of this compact multiport is given by

Fifw)= — e (10.140)
RN Y00, w? - w? 3 '

with the real frequency independent rank 1 matrix B, given by

2
ny Mgtz ... Mamm
nian n v njan
BA " 12‘ Al :\2 . .12. AM (10.141)
. . . 2-
MiMhaL MaMBaz .. nym

Figure 10.20(b) shows a compact reactance multiport describing a pole at the frequency
w = 0. The impedance matrix of this compact multiport is given by

1
By,
jwCo "

Zy = (10.142)
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Figure 10.21: Foster impedance representation of a multiport.

where B, is a real frequency independent rank 1 matrix as defined in (10.137). The
complete impedance matrix describing a circuit with a finite number of poles is obtained
by parallel connecting the circuits describing the individual poles. In the canonical
Foster representation, the impedance matrix Z(w) is given by

Bl = B Y “' _p (10.143)
M T T0C, 0 T HjwCy w?-w? A '

The equivalent Foster admittance multiport representation or Foster impedance rep-
resentation may be computed analytically from Green’s function. However, it is also
possible to find an equivalent Foster representation from admittance parameters calcu-
lated by numerical field analysis by methods of system identification.

10.8.2 Cauer Representation of Radiating Structures

Let us assume the complete electromagnetic structure under consideration embedded
in a virtual sphere S as shown in Figure 10.22. Outside the sphere free-space is assumed.
The complete electromagnetic field outside the sphere may be expanded into a set of
™ and TE spherical waves propagating in outward direction. In 1948 L.J. Chu in his
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Figure 10.22: Embedding of an electromagnetic structure into a sphere.

paper on physical limitations of omni-directional antennas investigated the orthogonal
mode expansion of the radiated field [21]. Using the recurrence formula for spherical
Bessel functions, he gave the Cauer representation [19,20] of the equivalent circuits
of the T™M,, and the TE, spherical waves. The equivalent circuit expansion of spherical
waves also is treated in [22, 23].

We derive the T™ spherical wave solutions from the potential introduced in (3.230).
Superimposing the solutions (3.230) with positive and negative n we obtain waves
standing in ¢-direction described by the potentials

WIMC - AC DM (o5 0) cosme h$D (kr), (10.144a)
YIMS = 45 PM(cos ) sinme hSD (kr), (10.144b)

where the P]"(cos 8) are the associated Legendre polynomials and h$? (kr) are the
Hankel functions. The Af,, and A}, are coefficients. Inward propagating waves are
represented by h,(.l)(kr) and outward propagating waves are represented by WP (kr).
Since outside the sphere, for r > ry no sources exist, only outward propagating waves
occur and we have only to consider the spherical Hankel functions h,(,z)(kr). The
coefficients n and m can assume the values n =1,2,3,4,...coand m=0,1,2,...,1n —
1,n and i = ¢, s. The superscripts ¢ and s denote waves mutually rotated around the
z-axis by an angle of 3. With (3.233a)and (3.233b) we compute the magnetic and
electric fields of the TM modes as

; ; i 1
Hopn' =*(rdra d¥;500), (10.1452) Emn' = e * d#," . (10.145b)

The TE modes are dual with respect to the T™. Superimposing the solutions (3.230)
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with positive and negative n we obtain the potentials

Vi€ = By, P (cos B) cosm¢ A (kr), (10.146a)
WIBS = BS  PM(cos0) sinm hiD (kr), (10.146b)

from which we can derive the electromagnetic field of the TE spherical waves. The B},
and B3, are coefficients. From (3.232a) and (3.232b) we obtain

; ; . 1 .
E™ = w (dr A dYIET),  (10.147a) Houn = S dgn,  (10.147b)
wheren=1,2,3,4,...,00,m=1,2,3,4,...,n,and i = ¢,s.

The wave impedances for the outward propagating T™ and TE modes are

E* E;
Zt = _mnf . __mn¢ (10.148)
i H;n{b H;nﬂ

The superscript + denotes the outward propagating wave. With (3.235b), (3.235¢),
(3.235e), and (3.235f) we obtain the wave impedances for the TM and TE modes

L (rhD" (kr)) 25 -7 rh? (kr)
R (kr) & (rh® (kr))
(10.149a) (10.149b)

Zpn' = jZro

where Zpg = \/y_/e is the wave impedance of the plane wave. The prime ' denotes the
derivation of the function with respect to its argument. We note that the characteristic
wave impedances only depend on the index n and the radius ry of the sphere.

Using the recurrence formulae (B.8a) and (B.8b) we perform a continued fraction
expansions of the wave impedances of the TM modes

1

Zpn' = Zro (10.150)

qusze ]

T s
and the TE modes
1
VA O o
Jer - + T

Zan =Zro g ; (10.151)

i, 1
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Figure 10.23: Equivalent circuit of (2) TMmn, (b) TEmn spherical wave.

R B, ™. By

/Source 1

Figure 10.24: The complete radiating electromagnetic structure.

These continued fraction expansions represent the Cauer canonic realizations of the
outward propagating TM modes shown in Figure 10.23(a) and TE modes shown in
Figure 10.23(b). We note that the equivalent circuit representing the TE;, mode is
dual to the equivalent circuit representing the T™,,, mode. The equivalent circuits
for the radiation modes exhibit highpass character. For very low frequencies the wave
impedance of the T™,;;, mode is represented by a capacitor Co,, = €r/n and the wave
impedance of the TE,, mode is represented by an inductor Lo, = pr/n. For f — oo

we obtain Z}'™M, Z*'E — Zp,.

In order to establish the equivalent circuit of a reciprocal linear lossless radiating
electromagnetic structure, we embed the structure in a sphere S according to Fig-
ure 10.24. The internal sources 1 and 2 are enclosed in regions R; and Ry4. Region R,
only contains the reciprocal passive linear electromagnetic structure. Region R, is the
infinite free-space region outside the sphere S. R, may be either considered as a whole
or may be subdivided into subregions. If the electromagnetic structure embedded in
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Figure 10.25: Equivalent circuit of the complete radiating electromagnetic structure.
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Figure 10.26: Equivalent circuit of the modified complete radiating electromagnetic structure.

g

R, is considered as a whole it may be modeled either by a canonical Foster admittance
representation according to Figure 10.19 or a canonical Foster impedance representa-
tion according to Figure 10.21. If the internal sources are coupled via a single transverse
mode with the electromagnetic structure, one-port per source is required to model
the coupling between the source and the electromagnetic structure. The radiating
modes in R, are represented by one-ports modeled by canonical Cauer representations
according to Figure 10.23. The external ports of the canonical Foster equivalent circuit
(i.e., the ports representing the tangential field on the surface of §) are connected via a
connection network as shown in Figure 10.8.

From the above considerations, we obtain for a reciprocal linear lossless radiating
electromagnetic structure with internal sources an equivalent circuit described by a
block diagram as shown in Figure 10.25. This block structure can be further simplified
by contracting the equivalent circuit describing the electromagnetic structure Ry, the
connection circuit and the reactive parts of the equivalent circuits of the radiation
modes into a reactance multiport. This reactance multiport again may be represented
by canonical Foster representations. Now the remaining resistors Z o are connected to
the external ports of the modified reactance multiport and we obtain the equivalent
circuit shown in Figure 10.26. We summarize the result of the above considerations:

Any reciprocal linear lossless radiating electromagnetic structure may be
described by a reactance multiport, terminated by the sources and by one
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Figure 10.27: (a) Symmetrical obstacle in a waveguide, and (b) equivalent circuit.

resistor for every considered radiation mode.

For electromagnetic structures amenable of analytical description equivalent circuits
may be computed directly. However, topology as well as parameters of the equiva-
lent circuit may be obtained from the relevant pole spectrum computation when a
numerical solution is available [24,25]. A heuristic approach also allows to model lossy
electromagnetic structures [24,25). System identification and spectral analysis methods
allow an efficient determination of generation of topology as well as parameters of the
lumped element equivalent circuit [17,26]. This approach produces topology as well as
parameters of a model conserving basic properties such as reciprocity and passivity.

10.9 OBSTACLES IN WAVEGUIDES

An object inserted in a homogeneous cylindrical waveguide scatters waves incident on
it. An incident wave is scattered in forward and backward directions. The scattered field
can be expanded in propagating and evanescent modes. If only the fundamental mode
can propagate and the distance of the waveguide ports from the object are sufficiently
large, at the ports besides the incident wave only the fundamental mode of the forward
and backscattered waves occur. The waveguide with obstacle can be described by a
two-port. The higher-order evanescent parts of the scattered fields in the environment
of the scattering object store electric and magnetic energy and therefore contribute to
reactance elements describing the two-port.

Consider a cylindrical waveguide with an embedded obstacle, symmetrical with
respect to mirroring at a transverse plane at z = 0 as shown in Figure 10.27(a). We
assume that at the considered frequency only the fundamental mode can propagate
in the waveguide and that the evanescent higher-order modes excited by scattering of
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incident waves are sufficiently decayed at the ports at z = 3 1. In this case the waveguide
with obstacle can be represented as a symmetrical two-port with a T-equivalent circuit,
shown in Figure 10.27(b),

_ L+ Z, Zs
Z= [ z, . 74 Zg] . (10.152)

In case of even excitation of the symmetrical two-port with I, = I, we obtain for
symmetry reasons V, = V, with

V,=Z1,=(Z+2Z,); fori=12. (10.153)

For odd excitation of the symmetrical two-port with I, = —I, for symmetry reasons
V,=-V,and
K[ = Zol;‘ = Zlf

fori=1,2. (10.154)

The equivalent circuit impedances Z; and Z, can be determined from the port imped-
ances for even and odd excitation, Z, and Z, as

Zy=Z,, (10.155a) Zy=3(Z,~Z,). (10.155b)

For even excitation due to symmetry the transverse magnetic field must vanish in
the symmetry plane and we can introduce a magnetic wall at z = 0. This divides the
two-port into two identical one-ports. Figure 10.28(a) shows the equivalent one-port
for even excitation. The corresponding equivalent circuit is shown in Figure 10.28(b).
For odd excitation for symmetry reasons the transverse electric field must vanish at
z = 0. Therefore we can insert an electric wall at z = 0 and the two-port again is split
up into two identical one-ports. Figure 10.28(c) shows the equivalent one-port for odd
excitation, and Figure 10.28(d) presents the corresponding equivalent circuit. To excite
these one-ports we use fundamental mode polarization sheets at z = ;1. A fundamental
mode polarization sheet is a surface polarization sheet in a transverse plane with a
transverse field distribution given by the electric or magnetic field structure form of
the fundamental mode ey(u,v) or hy(u,v), respectively. From (8.120a) and (8.120b)
we obtain the effective transverse electric and magnetic polarizations as

ME5(x) = Mgy (2)eo(u:7), (10.1562)
M3t (%) = * My (2)ho(,v), (10.156b)
where M, (z) and M,,,(z) are the modal amplitudes of the effective transverse

electric and magnetic polarizations. With the modal amplitudes of the impressed
current I ,8(z + 41) and the impressed voltage V ,8(z + 31) for polarization sheets at
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Figure 10.28: (a) Even excitation of waveguide with obstacle, (b) equivalent circuit for even excitation of
waveguide with obstacle, (c) odd excitation of waveguide with obstacle, and (d) equivalent circuit for odd
excitation of waveguide with obstacle.

—11 as defined in (8.138a) and (8.138b) we obtain
M(2) = o Lod(e+ 1), (101572)
My (2) = 5 V082 + 1), (10.157b)
where §(z) is the delta distribution. With (10.156a) and (10.156b) this yields
MG, (%) = *1,06(2+ eo(u,v), (10.158a)
Mo (%) = — * V58(z + 1) ho(u,v) . (10.158b)

The fundamental mode polarization sheets excite fundamental mode waves propagating
in negative z-direction for z < —4I and in positive z-direction for z > ;1. At z = 0 the
waveguide is terminated with half the obstacle which is modeled by either an electric
wall or a magnetic wall. The back-scattered field due to the obstacle is composed
of a fundamental mode wave propagating in negative z-direction and higher-order
evanescent fields decaying in negative z-direction. The length 1/ is assumed to be
sufficiently large that the field contribution of the higher-order modes can be neglected
atz=-3l

So far we have reduced the analysis of a symmetrical two-port to the analysis of
the two equivalent one-ports describing even and odd excitation of the two-port. To
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Figure 10.29: (a) Even excitation of waveguide without obstacle, (b) equivalent circuit for even excitation
without obstacle, (c) even excitation of waveguide with virtual obstacle, and (d) equivalent circuit for
even excitation of waveguide with virtual obstacle.

further simplify the analysis of the problem we split the task into parts. For even
excitation in a first step we omit the obstacle and consider the waveguide terminated
by a magnetic wall only, as shown in Figure 10.29(a). For this arrangement we compute
the primary field £,. In the absence of an obstacle from the magnetic wall at z = 0
only the fundamental mode will be backscattered. Assuming infinite extension of the
waveguide in negative z-direction or termination of the waveguide with its characteristic
impedance at z < —41, we obtain a fundamental mode wave propagating in negative
z-direction and for 1! < z < 0 a fundamental mode standing wave. From (8.119a) and
(8.119b) we obtain

Ei(x) =V(2)eo(u,v), (10.159a)
H,(x) = I(z)ho(u,v). (10.159b)

Due to (8.149a) and (8.149b) the transmission-line equations in the case of excitation
by fundamental mode electric and magnetic polarization sheets at z = —31 are

d_‘cfiiZ) =-jX'(@)I(2) + V,o8(z +31), (10.160a)
d{d(zz) =-jY'(w0)Y(2) + Ly0(z +41). (10.160b)

For the transmission-line terminated at z = 0 with a magnetic wall we obtain I(0) = 0.
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Considering this boundary condition we obtain for z # —3/ the solutions

AelP? for z < -1/
Y2 =1a ) . 10.161
e {Ecos(ﬁz) for —31<z<0 ( 2)
- -1,jpz =1
1(z) = AZg e forz <-4l (10.161b)
-jBZ;'sin(Bz) for —4l<z<0

with the phase coefficient  and the characteristic impedance Z, given by

r
B=VXB, (10.162a) Zo=1/ % . (10.162b)

At z = -1/ continuity demands
Ae P! = Beosipl, (10.163a)
AZ3'e P = [ +jBZ5'sinipl. (10.163b)
From these equations we obtain

o = BZg'e 1Pl (10.164)

I

With (10.159a), (10.159b), (10.161a), and (10.161b) we obtain the transverse electric and
magnetic fields,

iBz 1
E,(x)= de'"e(u,v) forz<-al | (10.1652)
Bcos(Bz)ey(u,v) for —31<z<0
_A7Z-1eibz 1
i e TAZO_T. eo(u,v) for z < -1l . (10.165b)
-jBZ5'sin(Bz)eg(u,v) for —31<z<0

Inserting (10.158a) and (10.165a) into (4.66) we compute the self-reaction of the current
sheet as

Ru=jo [ €A M8 =BLo [ cos(B2)8(z+ 3)eo(u ) A » o(uv)
=Bl cos3pl. (10.166)

Inserting (10.164) we obtain

B? -jpl
Ry = A (1+e71) . (10.167)
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Assuming B to be real, this yields

IR} -sinpl
R(R,p} l+cospl tan 3Bl (10.168)

In a second step we consider a virtual obstacle (i.e., an immaterial obstacle consisting
only of a surface polarization M ,,. impressed on a surface corresponding to the surface
of the obstacle). This virtual obstacle excites a secondary field £,. The total electric
field £ is given by

E=£,+&,. (10.169)

As discussed in Section 4.9 the surface polarization M 4, has to be determined such
that the tangential component of the electrical field vanishes on the surface A, of the
obstacle. With the unit form n,, normal to the surface A,}, this condition is written as

no;,f\gzn,,;,n(§?+§ﬂs)=0. (10.170)

The complete electromagnetic field can be determined by solving the integral equation
for this problem.
Choosing I such that the transverse electric field vanishes at z = -3/, we obtain from
(8.39)
Xi+2X; =-Ztan Bl. (10.171)

From (10.168) and (10.171) we get

Xl +2X2 _ j{R:p}

=- . 10.
Zo | R(Ry) e
The reaction Ry; can be decomposed as follows
Ry =jw fv EAME =jw j;(gp FE)AME =R, +R,p. (10.173)

Since the total transverse electric field vanishes at z = -/, we obtain Ry; = 0, hence

Due to reciprocity we obtain
Rep = Rps =jw fv E,A M,y (10.175)
ob

where the integration is performed over the obstacle. From (10.170) and (10.175) it
follows
Rpe = —Rye = —jw f EAM,,,. (10.176)

Vab



456 Electromagnetics

This yields with (10.172)
Xi+2X; J{Rss}
Z,  R{Rs}’

(10.177)

10.10 THE SYMMETRY PROPERTIES OF WAVEGUIDE
JUNCTIONS

The complete analysis of distributed circuits by solving Maxwell’s equations requires a
considerable mathematical effort also in the case of simple structures. For waveguide
circuits exhibiting geometric symmetries from the symmetry properties of the circuits,
symmetry properties of the scattering matrices also follow. Also from general consider-
ations we can get important information about the scattering matrix of a multiport. For
example, we know that the scattering matrix of a reciprocal passive lossless multiport
must be symmetric and unitary.

We will show in the following that from geometric symmetry considerations we can
get additional information about the scattering matrix and the scattering matrix from
this may be determined with the exception of only a few unknown parameters. If, for
example, only a single parameter may not be determined from computation, in many
cases the experimental determination of this parameter may be a good solution.

We consider multiports exhibiting certain geometric symmetries. If, for example,
the geometric structure of a multiport exhibits symmetry with respect to the rotation
around an axis or with respect to mirroring at a symmetry plane, this rotation and
this mirroring are symmetry operations for that multiport. The multiport is said to be
invariant with respect to these symmetry operations. In that case the field solution
remains unchanged if the symmetry operation is performed to the multiport. If the
arrows indicating the direction of the field remain unchanged when the symmetry
operation is performed, the scattering matrix remains unchanged under this symmetry
operation.

The mirroring of the multiport structure may yield a change of sign of field compo-
nents. Considering the mirroring in the yz-plane, we obtain

X = -x, Y=y, z—>z. (10.178)

Making this substitution in Maxwell’s equation, this will yield the following changes in
the field components:

E.(x,y,2) = —E(-%,7,2), E (x,y,2) > E,(-x,772),
E.(x,y,2) > E,(-x,5.2), H,(x,y.2) > H,(-x,5.2), (10.179)
ﬂy(x’ J'" Z) =" _.fiy(_x’ )’,Z) 4 ﬂz(x' Y’ Z) - _—I-—Iz(_x’ }’,Z) ¥
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Figure 10.30: Fully symmetric three-port parallel waveguide junction.

Let E,, ; be the transverse component of the electric field intensity in a certain point
of the reference plane of the ith multiport. We assume that by a certain symmetry
operation ports i and j are transformed into ports k and [, respectively. From this it

follows that

-‘E»lr.! - & —'E—tr,k E

=tr,j

-+ 52 5_"', 6[, 62 =+l. (10180)

Depending on the change of sign of the transverse electric fields in ports j and k,
the matrix element Sy; remains unchanged or changes its sign when the symmetry
operation is performed, following the rule

S,‘j = 6153 SH . (10181)

10.10.1 Symmetric Three-Port Waveguide Junctions

We consider the fully symmetric three-port parallel waveguide junction according to
Figure 10.30. The three waveguide segments are long enough that any perturbation
of the field distribution occurring in the center region where all three waveguides
are connected already has decayed in the port plane. We can assume that in the port
plane the transverse field distribution corresponds to the TE;o mode. We assume the
waveguide three-port parallel waveguide junction to be reciprocal and lossless. In the
case of the parallel waveguide junction the broader side of the rectangular waveguide
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is in parallel to the plane of the drawing. The electric field is normal to the plane of the
drawing. This corresponds to the case of parallel circuited transmission-lines. Therefore,
this junction is called a parallel junction. The circuit is invariant with respect to rotation
by 120° around an axis normal to the plane of the drawing. Furthermore, the structure
exhibits three symmetry planes normal to the plane of the drawing. We allow a lossless
scattering object in the center of the waveguide junction and we make the general
assumption that the symmetry properties of the waveguide junction are not disturbed
by this scatterer. The rotation of the waveguide branch by 120° affects the following
interchange of field quantities:

E ~E,, E, > E,, E, -~ E,. (10.182)
With (10.181) we obtain from this
Si = 822 = S33, Si2 = 823 = 831 (10.183)

The mirroring in the symmetry plane parallel to the axis of waveguide branch 1 affects
the following interchanges of electric field components

B -+ E; E;—+E,; E,+E,. (10.184)

From this it follows that
S23 =832 (10.185)

Due to the reciprocity, this relation also follows from (10.96). Due to (10.183) and
(10.185) the scattering matrix now is determined with the exception of the two complex
parameters p and

s:

A a4
4o oA

T
r]. (10.186)
p

Assuming the junction to be lossless, we obtain from (10.79)

I + 2/ =1, (10.187a)
prr+prt = |72, (10.187b)

Expressing the left side of (10.187b) by magnitude 2|p||7| and phase ¢,
p 1t +pt* =2|p||7| cos ¢ (10.188)

we obtain with (10.187b)
2|p|cos ¢ = —|1|. (10.189)
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After inserting (10.187a), we obtain

lp[2(1+ 8cos® ¢) =1. (10.190)

We see that the fully symmetric parallel junction with three terminations cannot
simultaneously be realized as a matched multiport (i.e., with p = 0). The minimum
value of p is obtained for cos® ¢ = 1. In this case we obtain

lpl=% I7[=3. (10.191)

Furthermore, it follows from (10.189) that cos ¢ must be negative. With cos ¢ = -1, we
obtain from (10.188)

R{pt*} =-|pll7] (10.192)

and from this with (10.191)
p=-Lelh, r=2et, (10.193)

where e1% is a parameter depending on the length of the waveguide arms. Using
symmetry and power considerations we could determine the scattering matrix of the
completely symmetric parallel junction with three arms with the exception of a remain-
ing scalar parameter ¢,. The optimization of the parameter ¢, may be accomplished
empirically by variation of the scatterer introduced in the center of the parallel junction.

We have seen that a matched completely symmetric lossless three-port parallel
junction cannot be realized. It can be shown in general that a matched lossless reciprocal
three-port cannot be realized. A matched three-port must be characterized by the
scattering matrix

0 S S
S= SI.Z 0 823 . {10194)
Si3 823 0

If the three-port is lossless, the scattering matrix must be unitary. With (10.79) we
obtain from (10.194)

313353 =0,
8123;3 =0 N (10.195)
812833 =0.

These equations may only be fulfilled if at least two of the S;x are vanishing,
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10.10.2 Symmetric Four-Port Waveguide Junctions

The so-called directional coupler according to Figure 10.31 exhibits two symmetry planes
normal to the plane of the drawing. Mirroring in symmetry plane 1 yields the following
interchanges of field components

E - E;, E,-E,, E,->E, E,~E,. (10.196)

From this it follows for the scattering matrix

Sl] = 533 » 822 - 844 3
Si2 = 834, (813 = 831) » (10.197)
814 =832, (S24 = S42) .

The bracketed conditions already followed from reciprocity. From the mirroring in the
second symmetry plane we obtain the following exchanges

E ~E,, E,~E, E, - E,, E, » E, (10.198)
and from this the following additional conditions for the scattering matrix
Su =82, S33 =S4, S13 =824 (10.199)

With this the scattering matrix is determined with the exception of four complex
parameters p, Ty, T2, and T3.

P T1 T2 T3
s=|" P T Tl (10.200)
T, T3 p T

T3 T2 T p

We now assume the multiport to be matched so that p = 0 is valid. This may be achieved,
for example, if both waveguides in Figure 10.31 are only weakly coupled over small
holes or if the coupling region of both waveguides is long enough so that a coupling of
waves in the forward and backward directions will not occur. Assuming the directional
coupler to be lossless, we obtain from (10.79)

R{1313} =0, R{r/13}=0, R{3n1}=0. (10.201)

These three equations mean that the three complex quantities 7y, T; and 13 are mutually
orthogonal in the complex number plane. Hence one of these quantities must vanish.
Without restriction of generality we assume 7; = 0 and obtain the scattering matrix

[o s,
s‘[sf; 0], (10.202)
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! Symmetry Plane 1

Symmetry Plane 2

Ey
® ®
Figure 10.31: Directional coupler.

where the submatrix S, is given by

_eT_|72 %

Slz = 812 - [1'3 Tz] . (10.203)

Due to (10.79), S, also must be unitary and we obtain

T2 + 73> = 1. (10.204)

The scattering matrix of the matched lossless directional coupler only depends on a
parameter 73 and with the exception of a phase factor it is given by

VI-K ik
[\/1__;(2 +jk i:)k \/2:? ' (10205
+jk Vi-k? 0 0
For the 3 dB coupler we obtain
k= \/Li . (10.206)

The hybrid junction or magic T, respectively, according to Figure 10.32 exhibits only
a symmetry plane z = 0. In the ports 1 to 3 the electric field lines are parallel to
the symmetry plane, whereas in port 4 the electric field is normal to the symmetry
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E|+E2
i Bl

Figure 10.32: Hybrid junction.

plane. According to (10.179) the mirroring in the symmetry plane yields the following
interchange of the electric field components

E - E,, E,~E, E, - E;, E,~-E,. (10.207)

Ports 1 and 2 are interchanged in the mirroring, whereas ports 3 and 4 are transformed
into themselves. Since the electric field in port 4 is normal to the symmetry plane, the
sign of E, is changed in the case of the mirroring. With (10.180) and (10.181) we obtain
the following relations for the scattering parameters:

Su =82, S13 = 823, S1a4 = =824, 834 =-834=0. (10.208)

From this it follows that ports 3 and 4 are not directly coupled with each other. Therefore
it must be possible to insert independently matching elements in arms 3 and 4 of the
hybrid junction and to tune S33 and S44 independently such that

833 = 544 =0 (10-209)

is valid. The tuning elements must be inserted in such a way that the symmetry is
maintained. If ports 3 and 4 are tuned to be free of reflection, the scattering matrix
assumes the following form:

a B y o
ﬁ ‘; g ’06 (10.210)
§ -6 0 0

Assuming the circuit to be lossless, we obtain from (10.79)

la? + B + |y + 167 =1, 2p=1, 28?=1. (10.211)
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From this we obtain

1
a=f=0, Yl =161=—- (10.212)

Therefore ports 1 and 2 are not coupled directly with each other. The scattering matrix
according to (10.210) again describes a directional coupler. It may be shown in gen-
eral that every matched lossless reciprocal four-port is a directional coupler. We can
determine the lengths of arms 3 and 4 independently and therefore we may choose
independently the phases of y and 8. Without loss of generality we are choosing y and
d to be positive and real and obtain

0 0 1 1
110 0 1 -1

S= Zl 10 o (10.213)
1 -1 0 0

10.11 PROBLEMS

1. Consider the two-port described by the admittance matrix § = ( BL}?’ B:fisj )
with B; = G; (£ - %) fori =1,2,3.

a) Draw the Foster admittance representation of this three-port and determine
the circuit elements.

b) Compute the impedance matrix of this three-port.

¢) Draw the Foster impedance representation of this three-port and determine
the circuit elements.

2. Consider a hybrid T-junction (magic T) terminated at ports 1 and 2 with loads
with reflection factors p; and p,. The TE branch (port 3) is terminated with an
RF source and the T™ branch (port 4) with a detector.

a) Give the scattering matrix for the ports 3 and 4 as a function of the param-
eters py and p;.

b) Which amount of energy is detected when the source is supplying a wave
amplitude ag and the detector exhibits no reflection?

3. Consider the four-port depicted in Figure 10.33.

a) Give the Z, Y and S matrices of this four-port.

b) Which representations exist forZ, - 0?

¢) Which representations exist for Z, — oo ?

d) Which representations exist for Z; - 0 and Z; — oo ?

4. A circulator is a nonreciprocal circuit, usually realized with unsymmetrically
anisotropic magnetic material. The scattering matrix of a circulator four-port
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Figure 10.33: Multiport.

0001
is given by § = (}, a0 ) Terminate port 2 with a reflection factor p and port 4

reflection free. Give the scattering matrix of the resulting two-port.

. Anoptical ring-interferometer can be easily described as a trunk of optical fiber, a

laser, a detector, and a 3 dB directional coupler. For the optical fiber the condition
of monomode propagation will be assumed. The scattering matrix for this trunk

oflineis § = (exp(J(:—lM)} eplieHian) ) For A¢ # 0 (due to an external static

magnetic field), the optical fiber is nonreciprocal. The optical fiber is connected
to ports 3 and 4 of the 3 dB directional coupler, the detector to port 2, and the
laser to port 1. How much power P, and P, flows out from ports 1 and 2 of the
3 dB directional coupler in case of matched detector?

. Compare a lossless transmission-line of characteristic impedance Z, and length

1A with a gyrator with the gyration conductance G¢ = 1/Z,.
a) Compare the input impedance for the {A-line and the gyrator terminated
with p.
b) Compute the signal transmission behavior in both cases.

. Consider the fully symmetric three-port waveguide junction (p = -}, 7 = %),

which is terminated at port 3 by various types of load. Give the scattering matrix
for the remaining two-port in the case of

a) port 3 terminated reflection-free,

b) port 3 short-circuited,

c) port 3 left open.

. Consider a sphere of radius r = 10 cm,

a) Compute the wave impedances Z; ¥ and Z;; ™ characterizing the tangen-
tial field at the sphere for n =1, 2, 3 and the frequencies 1 GHz, 10 GHz, and
100 GHz.

b) Draw the Cauer equivalent circuits for the wave impedances Z;F and
Z™ for n =1,2,3 and determine the values of the circuit elements.



Passive Microwave Circuils 465

¢) Determine the complex power flowing through the sphere in the above
cases.

d) How does the complex power flowing through the surface of the sphere
change when the radius of the sphere is changed to r = 20 cm?
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Chapter 11

Periodic Structures and Filters

11.1 PERIODIC ELECTROMAGNETIC STRUCTURES

Periodic electromagnetic structures exhibit numerous applications as frequency-selec-
tive structures and slow-wave structures [1-4].

With the space-dependent real permittivity e(x) and the space-dependent real
permeability y(x) for source-free regions Maxwell’s equations (2.124a) and (2.124b)
become

dH(x) =jwe(x) » E(x), (11.1a)
d€(x) = -jwu(x) » H(x). (11.1b)

Eliminating either £(x) or (x) yields the second-order equations for an inhomoge-
neous isotropic medium

e (x) » dp!(x) * dE(x) + w?E(x) =0, (11.2a)
p(x)« de'(x) » dH(x) + 0?*H(x) =0. (11.2b)
Either one of the above equations is self-contained. We can derive the solution for the

complete electromagnetic field by solving just one of them. If only €(x) depends on
space and y is uniform we obtain from (11.2a)

xdx dE(x) +wle(x)puE(x) =0. (11.3)

1111 TE Modes in Rectangular Periodic Waveguides

Consider a rectangular waveguide filled with a dielectric having a permittivity varying
periodically in z-direction as shown in Figure 1L1. For the electric field form £(x) of

467
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a

0 I- 7
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b I I
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Figure 11.1: Waveguide with rectangular cross-section.

the transverse electric TE;;, mode we make the ansatz

Ean(®) = Voo 6 (%.7) fan(2) 5 (11.4)

where V¥ is a complex voltage amplitude, e]?, (x, y) is the electric structure form
mtroduced in (7.198a), and f} (z) describes the longitudinal variation of the field. To
solve (11.3) we first consider the first term on its left-hand side,

» do d [f15(2)€l%, (x, )] = f2(2) » di » dy €fm (%, 7)
+%*dzf\*[dﬁmn(" 2] (11.5)
2 £TE
_déﬂzi';(z)*dz;\*[dzhem,(x,}')]'

On the right-hand side of this equation the second term vanishes and in the third term
the two-fold application of the operator = dz A (.) means a rotation of e(x, y) by 180°.
Therefore we obtain

()'ra

* dx d [fun(2)enn (%, 7)] = fon(2) * de * dr g, (x)’)+ d1 (%)
(1L.6)
Due to (7.216a) the structure function of the TE,,, mode fulfills
* dy * dy €5y (%,9) = =B remn€mn(%:9) » (11.7)

where B 1gmn is the cutoff phase coefficient of the TE,,,» mode. Inserting this into (11.6)
yields

v ded [ (2)el y)]=[ﬁ3,umf ()~J] & (ny).  (1L8)
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Let the permittivity (z) depend on the longitudinal coordinate z only. We insert (11.4)
and (11.7) into (11.3) and obtain

d2

ELEE. el = ) S350 | () 0. )
The TE», mode for the longitudinally inhomogeneous rectangular waveguide has the
same transverse field distribution as the TE,,, mode of the longitudinally homogeneous
waveguide. The longitudinal field variation is described by £, (2), which is a solution
of the ordinary differential equation

&I | (e(eu-2) f(2) =0. (110

In this equation and in the following equations we omit the indices TE, m and n in
order to simplify the notation.

Let the period of the longitudinal variation of the permittivity be p. In this case we
have

e(z+p) =€(z). (11.11)
Introducing « as
K(Z) = wzg(z)y o ﬁi.umn (11.12)
the differential equation (11.10) assumes the form
d
f (z ) + k(z) f(2) =0. (1.13)

This second order differential equation has two fundamental solutions. Let us call these
solutions fi(z) and f,(z). Furthermore the differential equation is invariant under
transformations z — z + np, where n is an arbitrary integer. Therefore at any z + np
the solutions of the differential equations must be linear combinations of the two
fundamental solutions, hence

filz+p) = &ufi(z) + & fa(2), (11.14a)
fa(z+p) = Eafi(2) + &2f2(2) (11.14b)

where the &;; are coefficients to be determined. The general solution of the differential
equation (11.13) is a linear combination of the particular solutions f; and f, therefore

f(2) = afi(z) + c2fa(2), (11.15)

where ¢; and c, are suitably determined coefficients. From (11.14a), (11.14b) and (11.15)
we obtain

f(z+p) = (cibu + c26) fi(2) + (a1di2 + c2€22) fa(2) - (11.16)
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If f(z) represents a wave propagating in positive z-direction it must fulfill the relation
fz+p)=e"f(2), (11.17)
hence, (11.15) multiplied by e™*? must be equal (11.16). This yields

a(éu-e7?)+ ¢y =0, (11.18a)
abp+a(bn-e"P)=0. (11.18b)

We obtain a nontrivial solution for these equations only if

= (Eu+&2)e P+ 8185 - £280 =0 (11.19)

is fulfilled. The solution of this quadratic equation is

e =1(& +&)+ \/% (Eu+ &2)" - (bnén - Enkn). (11.20)

Now consider the Wronsky determinant

W(fi(2), f2(2)) = ﬁé«?l i:f%(é)l = fi(2) df;iz) - fa(z )df‘(z). (11.21)
dz z
With (11.13) we obtain for the derivative of the Wronsky determinant
WGEHE) _ ) EAO) g E1E) w2

dz

Therefore the Wronsky determinant W ( fi(z), f2(z)) = W is constant. From this and
(11.14a) and (11.14b) it follows

Endpn - &2éy =1. (11.23)
We may substitute

cosh @ = L(&y + &32), (11.24a)

sinh 0 = v/ ‘:-(511 + 522)2 -1. (1124')}

Inserting these equations into (11.19) yields

e 7P =etf, (11.25)
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Let us introduce the function u(z) as
u(z) =e 1 f(z). (11.26)

From (11.17) we obtain

u(z+p)=u(z). (11.27)
The function u(z) is periodic in z with a period p. We therefore come to the conclusion
that f(z) can be expressed as the product of e™* with a function u(z) periodic in z
with a period p,

f(z) =e*"*u(z). (11.28)

In this equation y is a propagation constant. This proposition is known as Floquet’s
theorem [4-7].
The periodic function u(z) may be expanded in a Fourier series as

u(z) = Z upe izmnzlp (11.29)

In the lossless case there will be propagating solutions with y = jf and evanescent
solutions with y = a. The wave propagating in positive z-direction is described by

f(z) = Z upel Bramn/p)z _ Z upe 1Pz (11.30)
with 2
Bn=p+ % . (11.31)

Considering (11.29) describing a superposition of partial waves, every harmonic exhibits
a different phase velocity

w w
s s , 11.32
=g = Gy am (11.32)
[
The group velocity v,, however, is the same for all harmonics,
dg,\" (4"

- = [22Y . 11.33
Ve ( dw ) (dw) ()

With (11.4) we obtain the field solution for the TE,,, modes for both directions of
propagation

Eo(x) = (V“(”e"'" mnZyTE (2) 4 VIEC)ebmmnZ 18 (2)) ehr, (%, ). (11.34)

=mn —mn
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Figure 11.2: The characteristic values a. of ¢.({) and a; of ¢,({) as functions of q.

11.1.2 Sinusoidal Variation of the Permittivity

Consider a waveguide as depicted in Figure 11.1 filled with a dielectric medium with
periodic variation in z-direction and homogeneous in transverse direction. Let €(x)
be given by

€(x) =€m — Aecoskz, (11.35)

where x depends on the period p via

2
¥ et (11.36)

P

and Ae is the amplitude of the variation of the permittivity. Inserting this into (11.3)
yields

x dx dE(x) + W’y [em — Aecos(xz)] E(x) =0. (11.37)
For this case the differential equation (11.10) becomes
2
d<{z(22) +{w?U [em — Aecos(xz)] - B} f(z)=0. (11.38)

Introducing the variable {, the constants a and q and the function 7({),

{=ixz, (11.39a)
n({) = f(2), (11.39b)
a= %(w’yem -85 (11.39¢)

2
§= o uhe (11.39d)
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Figure 11.3: The Mathieu functions ceq, cei, sy, cez, sez forg=2.

we can transform the differential equation (11.38) into the normalized form

d?n({)
acz

+(a—-2qcos(2{))n({) =0. (11.40)

This differential equation is called the Mathieu differential equation. The Mathieu func-
tions C(a, g, {) and S(a, g, {) are solutions of this differential equation. The function
C(a, ¢, () is called the even Mathieu function and the function $(a, 4, {) is called the
odd Mathieu function, both of rth order [5,8,9]. For 4 = 0 the Mathieu functions are
simply the harmonic functions,

C(a,0,¢) = cos (v/a() , (11.41a)
5(a,0,¢) =sin (Va{) . (11.41b)

For q + 0, the Mathieu functions are only periodic for the Mathieu characteristic
values of a. The even and odd Mathieu functions with characteristic values a., and
as, respectively, are denoted ce,({, q) and se,({, g). The characteristic values a. of
ce,({,q) and a; of se,({,q) are plotted as functions of q in Figure 11.2. The curves for
the characteristic values separate the regions with stable solutions from the regions with
unstable solutions. In the regions with a., < @ < 4, the solutions of the Mathieu
equation are stable and describe propagating waves. For a,, < a < a., the solutions are
unstable and describe evanescent waves. In Figure 11.2 the unstable regions are hatched.

Figure 11.3 shows the even and odd Mathieu functions ce,({,q) and se;({,q) upto
second order for q = 2. For the even Mathieu functions the lowest order is 0, whereas
for the odd Mathieu functions the lowest order is 1.

Since the coefficient of the Mathieu differential equation is periodic in { with a
period m, it follows from Floquet's theorem that the Mathieu functions can be written
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in the form

C(a,q,¢) =e/*9.(0), (11.42a)
S(a,9,0) =e”%¢5(0), (11.42b)

where ¢.({) and ¢,({) are periodic in { with a period 1 and the Mathieu characteristic
exponent v depends on a and q. When a belongs to the set of characteristic values
ag, acr, then v is zero or an integer. If v is not an integer then the Floquet solutions
C(a,q,{) and S(a, g, {) are linearly independent.
With the solutions (11.42a) and (11.42b) and considering (11.39a) and (11.39b) we
obtain
f(z) = AC(a, q,txz) + BS (a,q,1xz) , (11.43)

where a and q are given by (11.39¢) and (11.39d) and A and B are the complex amplitudes
of the even and odd waves. With (11.4) we obtain for the TE,,, modes of the rectangular
waveguide

Enm(%) = [V, (a,9.3x2) + V (a, 4, 3x2)] €, (%, ¥) (11.44)
with
_ 4. 4 2
Gmn = F(w EmM — ﬁC.TEmn) s (11.45a)
q= %wzy Ae. (11.45b)

These equations hold also for a TEM wave propagating in a medium with a perimittivity
of sinusoidal variation in the direction of propagation only. In that case 82 .., becomes
zero.

11.2 WAVE PARAMETER THEORY OF Two-PORTS

One-dimensional periodic structures also can be realized by a periodic sequence of
chain-connected two-ports. In Section 3.6 we already treated plenarily layered media
as cascaded two-ports. Multiport methods are powerful tools for the investigation of
periodic electromagnetic structures.

The characteristic impedance of a transmission-line is defined as the impedance of a
transmission-line of infinite length. Consider the transmission-line of infinite extension
in one direction, schematically drawn in Figure 11.4(a). Let the characteristic impedance
of the transmission-line be Zy. If the transmission-line is cut into two parts at distance
[ from its end and both parts are connected, this has no influence on the impedance
Zy measured at the open end of the resulting circuit. However, we also can consider
the circuit as a transmission-line segment of length ! terminated by its characteristic
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(a) (b)

Z—> Z— Zy>| A :]Zo

: ! H

Figure 11.4: Termination with characteristic impedance, (a) transmission-line segment, and (b) two-port.

impedance. Considering the transmission-line segment as a symmetric two-port, we
can generalize the definition of the characteristic impedance of a symmetric two-port
as follows:

The characteristic impedance of a symmetric two-port is that specific im-
pedance with which we have to terminate the two-port at one of its ports to
obtain the same impedance as the input impedance at the other port.

Figure 11.4(b) shows a symmetric two-port terminated with its characteristic impedance
Zo. The wave impedance of a symmetric two-port is the input impedance of an infinite
chain of such two-ports. Let the symmetric two-port in Figure 11.4(b) be described
by a wave impedance A. The input voltage and current V,, I, are related to the output
voltage and current V,, I, by

Vil_.l %
[L]—A[-lg]' (11.46)
Interchanging input and output yields
Vol_rlY
[ I ] =B [_ L] ; (1.47)
The chain matrix A and the inverse chain matrix B are related via
-1
An -Ap 1 0 1 |Ap An
= = — ; 11.48
B [Au -Azz] [0 —1] detA [Am Au] (1.48)

In the chain matrix of the inverted two-port Ay and Ay, are interchanged. For a
symmetric two-port Ay = Aj; holds.

Terminating a nonsymmetric two-port A at its port 2 with a load impedance Z; as
shown in Figure 11.5(a) yields an input impedance

_AnZpp+Ap

Zy= ;
' AnZ + An

(11.49)



476 Electromagnetics
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Figure 11.5: Termination of two-ports with characteristic impedance.

(b)
A’ :]zﬂ, Zp>|2 A" 1| 1 A :CDZM

Figure 11.6: Cascading of a two-port with its inverted two-port.

N
}
o

For a symmetric two-port the characteristic impedance must be mapped into itself.
With Z, = Z;, = Zy and A}, = A,; we obtain from the above equation

_ AnZy+Ap
AnZy+ An

[ A1z
Zp= — (11.51)
0 Az

To generalize the characteristic impedance concept for the case of nonsymmetric two-
ports as depicted in Figure 11.5 we consider the chain connection of a nonsymmetric
two-port with its inverted two-port (i.e., the two-port we obtain by exchanging the
two ports). In this way we can form two different symmetric two-ports, as shown in
Figure 11.6. For each of these two symmetric two-ports we can define a wave impedance.
The wave impedance of the two-port shown in Figure 11.6(a) is Zo; and characteristic
impedance of the two-port in Figure 11.6(b) is Zo,. The wave impedance Zy, is the input
impedance of an infinite chain of cascaded pairs A, A’ and the wave impedance Zo; is
the input impedance of an infinite chain of cascaded pairs A’, A. With the exception
of the first two-port, both infinite chains are identical. If A is the first two-port in
the infinite chain, the input impedance will be Zo,. Removing the first two-port of
the infinite chain yields an infinite chain beginning with the inverted two-port A",
The input impedance of this chain now is Zo,. We now can define two characteristic

Zy (11.50)

This yields
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Source Filter Load
Zy,

Figure 11.7: Filter two-port terminated with its image impedances.

impedances of the nonsymmetric two-port, such that

_AnZp +An

Zoy = )
" AnZo +An
7 - ApZo + A

0= -0
AnZo +An

From these equations we obtain the characteristic impedances

ApA
Zo1 = [ An 2

AnAz

ApAp
g =y S2LE
o AnAn

lyﬂ | A | E] Zy

477

(11.52a)

(11.52b)

(11.53a)

(11.53b)

Consider a filter two-port A terminated with its image impedances Zo, and Zo; as
shown in Figure 11.7. The forward voltage transfer ratio Ay and the forward current

transfer ratio Aj are given by

ol Za
V., ZpAn+An
-1 1

A= =

A " ZoAn+ Ay
Inserting (11.53a) and (11.53b) yields

A Az 1
v=y\/— »
An VAnAyn +VARAy
A 1
po 1

We define a propagation factor for the filter two-port by

1
" VAnAy +ApAy

e ¢

A VAnAy +VAnAn

(11.54a)

(11.54b)

(11.55a)

(11.55b)

(11.56)
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(a) - (b) b (c)
al (2 z.l Yp (7] || ,],zz v,
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Figure 11.8: (a) Series element, (b) parallel element, (c) SP element, and (d) PS element.

where the g is a logarithmic attenuation measure. Since the determinant of reciprocal
multiports is 1, as shown in (10.95), we obtain from (11.56)

e¥ =\/AnAxn - \/AnAax. (11.57)

We can synthesize ladder networks by cascading series- and shunt two-ports. The chain
matrix of the series element depicted in Figure 11.8(a) is

A= [é ;‘;‘] : (1.58)
The parallel element of Figure 11.8(b) has the chain matrix
AP = [1}:’ ?] ; (11.59)
Cascading a series and a parallel element as shown in Figure 11.8(c) yields
AGP) = S 4P = [1 +1],(:Z‘ le' ; (11.60)

and for the circuit shown in Figure 11.8(d) we obtain

(ps) _ 4P 45 _ | 1 Z, ]
A =A'A _[YP 1+Y,2,|" (11.61)

The characteristic impedances as defined in (11.52a) and (11.52b) of the SP and PS
circuits are

zglsP) - z(ggﬂ - \ % 1+Y,Z,, (11.62a)
Z 1
iy AU [ . - (11.62b)
02 01 Yp T1Y.7. szs



Periodic Structures and Filters 479
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Figure 11.9: (a) T element, and (b) m element.

The propagation factor according to (11.57) is

€$p) = €(ps) = V1+ YpZs =/ YpZs. (11.63)
The T circuit according to Figure 11.9(a) is described by the chain matrix

(T) _ A(sP) o(PS) _ [1+2YpZs  2Zs(1+Y,Z;)
4 AT [ 27, 142Y,2, | (11.64)

The impedance matrix of the T circuit is

Z, + =i~ -5
z,“")=[ P W l (11.65)

Since the T circuit is symmetric (i.e., Ay = Ajy), the characteristic impedances Z((HT)
and Zg ) are identical,

[A ‘ Z
zM = 7N = z{D - ,A£= ?‘\/l-i-YPZ,. (11.66)
21 P

The propagation factor of the T circuit is

ey =1+2Y,Z, - 2\/Y, Z;\1+ Y, Z,. (1..67)

For the 7 circuit shown in Figure 11.9(b), the chain matrix is given by

(m) _ A(Ps) 4(sP) _| 1+2YpZ; 27,
e q[zyp(“Ysz) 142Y,2, | ° (11.68)



480 Electromagnetics

@ 1 L, L, b () J{l o _2.,"‘[

yll +ch l’ z,l _l_ T 422

Figure 11.10: Low-pass filter, (a) T element, and (b) m element.

The admittance matrix of the  circuit is

Yo+ -
Y™ = N 11.
[ ) Yp+ 37 (162

2Z,

The characteristic impedance Z((,") of the m circuit is

(n) [Az _
—= 11.70
An YP \/l+ YPZ$ ( )

The propagation factor of the 7 circuit is the same as the propagation factor of the T

circuit,
( } =1+2Y,Zs = 2\/YpZ\/1+ Y, Zs. (11.71)

Consider a low-pass filter shown in Figure 11.10. The characteristic impedances are
given by

z" = \ %’-\ /1- w2L,Cp, (11.72a)

0 = \ —_—_— (11.72b)

The propagation factor is
ek =ed) =1-20’L,C, = 25jwy/L:Cpy/1- w?L,Cp . (11.73)
We introduce the cutoff frequency w,, the normalized frequency Q, and Z, by

L Bl Ak =2 (11.74)
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Figure 11.11: Filter two-port connected to source and load.

With this we can put (11.72a) to (11.73) in the normalized form

Z{M = Z,V1- 02, (11.75a)
z$M = 7, \/1%@ : (11.75b)

From (11.73) and (11.74) we obtain the propagation factor

efy = e, =1- Q7 -2jQV1-Q2. (11.76)

11.3 LumPED Low-PAss FILTER PROTOTYPES

A low-pass filter prototype is a passive, reciprocal reactance two-port that is designed
for insertion between a generator and a load, both with a real impedance Zo (10,11].
Consider the filter two-port connected to source and load as depicted in Figure 1111
We define the return loss Lg and the insertion loss L, as

Le= Power available from the source ’ (11.772)
Power reflected to the source

Power available from the source
La= . 11.77b
A Power delivered to the load ( )

For the S-parameters referred to Zo, the reflection factor of the load is 0 and the
reflection factor at the input of the terminated two-port is Sy;. From this it follows

Lp= lSll]_2 Ly= |321|_2 ; (1.78)

Since the filter two-port is assumed to be lossless, according to (10.79) the scattering
matrix is unitary and therefore

ISHIZ + ]32112 =1. (11.79)
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This allows to determine L, from the magnitude of the reflection coefficient of the
one-port resulting when the filter is terminated with Z,,

1
LS e (11.80)
1- Sy
11.3.1 The Butterworth Prototype
A maximally flat filter characteristic will be given by a loss characteristic
La(Q) =1+Q%", (11.81)
where the normalized frequency Q) is defined as
a== (11.82)
we

with the angular cutoff frequency w.. Since the first n — 1 derivatives of L4 (Q) vanish
at () = 0, the insertion loss characteristic exhibits maximum flatness. For Q =1 (i.e.,
at the cutoff angular frequency w.) the insertion loss L, is 3 dB, and for Q > 1 the
insertion loss rapidly increases with Q. From (11.78), (11.79), and (11.81) we obtain

2 _1
jSZI(Q)I = i _Qlﬂ N (11833)
ISu(Q)* = o (11.83b)
& 1+ Q¥ '

The maximally flat filter response according to (11.83a) is called the Butterworth response.
Figure 11.12 shows the Butterworth response for n = 4, 6, 8. For real () the magnitude
|SH(Q)I is giVEIl by

Qﬂ
Vit Qi

For real ) the relation between $,,({2) and its complex conjugate S;;(£2) is given by

1Su(Q)| = (11.84)

Si(Q) =Su(-Q). (11.85)

The complex conjugate of an expression is not an analytic function of this expres-
sion. The function $;; () is the analytic continuation of S;;(£2). We introduce the
normalized complex frequency

p=0+jQ (11.86)
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Figure 11.12: Butterworth low-pass characteristic.

with the real part o and the imaginary part Q. Replacing Q by —j p yields Sy, Q) -
Su(=jp) and Su(-Q) = Su(jp). For p = jQ we obtain from (11.83b)

QZH’
Su(Q)Su(-Q) = R (11.87)
The analytic continuation f(p) of this function for complex frequencies p is
_in)in
f(p) =Su(-jp)Sulip) = N i (11.88)

1+ (-jp)*"

For p = j Q this analytic continuation coincides with 1511 (Q)|%. The poles of f(p) are
given by the zeros of the denominator,

1+ (-jpx)* =0. (11.89)

From this we obtain

pr=j ¥/-1. (11.90)

This equation exhibits 21 solutions located on the unit circle in the complex number
plane,

pk=jexp(j2k2;ln) withk=1...n. (11.91)

Figure 1113 shows the location of the poles py in the complex p-plane forthe cases n = 4
and n = 5. From the 21 poles of f(Q) the poles numbered from 1 to n exhibit negative
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Figure 11.13: Location of the poles for (a) n = 4, (b) n = 5.

real part. We design Sy, () such that the negative real half-plane poles are assigned
to 811(2). This ensures the stability of the corresponding two-port. The positive real
half-plane poles are contained in S;; (-Q), which is the analytic continuation of the
complex conjugate of $;;(Q) and has only been used as an auxiliary function. From
(11.90) we obtain

. (@k-D)nr . (2k-1)m

Pk =] cos = sin > . (11.92)
With this we obtain the scattering parameters of the filter two-port
+1
S12(Q) = TR (11.93a)
i (o o%7)
2n
Su(Q) = el (11.93b)

I_I2=1 (-Q - ejz:_;l“) .

If the filter two-port is terminated with Z, the reflection coefficient at the input is Sy
and the input impedance of the terminated filter two-port is

. 1+8,(Q)
zm)_zom.

(11.94)
The filter design task is to synthesize a reactance two-port that exhibits the input
impedance Z(()) when terminated by the real impedance Z;. This means to synthesize
a one-port. This problem can be solved in various ways [10-13].
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Figure 11.14: Chebyshev polynomials Ty (x).

11.3.2 The Chebyshev Prototype

An interesting filter characteristic for many practical applications is one where the loss
ripples in the pass-band is bounded between two given values and beyond the cutoff
frequency the loss rapidly increases. The Chebyshev filter characteristic exhibits this
property. The insertion loss characteristic of the Chebyshev filter prototype is given by

La(Q) =1+ 7*TX(Q), (11.95)

where the normalized frequency Q is defined by (11.82), T,,(Q) is the Chebyshev poly-
nomial of the first kind and nth degree [9,14], and 7 is a parameter determining the

ripple of the filter characteristics in the pass-band. The Chebyshev polynomial T, (x)

is defined as

Ty (x) = cos (narccosx) . (11.96)

The explicit form of the Chebyshev polynomials of the first kind and degrees 1 to 8 are

Ti(x) =x, (11.97a)
Ty(x) =-1+ 2x2, (11.97b)
Ta(x) = -3x +4x°, (11.97¢)
Te(x) =1-8x% +8x*, (11.97d)

Ts(x) = 5x - 20x> +16x°, (11.97€)
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Figure 11.15: Chebyshev low-pass characteristics for n = 0.5and n = 4, 6, 8.

Te(x) = -1+ 18x* — 48x* +32x5, (11.97f)
Tr(x) = -7x + 56x> - 112x° + 64x7, (1.97g)
Ta(x) =1-32x +160x* — 256x5 + 128x° . (1..97h)

Figure 11.14 shows plots of the Chebyshev polynomials T, (x) of degrees n =1...5.

For () <1 the Chebyshev polynomials are bounded in the interval +1 and assume
the values +1 for [Q2] = 1. Therefore in the pass-band, specified by |Q2| <1 the insertion
loss L4(Q) satisfies

1< Ls(Q) <1472, (11.98)

For || > 1 the magnitude | T,, ()| exhibits a steep increase with |Q|. Choosing a higher
value of |()| yields a steeper increase of the attenuation in the stop-band but also a
higher ripple in the pass-band.

For () = 1i.e. at the cutoff angular frequency w,, the insertion loss L, is
La(Q=1)=1+7%. (11.99)

From (11.78), (11.79), and (11.95) we obtain

1

1S2(Q) = Fw T (11.100a)
2

ISu(Q)? = 1 Tu(Q) (11.100b)

L+ THQ)
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Figure 11.15 shows the plots of the Chebyshev low-pass |.’.~2u(ﬂ)]2 for = 0.5 and
n = 4, 6,8. With the complex frequency p = ¢ +jQ introduced in (11.86), poles occur
for

1
Tu(-jp)’ = i (1L.101)

With (11.96), this yields

cos? [narccos(-jp)] = —% . (11.102)

To proceed in the determination of the poles we introduce the parameter « as

K = sinh [-1- arcsinh (l)] . (11.103)
n n

This yields

% = sinh [n arcsinh(x)] . (11.104)
From (11.102) and (11.104) we obtain

cos? [narccos(—jp)] = —sinh® [ arcsinh(x)] = sin? [ arcsin(jk)] . (11.105)

This yields
cos? [narccos(~jp)] = cos® [n arcsin(jk) + (2k - 1)37] (11.106)

with integer k. From there we obtain

arccos(—j px) = arcsin(jx) + sz—z;li (11.107)
with 2n solutions for k =1...2n given by
Pk = 0k pjQk = j cos [arcsin(jx) + -(Z—kz_ﬂlj] A (11.108)
The real part o and the imaginary part Q of the poles pj are given by
0y = Kksin (w) , (11.109a)
2n

2n

Q) =V1-«k2cos (M) . (11.109b)
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Figure 11.16: Location of the poles for (a) n = 4, and (b) n = 5.

From
a2 2
% . O .
kr  1-«x?
it follows that the poles are located on an ellipse in the o — Q-plane. Figure 11.16 shows
the location of the poles py.

(1.110)

11.4 LADDER FILTER NETWORKS

A common realization of filter two-ports is the ladder network [10, 11]. Figure 11.17
shows ladder network realizations of low-pass filters. The four cases shown in that
figure differ in whether they are beginning or ending either with shunt capacitors or
series resistors. For an LC ladder two-port beginning with a shunt capacitor C;, ending
with a shunt capacitor C,, and terminated with an ohmic resistor Z,, as shown in
Figure 11.17(a), the input impedance is given by the continued fraction expansion

1
1

Z7l = pC + (11.111)

PLZ * PC3+ i

+
pL,-.+:§
PCn+ 5

In this case the number of capacitors is one larger than the number of inductors, the
shunt capacitors exhibit odd indices, the series inductors exhibit even indices and the
total number n of elements of the ladder two-port is odd.

For the ladder two-port beginning with series inductances and terminating with Z,
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Figure 11.17: Low-pass filter prototype ladder networks, (a) beginning and ending with a shunt capacitor,
(b) beginning with a series inductor and ending with a shunt capacitor, (c) beginning with a shunt
capacitor and ending with a series inductor, and (d) beginning and ending with a series inductor.
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as depicted in Figure 11.17(b), the continued fraction expansion is

(11.112)

zl'__PLl +

PCZ + 1
" 1

+
pCn-r+ PE- *';Il

The reader may easily write down the corresponding expressions for the circuits de-
picted in Figures 11.17(c) and (d).

11.4.1 Butterworth Ladder Networks

Orchard has given formulae for the elements of Butterworth ladder filters [10,15]. For
ladder filters of order n and cutoff frequency w, beginning with a shunt capacitor as in
Figures 11.17(a,c) the element values Cyk_1 and Ly can be determined from

L2k-1
cho ’

L, = 8% (11.113b)

We

Cog = (11.113a)
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Table 11.1: Element Values for the Butterworth Ladder Filter

n &1 82 83 84 8s 86 g7 8s

1 1.00000

2 0707107 1.41421

3 0.50000 1.33333 1.50000

4 0382683  1.08239 1.57716  1.53073

5 0309017 0.894427  1.38197  1.69443  1.54508
6

7

8

0.258819 0.757875  1.20163 155291 1.75931 1.55291
0.222521  0.655971  1.05496  1.39717 1.65883 1.79883  1.55765
0.195090  0.577552  0.937052 1.25882 1.52832 1.72874 1.82464 1.56072

For ladder filters beginning with a series inductor as in Figures 11.17(b,d) the element
values Cy; and Lyx_; are given by

Lypey = LD, (11.114a)
GipwSBE- (11.114b)
w;Z()
The values g are given by
2k-1
ag = sin 21 , (11.115a)
2n

b = cos® ﬂ, (11.115b)

2n
&Hi=a1, (11.115¢)
o= —2L for k=23, 1, (1.115d)

Ck-18k-1

Table 11.1 summarizes the element values for Butterworth ladder filters of order 1 to 8.

11.4.2 Chebyshev Ladder Networks
For Chebyshev ladder filters Orchard’s equations [10,15,16] for the parameters g, are

(2k-1)n

h

dy = [sinh2 (i) + sin® (k_n)] cos? ki , (11.116b)
2n 2n 2n

ay = sin (11.116a)
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Table 11.2: Element Values for the Chebyshev Ladder Filter with 0.1 dB Ripple

n £1 b4 4] 84 &8s 86 87 g8

1 0.152628

2 0421534 0.715866

3 0515793 1.08641 1.08949

4 0.554406  1.19943 1.45758 1.24534

5 0.573419 1.24903 155624 1.59238  1.3759

6 0.584068 1.27524 1.59987 1.67493 172359 1.40351

7 0.590601 1.29079  1.62357 1.71067 1.79872 1.73947  1.4745

8 0.594888 130079  1.63804  1.7302 1.83022 1.80698 1.81628 1.46603
Table 11.3: Element Values for the Chebyshev Ladder Filter with 0.2 dB Ripple

n & £ &3 84 8s 86 &7 88

1 0217102

2 0518935 0.817675

3 0.613789  1.18888 1.19006

4 0651438 129358  1.56157 1.2898

5  0.669739 133824 1.65416 1.63202 143563

6 0679923 136153 1.69376 1.70833 1.78707 1.41828

7 0.686148 1.37524 1.7149 1.74018 1.85901 1.75057 1.51619

8 0.690223 1.38401 1.72767 17572  1.88804 1.81446 1.86239 1.46769

a;

&i=——75v (11.116¢)
sinh (-2%)
Apg-1 =
ge=—— fork=23,...n, (11.116d)
dk-18k-1
where the parameter £ is given by
Ay le/dB
=In | coth —22—— 1.117
el [CO 17.37 (L7

and Aqippie is the specified pass-band ripple in dB. Tables 11.2 and 11.3 summarize the
element values for Chebyshev ladder filters with 0.1 dB and 0.2 dB ripple.



492 Electromagnetics

11.5 FREQUENCY TRANSFORMATION

So far we have treated low-pass filters in this section. We may also require high-pass,
band-pass and band-stop filters. It is possible to derive these filter characteristics
from the low-pass characteristics via frequency transformation. Since the frequency
transformation may also be applied to the circuit elements, high-pass, band-pass, and
band-stop filters can be derived from the low-pass filter prototypes. The low-pass filter
prototypes are normalized to unit cutoff frequency of the normalized frequency Q and
unit wave impedance. To transform the normalized low-pass prototype filter to a low-
pass filter with arbitrary cutoff frequency w,. low-pass transformation, we substitute
the normalized frequency Q by w/w,. The normalized prototype filter uses normalized
inductances I and capacitances cy,

w:Ly
Iy = , 11.118
k Zo ( a)
ck=w.Ci2y. (11.118b)

The normalized inductances [, and capacitances cj are normalized with respect to
the low-pass cutoff frequency w, and the characteristic impedance Z, which is equal
to the terminating resistor of the filter two-port. The Iy and c, are the inductance
and capacitance values for unit cutoff frequency and unit load impedance. If we have
determined these normalized circuit element values for a prototype low-pass filter
we can easily determine the element values for arbitrary cutoff frequency w, and
characteristic impedance Z,. Furthermore frequency transformation allows to derive
high-pass, band-pass and band-stop filters from the low-pass filter prototype.

11.5.1 Low-Pass to High-Pass Transformation

For a given normalized low-pass prototype filter the low-pass to high-pass transformation
is performed by
=2, (1L.119)
w
Figure 11.18 shows the Chebyshev high-pass characteristic we obtain by applying this
transformation to the prototype Butterworth low-pass characteristic. Applying this
transformation to inductors Ly and capacitors C) yields

1 1
l‘.IJLk = QZQ!';, g —wczofk = —_— (111203)
w wCy
wCe L 5 2% 1 (11.120b)
ZQ w ZQ LIJLI
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Figure 11.19: High-pass filter ladder network beginning and ending with a shunt inductor.

This means we have to replace inductors Ly by capacitors Cy and capacitors C; by
inductors L; according to

1

Ci = A 11.121

k= oo Ze ( a)

L= %, (11.121b)
weCy

Figure 11.19 shows the high-pass ladder network we obtain in that way.

11.5.2 Low-Pass to Band-Pass Transformation

The low-pass to band-pass transformation converts the low-pass prototype filter into a
band-pass filter with a lower cutoff frequency w., and an upper cutoff frequency w;.
The low-pass to band-pass frequency transformation is given by

Q(w) =« (wio = 3‘1) . (11.122)

w
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Figure 11.20: Chebyshev band-pass characteristics.

Choosing wg and « such that the cutoff frequencies w., and w., are mapped into Q) = ¥1
yields

Wo = /W Wez, (11.123a)
K= —o0 (11.123b)
Wep = Wey

Figure 11.20 shows the characteristics of a Chebychev band-pass filter of order n = 6
with 5 = 0.5 and a relative bandwidth (w.; — w)/we = 0.01. Applying this low-pass
to band-pass transformation to the normalized inductors /x and capacitors ¢; yields

Xa(0) = 0(0) Zoly = —2— (ﬂ . ﬂ)zutk : (11.124a)
Wea — Wep \Wp w
2] wo w wo\ €
= —_—— e ], 11.124b
B =) Zy W - we ((Uu w ) Zo ( )

We have to replace inductors I by series resonant circuits with Ly, Cy and the capacitors
¢ by parallel resonant circuits with L, C; according to

Xi(w) = wly - 1 ; (11.125a)
ka
1
Bi(w) = wCj - — (11.125b)

wL;
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Figure 11.21: Band-pass filter ladder network beginning and ending with a shunt inductor.

with
Zil

L s (11.126a)

Wez — Wey

Wea — We
Cp = ———, 11.126b
k Wi Zol ( )

-—wq)Z

o (11.126¢)

wyC)

(9]

C (11.126d)

(w2 - wa)Zo '

Figure 11.21 shows the band-pass ladder network we obtain by replacing in the low-pass
ladder network of Figure 11.17(a) the series inductors with series resonant circuits and
the shunt capacitors with parallel resonant circuits.

11.5.3 Low-Pass to Band-Stop Transformation

The low-pass to band-stop transformation transforms the low-pass prototype filter into
a band-stop filter with a lower cutoff frequency and an upper cutoff frequency w;.
The low-pass to band-stop frequency transformation is performed by

1
w w B
el -5)

Choosing wg and x such that the cutoff frequencies w.) and w,; are mapped into ( = F1
yields

Q(w) = (11.127)

Wo =/ WWez, (11.128a)

e (11.128b)

Wey — Wey

Figure 11.22 shows the characteristics of a Chebychev band-stop filter of order n =6
with 7 = 0.5 and a relative bandwidth (wc2 - we)/wo = 0.01. Applying this low-pass
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Figure 11.22: Chebyshev band-stop characteristics.

to band-stop transformation to the normalized inductors I; and capacitors ¢; yields

1

= ﬂZnIk ; (11.129a)
w

Xi(0) = Q(w)Zol = =21
0

§le

Bi(w) = Q(w);—:] N (11.129b)

o _ Y
wo o w 20

We have to replace inductors I by series resonant circuits consisting of L, Cy and the
capacitors ¢; by parallel resonant circuits consisting of L;, C; according to

Xp(w) =- ; (11.130a)

( wCy - w,IL,‘

1

Bi(w) = : (11.130b)

wL; - FC_;

with
Cx = b (11.131a)
. (we2 ~we1)Zy '

L= M) (1L131b)

wili
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Figure 11.23: Band-stop filter ladder network beginning and ending with a shunt inductor.

(a)
iB B jB iB Z, iB jB iB
! I i
e
() X X iX X JX X X
e {3 = =] — —
: ] : ”

Figure 11.24: Transmission-line periodically loaded with (a) the parallel susceptance B, and (b) the series
reactance X.

We =W
g ok, e 11.131c
I @iciZo ( )
Z
Lpmo Y (1.131d)
Wey — Wey

Figure 11.23 shows a band-stop ladder filter network.

11.6 TRANSMISSION-LINE wiTH PERIODIC LOAD

Consider a transmission-line of characteristic impedance Zo, periodically loaded with
either parallel susceptances B or series reactances X, as shown in Figure 11.24(a) and (b),
respectively. Such a periodically loaded transmission-line may be considered as a chain
connection of two-ports as shown in Figure 11.25(a) and (b). These two-ports represent
loaded transmission-line segments of length I. To make these segments symmetric
the loads are embedded between two transmission-line segments 3 /. The voltage and
current at the left-hand port of the kth segment are called V;, I,.. Voltage and current
at the input of the kth segment are related to voltage and current at the input of the
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Figure 11.25: Transmission-line periodically loaded with (a) parallel susceptance, (b) series reactance.

(k +1)th segment by
V, Vv
i 7 | i (11.132)
[lk ] [lkﬂ ]

The chain matrix A*) of a line segment of length 1/, the characteristic impedance Zj,
and the phase coefficient f; is

as)y _| cosiBil  jZosingpByl
A = [jzglsin 181 cosipl |- (1L.133)

The embedded two-port consisting of the parallel susceptance B only is described by
the chain matrix

(B) _ 1 0
A []B 1] ’ (11.134)
The complete segment according to Figure 11.25(a) is represented by the chain matrix

ACeesB) - (1) A(B) 4 (1s) (11.135)
Inserting (11.133) and (11.134) into this equation yields

AGses®) _[ cos 1 - 1BZy sin ;1 jZo [BZo (~1+ cos By1) +sin By1]
" |iZg" [1BZy (1+ cos Byl) +sin ;1] cos fil —1BZysin Bl '
(11.136)
The determinant of the chain matrix is

|AGesB)| =1, (11.137)

Consider the transmission-line periodically loaded with reactances X. The embedded
two-port exhibiting the series reactance X only is described by the chain matrix

A _[0 1]' (11.138)
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The loaded transmission-line segment according to Figure 11.25(b) is described by
ALegX) = AU19) g() 4U05) (11.139)

Inserting (11.133) and (11.138) into this equation yields

AlsesX) _
cos Byl - $XZg sin Byl jZ0 [4XZ5" (1+ cos Byl) +sin By1]
ngl[%XZEI(—1+cosﬁ,-!)+sinﬁ;l] cos Byl - 1XZ5" sin B! '
(11.140)
The determinant of the chain matrix again is
|aCeeX)| =1, (11.141)

For a wave propagating along the loaded transmission-line with a propagation coeffi-
cient y voltages and currents at the inputs of the kth and (k + 1)th segments must be
related by

K 1= e_ﬂzu 3 -{

-yl
e =e,. (11142)

n+l

Together with (11.132) this yields

Ay -t Az M
= =0. 11.143
[ Ay Ap-e'|| Ly, ( }

This homogeneous system of equation only exhibits a nontrivial solution if the coeffi-
cient determinant vanishes. This yields the quadratic equation

e — (Ay +Az)e” + AyAs - ApAn =0. (11.144)
With (11.137) or (11.141), respectively, we obtain
e — (Ay+Ap)e’ +1=0. (11.145)

The solutions of this equation are

2
ol = An+Axn & (An +A22) s (11.146)
2 2
This yields
coshyl = AutAn . (11.147)

2
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Expanding the left-hand side of this equation into real and imaginary parts and inserting
Ay and A,; from (11.133) we obtain

coshyl = cosh al cos B;1 + j sinh al sin ;1 = cos ;] — x sin f§;1 (11.148)
with

(11.149)

| XZ3'  for series reactance
BZ, for parallel susceptance -

Since both sides of (11.148) must be real either a or f must vanish. We therefore have
to distinguish two cases,

cos Bl = cos ;1 — 3x sin Byl for [cos B;1 — $xsin Bl <1, (11.150a)

coshal =cos Bl — ixsin Bl for |cos i1 — xsin Byl > 1. (11.150b)

The first case with « = 0 and 8 # 0 corresponds to a propagating wave, whereas the

unstable solution & # 0 and f = 0 describes evanescent waves.
The cutoff frequencies between both regimes are determined by

cosfyl —ixsinfl=1. (11.151)
From this we obtain
cos’ Byl = 3x?sin? Byl + xsin By +1 (11.152)
and
(l + i—xz) sin® Bil +xsinfil=0. (11.153)
Finally, this yields the equation for the determination of the cutoff frequencies w,,
; —4x
sin ﬁj! = m . (11154)

For the transmission-line loaded with parallel susceptances the characteristic imped-
ance Zp follows from (11.51) and (11.136) as

(segB) .

A ] =

Zpo =\ ~Ge®y = ZG\J Bs (ool s dainpil (11.155)
AZI.B BZ, (1+c03}3;1)+25mﬁ;1

where Z, is the characteristic impedance of the unloaded transmission-line. For the
transmission-line loaded with series reactances the characteristic impedance Z fol-
lows from (11.51) and (11.140) as

(segX) -1 1 2si i
zX = % % zﬂ\l XZ,L L chafiyl)edmit (11.156)
ALS XZ;' (cos il —1) +2sin Byl
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Incident
Wave _ Reflected

Figure 11.26: TEM wave incident on a plane periodic surface.

11.7 PLANE WAVE SCATTERING BY PERIODIC
STRUCTURES

11.7.1 Scattering of TE Waves by Periodic Structures

Consider a time-harmonic TEM wave incident on a plane periodic structure as depicted
in Figure 11.26. Assume TE polarization with respect to the plane of incidence. The field
of the incident wave can be derived from the magnetic Hertz form

ﬂm(i) =_.1(")e"j (kex—kisz) 4, (11.157)
with
w!
K2+ k2 = k2 = =. (11.158)
¢

With (3.36a) and (3.36b) we obtain the field of the incident wave as

ED = —jwpo * A1, = wok AV *x ki) gy, (11.159)
HD = -dd [, = kek;;ADeT (kex—kisz) g 4 k2 A (Rex—kisz) 47 (11,159b)

The planar structure at z = 0 is a surface impedance plane with a surface impedance
Zs(w, x) dependent on frequency periodic in x-direction with a period p, hence

Z(w,x)=Z;(w,x+p). (11.160)

The surface impedance can be expanded in a Fourier series,

Z(ox)= Y Zim(w)e™ (11.161)

m=—oc
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with

K=—. 11.162)
» (

The total field £, H is the superposition of the incident field and the scattered field
SR TICON

E=EM 4 gl (11.163a)
H=HD+ O, (11.163b)

On the plane periodic surface at z = 0 incident and reflected waves satisfy the boundary
condition as introduced in (6.46),

Ew,%)| o = Ze(w, %) L: Hy(w,x)| - (11.164)
With (A.176) this can be written as
§,(w,x)|z=0: * Zs(w, x) dzA_’H_(w,x)|z=0. (11.165)

Considering Floquet’s theorem (11.28) the scattered field must be of the form

EX) = wpoky Y, al*(2)e1P* dy (11.166)
n=—oo
with
B = ky + . (11.167)

The scattered field must satisfy the Helmholtz equation,

AEC) 4 K2EGI) =, (11.168)
Inserting (11.166) yields
dal(2)
== 72at(z) =0 (11.169)

with

Gn = \/ K2 = (k. + nx)*. (11.170)

The solutions of (11.169) are

al*)(z) = Ab)eTi 2, (11.171)
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For
k3 > (ky + nx)* (11.172)

the corresponding field term in the series expansion describes a plane wave scattered
away from the impedance boundary. Otherwise the field component is evanescent in
z-direction and oscillating in x-direction. The evanescent solutions contribute to the
energy stored in the field. Since the scattered wave propagates in positive z-direction
g» must be positive and only the positive roots of (11170), g, = - = |qa| have to
be taken. For the evanescent solutions the negative imaginary values of g,, have to be
considered.
Inserting (11.171) into (11.166) yields

£69 = wuok, i AL)ei (Baxtanz) gy (11173)
With Faraday’s law (2.124b) we obtain the scattered magnetic field
HOD = w’—yo » dEGS) = - i [kyqn dx — ky By dz] ALV Brxran2) - (11.174)
From (11.159a), (11.159b), (11.163a), (11.163b), (11.166) and (11.174) we obtain the total
field

£ wyokx_é(i)e_j(k*"k"z) dy + wpoky E f_if,“)e‘j (Bax+dnz) 4y (11.175a)

H=-—oco

_?:é: [kxkaé(i]e_j (klx"kilz) — E kanégsc)e_j (.ﬁn-“?uz)] dx

n=—o0
+ [kiﬁ“’e"”"’“"hz) + Y kePaAte “’«“‘W] dz. (1L.175b)

Rotating H, at z = 0 counterclockwise by 90° around the z-axis yields

* (dz A ﬂr)|z=° - l:kxkizﬂ(i)e_j(ku-kiﬂ) - Z kxq,,_dg“)e_j (Prxvanz) dy.
H=—o0

(11.176)
Inserting (11.161), (11.175a) and (11.176) into (11.165) yields

wyué(i]e'jk"‘ + o i Aﬁsc}e—j(k.+mc)x =

n=—oo

Z kizzs,mﬂ(i)e-j (ky+mx)x _ Z Z ans,més.sc)e_j (ke+(nem)x)x . (1L177)

m=—o mM=—00 H=—00
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Dividing this equation by e*+* and replacing in the first term of the right-hand side

the index m by » and in the second term n by n — m yield

A{i}+ i Aslsc)e—jﬂxx=

= cosb; _ q -
B OFs L An-m g mASeI™ (11178)
n-z-:m ZFO ﬂ.;m mmz—:m WHo " (

where we have used

kiz = ko cos 0; (11.179)
with the angle of incidence is 6; and the free-space wave impedance Zgg = ‘;:"
Multiplying (11.178) with e/ '** and integrating over the interval [0, p] and using the
orthogonality relations

P
% f & =M 4y = 8 um (11.180)
(1]

we obtain

AL b 4(_3:,}%2,,,, =AM (cozs b ~Zs.0 - l) for n=0, (11181a)
0

m=— Fo
0;

AGO) & Z Ao dnemo o 4O SR, for n+0.  (IL18Ib)
m=— w#u Fo

The solution of this system of equations yields the expansion coefficients A" for the
series expansions (11.173) and (11.174) of the scattered field. The plane waves constituting
the scattered field are called Floquet modes, Bloch waves, or space harmonics. If (11.172)
is fulfilled and g, is real, the corresponding Floquet mode describes a plane wave
scattered away from the impedance surface, Otherwise the Floquet mode describes a
surface wave propagating along the impedance surface and decaying exponentially in
z-direction. Considering

ky = kosin 8; (11.182)

we obtain from (11.172)
k2 — (ko sin 8; + nx)*>0. (11.183)

With the free-space wavelength 1, defined in (2.88) this can be can be put into the
form

1 . n 1 . n
[1;(1—31119,-)—;] [E(l+sm9,)+;]>0. (11.184)
This yields the condition
—£(1+sin9,-) <n £(l—smﬂ ) (11.185)
Ao Ao
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for the existence a propagating Floquet mode of order n.

Consider the surface with an impedance grating as shown in Figure 11.26 with a
period p = 1. An incident uniform plane wave exhibits an angle of incidence 6; = 60°
and is polarized transverse to the plane of incidence. In this case (11.185) yields

—\/§+25n£\/§_2.
4 4

(11.186)

This condition is only fulfilled for n = 0 and the reflected plane wave exhibits an angle
of reflection that is identical with the angle of incidence. For p = A and 6; = 60° we

obtain from (11.185)
3+2 3-2
_\/_2" CHE ‘/_2 , (11.187)

In this case we obtain two propagating Floquet modes with n = ~1. From (11.170) we

obtain with x = ko
g1 = ko\/1- (1-sin6;)* = 3kV4V/3 -3, (11.188)

The angle 6, under which the nth order Floquet mode is radiated is given by

@, = arccos (i:l) : (11.189)
ko

In the above example we obtain 6_; = 7.7°.

11.7.2 Scattering of TM Waves by Periodic Structures

Consider now a time-harmonic TEM wave incident on a plane periodic structure shown
in Figure 11.26 and T™ polarization with respect to the plane of incidence. That means
that the magnetic field of incident and scattered waves is in y-direction and normal to
the plane of incidence and the electric field is in the plane of incidence. The field of the
incident wave can be derived from the electric Hertz form

ﬂe(i) =§(i)e-j(k,x—k;,z) dz (11.190)

with ky, ky and kq related by (11.158). With (3.29a) and (3.29b) we obtain the field of
the incident wave

HO = jweo « d 1T, = wpokeBVe *xke2) dy, (e
ED = _ad1, = kyk;,BW eI hexkis?) gy 4 2D kex-kie2) 4z, (10.191b)
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Applying the principle of duality introduced in Section 3.2 we obtain the formulae
describing the scattering of T™ waves from the equations derived in Section 11.7.1 by
the substitutions (3.31a) and (3.31c). In this way we obtain the total field

H = —weok BV krx—kic2) 4y _ weok, $° BEDeTd Prxtand) gy (11,192a)

= [kxkl.zﬁ(i)e—j(k,x—kuz) - i kanﬁgsc)eﬂ(ﬁ,xm,z]] A
+ [kiﬁ(”e"'(""‘*-*’) + 3 kxﬁnﬁ,‘,“’e‘“ﬂ*“‘m] dz. (11.192b)

Imposing the impedance boundary condition (11.165) at z = 0 and imposing the Fourier
series expansion (11.161) of the surface impedance Z;(w, x) we obtain from (11.192a)
and (11.192b)

wey i kizZs,mBWe i ketme)x o e, i i ZinliFle it
M=—oa Mm=—o0 H=—00
-BOeikx 4§ g B (keemx (11 193)
n=-o0

We proceed as in Section 11.7.1 and obtain

s8C ZS
B( )Qo Z B(“) 7 - g (g + cos 8; ) for n=0, (11.194a)
Fo

Zro
n — {= Zs ] nn
§£sc)‘f_ - ¥ P chis B(')z for n#0 (11.194b)
ko Mme=—o0 ZFI} Z.Fﬂ

for determination of the amplitudes B{*) of the Floquet modes. The condition for the
existence of a propagating Floquet mode of order # is given by (11.185).

One method to realize an impedance grating is a corrugated surface [17] as shown
in Figure 11.27. The corrugated plane exhibits grooves of width w and depth h with
a period p = d + w and is assumed perfectly conducting and infinite in extent. We
assume a uniform incident plane wave polarized in y-direction. If the width w of the
grove is small compared to the wavelength then the incident wave excites TEM waves
in the grooves with the electric field directed in x-direction and the magnetic field
directed in y-direction. Figure 11.28(a) shows schematically the electric field potential
planes in the groove. A groove can be modeled by a short-circuited transmission-line
of length h as shown in Figure 11.28(b). Since we want to model the field impedance,
we take the field impedance of the free-space Z, as the characteristic impedance of
the transmission-line. With (8.39) we obtain for the surface impedance Z;(w, x)
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Incident Scattered
wave i

Figure 11.27: TEM wave incident on a periodic corrugated surface.

(b)

Figure 11.28: Excitation of a periodic corrugated surface, (a) TEM field in a groove, (b) transmission-line
model of a groove.

Zpotankoh fornp-w<x<np

) (11.195)
0 fornp<x<np+w

Zy(w,x) = {

where  is an integer. The Fourier coefficients for the series expansion (11.161) are

mlinx

0 .
Zsm(w) = %Z;otankoh f_we’ Po= %Zm tan koh [l—exp(jmzpﬁ)] . (11.196)

11.8 METAMATERIALS

A metamaterial is an electromagnetic structure designed to exhibit special material
properties like negative permeability, negative permittivity or negative refractive in-
dex [18,19]. Veselago in his 1968 paper investigated materials with negative real parts of
permittivity and permeability [20]. Veselago showed that in negative refractive index
materials for an electromagnetic plane wave the directions of the electric field, the
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Figure 11.29: Propagation of a wave packet.

magnetic field, and the wave vector form a left-handed orthogonal trihedron. This
means that for a plane wave the wave vector and the Poynting vector exhibit opposite
directions. Metamaterials also are referred to as left-handed materials. A wave with
opposite group and phase velocity was already discussed by Pocklington [21]. Waves in
which phase- and group velocity exhibit opposite signs are called backward waves [22].
A fundamental property of metamaterials is that they cannot be realized by homoge-
neous materials. Metamaterials so far are composite materials exhibiting an internal
structure [19,23]. Early examples of composite structures are given in [24]. Composite
materials with simultaneously negative permittivity and permeability are investigated
experimentally [25,26]. The singular properties of metamaterials allow a multitude of
interesting applications in microwave circuits, transmission-lines and antennas. Pendry
has suggested the application of negative refraction material to realize a perfect optical
lens (27]. Experimental verification of negative index of refraction has been given
in [28].

In 1905 Pocklington published a short letter “Growth of a wave-group when the
group velocity is negative,” which may be considered as the first treatment of negative
index material [21]. Pocklington already stated that in the considered case a wave would
move towards a perturbation. To establish an elementary model of a negative refractive
index material we examine whether there is the possibility for a material for which
group velocity and phase velocity are of equal magnitude but opposite signs. With (7.3)
and (7.7) we obtain

d—ﬁ = —E. (11.197)
dw w
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Integration of this equation yields the dispersion relation
p==; (11.198)

where  is a constant with the dimension m™'s™!. According to (73) and (7.7) the phase
velocity ¢, and the group velocity v, are

o3 (11.199a)
= 199a
B K

g\ WP
Ven = (E) =i (11.199b)

Cp =

Phase and group velocities exhibit opposite sign. A partial differential equation describ-
ing a one-dimensional scalar field y(z, t) and satisfying the dispersion relation (11.197)
is
d'y(zt) _
3k v(zt). (11.200)
This equation exhibits the time and frequency harmonic solution

y(z,t) = AM) cos (wt-pz+ qb(*)) +AC) cos (wt - Bz + ¢{‘)) ; (11.201)

where A, AC), are the amplitudes and ¢(*) and ¢(*) are the amplitudes and phases
of the waves with the phase planes moving positive and negative z-directions. Figure
11.29 shows the propagation of a wave packet formed by superposition of harmonic
waves,

2 Ny 4 nm n No
z,t)=— —sin — cos | — Box + —wot 11.202
v(z1) Tr,,;:v‘n 20 (Noﬁﬂ n 0) ( )

for Ny = 40, Ny = 20, and N, = 60. For small time increments (wot = 37) we see
that the phase is moving in negative z-direction. The envelope of the wave, however,
is propagating in positive z-direction as we can see for larger times (wot = 50m). The
wave is highly dispersive.

Figure 11.30 shows the transmission-line equivalent circuit model for a plane wave
in material with positive and negative refractive index, where Az is the length of
the modeled longitudinal section of the transmission-line, and Ly and Cj are the
series inductance and the parallel capacitance per unit of length. For the left-handed
transmission-line we have the series capacitances and parallel inductances C; and L}
times unit of length. In the limit Az — 0 the element values of L Az and CiAz go to
zero. The elements values of L} /Az and Cp/Az, however, go to infinity for Az — 0.
This indicates that a left-handed transmission-line or a left-handed material cannot be
realized as a homogeneous structure.
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Figure 11.30: Transmission-line equivalent circuit model: (a) positive refractive index, and (b) negative
refractive index.

The magnitude of the phase and group velocities grows in proportion to w?. Therefore
it becomes unphysical when the magnitude of the group velocity exceeds the free-space
speed of light. Physically it is not possible to realize a transmission-line with a series
capacitor and a parallel inductor only. A more realistic transmission-line model shown
in Figure 11.31 contains also a series inductance and a parallel capacitance. The reactance
per unit of length X’(w) and the susceptance per unit of length B’(w) are given by

X'(w) = (WLiz - ;é_f) " B'(w) = (wCL - ;%) . (11.203)
L

The series resonance frequency w,s of X'(w) and the parallel resonance frequency w,
of B'(w) are given by

1 1
"‘Jr = —, wr = "
R 215

Below both resonance frequencies w,, and w,, and the reactance per unit of length
X'(w) as well as the susceptance per unit of length B’(w) are negative. This yields a
real negative refractive index. Between both resonance frequencies w,s and w,, the
reactance per unit of length X’(w) as well as the susceptance per unit of length B'(w)
exhibit opposite signs and the refractive index becomes imaginary. The frequency
band between w,s and w,, therefore is a stop-band. Above both resonance frequencies
X'(w) as well as B'(w) are positive and the refractive index is real and positive.

With (8.3) we obtain the dispersion characteristics for the pass-bands w < w and
W > Wey,

(11.204)

1 Ly G
= - F (A gl A TR L R M 11.205

with

-1 fw<
s(w) = i (11.206)
1 ifew>w,
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C,/Az LAz

Figure 11.31: One-dimensional equivalent circuit model.

and the lower cutoff frequency w,; and the upper cutoff frequency w,; are given by
wer = min (@, wrp) » Wez = max (@, Wrp) - (11.207)

In the stop-band w,; < @ < w,, the attenuation coefficient is given by

a(w) = Ly - £b. w?L,C! 2 (11.208)
TN TG AR ehliel” ‘

The dispersion diagram is shown in Figure 11.32(a). This case, where series and parallel
resonances differ from each other, is called unbalanced. When the series and parallel
resonances are equal (i.e., w,s = w,p) NO stop-band occurs. At the transition frequency
wo given by

1 1

chr= ' C"
R™1 L*R

the phase coefficient changes the sign. The phase coefficient 8 can now be expressed by

wo = (11.209)

B =B+ Pr (11.210)

with

1
b= -—er Br = w\/L,Ch. (11.211)
V ~L™L

The dispersion diagram for the balanced left-handed transmission-line is shown in
Figure 11.32(b).

Left-handed structures may be composed only by connection of segments of finite
size or by embedding finite-size structures in the material. Left-handed materials can be
of periodic or random structure. Periodic metamaterials differ from periodic structures
as treated in Section 11.1 particularly with respect to the size of the period. In periodic
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Figure 11.32: Dispersion diagrams: (a) unbalanced case, and (b) balanced case.
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Figure 11.33: Two-dimensional metamaterial structure.

structures where the frequency selective properties are utilized the period is in the
order of the wavelength. Periodic metamaterials are designed such that the period
is small compared with the wavelength in order to keep the dispersion as small as
possible. A two-dimensional metamaterial structure can be realized by a mushroom
structure [29] as depicted in Figure 11.33. The mushroom structure consists of a two-
dimensional periodic array of small conducting plates mounted on the top of thin
conducting posts. The posts are mounted on a conducting ground plate. The posts act
as inductors between the mushroom caps and the ground plate. The gaps between the
plates are narrow so that each mushroom cap is capacitively coupled with its neighbors.
However, it is inevitable that every mushroom cap also exhibits a capacitive coupling
to the ground in parallel to the post inductance and an inductive coupling in series
to the capacitive coupling to the neighboring cell. This can be seen easily when trying
to increase the parallel inductance as well as the series capacitances of a cell. In the
limit, when parallel inductance and series capacitances are going to infinity, the post
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Figure 11.34: Two-dimensional equivalent circuit model.

diameter as well as the width of the gap between the cells are going to zero. In this
limit the structure becomes a parallel plate structure with only parallel capacitance and
series inductance.

The equivalent circuit of a cell of two-dimensional mushroom structure is presented
in Figure 11.34. This circuit has been investigated in [30]. From the definition of the
impedance matrix (10.3b), it follows that the matrix element Z;; of the impedance
matrix is the ratio of port voltage V; to port current I; when all ports with exception
of the jth one are open. This allows us to write down the impedance matrix of the
four-port depicted in Figure 11.34 directly as

1 0 0 0 1111
01 0 0 1 111

Z=7(w) 0010 +Zy(w) 1111 (11.212)
0 0 01 1 111

with

Zl(w)=%M(jwlC‘ +j“’L;z) Z;l(w)mﬁl(
L

jwCh | . 11.213

Consider a plane wave with wave vector components k, and k, propagating through
a two-dimensional array of cells. To simplify the model we assume infinite extension
of the structure in the x y-plane. Applying Floquets theorem we imply the boundary
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-Kl(“’)
V,(w) .
Vi(w)

|V, (w)

With the transformation matrix

V, exp (3jk:Al)
V, exp (4jk,Al)
V, exp(=3jk<Al) |’
V., exp(-3ikyAl)
I exp(3jkiAl)
I exp (4jk,Al)
-1, exp (-3jksAl)
-1, exp (-1jkyAl)

we can diagonalize the matrix Z and obtain

-1 0 0 1
1f-1 010
M'ﬁ -1 100
1111
Z, 0 0 0
5 a_|0 Z o 0
Z=MZIM = 0 0 2 0
0 0 0 Z+42,

The transformed voltages and currents are

-_Kx exp (%] kx
-V, exp (3jk«

Al) + V. exp (-3jkyAl)
Al) +V, exp (-3jkeAl)

-V, exp (3jkeAl) + V exp (3jk,Al)

| 2V, cos (3jkx

1, exp (3jkx

L exp (3jkx
_lx exp (%] kl‘
| 2L, cos (3j kx

Al) +2V cos (3jkyAl)
Al) - I, exp (-3jkyAl)
Al) - I, exp (-3j kxAl)
Al) + 1, exp (3jkyAl)
Al) +2I, cos (3jkyAl)

The transformed variables are related by

v=z

| gt

(11.214a)

(11.214b)

(11.215)

(11.216)

(11.217a)

(11.217b)

(11.218)
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Inserting (11.217a) and (11.217b) yields a homogeneous system of equations with the
four amplitudes V., I,, V and I . The determinant of the coefficient of the system of
equations yields the characteristic equation

; g 1 Z(w

sin? (1k,Al) +sin® (%kyAI) S Z:((w; . (11.219)

Inserting (11.213) we obtain the dispersion relation

_ _ 2 w i
sin® (3kcAl) +sin® (1k,Al) = ;I; (1 - wfp) (l - w_ﬁs) (11.220)
with |
1

—_— - s (11.221)

W= ———, Wrp=——=> W :
wIC T I VIRCE
The dispersion characteristics is anisotropic. Comparing the dispersion characteristics

for propagation in the x- or y-direction with the dispersion characteristics in the
diagonal direction yields

2 2 2
in? GkAl) = 2L {12 11— 2 k=keky, (11222
sin® (3kAl) o2 7z oL for v a)
2 2 2
ZSinz(%\/EkAI)=w—’£(1~w—z)(l—%—) for ky = ky = 3V2k,  (11.222b)
w w?p w?,

For small wave numbers k in the limit k — 0 we can approximate the dispersion relation
by

Al
k=\/k2+k}=——= fork—>0. 11.223
Y wJ/IC (22

11.9 PROBLEMS

1. Consider a time-harmonic TEM wave propagating in z-direction in an isotropic
medium with a permittivity €(z) varying in z-direction sinusoidally according
to (11.35) and (11.36). The parameters are €,, = 12, Ae = 9.2 and p =5 mm.
a) Compute the cutoff frequencies of the three lowest pass-bands.
b) Draw the dispersion characteristics for the three lowest pass-bands.
2. Consider a waveguide WR28 (see Table 7.3) filled with the material specified in
the previous example with permittivity varying in longitudinal direction of the
waveguide.
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Figure 11.35: Variation of the permittivity.
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Figure 11.36: Trnsmission line with periodic capacitive load.

a) Compute the edge frequencies of the three lowest pass-bands for the TEy,
mode,

b) Compute the edge frequencies of the three lowest pass-bands for the TEyg
mode.

3. Consider an isotropic dielectric with periodic permittivity variation in z-direction
with period p as shown in Figure 11.35. The parameters are €,, = 1.5, Ae = 0.1,
p =5mm, and w = 2 mm. Consider a time-harmonic TEM wave propagating in z-
direction in an isotropic medium with a permittivity €(z) varying in z-direction
sinusoidally according to (11.35) and (11.36).

a) Compute the cutoff frequencies of the three lowest pass-bands.

b) Draw the dispersion characteristics for the three lowest pass-bands.

¢) Compute the field impedances when looking at z = 0 and z = w into the
right half-space.

4. Consider a transmission-line periodically loaded with a capacitance C as shown
schematically in Figure 11.36. The transmission-line is excited in the TEM mode.
The unloaded transmission-line is characterized by the wave impedance Z, and
the wave velocity c.

a) Compute the dispersion characteristics of the loaded transmission-line.

b) Compute the characteristic impedance of the loaded transmission-line for
the plane of reference at z = 0.

¢) Compute the frequency dependence of the dispersion characteristics and
the characteristic impedance for Zy = 50Q, ¢ = 2-10°ms™, p = 3 cm,
C=0.1pE



Periodic Structures and Filters 517

5. Design a Butterworth band-pass filter with a center frequency of 1 GHz and a
bandwidth of 10 MHz and n = 5.

6. Design a Chebyshev band-pass filter with a mid frequency of 1 GHz and a
bandwidth of 10 MHz, 0.1 dB ripple and n =5.

7. Consider a harmonic TEM wave of frequency f = 60 GHz normally incident on
the corrugated surface depicted in Figure 11.27 and polarized in y-direction. Let
d =10 mm and w = 2 mm.

a) Determine h for maximum variation of the surface impedance.
b) Identify all propagating Floquet modes and their angle of scattering.
c¢) Discuss the power flow.

8. Consider a left-handed transmission-line. The equivalent circuit model is given
by Figure 11.31. Realize this left-handed transmission-line by periodically cascad-
ing this two-port and its inverted two-port.

a) Compute and draw the dispersion diagram and frequency dependence
of the group velocity and the characteristic impedances for Az = 1 mm,
LiAz = 0.25 nH, CxAz = 0.1 pE L} /Az =1nH, and C} /Az =1pE

b) Compute and draw the dispersion diagram and frequency dependence
of the group velocity and the characteristic impedances for Az = 1 mm,
L{Az =0.25 nH, CRAz = 0.1 pF, L} /Az = 1nH, and C; /Az = 0.8 pE.

c) Change the electrical length of the transmission-line segment to A =
0.2 mm and keep the parameters Ly, Cg, L}, and C} unchanged. How
does this affect the circuit elements in Figure 11.31 and the dispersion
characteristics in both cases?

9. Consider the equivalent circuit of a two-dimensional metamaterial structure
shown in Figure 11.34. The parameters are LAl = 0.5 nH, CxAl = 0.1 pF,

' /Al =1nH, and C},/Al = 1 pE. Compute the dispersion characteristics and
the frequency dependence for wave propagation in the axial direction and for
wave propagation in the diagonal direction.
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Chapter 12

Radiation from Dipoles

12.1 THE HERTZIAN DIPOLE

Heinrich Hertz was the first to compute the radiation of an electric dipole and he also
published the first diagrams showing the development and outward propagation of
the field radiated from the dipole [1-4]. In his derivation of the electromagnetic field
excited by a short electric dipole he introduced a vector quantity that is named after
him the Hertz vector.

We compute the radiation field of a short straight wire segment with impressed
harmonic current. The length h of this conductor is assumed to be small compared
to the wavelength. Therefore the current I may be considered to be uniform over the
length h of the wire segment. Such an arrangement is called a short electric dipole or
Hertzian dipole. In his early experiments, Heinrich Hertz realized such a dipole by
attaching spheres at the end of the line segment. These spheres are storing the charge
accumulated at the end of the wire, if a uniformly distributed current is flowing through
the wire. Complex wire antennas or other radiating wire structures may be modeled by
segments of Hertzian dipoles. The current I, may be impressed at some intersection
introduced into the Hertzian dipole. For r much larger than h we may consider the
polarization excited by the current I to be concentrated into the origin. From (4.103a)
we obtain under this assumption the approximate solution for the Hertz form

E—jkr

fv (Moo, (x") dx + M, (x') dy + Mo, (x') dz) dx’ A dy/ A d2'.

(12.1)
Due to (3.23), the impressed electric polarization M, and the impressed current
density J, are related by

n —:
f0.(%) 4megr

L. (12.2)
Jw

Meﬂz
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Figure 12.1: Conductor of the length h.

According to Figure 12.1, the current density 7 (x) exhibits only a z-component. Since
the surface integral of J | over the cross-section of the conductor is equal to the current
I,(x), we obtain

[ Zy=h1. (12.3)

The polarization M, (x") also exhibits a z-component only. From (12.1) and (12.3) it
follows that

hl, ek
I = —= ; 12.4
IL.(x) dnjwey 24
From (A.160) and (A.163) we obtain
M,=T,dz=cosOIl,s —-sinfIl;s; =cos O, dr —rsin 01, d6. (12.5)

Using (3.29a) and (3.29b) and considering that M, vanishes outside the conductor,
we can compute £ and H,

H=jwexdl,, (12.6a)
E=-ddn,. (12.6b)
From (12.5) we obtain
d d .

dn, = 30 (cos O11;) dO A dr - = (rsin@I1;) dra d6. (12.7)

Inserting (12.4), it follows that
_,=&- (-1~+1£) e ¥ sin@rdra de. (12.8)

Amjweg \r? 1
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Applying the Hodge operator yields

hl j ;
xdfl, = —= (-1-2-+&) e ¥ sin@rsin0d¢. (12.9)
4mjwep \ 1 r
Using (12.6a) yields
=" (i+j—k) eI sin O 7 sin 6 dp (12.10)
=" 4n \r2 r ) '

Consequently, the magnetic field only exhibits a ¢-component

Ry (k1Y ik
g¢=ﬁ(7+;§) k" 6in @ (12.11)

In order to obtain & from (12.6b) we first compute the exterior derivative of (12.9) and
obtain

2 1 .
d+~dfl, = h.lo [(—k—+%+i) e ¥ sinOrsinBdg A dr
4mj weg tr o9

+ 2(1—"2£ + %) e ¥ cos @ r?sin 6.6 A d¢] . (1212)
r2or

Applying the Hodge operator yields

hl,

2 .
§=*d*dﬂe= [(-k—+]k

— + ia) e ¥ sinfrdo

r 2 r

4mj weg

” _
+ 2(]—2 - -l;) el cosﬂdr] . (1213)
2 r

The electric field exhibits 8-components and r-components,

B, (K k1 e
Eg= Tt e (—? + 5 + = e ' sinf, (12.14a)
hl ik g
E, =—> (]—2 + l) ek cos . (12.14b)
2njweg \r? 1

For kr « 1the magnetic field component H, is only determined by the term propor-
tional to 1/r? and E, and E ¢ are only determined by the terms proportional to 1/ ¥,
This region is the near-field region. In the near-field the magnetic field is in phase with
the current. The magnetic field there corresponds to the magnetic field distribution
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Figure 12.2: Electric flux lines in the near-field of the Hertzian dipole.

generated by the stationary current. The electric near-field also corresponds to the field
distribution excited by a static electric dipole.

Figure 12.2 shows the electric field lines in the near-field. The field in the region
kr > 1is called the far-field. With the exception of the electric field in the directions
6 = 0and 6 = m, respectively, the field quantities proportional to 1/r are dominant, and
the electric field exhibits a 8-component only. For the far-field region we obtain the
approximate differential forms

jwpohl, eIk

E= P sinfrdf, (12.15a)
jkhI, e ikr
H= ’4_: sinOrsinfdg (12.15b)

and the corresponding field components

_jwpohl, ¥

EB T "—;-— sin 9, (1216)
jkhl, eIk
H, =172 —ino. (1217)

In the far-field the electric and magnetic field components are mutually orthogonal
and both are orthogonal to the direction of propagation (Figure 12.3). Furthermore the
electric field and the magnetic field are proportional to each other and in phase. The
radiation diagram of an antenna depicts the angular distribution of the radiated field.
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Figure 12.3: Orientation of E , H, and e in the far-field of the Hertzian dipole.
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Figure 12.4: Radiation diagram of the Hertzian dipole.

The antenna characteristics of the Hertzian dipole is given by the dependence of the
magnitude of the electric field |E| from the angles 6 and ¢ (Figure 12.4). From (12.16),
(12.17), and (6.36) it follows that the ratio of electric and magnetic field in the far-field

is given by

=Zpo 23770 (12.18)

E

From (4.19), (12.15a), and (12.15b) we obtain the complex Poynting form T for the

far-field

T:

b=

EAH" =%§eﬂ_;rzsin9d9a\ d¢ =

Zrok?*h?*|Ly|?

== sin® 0 do A dg. (12.19)
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In the far-field the complex Poynting vector exhibits only a radial component

Zpok?H2|I,[?
T, = F"TKZL:‘i sin? 6. (12.20)
r

In this case T is real and the active power P radiated from the Hertzian dipole is
obtained by integrating 7" over a closed surface surrounding the Hertzian dipole in the

far-field,
b n
p- f f T. (1221)
=0 J =0
With
m
j; sin® 0d6 = $ (12.22)
we obtain from (12.20) and (12.21)
1
P=—2Zgok*h?*|L,)%. 12.23
121 Fo |_o| ( )

With k = 2rt/Ay we obtain from this

h 2
P =3nZpo (I;) L% (12.24)

We can introduce formally a radiation resistance R, in which the active power P is
anticipated, if a current I, is impressed,

P=4R,|LJ*. (12.25)
Therewith we obtain
2
R, =2nZgy (i) . (12.26)
Ao

12.2 APERIODIC SPHERICAL WAVES
To investigate the emission of aperiodic spherical waves we analyze the Hertzian dipole

in the time domain. In the time domain the impressed polarization m.o(t) and the
impressed current iy (t) are related via the inverse Fourier transform of (12.2),

Meo(x,t) = fntJo(x, t) dt. (12.27)
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Integrating the electric polarization form M. over the volume V of the Hertzian
dipole yields

m,o(l‘) = fv Meo(x, f) =h j: fg(tl) dfl 3 (1228)

where ig(t) is the current through the Hertzian dipole, m.o(t) the polarization due to
this current, and h the dipole length. This yields

M.(x,t) = Meo (r . E) ; (12.29)

4mepr
Using (3.20b) and (3.21) and considering that Mo (x, t) vanishes outside the conductor,
we can compute £ (x, t) and H(x, ),
d
H(x, t) = d€§ Mn.(x,t), (12.30a)
E(x,t) =—-dd/.(x,t). (12.30b)

Using (12.30a) yields

h [ul—m’w (t— £)+—};mf0 (t— E)]sinﬂrsin 6d¢. (12.31)

4n | r?

The magnetic field only exhibits a ¢-component
hT1 r 1 .5 r\1 .
H¢=E ﬁmzo (f—z)‘i-;m:o(f—z)]SIDG. (1232}
The electric field form is

Pl {|5m (:-”)+Lm’ (r-’)
T e P c) et ¢

+ meﬂ (t— E)]sinﬂrd& (12.33)

cir

+ Zlimw (r— i) + Lmio (r— :)] cosﬂdr} .
r? c cr? ¢

The electric field exhibits the 8- and r-components

h 1 r 1 r 1 r\] .
Ea:i'r[_eo Fm,o(r——é)+c—r2—m:0(t—;)+;szu(t—z)]sm9, (12.343]
Bl Yo Lty (t-Z)|cost 234b
_.--——zn—eu ﬁmgo f—; +;3mw t—; cosv. (l " )
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Figure 12.5: Wave pulse: (a) pulse waveforms and (b) radial dependence of the wave pulse.

As an example we consider a wave pulse emitted from a Hertzian dipole excited by
a current pulse. In Figure 12.5(a) the dipole current pulse i(t) = m'(t) of width 2At,
its integral over time m(t) and its time derivative m"'(t) are depicted. Figure 12.5(b)
shows the time evolution of Eg(r, 0,0, t). The wave front of width 2At mainly depends
on m’(t) and m"(t). In the far-field region, defined by r >> cAt, the terms proportional
to 1/r in Eg and Hy exhibit the double pulse shape specified by m"(t). The energy
connected with this term is constrained within the shell of width 2cAt at the wave
front and transported into infinity. This is the radiated part of the field. The electric and
magnetic far-field time waveforms Eg and Hy of the wave pulse are proportional to
the time derivative of the driving current i(t) of the dipole. The near-field parts of the
electric and magnetic field proportional to m’(t - r/c) /r? also are confined to the wave
front in a shell of width 2At. This part of the wave front is carrying the electromagnetic
energy for building up the near-field. It leaves behind the wave front an electric field
proportional to m(t - r/c)/r®. This field behind the wave front corresponds to the
electrostatic field excited by a static dipole. Figure 12.6 shows the electric field in a
meridional plane.

In the far-field we obtain the approximate differential forms

"(p_r
£(ro,fy=toh malt=2) o o g (12.352)
4m r
h mg(t-£)

H(r,0,t) = o sin @ rsin 8 d¢ (12.35b)

and the corresponding field components

" t"‘!.'
Eo(r,0,t) = o1 meo (£~ €)

sin 0, (12.36)
4in r
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Figure 12.6: Near-field of the Hertzian dipole under pulse excitation.

home(t-%)
H¢,(r, 9, f) = H —r_ sin 9 (1237)
The far-field is depicted in Figure 12.7. From (12.36), (12.37) and (6.36) it follows that
the ratio of the electric and magnetic fields in the far-field is given by Zgo. From (4.19),
(12.35a) and (12.35b) we obtain the time-dependent Poynting form S for the far-field

_ Zpoh*

S(r,B,t):%gS'A?{—E;i—zmw(t—E)smaﬂdBA d¢ (1238}
c

In the far-field the complex Poynting vector exhibits only a radial component

Zeoh®: o r\ .
S,(r,0,t) = ﬁ% m,e (t = E) sin? 6. (12.39)

The power P(r, t) radiated from the Hertzian dipole through a spherical surface with
radius r in the far-field is obtained by integrating S over this surface.

s in
P(r.t) = j; . f; LS80, (12.40)
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ollo

Figure 12.7: Far-field of the Hertzian dipole under pulse excitation..

We obtain from (12.39) and (12.40)

Zpoh? r
P(r,t) = 1222;:2 m;’g(r-;) : (12.41)

12.3 VERTICALLY ORIENTED ELECTRIC DIPOLE
OVER Lossy HALF-SPACE

Radio-wave propagation over flat earth has been a subject of interest from the beginning
of the 20th century. Consider a vertically oriented electric dipole above an infinitely
extended lossy half-space as depicted in Figure 12.8. Sommerfeld gave a solution to this
problem in 1909 [5,6]. In his analytic treatment Sommerfeld was able to classify and
evaluate the wave types excited by a dipole over ground. In addition to the treatment of
electromagnetic wave propagation over the earth surface, Sommerfeld’s theory became
crucial for the computation of electromagnetic fields in planar and layered structures
and therefore is fundamental for many advanced computational methods for microwave
circuit and antenna design.

Following Sommerfeld’s treatment we subdivide the space into three regions. Region
1is the free-space above the dipole for z > h, region 2 is the free-space 0 < z < h and
region 3 is the half-space filled by a lossy dielectric material in z < 0. The field will be
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Figure 12.8: Vertically oriented dipole above a lossy half-space.

derived from a Hertz form [1,. The Hertz form fulfills the Helmholtz equation (3.28)

—

All, + w'pell, ===+ M. (12.42)

Im

For the Hertzian dipole oriented in z-direction the polarization M, is given by

M, = j—t;}, dx A dy, (12.43a)
J. = 118(x - xo) with xo = [0,0,h]". (12.43b)

The Hertz form in this case exhibits only a z-component

0,(x)=M,(x)dz. (12.44)

Since the problem exhibits circular cylindric symmetry, we will introduce circular
cylindric coordinates to solve this problem. The Hertz form only has a z-component
that can be determined in free-space (regions 1 and 2) from the scalar Helmholtz
equation

1
AIL + k*I1, = j —&8(x - %0) (12.45)
Weg
and in the lossy medium (region 3) from
AL, + k2,11, = 0. (12.46)

Since region 3 is assumed to be source-free, (12.46) is homogeneous. The wave numbers
k in free-space and ky, in the medium are

K = w*poeo (12.47a)
k2 = w?poe,, - (12.47b)
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The permittivity €, in the lossy medium is complex and given by
.0
€m=Em =i (12.48)

where €}, is the real part of the complex permittivity of the medium. In the following

we first consider the primary Hertz vector field ﬂe(i) radiated from the Hertzian dipole
into free-space. This primary field is scattered at the boundary surface between free-

space and medium and yields the scattered field ﬂe(‘). The total field /1, results from a
superposition of the primary field /7,(") and the scattered field /7,*). In our case for
symmetry reasons the primary Hertzian field ﬂe{i) as well as the scattered field /7, )
only have z-components l_'I_gj}. The solution for the primary field is given by

jI_exp(=jklx - %) (12.49)

o s
dnweg |x — xo]

The field components transmitted through the boundary surface and reflected from
the boundary surface are computed by matching partial solutions of the Helmholtz
equation under consideration of the boundary conditions at the boundary surface
z = 0. To proceed in that way we represent the Hertzian vector in cylinder coordi-
nates (p, ¢, z). We obtain from (12.45) and (A.157) the Helmholtz equation in circular
cylindric coordinates,

19 ( o 1 9> o .
(B (r) s s o = (- po)3(6 - )0z )

pop p2og?  dz2
(12.50)
First we expand 1, into a Fourier series in ¢ and obtain
m=ece .
IL(p.¢.2)= 3 m,(p,z)em#=90), (12.51)
where 1t (p, z) is given by
1 p2n ?
n,(p2) =5 [ L d2)explim(9-do)dg. (252

With this we obtain

19 ] m*  9? " jl
{E% (pé};) = ;E' 4 e +k }Em = o 0(p-po)d(z-2zp). (12.53)
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Now we perform a Bessel transformation with respect to the coordinate p and obtain
T (pi2) = [ gnlkps2)Im(kop)kp ks (12.54a)
gn(kp2) = [ 1,(p.2)Im(kppo)pdp. (12.54b)

With this we obtain from (12.53)

9 I
{ﬁ + k- kg}gm(kp,z) =j Srwe 0(z-20) Jm(kppo) - (12.55)
The solution of (12.55) is given by
gm(kpn2) = T exp(-jk:|z - zo|)Jm (k,po) (12.56)
with
K=K-k. (12.57)

Inserting (12.56) into (12.54a) and then (12.51) and (12.52) yields

00 (p ¢.2) = -

IF m== o0 k
_Jm(¢—¢n)f k k ~jkelz=20] 2P g4

4nwey m;me " Jm(kpp)m(kppo)e o dky
(12.58)

The equation (12.58) corresponds to (12.49), if the wave emitted from the Hertzian
dipole is expanded into cylindrical functions with the propagation coefficient k,. The
boundary conditions at the boundary surface z = 0 are fulfilled for all p by matching
all partial waves with the same k, on both sides of the boundary surface.

For a Hertzian dipole at po = 0 and zo = h we obtain from (12.58)

0 (p,¢.2) = -

o0 k
k —jk)z - h|)-Ldk, . 12.59
o o Tolkop) exp(ikelz k) Pdky. (1259
We solve (12.45) for x, given by po = 0 and zo = h. The Hertz vector field I1, is
composed by the primary Hertz vector field ﬂg” excited by the Hertzian dipole and

the scattered Hertz vector field ﬂi‘). The field ﬂg’) originates from transmission and
reflection of the primary vector field at the boundary surface z = 0.
We represent the primary field in region 1 by

A 1 oo k
0 (p,,2) = [ Jolksp) expl-ike(z =) Edk,  (1260)

4nwe Jo
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and in region 2 by

I

4'-"[(0(:'0

, o k

0 (p,§2) = —5—— [ Jolkop) explike(z - W)k, (26D
The different exponential terms in (12.60) and (12.61) reflect the singularity of the
primary field at z = h. The scattered Hertz vector field gﬁ” exhibits no singularity at
zp = h and consequently may be represented in both subspaces 1 and 2 by the same
expression

11
4nwey

o k
¥ (p, ¢,2) = - j; R(kp)Jo(kpp)exp[—jkz(z+h)]k—’:dkp. (12.62)

In this equation R(k, ) is the reflection coefficient that is determined by matching of
the partial waves. In the lossy medium of region 3 with z < 0 the variables k and k,
must be replaced by k,, and k.,

ko =Ko = k5. (12.63)

In region 3 there exists no primary Hertz vector field and the transmitted vector field
fulfills the scalar Helmholtz equation

AL, + k2101, =0. (12.64)
The solution in region 3 is given by

1

I (p ¢.2) = -5 —

o k
[, TCk)o(kop) expli (kmsz - keh)) ok, . (12:65)

The variable T'(k, ) is the transmission coefficient that has to be determined by matching
of the partial waves. In region 3 we have to replace (12.57) by

K, = ke =k (12.66)
In (12.60), (12.61), (12.62), and (12.65) the sign of j k,z is chosen in such a way that the

expression for |z| — oo goes to zero. We determine R(k,) and T(k,) by matching the
partial waves at z = 0. From

E=ddN, + wuell =—adﬂe—£*Meo, (12.67a)

H=jwe« dfl, (12.67b)
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we obtain

32

= 12.
B, =5 570 (12.682)
a2? 2
Ez = (Q +k ) H s (12.68b)
.0
Hy=-j we-a—pﬂz ; (12.68c¢)

For symmetry reasons only these field components exist. At z = 0 the tangential field
components E, and H have to be matched. The boundary conditions are given by

d d
®=—n® 12.69
9z 9z '’ ( )
n® =20, (12.69b)
The complex refractive index n is given by
n*=¢, /€. (12.70)

From (12.61), (12.62), (12.65), (12.69a) and (12.69b) we obtain

ﬂzkz - kmz
= 12.71
R(K) = T 12.71a)
2k,

With this we obtain for the Hertz vector the solutions

R

[f Jo(kop) exp(-jk:|z - h|) pdkp+

12k, — kpm
- j‘; Tk-:k—z,fo(kpp)exp[ -jkz(z+h) ]—dk ] forz>0 (12.72)

and

ES}(P’ ¢’ z) =

I = 2k : ko
_4meofo nZkz+kmzjo(kpp)exp[](kmzz—k,h)]k—zdkpforz<0. (12.73)
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We consider the wave in free-space and start with the superposition of the z-components
of the Hertz vector I1{") and ﬂg’). In this way we obtain

m =09 +09. (12.74)

The z-component of Hertz vector of the primary wave ﬂg” is given by the spherical
wave

II  exp(-jk|x - xo|)

(12.75)
dnwey  4m|x — x|

1 (p, ¢.2) = j

The scattered wave in free-space is described by

I = nk,—k k
H(s) . ; - f Z mz & : _P 5 {
P (pstiz) == ). k. +kmfo(kpp)expl jk (Z+h)]kzdkp (12.76)

To compute the integral we enlarge the integration interval from [0, c0) to (—o0, c0).
This simplifies the evaluation of the integral using methods of theory of functions.
For this purpose we express the Bessel function Jo(z) through the Hankel function

(1) (z) and H, (2) (z). The Hankel functions are related to the Bessel functions J,,(z)
and Y (2) in the following way

HY (2) = Jm(2) + Ym(2), (12.772)
HP (2) = Jn(2) = Ym(2) - (12.77b)

With
Jo(kpp) = tH (k,p) + 1HP (K,p) (12.78)

the contour integral over C; can be decomposed in the following way

f S(kp)Jo(kpp)dky = f I kp)H )(kp!-’)dkp f f(kp) H(()z)(kpp )dk, .
(12.79)
With the substitution k,, = -k, and using the identity

Hf,:)(z expjmn) = —exp(-j mﬂ)Hf,,z)(z) (12.80)
we obtain
[, Sk H (kpp)aky = = [ (k) HEP (~kpup)dky

= f: . f(=kp)HS? (kp1p)dky, . (12.81)
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ky-plane

+k
C; Ci o the

Figure 12.9: Path of integration for the integral (12.83).

The path of integration (Figure 12.9) C, goes from 0 to —oc. The reverse path of inte-
gration from —oo to 0 is denoted by —C,. Under the assumption f(k,) = f(-k,), we
obtain from (12.79) finally

j;lf(kp)fg(kpp)dkp=j:czf(kpl)Héz)(kplp)dkp+j;l £k HD (K p)dk,
= [ fk)H? (kpp)ak, (12.82)

where the path of integration C is extended from —oo to co. Using (12.82), we can write
down (12.76) in the form

. I [ n?k, ks
ﬂ()(P,t'f),Z):" f

2 - k
8nwe Je n?k, + kp, H‘(j )(kpp)e B k_zdk” ) A
This integral cannot be represented by elementary functions in a closed form, but the
solution by approximation methods is possible.

Since Sommerfeld's first publication from 1909 [5], literature dealing with the evalua-
tion of Sommmerfeld’s integrals has grown extensively. Detailed treatments are given in
Sommerfeld's textbook on partial differential equations of physics [6] and in a number
of other textbooks [7-9] and in [10-12]. There have been numerous controversies in
the literature concerning the existence of certain solutions, particularly the Zenneck
surface wave. A comprehensive overview of the literature on ground-wave propagation
has been given by Wait [13]. In 2004, Collin revisited the electromagnetic field radiated
by an infinitesimal electrical dipole over a lossy homogeneous half-space [14,15]. He
demonstrated that Sommerfeld’s original work was correct and that there was no sign
error in Sommerfeld’s work as had been claimed in parts of the literature.

Moving the singular points at —k and k by an infinitesimal imaginary distance j d to
—k +j8 and k — j & can replace the path of integration in Figure 12.9 by an integration
along the real axis of the k,-plane from —oo to co, as shown in Figure 12.10.

Due to (12.57) and (12.63) the denominator of the integrand in (12.83) contains the
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—k, ko-plane
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o the
Figure 12.10: Modified path of integration for the integral (12.83).

square roots

ke =\/k2-k2, (12.84a)
kmz = /K2, ~ k2. (12.84b)

The integrand in (12.83) therefore contains four branch points at k, = +k and k, = +k,,.
This follows from the property of the integrand to change its sign when k, follows a
path around a branch point. Due to the four possible combinations of signs in (12.84a)
and (12.84b) the integrand is a multiple-valued function containing four branches.
A branch of a multiple-valued complex function f(z) is any single-valued function
fi(z) so that the value of f;(z) is identical with one of the possible values of f(z) and
which is analytic in some domain of z [16,17]. To make the integrand single-valued,
we introduce branch cuts in the complex plane from every branch point to the point
at infinity as shown in Figure 12.11. Across the branch cut the single-valued function
is discontinuous. The branch cut may be chosen in an appropriate way to make the
computations simple. In performing the integration the path of integration must not
cross the branch cut. We decide to use that branch, which exhibits positive real parts of
k; and k.

There is a further singularity in the integrand at the point k, = k, of the k,-plane
where the denominator vanishes. The value of k,, is determined by

12k, + kmz =0. (12.85)

The pole k,, is called the Sommerfeld pole. From (12.84a), (12.84b), and (12.85) we obtain

k2 _ k?. kZ
P
B (12.86)
\J ok, R

k2 kzk?ﬂ
PRtk

and from this
(12.87)
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Figure 12.11: Branch cuts for the integration of (12.83).
Since we have chosen the real parts of k; and k. as positive, this yields
TP LS
\/:Fﬁ e (12.88a)
T2 - __ikn
NCECE ” el (12.88b)

For |k,u| > k we can use the approximation

kl
kpgk(l- ‘2?) (12.89)

However, we note that the exact value of k, is symmetrical in k* and k.

We now can replace the integration over the real axis from —oo to oo by an integral
over a complex contour C, shown in Figure 12.11. For J {k,} = —00, the integrand goes
sufficiently strong to zero so that the dotted parts of the contour C give no contribution
to the integral. The only contributions arise from the parts Ca, Cp, and C,, where C,
and Cj contribute the integrals over a path from the point at infinity to one of the
branch points k or k, along one side of the branch cut and from the respective branch
point back to the point at infinity. Since the integrand is discontinuous along the branch
cut, the contributions to the integral from both sides of the branch cut do not cancel
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each other. The contribution to the integral along the contour C, is given by the residue
of the integrand at k.

12.3.1 The Far-Field of the Vertical Dipole over Ground

Consider the far-field of the dipole over ground for k,p > 1. In the far-field case we
can approximate the Hankel function in (12.83) by its asymptotic form

Ht{,z)(kpp) =,/ 2_oikptinl for kop>1. (12.90)
mk,pp
This yields

II [ n?k,—k T PN -
(s) - f : = Kmz [ ~jke(z+h)=j kppin/a Kp
IL"(p. ¢.2) 8nwe Je n2k; + ky: \| mkyp ¢ k, ks 12)

To evaluate the integral we use the saddle point method described in Section E.3. From
(E.16) and (E.29) we obtain

u 2n u +j
ff(C)e $0d¢ = [ = f()ens @Y, (12.92)
c up
Applying this to (12.90) yields
[, Sy yettemthopinia g, = /E—“k £ (ksin 6) cos fe k™4 (12.03)
r

with

ra=\pr+(z+h)?, (12.94a)

z=rycosf-h, (12.94b)
p=rysinf. (12.94¢)
From this we obtain
0O (p, 6,2) = - R(8) (12.95)
2 P $2)= 4nwe,y 4nr, :

with
n?cos B — /n? —sin0

R(0) =
©) ncos B +/n? —sin2f

(12.96)
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Figure 12.12: Vertical dipole with mirror dipole.

This solution corresponds to the integration over C, in Figure 12.11. For [ky,| > k the
contribution of the integration Cj, can be neglected. Together with the Hertz form for
the primary field (12.49), the total field is represented by

IL(p, 6, 2) = 1 (p, §,2)+ 11 (p, $,2) = - LS e_jh'm(s)e__ﬁi (12.97)
La(P: §,2) =15, 7(P, . 2) 425 AP 0 2) = = e, | amr, 4mr, '

with
ri=\p*+(z-h)2. (12.98)

The electric and magnetic field components can be computed from (12.68a) to (12.68c).
The second term in (12.97) can be interpreted as originating from a mirror dipole as
depicted in Figure 12,12,

12.3.2 The Surface Wave

We now show that the integration of (12.83) over C. around the Sommerfeld pole at k,,
in Figure 12.11 yields a surface wave, the so-called Zenneck surface wave [18] already
discussed in Chapter 6. To apply the method of residues for computing the integral
along C, we replace in all terms of the integrand with the exception of the denominator
the variable k, by the location of the pole k, [6]. Since due to (12.86) the denominator
in the integrand in (12.83) vanishes for k, = kp, we use (E.13). We have to set

for k, =kp. (12.99)

dikp(nlk, + kg) = kp(

n? 5 1
NGRS VK -k,
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This yields the expression

k
= —2”-1(, (12.100)

d
—(nPk, + k)
dkP k?“"p m

where K is given by

2k2 k?. kl kz
\/kz k2 \/kz k2, (F - k_z) ' (2100

The quantity K is antisymmetric in k and k,,. For the free-space region z > 0 the
contribution to the integral (12.83) is

II k2
Qi’)(p,qb,z)=—ja?’“H((,z)(kpp)exp(—\/kg—kzz) for z>0. (12.102a)

For z < 0 we obtain by interchanging k and k,, and reversing the sign of z

II k
Hés)(Pa‘ﬁ'z) =—;——Hoz}(kp.0)exp (\,-" - k2, z) for z<0. (12.102b)

For regions with kpp > 1 we can use the asymptotic approximation (12.90) for the
Hankel function and obtain

11 2 K )
ﬂgs)(p, ¢,z) = -*]m ;I_c_';_,k@.e—}kppﬂnh exp (_ ,"k; — k2 z) for z>0,
(12.103a)

I k?

H(SJ » ¥ = —j—
IL"(p $2) = =j7— ]nkppK

eI kep+im/4 exp( k% - k2, z) for z<0.
(12.103b)

This wave is a surface wave since it decays exponentially with the distance |z| from
the surface. For [k,| > k the wave decays in the medium more rapidly with the
distance from the surface than in free-space above the surface. Besides the exponential
attenuation due to the losses the surface wave depends on the distance from the origin
like 1/, /p. This is characteristic of two-dimensional wave propagation.

12.4 HOR1ZONTALLY ORIENTED ELECTRIC DIPOLE
OVER Lossy HALF-SPACE

We consider a dipole oriented horizontally in the x-direction in free-space over lossy
half-space as depicted in Figure 12.13. As in the case of the vertical dipole the space
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Figure 12.13: Horizontally oriented dipole above a lossy half-space.

is subdivided into three regions. Region 1 is the free-space region above the dipole
with z < h. Region 2 is given by 0 < z < h, and region 3 is the region filled with a lossy
medium in the lower half-space, z < 0. We recall the derivation of the electric field
from the electric Hertz form /1, satisfying the Helmholtz equation

ALY + wiuen, " = —é * M. (12.104)

For the Hertzian dipole oriented in x-direction the polarization M. is given by

M,, = Jiw Je dyn dz, (12.1052)

Jo = 18(x - x0) with xo =[0,0,h]". (12.105b)
The primary wave can be derived from a Hertz form exhibiting an x-component only,
0,9 (x) =09 (x) dx. (12.106)

For the primary wave the x-component of the Hertz vector in free-space (regions 1 and
2) can be determined from the scalar Helmholtz equation

I
AL, + k*I, = j—68(x — %o) . (12.107)
wep

Since the problem of the horizontal dipole over ground exhibits no rotational sym-
metry, we also introduce a z-component of the Hertz vector. This will allow to satisfy
the boundary conditions for the tangential electric and magnetic field components at
the z = 0-plane. Therefore for the secondary field we make the ansatz

1,9 (x) =19 (x) dx + 1) (x) dz. (12.108)
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Inserting this into (12.104) yields the scalar Laplace equations for the x- and z-components
I1, and I1, of the electric Hertz vector,

AIL, + K’I; =0 fori=x,z 220, (12.109a)
All, + k211, =0, fori=x,z 2<0 (12.109b)
with
k? = w?poeo, (12.110a)
kZ, = wpoe,, - (12.110b)

The permittivity ¢, in the lossy medium is complex and given by
.0
Em=Em =i (12.111)
The solution for the primary field is given by

; jII exp(-jklx — x|
n - . 12112
= dnweg |x — x0] ( )

From (2.173b) and (2.173c), we obtain the boundary conditions

dz A (ﬂ_(ﬁ) _ﬂ(ﬂ)
dz A (Q(Z) __£(3))

=0, (12.113a)

z=0

e 0. (12.113b)

With (3.29a), (3.29b), (12.110a) and (12.110b) this yields

QA (E'o i dﬂ,(ﬁ —¢, * dﬂe(J))

=0, (12.1142)
z=0

=0, (12.114b)

z=0

dza (xdxdfl,® -« dx d;_?eta})

From the boundary condition for the magnetic field (12.114a) and using (12.110a) and
(12.110b) we obtain the boundary conditions for the components of the Hertz vector,

k2o = k2 om'? , (12.115a)

(2) (2) (3) (3)
kz(aﬂx , 9l )= 12 (ag, o ) (12.115b)

9z 9x "\ 9z 9x
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The boundary condition for the electric field (12.114b) together with (12.113a) and
(12.113b) yields

on® on® om® on®
==X ==z . =2

= s 12.
ox " 0z ox 0z (12:15¢)
K*o? = k20 (12.115d)

Solving the Helmholtz equation in circular cylindrical coordinates,

190 d m2 9%
=3 R 6. ) ) 211
{P 9p (p 3p) p? AR }"'” 2nweyp (p=po)d(z-2)  (12116)

we obtain for the x-components of the Hertz vector expressions similar to (12.62) and
(12.65),

: e _ k
ﬂf, )(p,z) E —4)_““0 .l; R,(kp)fo(kpp)exp[—;kz(z + h)]k—‘:dkp for z>0,
(12.117a)
1 o9 k
(s) - & o P,
0 (p, z) 4““0"; Te(kp)Jo(kpp) exp[j (kmz2 kzh)}k, dk, for z<0
(12.117b)

with the reflection coefficient R(k,) and the transmission coefficient T(k,) computed
from (12.115a) and (12.115d) as

k kmz
gatet _Ie 118
Re(kp) = 5= (12.118a)
1 2k,
Tx(kp) = ﬁm . (12.118b)

To compute the z-component of the Hertz vector we use (12.115b) and (12.115¢). First
we consider that

0 _dpd qu ]
— _—- 12.
ax  ox Bp x a¢ cos ¢ psin fﬁ ¢ (215

Since the z-components of the Hertz vector are independent from ¢ we obtain from
(12.115¢)

aaz (o -n®) = -a% (¥ - )= a—i (O -0®)cosp.  (12120)
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With (B.10) this yields
o) (p, ¢,z) = Mg cmR;,(J’( )i(k,p) exp[—jk.(z + h)|k2dk, for z>0,
= dnwey Jo e ’ PP -
(12.121a)
1 o
o9 (p, ¢,2) = - 4:22‘6 Ty(kp) i (kpp) explj (kmez - koh) k2 dk, for <0
0
(12.121b)
with
Z Ke= K
R e L 122
Re(ky) =5 o (12.122a)
Tu@)=—2 ol (12.122b)

n2k? n2k, + ks

The horizontal dipole over ground primarily radiates in directions perpendicular to its
axis. Also, in the case of the horizontal dipole, the secondary field consists of a field
radiated from the mirror image of the dipole into space and a surface wave. In this case
the field from the image dipole has the tendency to cancel the primary field.

12.5 PROBLEMS

1. Consider a short electric dipole of length I = 2 cm. A sinusoidal current of 1mA
amplitude and 900 MHz frequency is impressed into the dipole.
a) Compute for 6 = 0 and 0 = }m the electric and magnetic field components
at distances of r =10 cm, 1 m, 10 m, 100 m and 1km from the origin.
b) Compute the same for 8 and r the complex Poynting vector.
2. Consider a short electric dipole of length [ = 2 cm. Let the dipole be excited by a
current pulse

it) = {J!'gsin2 (%n) for 0<t<T
0 for t<0 and t>T
a) Compute for 8 = 0 and 6 = §n the electric and magnetic field components
at distances of r = 10 cm, 1 m, 10 m, 100 m and 1 km from the origin.
b) Compute the same for 6 and r the complex Poynting vector.
3. Consider a vertically oriented electrical dipole in height h over ground as de-
picted in Figure 12.8.
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a) Show that for a perfectly conducting ground the electromagnetic field in
regions 1 and 2 can be derived from a Hertz form

(%) = - jlI (exp(—jk|x - %ol) , exp(jklx + xgl)) dz.

dnweg |x — x| |x + x0)

b) Compute the electric and magnetic field components for this case.
4. Consider a horizontally oriented electrical dipole in height h over ground as
depicted in Figure 12.13.
a) Show that for a perfectly conducting ground the electromagnetic field in
regions 1 and 2 can be derived from a Hertz form

,(x) = - I [exp(=jklx = xo|)  exp(-jk|x +xo|) i
4nwey |2 — xo] |x + xo|

b) Compute the electric and magnetic field components for this case.

5. Derive the formulae for the field of a vertically oriented magnetic dipole over
ground.

6. Derive the formulae for the electric and magnetic fields of a horizontally oriented
magnetic dipole over ground.

7. A vertical electric dipole of length | = 2 cm is located in height h = 2 m over
ground. A sinusoidal current of 1 mA amplitude and 900 MHz frequency is
impressed into the dipole. The conductivity of the ground is ¢ = 107 $/m and
its relative permittivity is €, = 10.

a) Compute the values of k and k.
b) Find the location of the Sommerfeld pole k, in the k,-plane.
¢) Compute the attenuation factor of the surface wave.
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Chapter 13

Antennas

13.1 INTRODUCTION

An antenna is any structure or device used to collect or radiate electromagnetic waves.
Antennas allow the transformation of electromagnetic waves propagating along a
transmission-line into electromagnetic waves propagating in free-space. This transfor-
mation may be performed in both directions. A transmitting antenna transforms a
transmission-line wave into a free-space wave, whereas a receiving antenna converts
part of the free-space wave into a transmission-line wave. An antenna usually is a
reciprocal device and, in principle, each antenna may be used for receiving as well as
for transmitting electromagnetic waves. However, the choice of the type of antenna
and details in their construction depend on the special application of the antenna. An
antenna is designed to achieve a certain radiation pattern (i.e., angular distribution
of the radiated power). Furthermore, volume, weight and mechanical stability play
a role. In the case of transmitting antennas, the power of the transmitted signal also
has to be considered. With decreasing wavelength the antenna dimensions decrease as
well. Due to this circumstance the scope for antenna design at higher frequencies is
larger. Figure 13.1 shows some antenna types. One of the most common antenna types
is the dipole antenna shown in Figure 13.1(b). The dipole antenna usually is formed by
two straight wire segments and excited by a source inserted between these segments.
Using the mirror principle, we can put one wire segment in a position normal to a
conducting plane. This yields the monopole antenna according to Figure 13.1(a). This
antenna type is used frequently in the medium-wave and short-wave range. In this
case the conducting plane is formed by Earth's surface. The loop antenna depicted in
Figure 13.1(c) excites a field that is dual to the field excited by the dipole antenna. The
loop is formed by one or several turns of a wire. Figure 13.1(e) depicts a horn antenna.
The horn antenna is formed by conically expanding a waveguide. If the aperture of the
horn is large compared to the wavelength, the radiated power may be concentrated

547
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Figure 13.1: Different antenna types: (a) monopole antenna, (b) dipole antenna, (c) loop antenna,
(d) parabolic reflector antenna, (e) horn antenna, and (f) slot antenna.

in a certain direction. We say then that this antenna has a high directivity compared
with an imagined isotropic radiator. If in a waveguide wall currents are interrupted by
slots, from these slots electromagnetic energy can also be radiated. Figure 13.1(f) shows
a slot antenna. The directivity of antennas may be increased by combining several
antennas into antenna arrays or by the usage of reflectors. Figure 13.1(d) shows as an
example the combination of a dipole with a parabolic reflector. The dipole that excites
a primary wave is positioned into the focal point of the parabolic reflector. By the
parabolic reflector the spherical wave excited by the dipole is transformed into an
almost plane wave.

A fundamental problem in computing the electromagnetic field excited by an antenna
is to compute the electromagnetic field excited by the surface currents flowing in the
metallic conductors forming the antenna. In general the current distribution on the
antenna surface is also completely unknown. We may consider the antenna to be excited
by some primary field or by currents or voltages impressed at certain points. Our task
then will be first to compute the current distribution on the antenna and then the
electromagnetic field generated by this current distribution. An exact treatment of this
problem requires us also to consider the influence of the radiation field on the current
distribution in the antenna. This usually requires a solution of integral equations as
discussed in Section 13.3. However, the treatment of the problem may be simplified
considerably if the current distribution on the antenna is already known. For simple
antenna structures the current distribution may be computed with satisfactory accuracy
without taking into account the radiation. In this case the problem of computing the
field radiated by the antenna may be done in two steps. In the first step the current
distribution in the antenna is computed., and in the second step the field radiated by
the antenna is computed by superimposing the contributions of the infinitesimally
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Figure 13.2: Magnetic field of the linear conductor.

small antenna elements. For a detailed treatment of antennas the reader is referred
to [1-6].

13.2 LINEAR ANTENNAS

Linear antennas are formed by segments of straight cylindric conductors. The linear
antenna according to Figure 13.1(a) and the dipole antenna according to Figure 13.1(b)
are examples of linear antennas. The excitation of the linear antenna is performed in
a gap between two wire segments or across the gap between the wire segment and
the conducting plane in Figure 13.1(a). We assume the cross-sectional dimensions
of the conductor are small; furthermore we can assume that short segments of the
linear conductor act as Hertzian dipoles. To compute the field produced by the linear
antenna we can superimpose the field contributions of small wire segments, which
may be considered as Hertzian dipoles. In general the current will be varying over the
length of a linear antenna. Therefore at first we will investigate the spatial variation of a
current along a linear conductor. For an exact analysis of a linear antenna, the current
distribution must be computed by taking into consideration the electromagnetic field
radiated by the antenna. In many cases, however, we can obtain a good approximation
by splitting up the problem into first computing the current distribution over the linear
wire without considering the radiated field, and then, in the second step of our analysis,
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by computing the radiated field from the given current distribution. In this section we
will proceed in that way. Consider an infinitely extended straight wire with a circular
cross-section. Figure 13.2 shows the magnetic field lines in a transverse plane of the
infinitely extended straight wire.

For symmetry reasons the magnetic field lines are concentric circles in the transverse
planes with the center in the wire axis. Assuming no longitudinal electric field, we
obtain from Ampére’s law

H(r2) = Hy(r,2) rdg = > 1(2)d¢ . (131)

Due to (3.28), and (3.29b) the magnetic field must fulfill the Helmholtz equation in
free-space.
AH+K*H=0. (13.2)

From (3.14) we obtain for the cylindric coordinate system (r, ¢, z) defined by
x=rcos¢, y=rsing, z=z, (13.3)

and with
si=1l, g=r, g=1, (13.4)

the Laplace operator for one-forms,

o*H, 10H, 19°H, 9°H, 1 2 0H,
= = S et e g il —L - —H -——1)d
A ( a ror p da¢? iFY rzﬂr 1 8qb) ’
0’H, 10H ’H, &H
W28 1% 195 ~—¢_l_¢+£aﬂr Fdp
orr r dr  r? 9¢? dzz  r2 r2 d¢

o’H, 10H, 1d*H, 0°H,
+ e YT
orr r dar r? d¢* 022

If H exhibits only a ¢-component depending only on r and z the Laplace operator

reduces to " N
°H 10H 1 d‘H
e (e y
= -_— - i 13.5
AU ( a1 ar lfzﬂ‘t i 0z2 ) rd¢ K

Inserting into (13.2) yields

2

arr  r or r2_¢'+ dz2

+k*H, =0, (13.6)

Inserting (13.1) into (13.6) the first three terms on the left side of (13.6) vanish, and we
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Figure 13.3: Dipole antenna.

obtain
2

e,

@'ﬁ'kl:ﬁ. (13.7)

This is the well-known transmission-line equation for the TEM wave with the solution
I(z) = I®) e7Tkz 4 [() eikz, (13.8)

where I*) and I©) are the amplitudes of current waves propagating in positive and
negative z-directions, respectively. A current wave propagates on the straight wire with
the velocity ¢, of the plane wave in free-space. Let us consider the symmetric dipole
antenna according to Figure 13.3. Both segments of the dipole antenna have a length [.
With I(+]) = 0 we obtain from (13.8) the current distribution

i) {1,,, sin[k(I1-2)] z>0 5

I,sin[k(l+2)] z<0

on the dipole. According to (12.16), the contribution of the current flowing through a
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line segment of length dz to the electric far-field in point x is given by

H —jkl'|
ap, - 19kl(2) ¢

sin 8dz. (13.10)
4in n

To determine E we have to integrate dEg from z = —/ to z = [. For points x in the
far-field all lines drawn from a certain point of the far-field to any point of the linear
antenna may be considered to be parallel. Assuming 6, = 6, we obtain

rn=r-zcosf. (13.11)
The exponential factor e *" is strongly varying with r,, whereas in the denominator

of (13.10) the variable r; may be substituted by r. By that way we obtain from (13.10)
and (13.11) the approximate formula

jwio et f” jkzcos @
= 0 I dz. 13.12
Ey T sin » I(z)e z ( )
With (13.9) it follows
] —jkr 0
Eg= J—wf;l”' 2 sinﬁ{fI elkzcos 8 gin( k(1 + z)]dz
Y -
+
" f elkze0s0 gin k(1 - z)]dz} . (1313)
0
With
eax
f e sin(bx + ¢)dx = m[a sin(bx + ¢) — beos(bx + ¢)] (13.14)
and ®
Qo _ Zro (13.15)
k
we obtain
: —jkr _ 1
E, - jZrol,, €% cos(kl co.sﬁ') cosk . (1316)
2n r sin 6

For a half-wave dipole with a length 2/ = 21 we obtain kI = 11 and from this

E, - iZrol,, ek cos ({;In cosf) 13.17)
2n r sin 6
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Figure 13.4: Radiation pattern of linear dipole antennas with various lengths.
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=

Since in the far-field (12.18) is valid for the contributions of all differential current
elements, we obtain for the total far-field of the linear dipole antenna also

Ey
Hy=7 - (13.18)
Figure 13.4 shows the radiation patterns of linear dipole antennas with a half-length I,
which is an integer multiple of }Ao. If I is an odd integer multiple of 1, the number
of the maxima of the radiation pattern is equal to 41/Aq. If | is an integer multiple of
1), the number of the maxima in the radiation pattern is equal to 2//A,. With (12.19)
we obtain the radial component T, of the complex Poynting vector

(13.19)

_ ZgolIL, | [cos(kl cos) —coskl ]’
= gmir? sin @ '
In the far-field T, is real (i.e., there is only an active power flow). The active power
radiated by the antenna is obtained by integrating T, over a closed surface surrounding
the antenna in the far-field. Integrating over the surface of a sphere, we obtain from
(12.21)

_ Zpo|L,|?
p=Zroinl (k1) (13.20)

with
[cos(kl cos 8) — cos ki]?

sin 0

F(kl) = j: de. (13.21)



554 Electromagnetics

The evaluation of the integral yields

f(kl) = C +1In2kl - Ci(2kl) + }[Si(4kl) - 2Si(2k!l)] sin 2k]
+3[C +1Inkl + Ci(4kl) - 2Ci(2kl)] cos2kl (13.22)

where C = 0.5772157. .. is known as the Euler constant and the integral sine Si and the
integral cosine Ci are given by

Si(x) = j; ) Si%dx, (13.23a)
Ci(x) = -f

= cosx
With reference to the current maximum I,, we may define the radiation resistance R,
by

dx. (13.23b)

P=1Rem|L,*. (13.24)
With (13.20) we obtain

R %{me(kl) =60f(kl)Q2. (13.25)

In Figure 13.5, R, is represented as a function of kI = 2nl/Ao. The current [, at the
excitation point z = 0 of the antenna is given by

I,=1,sinkl for kl + nm. (13.26)

In the derivation of (13.8) we did not consider the attenuation of the current wave by
the radiation of electromagnetic energy. Due to the radiation the wave is attenuated
exponentially. Therefore the wave on the antenna wire is not really a standing wave,
and also in the case kI = nm we have no current nodes at z = 0. With this restriction we
obtain the radiation resistance R, with respect to the current impressed at the excitation
point of the antenna,

2P
B i (13.27)
" LP
Inserting (13.24) and (13.26) yields
er
= a 13.28
" sin?kl ( )

For the 1 dipole with | = 1 we obtain

R, =Ry =73.4Q for | = 1A, (13.29)
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Figure 13.5: Radiation resistances Ry and R, of the dipole antenna referred to the maximum current [,
and the feed current I,, respectively, in dependence of [/Ao.

The radiation resistance of the dipole antenna R, according to (13.28) has been com-
puted from the power radiated by the antenna into the far-field. Since the free-space
is lossless, the spherical wave emitted by a dipole propagates without losses, and in
the case of time-harmonic excitation of the dipole the active power flowing through
a sphere surrounding the dipole does not depend on the radius of that sphere. The
reactive power flowing into the antenna feed, however, is related to the electromag-
netic energy stored in the near-field of the antenna. Therefore, the computation of the
imaginary part of the antenna impedance requires the consideration of the antenna

near-field. This will be done in Section 13.4.

13.3 THE INTEGRAL EQUATION FOR THE LINEAR
ANTENNA

Up to now we have investigated linear antennas on the basis of a given current distribu-
tion on the antenna. This allowed us to determine the radiation pattern of the antenna
with satisfactory accuracy; however, we could not determine the antenna impedance in
this way. For a more accurate computation of the radiation pattern and for the compu-
tation of the antenna impedance, an accurate determination of the current distribution
under consideration of the radiation is necessary. In the following we apply the integral
equation method in connection with the method of moments (MoM) to determine the
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Figure 13.6: Dipole antenna,

current distribution on a linear antenna [2,3,7, 8].

We investigate the linear dipole antenna depicted in Figure 13.6. The linear antenna
consists of a straight circular cylindric conductor of length 2/ with diameter 2a - much
smaller than the wavelength. If a primary wave is incident on an ideally conducting
surface, on this surface currents are induced, causing the tangential component of the
total electric field to vanish on the surface of the ideal conductor. Assuming an ideal
conductor, the surface current density 7 , is bounded to an infinitesimally thin surface
layer of the antenna. The linear dipole antenna exhibits a current flow in the z-direction
only. From (4.111) we obtain

£ - L ' G, (x.x") A J(x"). (13.30)

The integration is performed over the coordinates x’ over the volume of the antenna
wires Vyne. The points of observation x are located on the surface of the antenna wires.
If the antenna exhibits infinite conductivity the current is confined to the wire surface.
We can simplify the computation by replacing the current on the wire surface by a
current line source in the axis of the cylinder. For the field excited by the current on the
wire surface and outside the conductor this will be a good approximation. The virtual
field excited by the equivalent line source inside the wire will be ignored, since the field
vanishes inside an ideal conductor. In this case we can set x = (0,0,2") in G, (x,x").
Integrating the current density over the wire cross-section A,y (z) yields the antenna
current

1(2) = L L. (13.31)

Integrating (13.30) over the wire cross-section A,n:(z), we obtain with (4.107) and
(4.112) Pocklington’s integral equation [9]

2'=1 2 —1
- f (a—+k=)“p(+h)g(z’)dz‘ (13.32)

E¥)(2)

r=a  4mjweg Jz=-1\ 02?
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with
r=lx-x'|=\/at+(z-2')2. (13.33)

The kernel of Pocklington’s integral equation (13.32) may be written in the more conve-
nient Richmond form [10] as

1 2=l gmikr
(s) - : 2_ 4.2 222 AT
EO()| - s f{ — [+ jkr)(2r* - 3%) + Kar’] 1(2)dz
(13.34)
Exciting the dipole in the gap [~3b, 3b] with a voltage V, yields
V,/b for|z|<3b
E; o e : 13.35
Ei(2)], ., {0 for b <|z| <1 t53)
The solution of this integral equation (13.34) of type
z'=l
EY)(2) =f ’K(z,z')l(z')dz’ (13.36)
r=a z'==

is performed using the method of moments. We make the following staircase approxi-
mation of the current distribution

Z—-2y

N
(z)=) I,P(— 13.37
(2) ..Z=| n ( e ) ( )
with
21
Az = N1’ (13.38a)
z,=-l+nlz. (13.38b)
As the test function we use the delta distributions
Yn =0(2-2n) (13.39)
and obtain
> Lyn@n = Bm (13.40)
with
B = AzE:(2m) (13.41)
and
zp+iAz
Ly = Az f . K 2')dz’. (13.42)
zy—3Az
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Figure 13.7: Radiation impedance Z,,, of the linear dipole for a/I = 1074, 10-3, 10-2,

13.4 THE IMPEDANCE OF THE LINEAR ANTENNA

In the following we show a method to compute the complex antenna impedance by
approximation [3,4,11]. We consider again the linear antenna depicted in Figure 13.3.
The antenna consists of two circular cylindric conductors separated by a gap. We
assume the diameter of the conductors to be small compared with the wavelength. The
z-component of the electric field is given by (13.36) as

|
E.(D)es = [ Kz 2)L(Z) 2. (13.43)

At the surface of the ideally conducting antenna rod the tangential electric field van-
ishes. In the gap between the two rods of the dipole the electric field is assumed to be
homogeneous. Let the voltage across the gap be V. This yields

L for |z < 16

E.=
Ez(z)‘ng = {_a L

(13.44)
0 forid <|z| <

Multiplying both sides of (13.44) with I(z) and integrating over z from -/ to [ yields
1
f E(2I(2)dz=-V,1,. (13.45)
From this we obtain the antenna impedance Z,,, related to the maximum current I,

1
z,=%0_ 1 [ E(2)1(2) dz. (13.46)
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Figure 13.8: Radiation impedance Z, of the linear dipole for a/I = 1074, 1073, 1072,
Inserting (13.43) for E,(z) yields

l : ¢ ¥ ! )
Z=-p f-: L (2)K (2, 2)I(2') dzdZ' . (13.47)

Let us assume the current distribution I(z) to be known. We can for example use the
approximation of the current distribution used in (13.9), hence

I(z) =Ly sink (I-|2l) ,  L(2) =L, sink (1) . (13.48)
The antenna impedance Z, exhibits a real part R, and an imaginary part X,. The real

part is given by (13.27). Inserting (13.48) into (13.46) yields the reactive part of the
radiation impedance,

Xmr Zro . ) .
= = 2 kil 28 I - kl k
A= otk 4nsin2kf{s'(2 ) +[28i(2kl) - Si(4kl)] cos(kl)
- (2Ci(2kl) - Ci(4kl) - Ci(4kD)]sin (ka*I™) },  (1349)

with the integral sine Si and the integral cosine Ci given by (13.23a) and (13.23b).
This method for computation of the antenna impedance also gives good results if
only an approximation of the current distribution is used. The reason for this is that
the expression (13.47) exhibits a quadratic dependence on the current distribution.
Therefore it is not sensitive to small errors in the current distribution. Figure 13.8
shows real and imaginary parts of the radiation impedance Zp; = Ry + j Xmr referred
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Figure 13.9: Loop antenna.

to the maximum current I,,, and Figure 13.7 shows real and imaginary parts of the
radiation impedance Z, = R, +j X, referred to the feed current ], for various ratios
of a/l. The real part of the radiation impedance is related to the power radiated into
the antenna far-field, whereas its imaginary part is connected with the reactive power
flowing forth and back between the antenna feed and the near-field. The reactive power
is proportional to the difference of the average magnetic and electric energies stored in
the near-field. Since the near-field exhibits a singularity in the dipole axis, the stored
near-field increases when the dipole diameter is lowered.

13.5 THE LooP ANTENNA

A loop antenna consists of a wire loop of one or more turns. The loop antenna primarily
excites a magnetic dipole moment, which may be considered as the source of the
electromagnetic wave. Figure 13.9 shows a circular loop antenna of diameter 2a with
one turn. We consider the circumference of the loop to be small compared to the
wavelength so that we can assume the current flowing through the loop to be spatially
uniform. We compute the electric Hertz vector using (4.103a). The loop antenna exhibits
rotational symmetry with respect to rotation around the z-axis. The necessary feeding
line yields no perturbation of this symmetry since the field contributions of the two
wires of the feeding line compensate each other. Due to the symmetry properties of
the circular loop antenna the electromagnetic field also exhibits rotational symmetry;
therefore it will be sufficient in the following to compute the Hertz vector I, (x) in the
plane y = 0. The volume integration in (4.103a) needs to be performed over the volume
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filled by the conductor only. According to (12.2), we obtain for the region

Iy
*M,, = J—w;{ rd¢ = ( singdx +cospdy), (13.50)

where A is the cross-sectional area of the conductor. The volume element is given by
Aad¢. For I1, , we obtain from (4.103a)

22e,y
al 2n cos¢ ekn
Qe.y(xﬂ) = 41‘()_&36‘0 f ‘p: (13-51)

where r; marks the connection from the point x in the far-field to the conductor. For a
point x in the far-field we can assume the lines r and r; to be parallel. Since M, exhibits
no z-component, IT, . = 0 is also valid. Furthermore, it follows from (13 50) that in the
plane y = 0 the x-component of the Hertz vector disappears, that s, IT, , (x,0,2) = 0.
According to Figure 13.10, we obtain

rp=r—acos¢sinf. (13.52)
We use this expression in the exponent of the integrand, since the exponential func-

tion is strongly varying with r;, whereas in the denominator r; may be replaced by r.
Furthermore, due to the rotational symmetry of the electromagnetic field we obtain

Oy(r,0) =11, (r, 6‘)|¢}=€| ; (13.53)
This yields
—j kr T
I, = alro e} f1 cos«pe”‘mmi"&dfb- (13.54)
dmjweg r Jo
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Since the circumference of the current loop is small compared with the wavelength,

ka <« 1is valid, and we can make the approximation

eikacos¢sing 1 4 ikacos¢sin@.

Therewith we obtain from (13.54)

ka?l, .
[, = —20 ¥ Gin2 g dg.
4wey

With (12.6a) we obtain

: jk
H =jwey » df1, = jika’l, e"’"(% cosf dr + JTsinﬂ rde) )
r

and therewith

e-ikr

H, = -3k*a’l, sinf,
—jkr

H,= ijka’l, cosf.

With (12.6b) and Zg, = k/we, we obtain

2

[k
E=+dxdll, =%azzmjue"kr(7 ks %)rsinzﬂdqb,
r

and therefrom 5

k 2 LR
§¢=%a225010(~;~+g) e " sinf.

In the far-field r - oo we obtain from (13.57) and (13.59)

—jkr

H = -1ka’l,~—sin6rdd,

e—jkr
sin @ r sin 0 d¢

£ = 4Zpok*a’l, :

and the corresponding field components

(13.55)

(13.56)

(13.57)

(13.58a)

(13.58b)

(13.59)

(13.60)

(13.61a)

(13.61b)

(13.62a)

(13.62b)
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The far-field is given by (13.58a) and

~jkr

E, = ~ZroHy = 1 Zrok*a*l,—— sin . (13.63)

The far-field of the loop antenna with a small diameter is dual to the far-field of the
Hertzian dipole. From (4.19), (13.58a), and (13.63) we obtain the complex Poynting
form 7 for the far-field

= —3E,Hjr*sin6d6 A dp = 5 Zpok*a®|L,[* sin® 6 dO A d¢. (13.64)

In the far-field the complex Poynting vector exhibits only a radial component

Zrok*a®|L,|? sin® 6
T, 1
32r

(13.65)

The power radiated from the loop antenna follows from this with (12.21) and (12.22)
P=LnZpok*a®|L,*. (13.66)
We again introduce the radiation resistance defined in (12.26) and obtain

2P
R, = A = inZpok*a*. (13.67)
ip

13.6 RECEIVING ANTENNAS

13.6.1 The Hertzian Dipole as Receiving Antenna

We consider the Hertzian dipole as depicted in Figure 13.11 in the field of a plane
electromagnetic wave. The magnetic field H may be oriented normal to the dipole axis.
The direction of the electric field E may enclose an angle 6 with the dipole axis. The
Hertzian dipole of length [ is formed by two wires with spheres attached at the end.
The wires are assumed to be thin enough so that only the spheres at the end of the
wires are contributing to the capacitance of the antenna. The current flowing in the
short linear conductors between the spheres may be considered to be spatially uniform.
The circuit loop is closed via the displacement current between the two spheres. The
potential difference V,, between both spheres is given by

+4
V,=- f_“ £=-1Ecos®' . (13.68)
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Direction of Incidence

\
x/

Figure 13.11: The Hertzian dipole as receiving antenna.

——0

This voltage is equal to the open circuit voltage in the feeding point of the antenna. If
the antenna is oriented in parallel to the direction of the electric field the node voltage

V, assumes a maximum value V,, ... We obtain

|Zo,max| = hl£| . (13.69)

The length h of the Hertzian dipole determines the ratio between the open circuit
voltage across the antenna port and the electric field intensity. Via (13.69) an effective
antenna length loge may be defined for arbitrary antennas.

13.6.2 The Loop Antenna as Receiving Antenna

A plane wave is incident on a loop antenna according to Figure 13.12. We assume that
E is parallel to the plane of the loop, whereas the direction of the magnetic field H
encloses with the normal to the loop plane an angle 8’. We assume a < A. From (2.114b)
we obtain the open-circuit node voltage of the loop antenna

Vo =jed (13.70)
where the magnetic flux according to (2.29) is given by

_ = '
Q—LB ApoH cos 6 (13.71)

where A is the surface of the loop antenna. For the circular loop antenna according to
Figure 13.12 we obtain
A=a’n. (13.72)
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Direction of Incidence

O, H

IN

Figure 13.12: The loop antenna as receiving antenna.

We want to represent V, as a function of the electric field intensity E and obtain with

whe 27
o s AP il (13.73)
Zro Ao
from (13.18), (13.70), and (13.71)
2mA
V, = :’ Ecosé'. (13.74)
0

We now define according to (13.73) an effective antenna length I for the case of an
incident wave polarized in parallel to the axis of the linear antenna:

Vol = lerrlE| (13.75)
We obtain from (13.73) and (13.75) the effective antenna length of the loop antenna

Loge = T—A. (13.76)
0

13.6.3 The Linear Dipole Antenna as Receiving Antenna

If we are using an antenna as a receiving antenna we want to know the signal obtained
at the antenna port if the antenna is irradiated by an electromagnetic field. Usually
a receiving antenna is positioned in the far-field of the transmitter and the distance
between the transmitter and the receiving antenna is by orders of magnitude larger
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Figure 13.13: Calculating h,gr of the dipole antenna.

than the linear dimensions of the antenna, Therefore we can assume the received
electromagnetic wave within a spatial region of the size of the antenna to be a plane
wave. However, arranging the antenna in the received field will create a considerable
perturbation. The primary field will be scattered by the antenna and the resulting
electromagnetic field will no longer be a plane wave field. In the following we shall
overcome this difficulty by applying the theorem of reciprocity. We will demonstrate a
way to analyze the receiving antenna on the basis of the unperturbed primary incident
plane wave field.

Let us consider the two antennas, (1) and (2), respectively, depicted in Figure 13.13(a).
We assume both antennas to be coupled via the far-field - that means the distance
between the antennas is by orders of magnitude larger than their linear dimensions.
Let antenna (1) be a linear dipole antenna according to Figure 13.3, whereas antenna
(2) may be of an arbitrary type. At the feeding nodes of antenna (1) and antenna (2),
respectively, the currents I, and I, may be impressed. The current distribution I, (z)
on the antenna wires of antenna (1) is due to the impression of the node current [,.
The reaction of the far-field of antenna (1) on the current I,,, impressed into antenna
(2) is given by Ry, whereas the reaction of the far-field of antenna (2) on the current
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source [, is given by Ry,. From (4.67) we obtain
Ria =Ry (13.77)

and (4.71) yields
Ry =-V,1y, (13.78)

where V; is the open circuit voltage excited from the far-field of antenna (2) in the nodes
of antenna (1). We now replace the current distribution I,(z) due to the excitation
of antenna (1) with the current source I, by a polarization M5 (x) impressed into
free-space. Similar to (4.68), we obtain

1
M, p3(x) = j—wzll(z)dx A dy (13.79)

where A is the cross-sectional area of the linear dipole antenna (1). The impressed
polarization M, (x) excites the same field as antenna (1). Therefore the reaction Ra;
of the far-field excited by M, (%) on the current source L,, must also be equal to the
reaction Ry of the far-field excited from antenna (1) on the current source I

R;; = Rlz . (13.80)

On the other hand due to the reciprocity of the radio link formed by the two antennas
we obtain from (4.67)
R3; = Ras. (13.81)

From (13.77), (13.80) and (13.81) it follows that
Rz] - R23 . (1382)

The field excited from antenna (2) at the location of the impressed polarization M3 ()
is equal to the unperturbed electric field since we have removed antenna (1). This
procedure allows us to compute the voltage induced in the receiving antenna without
considering the field perturbation by bringing the receiving antenna into the primary
field. The reaction Ry of the field E(x) on M, ,;(x) according to (4.66) is given by

Ryp=jw fv E; A Moss (13.83)

where the integration is performed over the volume Vo3, where M, .03 (%) is impressed.
Since E(x) and M, (x) are uniformly distributed over the cross-sectional area, we
obtain from (13.79)

+1
Ris= f | L(E.(2)dz. (13.84)
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Figure 13.14: Unperturbed plane wave at the position of the linear dipole antenna.

The integration is performed over a length 2! of the linear dipole antenna from z = -1
to z = +1. The current distribution I, (z) is given by (13.9).

For an electromagnetic wave incident under an angle 8 relative to the dipole axis,
as shown in Figure 13.14, with the wave number k and the electric field parallel to the
plane x = 0, we obtain

k, =-kcos@ (13.85)

for the z-component of the unperturbed electric field
E, =E,sinfelkzcos? (13.86)

Inserting (13.14) and (13.86) into (13.84) we obtain

2E,1
= == l = . .
Ry3 Toin 6 [cos(klcos @) - cos(kl)] (13.87)

With (13.26), we relate Ry; to the node current I;; and obtain

cos(klcos®) - coskl

Ras = 2oL, k sin @ sin k! 8%
With (13.78) and (13.82) we obtain with V, = v,
V, = -2E cos(klcos @) — cos kl (13.89)

k sin @ sin kI
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A comparison with (13.16) shows that the antenna pattern of the receiving antenna is
the same as the antenna pattern of the transmitting antenna. We will demonstrate the
identity of the receiving antenna pattern and transmitting antenna pattern for arbitrary
antennas in Section 13.7. This identity is a consequence of the reciprocity theorem.

For the case of an incident wave polarized in parallel to the axis of the linear antenna,
we obtain from (13.75) and (13.89) for 6 = it

1-coskl Ao 1-coskl
I = = — . .
EEE Tkl x skl ()

For the short linear antenna with kI << 1, we obtain
Ly=1. (13.91)

For the half-wave dipole with 2/ = 31, we obtain
Ao
legs = ? for 2l = 1Ap. (13.92)

For arbitrary directions of incidence 6 # }m, we obtain from (13.89) and (13.75) the
general effective antenna length

cos(kl cos 8) — cos ki
k sin 0 sin kI

eff = |2 (13.93)

13.7 GAIN AND EFFECTIVE ANTENNA APERTURE

The power radiated by an antenna into a certain solid angle depends on the direction.
We define an antenna gain G as the ratio of the active power density radiated by the
antenna to the power density radiated by an antenna of reference. As the reference
antenna we use the isotropic spherical radiator, which distributes the radiated power
uniformly over all directions. Such a uniform radiator cannot be realized physically.
The best approximation to the uniform radiator is the Hertzian dipole which, however,
exhibits a non-uniform angular distribution of the radiated power. Let P; be the active
power emitted by a radiator. In this case the power density of an isotropic spherical
radiator at a distance r will be P,/4nr?. Using the isotropic spherical radiator as a
reference, the antenna gain is given by

oo AP R{L,(r.6,9)}

13.94
- (13.94)

The direction in which the active power radiated by the antenna per unit of solid angle
is maximum is called the direction of maximum radiation. The antenna gain in the
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(@ (b)

Figure 13.15: (a) Receiving antenna loaded with Z; and (b) two-port equivalent circuit.

direction of maximum radiation is the maximum antenna gain. For a Hertzian dipole
it follows from (12.23), (12.26), and (13.94) that

G =3sin?0. (13.95)

We obtain the same result from (13.65) and (13.66) for the small loop antenna according
to Figure 13.9. The maximum antenna gain is obtained for 6 = in

Gmax = % . (13.96)

For receiving antennas an effective aperture (or effective area) A, may be defined.
Figure 13.15(a) shows a wave incident on an antenna loaded with in impedance Z; . The
effective aperture is an equivalent area through which the incident wave transports a
power equal to the power received by the antenna. Multiplying the power density of
the incident wave with the effective antenna aperture yields the power received by the
antenna. Let R{ T’} be the power density of the incident wave and P, the active power
received by the antenna; we obtain the following relation

P, = AR(T}. (13.97)

Since the received power depends on the orientation of the antenna as well as on
matching of the load to the antenna, the effective aperture also depends on these
conditions. The receiving antenna may be considered as a one-port source as shown in
Figure 13.15(b). The magnitude of the open-circuit node voltage V,, may be obtained
from (13.75). If the antenna exhibits no losses, the real part of the antenna impedance is
equal to the radiation resistance R,. For power matching the load impedance is given
by

Zr =R, -jX;. (13.98)
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In this case the antenna delivers the power

Vv 2
P =1 1Y, | (13.99)
R,
to the load. For an incident plane wave the power density is given by
Pes |E? (13.100)
T=o7—IE. ;

From (13.75), (13.94), (13.99), and (13.100) we obtain the following relation between
effective antenna aperture and effective antenna length

2
_ Zrole

A,
4R,

for power matching. (13.101)

For the Hertzian dipole oriented parallel to the electric field we obtain from (12.26)

_3A

A
" 8n

(13.102)
The effective aperture of the Hertzian dipole is independent from h. Therefore the
power as specified in (13.97) may be received irrespective of how short the antenna may
be. This statement, however, is only valid if the conductive losses in the antenna may
be neglected and the antenna can be matched to the load. The radiation resistance of
short antennas according to (12.26) is proportional to the square of the antenna length.
Hence for very short antennas it may not be possible to neglect the ohmic losses in
comparison with the radiation resistance. Furthermore, if the radiation resistance is
very small, a power matching of the antenna will only be possible in a very narrow
frequency band.

Considering the Poynting vector field of power flow we can visualize the meaning
of the effective aperture. Figure 13.16 depicts the Poynting vector field in the vicinity
of an antenna. If a plane wave is incident on an antenna, this wave will be scattered
from the antenna. The scattering of the incident wave also depends on the matching of
the antenna to the load. An antenna matched to the load is equivalent to a resonant
circuit. If the plane wave is incident at the resonant frequency of this resonant circuit,
an oscillation of considerable amplitude may be built up in the resonant circuit. Due
to this excitation the antenna will radiate a secondary wave. This scattered field of
the antenna now is superimposed to the primary incident wave and the Poynting
vector field now depends on the superposition of the primary field and the secondary
field. As can be seen in Figure 13.16(a) the antenna is perturbing the power flow in
its neighborhood considerably. A part of the power flow lines is now flowing in the
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(a)

Figure 13.16: (a) Power flow lines /R{T} at a linear receiving antenna and (b) effective aperture A, of the
linear receiving antenna [8,12].

feed line of the receiving antenna. In Figure 13.16(b) the surface A, is shown separating
the region where all power flow lines are flowing into the antenna feed line from the
outer region, where the power flow lines are passing the antenna. By that way we may
construct a tube, which has the property that all the field energy flowing inside is
fed into the antenna. We can follow this tube to a region far distant enough from the
antenna so that there is no distortion of the plane wave field anymore. At this point
the cross-sectional area of the tube corresponds exactly with the effective aperture of
the antenna. We now can understand why the effective antenna area may exhibit a
much larger dimension than the antenna. When the antenna is very small the radiation
resistance becomes small, too. If the antenna exhibits no losses and is terminated by
matched load, the equivalent circuit of the terminated antenna is a resonant circuit
with very high Q-factor. An incident wave at the resonant frequency will excite an
oscillation of high amplitude and in this way also a large scattered field contribution.
Such a small antenna will only exhibit a large effective antenna aperture within a very
narrow frequency band.

Let us now consider the transmission properties of a radio link formed by two
antennas depicted schematically in Figure 13.17(a). We assume the antennas to be
sufficiently coupled via their far-field only. We may consider one of the antennas to
be the transmitting antenna and the other antenna to be the receiving antenna. Let us
first consider antenna (1) to be the transmitting antenna and antenna (2) the receiving
antenna. In this case from (13.94) and (13.97) we obtain the following relation between
the power Py emitted from antenna (1) and the power P,; received from antenna (2)

o GiA.z
4mr

- Pas (13.103)

In this equation, G, is the gain of antenna (1) and A, is the effective aperture of antenna
(2). If we otherwise use antenna (2) as the transmitting antenna and antenna (1) as the
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Figure 13.17: Two coupled antennas: (a) schematic presentation, (b) two-port-equivalent circuit, and
(c)/(d) approximated equivalent circuit for antenna (1)/(2) as transmitting antenna.

receiving antenna, we obtain

Py = Py (13.104)
4n

The two antennas coupled via their radiation field are forming a linear transmission
link. Let us now assume that both antennas are only separated via free-space and
that there are no further radiation sources existing. The geometric arrangement of
both antennas and of the surrounding matter may be fixed. If we want to describe the
relations between port voltages and port currents of both antennas, we can consider this
transmission link as the linear source free two-port. Figure 13.17(b) shows the two-port
equivalent circuit of the transmission link according to Figure 13.17(a). The coupling
of two antennas usually is very weak. Therefore, in the impedance representation we
can assume that |Z;;| << |Zy,|Z22]- In this case we can neglect the reaction of the
receiving antenna on the transmitting antenna and obtain the simplified equivalent
circuits according to Figure 13.17(c/d). In this approximation the input impedances of
antenna (1) and antenna (2) are independent from the termination of the other antenna
by Zy, and Z,,, respectively, and we obtain

R{Zii} =Ry, i=12, (13.105)

where R,; is the radiation resistance of antenna (i). We now assume in both cases of
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operation according to Figure 13.17(c) and 13.17(d), respectively, power-matching to be
fulfilled, in other words

Zyi=2;;. (13.106)
For antenna (1) as the transmitting antenna and antenna (2) as the receiving antenna,
we obtain

Py = 1Rn|lol%, (13.107a)
Py = IR{Z1,} L. (13.107b)

For the equivalent circuit according to Figure 13.17(c), we obtain from (13.105) to
(13.107b)
P _ |Zaf
Py 4RnR,’
If antenna (2) is the transmitting antenna and antenna (1) the receiving antenna it
follows from Figure 13.17(d) that

(13.108)

2
;:- = 4|RZ:1L2 : (13.109)
Due to the reciprocity (4.67) is fulfilled and therefore
Ziv=Zsi. (13.110)
From this it follows that Py Py -
Pa  Pn '

for the case of power matching of the load to the receiving antenna. The ratio of
the available active power at the port of the receiving antenna to the input power of
the transmitting antenna is called the transmission factor. According to (13.111) the
transmission factor of a radio link corresponding to Figure 13.17(a) is of equal size in
both directions. From (13.103), (13.104) and (13.111) we obtain

G G
Lt (13.112)
Ael Ae?.

We see that the ratio of gain to effective aperture is the same for both antennas. The
quantities G,, A, only depend on antenna (1) and the quantities G, A, only depend
on antenna (2), and we also have considered the possibility of using different antenna
types (1) and (2). Equation (13.112) only may be satisfied if the ratio of the gain and
effective aperture is the same for all types of antennas. For an optimally oriented
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Hertzian dipole (8 = m), we can compute from (13.96) and (13.102) the following
relation between gain and effective antenna aperture

2
_."‘UG

A 2O
* 4n

(13.113)

This relation also holds for any type of antenna and for any orientation of the antenna.
Therefore the transmission ratio may be expressed by the gain of both antennas or by
the effective aperture of both antennas or by the gain of one antenna and the effective
aperture of the other antenna. The relation

Bp;z_ - & _ GIAEZ - GlAel — "'(:;GIGZ — A81A£2 (13 114)
Py P, 4nr2  4mr? 16nr? Ar? ’

is known as the Friis transmission formula.

13.8 ANTENNA ARRAYS

13.8.1 Linear Antenna Arrays

An antenna array is an arrangement of antenna elements distributed in space. The
waves radiated by these antenna elements have defined amplitudes and phases and
are superimposed in space. Antenna arrays allow the formation of antenna patterns
of high gain and strong directivity. The pattern of an antenna array depends on the
pattern of the antenna elements, the spatial arrangement of the antenna elements and
the amplitude and phase of the feeding signals of each antenna element. Figure 13.18
shows a linear antenna array (i.e., a linear array of dipole antennas). The computation
of the pattern of the linear antenna array is simplified if all antenna elements exhibit
identical shapes and if their arrangement obeys some spatial symmetry.

Let us consider a single linear dipole antenna element radiating a vertically polarized
wave. In polar coordinates the far-field of the antenna is given by

e—jkr
Eg=ZpHy = AETTF(H, ¢) (13.115)

where A is the complex amplitude and F(0, ¢) is the element pattern. For the linear
dipole antenna according to Figure 13.3 we obtain from (13.16)

A=iZsolns (13.116)
cos(kl cosB) — coskl
F(6,9) = ( sin t; '

(13.117)
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I
/

Let us now consider an arrangement of n parallel antenna elements with an identical
element pattern. The contribution of the vth antenna element (v = 1. ... n) to the far-field
is given by

Figure 13.18: Linear antenna array formed by linear dipole antennas.

=i kry

F(8,¢), (13.118)

e

Ey, = ZFOEM» =4,

where r, is the distance from the center of the vth dipole element to the point of
observation in the far-field. The complex amplitudes A, of the antenna elements are
put into relation to the amplitude A, by

A, =p,A e (13.119)

where p, and §, are the corresponding amplitude and phase ratios. We obtain the
total far-field of the antenna array by superimposing the contributions of all antenna

elements:
—J (kr,+6,)

Eg=ZpHy = AgF(6,9) Z P (13.120)
We choose the origin of our coordinate system near to the antenna array. Let r, be
the distance from the far-field point of observation to the center of the vth antenna
element. We obtain for the far-field the following approximation:

ry=rg—xysinfcos¢ — y,sinfsin¢ — z,cosh. (13.121)
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Figure 13.19: Circular antenna array formed by linear dipole antennas.

In (13.120) we can approximate r, in the denominator by ro and obtain

e—j kro

Eg=4 F(6,¢)M(6,¢), (13.122)

21trg
where the so-called array factor M(0, ¢) is given by
n
M(6,¢) = Zp, exp{-j[k(ry —ro) +&]}. (13.123)
v=1

We obtain the following simple result: The pattern of an antenna array with equal,
equally oriented, and equidistant antenna elements is the product of the pattern of a single
antenna element and the array factor. This law is called the multiplicative law.

13.8.2 Circular Antenna Arrays

Consider a circular antenna array, also called a ring array, in Figure 13.19. The circular
antenna array consists of n antenna elements arranged in angular positions ¢, along a
circle of radius a. For the circular antenna array the array factor is given by

M(0,¢) = i:Avexp{j [kpysin @ cos(¢ — ¢y) +0y]}. (13.124)

For maximum radiation in direction (8, ¢o) we have to choose

y =j[kpysinBq cos(¢o — ¢v). (13.125)
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Figure 13.20: Poynting vector field of a vertical antenna.

For half-wave dipoles as antenna elements with an element pattern given by (13.17) the
pattern of the antenna array is given by

cos (3mcosB) ¥, A, exp{j[kpy sinOcos(¢ — ¢,) + 8, ]}

13.126
sin 8 YAy ( :

M(6,¢) =

Usually circular antenna arrays exhibit uniform angular distance between the antenna
elements. In this case the ¢, are given by

b, = Zn"’T_l . (13.127)

13.9 APERTURE ANTENNAS

13.9.1 Radiating Apertures

The antennas treated so far have been composed of linear conductors. To design anten-
nas we first have computed the current distribution on the linear conductor. Then we
have treated this current distribution as an impressed current distribution. In a further
step we have computed the radiated field from the impressed current distribution
using (4.103a) and (12.2). The subdivision of the design procedure into computation of
the current distribution without considering radiation, and subsequently computing
the radiation on the basis of a given current distribution, allows a straightforward
computation of the radiation pattern of the antenna. However, this method neglects the
reaction of the radiation field on the current distribution in the antenna. For example,
the attenuation of the current wave on the antenna conductors due to the radiation has
not been considered.

Another consequence of this model has been that it has supported a picture in which
the current flowing in the conductor at some point is the source of the field. However,
at this point we only have changed a model from the network and transmission-line
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(a)

Figure 13.21: (a) Horn antenna and (b) impressed equivalent surface polarizations.

model to the field model. A consequent application of the field picture shows that
the electromagnetic energy is carried in the feedline of the antenna as well as in the
free-space by the electromagnetic field. Figure 13.20 shows a vertical linear antenna
fed by a coaxial line and it illustrates the continuous transition of the field lines of the
Poynting vector field from the feed line region into the free-space region. In the coaxial
feed line the Poynting vector field lines are oriented in parallel to the axis of the coaxial
line, and these Poynting field lines pass through the aperture and then spread into
free-space surrounding the antenna. In this field picture the opening from the feed
line into free-space (i.e., the aperture is the source of the radiation). In principle also
the open end of a coaxial line or any other line will radiate electromagnetic energy
into space. As long as the transverse dimensions of a line are small compared with the
wavelength, the main part of an electromagnetic wave propagating in the line towards
the open end will be reflected and only a very small part will be radiated. This situation
changes considerably if the transverse dimensions of a waveguide are in the order of
magnitude of the wavelength A or exceed the wavelength of the electromagnetic wave.
In this case the main part of the wave may be radiated into space.

The horn antenna shown in Figure 13.1(e) was obtained by continuously widening a
waveguide with a rectangular cross-section such that the transverse dimensions of the
aperture are larger than the wavelength Ao. If the widening of the waveguide is smooth,
the transverse field distribution of the waveguide mode will be scaled up according
to the widening of the waveguide. With an increasing widening of the cross-section
the cutoff wavelength increases, and according to (7.242) the wave impedance of the
waveguide approaches the field impedance of free-space. In this case the waveguide
wave is well matched to the free-space and is radiated with only low reflection.

If we know the transverse field distribution in the aperture of the horn antenna or if
we know the tangential electric or magnetic field distribution in an arbitrary surface
enclosing the antenna we can compute the radiation field of the antenna using Huygens’
principle. Figure 13.21 illustrates this procedure for the horn antenna. Knowing the
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Figure 13.22: Aperture of a surface emitter.

tangential components of £ and H we can compute the equivalent magnetic surface
polarization M, , and the equivalent electric surface polarization M, , in the aperture
plane.

We consider an arbitrarily shaped surface emitter aperture in the x y-plane at z = 0
as depicted in Figure 13.22. The electric and magnetic field components tangential to
the aperture are described by the differential forms

E(x") =E,(x')dx"+E (') dy, (13.128a)
H(x') = Ho(x')dx' + H (") dy', (13.128b)

where x' denotes a point in the aperture plane. The area polarizations M, , (x) and
M,, 4 (x") are represented by the twisted one-forms

Med (x;) = Medy(x!) dx’ - Medx (x!) dy, ’ (13.1292)
M4 (5') = My 4 (x7) dx" = M, 5, (%) dy" (13.129b)
In the aperture plane we obtain from (4.47) and (4.48):

M, A(x') = —ﬁ 7' L (d7 nE(K)), (13.130a)

M {21y = ]iw dz' 4 (d7 AH(x')) . (13.130b)
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From this we can compute the electric Hertz form /7, and the magnetic Hertz form
[1,, using (4.103a) and (12.2). Since M, , and M,, , describe area polarizations, the
integrals have to be performed over surfaces, and we obtain

I ¢ M, a(x) eI k==
n,(x)=—— [ (dxdx'+dydy’)n =24 , 131
n,(x) 47!#0'[;\( xdx' + dydy') A o] (13.131a)
1 M, ,(x') e7iklx==
M.(x)=— [ (dxdx’+dydy’) n =4 13.131b
[,(2) = o [, (x4 dydy) n S5 (13.131b)

If we are interested only in the far-field of the surface emitter, the integrals (13.131a) and
(13.131b) may be simplified in a similar way as we have done it for the linear antenna.
Let us consider the aperture in a plane surface emitter located in z = 0, depicted in
Figure 13.22. For a far-field point x the lines r and r’ can be assumed to be parallel so
that

|x —x'|=r-rocos& (13.132)

is valid. Applying this approximation in the exponent of the integrand of (13.131a) and
(13.131b) and setting |x — x’| = r in the denominator only, we obtain

—jkr I .
0,6 = o [ @+ dyay) n My (), 330
0
—jkr [ )
,(x) = :ne = L (dxdx' + dydy’) AM,4(x") elbrocoRs (13.133b)
0

The forms £ and H are computed from [1,, and /1, using (3.29a), (3.29b), (3.36a) and
(3.36b). The partial fields computed from /7, and /1, have to be superimposed. For the
computation of the far-field it is useful to represent /7, and [1,,, in spherical coordinates.
The computations can be simplified by neglecting all terms going to zero stronger than
by r~! for r — co. Considering (13.133a) and (13.133b), we see that the dependence of
[, and [1,, is due to the factor e71%" [r. Computing the [1, and [1,,, we only consider
these terms where the negative power of r is not increased. For the far-field computation
of a one-form

U=U,dr+Ugrd + UgrsinBd¢, (13.134)
we have to consider that
~jkr

U; ~ for kr>1, i=r¢,0. (13.135)

Therefore we may replace 3/3r with —j k and obtain the following approximation for
the far-field computation:

did = —jkdrald for kr>1, (13.136a)
»dx»dU 2K U. (13.136b)
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Using this approximation we obtain from (3.20a), (3.20b), (3.36a) and (3.36b) the
far-field components

Eg=ZpoHy = k* (I, + ZpoIl,,,) » (13.137a)
Ey=-ZroHg = k* (I, - Zroll,g) - (13.137b)

13.9.2 Horn Antennas

Let us now compute the far-field of the horn antenna excited in the TE;o mode according
to Figure 13.23. From (7.261), (7.266a) and (7.266b) we obtain the transverse field
components of the rectangular waveguide excited in the TE;o mode

[ 2 nx
ﬁy = "Z‘n-:ﬂx = ;51(2) cos ? . (13.138)

If the waveguide cross-section is gradually increased in the z-direction, this transverse
field distribution will be scaled up correspondingly. According to (7.242), a field im-
pedance of the waveguide Zq;,o approaches the free-space field impendence Zp,. If
the wave impedance of the waveguide is smoothly varying with z, only low reflections
will occur. We assume that the transverse widening of the aperture plane is sufficiently
large that Zg)9 may be approximated by Z, in the aperture plane. Using (13.129a) and
(13.129b) we now can determine the equivalent surface polarizations in the aperture

plane A:
1 1 2 X
M= —E =—\/~V —, 13.139
—mAx jw'"" 2=0 jw ab_cos = ( a)
1 1
My=—H, ™ _Z_FGM”' T (13.139b)

jw
We now have approximated Z;z; by Zgo. Inserting (13.139a) into (13.133a) we obtain

—jkr
g.mx (x) =

y f M, (x")eikrocost 4a, (13.140)
Mot JA

Let us now introduce spherical coordinates with respect to the y-axis (Figure 13.23).
With
rocos & = x"sin¢sinf + y' cos @ (13.141)

we obtain from (13.139a), (13.140) and (13.141):

—j kr
O,,.(x)= e.—\ / - % YV (13.142a)
dmjwper \ ab
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Figure 13.23: Horn antenna.

ke

with
af2 o
x=f cos I gikxsingsind g,/ (13.142b)
-af2 a
b2,
¥ f . eiky cosdqyr, (13.142¢)
-bf2

After evaluation of the integrals we obtain

_ 2macos (3kasin ¢ sin 6)

, 13.143a
n? - k2a? sin® ¢ sin” 0 ( )
in (%
_ 2sin (4kb cos 0) . (13.143b)
kcost
From (13.133a), (13.133b), and (13.139b) we obtain
ﬂey = _ZFOA-I-_-I..mx . {13144)
The Hertz vector has the following spherical components
,,=1,,cosfsing, (13.145a)
o,,=1,,cos¢, (13.145b)
O=-II,,sin 6. (13.145¢)

From (13.137a), (13.137b), (13.144), and (13.145a)-(13.145¢) we obtain the far-field of the
horn antenna:
Eg=ZpoH, = k*ZpoIl, (sin 6 + cos ¢), (13.146a)
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Ey=-ZpoHy = —k*Zpoll,,, cos Osin ¢. (13.146b)
With (13.142a), (13.143a), and (13.143b) we obtain using kZpo/wp, = 1:

Eo(r,0, ) = ZroH, (1,6, 9)
2 ek (13.147a)
=\/EkV X(6,¢)Y(0)(sin 6 + cos ¢),

—dnjr

§¢(r, 6,¢) =-ZpoHg(r, 0, ¢)

\/Tk eikr . (13.147b)
=yl y’4njr X(0,9)Y(0)cosOsing.

In the main beam direction (6 = im, ¢ = 0) we obtain from (13.143a) and (13.143b)
< 2
X (ETT, 0) Y (';-TE) = ;ab (13.148)

The field intensity in the main beam direction is

—i ~jkr
Eg=ZpoH, = n—i\/Zab kVE—. (13.149)
r
The power density in the main beam direction is
1 1o-lip 2 _ 90 12,100
T(r,3m,0) = 3Z5o|Eq|" = Wk Zpo|YI*. (13.150)

Since we have assumed that the wave traveling in the waveguide towards the aperture
is completely radiated, the complete active power radiated from the horn antenna
according to (4.139) and (4.141) is given by

P, =1Z5o|V]*. (13.151)
With (13.94) we obtain from this the maximum antenna gain

8abk? _ 32ab

max = —T[T = ﬂ_l(z) . (13152)

The maximum antenna gain is proportional to the aperture area a - b of the horn
antenna. From (13.113) and (13.152) we obtain the effective antenna area

8
Ae = Fab ~0.81ab . (13.153)
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Phase center

Figure 13.24: Curvature of the phase front.

The effective antenna area is only 81% of the geometric area. The high gain in the case
of large apertures means a high directivity. For ka > 1and kb >> 1 the main radiation
lobe in the ¢ = 0-plane exhibits the angular width

Af = 2%0 5 (13.154)

In the 8 = in-plane and the angular width of the main radiation lobe is

A
A¢ = 3?(: : (13.155)

In our considerations up to now we have neglected the curvature of the phase front
in the aperture. This assumption is only justified if the beam angles and a; in
Figure 13.24 fulfill the conditions aa; < Ao, bay << Ag. The real or virtual origin of a
spherical wave is called the phase center.

13.9.3 Gain and Effective Area of Aperture Antennas

Let us now treat the gain and effective antenna area of the plane surface emitter more
generally. According to Figure 13.22 we make no special assumptions about the aperture
of the antenna. To achieve a high gain of the surface emitter we assume a plane phase
front in the aperture and the electrical field to be vertically polarized in the aperture. In
the aperture the electric and magnetic field in (13.139a) and (13.139b) may be replaced
by equivalent surface polarizations

Mrﬂ)\x =5

—E| ., (13.156a)
Jjw z=0
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1 1
M,,=—H =M, 4 - 13.156b
—eAy jw—x 20 Zis —mAx ( )
Furthermore, we assume that the field exhibits no node lines in the aperture plane
and therefore the direction normal to the aperture plane will be the main radiation
direction. From (13.133a), (13.133b) and (13.156b) we obtain for the main radiation
direction
Co e—j kr
I, = ~Zrolly =~ — L M,, dA. (13.157)
The integration is performed over the aperture plane. With (13.137a) we obtain the

far-field components Ey and H, for 6 = 3m,¢ = 0 (with I, = -IT , IT, = I1,)

Eg=ZpoHy = -k*(11,, - ZpoM,,, ) = —2k2_ﬂy for O=1im¢=0. (13.158)

From this we obtain

E =ik [B| da
Eg=-jk—— fa E,| _da. (13.159)

With (12.16) we obtain the radiation density in the main beam direction

L&

The total active power radiated from the aperture is obtained by integrating 7 over the

aperture,
1 2
E
2Zro -[1. I_y |

The gain G,,4x in the main beam direction follows from (13.76), (13.160) and (13.161)

kz 2

B d
81‘(2‘?‘22;0 A

z=0

(13.160)

P, =

_ﬂdA 3 (13.161)

2

dA
0

4nr’T  4n Ja E, =
== .
VTR

Gmax = (13.162)

With (13.94) we obtain from this the effective area in the main beam direction

_ |, odAP
JalEyP,_odA

If the aperture is uniformly illuminated (i.e., the electromagnetic field is uniform over
the aperture), we obtain the maximum value of the effective aperture, given by A, = 4,
and it follows: For a plane surface emitter the aperture dimensions of which are large
compared with the wavelength Ao, the aperture of which is uniformly illuminated and the
phase front is plane and parallel to the aperture plane, the effective antenna area is equal
to the geometric aperture area.

(13.163)

e
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Figure 13.25: Phase surfaces in a parabolic reflector antenna.

13.9.4 Mirror and Lens Antennas

To realize large apertures with plane phase fronts, methods from optics are used to
transform a spherical wave radiated by a primary radiator into a plane wave. This can
be achieved using lenses or mirrors. Figure 13.25 gives a schematic illustration ofa
parabolic reflector antenna. A primary radiator in the focal point of a paraboloid emits
a spherical wave. The spherical wave is reflected by the conducting paraboloid and in
this way transformed into a plane wave. Transformation occurs due to the circumstance
that the distances d; and d, are equal. Removing the paraboloid reflector and bringing
the spherical wave originating from the focal point to interfere with a plane wave
propagating in the x-direction from the left produces a node surface of paraboloid
shape. Inserting a conducting paraboloid this node surface meets with the boundary
conditions. Now the plane wave incident from the left is converted into a spherical wave
and the spherical wave originating from a source in the focal point of the paraboloid
is converted into a plane wave when incident on the reflector. In the next step of our
consideration we may omit the plane wave incident from the left.

Figure 13.26 shows various types of reflector antennas. The reflector antenna in
Figure 13.26(a) is excited by a small horn antenna or a small dipole antenna positioned
in the focal point of the paraboloid. To achieve an effective antenna area coming as
close as possible to the geometric antenna area, a uniform irradiation of the paraboloid
is required. The primary radiator should only irradiate the paraboloid reflector and
not the regions beside the reflector. Therefore, the primary radiator should exhibit
an appropriate directivity. These requirements will yield a higher focal length of the
parabolic antenna and consequently large antenna dimensions in the longitudinal
direction.

The antenna dimension in the longitudinal direction can be reduced by introducing
a second mirror as shown in Figure 13.26(b). This antenna type is called a cassegrain
antenna. Both antenna types shown in Figure 13.26(a) and Figure 13.26(b) suffer from
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(a) (b) (c)
Paraboloid Plane
Segment Wave
/
H
o Spherical Wave
Waveguide Feed

Figure 13.26: Reflector antennas: (a) parabolic reflector antenna, (b) cassegrain antenna, and (c) horn
parabolic antenna.

(a) X (b)

Figure 13.27: Lenses for transformation of spherical waves into plane waves: (a) n > land (b) n < 1.

the disadvantage that the primary radiator is in the path of the secondary beam. The
scattering of the secondary beam by the primary radiator not only degrades the antenna
pattern, but also yields a frequency-dependent mismatch of the antenna to the feed
line. Both disadvantages can be avoided with the horn paraboloid antenna, shown in
Figure 13.26(c). In this antenna for the reflection, only a sector of the paraboloid is used;
it is crossed by the axis of the paraboloid. Therefore the reflected secondary beam does
not pass the focal point and will not be scattered by the primary radiator. Figure 13.27
illustrates the application of lenses for the transformation of a spherical wave into a
wave with a plane phase front. The dimensions of the lens are assumed to be large
compared with the wavelength. Therefore we can apply geometric optic methods to
compute the shape of the lens. The phase velocity c of a ray corresponds to the phase
velocity of a plane wave. In the lens the phase velocity ¢ of the electromagnetic wave
deviates from the free-space phase velocity cg. The refractive index n is given by

n=—. (13.164)
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Figure 13.28: (a) Fresnel lens and (b) waveguide lens

The refractive index n may be either larger or smaller than 1. A refractive index n > 1
given by (2.77) may be realized using dielectric materials. To transform a spherical wave
into a plane wave, the optical length of the path (i.e., the geometrical length weighted
with the reflective index), must be equal for the central path C, and any path C; in
Figure 13.27(a). This yields

d+nz=+/(d+z)*+x*. (13.165)

From this it follows that the lens surface is given by a hyperboloid according to
2(n* -1)+2dz(n-1)-x*=0. (13.166)

In order to save material and weight a dielectric lens may be designed as a step-lens
or Fresnel lens as in Figure 13.28(a). A lens with n <1 can be realized using a stack of
equidistant parallel conducting plates as in Figure 13.28(b). If an incident plane wave is
polarized parallel to the conducting plates, TE;o waveguide modes are excited between
every two plates. According to (7.237) the phase velocity of the Tjo waves is given by

Co

pEi—— (13.167)
Vi-(32)
From this we obtain an ellipsoid lens surface given by
22(1-n?) -2dz(1-n) +x*=0. (13.168)

13.9.5 Slot Antennas

A slot antenna is an aperture antenna with a narrow aperture, extended only in one
dimension. The slot width is small compared with the wavelength A,. Figure 13.29
shows a slot antenna excited by a coaxial line, and Figure 13.1(f) shows an array of a
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Figure 13.29: Slot antenna fed via coaxial line.

slot antenna excited by a rectangular waveguide. The slot in Figure 13.29 behaves as
a line short-circuited on both ends. By the coaxial line a standing wave with voltage
nodes at both ends of the slot is excited. The voltage occurring along the slot V (z) and
the magnetic surface polarization equivalent to the electric aperture field are depicted
in Figure 13.30. The magnetic area polarization is given by

1
M mAz = T

FL/S jw

V(z). (13.169)

v | —

The slot width is s. Usually a slot antenna is shielded on the rear side so that the slot
is radiating only in one half-space. Electric and magnetic surface polarization give
the same far-field contribution as shown in (13.158). We therefore can take twice the
far-field contribution obtained from the magnetic surface polarization instead of also
computing a far-field contribution from the electric area polarization. From (12.5),
(13.11), (13.140), (13.146b), and (13.169) we obtain

—jkr

E, _ +j(d€g e

+1
H : f Vv jkzcos Bd ) ;
H T e sin 6 ’ V(z)e z (13.170)

This equation is dual to the equation derived for the linear dipole (13.12), if one considers
that the radiator is radiating only into a half-space, therefore creating twice the field
intensity in this half-space. The duality with respect to the linear antenna becomes
obvious if we are performing the following substitution:

I(z) -» Ei—oZ(Z) ; (13.171a)
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Figure 13.30: Slot antenna.

Eg = ZpoH,y (13.171b)
1
.fi¢ ¥ -Z—Fo_._g. . (13.171¢)

Since the power P radiated from the slot antenna is proportional to |V,.|%, we can
define a radiation conductance G, related to the voltage maximum |V, | via

P=3Gm|V,|* - (13.172)

In this way we obtain from (13.24) and (13.171a) the following relation between the
radiation resistance related to the voltage maximum |V, | of the linear antenna and the
radiation conductance G,,, of the slot antenna

Grg= il (13.173)
Zko

This equation is Booker’s relation [13,14], which holds not only for the real radiation

resistance but also for the complex self-impedance of a slender dipole and the comple-

mentary slot dipole. Booker’s relation allows to extend the knowledge about center-fed

slender dipoles to center-fed slot dipoles. The relationship between wire and slot dipoles

is a consequence of Babinet’s principle.

13.10 MICROSTRIP ANTENNAS

The microstrip antenna is a metallic patch printed on a thin, grounded dielectric sub-
strate [15-19]. Microstrip antennas can be realized using printed circuit technology. The
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Figure 13.31: Arbitrarily shaped patch antenna.

advantages of printed antennas are small dimensions, light weight, easy manufacturing,
and easy integration into arrays. Microstrip antennas can also be printed on curved
surfaces to make conformal antennas. Disadvantages of printed antennas are usually a
narrow bandwidth and comparatively high losses.

The patches of a microstrip antenna may have various geometries. The most simple
type of a microstrip antenna is a radiating metallic patch on one side of a dielectric
substrate that has a ground plate on the other side. In Figure 13.31 an arbitrarily shaped
patch antenna is depicted. The substrate thickness is A. If the transverse size of the
patch is large compared to h, then the electromagnetic field between the patch and the
ground plane is uniform in w direction, the electric field being normal to the patch,
and the magnetic field being tangential to the patch. Therefore

E(u,v) =E, (u,v)s3, (13.174a)
H(u,v) =H, (u,v)s; + H,(u,v)s; . (13.174b)

The electromagnetic field in the interior region can be described by T™ modes, for
w being the direction of propagation. It can be computed by solving the Helmholtz
equation (3.28) with the ansatz

0,(u,v)=11,,(u,v)s;. (13.175)

The structure formed by the patch on the grounded dielectric can be understood as
a resonator, too. In the cavity model of the patch antenna the field computation is
performed in two steps. In the first step the interior field of this region under the patch
is modeled as a cavity bounded by electric walls on the top and bottom and a magnetic
wall along the periphery dV;. In this first step the radiation from the open periphery of
the resonator is neglected. In the second step Huygen’s principle is applied to compute
from (4.47) the equivalent magnetic surface polarization on the periphery dV;

1 1
M, a(u,v) = _j_(d51 a(spn€(u,v)) = -j—wgw(u,v)sg, (13.176)
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Figure 13.32: Rectangular patch antenna.

and from this the field radiated from the patch antenna.
From (13.133a) we obtain the magnetic Hertz form describing the radiated field. In
the far-field the electric and magnetic field components are

e—j kr i

n,(x) (525, + 538,) A M, 4 (u,v') kT8, (13.177)

= dmpor Jav,
where the angle £ is specified in Figure 13.22. In the far-field the electric and magnetic
field components may be computed from (13.137a), (13.137b):

Ey=ZpoHy = k*Zroll,g (13.178a)
Ey=-ZpoHg = ~k*Zpoll g (13.178b)

The patch antenna either may be fed by a coaxial feed through the ground plane or by
a planar feed line [15-19]. Exciting the microstrip antenna by a microstrip line on the
same substrate allows to fabricate antenna and feed line simultaneously.

A microstrip antenna fabricated on a plane substrate is called a planar antenna. As
in the case of conventional antennas, microstrip antennas may also be combined to
form arrays [15-18]. The elements of an array may be spatially distributed to form a
linear or a two-dimensional array.

Conformal microstrip antennas and antenna arrays are fabricated on curved sub-
strates [16,17,20,21]. The shape of a conformal antenna is usually defined by the contours
of the object on which it is mounted (e.g., a vehicle or an aircraft). This means that the
shape of the antenna is not at the disposal of the antenna designer.

13.10.1 Planar Rectangular Patch Antenna

We apply the cavity model to the rectangular patch antenna shown in Figure 13.32 [18].
In the resonator the electromagnetic field is represented by

E(x) = E,(x)dz, (13.179a)
#H(x) =H,(x)dx +H,(x)dy. (13.179b)
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For the resonant mode (m, n), the electric field is given by

E,(x) = E,cos T cos ﬁ;}- . (13.180)
With (2.130b) we obtain from this
H. (x)= —;J; %Eﬁo cos _”% sin % ; (13.181a)
H,(x) = J—y%ga sin m:x cos-m;—y‘ (13.181b)
From (13.133a) we obtain
_ j (i ! l / ! jkrocos§
D)= s fa“ (dxdx’ + dydy’) A d2'E,(x)e L (13182)

We choose a > b. In this case the mode (1, 0) is the fundamental mode. In this case the
field in the resonator is given by

E,(x) = E,cos e ; (13.183a)
a
H,(x)=0, (13.183b)
j M., . mx
ﬂ},(x) = w—y ;go sin —. (13.183¢)

Using (13.182) we can compute [T, (x) for the far-field and from this with (13.178a) and
(13.178b) the far-field components for the electric field. We give the solution for ¢ = 0
and ¢ = . The plane ¢ = 0 is parallel to the electric field and is called the E-plane
whereas the plane ¢ = 47 is parallel to the magnetic field and is called the H-plane. For
the E-plane we obtain

Ep(r,0,0) =j bk :: v hE, exp (3jkasin @) cos(3kasin@), (13.184a)
E,(r,6,0) =0, (13.184b)
and for the H-plane
Ey(r,0,3m) =0, (13.185a)
bkeikr sin (1kbsin 0)

§¢,(r, 8,3m) = -j

hE, exp (3j kbsin 8)

13.185b
rn 1kbsin 6 ( )
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(b)

Figure 13.33: Biconical antenna: (a) electric field, (b) voltages and currents.

13.11 BROADBAND ANTENNAS

For applications that require coverage of a wide range of frequencies broadband an-
tennas are required. An antenna may be scaled in wavelength by changing its linear
dimensions. Therefore, an antenna structure that is invariant under linear scaling of
its dimensions by an arbitrary scale factor must be frequency-independent. A simple
antenna structure with broadband characteristics is the biconical antenna [3]. Strictly
speaking, a structure invariant under scaling of its dimensions must be of infinite exten-
sion. Truncating such a structure to finite extension, however, will yield a broadband
antenna structure [22-24].

We analyze the biconical antenna geometry depicted in Figure 13.33. The cone surface
is defined by 8 = L& where « is the angle enclosed by the cone. For infinite extension of
the cones in the r-direction the problem may be easily treated analytically. Furthermore,
in the case of infinite extension it is obvious that the electromagnetic properties of the
structure are frequency-independent since the structure is invariant under a scaling
transformation in radial direction.

For symmetry reasons we expect a field solution with only an E4 and H 4-component.
We make the ansatz

E(r,0,¢) =Eq(r,0,¢)rdod, (13.186a)
H(r,0,¢)=Hy(r,0,¢)rsinfd¢. (13.186b)

With (2.124a), (2.124b) and (A.170) we obtain from this the solution

H -jkr
E(r,0) = Zpo—=2 = 149, (13.187a)
sinf r
e-jkr
H(r,0) = H, rsin6dg. (13.187b)

rsin @
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(a) 4 (b)

T

Figure 13.34: Logarithmic-periodic antenna: (a) log-spiral antenna, and (b) log-periodic slot antenna.

A voltage V(r) and a current I(r) may be defined by

V(r)=- fc. E(r,0) =2ZgH, e ¥ In [cot (3a)] , (13.188a)

I(r) = j; zﬁ(nﬂ) =2nHy e, (13.188b)

The power P, radiated by the antenna is
P, = }R{V(0)I" (0)} = 2nZgo|HZ|In [cot (3a)] . (13.189)

The radiation resistance R, is given by

_Y(0) _Zr :
R, = T In [cot ({a)] . (13.190)

The logarithmic-periodic geometry allows to realize frequency-independent anten-
nas. A logarithmic-periodic antenna is a set of adjoining cells, each cell being scaled
in dimensions relative to the adjacent cells by a factor that remains fixed through-
out [22-24]. Figure 13.34 shows two examples of planar logarithmic-periodic anten-
nas. Apart from the truncation of the structures the spiral antenna structure (see
Figure 13.34(a)) is invariant under arbitrary linear scaling, whereas the structure de-
picted in Figure 13.34(b) is invariant under scaling by a given factor and its powers,
respectively.

Due to Babinet’s principle, (13.173) holds for a pair of dual planar antenna structures
complementary in the metallized and nonmetallized regions [3, 14]. The structure
in Figure 13.34(b) is congruent with its dual structure and therefore the radiation
impedance is real and frequency-independent and given by R, = §Z.
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Figure 13.35: Hertzian dipole.

13.12 PROBLEMS

1. Consider a Hertzian dipole consisting of two thin rods, each of length h/2,
capacitively loaded with spheres of radius a as depicted in Figure 13.35. Let
h =10 cm and a = 0.5 cm. The Hertzian dipole operates at f = 100 MHz.
a) Compute the radiation resistance of the Hertzian dipole.
b) Draw the equivalent circuit of the Hertzian dipole.
c) Compute the complex impedance of the Hertzian dipole.
d) Compute the effective antenna area.
. Consider a circular loop antenna with 10 cm diameter exhibiting a single turn of
copper wire with 4 mm diameter. The conductivity of copper is ¢ = 5.8-10’Sm ™.
The antenna is operated at f = 30 MHz.
a) Compute the radiation resistance of the antenna.
b) Compute the ohmic resistance of the antenna under consideration of the
skin effect.
¢) Draw the equivalent circuit of the Hertzian dipole.
d) Compute the maximum efficiency of the antenna under consideration of
the skin effect losses.
e) Compute the effective antenna area.
. Consider a plate capacitor as depicted in Figure 13.36 operated as a dipole antenna.
The dimensions are a = 2 cm, h = 5 mm and the operation frequency is 1 GHz.
Assume the electric field between the plates to be homogeneous and neglect the
fringing effects.
a) Compute the radiation resistance of the antenna.
b) Compute the capacitance of the antenna.
¢) Draw the equivalent circuit of the antenna.
d) Compute the complex impedance of the antenna.
. Consider a Hertzian dipole oriented in a z-direction, operated at 1 GHz and
radiating a total active power of 100 mW.
a) Compute the complex Poynting vector T at the angular position ¢ = 0
@=1inforr=10cm,r=1m,r =10m, and r = 1km.
b) Consider a further Hertzian dipole as depicted in Figure 13.35, dimensions
h=2cmand a =0.3 cm, located at x = 1km, y =0, z = 0, and oriented in
z-direction as the receiving antenna.
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Figure 13.37: Two-antennna array.

i. Compute the open-circuit voltage of the receiving antenna.
ii. Determine the optimum load impedance of the antenna.
iii. Compute the received active power.
iv. Compute the effective area A, of the receiving antenna.

. A transmitting antenna with a gain G = 1.5 and transmitted power P =2 W and

a receiving antenna are mounted in d = 1 km distance. The effective aperture of
the receiving antenna is A, = 0.4 m*. Compute the received power.
Write a computer program to solve (13.40) and to determine in this way the
current distribution on a linear dipole antenna in the staircase approximation.
a) Compute the current distribution on the antenna for 2h = 31 chosing a
discretization N = 100.
b) Compute the vertical far-field pattern and compare the numerical result
with the result obtained with (13.16).
A colinear array formed by two linear dipoles of length 2h = }A and 2 = A
mounted in a distance oriented in the z-direction is shown in Figure 13.37. Com-
pute the array factors and the radiation patterns and give the angular positions
of the zeros in the radiation pattern and the number of radiation lobes for
a) 2h=1lgandd =2,
b) 2h=ilpandd = A,
c) 2h=%Apandd = 3A.
An array consisting of six center-fed linear antennas of length 2h oriented in z-
direction along the y-axis with a spacing d is shown in Figure 13.38. The antennas
are fed with a current of amplitude |I,,| and phase ¢,,.
a) Let h = 1A, the antenna spacing d = {4, and all antenna elements be fed
with equal amplitude and phase (i.e. I, = Io), for n =1...5. Compute and
draw the vertical antenna pattern in the plane ¢ = 0 and the horizontal
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antenna pattern in the plane 6 = 3m.

b) Let d = 1A and the other parameters as before. Compute and draw the
vertical and horizontal antenna patterns in the planes ¢ = 0 and 6 = 3m,
respectively.

¢) Let d = A and the other parameters as before. Compute and draw the
vertical and horizontal antenna patterns in the planes ¢ = 0 and 6 = 3,
respectively.

d) Let h = 1) and the antenna spacing d = {A. Assume all antenna elements to
be fed with currents of equal magnitude |I,,| = |Io| forn =1...5. Determine
the phase differences ¢,, — ¢o in such a way that the main beam direction
is given by ¢ = 30°. Compute and draw the horizontal antenna pattern.

9. An antenna array consists of 2 by N identical vertically oriented linear dipole an-
tennas of length 2h as shown in Figure 13.39. The antenna spacing in x-direction
is b and the antenna spacing in y-direction is d.

a) Compute the array factor for even and odd N.

b) Compute and draw the horizontal pattern of the antenna array for N = 6,
b =d = 1), and excitation of the antenna elements with I, , = -1, = L.

¢) Compute and draw the horizontal pattern of the antenna array for N =6,
b =1A,d = 1), and excitation of the antenna elements with I, = j I,; = Iyy.

d) Compute and draw the horizontal pattern of the antenna array for N = 6,
b = 1A, d = 1), and excitation of the antenna elements with [, , = I, =
i*Lse:

10. A linear antenna array consisting of N vertically oriented equally spaced dipoles
is arranged a quarter-wavelength in front of a perfectly electrically conducting
plate as shown in Figure 13.40. The conducting plate is assumed to be infinitely
extended in the x y-plane.

a) Compute the array factor for even and odd N.

b) Compute and draw the horizontal pattern of the antenna array for N = 8,
d = 1A, and uniform excitation of all antenna elements with I, = C Pl.

¢) Compute and draw the horizontal pattern of the antenna array for N =
8,d = 1) and uniform excitation of all antenna elements with I, =
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Figure 13.39: Two-dimensional antenna array.
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Figure 13.40: Antenna array with reflector plate.

exp(jnm)l,.
11. A circular antenna array as depicted in Figure 13.19 consists of 12 vertically
oriented dipoles positioned in uniform angular distance on a circle with radius
a. Let the antenna elements be excited with currents of uniform magnitude |I,|.

a) For a = 4\ determine the phases of the excitation currents |1, ... |I,, for
main beam direction ¢ = 0°.

b) Compute and draw the radiation pattern for this case.

c) For a = 8\ determine the phases of the excitation currents |I, .. .|, for
main beam direction ¢ = 0°.

d) Compute and draw the radiation pattern for this case.

12, The rectangular horn antenna shown in Figure 13.41 has the aperture dimensions
a =3A, b = 2], respectively, in the plane 6 = 37 and in the plane ¢ = 0.

a) Compute and draw the far-field pattern.

b) Compute the angular positions of zeros of radiation as well as the side lobe
level ay. (an = 20108 |E|maxo/|E|max1, Whereas |E|maxo is the magnitude
of the far-field intensity in the main radiation direction and |E|p4x the
magnitude of the far-field intensity in the maximum of the largest radiation
side lobe.)
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Figure 13.41: Rectangular horn antenna.
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Chapter 14

Numerical Electromagnetics

14.1 INTRODUCTION

For many electromagnetic structures, exact analytical solutions cannot be found. It is
therefore necessary to consider numerical methods to obtain approximate solutions of
field problems. A great variety of methods for electromagnetic field modeling has been
developed [1-3]. In order to obtain results of the required accuracy with a minimum
of computational effort, a method matched to the problem has to be chosen. The
optimum design of radio-frequency devices, circuits and systems strongly depends
on the availability of advanced computer-aided design (CAD) tools for modeling and
optimization.

The method of moments (MoM) plays a crucial role in numerical electromagnetics [4-
6]. In the MoM the field functions are expanded into series of basis functions. The
problem of solving partial differential equations or integral equations for the field
functions is converted into the problem of solving linear systems of equations for
determining the coefficients of the series expansions of the field functions. Within the
methods for field computation the MoM holds a special position since most of the
methods of field computation - for example the integral equation method, the spectral
domain method, the partial wave synthesis, the transmission-line matrix method and
the finite difference method — may be considered in connection with the MoM. MoM
is a very general scheme for the discretization of the field problem, whereas the other
methods specify in detail how the discretization is performed.

Table 14.1 lists some of the most widely used methods for electromagnetic field
computation [1]. The integral equation (1E) method introduces the far-field interaction
via Green’s functions and may reduce the dimension of the field problem [6,7]. Since
the interaction with infinite space is included in Green’s function, integral equation
methods are especially powerful in the case of radiating structures. In the spectral
domain method the integral equations are transformed into algebraic equations by

603
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Table 14.1: Methods for Numerical Electromagnetic Field Computation

Method Memory CPU  Preprocessing  Generality
Requirement  Time
Integral equation method SM SM M +
Spectral domain method S § L -
Partial wave synthesis M S/M M -
Method of lines M S L +
Finite difference method L L s o
Transmission-line matrix method L L S R
Finite element method L M/L S g
Notes: L ...large, M ...moderate, § ..small, ++..verygood, +..good, —.. marginal

Fourier transformation with respect to the space coordinates [8]. Integral equation
methods as well as spectral domain methods are computationally efficient but require
considerable analytic preprocessing for the specific class of structures to be modeled.

In the partial wave synthesis method or mode-matching method the space is sub-
divided into subdomains and within each subdomain the electromagnetic field is ex-
panded into modal solutions of the field equation. The partial wave synthesis method is
efficient if boundary surfaces separating the subdomains are coordinate surfaces belong-
ing to coordinate systems for which the analytic field solutions are known [9,10]. The
partial wave synthesis method has been applied successfully to coplanar transmission-
line structures [11] and to coplanar transmission-line discontinuities [12] with a small
transverse dimension where electromagnetic full-wave modeling also inside the con-
ductor is required.

In the method of lines (MoL) [13,14], all but one of the independent variables of the
field equations are discretized to obtain a system of ordinary differential equations.
With respect to the continuous variable analytic solutions are sought. Concerning
the treatment of the continuous variables the MoL may be compared with the mode-
matching method, whereas the treatment of the discretized variables corresponds to
the finite difference method.

The finite difference (FD) method [15,16], the finite integration (F1) method [17-19],
the finite element (FE) method [20], and the transmission-line matrix (TLM) method
[21-24] are suited for modeling general three-dimensional structures without analytic
preprocessing of the problem. However, all these space-discretizing methods require a
high computational effort and usually need a long time for computation. In principle,
the time-discretizing methods may be applied either in the frequency domain or
time domain. The FE methods usually are applied in the frequency domain, the Fp
methods are applied in the frequency domain (FDED) as well as in the time domain
(rDTD), whereas the TLM method mainly is used in the time domain. Frequency domain
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modeling is more appropriate for narrow-band simulation of high-Q structures. Time
domain modeling allows for the characterization of the electromagnetic properties
of the structures under consideration in a broad frequency band by computing the
response to a single impulsive excitation [25]. The space-discretizing methods are less
suitable to model radiating structures and structures including large free-space regions.
For such applications hybrid methods, combining the TLM method with the integral
equation method allow for accurate and efficient modeling [26].

In the following we give a short overview of the fundamentals of numerical field
modeling. The MoM allows one to convert problems formulated by differential equa-
tions or integral equations into a representation by a system of algebraic equations.
This corresponds to the transformation of a field problem into a network problem.

The modeling of radiation and of electromagnetic interaction between substruc-
tures over larger distances can be treated using the TLM-Integral Equation (TLM-IE)
method [26, 27] and the TLM Multipole Expansion (TLMME) (28] method. The hy-
bridization of these methods combines the versatility of the space discretizing methods
with the capability of analytic methods to model radiation. An improvement of the
efficiency of the methods is obtained by combining the methods of field analysis with
spectral analysis and system identification methods [29] and with model order re-
duction methods [30,31]. In this way the computational effort and the computation
time can be reduced considerably without compromising accuracy. The generation
of lumped element circuit models and other compact models links the electromag-
netic models to circuit-level models [25]. The combination of various methods of
electromagnetic field analysis and their hybridization, and the application of advanced
signal processing methods, together with the embedding of the tools in a parallelized
grid-computing environment should enhance the potential of an accurate and effi-
cient modeling of complex electromagnetic structures and also their optimization
considerably [32,33]. A comprehensive presentation of fast and efficient algorithms in
computational electromagnetics is given in [34].

14.2 THE METHOD OF MOMENTS

The method of moments is a general concept allowing the expansion of the field solu-
tions into a set of basis functions. In this way the electromagnetic field problem, which
is primarily described by partial differential equations or integral equations, is trans-
formed into a problem described by a linear system of algebraic equations [4-6]. The
linear system of equations relates the coefficients of the series expansion of the electric
field with the coefficients of the series expansions of the magnetic field. Formally the
expansion coefficients of electric and magnetic fields can be interpreted as generalized
voltages and currents, respectively, and the coefficient matrix of the linear system of
equations as a generalized impedance matrix or admittance matrix. We therefore may
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interpret the application of the MoM as the transformation of a field problem into a
network problem. If the electric and the magnetic fields are expanded into complete
sets of basis functions, the series expansions usually will exhibit an infinite number
of elements resulting in a system of equations of infinite dimension. Truncating the
series expansions after a finite number of elements reduces the system of equations to
a finite dimension and allows an approximate numerical solution of the problem. By
this reduction the field problem becomes equivalent to a network problem with a finite
number of network elements.

We distinguish between basis functions defined on the entire domain under con-
sideration (entire domain basis functions) and basis functions, which are only defined
on subdomains of the considered domain (subsectional basis functions). If the domain
of definition of the solution function is within the domain of definition of the basis
functions and if the system of basis functions is complete within this domain, the repre-
sentation of the solution by an infinite series of the basis functions is possible under
quite general conditions. Representing the solution with a series of basis functions, we
obtain from the system of differential or integral equations to be solved a linear system
of algebraic equations for the expansion coefficients of the series representing the solu-
tion. Truncation of the series expansion after a finite number of series elements yields
a finite-dimensional system of algebraic equations, which may be solved numerically.

In the geometrical picture of the Hilbert space the solution function is represented
by a vector. We are seeking linear combinations of a finite number of basis functions or
basis vectors, respectively, which approximate the exact solution function or solution
vector, respectively. The approximation of the solution by a series expansion is found
if the components of the corresponding vector in Hilbert space are known. Linear
differential equations and linear integral equations are both linear operator equations.
In the following we will restrict our considerations to functions of only one variable.
We consider the operator equation

Lop f(x) = 8(x) , (14.1)

where the linear differential operator L, is applied to the unknown function f(x). The
function g(x) is known. Examples for linear differential operators are Lop = —d*/dx?
or Lo, = d*/dx?* + k2. The function g(x) is given and f(x) has to be determined.
The unknown function f(x) may be represented by a linear combination of a set of
functions ¢, (x), as

f(x) =) andn(x) (14.2)

with the unknown expansion coefficients a,,. Inserting (14.2) into (14.1) yields

Y &nLophn(x) = g(x). (14.3)
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We choose a test function y,,,, multiply it with (14.3) and compute the following integral

b b
> n f YimLop$n dx = f v (x)g(x)dx. (14.4)

The functions f(x), g(x), ¢x(x) are defined in the interval [a, b]. Introducing the
matrix elements

b
Lin :j; ‘P;;(x)Lop¢n(I)dx (14.5)

of the linear operator Lo, and the expansion coefficients
’ *
Bn= [ Vin(x)g(x) dx (146)
of the function g(x) yields the linear system of equations

Y Ln0n = B (14.7)

for the determination of the unknown expansion coefficients &, of the function f(x).
Truncating the series expansions with m = 1...M and n = 1... N yields a finite-
dimensional linear system of equations. With the vectors

ﬁ = [ﬁl-‘-ﬁM]T » a= {al---aN]T (14.8)
and the matrix
Ly - L
L=| ¢ ™~ : (14.9)
L - Lmwn

we obtain the linear system of equations in matrix notation
La=p. (14.10)

For M = N we obtain a quadratic matrix L, which may be inverted for nonsingular L.
The solution of the linear system of equations (14.10) yields

«=L"B. (14.11)

As an example we investigate the following boundary value problem. The differential
equation

dl
Efz =-1+3x-12x*  x¢€[0,1] (14.12)
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Figure 14.1: The approximations fi(x), f2(x) and f3(x).

has to be solved for the Dirichlet boundary conditions f(0) = f(1) = 0. The exact
solution of (14.12) is

f(x)=x-ix?+1x* - x4, (14.13)
To demonstrate the solution using MoM we use the expansion function
¢n(x) =x"(1-x). (14.14)

The special case of the MoM in which the test function is equal to the expansion
function,

bn=Vn, (14.15)
is called Galerkin’s method. Choosing
N
f=2 andu(x) (14.16)
n=]
we obtain with Lo, = d?/dx?
e il (14.17)

[(m+n)2=1] (m+n)

and
-2 (12+14m +5m?)

Pm = (1+m) (2+m) (3+m) (4+m)’ Lo

For N = 3 we obtain the linear system of equations
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Figure 14.2: (a) Pulse function P(x) and (b) triangle function T(x).

2, TR R 1, f _31
3 3 10 1 60
[—% - "fo] [az =| -3 (14.19)
1 1 3
“16 T T35 o3 14
The solution is given by [a;, a3, @3] = [1,§,1]. From this we obtain
f3(x) = ¢1(x) + 3¢2(x) + ¢3(x) =x - 1x2 4+ 3x° - xt = %) (14.20)

This approximation already agrees with the exact solution. Figure 14.1 shows the ap-
proximations f,(x), f2(x) and the exact solution f3(x) = f(x). In many cases for
the approximation of functions f(x) subdomain basis functions or subsectional basis
functions, respectively, are useful. For N sampling points in the interval [a, b] we obtain

_ n(b-a)
Xp=a+ Nl (14.21)
The pulse function according to Figure 14.2(a) is defined by
1 for|x|<3
P(x) = 14.22
() {0 for [x| > §. 14.22)

Using pulse functions as basis, a function may be approximated by a staircase function.
Triangle functions according to Figure 14.2(b) yield a continuous linear approximation
by a polygon curve.

1-|x| forl|x|<1
= . 14.23
T+l {0 for [x| > 1 ( )

As an example we investigate the boundary value problem according to (14.12) for the
Dirichlet boundary conditions f(0) = f(1) = 0. We subdivide the interval [0,1] by N
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Figure 14.3: The approximation by triangle functions for N = 3, N = 5 and N = 10 in comparison with
the exact solution.

sampling points into N + 1 intervals and apply triangular functions according to (14.23)
as expansion functions. We make the series expansion

N
fa(x) =) anpu(x) (14.24)
n=1
with the basis functions
Onn(x)=T((N+1)x-n). (14.25)

As test functions we apply the pulse functions
Unn(x)=P((N+1)x-n). (14.26)
We compute the matrix elements of the operator Lop = d?/dx%:

&/ dx*gy (%) = (N +1) [a( ;:11) 28 (x » N'll) . a(x - ;:11)] .
(14.27)

From (14.5) we obtain

Lyon = f:P((N +1)x - m)de =(N+1)(8pn-1=20mn + Omns1) -

dx?
(14.28)
The components of the vector By are
Yum(¥)gx)dx= [ = g(x)dx. (14.29)
AL fﬁ
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For N =5 we obtain the linear system of equations

e
—

12 6 0 0 07[a] [-2%
6 -2 6 0 0 |la| |-
0 6 -12 6 0 |[las]|=|-2% (14.30)
0 0 6 -12 6 ||las| |-3
o o o0 6 -12)]|las| |-3%
The solution of (14.30) is
al =35 % W W 25| (14.31)
(5) — 2592 24 288 324 2592 ° .
For N = 3 we obtain the solution vector
aly = (M & 83 (14.32)
(3) 12 128 512 d

and for N = 10 the solution vector
aan) = [0.087, 0.167, 0.239, 0.303, 0.355, 0.388, 0.398, 0.375, 0.309, 0.189] . (14.33)

Figure 14.3 shows the approximations of f(x) by triangle functions.

14.3 THE TRANSMISSION-LINE MATRIX METHOD

The transmission-line matrix (tLM) method introduced by Johns [35] is a space and
time discretizing method of electromagnetic field computation. Originally TLM is
based on the analogy between the electromagnetic field and a mesh of transmission-
lines [36]. The TLM method allows one to model complex electromagnetic structures.
Detailed descriptions are given in [21-24,37,38]. The TLM scheme has been derived
from Maxwell’s equations using the finite difference approximation [39], the finite
integration approximation [40] and the MoM [41]. In the following we introduce the
TLM scheme via finite integration [42,43].

Figure 14.4 illustrates the principle of TLM. In a first step the space is discretized
in TLM cells. Although other discretization geometries are possible, we assume in the
following cells with a cube shape. As shown in Figure 14.4(a) on every surface of the
LM cell samples of tangential electric and magnetic fields are taken. This may be done
either by taking a probe of the tangential field components in the centers of the surface
or by averaging over a certain volume. The first approach is called the finite difference
approach, whereas the second one is called the finite integration approach. In both
cases we obtain 12 electric field samples and 12 magnetic field samples per TLM cell. The
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Figure 14.4: (a) The TLM cell, (b) the wave amplitudes and (c) the condensed symmetric TLM node.

sampled electric and magnetic field components are summarized in 12-dimensional
vectors

kE 1,mn = k [E1, E2, E3, .. -Elo.En.Eu];:mm ) (14.34a)
kH | m.n = x [Hi, Hy, Ha, ... Hyo, Hy, Hu];{'mm . (14.34b)

The orientation of electric and magnetic field samples is chosen in such a way that the
power flow is directed into the TLM cell if the electric and magnetic field components
have the same sign. Assuming a spatial discretization with Al and a time discretization
with At and introducing the discrete space coordinates [, m, n and the discrete time
coordinate k, the relation between the continuous coordinates x, ¥, z, t and the discrete
coordinates are given by

x=IAl, y=mAl, z=nAl, t=kAt. (14.35)

We now introduce the wave amplitude vectors

T
k8 1mn = k[41,82,83,... 410, 411, 812] )y
T
k [bli bz, b3....bm,b11, bu]l.m,n 3 (14.36]

ka,m,n

where i@, , summarizes the waves incident in the TLM cell and 4b, ,, , contains
the amplitudes of the waves scattered by the TLM cell. The incident and the scattered
waves propagate normal to the tangential planes. The wave amplitude and the field
components are related via

1
k@ mn = N7 kEtman+ —— tHi,mn s (14.37a)

1
b =———E - H 14.37b
kY 1,m,n 2\/2—1: kL mn 2 k&L 1 m,n ( )
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Figure 14.5: (a) The TLM cell, (b) integration path dA,xy, (c) integration paths 9A2, and dAsx and
(d) integration paths dA 4y and 9Asy.

and

kEI.m.rl = \/Z_p(ka,lm_,, + kb;’m.") s (14.383}

1
(kal.m,n - kbi,m.n) ’ (14.38b)

kHi',m,n = ﬁ

where Zp = \/_%. is the field impedance. In the network model of TLM, in each sampling
point, one port is assigned to each polarization. Now we can replace the geometric
model by a network model (i.e., the TLM node depicted in Figure 14.4(c)). In the
following, we use the term TLM cell for the geometrical object we have defined in the
continuous space, whereas the term TLM node is used for the abstract network model.

To derive relations between the incident waves a4, , and the scattered waves
kb |, Of the cell I, m, n, we apply finite integration to the TLM cell shown in Fig-
ure 14.5(a). Ampére’s law (2.57a) and Faraday’s law (2.57b) yield

d
56311,.,%("’ D=5 LM D(x,1), (14.392)
d
ﬁimw Elmpy== dt Lm B(x,t). (14.39b)

In order to obtain a system of 12 linear equations relating the scattered wave amplitudes
b to the incident wave amplitudes a we proceed as follows. First we apply both laws
to three surfaces of integration Ay, Aiy; and Ajzx. The surface Ay, shown in Fig-
ure 14.5(b) is parallel to the xy-plane and goes through the center of the TLM cell. The
surfaces A, and Ay, respectively, are parallel to the yz-plane and the zx-plane. This
yields six independent equations. For the time discretization we apply a Crank-Nicolson
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scheme [44]. That means we replace the time-derivative by forward differences and
time-dependent quantities by the arithmetic mean of the two time steps involved. From
(14.39a) and (14.39b) we obtain in this way

1 €

2 ﬁw... (H + M) = 5 f,, * (k€ - k1€) (14.40a)
l _—ﬁ * e

2 amw(*g*“k—lg) ==Af j.;.-,.. (xH - aH) . (14.40b)

We compute these integrals for the surface A;,, depicted in Figure 14.5(b). Sampling
the electric and magnetic fields in the center points of the TLM cell surfaces, we obtain

fuw H = Al(Hs + Hy + Ho + H), (14.41a)
fA « €= YAI%(Es + Eq + Eg + E3), (14.41b)
fﬁ €= AlI(E; +E, - Eg - By), (14.41¢)
_[A #H = 1A (~Hy - Hy + Hg + Hy). (14.41d)

lxy

Inserting (14.41a) and (14.41b) into (14.40a) and considering € = 1/ Zgc, we obtain

(kHs + k-1Hs + kHg + k1 Ha + kHe + k-1 Hg + kH3 + 1H3) =
Al

(kEs — k-1Es + kE4 — k1E4 + kE6 — x-1E6 + kE3 — k1E3) . (14.42)
ZZFCAf

Choosing the ratio of the space interval Al and the time interval At as ‘:—i = 2¢c we
obtain with (14.38a) and (14.38b)

k(bs + by + b + b3) = k_y(as + as + ag + as). (14.43)

Inserting (14.41c), (14.41d), and i—: = 2¢ into (14.40b) and considering y = Zg/c we
obtain

(kE7 + k-1E7 + kE2 + k1 E3 — kEg — k-1Eg — kEy — k1 Ey) =
ZrAl
2cAt

We obtain with (14.38a) and (14.38b)

(kH7 = k1 Hy + kHy — ko Hy — ¢Hg + ko Hg —  Hy + - Hy) . (14.44)

k(b7+b2—bs—b1) I—'k_.l(a'_}'l'ﬂz—ﬂs—ﬂl). (1445)
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Performing these integrations also over the surfaces Ajy; and A,y yields a total of the
following six equations

x(bs + by + bg + b3) = k_1(as + a4 + ag + as), (14.46a)
«(bg + bg + byo + by) = k-1 + ag + ay +4a7) , (14.46b)
k(b +byy + by + by) = k1(a + anz +az +an), (14.46¢)
k(b7 + by —bg—by) = ~x-1(a7 +ay—ag—ay), (14.46d)
k(by + bg = biz = bs) = —k1(an + ag — a2 - as) , (14.46¢)
k(b3 +byo — by — bo) = —k-1(as +ap — as - ag) . (14.46f)

A first-order finite difference scheme based on Ampére’s law and Faraday’s law may only
exhibit six equations. However, to relate the 12 scattered waves to the 12 incident waves
of a TLM cell we need 12 equations. To obtain six additional independent equations, we
perform the integrations of (14.40a) and (14.40b) over the area Ay, and A, depicted in
Figure 14.5(c) and over the areas Agsyx and As, in Figure 14.5(d). The contributions to the
line integrals through the center of the cells in Figures 14.5(c) and 14.5(d) compensate
each other. By that way we obtain two further equations, and by performing this
procedure for all three spatial orientations we obtain in total the following additional
six equations:

k(b7 — by —bg +by) = k(a7 —az—ag +a1), (14.47a)
k(byy —bg — byy + bs) = k1(an — a6 — A2 + as), (14.47b)
k(b3 = bio — by + be) = k-1(as — ap — @y + as) , (14.47¢)
k(bs — by + bs — bs) = —¢_1(as — as + ag — a3), (14.47d)
x(be — bg + bio — by) = —k_1(as — ag + aw - a7) , (14.47e)
k(b = by + by —by) = —k1(a1 - an + a2 - ay). (14.47f)

We put (14.46a) to (14.46f) and (14.47a) to (14.47f) in the form
M kb =LM k-18 (14.48)
with
L = diag [1, 1,1,-1,-1,-1,1,1,1,-1, -1, "l] i (14.49)

where we have used the notation introduced in (C.20) for the diagonal matrix. L is a
diagonal matrix with the diagonal elements +1and turns out to be the scattering matrix
of the symmetric condensed TLM node in its eigensystem. The scattering matrix § of the
symmetric condensed TLM node is given by

S=M"LM. (14.50)
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The scattering matrix § is given by

00 & -4
0 S Sg 0 0 _zl AE
S=|8T o0 8| withS=|, , - (14.51)
S S5 0 T 2
11 0 o0

The scattering matrix S has the property § = 8T = 8T = §7! (i.e., it is real, symmetric,
hermitian and unitary). Consequently the TLM scheme fulfills energy conservation,
reciprocity, and invariance with respect to time reversal exactly. We note that the
scattering matrix § may also be determined completely by considering only symmetry
and energy conservation.

We consider the TLM mesh to be composed of condensed symmetric TLM nodes
as shown in Figure 14.4(c), where each of the six arms is of length  Al. We assume a
homogeneous lossless space with no sources. All incident and scattered wave amplitudes
at the node (I, m, n) can be summarized in the vectors xa, ,, , and ib, ,, ,.

In order to describe the complete discretized mesh state, we introduce the field state
space. To the node with the discrete space coordinate (I, m, n) at the discrete time
coordinate k a base vector |k; [, m, n) is assigned. The set of basis vectors |k; I, m3, n3)
is orthonormal. The orthogonality relations are given by

(kl; ll) my, nllkl; Il'21 ma, nZ) = akl,kz aﬁ.ﬁ 6}!‘!3.!‘”1 6!1].!13 * (14'52)

The electric field vector |Fg ) and the magnetic field vector |Fj) combine all tangential
field samples of the TLM mesh

1
— Y kEtmnlkslmn), |Fu)=VZ Y «Hymnlkl,m,n).
\/E k,,m,n k,0,m,n
(14.53)

All incident and scattered wave amplitudes of the TLM mesh can be combined in two
vectors |a) and |b), respectively

|Fg) =

|a) = Z k@1,m,n lk;l’m’") > 1b) = Z "‘b’-m-"' !k‘ I,m,n) . (1459)

k,,m,n k. m,n

The cell boundary mapping is a bijective one-to-one mapping between the 24 electric
and magnetic field components and the 24 incident and scattered wave amplitudes at
one condensed symmetric TLM node. Since all tangential electric and magnetic field
components in each cell boundary surface are also specified in the neighboring cell
boundary surfaces, only 12 field components per TLM cell are linearly independent.
Specifying, for example, all 12 incident wave amplitudes per TLM cell yields a complete
description of the field state.
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The time shift operator T; and its hermitian conjugate T increment or decrement k
by 1 (i.e., it shifts the field state by At),

T, |k;l,m,n) =|k+L1,mn), T |kl,mn)=|k-11mmn). (14.55)

If we connect a time delay At with the scattering, the simultaneous scattering at all
TLM mesh nodes can be described by the operator equation

b)=T. S |a). (14.56)

In order to describe the propagation of the wave amplitudes in the TLM mesh, we
define the spatial shift operators X;, ¥, Z; and their hermitian conjugates X!, Y] and
ZI, which increment and decrement the three discrete spatial coordinates /, m and n
in the same way as the operators T, and T do this with the discrete time coordinate k.
We introduce the connection operator

T=X:(A12+As4) + X (A1 +A43) + Ys(Bs6 + Ars)

+ + (14.57)
+ Y (Ags + Ag7) + Zo(Ao0 + Ania) + Z{ (Aro,9 + Aizu) -
with the 12 x 12 (m, n)-matrix (A;.})m = 0im 8j,n . The scattered wave amplitudes
are incident into the neighboring TLM cells. If we assume an instantaneous propagation,
we may describe the propagation of all wave amplitudes in the TLM mesh by

la)=T |b) . (14.58)

The connection operator has the properties I' = I'f = I'! (ie, it is hermitian and
unitary). The two equations (14.56) and (14.58) constitute the complete TLM scheme.

14.4 THE MODE MATCHING METHOD

Mode matching is the superposition of modal field solutions. If an electromagnetic
structure is subdivided into substructures and complete sets of modal field solutions
are known for the subdomains, these modal solutions form a complete basis and allow
to expand the field solutions into these basis functions. Choosing modal functions
as the basis functions ensures that these functions are already solutions within the
respective regions and we need only to care that the boundary conditions are fulfilled.
The mode matching method is potentially exact if we allow infinite series expansions.
Considering the modal basis functions as the basis of a function space, Hilbert space
methods, in particular MoM [5], can be applied. Baudrand and Bajon introduced
Hilbert space methods to transform integral formulations of electromagnetic field
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i

Figure 14.6: Hollow waveguide segment.

problems into algebraic ones [45,46]. An extension of this method has been given in
the transverse wave formulation [47-49]. To introduce the basic concepts of the method,
consider the waveguide segment depicted in Figure 14.6. The field can be expanded in
TEmn and TMpy,, modes. In (7197a) and (7.197b) we have expressed the transverse field
forms as products of electric and magnetic structure forms ey (u, v) and hg (u, v) with
complex amplitudes depending on the z-coordinate. The index k is a compact notation
for the double index mn and the TE,;, and T™,,,modes. Summation over k means
summation over all TE,,, and T™,,,modes. The total transverse field is represented by
the superposition of the transverse modes, hence

E(x) =Y (Ve + vOen) e (u,v), (14.59%)
k

H(x)=3 ﬁ (ViDere - vOers) hy(u,v). (14.59b)
k '

According to (7.198a) and (7.198b), the electric and magnetic structure vectors are
mutually orthogonal in any point and the structure forms ey (u, v) and hy(u, v) fulfill

ex(u,v) =—*[dza he(u,v)], (14.60a)
hi(u,v) =+ [dz A eg(u,v)] . (14.60b)

Furthermore, due to (7.208) the structure forms ey (u, v) and hy (u, v) form a normal-
ized biorthogonal basis, as discussed in Section C.4.3:

(exlht) o = = (hkler) 4 = Ok - (14.61)
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With this we can represent the fields by Hilbert space vectors as
|€,(2)) = Z (Ziﬂfnz + _\[i-)e"*z) lex), (14.62a)
k

1 T ey s
Iﬁf(Z))=Z§—k(z§ dens - yen) ), (14.62b)
k “W,

where the |ex) and |h;) form a biorthogonal set of basis vectors. The electric and
magnetic field forms can be computed from the corresponding Hilbert space vectors
via

Ei(x) = Zek(uﬂ)(hxl,&,)‘ (14.63a)
k
==X 7 hi(u,v) (ex|H,) - (14.63b)
k W,k
We define the wave impedance operator
Zyw =Y Zwk (|hn)(eal = len)(hnl) - (14.64)
n=1

With this we introduce the wave amplitude vectors |A) and |B) as

|A) =3 [I€,) + Zw(H,)] » (14.652)
1B) =1 [I€,) - Zw|H,)] - (14.65b)
Inserting (14.62a) and (14.62b) yields
IA(2)) = SV ey, (14.660) B(z)) = S Ver|er) . (14.66b)
k k

We compute the transverse electric and magnetic fields from the wave amplitudes via
€)= 4) +1B), (14.67a) 1) =Zy (14) - 1B)) . (14.67b)

We introduce the operator I'(z) and its inverse as
I(z) =Y. e " (|ha)(en] - len)(hnl) » (14.68a)
n=1

I(z) = iewh,)(m —len)(hal) - (14.68b)
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Figure 14.7: Wave amplitudes in the waveguide segment.

With these operators we obtain from (14.66a) and (14.66b)

|A(22)) =T(22 - z1)|A(21)) |A(z1)) =T (2, - 1) |A(z2)) , (14.69a)
B(z2)) =T (z2-2)B(z1))  |B(21)) =T (23 -2)|B(22)). (14.69b)

Choosing the direction of the wave amplitude vectors at the ports of the waveguide
segment according to Figure 14.7 yields

l4,) = A(z1)), 1B,) =|B(z1)), |4,)=18(z2)), 1B,) = |A(22)) - (14.70)

With this we can introduce a transmission matrix representation in analogy to Section

10.2.4, hence . .
1B) | _ . [I4;)
[fiz)] =T [|§; )] ' (14.71)

For the line segment of length | = z, — z, shown in Figure 14.7 the transmission matrix
is given by

T= [rgt) r-?( 1)] . (14.72)

Consider a thin sheet as shown in Figure 14.8 with a surface current distribution
J , on it. According to (2.175a) and (2.175b) the surface currents or electric surface
polarizations, respectively, in the sheet yield a magnetic field discontinuity, whereas
due to (2.175¢) the magnetic surface polarizations yield an electric field discontinuity,
hence

My —Hy) =jolM, ) =T ,), (14.73a)
42 = En) = —jw|M,,4). (14.73b)
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Figure 14.8: Surface current sheet .

Like the tangential magnetic field form the surface current form and the surface polar-
ization forms can be expanded into the magnetic field structure functions:

T ,(u,v) = Y Lychw(u,v) (14.74a)
k

M, y(w,v) = ]iw S Lahi(1,v) (14.74b)
k

M, a(u,v) = j_it; Y Voaer(u,v). (14.74c)
k

The surface current J , also is represented by the Hilbert space vector |7 ,) given by
IT4) =2 Laelhic(w,v)) (14.75a)

k
Ly (u,v) = (ex(u,v)| T ,) - (14.75b)

The surface current J , may be either an impressed surface current originating from
current sources or a current evoked from the electric field due to a surface admittance.
With the impressed polarizations we can proceed in an analogeous way.

The surface admittance matrix description, introduced with (3.184a) for thin con-
ductive sheets, can be extended to sheets structured in the u, v-plane. If the surface is
structured the surface admittance in general depends on the transverse coordinates u

and v, hence
Z{....ﬂ(u”) = T Qu(“"")
[E()] dzAY(u,v)[g_u(u’v)] (1476)

with the surface admittance matrix ¥ (u, v) given by

=[] o] w7

The surface admittance matrix has been marked with a tilde in order to distinguish
it from the surface impedance operator that will be introduced in the following. In
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Figure 14.9: Multilayer circuit.

operator notation (14.76) can be written as

[20) ] € )]
=Yz 14.78
["_H:z) |§rz) ( )
with the surface admittance operator
W b
Y= i 4.79
[Ym Yzz] e

the matrix elements of which are operators given by
Yij = hi)Yijni (el (14.80)

with the Y;; ks given by

Yiju = j; Yii(u,v)e(u,v)g A h(u,v);. (14.81)

In this generalized transmission-line (GTL) description for the layered electromagnetic
structure, the generalized voltages and currents and the wave amplitudes are sum-
marized in Hilbert space vectors describing the complete transverse field distribu-
tion [45,47,49]. Using this formalism we can analyze multilayer structures as shown
in Figure 14.9, where homogeneous layers of finite extension in z-direction alternate
with thin structured layers. The structured layers are described by the surface admit-
tance matrices Y;;(u, v) and the surface admittance operators Y derived from it. The
transverse distribution of impressed surface currents is given by (14.74a) or (14.74b),
respectively, and voltages varying in transverse direction are described by (14.74c¢).
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Thick homogeneous layers are described by (14.72). Cascading these multiports, we can
describe multilayer structures consisting of thin layers, with structured metallization,
resistive layers, and impressed voltage and current sources and thick homogeneous
material. For a detailed description of the method the reader is referred to [49].

REFERENCES

[1] T.Itoh, Numerical Techniques for Microwave and Millimeter-Wave Passive Structures. New York:
John Wiley & Sons, 1989.

[2] R.Sorrentino, Numerical Methods for Passive Microwave and Millimeter Wave Structures. IEEE
Press, 1989.

[3] E.Yamashita, Analysis Methods for Electromagnetic Wave Problems. Boston, London: Artech House,
1990.

[4] R.E Harrington, “Matrix methods for field problems,” Proceedings of the IEEE, vol. 55, pp. 136-149,
Feb. 1967.

[5] R.E Harrington, Field Computation by M t Methods,. San Francisco: IEEE Press, 1968.

(6] I.]. Wang, Generalized Moment Methods in Electromagnetics. New York: John Wiley & Sons, 1991.

[7] J. R. Mosig, “Integral equation technique,” in Numerical Techniques for Microwave and Millimeter
Wave Passive Structures (T. Itoh, ed.), pp. 133-213, New York: John Wiley & Sons, 1989.

[8] D.Mirshekar-Syahkal, Spectral Domain Methods for Microwave Integrated Circuits. Taunton, Som-
erset, England: Research Studies Press, 1990.

[9] M. Mongiardo, P. Russer, C. Tomassoni, and L. B. Felsen, “Analysis of N-furcation in elliptical
waveguides via the generalized network formulation,” IEEE Trans. Microwave Theory Techn., vol. 47,
pp. 2473-2478, Dec. 1999.

[10] G.Conciauro, M. Guglielmi, and R. Sorrentino, Advanced Modal Analysis. New York: John Wiley
& Sons, 2000.

[11] J. Kessler, R. Dill, and P. Russer, “Field theory investigation of high-t. superconducting coplanar
wave guide transmission-lines and resonators”” IEEE Trans. Microwave Theory Techn., vol. 39,
pp- 1566-1574, Sept. 1991.

[12] R.Schmidt and P. Russer, “Modelling of cascaded coplanar waveguide discontinuities by the mode-
matching approach,” 1995 Int. Microwave Symposium Digest, Orlando, pp. 281-284, May 1995.

[13] U.Schulz and R. Pregla, “A new technique for the analysis of the dispersion characteristics of planar
waveguides and its application to microstrips with tunig septums,” Radio Sci, vol. 16, pp. 11731178,
Nov.-Dec. 1981.

[14] R. Pregla and W. Pascher, “The method of lines;” in Numerical Techniques for Microwave and
Millimeter Wave Passive Structures (T. Itoh, ed.), pp. 381-446, New York: John Wiley & Sons, 1989.

[15] K.S. Yee, “Numerical solution of initial boundary value problems involving Maxwell’s equations in
isotropic media,” IEEE Trans. Antennas Propagat., vol. 14, pp. 302-307, May 1966.

[16] A. Taflove, Computational Electrodynamics - The Finite-Difference Time-Domain Method. Norwood,
MA: Artech House, 1995.

[17] T. Weiland, “A discretization method for the solution of Maxwell’s equations for six-component
fields” Electronics and Communications (AEU), vol. 31, pp. 116-120, 1977.

[18] T. Weiland, “On the Unique Numerical Solution of Maxwellian Eigenvalue Problems in Three
Dimensions,” Particle Accelerators, vol. 17, pp. 227-242, 1985.

[19] T. Weiland, “Time domain electromagnetic field computation with finite difference methods,” Int. .
Numer. Modeling, vol. 9, pp. 295-319, 1996.

[20] J.Jin, The Finite Element Method in Electromagnetics. New York: John Wiley & Sons, 1993.




624 Electromagnetics

[21] W. I. R. Hoefer, “The transmission line matrix method-theory and applications,” IEEE Trans.
Microwave Theory Techn., vol. 33, pp. 882-893, Oct. 1985.

[22] W.]. R. Hoefer, “The transmission line matrix (TLM) method,” in Numerical Techniques for Mi-
crowave and Millimeter Wave Passive Structures (T. Itoh, ed.), pp- 496-591, New York: John Wiley &
Sons, 1989,

[23] C. Christopoulos, The Transmission-Line Modeling Method TLM. New York: IEEE Press, 1995.

[24] P. Russer, “The transmission line matrix method,” in Applied Computational Electromagnetics,
NATO ASI Series, pp. 243-269, Berlin Heidelberg New York: Springer, 2000.

[25] T. Mangold and P. Russer, “Full-wave modeling and automatic equivalent-circuit generation of
millimeter-wave planar and multilayer structures,” IEEE Trans. Microwave Theory Techn., vol. 47,
pp. 851-858, June 1999.

[26] S. Lindenmeier, L. Pierantoni, and P. Russer, “Hybrid space discretizing-integral equation methods
for numerical modeling of transient interference,” IEEE Trans. Electromagn. Compatibility, vol. 41,
pp. 425-430, Nov. 1999.

[27] S.Lindenmeier, L. Pierantoni, and P. Russer, “Time domain modeling of E.M. coupling between
microwave circuit structures,” 1999 Int. Microwave Symposium Digest, Anaheim, pp. 1569-1572, June
1999.

[28] P. Lorenz and P. Russer, “Hybrid transmission line matrix (TLM) and multipole expansion method
for time-domain modeling of radiating structures,” 2001 Int. Microwave Symposium Digest, Fort
Worth, pp. 1037-1040, June 2004.

[29] F. Coccetti and P. Russer, “Application of system identification to time-domain modeling of elec-
tromagnetic structures,” in Fields, Networks, Methods, and Systems in Modern Electrodynamics
(P. Russer and M. Mongiardo, eds.), pp. 143-156, Berlin: Springer, 2004.

[30] A. C. Cangellaris, M. Celik, S. Pasha, and L. Zhao, “Electromagnetic model order reduction for
system level modeling,” IEEE Trans. Microwave Theory Techn., vol. 47, pp. 840-850, June 1999,

[31] P. R. Lukashevich, A. Cangellaris, “TLM model order reduction,” in Fields, Networks, Methods,
and Systems in Modern Electrodynamics (P. Russer and M. Mongiardo, eds.), pp. 200-205, Berlin:
Springer, 2004,

[32] L. Tarricone and A. Esposito, Grid Computing for Electromagnetics. Norwood, MA: Artech House,
2004.

[33] P.Lorenz, J. V. Vital, B, Biscontini, and P. Russer, “High-throughput transmission line matrix (TLM)
system in grid environment for the analysis of complex electromagnetic structures.” Proc. 2Ith
Annual Review of Progress in Applied Computational Electromagnetics, Hawaii, Apr. 2005,

[34] W.C.Chew,]. M. Jin, E. Michielssen, and ]. M. Song, Fast and efficient algorithms in computational
electromagnetics. Norwood, MA: Artech House, 2000,

[35] P.B.Johns and R. L. Beurle, “Numerical solution of 2-dimensional scattering problems using a
transmission-line matrix,” Proc. IEE, vol. 118, pp. 1203-1208, Sept. 1971.

[36] G. Kron, “Equivalent circuit of the field equations of Maxwell I,” Proc. IRE, vol. 32, pp. 289-299,
May 1944,

[37] C. Christopoulos and P. Russer, “Application of TLM to microwave circuits,” in Applied Compu-
tational Electromagnetics, NATO ASI Series, pp. 300-323, Berlin Heidelberg New York: Springer,
2000.

[38] C. Christopoulos and P. Russer, “Application of TLM to EMC problems,” in Applied Computational
Electromagnetics, NATO ASI Series, pp. 324-350, Berlin Heidelberg New York: Springer, 2000.

[39] S. Hein, “Consistent finite difference modeling of Maxwell’s equations with lossy symmetrical
condensed TLM node,” Int. . Numer. Modeling, vol. 6, pp. 207-220, 1993,

[40] M. Aidam and P. Russer, “Derivation of the TLM method by finite integration,” AEU Int. . Electron.
Commun., vol. 51, pp. 35-39, 1997.



Numerical Electromagnetics 625

(41] M. Krumpholz and P. Russer, “A field theoretical derivation TLM," IEEE Trans. Microwave Theory
Techn., vol. 42, pp. 1660-1668, Sept. 1994.

[42] N. Pefia and M. M. Ney, “A general and complete two-dimensional TLM hybrid node formula-
tion based on Maxwell’s integral equations,” in Proc. 12th Annual Review of Progress in Applied
Computational Electromagnetics, Monterey, (Monterey, CA), pp. 254-261, Mar. 1996.

[43] N. Pefia and M. Ney, “A general formulation of a three-dimensional TLM condensed node with
the modeling of electric and magnetic losses and current sources,” in Proc. 12th Annual Review of
Progress in Applied Computational Electromagnetics, Monterey, (Monterey, CA), pp. 262-269, Mar.
1996.

[44] . Thomas, Numerical Partial Differential Equations. New York: Springer, 1995.

[45] H.Baudrand, Introduction au Calcul des Elements de Circuits Passifs en Hyperfreequences. Toulouse:
Cépadués-Editions, 2001

[46] H.Baudrand and D. Bajon, “Equivalent circuit representation for integral formulation of electro-
magnetic problems,” Int. . Numer. Modeling, vol. 15, pp. 23-57, 2002.

[47] S. Wane, D. Bajon, and H. Baudrand, “Fullwave analysis of stacked structures including inhomoge-
neous antennas,” in New Trends and Concepts in Microwave Theory and Technics (H. Baudrand, ed.),
pp- 131-166, Trivandrum, India: Research Signpost, 2003.

(48] D. Bajon, S. Wane, and H. Baudrand, “Multi-scale investigation of global coupling between blocks
and sub-blocks including lumped components in rf integrated circuits,” Proc. 34th European Mi-
crowave Conference, Amsterdam, vol. 2, pp. 873-875, Oct. 2004.

[49] S. Wane, D. Bajon, H. Baudrand, and P. Gamand, “A new full-wave hybrid differential-integral
approach for the investigation of multilayer structures including nonuniformly doped diffusions,”
IEEE Trans. Microwave Theory Techn., vol. 53, pp. 200-214, Jan. 2005.






Appendix A
Vectors and Differential Forms

A.1 VECTORS

This section gives a compact summary of the vector algebra for the linear three-dimen-
sional vector space. For a more detailed treatment see for example [1,2]. A vector is
a variable quantity that has both magnitude and direction and can be resolved into
components, such as force, electric, and magnetic field. In the Cartesian coordinate
system (x, y,z) a vector a is represented by its Cartesian coordinates (ax, ay, a;). The
vector may be visualized by an arrow starting fom the origin and terminating at the
point (ay, ay, ), as depicted in Figure A.1(a). However, we could start from any point
in our Cartesian reference frame. The origin only is chosen for simplicity.

Let e, be a vector of unit magnitude pointing in the positive x-direction and e, and
e, vectors of unit magnitude pointing in the positive y- and z-directions, respectively.
By vector addition we obtain

ay
a=age,+aye,+ae;=|ay|. (A1)
az

The vectors ey, €y, and e; form a basis of our three-dimensional linear vector space.
Figure A.1(a) shows the vector a in a right-handed Cartesian coordinate system (x, y, ),
whereas in Figure A.1(b) the same vector a is represented in a left-handed coordinate
system (x', y',2') = (-x, -y, -2). In the new coordinate system (x',y',2"), the vector
a exhibits the coordinates (ay, @}, a;) = (-ax, -4y, ~a,). The vector a itself remains
unchanged under this coordinate transformation. We have

!

A=ases+ay€, +a.6;=axex +0a
x +ayey x y

ey» + a;ezr s (A2)

The components of the vector are odd functions of the coordinates. A vector with this

627
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(a) (b)

wn"

Figure A.l: Cartesian components of a vector (a) in a right-handed coordinate system, and (b) in a
left-handed coordinate system.

property is called a polar vector. Vectors occurring in curve integrals like the vectors
representing the electric or magnetic field are represented by polar vectors.
The sum of two vectors a and b is given by

ay + by
a+b=|a,+by|. (A.3)

a,+b,

The magnitude |a| of the vector a is given by

a] = \/laxl? + [a, 2 + |a. 2. (A4)
The inner product or scalar product of two vectors a and b is defined as
a-b=a.b, +a,by+ab,. (A.5)
For real vectors a and b the inner product is given by
a-b=|a||b|cos¢, (A.6)
where ¢ is the angle enclosed by a and b. The vectors ey, e,, and e, fulfill the relation
ei-ej=0;; for i,j=x,y,z2, (A.7)

where the Kronecker delta symbol 8,,, is given by

6,,,“:{0 form#n' (A8)
1 form=n
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The vectors ey, ey, and e; form a complete set of orthonormal basis vectors of our
three-dimensional vector space.
The cross-product or vector product

c=axb (A.9)
of two vectors a and b is a vector normal to both vectors a and b and with the magnitude
|a x b| = |al|b| sin ¢. (A.10)

If the two vectors a and b define a parallelogram, then the magnitude |a x b| of the
cross-product is the area of the parallelogram. The vectors a, b and a x b form a
right-handed system. We assume the orthonormal basis vectors ey, e, and e, to form
a right-handed system according to Figure A.1(a). In this case the relations

ey X ey =—€y Xe€x=¢€,
e, x e, =—€; xey=e, (A.11)
€; X €x=—€xXe; =¢
are fulfilled. The Kronecker tensor is defined as
+1 if (ijk) is an even permutation of (xyz)
8ijk =4{-1 if (ijk) is an odd permutation of (xyz) . (A12)
0 if (ijk) is no permutation of (xyz)
Permutations from an original ordered sequence such as i jk can be achieved by suc-
cessive interchanges of elements. A permutation is said to be even or odd if an even or

odd number of transpositions is required for the rearrangement.
We can express (A.11) in the following form:

eixej=) Oijke. (A13)
k

For two vectors a and b we obtain

axb= E a;b;ﬁjjkek . (A.14)
ivj.k
From this we obtain (A.9) in component representation
[ ayb, - asb,

cy|=|azbe—axb; | . (A.15)
Cz axby —ayby



630 Electromagnetics

The vector ¢ defined by the cross-product (A.9) behaves fundamentally different from

the polar vectors. If the coordinate axes are inverted we obtain a; —» —aj, b; - -b;.

However, due to (A.15) this yields ¢; — ¢}. Under coordinate inversion the cross-

product vector ¢ does not behave like a polar vector. A vector with these transformation

properties is called an axial vector or pseudovector. Vectors occuring in surface integrals

like the vectors representing current or flux densities are represented by axial vectors.
With (C.23) the cross-product may also be represented as determinant:

ex ey e
axb=|a, a; as (A.16)
by by bs
The cross-product is anticommutative, in other words,
bxa=-axbh. (A17)
The triple scalar product of three vectors a, b, and c, defined by
[abc]=a-(bxc)=(axb) ¢ (A.18)

yields the volume of the parallelepiped defined by the vectors a, b and c. The triple
scalar product is invariant under cyclic permutation of the factors; however, it changes
its sign if two factors are interchanged. From (A.5), (A.14) and (A.18) we obtain

a, dz 4as
[abc] = E a;b;cké‘ijk = bl bz bg, (A.lg)
i,jk (] Ca C3

In the case of the inversion of all coordinate axes the triple scalar product changes its
sign. A scalar with the transformation properties of a triple scalar product is called a
pseudoscalar. Scalar quantities occurring in volume integrals, as for example charge
densities or energy densities, are represented by pseudoscalars. Pseudoscalars are
distinguished from scalars describing quantities that are not integrated over space
coordinates. Examples for scalars are scalar potential functions.

For the twofold cross-product of three vectors we obtain

(axb)xc=(a-c)b-(b-c)a, (A.20)
ax(bxc)=(a-c)b-(a-b)c. (A.21)

For the threefold products of four vectors the following relations hold:

(a-c) (a-d)
(b-0) (b-d)

(axb)x(cxd)=abd]c-[abc]d = [acd]|b- [bed]a. (A23)

(a xb)- (c X d) = i (A.22)
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A.2 DIFFERENTIAL FORMS

In this section the framework of differential forms used in this book is presented.
For further reading see [3-7]. Scalar and vector fields may be represented by exterior
differential forms. Differential forms are essentially the expressions under an integration
symbol. An exterior differential form of order p is called a p-form. In n-dimensional
space the order of a differential form may assume values 1. .. 7. In this book we only
consider the three-dimensional case. The p-forms in three-dimensional space are

zero-form: f(x), (A.24)
one-form: U(x)=U,dx +U,dy + U.dz, (A.25)
two-form: V(x) = Vedya dz+ VydzA dx + V;dx A dy, (A.26)
three-form: Q(x)=pdx A dyn dz. (A.27)

For the exterior differential form dx A dy the following commutation relation holds:
dxAdy=-dynsdx. (A.28)

Deciding
dx A dy=dxdy (A.29)

assigns to dx A dy the positive orientation and to dy A dx the negative orientation.
For a p-form U and a g-form V' the commutation relation is

UAY = (1) Y alU. (A.30)

We introduce the bracket symbol [ ] (P to express the relation of a scalar field (p = 0,3)
or a vector field (p = 1,2) to a p-form. The p-forms are related to scalar and vector
fields via

f(x) = [f(x)]9, (A31)
U(x) = [U(x)]D = U, dx + U, dy + U, dz, (A.32)
V(x) = [V(x)]® = Vedy A dz+ VydzA dx + Vodx A dy, (A33)
9(x) = [p(x)]® = pdx A dy A dz. (A34)

In these equations f isascalar, U isa vector, V isa pseudovector, and p is a pseudoscalar.
In differential form notation a clear distinction between scalars, pseudoscalars, vectors
and pseudovectors is made. Scalars are represented by zero-forms, pseudoscalars by
three-forms, vectors by one-forms and pseudovectors by two-forms. The domains of
integration are a curve C for a one-form, an area A for a two-form, and a volume V for
a three-form (Figure A.2). The corresponding integrals are
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Figure A.2: Domains of integration: (a) curve, (b) surface and (c) volume.

2 2
one-form: [ U= [ Updx+Uydy+ U, dz, (A.35)
1 1
two-form: fV=f Vedyadz+Vydza dx+Vidxady,  (A36)
A A

three-form: fv Q= fv pdxadynadz. (A.37)

We introduce the star operator or Hodge operator » defined via

*f=fdxadyndz,
*(Agdx+A,dy+A,dz) = A dyndz+A,dzadx+ A, dxady, (A38)
*(Axdyndz+Aydzadx+A,dxady)=A,dx+A,dy+A.dz,
*fdxndyandz=f.

The star operator has the property
*x=1, (A.39)

A.2.1 Products of Exterior Differential Forms

The product of a p-form and a g-form is a (p + q)-form. The product of two one-forms
Aand Bis

AAB =(Acdx+Aydy+A;dz) A(Bydx + Bydy + B; dz)
=(AyB; - A;B))dy A dz+ (A.;By - A B;)dz A dx
+(AxBy - Ay B,)dx A dy. (A.40)

The relation to vector notation is given by

A=[A]Y, B=[B]Y - AAB=[AxB]?. (A.41)
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The exterior product of two one-forms corresponds to the cross-product (A.9) of two
vectors. The exterior product of a one-form A and a two-form D is

AAD=(Acdx+Aydy+A,dz) A(DxdyA dz+DydzA dx + D;dx A dy)
= (AcDs +AyDy+ A;D;)dx A dy A dz.
(A.42)

The relation to vector notation is given by
A=[A]Y, D=[D]® - AaD=[4-D]®. (A.43)

The exterior product of a one-form with a two-form corresponds to the scalar product
(A.5) of two vectors. The exterior product of three one-forms A, B,and C is
AABAC =(Aydx + Aydy + A;dz) A (B, dx + Bydy + B, dz)
A (Cydx +Cydy+ C,dz)
= (AxByC; + A)B.C, + A;B:C,
- A;B,Cy - AB.C, - A;B;C;)dx A dyn dz. (A.44)

The relation to vector notation is given by
A=[4]Y, B=[B]?V,c=[c]” - ArBaC=[[ABC]]).  (A45)
The exterior product of three one-forms corresponds to the triple scalar product (A.18)
of three vectors.
A.2.2 The Contraction
The contraction A B of two differential forms A and B is defined via
dx,-dej =5,‘j with dx;, deZ dx,cly, dz, {A46)
A_I(BAC)=(.A.JB)J’\C+(—1)deg(AJBA(.AJC). (A.47)

The symbol _ is named “angle” and the contraction also is called angle product. The
angle product has been introduced by Burke [4]. We use the modified form given by
Warnick [8].

The contraction operator is useful to obtain the tangential component of a one-form
or the normal component of a two-form with respect to a surface. For a one-form &
and a two-form D we obtain

dzi(dzA€)=Ecdx+E,dy, (A.48)
dz(dzAD)=D,dxn dy. (A.49)
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The contraction may also be expressed via the Hodge operator by
ALB =+(xBAA). (A.50)

This relation vice versa sometimes is used to define the Hodge operator via the contrac-
tion [9]

* A =Asdxndyndz. (A.51)
A.2.3 The Exterior Derivative

The exterior derivative di{ of an exterior differential form U is defined as

du = Z dx; A g—i‘: ; (A.52)

For the exterior differentiation the following product rules are valid:

dU+V)=dU+dV, (A.53)
dUAV)=dU AV + (1)WY A qV. (A.54)

The exterior derivatives of p-forms are

zero-form: df(x) = g gf dy + %‘i dz, (A.55)
d
one-form:  dU(x) - dy A dz + (BU,, —?&)dzf\ dx
dz  dx
( ) densdy, (A.56)
BV
two-form: ( BV ) dx A dyn dz, (A.57)
Z
three-form:  dQ(x)=0. (A.58)
The exterior derivative of a product of a p-form A with g-form B is given by
d(AAB)=dAAB+(-1)?A A dB. (A59)

A form V for which dV = 0 is said to be closed, and a form V for which V = diA is said
to be exact. The relation
ddid/ =0 (A.60)
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may be verified easily. For differential forms the statement V = d{ implies dy=0.
In conventional vector notation this corresponds to curlgrad = 0 and div curl = 0. All
exact forms are closed. However it may also be shown that all closed forms are exact.
Poincaré’s lemma [3, 4] states

dv=0 <« V=dU. (A.61)

A.2.4 The Laplace Operator
We define the covariant derivative, expressed by the operator d, by
dU = (-1)48UH w dxld . (A.62)
The Laplace operator A is defined by
A=dd+dd. (A.63)

From this definition it follows that for any p-form U, the Laplace operator can be
interchanged with the Hodge operator:

A+U=+AU. (A.64)

Applying the Laplace operator to a zero-form f, a one-form A, a two-form B and a
three-form Q yields

zero-form: Af =»dxdf, (A.65)
one-form: AA=(dxdx-+xdxd) A, (A.66)
two-form: AB=(*d+xd-dxd*)B, (A.67)
three-form: AQ=d+d+xQ. (A.68)

In Cartesian coordinates the application of the Laplace operator to a zero-form f yields

2f df d*f
PR C Ay Pt LA O L A .6
f a2 dy? M (4.69)

To apply the Laplace operator to a one-form A in Cartesian coordinates, we compute

9*A, 0%A, %A, B aZA,,) dx

xdy | dzax 9y o7
PA. PA_PA, PA)
dydz dxdy 0z  Ox?
2 2 2 2
(P, Ay P4 DA,
dzox dJydz dx*  dy?

*d* dA=(

(A.70)
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%A, a2 2’A
dx d*A‘( o axay . axaz)
2 2 2
+ . + 24y + oy d
dxdy dy*  0zdy
2 82 2
(a . A, 9 Az) i

(A.71)

azax dydz FY
and from this we obtain

A, %A, %A,
AA=( 32 37 t g )dx+

3?4, %A, &4,
+( ax? * dy? * dz2 )dy+
*A, %A, %A,
+ + d
dx?  9y?  9z2

(A.72)

Therefore, in Cartesian coordinates the Laplace operator for one-forms is given by

*A 32.4 *A
AA= e - —_— By’ 557 =AAydx+ AA,dy + AA,dz. (A.73)

A.3 STOKES’ THEOREM

Stokes’ theorem relates the integration of a p-form U over the closed p-dimensional
boundary 9V of a p + 1-dimensional volume V to the volume integral of the p + 1-form

dif over V via
9‘; b= f au. (A74)
av v

In the following we give the proof for the two-dimensional area integral and the three-
dimensional volume integral. For a more general discussion of Stokes’ theorem, the
reader is referred to the literature [3-7]. To give the proof of Stokes’ theorem for the
area integral we consider the one-form

U=U,dx+U,dy+U,dz (A75)

and its exterior derivative

oU, dU, U, dU, U, 09U,
du'(ay_ﬁ)d“d“(az ax)dzndx+(¥— dy

(A.76)
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Figure A.3: (a) Surface element, and (b) surface.

Integrating dU/ over the rectangular area element Ao shown in Figure A.3(a) yields

U, AU,
LndU- M(E- > )dxAdy
» x BUJ, x »n oU,
— _d —
(0 G e) o [2(f) T o)
b4l X
=f” [Uy(x1, ) = Uy(x0, 7)) d,v—fxa (Ux(x, 1) = Ux(x, 0)] dx

X1 n
=j; Ux(x,YU)dx+f Uy(xl‘y)dy

Yo

Xo Yo
+j; Ux(x,yl)d.x+j; U, (%0, y) dy = fmu. (A77)

1

Since the above relation is valid for the rectangular area element in Figure A.3(a), we
can approximate an arbitrarily shaped area A, in the xy-plane by small area elements
as shown in Figure A.3(b). The sum of the surface integrals of dif over the areas of
all surface elements is equal to the circulation integrals of U over the boundaries of
all surface elements. We consider that the contributions of the adjacent edges of two
neighboring surface elements cancel each other out. Therefore only the path elements
through the outer edges contribute to the circulation integral. If we let the side lengths
of the area elements go to zero, the approximated area converges to the given area A,
with the smooth boundary dA,, and we obtain

f du = u. (A.78)
J“"

Ay

So far we have only considered a plane surface. To derive Stokes’ theorem for curved
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Figure A.4: (a) Curved surface and its projections on the coordinate planes, and (b) triangular surface
element.

surfaces in three-dimensional space, we decompose the surface integral into three parts
corresponding to the projection of the area A on the three coordinate planes, as shown
in Figure A.4(a). We introduce the parametric representation

Ui (5.2) = Ui (x(3,2), 3, 2) » (A.79)
U/ (2,x) = Ui (x, (2,x),2) (A.80)
Ui (x,y) = Ui (x, 5, 2(x, ) . (A81)
From (A.77) we obtain
oU;  JU?
¥ — X = Zz z
L”( ~ ) dx A dy ffam, UZdx+ UZdy, (A.82)
oUr dUj . "
L”( S az)dy,«f\dzz—-9%}!”U’),dy+U,zdz, (A.83)
Y Y
f Cal L dz A dx = f Uldz+ U} dx. (A.84)
«\ 0z 0x E

We subdivide the area A, in triangular infinitesimal surface elements as depicted in
Figure A.4(a). This generates also a triangular subdivision of the curved surface A.
Figure A.4(b) shows one infinitesimal triangular surface element A A and its projections
on the coordinate planes AA ,;, AA;, and AA,,. The curve integral over the boundary
dAA is the sum of the curve integrals over the boundaries 0AA yz» OAA;, and 0AA,,.
In the three coordinate planes the sum over all integrals over the boundaries of the
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Figure A.5: (a) Volume element AV and (b) volume V.

area elements dAA;; yields the integral over the boundary dA;j, and we obtain

Ut dx + Ud _(f U*dy + U* dz 56 U2 dz+ U2 d
2As, % yay+ 24, ydy+lzdz+ e + Uy dx

=g U,dx+U,,dy+U,dz. (A.85)
A

Inserting (A.82), (A.83) and (A.84) yields Stokes’ theorem for curved surfaces

U, dUy ou, dU;
L[( 3 ——g)d)mdz+( ke ax)dz;\dx

d
+( U, au,

ox  dy

)dm dy} - 56“ Updx+ Uydy+ U, dz. (A86)

In order to derive Stokes’ theorem for three-dimensional volumes we consider an in-
finitesimal rectangular parallelepiped volume element AV as depicted in Figure A.5(a).
The integral of the two-form

D=D,dyn dz+D,.dzz\dx+DzdxA dy (A.87)
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over the surface dAV of the parallelepiped is given by

n Bl
D= f (Dx(xby,z)—Dx(Io,}’»z)) d}"‘“ dz
JAV Yo Yzo

+ f: f: (Dy(x, y1,2) = Dy(x, y0,2)) dz A dx

+fx f: (D:(x, y,21) - D2(x, y,20)) dx A dy . (A.88)

For AV — 0 this may be approximated by

9D, , 3D, 3D,
D= s ) ’ '
f‘mv ./:w( ST dy a), ) dxAadyndz= f dD (A.89)

A volume V with boundary dV as depicted in Figure A.5(b) may be considered to
consist of infinitesimally small rectangular parallelepiped volume elements. The sum
of the volume integrals over all volume elements is equal to the volume integral over
V. Computing the sum of all surface integrals over the boundaries of the volume cells,
we consider that the contributions from adjacent surfaces of neighboring cells cancel
each other and only the outer surfaces contribute. The set of the outer surfaces of the
volume cells converges to @V and we obtain Stokes’ theorem

553 D= fv . (A.90)

A.4 CURVILINEAR COORDINATES

A three-dimensional curvilinear coordinate system with coordinates u, v, w may be
defined via embedding in the three-dimensional Cartesian coordinate system x, y, z
and specifying the functions

u=u(x,yz2),
v=v(x,y,2), (A.91)

w=w(x,y2).
We can express the differentials dx, dy, dz by the differentials du, dv, dw via

dx ox dx
dx = B_d T —dv+ T — dw, (A.92)

By ay dy
=5 du + = 5 dv + oo dw, (A.93)

0z 0z 0z
dz—ad +§:dv+—a-;dw (A94)
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For the exterior product of two differentials we obtain the transformation rule

_[(9x dy 9x ay)
dxAdy-(aua—av 3 du A dv
dx dy dx dy
(55 aw ) A
dx dy dx dy
+(8w 2 ﬁ%) dw A du. (A.95)

This defines the Jacobian determinant

ax  2x
ax.)).. W dwdy: o2y (A.96)
a(u,v) * 2 du dv  dv du
We obtain
UC)) 9(x, ) 9(x, )
dxa dy= 3 ) dun dv + 3(v,w) dv A dw + s dw A du. (A.97)

Analogous equations are obtained for dy A dz and dz A dx. To express du A dv,
dv A dwand dw A du by dx A dy, dy A dz,and dz A dx insert (A.92)-(A.94) and
reorder the terms.

For three-forms we obtain

dxAdyAdz=Mduz\dW\dw (A.98)
o(u,v,w)
with the Jacobian determinant
du v w
A%.2) b o & (A.99)
I(u,v,w) % % =
du dv  ow
Expanding the Jacobian determinant yields
(xiyz) _3x 3y du dx dy 3 dx 0y 2z
d(u,v,w) T Odudvow Ovowou owou dv
ayde o k0

Jdu ow dv  dv du ow dw 9v du

Consider the vector x = [x, y,z]". The length of a path element is given by

ds=+vdx-dx. (A.101)
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Using (A.92)-(A.94) we obtain

dx- dx = dx® + dy* + dz?

_90x 0x , 0Jx ax ox dx

—_—— d g . w? .
T ou wils - v Y aw awd (A.102)
dx ox 8:: ox ax dx

+2— + —dudv+2— . —dvdw+2— .- = .

u o M et s e

A coordinate system u(x), v(x), w(x) in the three-dimensional Euclidean space with
Cartesian coordinates x, y, 2 is called an orthogonal coordinate system if the tangent
vectors 0x [du, dx [dv, dx/dw are mutually perpendicular. For orthogonal coordinate
systems (u, v, w), the relations

dx Ox dx ox _ ox Jx _ (A.103)
ou v~ ov ow  ow ou '
must be fulfilled. The metric coefficients g}, g2, and g2 defined by
ox ox Jdx o0x dx 0Jx
2_ 0% Ox 2 2_ 0% 0x
S % mw” &75% % 8 % (A.104)

give the lengths of the tangent vectors dx/du, dx/dv, and dx/dw [10]. For suitable
functions g (x), g2(x), g3(x) we obtain the orthonormal basis vectors

1 9x 1 dx 1 ox
DR —— PEha A105
é g1 ou e g v’ 6 g3 ow ( )

We attach to each point x of the three-dimensional Euclidean space a right-handed
orthonormal frame ey, e;, e; with

e - ej=10, (A.106)

where §;; is the Kronecker delta symbol defined in (A.8).

The orthonormal basis vectors constitute a moving frame (3, 4]. Moving frames
represent geometric objects in a basis that is tied to intrinsic geometric features of the
problem. We presuppose the moving frame ey, e,, e is right-handed. Otherwise we
change the order of the three vectors. We now express dx by

dxzir— %d +a—xd (A.107)
ou ow

Inserting (A.105) yields

dx = gieydu + grea dv + gzes dw. (A.108)
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Introducing the unit one-forms
ss=gdu, s=gdv, s3=gdw (A.109)
yields
dx =5 +5,€;+53¢€3. (A.110)

The star operator or Hodge operator x as defined in (A.38) is given by

*f=fsins;Ass,
*(Ausi+Ays; + Ay s3) =Ausi A+ AySsAs i+ Aysi A Sy
«(Aus2 A3+ Ayss Asi+ApsiASy) = Ausi + Avs + Aw S3
*(fsinsyns)=f. (A.111)

Let us now consider the exterior derivative in curvilinear coordinates. The exterior
derivative of a zero-form f is given by

_of . of of
df = o du + 5y dv + 3w dw. (A.112)
Inserting (A.109) yields
df = L3 Bf L+ -Lg Sy + ig% (A.113)

g u g2 0v g ow

In conventional vector analysis the exterior derivative of a zero-form corresponds to
the application of the gradient operator:

g ou g av g; aw 2

1 1 d
grad f = —-ﬂ f — f (A.114)
We compute the exterior derivative of a one-form A, given by
A= Aysi+Ays + Ay sy, (A115)
With (A.109) we obtain

A=gA,du+gAydv+gs Ay, dw. (A.116)
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Forming the exterior derivative yields

dA= (a(g’A”) . a(g‘A")) du A dv

ou v
a(g3Aw) - a(gZAv)
+ ( = 20 dv n dw (A117)
+ a(glA“') _ a(g3AW) de du
ow ou

and after again inserting (A.109) we obtain

L (dlgphe)_Aph),

%8s v Iw
1 (9(&Ad)  9(gsAw)
8381 ( ow  ou A8 (A.118)
L ( a(gZAv) = a(glA“)) S|AS;.
2182 du v

In conventional vector analysis the exterior derivative of a one-form corresponds to
the curl operator:

e he L ( Apsh) et )
8283 ov
1 (d "
b, ( (8144) 33A )) (A119)
Y] ow
1 (a(ng,,) a(glA,‘ )
[$¥$) du
To compute the exterior derivative of a two-form B, given by
B=Bys; As3+ BysyAs +Bys As; (A.120)
first we insert (A.109) and obtain
B=ggiB,dvadw+gigi By dwA du+ g1gs By dua dv. (A.121)
After applying the exterior derivative and again inserting (A.109), we obtain
1 d B,) B,) 0 By
dB = (8283 ) (g3gl ) (glg2 ) SIAS;ASy . (A-IZZ)

818283 du dv ow
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In conventional vector analysis the exterior derivative of a two-form corresponds to
the divergence operator:

divp = —L | 28:8:B) | gsaiBy)  AaigaBu) | (A123)
2018283 Ju ov ow

Let us now apply the Laplace operator (3.12) to a scalar field f. From (3.13) we obtain

Af=xdxdf. (A.124)
We start with af af af
= - A.
df = aud ol dv+ dw (A.125)
Inserting (A.109) yields
df = LS af LI/ —_1 of s3. (A.126)

&1 au gz 3" g ow

Applying the star operator (A.111) gives

*df=l?52!\53+i-g-'£53!\51+Lg—fslf\52, (A127)
&1 ou 82 oV 83 ow

and with (A.109) we obtain

cdaf =88 40 aw 88 4y 88 Y gy nay. (A128)
g ou g2 oV g3 ow

We now compute again the exterior derivative

_| 9 (&8 9f 88 of
d*df_[au( £ du +a g2 ov

+i(@£)] dundvadw, (A129)
ow\ g3 ow

and obtain with (A.109)
1 o (8285 3f) (gsgl 3f)
d.* d = o
/ 818283 [3u ( & Ou ov\ g ov

.9 (&8 9f
ow\ g ow

)] siAS;AS. (A130)



646 Electromagnetics

Using (A.124) and (A.111) yields
1 9 (88 3f) (8381 af) (gigl 3f)]
- + b . A.131
88283 [3u( g ou v g ov ow\ g3 ow ( )

A.4.1 General Cylindrical Coordinates

A general cylindrical coordinate system is linear and translationally invariant in one
direction (i.e., the longitudinal direction and curvilinear in the transverse directions).
Let the z-direction be the longitudinal direction and u and v the transverse coordinates.
In this case the coordinates are u, v, z and the unit differential forms are

s =g du, s = gadv, 53 = dz. (A.132)

In the treatment of field problems in general curvilinear coordinates it often is useful
to separate field functions W(u, v, z) in a transverse part y(u, v) and a longitudinal

part f(z):
Y(u,v,z) =y(u,v)f(z). (A.133)

We can separate the exterior derivative (A.112) in a transverse exterior derivative dt and
the longitudinal derivative (i.e., the derivative with respect to the z-coordinate).

d=d; + i dz (A.134)
o0z

with the transverse derivative given by

d d
d; = e du+ 3 dv. (A.135)

The exterior derivative of the three-dimensional scalar function ¥(x, y, z) given in
(A.133) can be expressed as

d¥(u,v,z) = (diy(u,v)) f(z) +w(u,v)¥dz. (A.136)

The scalar Laplace operator (A.124) becomes
2
&~

with the transverse Laplace operator or two-dimensional Laplace operator A, given by

= & 9f g of
Acf= 8182 [ (gl Bu) v (gz av) ] (A.138)

A=A (A.137)
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Applying the Laplace operator to ¥(x, y, z) yields

AY (u,v,z) = (Ary(u,v)) f(2) + w(u, v)% : (A.139)

In Cartesian coordinates x, y, z with z being the longitudinal coordinate and x, y being
the transverse coordinates, the transverse exterior derivative is

d d
di = —dx+—d 140

‘7 ox * dy 4 Sl
and the transverse Laplace operator is

aZ al

t = —a? + a—y—zv . (A141)

A.4.2 Circular Cylindric Coordinates

To deal with circular cylindrical electromagnetic structures we introduce circular
cylindrical coordinates. Figure A.6 shows the circular cylindrical coordinates. The
coordinates p, ¢, z are defined in the following intervals:

u=p, 0<p<oo,
v=0¢, 0<¢<2nm, (A.142)
w=z, —00 < Z < +00,

The circular cylindric coordinates p, ¢, zarerelated to the Cartesian coordinates x, y, z
via

x=pcos¢ y=psing z=z (A.143)
and
p=vx%+y? ¢ = arctan % z=2z. (A.144)

Inserting (A.143) into (A.104) yields the metric coefficients of the circular cylindrical
coordinate system:

=1 &2=p g=1 (A.145)
and the unit forms

s =dp s, =pd¢ 53 = dz. (A.146)
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Figure A.6: Circular cylindric coordinates.

The components of the p-forms are referred to the unit forms and given by

zero-form: f(x),

one-form: E(x)=E,dp+E4pd¢+E,dz,

two-form: D(x)=D,pd¢p A dz+DgdzA dp+D,pdp A d¢,
three-form: Q(x)=papdp A dp A dz. (A.147)

From (A.111) and (A.146) we obtain

*f=fpdpndénadz, (A.148)
x(Apdp+Agpdp+A;dz)=A,pdpAdz+Aydzadp+ A, pdpade.

The length ds of a path element is given by

ds = \/(dp)? + p2(d¢)? + (dz)?. (A.149)
In circular cylindrical coordinates the exterior differential operator is

dA dA dA
dA—dpA-§;+d¢A—éE+dz;\g. (A.150)

From (A.113) and (A.145) we obtain the exterior derivative of a zero-form f

:gdp_F lg

df =5 dp+ 25 pdp+ o as (A.151)

0z
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The corresponding relation in conventional vector notation is

0
gradf =e, a':: ey— : a‘;; + e, af (A.152)

From (A.118) and (A.145) we obtain the exterior derivative of a one-form

C1(24,_ 3(pAy) 94, _9A;
dA_p(Bq& = pdp A dz+ S 3, dz A dp

L1 (a(PAqa) 04,
P

5 > ) pdpAdé. (AI53)

In conventional vector analysis the exterior derivative of a one-form corresponds to
the curl operator:

curl A= —*(% - a(pA¢.))eF +(3ﬁ - aA*) ey + l(a(PA“ _%)82
p

¢ dz dz  dp ap ¢
(A.154)
From (A.122) and (A.145) we obtain the derivative of a two-form D
3(pD,) . 3Dy _ (pD:)
dD = — dpad . 15
p[ 3 +a¢+ = |PdpA ¢ A dz (A.155)

In conventional vector analysis the exterior derivative of a two-form corresponds to
the divergence:

% 2% 2 (A.156)

From (A.124) and (A.145) we determine that the scalar Laplace operator in circular
cylindric coordinates

— [a(PDF) , s a(PDz)] ‘
p

Ff 19f 1Pf ¥

A= ap pap pz 9¢? Yo (A.157)

In circular cylindric coordinates the Laplace operator applied to a one-form .A yields

1 2 044
AA = dp (AAP = ;fA-a = ?-é?)

+pd¢ (AA¢ - p A¢ + P__Sb) dzAA;. (A.158)
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Figure A.7: Spherical coordinates.

The Laplace operator on the right-hand side of this differential equation is the scalar
Laplace operator as defined in (A.157). If the one-form A exhibits only a z-component,
the explicit Laplace operator for the one-form reduces to the explicit Laplace operator
for the zero-form.

A.4.3 Spherical Coordinates

The analysis of electromagnetic structures with spherical symmetry usually is performed
in spherical coordinates. Figure A.7 shows the spherical coordinates. The coordinates
r, ¢, 0 are defined in the following intervals:

u=r, 0<r<oo,
v=F0, 0<0<m, (A.159)
w=¢, 0<¢<2m.

The spherical coordinates r, 8, ¢ are related to the Cartesian coordinates x, y, z via

x=rsinfcos¢ y=rsinfsin¢ z=rcost (A.160)

and

g% e
r=+/x2+y?+2? # = arctan T}’ ¢ = arctan % ; (A.161)

Inserting (A.160) into (A.104) yields the metric coefficients of the spherical coordinate
system:

a=1 &=r gy =rsinf (A.162)



Vectors and Differential Forms 651

and the unit differential forms
5 = dr s, =rdf s3y=rsinfd¢. (A.163)
The components of the p-forms are referred to the unit forms and given by

zero-form:  f(x),

one-form: £(x)=E,dr+Egrdd+Esrsinfdg,

two-form: D(x) =D, r*sin0d8 A dp + Dgrsinfd¢ A dr + Dyrdra db,
three-form: Q(x)=prisinfdrA df A d¢. (A.164)

From (A.111) and (A.163) we obtain
xf=frisinfdra dOA d¢,
«(A;dr+Agrdf +Agrsin6d¢) = A, r’sin0df A d¢ + Agrsin0d¢ A dr
+Agrdra do. (A.165)

The length ds of a path element is given by

ds = \/(dr)? + r(d6)? + r2sin? 6(d¢)? - (A.166)
In spherical coordinates the exterior differential operator is
dA dA dA
dA=dra—+doA +d A.167
A=drngr+ dbnggtdn g G

From (A.113) and (A.163) we obtain the exterior derivative of a zero-form f

_ f 19f g, L 9
df cl r+ -5 d8+r 33 qb:"smﬁ]d(p (A.168)

The corresponding relation in conventional vector notation is

Cof . 1df 1 of
gradf~e Y0736 T sin60g”

(A.169)

From (A.117) and (A.163) we obtain the exterior derivative of a one-form

. (a(rsin9A¢) i 3(;;6)] Psin0d0 A dg

" 72sin6 26
1 a'A a(?’ sin 3A¢)
rsin @ Bqﬁ ar

a(rAe) 0A,
] Mo dods 7 A 17
c r ( ar 00 ) rdrnd8. (A.170)

+ —_—

) rsin@d¢ A dr
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In conventional vector analysis the exterior derivative of a one-form corresponds to
the curl operator:

- d(rsinfAg) 9(rAg)
curl A= ( 3 3% e,
1 (0A, o(rsinfAy)
rsinf \ d¢ Jr &

1[(d(rA dA,
+;(-—(;r—") == ) ey . (A171)

From (A.118) and (A.163) we obtain the derivative of a two-form B

dB=—— r’sinfdr A do A d¢.
r2sin 6
(A.172)

In conventional vector analysis the exterior derivative of a two-form corresponds to

the divergence operator:

1 d(r*sin @B,) , 9(rsin 6By) . d(rBg)
o 30 3

divB = (A.173)

r2sin 6

1 [a(r*sin6B,) . d(rsin6By) . d(rBy)
ar 30 % |

From (A.124) and (A.163) we obtain the scalar Laplace operator for a zero-form f

_ 19 (.9f 1 9 (. ,of 1 &@f
&f_fz or (r ar)+rzsin989 (sme@)*‘ﬂsin?ga‘ﬁz' (A.174)

The Laplace operator for a one-form A is given by

dA
M=dr(Mr_2 2 0Ap 2cotf 2 ¢)

kB i SRS - ML
rt r2 06 Y ¢
2 04, 1 2 cotf dAy
de (= K e W g i S 2
o (:"2 g oA 2sin?0 0 r2sind 8¢)
2 0A, +_2lc0t8 dAg
r’sin@ d¢ r?sinf@ 9¢

(A.175)

+rsin9d¢( +AAg -

1
——As ] .
r2sin? 6 ¢)

The Laplace operator on the right-hand side of this differential equation is the scalar
Laplace operator as defined in (A.174).
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A.4.4 Twisted Forms

To describe a surface and its neighborhood we introduce a right-handed curvilinear
orthogonal coordinate system u, v, n, where u, v are coordinates tangential to the
surface and the coordinate n is normal to the surface. The tangential unit one-forms s,
and s, and the normal unit one-form n are defined as in (2.138).

To transform an ordinary one-form into a twisted one-form and vice versa we
introduce the twist operator by

Ly U=+(nAU), (A.176)

where n is a unit normal form (i.e., a unit form as defined in (2.138) that is normal to
a coordinate surface). We restrict our consideration to surfaces that are coordinate
surfaces in orthogonal coordinate systems. In most cases it is possible to introduce
such a coordinate system at least locally. The index n of the twist operator L, denotes
the axis of rotation. If , v are the coordinates tangential to the surface and n is the
coordinate normal to the surface, the application of the twist operator L, to a one-form
tangential to the surface rotates the one-form around # by 90° in the positive direction,

Ly (Uysi + Uysy) = =Uys + Uusz,s (A.177)
Ly (Uysi - Uysy) = Uysi + Uysy . (A.178)

From this it follows that two-fold application of the twist operator L, to a one-form
tangential to the surface inverts this one-form,

12U=-U forniU=0. (A.179)

We note that the use of the term twisted forms is distinct from that given by Burke [11].

A.4.5 Integration of Differential Forms by Pullback

In contrast to the integration of vector fields the integration of differential forms
requires no metric. The integration of differentials can be done simply by the method
of pullback [12]. If a path integral

f,, A (A.180)

over the path P has to be evaluated, and the path P is parametrized by

x=pi(t), y=pa(t), z=ps(t) (A.181)
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for t; < t < tp, we introduce the pullback of A to the path P, defined by

PYA=P9(Aydx+A,dy+ A, d2)
= Ax(p1, P2, p3) dp1 + Ay(p1, p2, p3) dp2 + Az(p1, pas p3) dps

=[A P, P2 P —‘i + A EP A 8p
( x( L P2 3) afl y(Pl: PE»P3) a: t Z(Pll P2, P3)"—a:) de .

With the pullback of A we convert the integral over the path P to an integral in ¢ over
the interval t; <t < f,

tz
f A= PUA. (A.183)
P ty

A.5 DOUBLE DIFFERENTIAL FORMS

In vector analysis a dyadic defines a linear mapping of vectors [13-15). In vector calculus
a dyadic is the formal sum of a finite number of dyads, a dyad being a pair of vectors [16].
In differential form calculus dyadics may be represented by double forms [12,17]. A
double one-form G is defined by

G =Gpdxdx' + G dxdy’ + Gz dx dz’ (A.184)
+ Gy dydx' + Gy dydy’ + Gysdyds’
+ G31 dzdx' + G31 dz d)lr + 633 dzdz' .

Green’s double form relates the observation space x to the source space x’. Primed
and unprimed differentials dx] and dx; commute (i.e., in products they may be inter-
changed without changing the sign). The rules are

dx; dx; = dx} dx; with dx; = dx, dy, dz. (A.185)

A one-form A is mapped into a one-form B and a two-form C is mapped into a two-
form D via

Bx) = [ "Glx ) A AR, (A1862)

D(x) = « ff G(x,x')AC(x'). (A.186b)

In these equations G(x, x") is called the kernel of integration. The primed integration
symbol denotes that the integration is performed over the primed variables. For the
integration the unprimed differentials are treated as constants.
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Table A.1: Differential Operators

Vector Differential Operator

Exterior Differential Operator

grad f

curl A

divB

curl grad f =0

divcurlA=0

div grad f

grad divA

grad divB

curl curl A

Af =div grad f

AA = grad div A — curl curl A

AB = grad div B - curl curl B
grad(fg) =ggrad f + f gradg
curl (fA) =grad fx A+ fcurl A
div(AxC)=curl A-C-A-curlC
div(fB)=grad f-B+ fdivB

af

dA

dB

ddf=0
ddA=0
d+df or
dv~d+ A
+d+dB
d+«dA or
Af =+ dwdf
AA=d+d*A-+d+dA
AB=+d+dB-d»d«B
d(fg) =gdf + fdg
d(fA)=dfanA+fdA
d(AAB)=dAAB-AndB
d(faB)=dfaB+fdB

*dwdf

+dxdA

Notes: f = [f]© . g=[g]® . A=[A]D .B=[B]®.C=[C]W.

Table A.2: Maxwell’s Equations

Equation Vector Notation Differential Form Notation
Ampére’s law curlH = %? +] dH = Qg +J
’ _ _2oB __38
Faraday's law curl E = -5% d€ = -5
Gauss’ law divD=p dD=29Q
Magnetic flux continuity divB=0 dB=0
Electric constitutive equation D=¢E D=+¢e&
Magnetic constitutive equation B=uH B=+uH
Ampére’s law curl H = jweE + ], dH = »jweE + T
Faraday’s law curl E = —jopH d€ = - *jupH
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With the identity kernel, defined by
I(x,x") = 6(x - x") (dxdx’ + dydy’ + dzd?'), (A.187)

any one-form A and any two-form C, respectively, is mapped in itself. We obtain

f’ I(x,x")nx A(x') = A(x) , (A.188a)

. f "I(x.x') AC(x') = C(x) . (A.188b)

A.6 RELATIONS BETWEEN EXTERIOR CALCULUS
AND CONVENTIONAL VECTOR NOTATION

A.6.1 Differential Operators

In conventional vector notation three differential operators are defined. The gradient
operator applied to a scalar yields a vector

f
grad f = gi : (A.189)

d
b
dz

The curl operator applied to a vector U yields the pseudovector

3u; _ U,
Bg dz
curlU = %{; - %ﬂ . (A.190)
9Uy _ au,
dx dy

The divergence operator applied to a pseudovector V yields the pseudoscalar

W 3V, 3V,

divV = kil
VY% Ty T oz

; (A.191)

Table A.1shows the correspondences between the differential operators in conventional
vector notation and exterior differential form notation.

A.6.2 Maxwell’s Equations

Table A.2 shows the correspondences between Maxwell’s equations in vector notation
and differential form notation.
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Appendix B

Special Functions

For a number of coordinate systems the Laplace equation, the Helmholtz equation,
and the wave equation may be solved exactly by separation into ordinary differential
equations. As the solutions of these ordinary differential equations, special functions
occur. In this chapter special functions for circular cylindrical and spherical coordinate
systems and some important formulae are summarized. For a detailed presentation of
the mathematical background, see for example, [1,2]. A comprehensive presentation of
the coordinate systems for which the partial differential equations mentioned above
may be solved exactly, and the methods of solutions are given in [3]. Comprehensive
collections of formulae and theorems for the special functions of mathematical physics
are provided in [4,5].

B.1 ORDINARY BESSEL FUNCTIONS

The separation of the Helmholtz or wave equation in circular cylindrical coordinates
leads to Bessels differential equation

d

e (zc}—dj’:)+(z2—n2)f=0. (B.1)

The variable z and the parameter n can be arbitrarily complex. However, in the following
n will be assumed as real and integer or half-integer. The solutions of Bessel’s differential
equation are the Bessel function of the first kind J,,(z), the Neumann function or Bessel

function of the second kind Y,,(z), and the Hankel functions of the first kind H, n (z)

and of the second kind H,(,Z}(z). The index n denotes the order of the function. The
Bessel functions of the first kind J,(z) [1] are defined by

In(z) = iﬂ: S(I—I_(m (BZ]

659
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Figure B.1: The Bessel functions of the first kind of order 0, 1, 2, 3, and 4.

For integer n the factorial n!, the double factorial n!!, and the gamma function T'(n) [6]
are given by

lM:{1»:-(1!1—1)...3-2-1 forintegernZl’ (B.32)
1 for n=0
n-(n-2)...5-3-1 for n odd
n'={n-(n-2)...6-4-2 for n even , (B.3b)
1 for n=-1,0
I'(n)=(n-1)! for integer n 21, (B.3c)
-N
[(n+})= _(w for integer n > 0 . (B.3d)

Figure B.1 shows the Bessel functions of the first kind of order 0,1,2,3 and 4. The
Neumann function Y, (z) [1] is defined by

Ju(2) cos(nm) = J_,(2) .

Ya(2) = sin(nm)

(B.4)

Figure B.2 shows the Neumann functions of order 0, 1,2, 3 and 4. The Hankel functions
Hgl) (z) and H:(.z)(z) [1] are defined by

Jn(z) €™ ~ J_n(2)
sin(nm)

@y _:J-n(2) = Jn(2) ™"
Ha™(2) = sin(nm) '

H(2) =]

, (B.5a)

(B.5b)
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Figure B.2: The Neumann functions of order 0,1, 2,3 and 4.

The Hankel functions are related to the Bessel functions of the first and second kind via

HM(2) = Ju(2) + Yu(2) , (B.6a)
HP(2) = J4(2) - Ya(2) . (B.6b)

For real order n the Hankel functions of the first and second kind are related by

HO )= ()., (B.7a)
HP (') =H*(2). (B.7b)

Denoting by f,(z) any of the functions J,,(z), Yx(2), H,(,l)(z), H'? (z), the following
recurrence relations are valid:

Faaa(2) + fan(2) = 2— ful2), (B.82)
fo1(2) = fanr(2) = Zf,';(z) . (B.8b)

The expression f,(z) denotes the derivation of f,, with respect to z. The functions of
positive and negative order are related via

f-a(2) = (-1)" fu(2) - (B.9)

From (B.8b) and (B.9) it follows that

fo(z) =-fi(2) . (B.10)
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The Wronskian of two functions f(z) and g(z) is defined as

wisee@) =[19 ED)-

f(2)g'(2) - f'(2)8(2) . (B.11)

The following Wronskian relations hold for Bessel functions:

sin nm

W{]"(Z),I_n(z)} i ;I'I-I-l(z)]-ﬂ(z) * ]n(z)f-(ni-l)(z) ==-2 o 5 (BlZa)

W{Ta(2), Ya(2)} = T (2) V() = Tn(2) Yo (2) = == (B.12b)

W{H (z), HP(2)} = H) (2)HP (2) - HO (2) HE (2) = :—’ . (B120)

n+l n+l

The ordinary Bessel functions of the first kind are the Fourier series expansion coeffi-
cients of the generating function

el®int = Y J.(z)el"®. (B.13)

n=—oco

If &,; and &, are the ith and kth zero of J,(x), in other words

)fn(Enf) =0, }n(auk) =0, (B14)

the following orthogonality relation is valid:

fm Enkr _ 0 fori+k
ff"( )"( )d“{%a“ﬁf(&) orizk’ P

B.2 MopIFIED BESSEL FUNCTIONS

Modified Bessel functions are the solutions of the modified Bessel differential equation

;z( f) (22 +n)f=0. (B.16)

The modified Bessel differential equation is obtained by replacing z by jz in the Bessel
differential equation (B.1). Solutions are the modified Bessel function of the first kind
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Figure B.3: Modified Bessel functions of the first kind of order 0,1, 2, 3, and 4.

1,(z) and the modified Bessel function of the second kind K, (z). The index n denomi-
nates the order of the modified Bessel functions. The modified Bessel function of the
first kind is defined by the series expansion [4]

oo (%z)lk‘il‘l

In(2) =,§J ki(n+k+1)!" (B.17)

Figure B.3 shows modified Bessel functions of the first kind. The modified Bessel
function of the second kind is related to the modified Bessel function of the first kind
via [4,7]
I.,(2) - 1,(2)
sin(nm)
where the right-hand side of the equation must be replaced by its limiting value if v is
an integer. Modified Bessel functions are related to ordinary Bessel functions via
I(2) = (=))"In(j2) » (B.19a)
K,,(z):%ﬂ(j)“*l[fﬂ(jz) +jYa(j2)] . (B.19b)

Figure B.4 shows modified Bessel functions of the second kind. For modified Bessel
functions the following recurrence relations are valid:

Ky(z) =3m (B.18)

L oald =ty = %r,(z) , (B.20a)
I,,-[(Z) + I"+1(Z) = 21;(2) 5 (BZUb)
Ka1(2) - Knsa(2) = —-%Kﬂ(z) , (B.20¢)

Ku-1(2) + Kuii(2) = -2K; (2) . (B.20d)
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Figure B.4: Modified Bessel functions of the second kind of order 0, 1,2, 3 and 4.

Modified Bessel functions of positive and negative integer order are related via

Iy(2) = In(2) , (B.21a)
K_n(2) = Ku(2) . (B.21b)

From (B.20b), (B.21a), (B.20d), and (B.21b) we obtain

Iy(z) =L(z), (B.22a)
Ky(2) = -Ky(2) . (B.22b)

Modified Bessel functions of the first kind are the Fourier series expansion coefficients
of the generating function

€% = [o(2z) + 2 i I,(z) cos(n¢) . (B.23)

n=1

Now we list some important integrals involving Bessel functions. A large number
of integrals involving Bessel functions are contained in [4, 5,7]. The functions f,(z),
&n(2z) may denote any of the functions J,,(2), Y, (2), In(z), Kx(2).

[ #hu(an)ga(p) ax - Exla(ERNena B~ Eofur(E)en(Br) | (g
[ 2fian) b =42 (@) - (@) fran(a)] . (B25)

From (B.10) and (B.25) we obtain

[ % (ax) dx = 422 12 (ax) = Jo(ax)a(ax)] - (B.26)
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From (B.10) and (B.25) it follows that

o 5 . 1xtJE (axg) for Jo(axe) =0
j; xJ?(ax)dx = fu xJ (ax) dx = { 1x2J2(axo) for Ji(axo) =0
~1x2Jo(axo)J2(axe) for Ji(axo)=0.
(B.27)
From (B.25) we obtain
j;xn xJ2(ax)dx = 3x¢ [If,(axg) + }f(axo)] ; (B.28)

B.3 SPHERICAL BESSEL FUNCTIONS

The spherical Bessel functions j,(x), yn(x) and the spherical Hankel functions of first
and second kind h,(,') (x), hf,z} (x) are solutions of the differential equation

d?z, d
x? ;x(zx) +2x z:lz(cx) +(x2=n(n+1))z,(x)=0. (B.29)
This differential equation is the differential equation (3.231a) normalized to x = kr, and
describes the radial component of spherical wave functions. With the substitution

2

zI'l(x) = \/E

Javif2 (B.30)

we transform (B.29) into

2 dzfrwlfl(x) i dfrrn)‘z(x) +
dx? dx

[xz -(n+ 1/2)2]]’“%(.:) =0. (B.31)

This is Bessel's differential equation (B.1) for half-odd integer order n + 1. The spherical
Bessel functions j,(x), y»(x) and spherical Hankel functions of first and second kind

hY (x), hf,n (x) are related to the cylindrical Bessel and Hankel functions of order
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n+ 3 by

jn(x) = \/glnﬂﬁ(x)
yn(x) = ﬁynnﬂ(x) )
h(l) (x) = \/-_H(l)lj’z( .
h(n( ) \/_ n+1{2(x)

The spherical Bessel functions of order 0 to 2 are given by

Slnx
jo(x) = P

sinx cosx

):()——* ,

X

1y . 3
j2(x) == - —)sinx - — oS X
x x

and

CoOsXx

yo(x )——

sinx cosx

y(x) = % il

( 3 I) 31 4
y2(x)=|-=+—)cosx - —=sinx
%3 X X2

and the spherical Hankel functions of order 0 to 2 are given by

h0(x) = K" () = -L )%,

W) = hP ) = (-5 - L)

x2

h(l)(x) hm*(x) (— - - —) el

(B.32a)

(B.32b)

(B.32¢)

(B.32d)

(B.33a)
(B.33b)

(B.33c)

(B.34a)
(B.34b)

(B.34c)

(B.35a)
(B.35b)

(B.35¢)
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B.4 LEGENDRE POLYNOMIALS

The separation of the Helmholtz or wave equation in spherical coordinates leads to the
following differential equation for the function of the 6 coordinate

1 d df m?
— inf — A3 =0. .36
sin @ do (sm dB) * [n(n 1 sinzﬂ]f 538
With the substitution
x=cosf (B.37)
we can bring (B.36) in the form
azf df m?
— z — - — — -
(1-x )dx2 2x dx+[n(n+1) e f=0. (B.38)

This is the Legendre differential equation. The variable x and the parameters n and m can
be arbitrarily complex. However, in the following m and n will be assumed as real and
integer. Since in the spherical coordinate system we consider the interval 0 < 8 <, this
yields ~1 < x < 1. The solutions of the Legendre differential equation are the associated
Legendre functions of the first kind P}'(2), and the second kind Q7 (2). The subscript
n denotes the degree and the superscript m the order of the Legendre function.

For m = 0 we obtain the ordinary Legendre differential equation

2
(l—xz)%—Zx‘il—d'i+n(n+l)f:0. (B.39)
The solutions of the ordinary Legendre differential equation are the ordinary Legendre
functions of the first kind P,(x), and the second kind Q, (). For integer n the ordinary
Legendre functions of the first kind are polynomials of degree n and therefore are
also called Legendre polynomials of degree n. The explicit expression for the Legendre
polynomial is

M Iy =2 1 n-2m
Fule) ,,,z;u(_l)m?_“ nE!(nn - r:))‘ ?n -2m)!’ (g

where M = 1n for even n and M = }(n —1) for odd n. In terms of x and cos 6 the five
Legendre polynomials of lowest order are

PQ(I) =1, (B‘l-la}
P(x)=x=cosB, (B.41b)
Py(x) = 3(3x* -1) = §(1+3cos26) , (B.4lc)
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Figure B.5: The Legendre polynomials of the first kind of order 0,1, 2, 3, and 4.

P3(x) = 1(5x> -3x) = }(3cos 8 + 5cos30) , (B.41d)
Py(x) = 3(35x* = 30x% +3) = (9 +20c0s20 + 35c0s46) . (B.4le)
Figure B.5 shows the Legendre polynomials of the first kind of order 0,1,2,3 and 4.

The Legendre functions of the second kind Q, (x) are infinite at x = <1, or at = 0 and
6 = . The lowest order Legendre functions of the second kind are given by

Qo(x) = ;m;‘:—; ~Incotif, (B.42a)
. l+x i
Qi(x) =;xlnm—l=cosﬂincot58—l, (B.42b)
1+ x

Qx(x) =3(3x*-1)In oo ix=1(3cos’@-1)Incot10 —3cosf.  (B.42c)

The nth order Legendre function of the second kind is

M 2n—4m+3

Qn(x) = QO(x)Pﬂ(x) - Z__:o (2??‘! _ I)(ﬂ— m+l)

Pn-Zrm-l(x) s (B.43)

where M = in for even n and M = }(n +1) for odd n. The Legendre functions with
positive and negative arguments are related via

P,(-x) = (-1)"P,(x), (B.44a)
Qu(-%) = (-1)"1Qu(x) . (B.44b)

Figure B.6 shows the Legendre polynomials of the first kind of order 0, 1, 2, 3, and 4. The
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Figure B.6: The Legendre polynomials of the second kind of order 0,1,2, 3, and 4.
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associated Legendre functions (i.e., the solutions of the associated Legendre differential

equation (B.38)) are

m(x) = (1) (1 x2ymi2 LB (x)
Pr(x) = (ym(a- tym )
Qu(x) = (- wye L2

Some lower-order associated Legendre functions of the first kind are
Pi(x)=-(1-x")"2,
Pi(x) = -3x(1-x2)"2,
Pi(x)=3(1-%%),
Pi(x) = $(1- x*)*(1-5x%)
P3(x) =15x(1-x%) ,
P}(x) = -15(1-x*)*/?

Some lower order associated Legendre functions of the second kind are

Q}(x) r_ln x+1 X

x2-1
3x* -2
Q;(x) 3xVx2- 1nx+1 xz :
x—

x+1
Q% (x) = 3(«* —l)ln—1+5 2_1

(B.45a)

(B.45b)

(B.46a)
(B.46b)
(B.46¢)
(B.46d)
(B.46¢)
(B.46f)

(B.47a)

(B.47b)

(B.47¢)
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Figure B.7: The spherical harmonics Y?, Y}, Y2, Y}, Y2.

The orthogonality relation for associated Legendre functions is

2 (ny+m)!
2ny +1 (ny = m)! S (B.48)

f: PI(x)PP(x) dx =

B.5 SPHERICAL HARMONICS

Spherical harmonics are solutions of the partial differential equation

1 d{. ,93f(6,¢) 1 9%f(6,¢) -
m:@(smﬁl 28 )+sin29 352 +n(n+1)f=0. (B.49)

Setting
f(6.¢) =©(8)0(¢) (B.50)

with the integer separation parameter m with |m| < n the partial differential equation
(B.49) may be separated into (B.36) for ®(6) and the second order differential equation
for ©(¢):

2
ﬁ%(sine dedge))+ [n(n+1)— ﬁg] 0(8) =0, (B.51a)
d%(f) +m’®(9) =0. (B.51b)

The normalized solution of (B.49) is the spherical harmonic

Y™ (0, ¢) = c™ P™(cos 8) e/ ™? (B.52)
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where c™ is a normalization constant, given by

m _ L (n—m)!
cp = J = (2n+1) __(n S (B.53)

Some lower order spherical harmonics are

Y5(6,¢) = \/% ; (B54a)

Y} (6, ¢) = —\/gsinﬁe”' i (B.54b)
Y(6,¢) = \/E cos B, (B.54c)
Y'(6,¢) = \/75“1 fel?, (B.54d)
Y}(6,9) = \/— 3sin?@e¥? (B.54e)
Y}(6,¢) = —\/;4—351n9c059e” (B.54f)
Y;(6.9) = \/E (3cos’0-3) . (B.54g)

4m
5 :
Y;'(6,¢) = o 3sinfcosfe?, (B.54h)
Y;2(6,6) =/ 92_11 3sin?fe 7. (B.54i)
Figure B.7 shows some of the lowest-order spherical harmonics.
The orthogonality relation for spherical harmonics is

n n
my* ma 3 =
f¢ . j; " Y (6,9) Y (0,9) sin0d0 g = Smim - (BSD)

The spherical harmonics constitute a complete system of functions within the interval
0<0<m, 0<¢<2m Any function f(6, ¢) with sufficient continuity properties may
be expanded in this interval in a series

f(6,8) =3 amnYm(6,9) . (B.56)
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The expansion coefficients a,, , are

n ™
A = f¢ B fe Y (6,9)£(8.9) sin0d0 dg (B57)

The spherical harmonics may be separated in their real and imaginary parts

Y,"(6,9) = Y,"(6,9) +jY,;(6,¢) (B.58)
with

Y, (8, ¢) = c) Py (cos8) cosm¢, (B.59a)

Y,"(6,9) = c)' PI'(cos 8) sinm¢. (B.59b)
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Appendix C
Linear Algebra

C.1 UNITARY VECTOR SPACE

This section recalls the basic definitions and the basic formulae of linear algebra. For a
more detailed treatment, see for example [1-3].

A matrix is a rectangular array of scalars (e.g., integer, real, or complex numbers or
integer-, real-, or complex-valued functions). The rectangular array

Ap An o Amw
P Rl G
Aml Amz Amn

is called a matrix of m rows and n columns. We denote matrices with boldface letters.
We may use the index (m x n) to indicate the numbers of rows and columns. A matrix
of type (m x n) is said to be an m by n matrix. A matrix of type (n x n) is called a
square matrix of order n. A matrix of type (m x 1) is a column vector, and a matrix of
type (1 x n) is a row vector,

X1

X(mx1) = x:z ) (C.2a)
-

Yoaxny = (Y1 y20- - ] - (C2b)

For two matrices A and B of the same size (m x n) a matrix sum

C{mxﬂ} =A(mxﬂ}+B(mxn) (C3)

673
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is defined such that
ij = A,-}' + B,‘j

for each i and j. The product of a matrix A and B with a scalar b
C(mxﬂ} = bA(mxn)

is defined by
I

Cij=b) Ay.
k=1
For two matrices A and B of the type (m x I) and (I x n), a product

Cimxn) = A(mx1)B(ixn)

is defined. The elements of C are given by
i
Cij= ) AixBy;
k=1

for each i and j. The matrix product has the following properties:

(AB)C=A(BC)=ABC associative,
(A+B)C=AC+BC distributive,
C(A+B)=CA+CB distributive,

AB+BA in general noncommutative.

If all elements of a matrix are 0, the matrix is called the null matrix 0:

00 « 00
00 - 00
Ol:mxn) = t %ot 0
00 - 00
00 - 00

For any matrix A,,,) the sum with the null matrix is given by
A(mxn} + o(mxn:l = A{mxn)
and the product with the null matrix is given by

O(kxm) A(mxn) = O(kxn) »
A (mxn) O(nxk) = O(mxk) -

(C4)

(C5)

(C6)

(C7)

(C8)

(C9)
(C.10)
(C.11)
(C12)

(C.13)

(C.14)

(C.15)
(C.16)
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The unit matrix 1is a quadratic matrix with the Konecker delta dij as the matrix elements

1 0 - 00
01 - 00
Ymxmy = [5fj] =|: 5 i 0 (C.17)
0 - 10
00 - 01
For any matrix A (), the product with the unit matrix has the property
l{mxnl) A{mxn} = A{mxn) l{nxn) = A{mxn} : (C.18)

The commutator of two quadratic matrices A and B of same dimension is defined as
[A,B] = AB-BA. (C19)

If the commutator is O the matrices A and B are said to commute. In this case the
product AB is invariant under exchange of the factors A and B.

A square matrix in which all nondiagonal elements are zero is a diagonal matrix. It
can be written in the following abbreviated form:

Dy O 0 0
0 D, )
: A . 0 =diﬂg[D1,D2,.. -Dn—laDn] . (CZO)
6 0 == Dpy 0
0o 0 - 0 D,

If two matrices C and D are diagonal these matrices commute and the product CD is
also diagonal,

CD = DC = diag[Ci Dy, C2D3, ... Cu-1Dn-1, Cu D] - (c21)

A matrix A may be composed by submatrices Ay, Ap2, As;, Ay in the following way:

Aj(pxq) Arz(px(n-
oo - (px(n-a)) | | (C.22)
(mxn) [AZI((m—p]*q} AZZ({m—P)"("_‘!)}

For a quadratic matrix A, «,) a determinant of nth order

Ay - Am

detA(_,,x,,:. = {C23)

Anl Amx



676 Electromagnetics

is defined by
det A(nxny = Y (-1)*A1,p, ... An,p, » (C.24)

where the summation has to be performed over all n! permutations of the second indices
P1- .. pn. The exponent « is the number of exchanges of indices for transforming the
sequencel...ninto p;... p,. The determinant of a second order matrix is

detA(px2y = Audaz — AppAa, (C.25)

and the determinant of a third order matrix is

det A(3.3) = AnApnAss + ApAxAsy + AyAyAsy,

(C.26)
—ApApAs - AudasAs; - Ap Ay Ass .

The determinant of the submatrix of a quadratic matrix obtained by deleting the ith
row and the jth column is called the minor of the element A;; and is given by

An = Apja Ay A

Al o Al Al o Ay
e g g . c27
U7 A A A o A (27

Ap An,j-l An.j+l  App

The cofactor Af; of the element A;; of a quadratic matrix is given by
-

Aj = (-1)"™M AT (C.28)

Due to (C.24), an nth-order determinant may be expanded as a sum of the products of
the elements of any row or column of the appropriate matrix with their cofactors. This
is the Laplace expansion

n n
detA (xn) = ) AijAT; = ) AijAT; . (C.29)
i=1 j=1

A quadratic matrix is called singular if det A = 0. If a quadratic matrix is nonsingular
(i.e., det A # 0), the inverse A~ is defined by its property
AT'A=AAT =1, (C.30)

and may be computed using Cramer’s rule:

a a a
1 21 Aﬂl

(C.31)

Al = 1 fz Agz A:1
(mxm) ™ det A P
A‘IIn A‘l‘n A:n
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The inverse of the product of two matrices is
(AB)'=B"A"". (C.32)
The inverse of a diagonal matrix is the diagonal matrix of the inverse elements:
(diag[Dy, D2y ... Dy, Da]) ™ = diag[ D, D7',... D1y, D' (C33)

The transpose AT of a matrix A is obtained by interchanging columns and rows of the
matrix A:

Ay An o Am
AT = A:lz A:n A:nz (C.34)
Aln Azn Amn

If A = AT the matrix A is symmetric. The transpose of the product of two matrices is
(AB)T =BT AT. (C.35)

If a matrix has the property N7 = N~! the matrix is called orthogonal.
The complex conjugate A* of a matrix A is obtained by taking the complex conjugates
of all elements of the matrix A:

* * *
1 12 In
* " *

A* = A% 'A.ZZ AZR (C.36)
:nl :12 A‘:ﬂl‘l

If A= A* the matrix A is called a real matrix. The complex conjugate of the product of
two matrices is
(AB)* =A"B*. (C.37)

The Hermitian conjugate A* of a matrix A is the transpose of the complex conjugate
of A. It is obtained by taking the complex conjugates of all elements of the matrix A
interchanging columns and rows of the matrix:

'ﬁ 51 :nl
Al- * S *

At =(a)T=(aTy =2 A2 T A (C.38)
:n ;n A;m

If A = A" the matrix A is called a Hermitian matrix. The Hermitian conjugate of the
product of two matrices is
(AB)' =B' A" (C.39)
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If a matrix has the property U' = U~! the matrix is called unitary. The inverses of the
transpose, the complex conjugate, and the Hermitian conjugate matrix are

(AN)'=(@a™hT, (C.40)
(A*)'=(ah", (C.41)
(AH1=@h'. (C.42)

Determinants have the following properties:

det AT = det A, (C.43)

det A" = det A* = (detA)*, (C.44)
det(kA (nxn)) = k" det A, (C.45)
det(AB) = (det A)(det B) , (C.46)
det(A™) =1/detA, (C.47)
det(A+ B) = det A + detB . (C.48)

The determinant of a Hermitian matrix is real.
The inner product of two n-dimensional column vectors X, 1) and y (1) is given by

Sy=[xfn+aiya+. . xiya]. (C.49)

The norm or magnitude of a vector x(,) is defined as

x| = Va2 + [x22 + a2 (C.50)

The dyadic product of two vectors x(yy and y(1xm) is

Xy Xiya2 o Xiya
xy= xZ:J"l x2:72 xz:)’n ) (C.51)
XmYl Xm)Y2z ** Xm)n

Let A (nxny = A' be a Hermitian matrix, X(nx1) an n-dimensional column vector, and

x?bm) its Hermitian conjugate row vector. The expression

x"Ax =) Apx]xi (C.52)
ik
is called a Hermitian form. For arbitrary vectors x the Hermitian form is real. If the

Hermitian form is positive for arbitrary x it is called positive definite. If the Hermitian
form is positive or zero for arbitrary x it is called positive semidefinite.
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The determinant of the submatrix consisting of the first k rows and the first k columns
of a matrix A is called its leading principal minor dety A of order k:

detlA(,,x,,} =An,

dety A () =del[A“ A”‘]farl<k<n,
A Agk
det, A (nyny = detA. (C.53)

A Hermitian form is positive definite if all its leading principal minors are positive and
it is positive semidefinite if all the leading principal minors are nonnegative.

C.2 DIAGONALIZATION OF A MATRIX

Let A (,xn) bean n-dimensional quadratic matrix, and x(, 1) an n-dimensional column
vector. In the equation
Ax = Ax (C.54)

the scalar ) is called an eigenvalue and x the corresponding eigenvector. We proove that
if A is Hermitian its eigenvalues are real and its eigenvectors are orthogonal. Consider
the eigenvalues A;, A; and the corresponding eigenvectors x;, x; fulfilling

Ax; = )L.‘-xi > (CSSa)
Axj=djx;. (C55b)

Multiplying the first equation from the left with Hermitian conjugate vector x;.‘ and the
second equation with x! yields

x}Ax,- & )L,-x}x; 5 (C.56a)
x;rij = ijrxj. (C.56b)

The Hermitian conjugate of the second equation is
x}A*x,- = A;x}x,- ; (C.57)
Subtracting (C.57) from (C.56a) yields
x[(A-AN)x; = CYEDPHEIED (C.58)
If A is Hermitian (i.e. A = AT) we obtain

(Ai-A})x]xi =0. (C.59)
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This result holds for any combination of i, j. For i = j we obtain
(Ai = A )xlx; =0. (C.60)

Apart from the excluded trivial case where x; is the null vector, the product xlTx i 1s real
and positive. This yields
A=A} (C.61)

hence the eigenvalues of a Hermitian matrix are real.
For i # j (C.60) yields
xIx; =0 fori+j. (C.62)

This means that the eigenvectors of distinct eigenvalues are orthogonal.
To determine the eigenvalues and the eigenvectors of A, we bring (C.54) in the form

(A-Al)x=0. (C.63)
In component notation this reads
Au-42 Ay - Ap
A:zl Azz:- A AZn ‘ I ‘ (C.64)
A.nl A;IZ i =

This homogeneous equation yields nontrivial solutions only if the coefficient determi-
nant vanishes,
|A-A1=0. (C.65)

This nth order algebraic equation is called the secular equation or eigenvalue equation.
Let K be a matrix formed by the eigenvectors x), x;, . .. x, in any order,

K=[%,%...%,] (C.66)
From (C.56a), (C.56b) with the diagonal matrix notation introduced in (C.20), it follows
AK = diag[A,15,...14,]K. (C.67)

With the diagonal eigenvalue matrix
A =diag[A1, Ay, ... Ay (C.68)

this can be written as
AK = AK. (C.69)
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Multiplying this from the left with K™' and considering that a diagonal matrix can be
interchanged with any quadratic matrix of the same dimension yields

K'AK=K'AK=AK'K=2A. (C.70)

The similarity transformation
K'AK =1 (C71)

is called diagonalization. If K is unitary (i.e., K t = K™), the diagonalization becomes
a unitary transformation
K'AK =1 (C.72)

and the matrices A and A are said to be unitarily similar.

If the matrix A is real and symmetric all eigenvalues and eigenvectors are real. If in
this case K is orthogonal (i.e., KT = K™), the diagonalization becomes an orthogonal
transformation

KTAK =1. (C.73)

In this case the matrices A and A are said to be orthogonally similar.
If two matrices A and B can be diagonalized by the same orthogonal transformation
K, both matrices commute,

KTAK =24, (C.74a)
K"BK = ;. (C.74b)

Considering that the diagonal matrices A4 and A commute, the proof is

AB-BA = KA,K'KAgK' —~KAgK ' KAAK™' = K(A4Ag-ApAa)K™ = 0. (C75)

C.3 MATRIX FUNCTIONS

The power A" of a quadratic matrix A for a nonnegative integer n is defined as the
matrix product of n copies of A,

A"=AA.. . A. (C.76)

The matrix to the power of zero is defined to be the unit matrix of the same dimension
Ad=1, (C.77)
The matrix to the negative integer power —n is defined as the inverse of the matrix A",

A" =(A")". (C.78)
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For a diagonal matrix
D = diag[Dy, D;,...Dpy—y, D) (C.79)
the power D" is given by
D" = diag[D{, D3,...D},_,,D},] . (C.80)
The exponential of a matrix A is defined via the power series representing the exponen-
tial function as
— 1
ef=) —A". (C.81)

nﬂ"l

The exponential of a diagonal matrix D given in (C.79) is

e? = diag[e™, e2,...ePm1, €0 ], (C.82)

Let f(z) be a function defined for a complex scalar variable. The Maclaurin series
expansion of f(z) is given by

f6) = 3 2 f P )" )

where £(")(0) denotes the nth derivative of f(z) at z = 0. The matrix function f(A) is
defined via the Maclaurin series expansion as

f(4)= i%f‘"’(m"- (C.84)

The function f(D) of a diagonal matrix D given in (C.79) is

f(D) = diag[f(D1), f(D2),... f(Dm-1), f(Dm)] . (C.85)

Consider the matrix functionf(zA) where z is a complex variable and A is a constant
matrix. The Maclaurin series expansion according to (C.84) is

fzA)= 3 [ @ (0)z"A". (c36)
n=0 "+

Differentiation with respect to z yields

oo

d "
./ (z4) Z_: 1)' M (0)z(*V A" = AZ; f("*”(o)z A (C.87)
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The expression under the sum is the Maclaurin series expansion of the derivative
f'(zA), where f'(z) = df(z)/ dz denotes the derivative with respect to the argument
of the function. This yields

= f(A) = Af'(s4). (C.88)

For the exponential function this yields

ie“‘ = Ae*A, (C.89)
dz

Consider the n-dimensional vector x(t) given by
x(t)=ex (C.90)

where x; is a constant n-dimensional vector and f is a real scalar variable. Derivation

with respect to t yields

d
Sa(1) = A xo. (con

Comparing (C.91) with (C.90) shows that x(t) is a solution of the first-order system of
differental equations

Sa(0) = Ax(1). (C.92)

If two matrices A and B fulfill [A,[A, B]] = [B,[A,B]] = 0 the Baker-Hausdorff
formula holds:

otd otB o~t'[4B] _ o(A+B)  for (A [A,B]] = [B,[A,B]] =0. (C.93)
In particular we obtain
oA !B _ o!(A*B)  fr [A,B] =0. (C.94)

A detailed treatment of matrix analysis including the criteria for convergence is given
in [4,5].

C.4 TueE HILBERT SPACE

If a unitary vector space of countable infinite dimension is complete, it is called a Hilbert
space [1,5-7]. Operators of the Hilbert space define mappings of Hilbert space vectors.
P.A.M. Dirac introduced a compact notation of states and operators by interpreting the
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expression (y;|y;) as the inner product of the vectors (y;| and |y;) [8]. Since formally
the bracket expression has been subdivided, Dirac has divided the word “bracket” also
in two parts and has introduced the denomination bra-vector for the expression (v;|
and ket-vector for the vector |y;). To any two vectors of a Hilbert space is assigned a
complex number as a scalar product. In a vector space with a positive definite metric
(which we are assuming in the following), a scalar product of a vector with itself is
positive and real unless the vector is a null vector.

The sum of two vectors |¢) and |y) of Hilbert space again is a vector of Hilbert space.
For this vector we can use the notation |¢ + ¥) and obtain

®) +1y) =1¢+v) . (C.95)
The sum of vectors of Hilbert space is commutative and associative

commutative : (@) + [y) =y) + o) , (C.96)
associative : (@) +|y+x)=ld+vy)+]|x) . (C.97)

The product of a complex number ¢ with a vector |¢} again is a vector of the Hilbert
space

clg) =lco) . (C.98)

To distinguish a variable that may be represented by a number from vector and operators,
we use the name “c-number.” The product of c-numbers and vectors of Hilbert space
follows the distributive law:

clp+w)=clp)+cly) . (C.99)

The scalar product of two vectors |y) and |¢) is a complex number a. The corresponding
notation is

(ly)=a. (C.100)

The scalar product we obtain by interchanging bra- and ket-vectors is assigned the
complex conjugate number

(o) = (dly)" =a”. (C.101)

The scalar product is distributive, hence

(Blyr +y2) = (dlwr) + (ly2) (C102)

From the scalar product a complex number ¢ may be extracted in the following way

(Bley) = c(gly) . (C.103)
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With (C.101) we obtain from this

(cylg) = (lew)” =" (yI¢) . (C.104)

If the complex number ¢ is extracted from the bra-vector, it occurs as the complex
conjugate factor outside of the scalar product. The bra-vectors and the ket-vectors are
Hermitian conjugate to each other (i.e., adjoint to each other). Adjoint expressions are
marked by the superscript '; we obtain

(0" = (4l » (C.105)
(I#)' =1¢) - (C.106)
The vector spaces of bra-vectors and ket-vectors are mutually dual. To obtain the adjoint
expression for an arbitrary expression, we have to replace all symbols by the adjoint

symbols and to invert their sequence. From (C.101), (C.104), (C.105), and (C.106) we
obtain

(cleNt=c" (¢l . (C.107)
(olv) = (oly)" - (C.108)

From (C.101) it follows that the scalar product (¢|¢) always is real. Furthermore, we
set the condition that the scalar product of a vector with itself is nonnegative:

(¢l¢) 20 real. (C.109)

The equal sign only is valid if |¢) = 0, where 0 denotes the null vector. The null vector 0
is defined by

) +0=19) - (C110)

The use of the symbol “0” for the null vector is possible since the multiplication of bra-
or ket-vectors with 0 has the same effect as the forming of the inner product with the
null vector. The length or norm | ¢| of a vector |¢) is given by

lol = v/(¢l¢)- (C.am)

For mutually orthogonal vectors |¢) and |y) we obtain

(¢ly)=0, (C.112)

also if none of the vectors |¢) and [y) is the null vector.
The dimension of the Hilbert space is countable infinite. Furthermore, the Hilbert
space fulfills the following properties:
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1. The Hilbert space is complete. That is, if a sequence of vectors |¢,),|¢2), ...
satisfies Cauchy’s criterion of convergence there exists a limit vector |¢), which
is also a vector of Hilbert space. Cauchy’s citerion on convergence: For every
real number € > 0 an index N = N(¢) exists such that for all n,m > N(¢) the
inequality || [¢,) — [¢m) | < € s satisfied.

2. The Hilbert space is separable. That is for each element |¢) of the Hilbert space
there exists a sequence with |¢) as the limit vector.

The expansion of a vector |¢) of Hilbert space into a series of basis vectors |y, ) in
Hilbert space in general yields an infinite series

|¢) = i ap |':Vn) . (C.113)
n=0

The components of the vector |¢) with respect to the basis |y, ) are complex numbers
that are numbered with the index #. It is useful to introduce orthonormal basis vectors
for which

(Wm|Wr|) = 6mn {0.114)

is fulfilled. To determine the components a, of the vector |¢) with respect to the basis
| ), we multiply (C.113) from the left with the bra-vector (y,| and obtain with (C.114)

(¥mlé) = z an (Ym|¥n) = Z anOmn - (C.115)
From this it follows
Am = (Ym|9P) . (C.116)
From (C.113) and (C.116) we obtain
16) = 2" lvn) (¥nl9) - (C117)

C.4.1 Linear Operators in Hilbert Space

An operator L maps a vector |¢) into another vector |y) of the Hilbert space

Lig)=ly) . (C.118)

In the following we consider the properties of linear operators in Hilbert space. By linear
operators in Hilbert space, a linear mapping of vectors in Hilbert space is accomplished.
Linear operators follow the rules

L|¢y +¢2) =L|¢1) + L|¢2) , (C.1192)
L|ag) =aL|¢) . (C.119b)
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The sum of two operators L and M is defined by
(L+M)|¢)=L|¢)+MId). (C120)
The product of two operators L and M is defined by
LM|¢) = L(M|¢)). (C121)

The null element and the one element of the Hilbert space operators are the null operator
0 and the unit operator 1. Often these operators are denoted simply by 0 or 1, respectively.
This yields no difficulty since the multiplications of vectors and operators with numbers
is allowed and the multiplication with 0 or 1, respectively, has the same effect as the
multiplication with 0 or 1. The null operator 0 and the unit operator 1 are defined by
the action upon arbitrary vectors |¢) of Hilbert space in the following way:

V|9),ly) = (ylo[¢) =0, (C.122a)
V(g) = 1[¢) =1[¢) . (C.122b)

In general for the multiplication of operators the commutative law is not valid:
ML #LM. (C123)

The expression
[M,L] = ML-LM (C.124)

is called the commutator between M and L. If [M, L] = 0 is valid, the operators M and
L are said to be exchangeable or commuting. From two vectors |ec) and |B) of Hilbert
space we can form the so-called dyadic product

) (Bl - (C.125)

The dyadic product is an operator. By formal multiplication of a ket-vector from the
left side with the dyadic product we obtain

(la) (B1) [v) = @) ((Bly)) - (C.126)
operator complex number

Any Hilbert space operator may be represented as a sum of dyadic products. The
proof of this statement is given in the following, According to (C.117) for a complete
orthonormal basis system |y, ) we obtain

V(6), 16) =2 lwn) (¥ald) - (C.127)
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With this we obtain from (C.122b)

1= |yn) (val - (C.128)

We can represent an operator L by its components with respect to a complete orthonor-
mal system of basis vectors |y, ). To do this we multiply the operator L from the left
and from the right with the unity operator 1 and obtain with (C.128)

L=1L1= 3 |Ym) (W Ll¥n) (¥l - (C129)

m,n

From the terms in the sum at the right-hand side of the above equation we may extract
the terms
Lon = (Ym|L|yn) (C.130)

and obtain
L= 3 Lo |[Wm) (¥l - (Ca31)
m,n

The complex quantities L, are called matrix elements of the operator L with respect
to the basis |y, ).
The inverse operator L™ of an operator L is defined by

Vig).ly)=Llp) = |¢)=L"|y). (C132)

From this definition we obtain the relations

LL'=L7'L=1, (C.133a)
(aL)™? = %L"’ , ' (C.133b)
(ML) '=L"'M. (C.133¢)

The proof of (C.133c) follows from
(MLY(ML)' = MLL'M™'=MM™"=1. (C.134)

The operator L' is adjoint or Hermitian conjugate, respectively, to the operator L. The
adjoint operator is defined by the property

($ILTIy) = ((wiLIg))" = (yIL|g)" (C135)

where |¢) and |y) are arbitrary vectors of the Hilbert space. We note that the rule for
the forming of adjoint expressions according to (C.101) is obeyed in this definition.
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According to this rule every symbol has to be replaced by the adjoint symbol and the
sequence of the symbols has to be inverted. From (C.105), (C.106), (C.108) and from
(C.135) we obtain

(L|¢)" = (gIL", (C.136a)
(LT ¢))' = (¢IL. (C.136b)

Denoting the vector resulting by application of the operator L on the vector |¢) with

IL¢)=LI|¢) , (C137)
we obtain
(Lg| = (¢|L* (C.138)
and
(vILI§) = (vIL$) = (L"yl¢) . (C139)

Moving in a scalar product an operator L from the right or to the left or vice versa, the
operator is replaced by its adjoint operator. According to (C.130) the matrix elements
L},, are given by

Lty = (WmlL' lya) (C.140)
From (C.135) it follows

LY, = (WnlLlym) = Lam - (C.141)

Furthermore, the following relations are valid
(=L, (C1422)
(aL)t =a*L', (C.142b)
(L+ M)t =L+ M", (C.142¢)
(LM) =ML, (C.142d)

The proof (C.142d) follows by application of (C.139).

(W|(LM)' ) = (LMy|$) = (My|L"¢) = (y|M'L"¢) . (C.143)

If an operator L is identical with its adjoint operator L' (i.e., L = L'), this operator
is called an Hermitian operator or a self-adjoint operator. Hermitian operators exhibit
real eigenvalues. Observables are represented by Hermitian operators.

An operator U, the inverse of which U~! is equal to the adjoint operator Ut (ie.,
U-! = U"), is called a unitary operator. The unitary operator is defined by the property

viv=1. (C.144)
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If the operator U is unitary and the operator H is Hermitian, the expression UHU ! is
Hermitian. The proof is given by

(UHU™)' = (U™Y'H'UT = UHU™ . (C.145)
The projection operator P, is given by

Py = |yn) (vl (C.146)

where |y,) is a unit vector. With P, an arbitrary vector |¢) is projected on the unit
vector |y, ). We obtain

P, |¢) = (Wﬂ|¢) I')Vn) . (C.147)

Projection operators are Hermitian since for any |¢) and |y) we obtain

(WIP}|9) = ($IPuly)" = (Blwn)" (wulv)" (C.148)
= (¥nl®) (Wlwn) = (V[Pa]@) .

Let [y, ) be a complete orthonormal basis. We expand the vector |¢) into the series

|¢) = Z Am |Wm> . (C.149)

We obtain
P, |¢)=an|yna) . (C.150)

We also can introduce projection operators on subspaces of the Hilbert space. The
operator Pg projects a vector |¢) of the Hilbert space into the unitary subspace S:

Ps = Zs} [Wm) (W] - (C.151)

This summation is performed over all basis vectors [y, ) of the unitary subspace S.
Projection operators are idempotent, that is they satisfy the relation

P=P*=p". (C152)

To an operator L of Hilbert space there exist eigenvectors |y, ) satisfying the eigenvalue
equation
Llyn) =Lnlya) - (C.153)

The c-numbers L, are called eigenvalues of the operator L. If (C.153) is satisfied by
several eigenvectors, the set of all corresponding eigenvalues L,, is called the eigenvalue
spectrum of the operator L. If several eigenfunctions belong to the same eigenvalue,
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this eigenvalue is said to be degenerate. The eigenvalues of Hermitian operators are
real and eigenvectors belonging to different eigenvalues are mutually orthogonal. We
obtain for Hilbert space operators

(Ln=Lm) (¥alym) =0. (C.154)

If the eigenvectors |y,) of the operator L belong to a complete orthonormal set of
eigenvectors in the Hilbert space, we can use these eigenvectors as a basis. The matrix
representation of the operator L in this system of basis vectors according to (C.130)
and (C.153) is given by

Ln = (Wmi“'f’n) =Ly amn . (C-155)

The matrix Ly, is diagonal and its matrix elements are specifying the eigenvalue
spectrum L, of the operator L. Representing the operator given in (C.131) by dyadic
products, we obtain with (C.155) and (C.147)

L=Z|wn)‘[‘ﬂ (':Vﬂ| = ZLnPn- (C.156)

This representation is called the spectral representation of the operator. The following
rule holds: An orthonormal system of basis vectors is a system of eigenvectors of an
operator, if and only if the matrix representation of the operator is diagonal in this
system of basis vectors. The proof for this rule in the inverse direction follows directly
from the application of L in spectral representation on |y ).

C.4.2 Function Spaces

A function space is a vector space, the points of which are functions [1,5,7]. The function
space of all complex-valued continuous functions defined on some interval or domain
is a Hilbert space. The interval or domain also may be of infinite extension. A suitable
inner product of two one-dimensional functions ¢(x) and y(x) may be defined as

@) = [ " (x)w(x)dx. (C157)

An orthonormal basis of the function space is given by a complete set of basis functions
Y, (x), fulfilling
(Wm(x)l‘lyn (%)) = 8mn . (C.158)

Any smooth function f(x) can be expanded into a series

f(x)= i anyn(x) (C.159)
n=1
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with the complex coefficients a,, given by

an = (¥nlf) . (C.160)

The function f(x) can be represented by a Hilbert space vector

If) = Z an |¥n) (C.161)
n=1

where each basis vector |y, ) corresponds to a basis function v, and the Hilbert space
vector |f) is composed from the basis vectors in the same way as the function f(x)
from the basis functions.

Consider a linear differential operator L,p, given by

d d? dk
Lgp=b0+bl—+bg‘——'—'+...bkm.

o e (C.162)

Applying the differential operator L, to a function f(x) will map this function into a
function g(x),

8(x) =Lopf(x). (C.163)

In the basis y, (x) the differential operator has the matrix elements L,,, given by

Lon = [ V() Log¥n(x) dx = (Wm ()[Llyn(x)) . (C16)

where L is the operator in Hilbert space corresponding to the differential operator Loy.
With (C.131) we can write

L= Lon|¥m)(¥al - (C.165)

m,n

In Hilbert space notation we can write
18} =L|f). (C.166)

From the vector |g) we obtain the corresponding function g(x) with (C.159) and
(C.160) as

g(x) = i(% lg(x)) wn(x). (C.167)

For two differential forms Uf and V of equal order we define an inner product

(MW),,:fV(*u*)Av:Lu*Mv. (C.168)
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We call this inner product over a volume a V-product. The index V' denotes the volume
of integration. The index may be omitted when the domain of integration is obvious. If
we have for a given domain of integration V' a complete orthonormal set of basis forms
C,n of order p fulfilling the orthonormality relation

(Cm1cﬂ)\f': fv(* C:‘n)"\ cﬂ =6nm; (C169)

we can expand any smooth differential form A of order p into a series
[==]
A=Y ayCy, (C170)
n=1

with the expansion coefficients a, given by
an =(CylA)y . (C171)

C.4.3 Function Spaces with Biorthogonal Basis

For the integration over a surface A we can define an inner product of two one-forms
U and V by

Uw), = L U* A v. (C172)

We call this inner product of two one-forms over a surface an A-product. From its
definition it follows that the A-product has the property

Vi), =~ {UV)} - (C173)

Since this product vanishes for real I = ) we need to introduce a biorthogonal set of
basis one-forms with the basis forms a, and by, with the property

(bm|an) 4 = = (an|bm) 4 = L T . (C.174)

A set of basis vectors |a, ), | by ) fulfilling this relation is called biorthonormal. Since this
set of basis forms is normalized we call it a biorthonormal set of basis one-forms. The
biorthogonal basis one-forms are based on biorthogonal functions [9]. If the union set
of the dual sets of the basis forms a, and b, is a complete set of basis forms, we can
expand any smooth one-form on a surface A into a series

(18

C=3 (ctan+chbn) (C175)

1

=
1l
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with the series expansion coefficients c?, c® given by
¢n =(bulC) 4 (C.176a) ¢t =—{a,[C), (C.176b)

in Hilbert space representation (C.175) becomes
€)=Y (calan) +ch|bn)) . (C177)
n=1
We introduce the biorthogonal unit operator

Z(ian ){bal = |bu)(an) (C178)
which has the property
ilc)=|c) (C.179)

for any vector |C). To represent an operator L by a series of dyadic products we multiply
the operator from the left and the right with i and obtain with (C.178)

5 (~lam)LE (3] + [3m)L2%, (b ~ [B)LE% (2] + [ ) L2, (Bu])  (C.180)

m=1

[\’]8

with the matrix elements given by

Ly = (bm|L|by), L:nbn = (bm|L|an), Lf,:., = {am|L|bn), Li}nbn = (am|L|an) .
(C.181)

We say that the set {ay } of all vectors ax span a subspace H of the Hilbert space H
if every vector of this subspace can be represented as a linear combination of a;. A
complete set {a, by } of biorthogonal basis vectors ay and by spans the Hilbert space
H. The Hilbert space H can be decomposed in the subspaces H, and Hp, which are
spanned by the sets of basis vectors aj and by, respectively. The projection operators
P, and Py, given by

oo

Po=3lan)(bal.  (Cls28) P =S ib)(an]  (Cas2b)
=1

n=1

project any vector on the subspaces Hy and Hy, respectively. The projection operators
have the property

Polan) =|an), Palbn)=0, Pylan)=0, Py|b,)=|by,). (C.183)
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Consider operators A and B of the form

A= i [ b)) A pn (Bl » (C.184a)
n=1m=1
B=- i Y |am)Bmn(an] - (C.184b)
n=1 m=1

Application of this operator to the basis vectors a and by yields

Alay) = Amnlbm),  (C185a) Alb,) =0, (C.185b)
m=1
Bla,) =0, (C.186a) Blby) =Y. Bunlam).  (C.186b)
m=1

If the matrices A and B are inverse to each other, that is,
B=A", (C.187)

then the operators A and B fulfill
AB=P,, (C.188a) BA=P,. (C.188b)

If the operators A are only applied to vectors |«) belonging to the subspace Hy and the
operators B are only applied to vectors |8) belonging to the subspace Hp,

o) = 3 aulan) (C.189a) 1B) = io‘, Blbn) - (C.189b)
n=1 n=1

Then we obtain
BAlx) = |a), (C.190a) AB|B) =B). (C.190b)

In that case the operators A and B can be considered to be inverse to each other.
Considering this restriction we can write

B=A". (C.191)

We call A and B to be mutually pseudoinverse. An example of this case is the description
of the transverse electric and magnetic fields in a waveguide. The electric and magnetic
basis forms constitute a biorthogonal set of basis forms. The impedance operator is
applied to magnetic field forms only and maps them into electric field forms, whereas
the admittance operator acts in the opposite way. Impedance and admittance operators
are pseudoinverse to each other.
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Appendix D

Fourier Series and Fourier Transform

D.1 THE FOURIER SERIES
Periodic signals may be expanded into a Fourier series [1-3]. A signal for which
s(t+nTy) =s(t) forn=----2,-1,0,1,2,... (D.1)

is valid is called a periodic signal with the period To. The fundamental frequency fo is
given by fo =1/T, and the corresponding angular frequency is wo = 27 fo- A signal

oo

s()= ) apd™ (D.2)

n=-o0

which is a superposition of harmonic signals at the fundamental frequency f and the
harmonics nf is periodic with To. The series according to (D.2) is called a Fourier series.
The expansion coefficients a, are the complex amplitudes at the frequencies nwo. The
signal s(t) is real if the condition a_, = ay, is fulfilled. For real signals s(¢) it follows
from (D.2) and a_, = a,, that

s(r)=a0+zm{za,, ef"‘"o‘}. (D.3)
n=1
Decomposing a, in magnitude |a,| and phase ¢, by
an = |an| e (D.4)
we obtain from (D.3)
s(t) =ao+2) |an|cos(nwot + ¢n) . (D.5)
n=1
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We introduce the real amplitudes

b,=a,+a,, (D.6)
e =j(an - a"), (D7)

and obtain from (D.3)
s(t) =3bo + Y by cos(nwot) + c, sin(nwot) . (D.8)

n=l1

Magnitude a, and phase ¢, are obtained from the real amplitudes by b, and ¢, by

|an| = 3/ b5 + ¢ (D.9)

¢, = —arctan ;—" i (D.10)

(D.11)

The functions e/"“°’ form a complete orthogonal system of basis functions in the
interval [-4Tp, 4 Ty ]. Applying

1 Tof2 .
i, J(n=mwot 4t — 8., D.12
To j:Tn,l"Z & " ( )
to (D.2) we obtain
L[5y einetg D13
n=— t)e "ot de, ;
. Ty ./:T.,;zs( e ( )

It can be shown that arbitrary periodic functions s(t) with period To, which are smooth
with the exception of a finite number of discontinuities and bounded within an interval
of length Tp, may be represented by a Fourier series according to (D.2). At the points
of discontinuity t, of the function s(t) the Fourier series converges to the mean value
of the neighboring values on both sides of the discontinuity. Applying this equation to
(D.2) we obtain

lim L (s(ta+8) +s(ta-08))= ) ayelmvote, (D.14)
502 n=—o0
From (D.6), (D.7), and (D.8), it follows that

2 Tn‘r‘z
b, = T j;'ro;z s(t) cos(nwot) dt, (D.15)

2 iz .
= -/:Toil s(t) sin(nwyt) dt. (D.16)
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We can decompose any function s(t) in an even part s¢(t) and an odd part s,(t),

s(t) =se(t) +50(t) (D.17)

such that s, () and s,(t) are given by
se(t) = 3(s(t) +s(-t)), (D.18)
so(t) = 1(s(t) - s(-t)). (D.19)

From (D.8), (D.17), (D.18), and (D.19), it follows that
se(t) =3bo + i b, cos(nwot), (D.20)
n=1

so(t) = i ¢y sin(nwot) . (D.21)

n=1

D.2 THE FOURIER INTEGRAL

In the case of impulsive and transient phenomena in many other cases we have to deal
with nonperiodic signals. We start with the consideration of periodic signals and make
the transition AT to infinity. In this way the distance of spectral lines in the frequency
domain Af given by

w 1
Af=—=— D.22
f 2n Tp ( )
is going to zero. We introduce a spectral amplitude density
a
S ==L D.23
S(nwo) af (D.23)
and obtain from (D.2)
s(t)= 3 S(nwo)e " Af (D.24)
n=-oco
and from (D.13)
To/2 :
S(nwo) = f s(t)e "ot dt. (D.25)
~To/2

Making the transitions To — oo and with this Af — df = dw/2m and nwo — w, we
obtain from (D.24) and (D.25)

(1) = % I : S(0)e*' dw, (D.26)

S(w) = j::s(t)e'j“”dr‘ (D27)
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These integrals represent linear functional transformations. The Fourier transformation
is given by (D.27) and the inverse Fourier transformation is given by (D.26). The Fourier
transformation and its inverse are denoted symbolically by

S(w) =3F{s(1)}, (D.28)
s() =F7{S(w)}. (D.29)
Furthermore for the symbolic notation of a pair of Fourier transforms the correspon-

dence symbol
s(t) o—e S(w) (D.30)

is used. Replacing in (D.26) and (D.27) w and dw, respectively, with 2nf and 2ndf,
respectively, we obtain

s(t) = f  s(anf)emitaf, (D31)

s(anf) = f (t)e 2/t ¢, (D32)

A sufficient condition for the existence of a Fourier integral is that s(t) is smooth with

the exception of a finite number of discontinuities and is absolutely integrable. The
latter condition means that the integral

/ 7 1s(8)] dt (D.33)

exists.
The differentiation in the time domain yields a multiplication with jw in the fre-
quency domain,

L o jus(a), (D34)
;; 5(t) o—e (jw)"S(w), (D.35)

whereas multiplication with # in time yields a multiplication with j and differentiation
in the frequency domain,

ts(t) o—ej di(;) (D.36)
t"s(t) o—ej" d(:u" S(w). (D.37)
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A shift in the time domain by t, yields the multiplication with a phase factor in the
frequency domain,
s(t—ty) o—e e 19 S(w), (D.38)

and a shift in the frequency domain by wp yields
el 9ols(t) o S(w—-wo). (D.39)
The complex conjugate functions transform as follows:

s*(t) o 8" (-w), (D.40)
5*(~t) o= §*(w). (D.A1)

Scaling a function in the time domain by a factor « yields a reciprocal scaling in the
frequency domain

1
s(at) o—e E§(w/oc). (D.42)
Interchanging of the time and frequency variables yields

S*(nt/T?) o—e T2s*(wT?[2n). (D.43)

D.3 THE DELTA DISTRIBUTION

The delta distribution has the properties

0 for t+0
H8= {oo for t=0" (D24
/ T 8(t)dt=1. (D.45)

Since the delta distribution vanishes everywhere with an exception at x = 0, for an
arbitrary function integrable within a neighborhood of x = 0, the relation

f_ : F(x)8(x) dx = £(0) (D.46)

must hold. For arbitrary smooth functions f(x) we obtain

f_ : F(x)8(x - x0) dx = f(x0) - (D.47)
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The proof follows by inserting f(x+xp ) instead of f(x) in (D.46). The delta distribution
is not a function but can be considered as a symbol indicating the value of the integral
(D.46) or (D.47), respectively. From (D.46) we obtain

¥ T a(t)ewtdr=1. (D.48)
From (D.27), (D.28), (D.29), and (D.46) it follows that

1=F{5(t)}, (D.49)
o) =3{1}. (D.50)

We have to consider that the integral for the inverse transformation
1 >
8(t)=>- [ ¢ de Dl
=5 [ (3D

does not exist. However, we can consider this integral as a symbol for the inverse
Fourier transform according to (D.50). In symbolic notation we can write

8(t) o—e 1, (D52)
8(t—ty) o—e i@t (D.53)
where (D.53) follows from (D.52) and (D.38) or from (D.27) and (D.47). The argument
of the delta distribution may be scaled by
1
d(ax) = E&(x) : (D.54)

The proof follows from substitution y = ax from

fa(ax)dx=ifa(y)dy=

a

1
e

(D.55)
From this we obtain )
8(w) = 8(2nf) = 3-8(f) . (D56)

For the representation of line spectra the delta function may be used in the frequency
domain. From (D.26), (D.48), and (D.56) it follows that

1 0—e 218(w) = 8(f), (D.57)
9" o 218 (w - wo) = 8(f - fo), (D.58)
coswot o—e 1 [d(w - wp) + 8w+ wp)] » (D.59)

sin wot o—e j1 [8(w + wp) - 8(w - wp)] . (D.60)
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Using the delta distribution we may also represent the Fourier transforms of harmonic
signals. For such signals (D.33) is not fulfilled. The sign(x) function is defined by

-1 forx<0
sign(x) =10 forx=0. (D.61)
1 forx>0

The uncertainty of the value of sign(0) has been removed by choosing the value 0. The
Fourier transformation of the sign function is

2
i t = D.62
sign(t) o—e i ( )
The step function o(x) of the delta distribution is given by
» 0 forx<0
o(x) = f 8(x)dny={3 forx=0. (D.63)
- 1 forx>0

The proof follows from (D.45) if we consider that the delta function gives only a

contribution if 0 is within the interval of integration. Since

o(x) =1+ §sign(x) (D.64)
the Fourier transform of the o function is given by
o(t) o—e Lw +nd(w) . (D.65)
)

We also may introduce distributions representing the derivation of the delta function
Applying partial integration yields for a differentiable smooth function

7 p@ee ax == [~ fx)8'(x)dx. (D.66)

From this we obtain
[ fx)8 ) dx=-1(0), (D7)
(D.68)

[ 108 () dx = ()" 0).
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The superscript ") denotes the n-fold derivative with respect to the argument. The
Fourier transformations of the derivatives of the delta function are given by

8M(t) o—e (jw)". (D.69)
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Appendix E

Complex Integration

E.1 ANALYTIC FUNCTIONS

A complex function is an analytic function on a region if it is complex differentiable
at every point in that region. For analytic functions the terms holomorphic function,
regular function, and complex differentiable function are also used [1-4]. An analytic
function is infinitely differentiable. An entire function is a complex function that is
analytic at all finite points of the complex plane. A complex function

f(2) =u(x,y) +jv(x.y) (E.1)
with z = x +j y is analytic if and only if the Cauchy-Riemann equations

du v du v

— = — -— 32
ox dy dy  ox (E2)

are fulfilled. The complex integral of an analytic function f(z) from z, to z; along a
path C shown in Figure E.1 is given by

[ f(@)dz=F(z2) - F(z), (E3)

where F(z) is the antiderivative of f(z). Since the complex integral of an analytic
function is equal to the difference of the antiderivatives of the limits of the integration,
the integral of an analytic function over a closed contour vanishes:

§ f(z)dz=0. (54)

This is the Cauchy integral theorem. Consider a function f(z) that is analytic every-
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%)

2

Figure E.1: Path of integration in the complex plane.

(a), (b).
¥ 1y

X X

Figure E.2: (a) Integration over a closed curve C around a singularity zo, (b) subdivision of the path of
integration into Cy and C,.

where with the exception of the point 2. If a function f(z) fails to be analytic at a point
zp but is analytic in every neighborhood of the point 2, this is called a singular point
or a singularity. The integral over a closed path C shown in Figure E.2(a) enclosing
the singular point z; may be decomposed in two integrals over C; and C, shown in
Figure E.2(b). The path of integration C; is a circle of infinitesimal radius p, enclosing
the singular point z,, whereas the function f(z) in the region enclosed by the path C,
is analytic. Therefore the integral over C, is zero.

Consider a function g(z) with a pole of first order at z,. Such a function may be

expressed by
f(2)
— — 3 EIS
8(2)== - (E5)
with a function f(z) that is analytic and nonvanishing at z,. To integrate f(z) around
the circle C; with radius p in counter-clockwise direction we substitute

z=29+pe? dz=jpel?d¢. (E.6)
P

If we let p — 0, this yields

iy b L12)

p—=0Jcz-2

2n
dz=j fo f(z0)d¢ = 2mj f (o), (E7)
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Figure E.3: Annular domain.

This yields the Cauchy integral formula, valid for any function f(z) that is analytic in a
region enclosed by the contour C and given by

25) = 1@ 4, (M (24) = ﬂ—dz, (E.8
f(z0) )= § )

cz—-2g (Z‘— n+l

where f(")(z) denotes the nth derivative of f(z).

Consider a function f(z) that is analytic in an annular domain p; < |z - 20| < p2
and exhibiting a singularity at zq as shown in Figure E.3. Since the function is singular
at z it cannot be expanded into a Taylor series at that point. However, very often it is
possible to represent a function with a singularity at zo by a Laurent series,

o0

f(z)= Y cn(z-2)" for py<|z-20|<p2. (E.9)

H==oo
The coefficients ¢, of the Laurent series are given by

Cy = fc —&—— dz (E.10)

(Z—ZQ)I”I '

E.2 THE RESIDUE THEOREM

Consider a function f(z) that has a finite number n of singularities inside and on a
closed contour C, as illustrated in Figure E.4. Let us integrate f(z) over the closed
contour in the positive sense; that means counter-clockwise. The residue theorem states
that the value of the integral of f(z) around the closed contour is 2nj times the sum of
the residues at the singular points enclosed by the contour, hence

fc f(2)dz= ki: Resf(zx) . (E.11)
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Jy

X

Figure E.4: Singular points z; inside a closed contour C.

For a first-order pole at z; the residue is given by
Res f(zx) = lim (z - z¢) f(2) . (E.12)
z—2)

For the special case of f(z) and g(z) analytic in a neighborhood of zy and g'(zx) =0
we obtain
Res @ = -f—(ﬁ)- (E.13)

8(2)|,.,, &(z)

For a pole of mth order the residue is

m-1
Res f(zg) = = i ) zlin:k ;zm_l [(z=zK)"f(2)] . (E.14)

(

E.3 THE SADDLE-POINT METHOD

We investigate integrals of the kind

= [ " G H® (V=) e dy (E15)

In general it is difficult to evaluate such integrals. For the far-field the evaluation can be
simplified by application of the so-called saddle-point method. We consider the integral
expression

o j; f(0)e"s® dg, (E.16)

which is the generalized form of (E.15). In this integral f({) and g({) are complex
functions of the complex variable {, and u is a positive real number.
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Figure E.5: Surface with saddle-point.

Let us consider one point in the complex {-plane for which the condition

dg_((') =0 (E17)

d¢

is fulfilled. For real ¢ by this condition an extremum value or a turning point is defined.
In the complex plane the real part or imaginary part of a regular function can assume
an extremum value only at the boundary of a certain domain and not inside of the
domain. We expand g({) at { = {; in a Taylor series and obtain

S(C) = S(CS) # (c - c:)g’((s) + %(( - Cs)zg”(c.s) . {EJS)

If the condition (E.17) is fulfilled at { = {;, we obtain in a neighborhood of {; the
expansion

8(0) =88 + 5 (£~ 68" (). (19

Figure E.5 shows the surface R{{?} in a neighborhood of the saddle-point. In the
saddle-point method, the path of integration is chosen such that coming from infinity
it is going through one of the valleys up to the saddle-point {;, and from there going
through the other valley again to infinity. We have to consider that the function

e“s() = e#*{8®) [cos (uT{g({)}) +j sin (uI{g({)})] (E.20)

strongly oscillates with {. To suppress these oscillations the path of integration must be
selected such that 3{g({)} is constant. We insert (E.19) into (E.16) and obtain

1=e®) [ £(0)exp[3u({ - )" (L)) &L (E21)

In the valley of the saddle surface the real part of g"'({ 5 ) is negative. In (E.19) we have
assumed that the positive real number u is sufficiently large that the series expansion
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of g({) can be approximated in a neighborhood of {; by the quadratic term. We are
making use of the circumstance that the magnitude of the integrand rapidly converges
to zero within a sufficiently small neighborhood of (;. Furthermore we make the
assumption that f({) only is weakly dependent on {. Therefore in the region where
the integrand gives a contribution, f({’) may be replaced by f((;) and moved outside
the integral. In this way we obtain

I'=f({,)e e fc exp[3u(¢ - ¢5)*g"(¢0)] ¢ (E.22)

valley

Now we express { — {; by the magnitude n and the phase y and obtain
(- =nel. (E.23)

We choose a path of integration where # is going from —oo to co and the angle y is
constant. In this case we obtain

d¢=e/¥dy. (E.24)
This yields
[=f()ets@ [ explaunte™g" ()] e dn. (E.25)
Now we are choosing ¥ such that
eI g (() =-p (E.26)
is fulfilled, where p is a positive real quantity. With this we obtain
I:f((_;)e“‘g“‘)”*f:ﬂp[* (3up) ] dn. (E27)
With the substitution "
Ly =x (E.28)

we obtain from this

- ug@v [ 2 [T g |2 ug(8)+jy 9
= f(L)e 1/upj:me dx ,/upf(c,)e . (E29)
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List of Symbols

Symbol
A

Ae
dA

5:\: yz

Description

Surface

Effective aperture

Boundary of a surface A

Wave amplitude phasor
Incident wave amplitude vector
Magnetic vector potential
Chain matrix

Magnetic vector potential form
Attenuation coefficient

Wave amplitude phasor
Scattered wave amplitude vector
Magnetic flux density vector
Inverse chain matrix

Magnetic flux density differential form
Magnetic flux density differential form phasor
Phase coefficient

Capacitance

Partial capacitance

Capacitance per unit of length
Capacitance per unit of area
Speed of light

Phase velocity

Free space speed of light
Normalization constant
Differential operator

Exterior derivative

Transverse exterior derivative
Covariant derivative

Kronecker delta symbol
Kronecker tensor

711

Reference

(2.15)
(13.97)
(2.13)
(8.40a)
(10.38)
(3.1)
(10.11)
(3.1)
(3.51)
(8.40b)
(10.38)
(2.23b)
(10.30)
(2.28)
(2.123¢)
(3.51)
(5.33)
(5.23)
(5.48)
(5.52)
(2.75)
(7.3)
(2.60)
(B.53)
(2.110)
(2.110)
(4.136)
(3.11)
(A8)
(A12)
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Symbol

8(x)
§(x-x")
8e(w)
Om (@)
D(x,t)
D(x,w)
D(x,1)
E(x,t)
E(x, w)
e(x, y)
E(x,t)
£(x,0)
&i(x,0)
£, (x,w)
E(z)
e(x, y)
&(w)

&, (w)

¢ (w)
E”(w)

f
F(0,¢)
F(x,t)
Fel(x,t)
F™8(x,t)
3{s(1)}
G

G

G,

Gr
Go(x,x")
G(x,x")
Gps(x,x")
Y

H(x, 1)
H(x,w)
h(x» ,\’)

Electromagnetics

Description

Delta distribution

Three-dimensional delta distribution
Dielectric loss angle

Magnetic loss angle

Electric flux density vector

Electric flux density differential form phasor
Electric flux density differential form
Electric field vector

Electric field vector phasor

Electric structure function

Electric field differential form

Electric field differential form phasor
Transverse electric field differential form phasor
Longitudinal electric field differential form phasor
Electric structure form

Electric structure form

Permittivity

Relative permittivity

Complex permittivity

Complex relative permittivity

Real part of complex permittivity

Negative imaginary part of complex permittivity
Frequency

Element characteristics

Force vector

Electric force vector

Lorentz force vector

Fourier transform

Conductance

Antenna gain

Radiation conductance

Conductance per unit of length

Green’s function

Green'’s double one-form

Green’s double one-form

Propagation coefficient

Magnetic field vector

Magnetic field vector phasor

Magnetic structure function

Reference

(D.47)
(5.9)
(2.126)
(2.127)
(2.26)
(2.123a)
(2.11)
(2.2)
(2.117)
(7.28a)
(2.11)
(2.121)
(2.175¢)
(7.113)
(9.97a)
(7.29a)
(2.23a)
(2.25a)
(2.125)
(2.128)
(2.125)
(2.125)
(2.84)
(13.115)
(2.7)
(2.3)
(2.5)
(D.28)
(9.24a)
(13.94)
(13.172)
(7.65)
(5.11)
(5.56)
(5.69)
(3.49)
(2.23b)
(2.117)
(7.28b)
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H(x,t)
H(x, w)
_H_:(x’w)
Ez(x’ w)
H(z)
h(x, y)
i(t)

I

I

3{z}
I(x,x")
J(x,t)
J(%:1)
J(x,w)
Jo(x,t)
7, (x,0)
}A(I, t)
Jﬁ(x, l)
(%)
g

!

k
k
L
L
o

op

0

c

g

M(6,¢)
M;;

McO(x! t)
Mo(x, w)
_M;eﬂl(x’w)
_Me()z(x’ w)
Mm{](x’w)
M“‘(u, v, f)

L
L
L
A
A
A
A

List of Symbols

Description

Magnetic field differential form

Magnetic field differential form phasor
Transverse electric field differential form phasor
Longitudinal electric field differential form phasor
Magnetic structure form

Magnetic structure form

Electric current

Electric current phasor

Current vector

Imaginary part of z

Identity kernel

Current density vector

Current density differential form

Current density differential form phasor
Impressed current density differential form
Impressed current density differential form phasor
Surface current density vector

Surface current density differential form

Surface current density differential form phasor
Characteristic impedance square roots

Wave number

Wave vector

Inductance

Inductance per unit of length

Inductance of a square parallel plate element
Linear operator

Linear Hilbert space operator

Wavelength

Free-space wavelength

Cutoff wavelength

Waveguide wavelength

Array factor

Mutual inductance

Impressed electric polarization form

Impressed electric polarization form phasor
Impressed transverse el. polarization form phasor
Impressed longitudinal el. polarization form phasor
Impressed magnetic polarization form phasor
Electric surface polarization form
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Reference

(2.14)
(2.123a)
(8.117b)
(8.106b)
(9.97b)
(7.29b)
(2.13)
(10.1)
(10.3b)
(3.50)
(5.58)
(2.21)
(2.21)
(2.123a)
(2.62)
(2.124a)
(2.153)
(2.153)
(2.173a)
(10.34)
(3.44)
(3.42)
(5.78)
(5.98)
(5.105)
(4.118)
(C.118)
(2.85)
(2.88)
(7.233)
(2.85)
(13.123)
(5.76)
(3.22)
(3.27a)
(8.108b)
(8.108a)
(3.30b)
(2.161)



714

Symbol

...M,e.*!.(u’ v, w)
MmA(”» v, t)
-M-mﬁ(u’ v, w)

pr(x,t)
PL(.‘C, I)
PLe(x»w)
Pre(x, w)
PI.m(x’ w)
PLm(xx w)
Po(x, f)
ﬁu(x)

P,

ch(x, GJ)
Peoo(x, w)
I, (x,t)
Me(x,1)
11,(x, w)
0, (x,t)
0, (x )
¢

)

(t)
(1)

®,

D,y

q)f

V(1)
q(t)

Qr
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Description

Electric surface polarization form phasor

Magnetic surface polarization form

Magnetic surface polarization form phasor

Permeability

Relative permeability

Complex permeability

Complex relative permeability
Real part of complex permeability

Negative imaginary part of complex permeability

Normal unit one-form

Refractive index

Angular frequency

Normalized frequency

Power loss density

Power loss density form

Electric power loss density
Electric power loss density form
Magnetic power loss density
Magnetic power loss density form
Added power density form
Added time-average power density
Complex power

Added complex power density
Added complex power density form
Electric Hertz vector

Electric Hertz form

Electric Hertz form phasor
Magnetic Hertz vector phasor
Magnetic Hertz form phasor
Normalized potential

Phase angle

Magnetic flux

Scalar potential

Electrostatic potential
Magnetostatic potential

Magnetic flux per unit of length
Electric flux

Electric charge

Electric charge per unit of length

Reference

(2.173b)
(2.163)
(2.173¢)
(2.23b)
(2.25b)
(2.127)
(2.127)
(2.129)
(2.127)
(2.138)
(2.76)
(2.84)
(11.74)
(4.7)
(4.7)
(4.27)
(4.27)
(4.29)
(4.29)
(4.9)
(4.34)
(9.1)
(4.32)
(4.32)
(3.16)
(3.16)
(3.28)
(3.33)
(3.34)
(5.19)
(2.86a)
(2.29)
(3.3)
(5.108)
(5.109)
(7.39)
(2.27)
(2.1)
(7.32)



T

T(x)
v(x,t)
v(t)

v

¥

V(1)

Vg

14

aVv
W(t)
we(x,1)
We(x)
We(x,t)
We(x)
Wm (X, 1)
W (x)
W (x,1)

List of Symbols

Description

Electric charge density differential form

Electric charge density differential form phasor

Electric area charge density differential form

Electric area charge density differential form phasor

Resistance
Radiation resistance

Reaction of field £;, H; on sources M., M, o,

Real part of z

Electric charge density
Reflection coefficient

Electric area charge density
Unit one-form

Signal

Poynting vector

Scattering matrix

Poynting differential form
Signal spectrum

Conductivity

Complex Poynting vector
Transmission matrix
Transmission coefficient
Complex Poynting differential form
Velocity vector

Voltage

Voltage phasor

Voltage vector

Magnetic voltage

group velocity

Volume

Boundary of a volume V
Complex variable

Energy

Electric energy density
Average electric energy density
Electric energy density form
Time-average electric energy density form
Magnetic energy density
Average magnetic energy density
Magnetic energy density form
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Reference

(2.43)
(2.123d)
(2.142)
(2.172b)
(9.24b)
(12.25)
(4.66)
(2.117)
(2.43)
(8.47)
(2.142)
(A.109)
(D.26)
(4.11)
(10.38)
(4.11)
(D.27)
(2.62)
(4.19)
(10.51)
(10.102)
(4.19)
(2.7)
2.9)
(10.1)
(10.3a)
(2.64)
(7.7)
(2.43)
(2.45)
(5.130)
(2.8)
(4.1a)
(4.23)
(4.2a)
(4.23)
(4.1b)
(4.24)
(4.2a)
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Symbol

Won(x)
W{f(z).g(z)}
Y

y
Zy
ZF
Zro

mn

L o= = o oln I ag N

(9]

(¢ly)
uw)y
uv),
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Description

Time-average magnetic energy density form

Wronskian

Impedance matrix
Normalized admittance
Characteristic impedance
Wave impedance
Free-space wave impedance
Impedance matrix elements
Impedance matrix
Normalized impedance
Complex variable

Null matrix

Null operator

Unit matrix

Unit operator

Biorthogonal unit operator
Contraction

bra-vector

ket-vector

scalar product

V-product

A-product

Exterior product

Fourier transform

in

not in

Hodge operator
Permittivity star operator
Permeability star operator
Laplace operator
Two-dimensional Laplace operator
Magnitude of the vector a
Partial differential operator
Partial derivative of D with respect to ¢
Pullback of A to the path P
Time average of S(x, t)
Twist operator

Vector product

Reference

(4.24)
(B.11)
(10.6)
(8.59b)
(7.37)
(2.79)
(2.80)
(10.4)
(10.5)
(8.59a)
(5.129)
(C.13)
(C.122a)
(C17)
(C.122b)
(C.178)
(2.165b)
(C.107)
(C.95)
(C.100)
(C.168)
(C.172)
(217)
(D.30)
(2.144)
(2.144)
(2.30)
(2.352)
(2.38a)
(3.12)
(A.138)
(A.4)
(2.93)
(4.3)
(A.182)
(4.22)
(2.155)
(2.6)
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Index

A-product, 693
Admittance
matrix, 415
normalized, 350
per unit of length, 336
representation, 415
Admittance matrix
surface, 94, 621
Admittance operator
surface, 622
Ampére’s law, 24, 26, 242
Ampére, André, 2
Analytic function, 176
Angle product, 54, 633
Antenna
aperture, 589
biconical, 595
broadband, 595
Cassegrain, 587
conformal, 592, 593
conformal microstrip, 593
dipole, 547, 549, 553
frequency-independent, 596
gain, 569
horn paraboloid, 588
lens, 588
logarithmic-periodic, 596
microstrip, 591
monopole, 547
parabolic reflector, 587
patch, 592
planar, 593
reflector, 587
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slot, 589

symmetric dipole, 551
Antenna array, 575

array factor, 577

circular, 577

element pattern, 575

linear, 575

microstrip, 593

multiplicative law, 577
Antenna gain, 569
Antiderivative, 705
Area charge

density, 48

differential form, 48
Array factor, 577
Attenuation coefficient, 69

Babinet's principle, 123, 591, 596
Backward wave, 508
Baker-Hausdorff formula, 683
Basis
three-form, 46
two-forms, 46
Basis form
biorthonormal set, 426
orthonormal set, 693
Basis functions, 603, 605
complete set of, 147, 606
entire domain basis functions, 606
subsectional basis functions, 606
Basis one-form
biorthogonal set, 693
biorthonormal set, 693
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Bessel differential equation, 99, 659
modified, 662

Bessel function, 99, 659
modified, 662
modified of the first kind, 662
modified of the second kind, 663
of the first kind, 99, 659
of the second kind, 99, 659
spherical, 103, 665

Biot-Savart law, 163, 203

Bloch waves, 504

Booker’s relation, so1

Boundary condition, 47 54
Dirichlet, 272
electric field intensity, 53
electric flux density, 49
magnetic field intensity, 52
magnetic flux density, 48
Neumann's, 269, 272
normal, 47, 49, 50
practical, 218
tangential, 49, 51, 53

Brewster angle, 86

Butterworth response, 482

Capacitance, 155, 157
mutual per unit of length, 252
partial capacitance, 156
per unit of area, 161
per unit of length, 160, 180, 238
Capacitor, 4, 24, 151
spherical, 158
Cartan, Elie, 5
Cauchy integral formula, 707
Cauchy integral theorem, 705
Cauchy-Riemann equations, 176, 705
Chain matrix, 92, 416
Chain representation, 415
Characteristic equation
planar waveguide, 319
Characteristic impedance, 181, 239, 248, 336
coplanar stripline, 266
coplanar waveguide, 265
matrix, 360
microstrip line, 261
nonsymmetric two-port, 477
symmetric two-port, 475
waveguide, 336
Charge per unit of length, 238

Chebyshev filter characteristic, 485
Chebyshev polynomial, 485
Circulation, 27
Coaxial line, 229
Commutation relation, 631
Complete system of functions
spherical, 102
spherical harmonics, 671
Complex
amplitude, 286, 338
function, 175
power, 385
wave, 72
Computer aided design, 603
Conductance per unit of length, 245
Conductivity, 28
Conductor losses, 289
rectangular waveguide, 289
Conformal
antenna, 592, 593
mapping, 174, 176
transformation, 176
Connection circuit, 427
Constitutive equations, 19
Constitutive relations, 19
Continuity equation, 27
differential form, 42
integral form, 27
Contraction, 54, 633
Controlled source, 434
Coordinate curve, 46
Coordinate surface, 46
Coordinate system
Cartesian, 627
circular cylindrical, 46, 647
curvilinear, 640
curvilinear orthogonal, 46
general cylindrical, 646
orthogonal, 642
spherical, 47, 650
cartesian, 10
Coplanar line, 193
inhomogeneous coplanar line, 195
Coplanar stripline, 196, 265
inhomogeneous coplanar stripline, 196
Corrugated surface, 506
Coulomb force, 9
Coulomb, Charles, 2
Coupling



critical coupling, 403
overcoupled, 403
undercoupled, 403
Covariant derivative, 63, 635
Cramer's rule, 676
Crank-Nicolson scheme, 614
Critical angle, 86
Crosstalk, 249
Curl operator, 644, 649, 652
Current
conduction current, 25
displacement current, 25
generalized, 335, 366
irrotational, 106
longitudinal, 106
modal current, 367
solenoidal, 106
transverse, 106
Current density
impressed surface, 52
surface, 50, 52
Cutoff frequency, 229, 279
material cutoff frequency, 45
Cutoff phase coefficient, 268
Cutoff wavelength, 279, 296, 328
circular cylindric waveguide, 296
radial waveguide, 302
rectangular waveguide, 279

Degenerate modes, 254, 280
Determinant, 675
Jacobian, 641
Diagonalization, 681
Dielectric loss, 45
rectangular waveguide, 291
Differential form, 13
closed form, 634
degree, 42
differential form phasor, 43
double form, 161, 654
electric field differential form, 13
exact form, 634
exterior differential form, 17
inner product, 692
magnetic field differential form, 15
Differential operator
curl, 656
divergence, 656
gradient, 656

Index
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Dipole, 519, 548
electric dipole, 158
half-wave dipole, 552
radiation resistance, 555
Dirac delta distribution, 48
three-dimensional, 129, 153
Directional coupler, 460
Directivity, 548
Dirichlet boundary condition, 272
Divergence operator, 645, 649, 652
Double factorial, 660
Double form
double one-form, 161, 654
one-two , 163
Duality, 66
Dyadic, 654
Dyadic product, 678

Effective
antenna length, 564, 565
aperture, 570
area, 570
transverse polarization, 366, 451
transverse polarization modal amplitude,
367
Eigenfrequency, 407
Eigenfunction, 270, 272
Eigenvalue, 270, 272, 679
degenerate, 270
discrete spectrum, 269, 272
equation, 680
matrix, 680
problem, 408
Eigenvector, 679
Electric charge, 23, 28, 29
density, 23, 26
density form, 23
Electric current, 15, 28, 29
density, 16-18, 26
density form, 18
Electric displacement, 19
two-dimensional form, 179
Electric displacement form, 20
Electric field, 10
force picture, 14
integral equation, 135
intensity, 10, 12, 26
Electric flux, 12, 20, 25, 28, 29
density, 19, 20, 25, 26, 48
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form, 20
Electric force, 11
Electric polarization
impressed, 64, 65
impressed form, 64
impressed phasor, 65
Electric potential, 13
electric potential difference, 13
Electric power, 115
Electromagnetic
field, o
interference, 230
potentials, 61
time-harmonic field, 43
Electromagnetic wave, 29
homogeneous wave equation, 64
plane wave, 29, 30, 32, 35
time-harmonic, 34
wave equation, 36, 61
wave front, 30, 31
Electroquasistatic approximation, 152, 153
Electrostatic field, 151
Element pattern, 575
Elliptic function, 199
inverse, 193
modulus, 199
Elliptic integral
complete of the first kind, 194, 265
complete of the second kind, 194, 265
Energy, 12, 13
electric density, 109
magnetic density, 109
Energy density
time-average electric form, 113
time-average magnetic form, 113
Energy picture, 6
Entire function, 705
Equivalence principle, 121
Equivalent
circuit, 39, 395
sources, 121
Evanescent
field, 88, 89
mode, 232
Exterior derivative, 634
curvilinear coordinates, 643
transverse, 138, 365, 646
Exterior differential form, 631
p-form, 631

one-form, 13, 20
three-form, 23
two-form, 17, 20
zero-form, 23
Exterior product, 5,17

Factorial, 660
Far-field, 522-524, 526, 527, 552, 553, 561, 563, 572,
581
antenna array, 575
approximation, 105
circular cylindric wave, 102
dipole over ground, 538
horn antenna, 583
linear dipole antenna, 553, 565
loop antenna, 563
slot antenna, 590
surface emitter, 581
Faraday’s law, 4, 26, 42, 44, 242, 287
Faraday, Michael, 2, 26
Field
concept, 9, 12, 116
conservative, 62
intensity, 18
irrotational, 62
line, 14
macroscopic, 19
magnetic, 10
magnetic intensity, 15, 26
quasistatic, 152
static, 151
transverse electric, 76
transverse magnetic, 74
Filter
frequency transformation, 492
low-pass prototype filter, 492
Finite
difference method, 604, 611
element method, 604
integration method, 611
Floquet modes, 504
Floquet'’s theorem, 471
Flux density, 18
electric, 19
Flux linkage, 166
Force picture, 6
Foster
equivalent circuit, 395
reactance theorem, 387, 388



representation, 394
Fourier series, 697
Fractional expansion representation, 394
Frequency, 34
angular frequency, 34
band, 1
normalized, 482, 485
transformation, 492, 493, 495
Fresnel formula, 82, 85, 88, 89
Fresnel lens, 589
Friis transmission formula, 575
Function
complete set of, 145, 146
inner product, 144, 691
norm, 144
orthonormal basis, 691
space, 691
square integrable, 144
Fundamental mode polarization sheet, 451

Gain, 569
Gamma function, 660
Gauge
Coulomb, 106
Lorenz, 63
radiation, 106
transformation, 62
transverse, 106
Gauss’ law, 26
Generalized
current, 408, 429
voltage, 408, 428
Generating function, 662, 664
Generator impedance, 437
Goos-Hinchen shift, 88
Gradient, 643
Gram-Schmidt orthogonalization method, 145
Grassmann, Hermann, 5
Green's form
double form, 129
double one-form, 161
dyadic, 129, 440
dyadic, admittance representation, 440
dyadic, impedance representation, 440
Green’s function, 128, 129, 147
dyadic, 161
dyadic, transmission-line , 379, 380
microstrip line, 264
scalar, 154

Index
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Green’s theorem, 128
first scalar, 137
first scalar two-dimensional form, 139
first vector theorem, 140
second scalar, 138
second scalar two-dimensional form, 140
second vector theorem, 141
Group velocity, 233
Guide wavelength, 278, 296
circular waveguide, 296
radial waveguide, 302
rectangular waveguide, 278
Gyration conductance, 436
Gyrator, 435

Hankel function, 99, 659, 660
of the first kind, 99, 659
of the second kind, 99, 659
spherical, 310, 665
Hansen form, 96
Harmonic function, 170
Helmholtz equation, 65
homogeneous, 67, 87
inhomogeneous, 66
scalar, 95
spherical coordinates, scalar, 103
two-dimensional scalar , 267, 270
vector, 95
Hermitian form, 678
positive definite, 678
positive semidefinite, 430, 678
Hertz differential form
electric, 63
magnetic, 66
retarded electric, 132
retarded magnetic, 132
Hertz vector, 519
differential form phasor, 65
electric, 63, 65, 66
magnetic, 66
Hertzian dipole, 519, 522-524, 527, 528
receiving antenna, 563
time domain, 524
Hilbert space, 144, 683
adjoint operator, 688
basis, 691
degenerate eigenvalue, 691
eigenvalue, 690
eigenvalue equation, 690
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eigenvalue spectrum, 690
eigenvector, 690
hermitian conjugate, 688
hermitian operator, 689
inverse operator, 688
norm of a vector, 685
null operator, 687
null vector, 685
operator, 686
orthonormal basis vectors, 686
projection operator, 690
scalar product, 684
self-adjoint operator, 689
spectral representation of an operator, 691
subspace, 694
unit operator, 687
unitary operator, 689
Hodge operator, 20, 632
curvilinear coordinates, 47, 643
Huygens’ principle, 2, 121, 143
Huygens, Christian, 2
Hybrid junction, 461
Hybrid mode, 232
Hyperbolic cosine-transformation, 181, 182

Identity kernel, 129, 130, 142, 162
Image line, 231
Impedance
matrix, 415
normalized, 350
per unit of length, 336
representation, 415
Impressed current, 371
Impressed current density, 28
Impressed voltage, 371
Inductance, 163, 165-167
mutual, 164, 165
per unit of length, 167, 168, 181, 238
self-inductance, 165
Inductor, 4, 24, 152
Inhomogeneous multiconductor transmission-
line, 259
Inner product, 678
differential form, 692
function space, 691
Insertion loss, 481
Integral
equation, 135
equation method, 603

line, 13
surface integral, 17

Kernel, 654

function, 144

identity kernel, 656

Richmond form, 557
Kirchhoff’s laws, 11, 38-40
Kronecker delta symbol, 628
Kronecker tensor, 629

Laplace equation, 169
two-dimensional, 175, 235, 262
Laplace expansion, 676
Laplace operator, 63, 635
one-form, 67, 636
one-form, circular cylindric coordinates,
649
one-form, curvilinear coordinates, 550
one-form, spherical coordinates, 550, 652
scalar, circular cylindric coordinates, 649
scalar, curvilinear coordinates, 645
scalar, spherical coordinates, 652
transverse, 646
two-dimensional, 267, 646
Laurent series, 707
Legendre differential equation, 667
Legendre function
associated, 667
associated, first kind, 667
associated, fractional degree, 309
associated, second kind, 667
ordinary, first kind, 667
ordinary, second kind, 667
Legendre polynomials, 667
Lens, 587
Loop antenna, 560
far-field, 563
radiated power, 563
receiving antenna, 564, 565
Lorentz
force, 10
reciprocity theorem, 125, 126
Lorenz
condition, 62, 63
gauge, 63

Maclaurin series expansion, 682
Magic T, 461



Magnetic flux, 12, 20, 28, 29
continuity law, 26
density, 11, 19, 20, 26, 48, 61
form, 20
per unit of length, 181, 240
two-dimensional density form, 180
Magnetic force, 11
Magnetic induction form, 20
Magnetic loss, 45
Magnetic polarization

impressed magnetic polarization, 66
Magnetoquasistatic approximation, 152, 153

Magnetostatic field, 151
Magnitude, 678
Main beam direction, 584, 586
Material
equations, 19
left-handed, 508
macroscopic parameter, 19
Mathieu
characteristic exponent, 474
characteristic values, 473
differential equation, 473
Matrix, 673
cofactor, 676
commutator, 675
complex conjugate, 677
diagonal, 675
exponential of a matrix, 682
hermitian, 677
hermitian conjugate, 430, 677
matrix function, 682
null matrix, 674
orthogonal, 677
orthogonally similar, 681
power of a matrix, 681
product, 674
product with a scalar, 674
real, 677
singular, 676
sum, 673
symmetric, 677
transpose, 677
unit matrix, 675
unitarily similar, 681
unitary, 430, 678
Maxwell’s equations, 11, 28, 36
differential form, 42
integral form, 26
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local form, 41
phasor representation, 44
Maxwell, James C,, 2, 26
Medium
anisotropic, 21
inhomogeneous isotropic, 467
layered, 89
Metamaterial, 507
dispersion relation, 515
Method of lines, 604
Method of moments, 603, 605, 617
Metric coefficient, 46, 642
Microstripline, 230, 254, 260
quasistatic approximation, 262
Minor, 676
leading principal minor, 430, 679
Mirror, 587
antenna, 587
principle, 226, 227, 547
Mittag-Leffler expansion, 393
Mode, 172
degeneration, 300
electrostatic, 172
Mode matching, 604, 617
Moving frame, 642
Multiconductor transmission-line, 249
impedance matrix, 361
inhomogeneous, 259
mode current, 358
mode voltage, 358
power flow, 362
reflection coefficient matrix, 360
wave amplitude, 362
Multiconductor transmission-line equations, 252
first-order frequency domain, 357
first-order time domain, 252, 357
second-order frequency domain, 357
second-order time domain, 252
Multiport, 413
linear, 413
lossless, 430
passive, 430
port-number symmetric, 415
reciprocal, 432
source-free linear, 414

Near field, 521
Network concept, 11, 12, 116
Network representation, 427
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Neumann function, 99, 659, 660
Neumann's boundary condition, 269
Normalized frequency, 319

Observation space, 154, 161, 654
Ohm's law, 28
One-form
fundamental, 14
twisted one-form, 51, 653
unit one-form, 643
One-port, 385
linear, 385
lossless, 430
passive, 386
reactive, 386
source-free, 386
Operator
pseudoinverse, 695
Operator equation, 606
Optical fiber, 231
Orthogonality, 286
Orthogonality relation
associated Legendre function, 670
Bessel function, 662
Legendre function, 671
Orthonormal system of eigenfunctions, 145
Orthonormality relations
electric and magnetic structure forms,
274
waveguide structure forms, 367

Parallel wire line, 186, 229
symmetric, 186
Parasitic network elements, 41
parasitic capacitors, 41
parasitic inductors, 41
Parseval’s Theorem, 146
Partial derivation, 36
Partial wave synthesis method, 604
Per-unit-length matrix
admittance, 357
conductance, 357
impedance, 357
resistance, 357
Periodic signal, 697
Permeability, 19
complex, 45
relative, 20, 45
space-dependent, 467

star operator, 21, 22
tensor, 21
Permittivity, 19
complex, 44
relative, 20, 45
space-dependent, 467
star operator, 21
tensor, 21
Permutation, 629
Phase
center, 585
coefficient, 69
velocity, 232
Phase plane, 70
Phasor, 43
differential form phasor, 43
vector phasor, 43
Planar transmission-line, 260
Plane of incidence, 77
Plane wave, 28, 29
time-harmonic, 67, 69
Pocklington’s integral equation, 556
Poincaré’s lemma, 61, 635
Poisson equation, 153
vectorial, 161
Poisson, Siméon, 2
Polarization
circular, 38
direction, 34
electric, 19, 133
electric surface, 52
elliptic, 38
impressed electric, 125, 128, 129, 519
impressed equivalent, 120
impressed magnetic, 128, 129
linear, 34
linear polarization, 37
losses, 44
magnetic, 19, 133
magnetic surface, 53, 121
potential, 65, 66
Port, 413
Potential
magnetic vector, 61
scalar, 61
vector, 61
Power
active, 385
complex, 385
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loss density, 110 Reflection coefficient, 81, 346, 434
reactive, 385 Refractive index, 32, 79
time-average electric dissipation density, Residue, 708
13 Residue theorem, 707
Poynting Resistance
complex form, 112, 113 per unit of length, 246
complex vector, 12 Resonant circuit, 385
differential form, 110 damping, 392
theorem, 111, 114 relative bandwidth, 392
time-dependent vector, 112 series, 389
vector, 110, 111 Resonant frequency, 407
Product Resonator, 385, 395
cross, 629, 633 cavity, 395
inner, 628 transmission-line, 392
scalar, 628, 633 Return loss, 481
triple scalar, 630, 633 Ring array, 577
vector, 629
Propagating mode, 231 Saddle-point method, 708
Propagation coefficient, 68, 75, 232, 336 Scalar, 630, 631
Propagation factor, 477 true scalar, 23
Pseudoscalar, 630, 631 Scattering matrix, 422
Pseudovector, 630, 631 Schwarz-Christoffel transformation, 191
Pullback Secular equation, 680
method of, 653 Signal flow graph, 436
loop, 438
Quality factor path, 438
external, 403 Signal flow graph , 436
loaded, 403 Singular point, 706
resonator, 398 Singularity, 706
unloaded, 403 Skin effect, 212
Quasi penetration depth, 93, 212, 218
conductor, 45 surface impedance, 219, 220
dielectric, 45 surface inductance, 220
Quasi-TEM mode, 254, 260, 357 Smith chart, 347
Snell’s law, 79
Radiation Solenoid, 151, 165
conductance, 591 Solenoidal field, 61
diagram, 522 Sommerfeld pole, 536
pattern, 547 Sommerfeld radiation condition, 105, 142
resistance, 524, 554, 563, 570, 571, 573, 591 Source space, 154, 161, 654
Reactance Space harmonics, 504
multiport, 430 Spectral domain method, 603
one-port, 430 Speed of light, 9, 28, 32
Reaction, 126, 127 Spherical Hankel function, 310
Reciprocity, 125, 126 fractional order, 310
Lorentz theorem, 125, 126 Spherical harmonic, 103, 670
theorem, 126, 127, 431 Spherical wave
theorem, network form, 128 aperiodic, 524

theorem, source-free multiports, 431 Spherical waveguide, 309
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Spherical waves
transverse magnetic, 104
Standing wave ratio, 350
Star operator, 20, 23, 632
curvilinear coordinates, 643
Step function, 703
Step wave, 32
Stokes' theorem, 42, 640
two-dimensional, 139
Stripline, 115, 197
Structure form
biorthogonal, 426
biorthonormal set, 275
electric, 237, 408
magnetic, 237, 408
Structure function, 286
biorthonormal, 426
electric, 237
magnetic, 237
TE, 338
TEM, 237, 338
T™, 338
Sturm-Liouville differential equation, 143, 146
Surface
current density, 218
emitter, 581, 585, 586
impedance, 52, 220
impedance operator, 222
impedance plane, 501
induced current, 224
resistance, 220
wave, 207, 208, 214, 216, 220, 535, 540
wave attenuation, 221
Surface impedance
matrix, 94
Symmetry, 456
mirroring, 456
rotation, 456
symmetry operations, 456

TE mode, 232

propagation coefficient, 267
Tellegen’s theorem, 425

field form, 118

field representation, 117

general network form, 427

network form, 425

wave amplitude representation, 427
Three-form, 23

fundamental, 23
TLM node
symmetric condensed, 615
T™ mode, 232
propagation coefficient, 270
Transadmittance, 434
Transformation
linear fractional, 347
logarithmic, 183
orthogonal, 681
Transformer, 164
Transimpedance, 434
Transmission
coefficient, 81
factor, 574
matrix, 424, 620
representation, 424
Transmission coefficient, 434
Transmission-line, 229
antenna mode, 244
equation, 242, 246, 335
first-order homogeneous equation, 374
first-order inhomogeneous equation, 372
generalized, 622
inhomogeneous, 254, 356
left-handed, 509
multiconductor, 249
radiation loss, 230
second-order homogeneous equation, 374
Transmission-line matrix method, 604, 611
TLM cell, 611, 613
TLM node, 613
Transverse
electric field, 76
electric spherical waves, 104
exterior derivative, 646
field equations, 366
magnetic field, 74
wave formulation, 618
Twist operator, 51, 653
Twisted one-form, 51, 179, 653
Two-form, 13, 17
fundamental, 18
tube representation, 18
Two-port, 450
reciprocal, 433
symmetrical, 433, 451
Two-port current-voltage source, 372, 434



Uniform plane wave, 68

Uniqueness theorem, 120

Unit one-form, 46

Unit operator
biorthogonal, 694

Unitary transformation, 681

V-product, 693
Vector, 627, 631
axial vector, 630
column vector, 673
dyadic product, 678
field, 10
hermitian conjugate, 430
inner product, 678
magnitude, 628, 678
norm, 678
orthonormal basis vector, 629, 642
polar vector, 628
product, 11
row vector, 673
tangent vector, 642
vector phasor, 43
Vector space
basis, 627
Voltage, 13, 28
electric, 28
generalized, 335, 366
magnetic, 28
modal, 367
open-circuit, 436
Voltage standing wave ratio, 350

Wave
amplitude, 619
circular cylindrical, 98
complex, 72
number, 34
packet, 232
spherical, 102
transverse electric, 73, 76
transverse electromagnetic, 72, 235
transverse magnetic, 75
Wave amplitude
generator, 437
‘Wave equation, 35, 36, 63
one-form wave equation, 63
scalar wave equation, 63
vector, 95

Index

vector wave equation, 63
Wave impedance, 32, 66, 71
circular waveguide, 297
evanescent field, 88, 89
free-space, 32, 213
quasi-conductor, 213
radial waveguide, 302
rectangular waveguide, 281, 284
TE wave, 77, 81, 91, 92, 268
TEM wave, 76
TM wave, 76, 84, 271
‘Wave impedance operator, 619
Wave vector, 67
Waveguide, 229
biconical, 309, 311, 313
circular, 230
conical, 309, 311
coplanar, 254, 265
dielectric, 230
dielectric circular, 230
dielectric loss, 244
hollow, 230, 266
inhomogeneous, 260
junction, 457
periodic rectangular, 467
phase coefficient, 232
planar dielectric, 316
power flow, 284
radial, 300
radiation loss, 244
rectangular, 230, 276
skin effect losses, 244
spherical, 309
wedged radial, 307
Wavelength, 34
cutoff, 279
guide wavelength, 278, 296
Wedge product, 17
Wronskian, 662

Zenneck surface wave, 208, 535, 539
Zero-form, 23
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