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Preface

I have been teaching two courses in computer applications for engineers at Florida
Atlantic University for many years. The first course is usually taken in the stu-
dent’s sophomore year while the second course is usually taken in the student’s
junior or senior year. Both computer classes are run as lecture-laboratory courses,
and the MATLAB® software program is used in both courses. I have collaborated
with several colleagues in writing two textbooks. The first was a textbook was
titled Numerical and Analytical Methods with MATLAB®, with coauthors Drs.
Chi-Tay Tsai and Oren Masory. This textbook was primarily oriented toward
mechanical, civil, and aeronautical engineers. The second textbook was titled
Numerical and Analytical Methods with MATLAB® for Electrical Engineers, with
coauthor Dr. Andrew Stevens. This latest book is a composite of both textbooks
and would be appropriate for all engineering students. The primary objectives of
the textbook are to

1. Teach engineering students how to write computer programs (or scripts) on
the MATLAB platform that solve engineering-type problems

2. Demonstrate various mathematical concepts that can be used to solve engineer-
ing-type problems, such as matrices, roots of equations, integration, ordinary
differential equations, curve fitting, algebraic linear equations, and others

3. Demonstrate the use of numerical and analytical method for solving the
mathematical problems associated with engineering-type problems, such as
Simpson’s rule on integration, Gauss elimination method for solving a system
of linear algebraic equations, the Runge—Kutta method for solving a system of
ordinary differential equations, the iteration method for solving pipe flow
problems, the Hardy Cross method for solving flow rates in a pipe network,
the method of separation of variables to solve partial differential equations,
the use of Laplace transforms to solve both ordinary and partial differential
equations, and others

After receiving some feedback on the first textbook, I realized that for a first course
in computer programming under the MATLAB platform, concepts in computer
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programming needed to be substantially expanded. This was undertaken in the sec-
ond textbook as well as in this new textbook. The material covered in Chapter 2 of the
second textbook is now covered in Chapters 2 and 3. Furthermore, I also decided
not to cover topics that require additional MATLAB tool boxes, and as a result,
I have eliminated the chapters on finite elements and controls. However, I did keep
the chapter on optimization, which also requires an additional tool box.

The advantage of using the MATLAB software program over other software
programs is that it contains builein functions that numerically solve systems of
linear equations, systems of ordinary differential equations, roots of transcenden-
tal equations, definite integrals, statistical problems, optimization problems, and
many other types of problems encountered in engineering. A student version of
the MATLAB program is available at a reasonable cost. However, to students,
these built-in functions are essentially black boxes. By combining a textbook on
MATLAB with basic numerical and analytical analysis (although I am sure that
MATLAB uses more sophisticated numerical techniques than the ones that are
described in this text), the mystery of what these black boxes might contain is
somewhat alleviated. The text contains many sample MATLAB programs that
should provide guidance to the student on completing the exercises and projects
that are listed in each chapter. Projects are at the end of the chapters and are usually
more difficult than the exercises. Many of the projects are nontrivial.

In recent times, I have used several exercise problems as in-class exams in
which students submit their MATLAB programs and results to me on blackboard.
Projects are given as take-home exams to be submitted to me within one or two
weeks, depending on the difficulty of the project.

The advantage of running these courses (especially the first course) as a lecture-
laboratory course is that the instructor is in the computer laboratory to help the
student debug his or her program. This includes the example programs as well as
the exercises and the projects. Although this textbook is suitable for a first course
in computer application for engineers, say at the sophomore level, there is enough
material in the textbook that makes it suitable for a higher level course or as a
reference book in higher level courses. All three textbooks contain many sample
programs to teach the student programming techniques.

For a first course in computer applications, Chapters 1 through 6 would be
appropriate. These chapters include review sections, which may be used by the course
instructor to ask the class questions on the material that was recently covered. The topics
covered in Chapters 1 through 6 are as follows:

Chapter 1—Numerical Modeling for Engineers

Chapter 2—MATLAB® Fundamentals

Chapter 3—Taylor Series, Self-Written Functions, and MATLAB®s interpl
Function

Chapter 4—Matrices
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Chapter 5—Roots of Algebraic and Transcendental Equations
Chapter 6—Numerical Integration

Chapters 7 through 14 can be used for a second MATLAB course at the junior or
senior level or as a reference in upper division undergraduate courses. The topics
covered in these chapters are as follows:

Chapter 7—Numerical Integration of Ordinary Differential Equations
Chapter 8—Boundary Value Problems of Ordinary Differential Equations
Chapter 9—Curve Fitting

Chapter 10—Simulink®

Chapter 11—Optimization

Chapter 12—TIteration Method

Chapter 13—Partial Differential Equations

Chapter 14—Laplace Transforms

The governing equations for most projects are derived either in the main body or
in the project description itself or in the appendices. All example scripts are avail-
able for download on the CRC Press website at http://www.crcpress.com/product/
isbn/9781466576025 (see Section 1.11).

MATLAB® is a registered trademark of The MathWorks, Inc. For product information,
please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508-647-7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com
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Chapter 1

Computer Programming
with MATLAB®
for Engineers

1.1 Introduction

All disciplines of science and engineering use numerical methods for the analysis of
complex problems. The field of engineering, in particular, lends itself to computa-
tional solutions due to the highly mathematical nature of the field and the fact that
analytical methods alone are unable to solve many complex mathematical problems.

In this book we will describe various methods and techniques for numerically
solving a variety of common engineering applications, including problems in stat-
ics, dynamics, strength of materials, thermodynamics, fluid mechanics, electrical
circuits, and electromagnetic field theory. Classical engineering curricula teach a
variety of methods for solving these problems using concepts from linear algebra,
root extraction of a transcendental equation, integration, differential equations, etc.

1.2 Computer Usage in Engineering

Some of the ways that the computer is used in engineering are

a. Solving mathematical models of physical phenomena

b. Storing and reducing experimental data

c. Controlling machine operations

d. Communicating with other engineers and technicians on a particular project

1
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This textbook is mostly concerned with part (a).
The engineer’s interest lies in

a. Designing of new products or improving existing ones

b. Improving manufacturing efficiency

¢. Minimizing cost, power consumption, and nonreturnable engineering cost (NRE)
d. Maximizing yield and return on investment (ROI)

e. Minimizing time to market

f. Research on developing new products

These can be accomplished by

a. Full-scale experiments. May be prohibitively expensive.

b. Small-scale model experiments. Still very expensive, and extrapolation is
frequently questionable.

c. A mathematical model that is the least expensive and faster. It can provide
more detailed answers and different cases under different conditions can be
run quickly. If there is confidence in a mathematical model, it will be used in
preference to experiment.

1.3 Mathematical Model

Physical phenomena are described by a set of governing equations.

Numerical methods are frequently used to solve the set of governing equations,
since closed-form solutions for many types of problems are not available. Even
when closed-form solutions are available, the solution may be sufficiently compli-
cated that the computer is needed to calculate the desired answer. Numerical meth-
ods invariably involve the computer. The computer performs arithmetic operations
upon discrete numbers in a defined sequence of steps. The sequence of steps is
defined in the program. A useful solution is obtained if

a. The mathematical model accurately represents the physical phenomena; that
is, the model has the correct governing equations.

b. The numerical method is accurate.
Note: If the governing equations aren’t correct, the solution will be worthless
regardless of the accuracy.

c. The numerical method is programmed correctly.

This book is mainly concerned with items (b) and (c).
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1.4 Computer Programming

The advantage of using the computer is that it can carry out many calculations in
a fraction of a second; at the time of this writing, computer speeds are measured in
teraflops (trillions of floating-point operations per second). However, to leverage this
power, we need to write a set of instructions, that is, a program (or script). For the
problems of interest in this book, the digital computer is only capable of performing
arithmetic, logical, and graphical operations. Therefore, arithmetic procedures must be
developed for solving differential equations, evaluating integrals, determining roots of
an equation, solving a system of linear equations, etc. The arithmetic procedure usually
involves a set of algebraic equations. A computer solution for such problems involves
developing a computer program that defines a step-by-step procedure for obtaining
an answer to the problem of interest. The method of solution is called an algorithm.
Depending on the particular problem, we might write our own algorithm or, as we
shall see, we can also use the algorithms built into a package like MATLAB® in order
to perform well-known algorithms for solving many types of mathematical problems.

1.5 Why MATLAB®?

MATLAB was originally written by Dr. Cleve Moler at the University of New Mexico
in the 1970s and was commercialized by MathWorks in the 1980s. It is a general-
purpose numerical package that allows complex equations to be solved efficiently
and subsequently generate tabular or graphical output. While there are many
numerical packages available to engineers, many are very highly focused toward
a particular application, for example, ANSYS for modeling structural problems
using the finite element method. Also, originally, MATLAB was a command-line
program that ran on MS-DOS and UNIX hosts. As computers have evolved, so
has MATLAB, and modern editions of the program run in windowed environ-
ments. As of the time of this writing, MATLAB R2013a runs natively on Microsoft
Windows, Apple Mac OS, and Linux. In this text, we will assume that you are run-
ning MATLAB on your local machine in a Microsoft Windows environment. It
should be straightforward for non-Windows users to translate the usage descriptions
to their preferred environment. In any case, these differences are largely limited to
the cosmetics and presentation of the program, and not the MATLAB commands
themselves. All versions of MATLAB (on any platform) use the same command set,
and the Command Window on all platforms should behave identically.

MATLAB is offered with accompanying “toolboxes” at additional cost to the
user. A wide variety of toolboxes are available in fields such as partial differential
equations (PDEs), optimization, and control systems. However, in this text, we will
largely focus on fundamental numerical concepts and will limit ourselves (except
for optimization) to basic MATLAB functionality without requiring the purchase
of any additional toolboxes.



4 ® Numerical and Analytical Methods with MATLAB®

1.6 Programming Methodologies

There are many methodologies for computer programming, but the tasks at hand
boil down to:

a. Studying the problem to be programmed including the geometry of the
problem.

b. Listing the algebraic equations to be used in the program based on the known
physical phenomena.

c. Selecting the most efficient numerical method for obtaining a solution.

d. Creating an outline or a flow chart for the program flow. You might even con-
sider carrying out a sample calculation by hand to prove the program flow.

e. Writing the program using the list of algebraic equations and the outline or
flow chart.

f. Debugging the program by running it and fixing any syntax errors
(programming language errors).

g. Testing the program by running it using parameters with a known (or intuitive)
solution.

h. Refining and further debugging the algorithm and program flow.

Experienced programmers often omit some of these steps (or do them in their
head), but the overall process resembles any engineering project: design, create a
prototype, test, and iterate the process until a satisfactory product is achieved.

1.7 MATLAB® Programming Language

MATLAB may be considered a programming or scripting language unto itself, but
like every programming language, it has the following core components:

a. Data types, that is, formats for storing numbers and text in the program (e.g.,
integers, floating-point numbers, strings, vectors, matrices)

b. Operators and built-in functions (e.g., commands for addition, subtraction,
multiplication, division, trigonometric functions, log function)

c. Control flow directives for making decisions and performing repeated opera-
tions (e.g., loops, alternate paths, functions)

d. Input/output (“I/O”) commands for receiving input from a user or a file and
for generating output to a file or to the screen (e.g., read and print statements)

MATLAB borrows many constructs from other languages. For example, the for,
while, switch, and fprintf commands are from the C programming lan-
guage (or its descendents C++, Java, and Perl). However, there are some fundamen-
tal differences as well. For example, MATLAB stores functions (known in other
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languages as “subroutines”) in separate files. The first entry in a vector (known
in most other languages as an array) is indexed by the number one and not zero.
However, the biggest difference is that all MATLAB variables are vectors or matri-
ces, thus providing the ability to manipulate large amounts of data with a terse
syntax and allowing for the solution of complicated problems in just a few lines of
code. In addition, because MATLAB is normally run interactively, it is also very
rich in presentation functions to display sophisticated plots and graphs.

1.8 Building Blocks in Writing a Program

Most engineering programs will include some or all of the following building
blocks in program development:

a. Arithmetic statements

b. I/O statements

c. Loop statements (for and while loops)

d. Alternative path statements also known as conditional operators (if, elseif)
e. Functions (built-in and self-written)

Building blocks (a)—(d) are introduced in Chapter 2. Building block (e) is introduced
in Chapter 3. Example programs containing these program building blocks are given
throughout the book.

1.9 Conventions in This Book

We will use the following typographical conventions in this text:

a. All I/O to and from MATLAB will be printed in typewriter font.
b. In cases where you are typing directly into the computer, the typed text will
be displayed in bold.

We illustrate this in the following example where we use MATLAB to find the
value x = sin(z/4):

>> x = sin(pi/4)
X =
0.7071

In this case, >> represents MATLAB’s prompt, x = sin(pi/4) represents
text typed into the MATLAB command window, and x = 0.7071 represents
MATLAB’s response.
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1.10 Example Programs

The example programs in this book may be downloaded from the publisher’s
website at http://www.crcpress.com/product/isbn/9781466576025. Students may
then run the example programs on their own computer and see the results. It also
may be beneficial for students to type in a few of the sample programs (along
with some inevitable syntax and typographical errors), thereby giving them the
opportunity to see how MATLAB responds to program errors and subsequently
learn what they need to do to fix the problem.

Review 1.1

. List several ways engineers use the computer.

. List several areas of interest for engineers.

. List several methods that can be used in the design of new products.

. Which method mentioned in item 3 is the least expensive?

. For engineers, what is the principle advantage of using MATLAB over some
of the other computer programming platforms?

. List several items that are recommended in developing a computer program.

7. List several items that can be considered building blocks available in develop-

ing a computer program in MATLAB.

N 0N =

(@)



Chapter 2
MATLAB® Fundamentals

2.1 Introduction

This chapter and the chapters that follow cover many concepts in computer program-
ming and how to apply them to solving engineering-type problems. We do this on
the MATLAB® platform. Recall that at the end of Chapter 1, it was mentioned that a
number of building blocks in any programming language are (a) the arithmetic state-
ment or assignment; (b) input/output (I/O) statements, including graphs and tables;
(0) loops; (d) conditional operators which lead to alternate paths in the program, and
(e) functions, both builtin and self-written. Items (a)—(d) are covered in this chapter
as well as some of the elementary builtin functions of item (¢). Examples of self-writ-
ten functions and MATLAB’s functions that solve particular types of mathemartical
problems are covered throughout this book.

MATLAB is a software program for numeric computation, data analysis, and
graphics. One advantage that MATLAB has for engineers over programming lan-
guages such as C or C++ is that the MATLAB program includes functions that
numerically solve large systems of linear algebraic equations, systems of ordinary dif-
ferential equations, roots of transcendental equations, definite integrals, statistical
problems, optimization problems, control systems problems, and many other types
of problems encountered in engineering. MATLAB also offers toolboxes (which must
be purchased separately) that are designed to solve problems in specialized areas.

In this chapter, the following items are covered:

B The MATLAB desktop environment
B Constructing a program (also called a script) in MATLAB

N
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B MATLAB fundamentals and basic commands, including clear, clc, colon
operator, arithmetic operators, trigonometric functions, logarithmic and expo-
nential functions, and other useful functions such as max, min, and length

B /O in MATLAB, including the fprintf and input statements

B MATLAB program flow, including for loops, while loops, if and
elseif statements, and switch group statement

B MATLAB graphics, including the plot and subplot commands

B Decbugging a program

Many example scripts are included throughout this chapter to illustrate these vari-
ous topics.

2.2 MATLAB® Desktop

Mathworks, the company that develops MATLAB, normally updates their ver-
sion of MATLAB twice a year. In 2012, Mathworks introduced MATLAB version
R2012b whose desktop interface was very different from their MATLAB version
R2012a. Thus, getting started in MATLAB version R2012b is very different than
getting started in earlier versions of MATLAB. Sections 2.2 and 2.3 in this chap-
ter, which discusses the MATLAB desktop windows and how to construct a script
in MATLAB is based on MATLAB version R2012b. At the time of this writing,
Mathworks came out with MATLAB version R2013a, which has the same desktop
as MATLAB version R2012b. Since many schools may still be using earlier versions

) MATLAB R2012b

4 s
L1 (51 Gl b i o» Users b bober ¢ Documents b MATLAB

Current Folder = Command Window

£ - - = 24
| [t o | >» 2z = atan(1.9)
Example_2_1.m = =0 0.5000

) Bample_2_2m g H « E]
Y eampiz_2_m v 1
) Example_2_5.m 0.9854 = a5
P Example_2 6m
# Example_2_Tm
) Example_2_8m
) Example_2_9.m
) Example_2_10.m
) Example_2_11.m W=
) Example_2_t2.m
) Example_2_13.m 0.5000 —clear; =

ﬁiremnle_z_t‘tm — cle:
PE!MD‘!_Z_H'“ >> 2 = atand(1.0) R = pifa:
_’F‘

e
gn
B

>> X = 307
¥ w = sindix)

Ewample_2_16.m = gin
Yy = sin(x)
e onple 2170 s z = atan(1.0}
) example_2_18.m 2
¥ Example_2_19.m 45 *® = 30;
) Examole 2 20.m W = sind(x)
Detsile e

Ll

Figure 2.1 MATLAB® desktop.
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of MATLAB, we thought it would be appropriate to discuss getting started with
MATLAB version 2012a and earlier in Appendix E.

Under Microsoft Windows, MATLAB may be started via the Start menu or by
clicking on the MATLAB icon on the desktop. Upon startup, a new window will
open containing the MATLAB “desktop” (not to be confused with the Windows
desktop), and one or more MATLAB windows will open within the MATLAB
desktop (see Figure 2.1 for the default configuration).

The main windows are: the Command Window, Command History, Current
Folder, and Workspace. You can customize the MATLAB windows that appear
upon startup by opening clicking on Layout in the Toolstrip and checking (or
unchecking) the windows that you wish to appear on the MATLAB desktop. Figure
2.1 shows the Command Window (in the center), the Current Folder Window
(on the left), the Workspace Window (on the top right), the Command History
window (on the bottom right), and a long narrow box containing the path to the
Current Folder (just below the Toolstrip and just above the Command Window).
MATLAB designates this long narrow box as the Current Folder Toolbar. These
windows and the Current Folder Toolbar are summarized as follows:

B Command Window: In the Command window, you can enter commands
and data, make calculations, and print results. You can write a script in the
Command window and execute the script. However, writing a script directly
into the Command window is discouraged because it will not be saved, and if
an error is made, the entire script must be retyped. By using the up arrow (1)
key on your keyboard, the previous command can be retrieved (and edited)
for reexecution.

B Command History Window: This window lists a history of the commands that
you have executed in the Command Window. You can click on a command
in this window and it will be reexecuted.

B Current Folder Toolbar: This toolbar gives the path to the Current Folder. To
run a MATLAB script, the script needs to be in the folder listed in this
toolbar.

B Current Folder Window (on the left): This window lists all the files in
the Current Folder whose path is listed in the Current Folder Toolbar.
By double clicking on a file in this window, the file will open within
MATLAB.

B Script Window: To open this window, click on the New Script icon in the
Toolstrip in MATLAB’s desktop. This will open the Script window (see
Figure 2.2a). The Script window may be used to create, edit, and execute
MATLAB scripts (programs). Scripts are then saved as M-Files. These files
have the extension ., such as beaz.m. To execute the script, you can click
the Save and Run icon (the green arrow) in the Script window (see Figure 2.2b)
or return to the Command window and type in the name of the program
(without the .m extension).
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Save and Run
button

o o |
(b)

Figure 2.2 (a) Script window. (b) Save and Run button.
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2.3 Constructing a Program in MATLAB®

The following list summarizes the steps for writing a MATLAB script:

1. Ifavailable, start the MATLAB program by double-clicking on the MATLAB
icon on the Window’s desktop. If not available, go to the Window’s Start
menu, click on Al Programs, find the MATLAB program among the list of
available programs, and double-click on it. This will open up the MATLAB
desktop.

2. Click on the New Script icon in the Toolstrip in MATLAB’s desktop. This

brings up a new Script window (see Figure 2.2a).

. Type your program into the Script window.

4. When you are finished typing in the program, save the script by clicking on
the Save icon in the Toolstrip. A dialog box will appear in which you are to
type in the name of the script that you which to save (see Figure 2.3). It is best
to use a folder that contains only your own MATLAB scripts.

5. You may then run the script in the script window by clicking on the Run
green arrow in the Toolstrip (see Figure 2.2b) or alternatively, from the com-
mand window by typing the script name (without the .7 extension) after

(SN
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=
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Figure 2.3 The dialog box in which you are to type in the name of the script to
be saved.
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the MATLAB prompt (>>). For example, if the program has been saved as
heat.m, then type heat after the MATLAB prompt (>>), as shown below:

>> heat

When you open the MATLAB program, MATLAB assigns a default folder to the
Current Folder Toolbar. Most likely, your saved script will not be in that folder. When
you try to run your script by clicking on the Run icon in the script window, a dialog box
will appear giving you the option of changing the MATLAB Current Folder or adding
your folder to MATLAB’s path (see Figure 2.4). Selecting the Change Folder option will
change the folder listed in the Current Folder Toolbar, allowing you to run your program.

If you need additional help on getting started or with any MATLAB topic,
you can click on The Help icon @ in the Toolstrip in MATLAB’s desktop. In the
window that opens (see Figure 2.5) you have several choices:

1. You can type in a subject of interest the Search Documentation box.

2. In the center section there are a list of topics related to the number of
MATLARB licenses that goes with the computer. New users should click on
the MATLAB option, which opens the window shown in Figure 2.6, which
contains additional topic choices.

3. You can click on the PDF Documentation option, which opens the window
shown in Figure 2.7, which also contains additional topic choices. You may
need to sign in to Mathworks website to open this figure.

1_and v? as yectors. tcheir valpes can be nrinted ouc

1 utsig -

14 lumn he File C AB\heat.m is not h

15 - fprinct(* J_‘) current folder or on the MATLAB path. L

:: o i:z:‘::‘:f};“ To run this fle, you can either change the MATLAS current folder or add its .
T folder to the MATLAB path.

18 = fpri

185 “end

20 % Create the

2T % Note: the e —

2z - plotit,¥1,8,¥2,"—-"}:

23 = xlabel('t'), ylabel('yi,y2' grid, title('yl and y2 v3. t©'):

24 % Plot identification is alsp eatablished by adding text to the plot.

25 - text(6.5,2.5,'y2");

26 is the asbscissa position and 2.5 is

27 he o cthe 'yl' label will be positioned.

28 = texc(4.2,2.4,"

29 % We can also the legend command to identify the curves

30 - legend('yl", "y H

31 =

L o e |

Figure 2.4 Dialog box for changing folder or path.
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Review 2.1

1. What are the two alternative ways to start the MATLAB program?

2. What are the windows in the MATLAB’s default desktop?

3. It is best to write a MATLAB script in the Script window. From MATLAB’s
default desktop, how does one open the Script window?

4. After you have completed writing a script in the appropriate window, what is
the next step?

5. What happens if your script of interest is in a folder whose path is not shown
in the Current Folder Toolbar?

6. Name two ways to execute a script.

7. In MATLAB, what is the file name extension for saved scripts?

2.4 MATLAB® Fundamentals

B Variable names:
Must start with a letter
Can contain letters, digits, and underscore character
Can be of any length but must be unique within the first 19 characters
Note: Do not use a variable name that is the same as a file name, a MATLAB
function name, or a self-written function name.

B MATLAB command names and variable names are case sensitive.

B Semicolons are usually placed after variable definitions and program state-
ments when you do not want the command echoed to the screen. In the
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absence of a semicolon, the defined variable appears on the screen, for exam-
ple, if you entered the following assignment in the Command Window:

>> A = [3 4 7 6]
In the Command window, you would see

A =
3476
>>

Alternatively, if you add the semicolon after the assignment, then your com-
mand is entered, but there is nothing printed to the screen, and the prompt
immediately appears for you to enter your next command:

>> A = [3 47 6];
>>

The percent sign (%) is used for a comment line.

A separate Graphics window opens to display plots and graphs.

MATLAB’s clear and interrupt commands.

clear: removes all variables and data from the Workspace.

clec: clears the Command window.

clf: clears the Graphics window.

ctrl-C: aborts a program that may be running in an infinite loop.
Commands are case sensitive. Use lowercase letters for commands.

The quit command or exit command terminates MATLAB.

The save command saves variables or data in the Workspace of the Current
Folder. The data file name will have the .mat extension.

User-defined functions (also called se/Fwritten functions) are also saved as M-files.
Scripts and functions are saved as ASCII text files. Thus, they may be written
either in the built-in Script window or in Notepad or in any word processor
(saved as a text file). Be aware that the single quotation mark in Microsoft
Word is not the same as the one in MATLAB and will need to be changed in
the MATLAB program.

The basic data structure in MATLAB is a matrix.

A matrix is surrounded by brackets and may have an_arbitrary number of

rows and columns; for example, the matrix A = [ é g] may be entered into
MATLAB as

>> A = [1 3 <enter>
6 5]1; <enter>
or

>> A [1 3; 6 5]; <enter>

where the semicolon within the brackets indicates the start of a new row
within the matrix.
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B A matrix of 1 row and 1 column is a scalar, for example,
>> A = [3.5];

Alternatively, MATLAB also accepts A = 3.5 (without brackets) as a scalar.
B A matrix consisting of 1 row and several columns or 1 column and several
rows is considered a vector, for example,

>> A = [2 3 6 5] (row vector)
>> A = [2

3

6

51 (column vector)

A column vector may also be entered by placing a semicolon after ecach element
in the row, for example,

>> A = [2; 3; 6; 5]

A matrix can be defined by including a second matrix as one of the elements,
for example,

>> B [1.5 3.1];

s> C [4.0 Bl; (thus ¢ = [4.0 1.5 3.1])

A specific element of matrix C can be selected by writing

>> a = C(2); (thusaz=1.5)
If you wish to select the last element in a vector, you can write
>> a = c(end); (thusaz=3.1)

B The colon operator (:) may be used to
1. Create a new matrix from an existing matrix, for example,

5 7 10
ifA=[2 5 21,
1 3 1
5

typing x = A(:,1) gives x=|2].



MATLAB® Fundamentals ®m 17

The colon in the expression A(:,1) implies all the rows in matrix A,
and the 1 implies column 1:

7 10
Typingx = A(:,2:3) gives x=|5 2
3 1

The first colon in the expression A(:,2:3) implies all the rows in A, and
the 2:3 implies columns 2 and 3.
We can also write

y = A(1,:) whichgivesy=[5 7 10]

The 1 implies the first row and the colon implies all the columns.

2. Colon can also be used to generate a series of numbers. The syntax is n =
starting value : step size : final value. If the step size is omitted, the default
step size is one. For example,

n = 1:8 which gives n=|:l 2 3 4 5 6 7 8]

To increment in steps of 2, use
n= 1:2:7 which gives n=[1 3 5 7]

These types of expressions are often used in a for loop, which is dis-
cussed later.

B Arithmetic operators

+ Addition

- Subtraction

* | Multiplication

/ Division

Exponentiation

For arithmetic statements containing several of these arithmetic opera-
tors, MATLAB has a specific order in carrying out the operations. First,
all expressions within parentheses will be carried out first in the following
order: exponentiation, then multiplication and division, and then addi-
tion and subtraction. Expressions outside parentheses will be carried out
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in the same order. Knowing this order may help you in deciding where
parentheses are required when you write arithmetic statements. For example,
for the expression y = ¢/2m, you might be tempted to write the expression
in the MATLAB Command window (after defining ¢ and ) as

c
Y

5.2; m = 24.6;
c/2*m

This would give the wrong answer for y. MATLAB would divide ¢ by 2 and
multiply the result by 7. The correct ways to write the expression are

y = ¢/(2*m) or c/2/m

In the first expression, MATLAB will first carry out the expression within
the parentheses, so that the 2*m becomes one number and then ¢ is divided
by this one number. In the second expression, there are no parentheses, so
MATLAB, proceeding from left to right, will calculate ¢/2 first and then
divide the result by m. Try typing the above expressions in the Command
window and observe the two different answers you get for y.

To display a variable value, just type the variable name without the semi-
colon, and the variable will appear on the screen.

Try typing these statements into the Command window:

nmmn
]
> %
N NOX

B Special values

pi T

iorj J1

inf o

ans The last computed unassigned result to an expression
typed in the Command window
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Try typing these statements in the Command window:

»
1

pi;
x/0 (gives the infinity symbol)

N
1]

B Trigonometric functions

sin sine
sinh hyperbolic sine
asin inverse sine

asinh | inverse hyperbolicsine

cos cosine
cosh hyperbolic cosine
acos inverse cosine

acosh | inverse hyperbolic cosine

tan tangent

tanh hyperbolic tangent

atan inverse tangent

atan2 | four-quadrantinverse tangent

atanh | inverse hyperbolic tangent

The arguments of these trigonometric functions are in radians. However, the
arguments can be made in degrees if a “d” is placed after the function name,
such as sind(x).

Try typing these statements into the Command window:

X = pi/2; % (x in radians)
y = sin(x)

z = atan(1.0)
x = 30; % (x in degrees)
w = sind(x)

z = atand(1.0)

Note: x(radians) = x(degrees) x /180
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B Exponential, logarithm, square root, and error functions

exp exponential

log natural logarithm

logl0 common (base 10) logarithm
sqrt square root

erf error function

Try typing these statements into the Command window:

clc;

x = 2.5;

y = exp(x)
z = log(y)
w = sqgrt(x)

Suppose we had a problem involving the following arithmetic statement that
we needed to evaluate:

()
y=cos| ., ——|— | t
m 2m

To make it easier to write the MATLAB statement corresponding to the
above arithmetic statement, we could break up the argument of the cos term
as follows (type the following in the Command window):

k = 200; c =5; m=25; t =5;
arg = sqrt(k/m - (c¢/(2*%m))"2);

y = cos(arg*t)

B Complex numbers
Complex numbers may be written in two forms: Cartesian, for example,
z = X + yJ,or polar, for example, z = r * exp(j*theta). Note
that we will use 3 for ~/=1 throughout this chapter. However, MATLAB
allows the use of 1 for v/—1 as well.

Note: 1 and j are also legal MATLAB variable names that are often used
within loops. To avoid confusion, programs that involve complex numbers
should not use 1 or j as variable names.
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B Other special values

abs Absolute value (magnitude)

angle | Phase angle (in radians)

conj Complex conjugate
imag Complex imaginary part
real Complex real part

Try typing these statements into the Command window:

clc;

z1 =1 + 3;

z2 = 2 * exp(j * pi/6)
y = abs(zl)

w = real(z2)

v = imag(zl)

phi = angle(z1l)

B Other useful functions

size (X) Gives the size (number of rows and the number of columns)
of matrix X.

length (X) For vectors, length (X) gives the number of elements in X.

linspace Generates N points between X1 and x2

(X1,X2,N)

sum (X) For vectors, sum (X) gives the sum of the elements in X. For
matrices, sum (X) gives a row vector containing the sum of
the elements in each column of the matrix.

max (X) For vectors, max (X) gives the maximum element in X. For
matrices, max (X) gives a row vector containing the maximum
in each column of the matrix. If X is a column vector, it gives
the maximum absolute value of X.

min (X) Same as max (X) except it gives the minimum element in X.

sort (X) For vectors, sort (X) sorts the elements of X in ascending

order. For matrices, sort (X) sorts each column in the matrix
in ascending order.

factorial (n)

nl=1x2x3x---xn

mod (x,V)

Modulo operator gives the remainder resulting from the
division of x by y. For example, mod (13,5) = 3, thatis,

13 + 5, gives 2 plus remainder of 3 (the 2 is discarded). In
another example, mod (n, 2) gives zero if n is an even integer
and one if n is an odd integer.
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Try typing these statements into the Command window:

clc;

A = [2 15 6 18];
length(a)

y = max(A)

sum (A)

[2 15 6 18; 15 10 8 4; 10 6 12 3];
max (A)

y = sum(A)
size(A)

mod (21, 2)

mod (20,2)

K PN
o

A list of the complete set of elementary math functions can be obtained by typing
help elfun in the Command window.

Sometime, it is necessary to preallocate a matrix of a given size. This can be
done by defining a matrix of all zeros or ones; examples are as follows:

0O 0 O
A = zeros(3)=[(0 0 O
0o 0 O
B = zeros(3,2)=|0
Oa
1 1 1]
C =ones@) =1 1 1
1 1 ld
D = ones(2,3) = 1 1 1
1 1 1

The function to generate the identity matrix (main diagonal of ones, all other
elements are zero) is eye, for example,
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Review 2.2

1. Are command statements and variable names case sensitive?

. What is the purpose of placing a semicolon at the end of a command state-
ment or a variable assignment?

. How does one establish a comment line in a script?

. What is the command that will clear the Command window?

. What is the basic data structure in MATLAB?

. Name two uses of the colon operator.

. List the arithmetic operators in MATLAB.

. What is MATLAB’s command for

T

\®)

0 3 O\ W W W

e
In

sine function in radians

sine function in degrees

sin”! function

The number of elements in a vector

'The size of a matrix (the number of rows and columns)
The sum of the elements in a vector

The maximum of the elements in a vector
Preallocating storage for a 3 x 3 matrix

Fe e 0 om0 B0 O

2.5 MATLAB® Input/Output
2.5.1 Output

To display a vector X, just type X without the semicolon, and vector X will be displayed
on the screen. For example, first, define X:

>> X = [01 2 3 4 5];
>>

Now enter vector X without the semicolon.
>> X

The following will be displayed on the screen:

X =
0 1 2 3 4 5
>>
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The disp command prints only the items that are enclosed within the parentheses,
which can be a variable or alphanumeric information. Alphanumeric information
must be enclosed by singe quotation marks. For example (assuming that vector X
carlier has already been entered in the Command window), type in

>> disp(X); disp('m/s');
The following will be displayed on the screen:

0 1 2 3 4 5
m/s
>>

The fprintf command prints formatted text to the screen or to a file, for example,

>> V = 2.2;
>> fprintf ('The velocity is %f m/s \n', V);

The following will appear on the screen:

The velocity is 2.200000 m/s

The \n (newline) tells MATLAB to move the cursor to the next line. Similarly,
a \t (tab) tells MATLAB to move the cursor several spaces along the same line.
The %f refers to a formatted floating-point number that is assigned to variable V,
and the default is six decimal places (though in eatlier versions of MATLAB, the
default for $£ format was four decimal places).

The command fprintf uses format strings based on the C programming lan-
guage [1]. Thus, you can specify the number of spaces for the printed variable as well
as the number of decimal places. For example, to specify eight spaces for the printed
variable to two decimal places, use $8.2£. You can also just specify the number of
decimal places, for example, three decimal places, then let MATLAB decide the
number of spaces for the variable by using %.3f. However, to create neat-looking
tables, it is best to specify the number of spaces in the formar statement that allows
for several spaces between variables in adjacent columns, such as $10.3£.

Other formats

$ior%d | Used forintegers.

Se Scientific notation (e.g., 6. 02e23), default is six decimal places.
5g Automatically uses the briefest of £ or $e format.
$s Used for a string of characters.

sc Used for a single character.
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Unlike C, the format string in MATLAB’s fprintf statement must be enclosed
by single quotation marks (and not double quotes).

It is often useful to print the results of a MATLAB program to a file, possi-
bly for inclusion in a report. In addition, program output that is printed to a file
can be subsequently edited within the file, such as aligning or editing column
headings in a table. Before you can print to a file, you need to open a file for
printing with the command, fopen. The syntax for fopen is

fo = fopen('filename', 'w'")

In this statement, fo is a pointer to the file named filename, and the w indi-
cates writing to the file. To print to filename, use

fprintf (fo, 'format',varl,var2,..);

where the format string contains the text format for varl, var2, etc.

Example 2.1

Printing to a file is illustrated in this example:

o°

Example 2 1.m
This program is an example for printing to a file.

o°

clear; clc;

vV = 12; % velocity

F = 50.2; % force

fo = fopen('output.txt','w');

fprintf (fo, 'V=%41i m/s, F=%5.2f N \n',V,F);
fclose (fo) ;

The file “output.txt” contains:

V=12 m/s, F = 50.20 N

The extension on the output file should be .zxz (otherwise, when you try to open the
file, MATLAB will start the import wizard). The resulting outpuct file can be opened
from either the Script Window or the Command Window. To access the output file,
in the script window click on the Open icon in the Toolstrip which brings up the
screen shown in Figure 2.8. Note, if you click on the word Oper instead of the icon,
you will get a listing of all files that were recently used. In the box labeled File name,
type in *.txt. This will bring up all the files with the extension .zvz in the Current
Folder. To open the file of interest, double click on the name of the output file (in this
example, the file name is outpuz.txz). In the eatlier versions of MATLAB, you would
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Figure 2.8 Window for accessing on output file with .txt extension.

not be able to open the output file without having run the fclose (fo) statement in
the program. But it is still a good practice to include the fclose statement after all
the output statements in the program or at the end of the program itself.

2.5.2 Input

If you wish to have your program pause to accept input from the keyboard, use the
input statement; for example, to enter a 2 by 3 matrix, use

Z = input ('Enter values for matrix Z enclosed by brackets \n');
You will see the following on the screen:

Enter values for matrix Z enclosed by brackets
As an example, type in

[5.1 6.3 2.5; 3.1 4.2 1.3]

Thus, Z 51 63 25 ‘
31 42 13
Note that the argument to input() is a character string enclosed by single
quotation marks. The character string will be printed to the screen as shown above.
If the response to the input statement is a character or a string, you also need
to enclose the character or the string with single quotation marks. However, you
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can avoid this requirement by entering a second argument of 's' to the input
statement as shown in the following statement:

response = input ('Print Z to a file? (y/n):\n', 's');

In this case, the user can respond with either a y or n (without single quotation marks).
An example using this concept will be given later in this chapter.
The £scanf command may be used to read from an existing file as shown in
the following:

A = zeros(n,m);
fi = fopen('filename.txt',6 'r');
[A] = fscanf(fi,'$f', [n,m]);

where n and m correspond to the number of columns and rows in the darta file
(n and m must be assigned numerical values). The 'r' in the fopen statement
tells MATLAB that this file is for reading in data that are contained in the file. The
n x m matrix is filled in column order. Thus, rows become columns and columns
become rows. To use the data in their original order, transpose the read-in matrix.
To transpose a matrix A in MATLAB, simply type in A'. This changes columns to
rows and rows to columns.

An existing data file can also be entered into a program by the load command.
The 1load command, unlike the fscanf command, leaves rows as rows and
columns as columns.

Example

load filename.txt
x = filename(:,1);
y filename(:,2);

The input file must have the same number of rows in each column (see Example 2.11).

Review 2.3

1. If you enter a variable assignment without placing a semicolon after the
assignment, what happens?

2. Name two commands that will result in printing to the screen.

. What is the format that will move the cursor to the next line?

. What is the format that will print a variable to 10 spaces and to three deci-

mal points?

. What are the commands necessary to print to a file?

6. Name the three methods that can be used in a script to import data into the
Workspace for the execution of the script.

RSN

)
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2.6 Loops

Loops provide the means to repeat a series of statements with just a few lines of
code. For example, suppose we had an equation for the x position of a vehicle as a
function of time, such as

h=x%-vt

where
x, is the initial position of the vehicle
v is the vehicle’s speed

We wish to create a table or a plot of the x position of the vehicle at various times.
In our program, we will create a loop, assign or calculate a time, calculate the x
position based on the assigned or calculated time, print the time and the position,
return to the top of the loop, calculate a different time, calculate the x position
based on the new time, and print the new time and the new position. Continue
the process until you have reached the last time that you wish to determine the x
position. Since x, and », are constants, you would not want those variables to be
inside the loop.
B The for loop
The syntax for the for loop is

for index variable = starting value : step size : final value

The step size may be omitted and then MATLAB will take the step size
to be 1.

As an example, we will take the index variable as m and the starting
value as 1. We will omit the step size and take the final value as 20. Then
our for loop will be

for m = 1:20
statement;

statement;
end

MATLARB sets the index m to 1, carries out the statements between the for
and end statements, then returns to the top of the loop, changes m to 2, and
repeats the process. After the process has been carried out 20 times, the pro-
gram exits the loop without further executing any of the statements within
the loop. All statements that are not to be repeated should not be within the
for loop. For example, table headings that are not to be repeated should be
outside the for loop. Also notice that statements within the for loop are
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indented. MATLAB does this to make it easier to read and debug a script
containing for loops. You can have MATLAB do final indenting by high-
lighting your entire script and then entering Ctl-I.

Example 2.2

In this example, we illustrate the use of a for loop. The indices in the for loop
are nonintegers:

Example 2 2.m

This program determines the x position of a vehicle as a
function of time, t.

the governing equation is x = xo+v*cos(theta) *t
t varies from 0 to 200 seconds.

v = 10 m/s and theta = 30 degrees

clear; clc;

X0 = 0.0; theta = pi/6; v = 10.0;

fprintf (! t(s) x (m) \n');
fprintf ('-------- s o e \n') ;
for t = 0:0.5:10

X = xo+v*cos (theta) *t;

fprintf ('$10.1f %10.1f \n',t,x);

o o

o o° o

o°

end

Program results

13.
17.

69.
73.
77 .
82.
86.

o U1 O Ul O
O W w o W

Note: If the index in a for loop is used to select an element of a matrix, then the
index must be an integer. However, if you are not using the for indices to select an
element of a matrix, then the for indices need not be an integer as was shown in
the previous example.
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Example 2.3

In this example, the indices in the for loop are integers and are used to select an
element of a vector:

o

Example 2 3.m

This program is an example of the use of a for loop in which
the indices of the for loop select an element of a vector.
The program creates a table of yl1 and y2 vs t.

0 <=t <= 10

clear; clc;

% Table headings:

fprintf (' t vl y2 \n');

fprintf ('--------m s o e \n') ;

t = 0:0.5:10;

for j = 1l:length(t)

vyl = t(j)"2/10;

y2 = t(3)"3/100;

fprintf (' %5.1f $10.3f $10.3f \n',t(j),yl,y2);

o° o o

o°

end

Program results

t vl v2
0.0 0.000 0.000
0.5 0.025 0.001
1.0 0.100 0.010
1.5 0.225 0.034
2.0 0.400 0.080
8.0 6.400 5.120
8.5 7.225 6.141
9.0 8.100 7.290
9.5 9.025 8.574
10.0 10.000 10.000
>>
Example 2.4

In this example, we will calculate the position and velocity of a ball thrown
vertically upward in a gravitational field (neglecting drag) as a function of time #.
The approximate path of the ball is shown in Figure 2.9.

Recall that velocity is the rate of change of distance with respect to time and
acceleration is the rate of change of velocity with respect to time. For motion in
the y direction only, with the y-axis pointing upward, the governing equations are

V =V, - gt 2.1)
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Figure 2.9 Ball in a gravitational field.

y=V.t— £ (2.2)
where 2
Vis the velocity
V. is the velocity at £ = 0
y is the position of the ball at time ¢
g is the acceleration of gravity

t is the time

Equations 2.1 and 2.2 are based on the initial conditions V(0) = V, and y(0) = 0.
The following MATLAB program calculates Vand y vs. 7, for 0 < # < 5 s in steps
of 0.5 s. We have taken V, = 20 m/s and g = 9.81 m/s%.

The program follows:

o\°

Example 2 4.m

This program calculates the velocity and position of a free
falling body vs. time.

The velocity = Vo-gt

the position y = Vo*t-0.5%g*t"2

Vo = 20 m/s, g = 9.81 m/s"2

The output goes to a file named output.txt.

clear; clc;

Vo = 20.0; g = 9.81;

fo = fopen('output.txt','w');

o° o o° o° o°

o°
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)

% Table headings
fprintf (fo, t(s) v(m/s) v (m) \n') ;
fprintf(fo, '-----=---""—““““ - \n') ;
for t = 0:0.5:5

v = Vo-g*t;

y = Vo*t-0.5*g*t"2;

fprintf (fo, '$6.2f %10.3f %10.3f \n',t,v,y);
end
fclose (fo)

Program results

t(s) v(m/s) y (m)

0.00 20.000 0.000
0.50 15.095 8.774
1.00 10.190 15.095
1.50 5.285 18.964
2.00 0.380 20.380
2.50 -4.525 19.344
3.00 -9.430 15.855
3.50 -14.335 9.914
4.00 -19.240 1.520
4.50 -24.145 -9.326
5.00 -29.050 -22.625

You might think that the statement t = 0:0.5:5 as part of the for loop state-
ment will produce a vector of 7 values. However, that is not the case. As the program
progresses back to the start of the for loop, old values of rare overwritten by the new
value of 7. Try running the following example:

o°

for_loop_ assignment.m

This program tests an assignment in a for loop as compared
to the same assignment outside the for loop.

clear; clc;

Vo = 10; g = 9.81;

for t = 0:0.5:5

v = Vo-g*t;

y = Voxt-0.5*g*t"2;

fprintf ('%$6.2f %10.3f %10.3f \n',t,v,y);

o

o°

end
fprintf ('This value for t is from the for loop \n');
fprintf ('t=%6.2f \n\n',t);

(
(
fprintf ('We see that the assignment of t=0:0.5:5 \n');
(
(
(

fprintf ('within the for loop does not produce \n') ;

fprintf ('a vector. In fact, only the last value \n');

fprintf ('of t is printed. \n\n');

Now type t = 0:0.5:5 in the Command window without the semicolon. See

that t is now a vector.
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Example 2.5

Although atmospheric conditions vary from day to day, it is convenient for design
purposes to have a model for atmospheric properties with altitude. The U.S.
Standard Atmosphere, modified in 1976, is such a model. For altitudes less than or
equal to 11,000 m, the governing equations for the air temperature, pressure, and
density are as follows:

1z g/1rR
p= p,(l—T) (2.3)
T=T,-1z (2.4)
p
r= H (2.5)

where
z = altitude (m)
T = air temperature (K)
p = air pressure (Pa)
p = air density (Kg/m?)
7, = 288.15 K (temperature at z = 0)
2, = 1.01325 x 10° Pa (pressure at z = 0)
R =287 J/(kg-K) (gas constant for air)
¢ =9.81 m/s? (gravitational constant)
A =0.0065 K/m (the lapse rate)

In the following example, we calculate 7, p, and p every 1000 m from z = 0
(sea level) to z = 11,000 m and print the results to a file in a table format.

The program follows:

o°

Example 2 5.m

This program determines atmospheric properties of
temperature, T, pressure, p, and density, rho, every
1000 m of altitude and prints these values to a file
in table format. The governing equations are
T=To-lamda*z, p=po* (l-lamda*z/To) ex,

where ex=g/(lamda*R), and rho=p/ (R*T).

clear; clc;

To = 288.15;

po = 1.01325e5;

R = 287.0;

g = 9.81;

lamda = 0.0065;

z = 0:1000:11000;

ex = g/ (lamda*R) ;

o° o° o o° oP°

o°
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fo = fopen('output.txt','w');
fprintf (fo, 'Atmospheric Properties \n');

)

% Table headings

fprintf (fo,' =z T P rho \n');
fprintf (fo,' (m) (K) (Pa) (kg/m”3) \n');
fprintf(fo, '--------- o \n');

for i = 1:1length(z)

T = To-lamda*z (i) ;

P po* (1-lamda*z (i) /To) "“ex;

rho = p/(R*T) ;

fprintf (fo, '%6.0f %8.2f %10.4e %10.4f \n', z(i),T,p,rho);
end

Program results

Atmospheric Properties

Z T P rho
(m) (K) (Pa) (kg/m”~3)
0 288.15 1.0133e+005 1.2252
1000 281.65 8.9869e+004 1.1118
2000 275.15 7.9485e+004 1.0065
3000 268.65 7.0095e+004 0.9091
4000 262.15 6.1624e+004 0.8191
5000 255.65 5.4002e+004 0.7360
6000 249.15 4.7162e+004 0.6596
7000 242.65 4.1041e+004 0.5893
8000 236.15 3.5580e+004 0.5250
9000 229.65 3.0723e+004 0.4661
10000 223.15 2.6418e+004 0.4125
11000 216.65 2.2614e+004 0.3637

B The while loop
An alternative to the for loop is the while loop. In the while loop,
MATLAB will carry out the statements between the while and end state-
ments as long as the condition in the while statement is satisfied. If an index
in the program is required, the use of the while loop statement (unlike the
for loop statement) requires that the program generate its own index, as
shown in the following example:

n = 0;

while n < 10
n = n+l;
y = n"2;

end

Note that the above statement “n = n+1” may not make sense algebra-
ically but does make sense in the MATLAB language. The “ = ” operator in
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MATLAB (as in many computer languages) is the assignment operator that tells
MATLAB to fetch the contents in the memory cell containing the variable n,
put its value into the arithmetic unit of the CPU, increment the variable n by 1,
and put the new value back into the memory cell designated for the variable n.
Thus, the old value of n has been replaced by the new value for n.

Review 2.4

NN =

)

. What is the objective in using a for loop?

. What is the syntax of a for loop?

. Should table headings that are not to be repeated be inside or outside a for loop?
. If the index of a for loop is used to select an element of a vector or a matrix,

what variable type should the for loop index be?

. What other statement type can be used to create a loop?
. What is the major difference between a for loop and a while loop?

Exercises

Mechanical Engineering

E2.1 The motion of a piston in an internal combustion engine is shown in

Figure 2.10. The piston’s position, s, as seen from the crankshaft cencer is
determined to be

gt) = rcos(2pwt) + \/b2 — ¢ sin*(2pwt) (2.6)

where
b is the length of the piston rod
7 is the radius of the crankshaft
o is rotational speed of the crankshaft in revolutions per second

Develop a MATLAB program that determines s vs. 7 for 0 < # < 0.01 s. Use
20 subdivisions on the # domain. Take 7= 9 cm, @ = 100 revolutions per sec-
ond, and & = 14 cm. Create a table of s vs. # and print the results to both the
screen and to a file.

E2.2 The position, y, of a mass in a mass—spring—dashpot system (for a derivation

of Equation 2.7, see Project P2.5) is given by

c k c Y ) k cY
y=exp —Tt Acos| ,|——=|— | t|+Bsin|,——|—1 t|t 2.7)

m m 2m m 2m
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Figure 2.10 Piston motion in an internal combustion engine.

Take
m =25.0 kg
¢ = damping factor = 5.0 N s/m
k = spring constant = 200.0 N/m
A=50m
B =025m

a. Determine y(#) for 0 <7< 10 s in steps of 0.1 s.
b. Create a table of y vs. r every 1 s and print the results both to the screen
and to a file.

There are several exercises that follow that involve Newton’s second law of motion,
which briefly stated is, the sum of the forces acting on a body is equal to the body’s
mass times its acceleration. Mathematically, it is:

ZF -ma m— (2.8)

where
F, is the ith force acting on the body
m is the body’s mass
a is its acceleration
Vis its velocity
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Note that the equation is a vector equation. In most cases we will decompose the
vector equation into its (x, y) components.

E2.3 A basketball player shoots the ball when he or she is 6 m from the center of
the hoop as shown in Figure 2.11. The ball is released at a velocity, V,, and
makes an angle of 40° with the horizontal. We will neglect the drag on the
basketball in this analysis.

Using Newton’s second law and taking the x component of Equation 2.8 gives

v,
ZFx,i:0=m ot —V,=constant=V,cos(q)

dx
gtzvocos(q)—>x=V0cos(q)t+q, %0)=0 — g=0

Thus,
x=V,cos(q)t (2.9)

The y component of Equation 2.8 is

W dv .
D Fy=-w ZZEY — V,=— gtta — V,(0)=V,sin(@)=c

where Wis the weight of the basketball and g is the gravitational constant.

Thus,

Vyzgtz— gt+V,sin(g) — y=—g§2+Vosin(q)t+q

3.048 m

1.98 m

,, l

Figure 2.11 Player shooting basketball. (From Beer, F.P. and Johnson, E.R.,
Vector Mechanics for Engineers: Statics and Dynamics, McGraw-Hill, New York,
2007, Figure P11.110. With permission.)
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¥0)=0 — =0
y=Vosin(q)t—<53t2 (2.10)

Take the (x, y) position of the center of the hoop to be (xf, yf) = (6.0,
3.048-1.98) and 0 = 40
a. Determine the time, #;, that it takes for the ball to reach the center of the
hoop. Time, # equals zero when the ball leaves the player’s hands.
b. Determine the velocity, V,, that will result in the ball reaching the center
of the hoop.
c. Create a table consisting of £, x, y for 0 < z < trin steps of 0.01 s.

E2.4 A boy on a snowboard, initially at rest, slides down a smooth hill that
makes an angle 6 with the horizontal (see Figure 2.12). The boy weighs
650 N, and the friction coefhicient, u, between the snowboard and the
snow is 0.05.
Neglect the drag on the boy and his snowboard. The x and y components
of Equation 2.8 are

dVy
ZFx,izmaXZm G and ZFY‘i:N —W cosg=0 (2.11)

where /V is normal force on the snowboard. The sum of the forces in the x
direction is given by

ZFX,i:W sing— £ 2.12)

The friction force, f= uN and W= mg, where gis the gravitational constant.

Figure 2.12 Boy on snowboard sliding down a hill.



MATLAB® Fundamentals ®m 39

Thus,

Wy,
}Eszwqu—mequ—f (2.13)
g dt

where V, is the velocity of the boy-snowboard unit in the x direction.
Determine an expression for V,(z), taking V,(0) = 0.
The x position of the boy-snowboard unit is determined by

E_y, (2.14)
at

Determine an expression for x(#), taking x(0) = 0.

Develop a MATLAB program that calculates position, x, and velocity,
V., as a function of time, #, for 0 < # < 10 s in steps of 0.5 s. Print the results
both to the screen and to a file. Take 6 = 10° and g = 9.81 m/s?. Also run
the program for 1 min to see if the boy reaches a terminal velocity. If not,
why not?

E2.5 A small sphere moving though a fluid at a slow velocity will have a drag force
acting on it which is described by Stokes’ law. The sphere could be a dust
particle or a raindrop moving in air or a ball bearing moving in oil. The drag
force described by Stokes law is

D = 6pRmV (2.15)

where
D is the drag
R is the radius of the sphere
w is the viscosity of the fluid
Vis the velocity of sphere

Let us consider a ball bearing dropped in oil (see Figure 2.13) with an initial
velocity of zero. We want to determine the velocity and position as a function
of time. The forces acting on the ball bearing are the gravitational force, Wj
buoyancy force, B; and the drag force, D. The buoyancy force is equal the
weight of the fluid displaced.
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Figure 2.13 Ball bearing in a viscous liquid column.

Applying Newton’s second law to the sphere gives

W -B_p=" I (2.16)
g dt

where
Wis the weight of sphere = pVg
B s the buoyancy = weight of fluid displaced

p is the mass density
g is the gravitational constant = 9.81 m/s?
V is the volume of sphere = (4/3)nR>

Terminal velocity (no change in the velocity of the moving sphere) occurs when
W -B-D =0

W —B—G6pRmV; =0 — W —B = GpRmV; 2.17)

W = rﬁgxnga, B= J:;Iilgxng3 (2.18)
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4 o
W —B=(rsm—n,ﬂ)><ng (2.19)
Substituting Equations 2.15 and 2.17 into Equation 2.16 gives

Separating variables and integrating gives

v t

e

0

Integrating Equation 2.21 gives

[In@w’-Vy)] =InW —V;) - In(-Vy)

=ln(v —Vr )zln(VT -V )z—GPngt (2.22)

Vi Vr W
Then,
6pRmg
A\V4 -——t
1—-——=e ¥ (223)
Ve
or
_ 6pngt
V=V|l-e ¥ (2.24)

Take pt = 3.85 (N-s)/m?, R=0.01 m, p,,, = 7910 kg/m?, p,,, = 899 kg/m?, and

2=9.81 m/s*.

Create a MATLAB program that will

Determine the buoyancy force, B.

Determine the weight of the ball bearing, W.

Determine the terminal velocity, V..

Use a while loop to determine Vas a function of time, for 0 < #< 0.05 s

in steps of 0.005 s.

e. Create and print to a file a table containing #and V. Also print values for
W, B, and Vto the same file.

o o
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Electrical Engineering

E2.6 The voltage in a parallel resistance, inductor, and capacitor (RLC) circuit (for
a derivation of Equation 2.25, see Project P2.7) is given by

(2.25)
Take
R=100Q
L=10°H
C=10"°F
A=60V
B=-89V

a. Determine »(z) for 0 < < 5.0 x 10~4s. Use 100 subdivisions on the time
domain.

b. Print out a table of v vs. £ every fourth subdivision.

E2.7 In North America, residential electrical service is usually delivered as two
340V, ,ut10-pear sinusoids at 60 Hz with no DC component, each 180° out of
phase with each other (see Figure 2.14), referred to as one-phase service. For

high-power appliances (e.g., air conditioners and stoves), the current is drawn
from both “legs” of the service.

Phase A

/

170 —+

-170 -+

Phase B

V

1
—s
60

Figure 2.14 One-phase electrical service.
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1. For phase A, use MATLAB’s sin() function to create a table of v vs. ¢, for
0 < #< 100 ms in steps of 4 ms.

2. Compute and print to the screen the root-mean-square (RMS) volt-
age for this waveform by performing the following operations in
MATLAB:

a. Squaring it

b. Computing the mean value of the squared waveform by averaging it
over the 100 ms time interval

c. Taking the square root of the average

2.7 MATLAB® Graphics

B Plot commands

MATLAB provides many different types of plots. Clicking on the PLOTS tab in
MATLAB’s desktop graphically lists the various types of plots that are available
(see Figure 2.1). The commands for creating linear plots, semilog plots, and log-log
plots are as follows:

plot (x,vy) Linear plot of y vs. x

semilogx (x,V) Semilog plot (log scale for x-axis, linear scale for y-axis)
semilogy (x,y) Semilog plot (linear scale for x-axis, log scale for y-axis)
loglog(x,y) Log-log plot (log scale for both x- and y-axes)

The variable arguments in the plot commands need to be vectors. In addition,
the vectors need to be of the same length. If the arguments in the plot command
are scalars, the plot commands will produce just a single point.

B Simple linear plot

Suppose we have created vectors y and #, where y = f(#), and we wish to create a
linear plot with the command plot(t, y). We can label the #-axis and y-axis and
add a title and a grid with the following commands:

xlabel ('t");
ylabel('y');
title('y vs. t');
grid;
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Example 2.6

A table and a plot of a cubic function are created in the following example:

o

Example_2_6.m

This program creates a simple table and a simple plot.
First a table of y = x"3+3.2x72-3.4x-20 1is created.
Then y vs. x 1s plotted.

To plot y vs. x both variables need to be vectors.
clear; clc;

o° o o°

o°

x = -5:0.5:5;

% Column headings

fprintf (' X y \n') ;

fprintf ('-----------“---“~“““—~- - \n') ;

for n = 1:length(x)
y(n) = x(n)"3+3.2*x(n) "2-3.4*x(n)-20.2;
fprintf ('%$8.1f %10.1f \n',x(n),y(n));

end

)

% Create the plot of y vs. x.

plot (x,y), xlabel('x'), ylabel('y'), grid,

title('y vs. x');

% Plot identification is also established by adding text to
the plot.

o°

Program results

x Y
-5.0 -48.2
-4.5 -31.2
-4.0 -19.4
-3.5 -12.0
-3.0 -8.2

3.0 25.4
3.5 50.0
4.0 81.4
4.5 120.4
5.0 167.8

>>

See Figure 2.15.

If your program involves creating more than one plot, you need to include the
statement £igure after each plot statement, except for the last; otherwise, only the
last figure will appear. The following example program produces two separate plots
available for viewing:
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VS. X
200 ‘ Y

150 +

100 +

5 -4 3 2 -1 0 1 2 3 4 5

Figure 2.15 Plot of y vs. x for a cubic function.

Example 2.7

o

Example_2_7.m

This program creates two separate plots.

First yl1 = t"2/10 is plotted with 0 <= t <= 10,

then y2 = t73/100 is plotted over the same t range.

To plot yl and y2 vs. and t, they need to be made vectors.
clear; clc;

t = 0:0.5:10;

for n = 1:1length(t)

yl(n) = t(n)"2/10;

y2(n) = t(n)”"3/100;

o o o

o°

end

plot (t,yl), xlabel('t'), ylabel('yl'), grid,
title('yl vs. t');

figure;

plot(t,yl), xlabel('t'), ylabel('y2'), grid,
title('y2 vs. t');

Program results

See Figures 2.16a and 2.16b.
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y1
O = N W »h 01 O N 00 © o

y2
O = N W A OO0 O N 00 © O

ylvs. t
o 1t 2 3 4 5 6 7 8 9 10
t
(a)
y2 vs. t
o 1t 2 3 4 5 6 7 8 9 10

Figure 2.16 (a) Plot of y1 vs. t. (b) Plot of y2 vs. t.
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Multiple plots

Suppose in matrix A, shown below, we wished to plot column 2 vs. column 1, col-
umn 3 vs. column 1, and column 4 vs. column 1:

t Y Z W

P L

t % & Wy
We could let T = A(;,1), Y = A(;,2), Z = A(:,3), and W = A(:,4), giving

& ¥ Z Wi
w

=% v=|¥%| z-|*| w=|"
& Y Z Wy

Then to plot y vs. #, z vs. £, and w vs. 7 all on the same graph, we would write
plot(T,Y,T,Z,T,W);
Of course, we could have avoided the additional steps by writing
plot(A(:,1),A(:,2),A(:,1),A(:,3),A(:,1),A(:,4))

To identify which curve goes with which variable, you can add text to the plot with
the command

text (x,vy, 'text statement');

where (x, y) are the coordinates on the graph where the text statement will start.
Multiple curves on the same graph can be distinguished by color coding the curves.

Available color types:
black k!
blue o
green 'g'
red 'r!
cyan 'c!
yellow ly!

Multiple curves on the same graph can also be distinguished by using different
types of lines.

Available line types:
solid (defaulr)
dashed T--t
dashed-dot  '-."
dotted v
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Alternatively, you can create a marker plot of discrete points (without a line) by
using one of these marker styles:

point !
plus 4!
star Tx!
circle o'
x-mark X!
diamond q

The legend command may also be used in place of the text command to identify
the curves. The format for the legend command is:

legend('textl', 'text2!')

The legend box may be moved by clicking on the box and dragging it to the desired

position.

Review 2.5

1. What is the command that will produce a linear graph?

2. What are the commands that will label the x- and y-axis and provide a title
to the graph?

3. When there is more than one function plotted on a graph, what are the ways
to identify which curve corresponds with which function?

Example 2.8

The following example illustrates a multiple plot program:

o°

Example 2 8.m

This program creates a simple table and a multiple plot.
First a table of yl1 = t"2/10 and y2 = t"3/100 is created.
To plot y1, y2 vs. and t, they need to be made vectors.
vl and y2 vs. t are plotted on the same graph.

clear; clc;

t = 0:10;

for n = 1:length(t)

yl(n) = t(n)"2/10;

y2(n) = t(n)"3/100;

o® o o

o°

end
By making t, yl and y2 as vectors, their values can be
printed out outside the for loop that created them.
Column headings
fprintf (! t vl yv2 \n');
fprintf ('----------—--—-— - \n') ;
for n = 1l:length(t)
fprintf ('%$8.1f %10.2f %10.2f \n',t(n),yl(n),y2(n));

o o°

o°

end
% Create the plot, yl as a solid line, y2 as a dashed line.
plot (t,yl,t,y2,'--"');

xlabel('t'), ylabel('yl,y2'), grid, title('yl and y2 vs. t');
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% Plot identification is also established by adding text to

o°

the plot.

text(6.5,2.5,'y2");
In the above statement,

o o

o°

positioned.

text(4.2,2.4,'yl"),
We can also use the legend command to identify the curves

o

% legend('yl','y2');

6.5 1s the abscissa position and
2.5 is the ordinate position where the 'y2' label will be

Program results

t vl y2
0.0 0.0000 0.0000
1.0 0.1000 0.0100
2.0 0.4000 0.0800
3.0 0.9000 0.2700
4.0 1.6000 0.6400
5.0 2.5000 1.2500
6.0 3.6000 2.1600
7.0 4.9000 3.4300
8.0 6.4000 5.1200
9.0 8.1000 7.2900

10.0 10.0000 10.0000

>>

The resulting plot is shown in Figure 2.17.

ylandy2vs.t

10 . .
L —uyi 7
° - —y2 /
8+t R St
/
7t / .
e
o 6t oy .
> 5t // E
1; 4+ ‘,//,‘ J
/ 4
3+ S .
ol yi 7/(’y2 |
1t ‘/,/‘/, .
0 — - =" ; ; ; ;
0 2 3 4 5 6 7 8 9 10

Figure 2.17 Plot of y1 and y2 vs. t on the same graph.
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B Editor - C:\New Texibook examp les\Example_2_8.m*
Fle Edt Text Go Cel Took Debug Desktop Window Help

DEH EBRI LD - Aedh[B-DRRB BR[| A
1 % Example 2 8.m =
2 % This= program creates a simple table and a multiple plot.

3 % First a table of w1=t*2/10 and y2=tc*3/100 are created.

4 % To plot w1, y2 vs. and t, they need to be made vectors.

5 % vyl and yZ2 v=. t are plotted on the ssme graph.

&= clear: cle:

7= ©=0:10;

8 — [Hfor n=i:lengch(t) \
9= ylin)=t(n)*2/10;

10 — w2 {n} =t {n)*3,/100; —
dlee “end
12 % By making t, vl and ¥2 as vectors, their values can be printed
13 % outszide the for loop that created them.

14 % Column headings
15 — fprinte (' L vi vZ \n');

16 = B~ e e e e e e e e s An'):

17 = [lfor n=1i:length(t)

18 = fprinef ('58.1% 510.4f %10.4f \n',t(n),yl(n),v2(n)):

19 = ~end
20 % Create the plot yl1 iz red, y2 is in green.

21 % Note: the varisbles t,y1,¥2 need to be vectors in the plot command.

22 - plot(t,vl, 'c',t,¥v2,'g');

23 = xlabel{'t'), viabel ['yi,y2'}, grid, title{'yl and y2 wv=. t'};
a4 % Flot ldenvilication 18 also established by adding tEXT w0 the plot.
a5 = text(6.5,2.5,'vl'):

26 % In the above statement, 6.5 is the abscissa position and 2.5 is
27 % the ordinate position where che 'yl' label will be posicioned.

8 - text (4.2,2.4,'v2'):

29

| seript [z cd & [om .

Figure 2.18 A small orange horizontal line in the right border in MATLAB®'s
script window.

You may have noticed in the script for Example 2.8 that MATLAB had a
small orange horizontal line in the small vertical strip at the right border (see
Figure 2.18). If you clicked on that strip, you would get the following message
“The variable ‘y1” appears to change in size on every loop iteration (within a
script). Consider preallocating for speed.” This would be very important when
the number of iterations of the loop is very large; otherwise, it is not important.
Although MATLAB recommends, but does not require, the preallocation of
the size of the vector or matrix that is being generated, other programs such as
C/C++ do require it. To preallocate the size of the vector that is being gener-
ated, use MATLAB’s zeros function. In the script for Example 2.8, there are
eleven y1 and y2 values that are generated. So add the following statements
before the for loop:

yl=zeros (11,1) and y2=zeros (11,1)
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Example 2.9

The following example illustrates the plotting of trigonometric functions:

o°

Example 2 9.m
This script calculates both sin(2x/3), sin(2x/3)"2 and
cos (2x/3+pi) for -pi <= x <= pi. The x domain is
subdivided into 50 subdivisions.
The script plots the 3 functions and determines the
absolute maximum values of the vectors fsin, fsinsg and
fcos and prints those values to the screen.
clear; clc;
xmin = -pi; dx = 2*pi/50;
for i = 1:51

x (1) = xmin+ (i-1) *dx;

argl 2*%x (1) /3;

arg2 2%x (1) /3+pi;

fsin(i) = sin(argl) ;

fsinsg(i) = sin(argl) "2;

fcos (i) = cos(arg2);
end
fsin max = max(abs(fsin)
fsinsg max = max(fsinsq)
fprintf ('\n fsin max = %10.5f, fcos max = %$10.5f \n',...

fsin max, fcos_max) ;

fprintf ('fsinsg max = %10.5f \n',6 fsinsqg max) ;
plot (x,fsin,x, fcos,'--',x,fsinsqg, '--"), xlabel('x'),
ylabel ('fsin, fcos, fsinsqg'), grid
title('fsin, fcos, fsinsg vs. x'),
legend('fsin', 'fcos', 'fsinsqg') ;

o® o° o° o° o

o°

) ; fcos max = max(abs(fcos));

7

Program results

From the Command window,

fsin max = 0.99978, fcos max = 1.00000, fsinsg max = 0.99956
>>

See Figure 2.19.

Exercises

E2.8 In the following exercises, carry out the prescribed modifications:
a. Modify Example 2.5 program to include creating three separate plots of
T'vs. z, pvs. z,and p vs. z for 0 < z < 11,000 m.
. Modify Exercise E2.1 to include a plot of s vs. £ for 0 < #< 0.01 s.
c. Modify Exercise E2.2 to include a plot of y vs. £for 0 <7< 10s.
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fsin, fcos, fsinsq vs. x

fsin, fcos, fsinsq
o

Figure 2.19 Plot of trigonometric functions (fix).

d. Modify Exercise E2.3 to include a plot of y vs. x at 0 < # < #in steps of
0.01 s; use small circles to define the basketball path.

e. Modify Exercise E2.4 to include a plot of x vs. #and V'vs. # on two sepa-
rate graphs.

f. Modify Exercise E2.5 to include a plot of V'vs. ¢. Also, print to the screen
values of W, B, and V.

g. Modify Exercise E2.6 to include a plot of v vs. .

h. Modify Exercise E2.7 to include a plot of v vs. 7.

E2.9 In this exercise, we consider two cars on a collision course. Each car’s initial
position and the angle its path makes with the x axis is specified below. The
speed of car, is also specified.

Car: x; = 500 m, y, = 100 m, and [Vi| = 40 m/s. Car, moves in a straight line
that makes an angle of 60° with the x-axis.
Car,: x, = 2000 m and y, = 200 m. Car, moves in a straight line and makes
an angle of 45° with the (-x)-axis.
The collision coordinates are (x,, y,). See Figure 2.20.
We can determine the coordinates of the collision point by writing the
equation for the tangent of each line, solving each equation for y,, equating
the two y, expressions, then solving for x, as shown below.

Y o an(60°), E=E - an(45°) (2.26)
b 1 3-%
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Car paths
1200

(x.9.)
1000 |

800

= 600

400

200

(2000, 200)

(500, 100)

0 L L
500 1000 1500 2000

Figure 2.20 Plot of vehicle paths.

Y= ¥ + (% — %) xtan(60°)

%= ¥ +(% — X)xtan(45°)

¥ + (% — %)X tan(60°) = y + (% — %) X tan(45°)

_ % — ¥ +xtan(60°) + % tan(45°)
tan(60°) + tan(45°)

X

d=J(x-x)’+(x-v) =|Vi|t
&= %’ +(%-n)’ =Vt

where

t. = time of collision =

—

Vi

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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D N2 xE (2.34)
Vi v %
On line 1
XD = % +|V)|cos(60°)t Y=y + ‘Vl‘sin(GOo)t (2.35)
On line 2
M=% —\Vz\cos(45°)t Y=+ \Vz\sin(45°)t (2.36)

Create a MATLAB program that will do the following:
a. Create a plot of the intersecting lines of lengths 4, and 4,.
Note: You only need to specify two points on the line to plot the line.
b. Determine |V,| that will cause the collision to take place.
c. Take 0< 7 <z, in steps of —=.

d. Plot the two lines and the two car positions at 7, shown as small circles,
all on the same graph. Your second plot should look like Figure 2.21.

vehicle positions at times t
1200 . :

1000 ¢

800 ¢

> 600+

400 ¢

200 ¢

0 L L
500 1000 1500 2000
X

Figure 2.21 Vehicle paths on a collision course.
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L N

Figure 2.22 Fluid discharging through orifice.

E2.10 A formula describing the fluid level, 4(#), in a tank as the fluid discharges

E2.11

through a small orifice (see Figure 2.22) is

ﬁ:@_%mt (2.37)
where
C, is the discharge coefficient
h, is the fluid level in the tank at time, =0
A, is the circular area of the orifice
Ay is the circular cross-sectional area of the tank

Create a MATLAB program that will

a. Determine vectors # and #, for 0 < # < 80 s in steps of 1 s.

b. Create a table containing 20 values of # and 4 (every fourth time step)
and print the table to a file.

c. Create a plot of 4 vs. rand print it.

Use the following parameters: 4, = 0.3 m; the tank diameter, D = 0.8 m; and

the orifice diameter, 4 = 0.05 m, g = 9.81 m/s?, and C,;=0.7.

Figure 2.23 shows a differential amplifier using bipolar junction transistors (B] Ts)
that takes an input V,, and generates an output V, .. The relationship between the
output and input voltages for this amplifier corresponds to the equation

where
q is the electron charge
k is Boltzmann’s constant
T is absolute temperature
a is the collector—emitter current ratio (and is dependent on the process
used to fabricate the transistors)
V,.» R;, and I;; are defined in Figure 2.23

out>

v,

in>
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Vee

IEE

‘/EE

Figure 2.23 Differential amplifier using BJTs.

The gain, A, of the amplifier is defined as the slope of the curve of V, , vs. V

out

which we can approximate as

AV g
A= oot
AV,
However, we can also obtain the slope by taking the derivative of Equation
2.38, that s,
dvcut d qun
=——| alpRy tanh| -
avs, dV-,,( T ( 2KT ]]
Note
h
dtanh x = sech’x = 12
cosh” x

Create a MATLAB program that

a. Determines V,,, and A for 200 < V;, < 200 mV in steps of 2 mV. Assume

out z

a=098, I, = 2 mA, R, = 10 kQ, and T = 300 K.
b. Plots V,,, vs. V,, and A vs. V,, both by Equations 2.39 and 2.40.

out in>
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® ®
o = 9

Figure 2.24 Fluid flowing in a pipe.

E2.12 When a fluid flows through a pipe, there is a pressure drop that is propor-
tional to the pipe’s length (see Figure 2.24). For a pipe having a circular
cross section, the pressure drop, p, - p,, is given by

—f (2.42)

where
p is the fluid density
V'is the average fluid velocity in the pipe
D is the pipe diameter
L is the pipe length between points 1 and 2
fis the friction factor

The friction factor has been determined by experiment. For smooth pipes, a
formula that approximates the experimental data is [2]

£ = (1.82logyo Re — 1.64)~ (2.43)

where

Re = VD (Reynolds number) (2.44)
m

w is the absolute fluid viscosity

Develop a MATLAB program that will calculate fvs. Re. Take

Re = [5e3 7.5e3 led4 2.5e4 5e4 7.5e4 le5 2.5e5 5e5 7.5e5 ...

le6 2.5e6 5e6 7.5e6 le7 2.5e7 5e7 7.5e7 le8]

Plot log(Re) on the x-axis and fon the y-axis (semilog plot).
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E2.13 This exercise is a modification of Exercise E2.12. When the interior
of a pipe is not smooth, a friction factor, ¢/D, is introduced, where
e is a roughness factor for the pipe interior, which is determined by
experiment.
The Swamee—Jain formula has been used to approximate the experimental
data. The Swamee—Jain formula [3] is

~ 1.325
og{ 1 %2+ 5-74)2
& 37 D Re™

Develop a MATLAB program that will calculate fas a function of Re and
elD. Take

(2.45)

Re = [5e3 7.5e3 le4 2.5e4 5e4 7.5e4 1leb5 2.5e5 5e5...

7.5e5 le6 2.5e6 5e6 7.5e6 le7 2.5e7 5e7 7.5e7 1le8]

e
B’: [0.0 0.0001 0.001 0.005];

Create a semilog plot of f'vs. log(Re) for the different Ee values all on the
same graph. Make log(Re) on the x-axis and fon the y-axis.

2.8 Conditional Operators and Alternate Paths

B The if statement
Syntax:

if logical expression
statement;

statement;
else
statement;

statement;
end

If the logical expression is true, then only the upper set of statements are exe-
cuted. If the logical expression is false, then only the bottom set of statements
are executed.
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B Logical expressions are of the form

a == Db; a <= b;
a < b; a >= b;
a > b; a ~= b; (anot equal to b)

B Compound logical expressions

a>b & a~=c (ea>banda#o
a>b || a<c (@a>bora<c)

The following example illustrates the use of the 1f statement:

Example 2.10

o°

Example 2 10.m

This program uses an input and an if statement to
determine if the output is to go to the screen or to a
file. The variables yl and y2 are made vectors so that
these variables can be printed outside the for loop that
created them. As vectors, they can also be plotted.
clear; clc;

t = 0:0.5:5

for j = 1:length(t)

y1(j) = t(j)"2/10;

y2(3j) = t(3)"3/100;

o o o o

o°

end

fprintf ('Do you wish to print the output to \n');

fprintf ('the screen or to a file? \n');

response = input ('enter S for screen or F for file \n','s');
Note, since we entered 's' in the input statement, do not
enclose your answer in single quotation marks.

oe

o\°

if response =='S'
% Table headings:
fprintf (' t vl y2 \n');
fprintf('-------------- - \n');
for j = 1l:length(t)
fprintf (' %5.1f %$10.3f $10.3f \n',...
t(3),y1(3),v2(3));
end
end
if response =='F'

fo = fopen('output.txt','w');
% Table headings:
fprintf (fo,' t vl y2 \n');
fprintf(fo, '----------"-“—“-“““~——~—~ -~ \n') ;
for j = 1l:length(t)
fprintf (fo,' %5.1f %10.3f %10.3f \n',...
t(3),y1(3),v2(3));
end
end
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Program results (either from the screen or from the file “output.txt™)

0.0 0.000 0.000
0.5 0.025 0.001
1.0 0.100 0.010
1.5 0.225 0.034
2.0 0.400 0.080
2.5 0.625 0.156
3.0 0.900 0.270
3.5 1.225 0.429
4.0 1.600 0.640
4.5 2.025 0.911
5.0 2.500 1.250

B The if-elseif ladder
Syntax:

if logical expression 1
statement(s);
elseif logical expression 2
statements(s);
elseif logical expression 3
statement(s);

else
statement(s);
end

The 1f-elseif ladder works from top down. If the top logical expression is
true, the statements related to that logical expression are executed, and the pro-
gram will leave the ladder. If the top logical expression is not true, the program
moves to the next logical expression. If that logical expression is true, the pro-
gram will execute the group of statements associated with that logical expres-
sion and leave the ladder. If that logical expression is not true, the program
moves to the next logical expression and continues the process. If none of the
logical expressions are true, the program will execute the statements associated
with the else statement. The else statement is not required. In that case, if
none of the logical expressions are true, no statements within the ladder will
be executed.
B The break command may be used with an if statement to end a loop, for example,
for m = 1:20
statement(s);
if m > 10
break;
end
end
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In the previous example, when m becomes greater than 10, the program leaves the
for loop and moves on to the next statement outside the for loop.

Suppose in the atmospheric model described in Example 2.5, we did not have the
governing equations that produced the atmospheric property table but just had the
table itself and we wished to determine atmospheric properties at altitudes not in the
table. This situation occurs in thermodynamics, where thermodynamic properties of
various substances are tabulated. The simplest way to determine the atmospheric prop-
erties would be to interpolate between table values. If we assume that the atmospheric
properties vary linearly with altitude between table values, then we can use linear
interpolation. In this case, we should use table values that are closest to the altitude of
interest. One way to accomplish this (although not the most efficient way) would be to
use the if-elseif ladder. The following example illustrates this concept.

The general linear interpolation formula, based on similar triangles, in terms of
yand x is as follows:

+(Yz—§d)><(X—X1) (246)
X —%

Y=¥

where x; and x, are the values of x that enclose x and y, and y, are the values of y at
x; and x,, respectively. First, we need to either rerun Example 2.2 eliminating table
heading statements from the program or edit the produced table and eliminate the
table headings, leaving only a table of numbers. To reduce the size of the follow-
ing program, we will operate at altitudes between 0 and 5000 m as shown in the
following. This table is to be saved as a file named atm_properties.txt and will be
loaded into the following program:

0 288.15 1.0133e+005 1.2252
1000 281.65 8.9869e+004 1.1118
2000 275.15 7.9485e+004 1.0065
3000 268.65 7.0095e+004 0.9091
4000 262.15 6.1624e+004 0.8191
5000 255.65 5.4002e+004 0.7360

Example 2.11

Example 2 11.m

This program loads data from a file named atm propeties.txt
The program asks the user to enter an elevation at which
atmospheric properties are to be determined by linear
interpolation.

The altitude range is from 0 to 5000 m.

Then the atmospheric properties are printed to the screen.
The program uses the if-elseif ladder to select the
closest interval to the entered altitude. The properties
in this interval will be used in the interpolation
formula.

o° o° o o° o° o° o°

o o o

o°
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% Temperature is in degrees Kelvin (K), pressure is in
% Pascal (Pa) and density is in kg/m"3.
clear; clc;
load atm properties.txt;
% establishing variable names to loaded data.
zt = atm properties(:,1);
Tt = atm properties(:,2);
pt = atm properties(:,3);
rhot = atm properties(:,4);
fprintf ('Enter the altitude at which atmospheric \n');
fprintf ('properties are to be determined. \n');
z=input ('Altitude range is from 0 to 5000 m \n');
if z >= zt(1l)&& z < zt(2)
z1l = zt(1); 22 = zt(2); Tl = Tt(1l); T2 = Tt(2);
pl = pt(1l); p2 = pt(2);
rhol = rhot(1); rho2 = rhot(2);
elseif z >= zt(2)&& z < zt(3)
z1l = zt(2); z2 zt(3); Tl = Tt(2); T2 = Tt(3);
pl = pt(2); p2 = pt(3);
rhol = rhot(2); rho2 =
elseif z >= zt(3)&& z < zt(4)
z1 = zt(3); 22 = zt(4); Tl = Tt(3); T2 = Tt(4);
pl = pt(3); p2 = pt(4);
rhol = rhot(3); rho2 =
elseif z >= zt(4)&& z < zt(5)
z1l = zt(4); z2 = zt(5); Tl = Tt(4); T2 = Tt(5);
pl = pt(4); p2 = pt(5);
rhol = rhot(4); rho2 =
elseif z >= zt(5)&& z < zt(6)
zl = zt(5); 22 = zt(6); Tl = Tt(5); T2 = Tt (6);
pl = pt(5); p2 = pt(6);
rhol = rhot (5); rho2 =

end

T = T1+ (T2-T1)*(z-21)/(z2-21) ;

p = pl+(p2-pl)*(z-z1)/(z2-21);

rho = rhol+ (rho2-rhol) *(z-z1)/(z2-z1) ;

fprintf ('T=%6.2f (K), p=%10.4e(Pa) rho=%6.4f (kg/m*3) \n',
T,p,rho) ;

Program results

Enter the altitude at which atmospheric properties are to be
determined. Altitude range is from 0 to 5000 m

4380

T = 259.68(K), p = 5.8728e+04 (Pa) rho = 0.7875 (kg/m"3)

>>

It is always prudent to examine the results of a program to see if they make sense.
In this case, do the obtained properties lie within the proper interval?
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An alternative to loading the data in the file azm_properties.txt into the previous
script is to enter the data directly into the program as vectors. To accomplish this,
replace the following lines in Example 2.11:

load atm properties.txt
% establishing variable names to loaded data.
zt = atm properties(:,1);
Tt = atm properties(:,2);
pt = atm properties(:,3);
rhot = atm properties(:,4);
with
zt = [0 1000 2000 3000 4000 50007 ;
Tt = [288.15 281.65 275.15 268.65 262.15 255.65];
pt = [10.133 8.9869 7.9485 7.0095 6.1624...
5.4002]*1.0e+004;
rhot = [1.2252 1.1118 1.0065 0.9091 0.8191 0.7360];

One additional thought is as follows: it is possible to develop the program contain-
ing the if-elseif ladder using noncompound logical expressions. This is dem-
onstrated in Example 2.11b:

Example 2 1lb.m
This program enters the data shown in atm properties.txt
directly into the program as vectors.
The program asks the user to enter an elevation at which
atmospheric properties are to be determined by linear
interpolation.
The altitude range is from 0 to 5000m.
Then the requested atmospheric properties are printed to
the screen.
The program uses the if-elseif ladder to select the
closest interval to the entered altitude. The properties
in this interval will be used in the interpolation
formula.
Temperature is in degrees Kelvin (K), pressure is in
Pascal (Pa) and density is in kg/m”3.
clear; clc;
zt = [0 1000 2000 3000 4000 50007 ;
Tt = [288.15 281.65 275.15 268.65 262.15 255.65];
pt = [10.133 8.9869 7.9485 7.0095 6.1624 5.4002]*1.0e+004;
rhot = [1.2252 1.1118 1.0065 0.9091 0.8191 0.7360];
fprintf ('Enter the altitude at which atmospheric \n') ;
fprintf ('properties are to be determined. \n');
z=1input ('Altitude range is from 0 to 5000 m \n');
if z < zt(2)
% if true, z lies between 0 & 1000 m.
zl = zt(1); 22 = zt(2); Tl = Tt(1); T2 = Tt(2); pl = pt(1);
p2 = pt(2); rhol = rhot(1l); rho2 = rhot(2);
elseif z < zt(3)
% if this condition is tested and found true, then the first
% condition was false so z lies between 1000 & 2000 m.

o o o° o° o° o o o

o° o o

o o o°

o°
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zl = zt(2); z2 = zt(3); Tl = Tt(2); T2 = Tt(3); pl = pt(2);
p2 = pt(3); rhol = rhot(2); rho2 = rhot(3);

elseif z < zt(4)

if this condition is tested and found true, then the first

& second conditions were false so z lies between 2000 &

3000 m.
z1 = zt(3); 22 = zt(4); Tl = Tt(3); T2 = Tt(4); pl = pt(3);
p2 = pt(4); rhol = rhot(3); rho2 = rhot(4);

elseif z < zt(5)

if this condition is tested and found true, then the
first, second & third conditions were false so z lies

between 3000 & 4000 m.

1 =2zt(4); z2 = zt(5); Tl = Tt(4); T2 = Tt(5); pl = pt(4);
p2 = pt(5); rhol = rhot(4); rho2 = rhot(5);

elseif z < zt(6)

if this condition is tested and found true, then the

first, second, third & fourth conditions were false so

z lies between 4000 & 5000 m.
zl = zt(5); z2 = zt(6); Tl = Tt(5); T2 = Tt(6); pl = pt(5);
p2 = pt(6); rhol = rhot(5); rho2 = rhot(6);

end

T T1l+ (T2-T1) * (z-21) / (22-21) ;

p = pl+(p2-pl)*(z-2z1)/(z2-21);

rho = rhol+ (rho2-rhol) * (z-z1)/ (z2-z1) ;

fprintf ('T=%6.2f (K), p=%10.4e(Pa) rho=%6.4f (kg/m"3)\n', ...

T,p,rho) ;

oo o°

o°

o° o° o°

N

o oe

o°

Example 2.12

An uninterruptible power supply (UPS) is used to prevent a computer from crash-
ing during a temporary power outage. A UPS contains a battery that is normally
charged by house current. During a power outage, the battery is used to generate
substitute line power.

Although electricity delivered by a power company is usually sinusoidal
(as shown in Figure 2.25a), some low-cost UPS models generate an approximated
sinusoid by taking the UPS voltage to be zero for the first eighth of the period, then
a high for the next one-fourth, then zero for the next fourth, and then a low for the
next fourth as shown in Figure 2.25b. (Note: The 50Hz waveform shown in Figure
2.25ais used in some regions of Japan.) We wish to construct a MATLAB program
that demonstrates that both waveforms have nearly the same RMS voltage.

The RMS is obtained by the following procedure:

a. Squaring the voltage

b. Computing the mean value of the squared waveform by averaging it over one
cycle

c. Taking the square root of the average



MATLAB® Fundamentals ® 65

Utility voltage (sinusoid)

142
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UPS voltage (approximated sinusoid)
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Figure 2.25 (a) Power company voltage supply. (b) UPS voltage supply.

The program follows:

Example 2 _12.m

This program determines the root-mean-square of two different
waveforms as shown in Figure 2.25a and b. One waveform is
a sinusoidal Signal. The period and amplitude are read off
Figure 25a:

T is in second(s) and A is in volt (V).

clear; clc;

= 142; T = 0.02;

choose an arbitrary step size which is much less than

the signal period:

step = 0.0001;

% Define timepoints over a single period of the waveform:

t = O0:step:T;

% Calculate V1

for i = 1:length(t)

V1(i) = A * sin(2*pi * (1/T) * t(i));

o o o o

o o

o0 oo ¥

end

Define V2 piece-by-piece. V2 will be zero for the first
eighth of the period, region 1, (0 <= t < (1/8)*T), then
high for the next one fourth of a period, region 2,

o

o o
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% ((1/8)*T <= t < (3/8)*T), then zero for the next fourth,
% region 3, ((3/8)*T <= t < (5/8)*T), and then high for the
% next fourth, region 4, ((5/8)*T <= t < (7/8)*T), then zero
% for the next eight, region 5, ((7/8)*T <= t <= 1*T).
for 1 = 1:length(t)

if t(i) < (1/8)*T

v2 (i) = 0;
elseif t(i) < (3/8)*T
v2 (i) = A;
elseif t (i) < (5/8)*T
V2 (i) = 0;
elseif t(i) < (7/8)*T

V2 (i) = -A;
else

v2 (i) = 0;
end

end

% V1 and V2 are vectors and vector multiplication requires
% element by element multiplication.

Vlirms = sgrt (mean(V1.*V1)) ;

V2rms = sgrt (mean(V2.*V2)) ;

fprintf ('Virms=%9.2f volt V2rms=%9.2f volt \n',6 Vlirms,V2rms) ;

Program results

Vlirms = 100.16 volt V2rms = 100.16 volt

The way this program works is as follows. Suppose t = (1/2)*T. The if-elseif lad-

der works from top of the ladder down. For the first logical expression, is t < (1/8)*T?
No, so the first region is eliminated. Next logical expression, is t < (3/8)*T? No,

so the second region is eliminated. Next logical expression, is t < (5/8)*T? Yes. Since

we have already eliminated regions 1 and 2, t is in region 3.

As mentioned eatlier, the programs in Examples 2.11, 2.11b, and 2.12 are not the
most eflicient way to solve the problem. We can use a for loop to determine the
closest interval to the entered altitude in Examples 2.11 and 2.11b, thus reducing
the number of lines in the program. This is demonstrated in the following example.
This becomes important when the number of lines in the data is large.

Example 2.13

o°

Example 2 13.m

This program enters the data shown in atm properties.txt
directly into the program as vectors.

The program then asks the user to enter an elevation at
which the atmospheric properties are to be determined by
linear interpolation.

o° o° o o?

o°
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The atmospheric properties are then printed to the screen.
The program uses a for loop and a compound if statement to
determine the closest interval to the entered altitude.
The properties in this interval will be used in the
interpolation formula.
Temperature is in degrees Kelvin (K), pressure is in
Pascal (Pa) and density is in (kg/m"3)
clear; clc;
zt [0 1000 2000 3000 4000 5000];
Tt = [288.15 281.65 275.15 268.65 262.15 255.65];
pt = [10.133 8.9869 7.9485 7.0095 6.1624 5.4002]*1.0e+004;
rhot = [1.2252 1.1118 1.0065 0.9091 0.8191 0.7360];
fprintf ('Enter the altitude at which atmospheric \n');
fprintf ('properties are to be determined. \n');
z=input ('Altitude range is from 0 to 5000 m \n');
for i = 1l:length(zt)-
if z >= zt(i)&& 2z < zt(i+1)
zl = zt(i); 2z2 = zt(i+1l); Tl = Tt(i); T2 = Tt (i+1);
pl = pt(i); p2 = pt(i+l); rhol = rhot(i);
rho2 = rhot (i+1) ;

o o

o o° o

o o°

break;
end
end
T = T1+(T2-T1) *(z-2z1)/(z2-2z1);
p = pl+ (p2-pl)*(z-z1)/(2z2-21);
rho = rhol+ (rho2-rhol) * (z-z1) / (z2-z1) ;
fprintf ('T=%6.2f(K), p=%10.4e(Pa) rho=%6.4f (kg/m"3) \n',

T,p,rho);

Program results

Enter the altitude at which atmospheric properties are to be
determined. Altitude range is from 0 to 5000 m

1350

T = 279.38(K), p = 8.6235e+04 (Pa) rho = 1.0749(kg/m"3)

>>

An alternative to the load command is the dlmread command. This command
will read an ASCII delimited file. All data in the file must be numeric. In Example 2.11,
we could replace the lines starting with load atm properties.txt; and
ending with rhot = atm _ properties(:,4); with

Y = dlmread('atm properties.txt');
zt = Y(:,1);

Tt = Y(:,2);

pt = Y(:,3);

rhot = Y(:,4);
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Exercises

E2.14 Carbon dioxide properties of temperature, 7, specific volume, v, and pres-
sure, p, based on the Redlich—Kwong equation are tabulated in Table 2.1.
We wish to determine by interpolation v and p at a temperature between
table values. The general interpolation formula in terms of y and x was given
in Equation 2.41, which is

+ (p—¥IX(x—%)
X —X

Y=¥

where
x; and x, are the values of x that enclose x
7, and y, are the values of y at x| and x,, respectively

Develop a MATLAB program that does the following:

1. Using Table 2.1, create vectors 7, v, and p.

2. Ask the user to enter a temperature, 7, from the keyboard that is not
in the table.

3. Using the if-elseif ladder, determine the interval enclosing the
entered 7 value.

4. Interpolate for » and p.

5. Print to the screen the interpolated values of v and p.

Table 2.1 Carbon Dioxide Properties

T (K) v (m¥kmol) p (bars)
350 0.28 7.650
400 0.32 8.574
450 0.36 9.159
500 0.40 9.547
550 0.44 9.813
600 0.48 10.001
650 0.52 10.136
700 0.56 10.236
750 0.60 10.310
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E2.15 Repeat Exercise E2.14, but this time use a for loop and a single 1f state-
ment to determine the interval that encloses the temperature entered from

the key board.

B The switch group
In some cases, the switch group may be used as an alternative to the 1£-
elseif ladder.

Syntax

switch (var)
case varl
statement(s);
case var2

statement(s);
case var3

statement(s);
otherwise

statement(s);
end

where var takes on the possible values varl, var2, var3, etc.

If var equals varl, those statements associated with varl are executed, and the
program leaves the switch group. If var does not equal varl, the program tests if
var equals var2, and if yes, the program executes those statements associated with
var2 and leaves the switch group. If var does not equal any of varl, var2, etc.,
the program executes the statements associated with the otherwise statement. If
varl, varz, etc., are strings, they need to be enclosed by single quotation marks.
It should be noted that var cannot be a logical expression, such as varl >= 80.

The following example illustrates the use of the switch group ina MATLAB program:

Example 2.14

% Example 2 14.m
% This program is a test of the switch statement.
clear; clc;

var = 'a';
x = 5;
switch (var)
case 'b!
z = xX"2;
case 'a'
z = x°3;
otherwise
z = 0;
end

fprintf ('z=%6.1f \n',z);
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Program results

z= 125.0
>>

Review 2.6

—_

. What statement is frequently used to establish two alternate paths?

2. What series of statements is used to establish several alternate paths?

3. List the various types of logic statements that can be used with the 1f-else
and if-elseif-else ladder.

4. Is the else statement required with the if-else and the if-elseif-
else ladder?

5. What statement group is an alternative to the if-elseif-else ladder?

Exercise

E2.16 Many gases under certain conditions behave as an ideal gas. The governing
equation for an ideal gas is

pv=RT (2.48)

where
R is the gas constant (R is different for different gases)
p is the gas pressure
v is the specific volume
T is the absolute temperature

Create a MATLAB program that will plot » vs. T for the following four
gases: air, hydrogen, oxygen, and carbon dioxide. Although air is a mixture
of different gases, it is frequently treated as a pure gas. Use the switch group
to determine the proper gas constant and to create the requested plots. Take
p=2atmand 300 < 7°< 600 K in steps of 50 K.

Note: 1 atm = 1.01325 x 10° N/m?

The gas constant, R, for each of the aforementioned listed gases is given in
Table 2.2.

2.9 Working with Built-In Functions
with Vector Arguments
MATLAB allows the built-in functions, such as sin(), cos(), and exp (), as well

as functions in general to have vectors as arguments. The result will also be a vector.
This is demonstrated in the next example.
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Table 2.2 Gas Constant for Several Gases

Gas R (N-m/kg-K)
Air 287.0
Hydrogen 4124.0
Oxygen 259.8
Carbon dioxide 188.9

Example 2.15

o°

Example 2 15.m
This program demonstrates that if the argument in a built
in function, such as MATLAB's sine function, is a vector,
the result will also be a vector.
clear; clc;

Define vector x;

= 0:30:360;

Let yl be the sine of a vector x where x is in
degrees.

Running sind with vector x as an argument will return a
vector:
1 = sind(x);

Let y2(n) be the sine of the nth element of x. We will use
a for loop to calculate each value y2(n) and then compare
vyl and y2.
for n = 1:length(x)
y2(n) = sind(x(n));

o° oe

o°

o\°

o° o0 o° o° X

o0 o0 o K

end

% Table headings

fprintf (! x vl y2 \n');
fprintf('-------------- - \n');

for n = 1:length(x)
fprintf ('%$5.1f %10.5f %$10.5f \n', x(n),yl(n),y2(n))
end

Program results

X vl v2

0.0 0.00000 0.00000
30.0 0.50000 0.50000
60.0 0.86603 0.86603
90.0 1.00000 1.00000
120.0 0.86603 0.86603
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150.0 0.50000 0.50000
180.0 0.00000 0.00000
210.0 -0.50000 -0.50000
240.0 -0.86603 -0.86603
270.0 -1.00000 -1.00000
300.0 -0.86603 -0.86603
330.0 -0.50000 -0.50000
360.0 0.00000 0.00000
>>

In the generated output, does y1 = y2?

We see that in some scripts, we could replace the use of a for loop by using
a vector argument in many built-in functions, which produces a vector result,
thus reducing the number of lines in the script. This concept was demonstrated
in the above example. However, if the script requires a mathematical operation
of two functions (such as a product of two vector functions), then the operation
will require an element-by-element operation. Element-by-element operations are
discussed later in this book.

2.10 More on MATLAB® Graphics

B The subplot command
Suppose you want to plot each of several curves as a separate plot but all on the
same page. The subplot command provides the means to do so. The com-
mand subplot (m,n,p) breaks the page into an m by n matrix of small plots,
and p selects the matrix position of the plot. The following example demon-
strates the use of the subplot command:

Example 2.16

o°

Example 2 16.m

This program is an example of the use of the subplot
command and the if-elseif ladder. Values of y1, y2, y3 and
v4 are constructed as vectors. Separate plots of yl vs. t,
v2 vs. t and y3 vs. t are plotted on the same page.

clc; clear;

t = 0:0.5:10;

for n = 1l:length(t)

yl(n) = t(n)”"2/10;

o° o o

o

y2(n) = sin(pi*t(n)/10);
y3(n) = exp(t(n)/2);
y4 (n) = sqgrt(t(n));

end
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for n = 1:4
subplot (2,2,n)
if n == 1
plot(t,yl), grid, title('yl vs. t'),
xlabel('t'), ylabel('yl');
elseif n ==
plot (t,y2), grid, title('y2 vs. t'),
xlabel('t'), ylabel('y2');
elseif n ==
plot (t,y3), grid, title('y3 wvs. t'),
xlabel('t'), ylabel('y3');
elseif n ==
plot (t,y4), grid, title('y4 vs. t'),
xlabel('t'), ylabel('y4');
end
end

Program results

See Figure 2.26

1vs. t 2 vs. t
10 y 1 y
= 5 Y 0.5
0 0
0 5 10 0 5 10
t t
. 4 vs.
150 y3 vs. t 4 y4 vs. t
3
100
< ¥ 2
50 1
0 0
0 5 10 0 5 10
t t

Figure 2.26 Subplots of y1, y2, y3, and y4 vs. t.
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E2.17 Repeat Exercise 2.16, but this time use the if-elseif ladder to determine the
proper gas constant. Create the four requested plots, all on the same page.

B Greek letters and mathematical symbols
Greek letters and mathematical symbols can be used in xlabel, ylabel,
title, and text by spelling out the Greek letter and preceding it with a “\”
(backslash character). Thus, to display w, use \omega, and to display 3, use \
beta.

Example

ylabel (' \omega'), title(' \omega vs. \beta'),
text (10,5,' \omega') ;

For a complete list of Greek symbols and additional special characters, see
Appendix A. You may also occasionally need to print a “'” character in your
label or title. In this case, use a double-apostrophe to “escape” the single-quote
character in your string. Thus, to generate the plot title “Signal 'A' vs.
Signal 'B')” you would type

title('Signal ''A'' vs. Signal ''B''!').

B Interactively annotating plots
As an alternative to adding the xlabel, ylabel, and title commands
into your program, you can create the plot, then click on the /nsers option in
the menu bar in the plot window, and choose X Label from the drop-down
menu. This will highlight a box in which you can type in the abscissa variable
name. You can repeat this process for the Y Label and the Title of the plot.
Other options available in the /nsers menu are TextBox, Text Arrow, Arrow, and
others. When you click any one of these options, a crosshair will appear, and
you can then move the item to the location where you want it to appear, then
left-click the mouse to fix the location. You can then type in the desired text.
To remove the outlines of a 7extBox, place the cursor in the 7extBox and right-
click the mouse. This will bring up a drop-down menu, then select Line Style,
and then left-click on none. This will remove the lines from the ZextBox.
B Saving plots

To save a plot, click on the File in the plot window and select the Save option
from the drop-down menu. This produces a window where you can enter a file
name. The disadvantage of this method is that if you decide to rerun the script,
the items that you manually inserted will not be saved. If you wish to copy the
figure into a report, you can click on Edit in the plot window and then select
Copy Figure from the drop-down menu. You can then paste the figure into your
report. If you need a monochrome version of your plot (for best reproduction
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on a photocopier), you can make all of your curves black by choosing File from
the task bar menu, then selecting Export Setup from the drop-down menu. This
will open a window in which you need to click on Rendering and change the
Colorspace to black and white.

There are many more options available in the plot window; however, we leave it
up to the student to explore further.

Review 2.7

1. What is the name of the function that will allow you to plot several graphs on
one page?

2. How does one enter Greek symbols into a plot?

3. What are the commands that will allow you to enter text onto a plot once the
plot has been created?

2.11 Debugging a Program

It is common when writing a program to make typographical errors such as
omitting a parenthesis, forgetting a comma in a 2-D array, etc. This type of
bug is called a syntax error. When this occurs, MATLAB will provide an error
message pointing out the line in which the error has occurred. However, there
are cases where there are no syntax errors, but the program still fails to run or
gives an obvious incorrect answer. When this occurs, you can utilize the debug
feature in MATLAB. The debug feature allows you to set breakpoints in your
program. The program will run up to, but not including, the line containing
the breakpoint. To set a breakpoint, left-click the mouse in the narrow col-
umn next to the line number that you wish to be a breakpoint or click on the
Breakpoint option in the Toolstrip and select Se#/Clear in the drop down menu.
A breakpoint will be set at the current line. A small red circle will appear next
to the breakpoint line as shown in Figure 2.27 at line 22. When you click on
the Run option in the Toolstrip, the script will run up to, but not including
the line containing the breakpoint, as shown in Figure 2.28 (no plot appeared).
The K>> prompt indicates that you are in the debug mode. Once you run the
program up to the breakpoint, additional items will appear in the Toolstrip,
such as, Continue, Step, Step In, Step Out, Run to Cursor and Quir Debuggz'ng.
You can then click on the Continue option in the Toolstrip and the program
will run to the next breakpoint, if one exists, or to the end of the program if no
additional breakpoints exist. You can also execute one line at a time by clicking
on the Step item in the Toolstrip. If your script contains a self written function,
you can execute one line at a time in the function by clicking on the Szep In
item in the Toolstrip. To return to the calling program, click on the Step Our
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option in the Toolstrip. If you wish to remove all breakpoints, click on the
Breakpoints item in the Toolstrip and a drop down menu will appear giving you
the option to Clear all breakpoints. If you wish to exit the debug mode, click
on the Quit Debugging option in the Toolstrip.

Projects

P2.1 Though atmospheric conditions vary from day to day, it is convenient for
design purposes to have a model for atmospheric properties with altitude. The
U.S. Standard Atmosphere, modified in 1976, is such a model. The model
consists of two types of regions: one in which the temperature varies linearly
with altitude and the other is a region where the temperature is a constant (see
Figure P2.1).

The temperature and approximate pressure relations are as follows:

a. For a region where the temperature varies linearly,

gi/liR
li(z-=z)
p=p|1-—2— (P2.1a)
T;
x10% zvs. T
8 T ‘
b N S IO U S S
P I R HRR SRR N —~—T—— Lo
e  FEETE T B REp
| |
N 4b----d e - - - - L,,, L****A*****
o SRS S
E A e e
. o s
b T e S L i
o T——
1 . . . . . . .
-80 -70 -60 -50 -40 -30 -20 -10 0 10 20

Figure P2.1 Temperature profile of the U.S. Standard Atmosphere.
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T =Ti—li(Z— ZJ_) (P21b)
r=_E (P2.10)
RT

where

z is the altitude

z; is the altitude at the beginning of the region of interest

(p» T) is the pressure and temperature at the beginning of the region
of interest

A, is the lapse rate in the region

R is the air gas constant = 287.0 N m/kg K

g is the gravitational constant that varies slightly with alticude. The
expression for p in Equation P2.1a assumes that within the region
of interest g; is constant; otherwise, the expression for p would be a lot
more complicated than the one shown

p is the air density

b. For a region where the temperature is constant,

g(z—zi))

= pexp| —
p RP( RT,

(P2.1d)
T =Ti

Table P2.1 gives the values of pressure, temperature, and the gravitational
constant at the beginning of each region, as well as the lapse rate of the
region.

a. Create a MATLAB program using the 1f-elseif ladder that will
determine the property values of (7] p, p) for every 1,000 m from z = 0
(sea level) to z = 80,000 m. Use one for loop in establishing z.

In your program, create vectors for the table values of z, 7, p, 4, and g.

c. Assign a character to each region that can be used to determine which
equations to be used in determining 7 and p.

d. Save the results as a data file to be used in Project P2.2. Note: The data
file should only contain numbers.

e. Print the results to a file in table format for every 1000 m.

f. Plot T'vs. z, p vs. z, and p vs. z as three separate plots but all on the same
page.

P2.2 Project P2.1 provided a table of temperature, 7, pressure, p, and density
p, every 1000 meters of altitude. Atmospheric property values at altitudes
between table values can be determined by linear interpolation. Construct a
MATLAB program that will load the data file created in Project P2.1 giving
(T, p, p) every 1000 m. The program is to determine by linear interpolation
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Table P2.1  U.S. Standard Atmospheric Property Table

Regional Properties of U.S. Standard Atmosphere
Region | z; (km) T, (K) p; (Pa) A (K/'m) | g;(m/s?)

0 288.15 | 101,325 9.810

1 0.0065
11.0 216.65 22,6321 9.776

2 0.0000
20.0 216.65 5,474.9 9.749

3 —-0.001
32.0 228.65 868.02 9.712

4 —-0.0028
47.0 270.65 110.91 9.666

5 0.0000
51.0 270.65 66.94 9.654

6 0.0028
71.0 214.65 3.956 9.594

7 0.0020
84.9 186.95 0.373 9.553

(Equation 2.46 and the method described in Example 2.13) the properties
of (7 p, p) at altitudes not in the loaded table. Make the program interac-
tive; that is, the program is to ask the user if he or she wishes to know the
temperature, pressure, and density at a specific altitude. If the answer is ),
the program is to ask the user to enter an altitude from the keyboard. The
program then determines (7; p, p) at the entered altitude and prints the
results to the screen. The program then asks the user if he or she wishes to
enter another altitude. The program is to continue as long as the response to
the question is “y.”

P2.3 The properties of specific volume, v, and pressure, p, as a function of tempera-
ture, 7, for carbon dioxide based on the Redlich—Kwong equation of state are
given in Table P2.3.

Determine v and p at temperatures 7;, where

T, =[367 634 420 587 742]
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Table P2.3 Carbon Dioxide Properties

T (K) v (m3kmol) p (bar)
350 0.28 7.65
400 0.32 8.57
450 0.36 9.16
500 0.40 9.55
550 0.44 9.81
600 0.48 10.00
650 0.52 10.14
700 0.56 10.24
750 0.60 10.31

Note: 1 bar =10° N/m2.

Use interpolation formula of Equation 2.46 and the method described in
Example 2.13.
Write a MATLAB program that will do the following:
a. Construct three separate vectors containing the carbon dioxide proper-
ties of 7 v, and p.
Print Table P2.3 to the screen (with table headings).
c. Determine v and p at temperatures 7, using Equation 2.46 and the
method described in Example 2.13.
d. Print to the screen in a table format (with table headings) values of » and
2 at temperatures 7).

P2.4 The positioning of a piston in an internal combustion engine is shown in
Figure P2.4a and b.
The piston’s position, s, as seen from the crankshaft center can be deter-
mined by the law of cosines; that is,

b’ =g +1r —2srcosq
or
g —(2rcosq)s+ (¥ —b*) =0 (P2.4a)

where
b is the length of the piston rod
r is the radius of the crankshaft
0 is the angle that the crankshaft journal makes with the vertical axis
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Piston

Displacement

Piston rod

Journal

Rotation of
crankshaft

(a)

Figure P2.4 (a) Piston configuration. (b) Piston position variables.

Equation P2.4a is a quadratic equation in s, and using the + sign with the
square root term gives,

s= %(2rcosq + \/41:2 cos’ q — 4(r* — b )) = rcosq + \/Iz(cosz g-1)+b’

or
s=rcosq + /b’ — ’sin°q (P2.4b)

The piston is constrained to move in the vertical direction, and thus, s var-
ies as the crankshaft rotates. The angle, 6, varies with time, #, and can be
expressed in terms of the rotational speed, w, of the crankshaft. The angle 6

is thus given by
q=2pwt (P2.4¢)

where @ is in revolutions per second. Substituting Equation P2.4c into
Equation P2.4b gives

£t = rcos(2pwt) + \/b2 — Psin’*(2pwt) (P2.4d)
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The piston velocity, », can be obtained by taking the derivative of Equation
P2.4d with respect to time, giving

2pw 1’ sin(2pwt) cos(2pwt)

(P2.4e)
\/b2 —r sin’(2pwt)

v(H = 2pwrsin(2pwt) —

The piston acceleration, #, can be obtained by taking the derivative of
Equation P2.4e with respect to time, giving

4p*wr sin? 2pwb) cos’ (2pwt)

a(t) = —4p w *rcos(2pwt) —
[b2 — ¢ sin’ (prt):r/2

_ 4p’w’r’ cos’(2pwt) N 4p*wr sin*(2pwt) (P2.4f)
\/b2 — ' sin’(2pwt) \/b2 — Y sin’(2pwt)

a. In MATLAB, create a matrix consisting of s vs. #, v vs. £, and a vs. ¢ for
0 < r<0.01s. Use 50 subdivisions on the # domain. Take =9 cm, @ =
100 revolutions per second, and & = 14 cm. Plot s vs. £, v vs. £, and a vs. ¢
on three separate plots, all on the same page.

b. Using MATLAB’s max function and the matrix obtained in part (a),
determine the approximate maximum velocity and maximum accelera-
tion, and print out those values to the screen.

c. Plot on asingle graph svs. # for @ = [50 100 150 200] revolutions per second.

P2.5 This project involves plotting the various motions that can occur with a mass—
spring—dashpot system. A sketch of such a system is shown in Figure P2.5.

Unstretched

u|

Static ,
i ky ¢y

Y+Yo=y

(@) (b) (© (d

Figure P2.5 Spring—dashpot system. (@) Unloaded spring, (b) loaded spring in
equilibrium position, (c) loaded spring in nonequilibrium position, and (d) forces
acting on the mass.



MATLAB® Fundamentals ®m 83

Development of the governing equation describing the motion of the mass

follows [4]:
Equilibrium state
W —kyp=0 (P2.5a)
Nonequilibrium state
W -k-§ =my” (P2.5b)

where
k is the spring constant
¢ is the damping factor
m is the object mass
7 is the mass displacement from unstretched position
¥, 7" are the velocity and acceleration of the mass, respectively

Let y be the mass displacement from the equilibrium position, then
y=%ty% Y=Y and ¥'=Y
Substituting these values into Equation P2.5b gives

W -+ Y- of =my’ (P2.50

Since W — kg =0, Equation P2.5¢ reduces to
, C k
Y+ ¥+ _y=0 (P2.5d)
m m

We seek a function that satisfies this differential equation. Such a function is
one in which its derivatives reproduce the function multiplied by a constant.
A function that satisfies this condition is e, Assume that y = ze/* and then

Y =pee™, and y'=pae”

Substituting these terms into the differential equation P2.5d gives

( P+ p+ k ]aePt =0 (P2.5¢)
m

m
Now e?* # 0; therefore,

(p2+c p+k)=0 (P2.5f)
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Thus,

We see that there are two solutions that satisfy the differential equation.
It can be shown that the sum of the two solutions is also a solution to the
differential equation. The general solution is

2 2
c c k c c k
y=Aexp| ———t+ () - = t|+Bexp| —t— () -t
2m 2m m 2m 2m m

or

2 2
( 5 ) ( c) . ( c) .
y=exp| ——t|{Aexp —— t[+Bexp| || — | ——t
2m 2m m 2m m

where A and B are constants and exp(x) = ¢*. The type of motion depends on
the variables £, ¢, and .

If (¢/2m)* < klm, then Equation P2.5h is the one to use. The system is said
to be overdamped.

If (¢/2m)* > klm, then the square root term becomes imaginary, and the
system is said to be underdamped. Noting that

e*=cosx+isinx and € ¥ =cosx—isinx

Equation P2.5h reduces to

( ) ( )2 i ( )2
2m ° m 2m ° m 2m

If (c/2m)? = klm, then the square root term is zero, and the system is said to
be critically damped. For this case, the solution is

y=(A+ Bi‘)exp(—zzlt) (P2.5))
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a. Given the following parameters,

m=75kg, k=875N/m, c=875N-s/m

Develop a computer program to determine the coefficients, 4 and B, for
the following cases:
1. (0) = 0.5 m, y'(0) = 1.0 m/s
2. y(0) =0.5m, y(0) = -1.0 m/s
3. y(0)=0.5m,y'(0) =0 m/s
For each case,
1. Determine y(2) for 0 < # < 10 s in steps of 0.1 s.
2. Print out a table of y vs. zevery L s.
3. Plot yvs. rfor all three cases on the same graph. Label each curve with
the value of y".
b. Given the following parameters,

m =25kg, k=200N/m, c=5N-s/m

W0)=5m, ¥(0)=0m/s

Determine y(?) for 0 < # < 40 s in steps of 0.1 s.
The envelope of the solution graph for this case is given by

y==*A exp(—ct]
2m

Plot y vs. ¢ for both the oscillating function and its envelope on the same
graph.

P2.6 In this project we use a mass-spring-dashpot system subjected to an oscil-
latory driving force to demonstrate the concept of resonance. Resonance is
a phenomenon in which the response amplitude at a particular frequency
is much larger than at other frequencies. Suppose the mass-spring-dashpot
system described in Project P2.5 to be subjected to a driving force F, sin wt.
The governing equation then becomes

e Sy X B G (P2.62)
m m m

The solution can be obtained by assuming the solution is the sum of the com-
plementary solution plus a particular solution. The complementary solution is



86 ® Numerical and Analytical Methods with MATLAB®

the solution to the homogeneous equation, which was obtained in Project P2.5.
To obtain the particular solution, J,» assume

Y, = asinwt+bcoswt (P2.6b)

where 2 and & are constants, then

% =w(acoswt—bsinwt)
and

Yo =W ?(—asinwt—bcoswt)
Substituting these expressions into Equation 2.6a gives

k k F
(—aw 2 Cup+ = a]sinwt+ (—bw 24 Cwax b]coswtz % sinwt
m m m m m
(P2.6¢)

Collecting coeflicients of the sin and cos terms on the left side of Equation P2.6¢
and equating them to the sin and cos coefficients on the right side of that
equation give

(k_wz )a_fwbz B (P2.6d)

m m m

cwa+(k—w2 Jbz 0 (P2.6¢)
m m

Solving the above two equations for 2 and 4, gives

k 5
F mn "
" (5
=+ - -w
m m
oW
p=— 0y (P2.6g)
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Substituting Equations P2.6f and P2.6g into Equation P2.6b gives

F k
ypz—ox 5 ! > {(—wz)sinw t—ﬂcosw t} (P2.6h)
")) "
i P
m m
We can rewrite Equation P2.6h using the trig identity
a sinwt+ b coswt=gsin(wt— £f)
where
g=,a’+b’
and
f=tan™ B
a
Applying these relations to Equation 2.6h gives
F, 1 . .
- sin(wt—f) (P2.6i)

system would oscillate at a frequency, w, =

For a mass-spring-dashpot system with no driving force and no damping, the
[k . .
— (see Equation P2.5h). It is
m
. . . c L1
convenient to introduce the ratio z = =, where ¢, = 2mw,, which is the value

of ¢ that would make the system with no driving force critically damped. After
some algebraic manipulation, Equation P2.6i can be put into the form

F, 1

YF’:?X 2\2 2
(mg) +(ZZW)
Wn Wn

sin(wt—3) (P2.6j)
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The system will oscillate with an amplitude equal to

by 1
k 2)\? 2
Wn Wn
1
Let ampl=

For a given, F, /k, the larger the amplthe larger is the oscillation.
Construct a MATLAB program to create a plot of ampl vs. w/w, for val-

ues of ¢ = 1.0, 0.5, 0.25, 0.10, 0.05, and 0 < w/w, < 2 in steps of 0.01. What
happens asw = wp?

P2.7 The RLC circuit is a fundamental problem in electrical engineering. In this
project, we consider the parallel RLC circuit shown in Figure P2.7 and derive
the governing equation for the voltage across each circuit component when at
t = 0 the switch is opened. We start the analysis with the constituent voltage—
current relations for resistors, inductors, and capacitors:

Resistor (Ohm’s law)

Ww& =Rk (P2.72)

Inductor

(P2.7b)

3.(2

}ir L 1 1€

+ +
L, ® t) VR § R v L Ve == C

Figure P2.7 Parallel RLC circuit.
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Capacitor

o173

at (P2.7¢)

t =C

where R, L, and Care the component values for the resistor (in ohms), induc-
tor (in henries), and capacitor (in farads) and the voltages » and currents 7
are as defined in Figure P2.7. In addition, we assume that the stateful cir-
cuit elements L and C have known initial conditions 7,(0) and v-(0) at the
moment that the switch is opened.

Kirchhoff s current law (KCL) states that the sum of currents at any circuit
node is zero. Applying KCL at the top node in the circuit gives

R+i+i=0 (P2.7d)
Also, the parallel topology of the circuit gives
W=V =V =V (P2.7¢)

Differentiating Equation P2.7d gives

di,  di  di
— —=0 P2.
+ & (P2.7f)

g |&

Substituting Equation P2.7¢ into Equation P2.7a and differentiating give

dk _ 1 v (P2.7g)
dtc R dt
Substituting Equation P2.7e into Equation P2.7b gives
di _

lv (P2.7h)
L

&

Substituting Equation P2.7e into Equation P2.7c gives

(P2.71)

&%
O‘d-a-
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Differentiating Equation P2.7i and rearranging gives

di _ d'v
& ae

[o

(P2.7j)

Substituting Equations P2.7g through P2.7j into Equation P2.7f gives
+——4+—v=0 (P2.7k)

To solve this homogeneous differential equation, we seek a function »(2) such

2
that the derivatives &V (¢) and j:?v (4) reproduce the form of v(z). A function
dt

that satisfies this condition is Ae®, where A and a are arbitrary constants. If
we assume that » = Ae™, then

dv at dv
— =aA€"" and —=a“Aé€
dt at

Substituting these terms into the differential equation P2.7k gives

(a2 +La +1)Aeat:0 (P2.71)
RC ILC
Since e* # 0, then
, 1 1
(a +—a +)=0 (P2.7m)
RC LC

The solutions are

a=—_ 4 (IJ ! (P2.7n)
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Thus, there are two solutions for @, and there are two solutions that satisfy
the differential equation P2.7k. The general solution to Equation P2.7k is the
sum of all known solutions:

1 1 Y 1 1 1Y 1
v=RAexp| - t+, || — | ——t|+Bexp| -t [ — | -t
2RC 2RC LC 2RC 2RC LC

or

1 1 ¥ 1 1 ¥ 1
v=exp|————t[Aexp| . | == | ———t|+Bexp| || = | -t
2RC 2RC IC 2RC C
(P2.70)

where exp(x) = ¢*and A and B are constants that depend on the initial conditions
of the circuit.
Note that this solution has three regions of interest:

1. Owerdamped: 1f (1/12RC)*> > 1/LC, then the solutions are decaying
exponentials over time.

2. Underdamped: If (1/2RC)* < 1/LC, then the solutions are decaying sinu-
soids over time.
For the underdamped case, we can show the sinusoidal behavior by
applying the identities & = cos x + j sin x and ¢7* = cos x - j sin x to
Equation P2.70, giving

where the coeflicients A and B are to be determined by initial conditions.
3. If (1/2RC)? = 1/LC, then the square root term is zero, and the system is
said to be critically damped. For this case, the solution is

v=(A+ Bt)eXp(_zliCt) (P2.7q)
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We now consider the underdamped case (Equation P2.7p) where A and B

are constants to be determined by initial conditions and have the units of

volts. For the component values R=100 Q, L = 1 mH, and C=1 puF and

initial conditions 7,(0) = 0 and #-(0) =6V,

a. Solve for the coeflicients A and B.

b. Create a MATLAB program that will calculate v(z) for 0 < < 500 Ws
in steps of 5 Us.

c. Plot v(#) vs. £for 0 < £ <500 Us in steps of 5 Us.

P2.8 Using Equations P2.7a through P2.7e, show that the governing differential
equation for the inductor current, 7, in the parallel RLC circuit of Figure P2.7
is given by

d’% 1 di 1 .
+——=4+—3 =0 P2.8a
d&¢ RC dt IC ( )

Comparing Equations P2.8a and P2.7k, we see that the equations are alike,
with #; replacing v, and therefore, they have similar solutions. For the under-
damped case,

. 1 1 1Y . 1 1Y
Tk =exp| ——— acosf,[——|—|t+bsin|,|——-|—— 1|t
2RC LC 2RC LC 2RC
(P2.8b)

For the component values R = 100 Q, L = 1 mH, and C = 1 uF and initial

conditions 7,(0) = 0 and »-(0) =6V,

a. Solve for the coefficients a and f.

b. Create a MATLAB program that will calculate 7;(z) for 0 < #< 500 ps in
steps of 5 Us.

c. If you did Project P2.7, plot v(#) vs. t and 7;(¢) vs. ¢ on the same graph;
otherwise, just plot 7,(#) vs. . For both cases, take 0 < # < 500 s in steps
of 5 Us.

P2.9 The classical form for a second-order differential equation is

d? d
y+2zwn—y
dt

a2 +wiy=0 (P2.9a)

where
¢ is the damping facror
o, is the natural frequency
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We can match the terms of Equation P2.9a with Equation P2.8a to find the
damping factor and natural frequency for the parallel RLC circuit. Thus,

1 ad z= L NI (P2.9b)

W, = =
" JLe 2RCw, 2RC

Note that for < 1, the circuit is underdamped; for { > 1, the circuit is over-
damped; and for ¢ = 1, it is critically damped.

For the component values L = 1 mH and C= 1 uF and initial conditions
i;(0) =0.25Aand v-(0) =6V,
a. Determine the resistor value R, that makes the circuit critically damped.
b. Plot the inductor current 7, vs. time for the two values of R: R = R, and
R =5R,,,. Assume the interval 0 < # < 500 Us in steps of 1/2 ps. Plot all

of the waveforms on one graph.

P2.10 Using Equations P2.7c, P2.7d, P2.8b, and P2.7n, we can show that for

underdamped case in the parallel RLC circuit,

N G O /L_;z Y
k(D= ep( SRC t) acos[ o (2Rc)t]+bsm{ L (ZRC)tJ

1 1 1 1Y HER 1Y
+—exp| ————t|JAcos| | ——| —— | £[+Bsin|,[——| — | Y
2R 2RC ILC 2RC LC 2RC

1 1Y

Take the following component values to be R=100Q, L = 1 mH, and C=1uF

and initial conditions 7,(0) = 0 and (0) =6 V:

a. If you have completed Project P2.7, use the values for A and B
obtained in that program in Equation P2.10a; otherwise, do part (a)
of Project P2.7.

b. If you have completed Project P2.8, use the values for @ and f
obtained in that program in Equation P2.10a; otherwise, do part (a)
of Project P2.8.
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c. Construct a MATLAB program to calculate 74(2) for 0 < # < 500 Us in
steps of 5 Us.
d. Plot x(#) vs. tfor 0 < £ < 500 Us in steps of 5 Us.
P2.11 This project involves a series RLC circuit as shown in Figure P2.11.

The resistor, inductor, and capacitor voltage—current relations using their
respective constituent relations are

W = iR (P2.11a)
% =L% (P2.11b)
. dve

i ot ( )

where

g, vy, and v, are the voltages across the resistor, inductor, and capacitor,
respectively

iy, 1;, and 7 are their respective currents

R, L, and Care their respective component values in ohms, farads, and henries

Figure P2.11 Series RLC circuit.
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Applying Kirchhoff’s voltage law around the RLC loop gives
Vao—VW®k—V—% =0 (P2.11d)

In the series case, all of the components have the identical current, and thus,
we define

i=3=3i=% (P2.11e)

a. Using Equations P2.11a through P2.11e, derive the governing differen-
tial equation for the capacitor voltage v.

b. Using Project P2.7 as a guide, derive the three possible solutions to the
governing differential equation for the voltage v.. Assume that the volt-
age V;, becomes zero for 7> 0.

c. The obtained solutions in part (b) should involve two arbitrary coefficients
A and B. Determine the values for A and B for the following two cases:

1. R=1009Q, L=1mH, and C =1 uF and initial conditions #(0) = 0
and V,(0) =6V

2. R=100Q, L =1mH, and C= 0.1 uF and initial conditions 7(0) = 0
and V_(0) =6V

d. For the two cases of part (c), plot 7 vs. ¢, for 0 < # < 10 s in steps of
10-¢ s on the same page.

P2.12 This project is a variation of Project P2.11. Instead of solving for the voltage
v¢ in the series RLC circuit of Figure P2.11, we can alternatively solve for
the current 7 through the circuit elements.

a. Use Equations P2.11a through P2.11e to show that for the case when V,
=0, the governing differential equation for 7 is:

d’i Rdi i
T R P2.12a
& Ld IC ( )

b. Show that the general solution to Equation P2.12a is:

, R 1 RY . 1 RY
i=exp| ——— acos|,[——-|— | t|+bsin ——|—1 t
2L LC 2L LC 2L

(P2.12b)
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c. For the following component and initial conditions, determine a and f:
R=10Q, L =1mH, and C = 2 UF and initial conditions »-(0) = 10 V
v 6
and —(0) = —.
at VLC

d. Plotivs. zfor 0 < #<4 psin steps of 0.1 [s.

P2.13 A common problem in serial data communication is that digital bitstreams
often contain long sequences of ones or zeros that can cause the receiver to
become unsynchronized. One solution is to use Manchester coding in order
to ensure that the bitstream contains many transitions so that it is easier to
recover the clock.

10BaseT Ethernet uses Manchester coding as depicted in Figure P2.13a,
where a logical “one” is encoded as a low-to-high transition and a logical

“zero” is encoded as a high-to-low transition. By ensuring that each bit con-

tains a transition, the receiver can extract (or “recover”) a clock signal from

the transmitted waveform by using a phase-locked loop circuit.

a. Using the if-else ladder in MATLAB, generate the waveform of
Figure P2.13b for the bit sequence “1101” and plot. Assume the follow-
ing parameters:

“High” voltage: +2.5V
“Low” voltage: -2.5V
Bit rate: 10 Mbps (i.c., each bit is 0.1 s in duration)
When modeling your waveform in MATLAB, generate values from
zero to 0.4 s in steps 0f 0.01 Ws. Plot using MATLAB’s plot command.
b. What is one disadvantage of Manchester coding?

+2.5V~
1101 =
-25V
0.1 ps
(b)

Figure P2.13 (a) Manchester coding. (b) Bit sequence “1101.”
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Chapter 3

Taylor Series, Self-Written
Functions and MATLAB®’s
interpl Function

3.1 Introduction

In this chapter, we introduce the concept of expressing various functions as a series.
In particular, we cover the Taylor series expansions of several functions. Numerical
methods for solving various types of engineering problems are based on the use of a few
terms in the Taylor series expansions. The chapter contains several exercises and projects
to demonstrate the equivalence of the Taylor series expansion of several functions and
MATLAB’s evaluation of the function by the use of an arithmetic statement.

The next topic in this chapter is the self-written function. The self-written func-
tion is another building block that can be used in constructing a manageable com-
puter program. The use of many MATLAB® functions that solve various types
of mathematical problems requires the user to write a self-written function. Self-
written functions are usually saved as separate .7 files. However, if the self-written
function involves a single statement, an anonymous function can be used which is
contained within the calling program and thus avoids an additional . file.

The next topic covered in the chapter is MATLAB’s interpl function. Many
types of engineering problems involve material properties that are tabulated. If a
particular problem involves properties that lie between tabulated values, one needs
to interpolate for the property of interest. MATLAB’s interpl function provides
the means to do this.

Lastly, the use of characters and strings in MATLAB programs is discussed.

99
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3.2 Functions Expressed as a Series

B Taylor series expansion
Any rational function can be evaluated by a power series, such as a Taylor series.
The function f(x) can be approximated by the 7-term Taylor series, which is

f(X): f(a)+ f’(a)(x_ a)+ f”(a)ﬂ

(x-a)’ (x—a)

+ -t f(m(a)T (31)

+ £”(a)
where
f(a) is the first derivative of f(x) evaluated at x = 2
f”(a) is the second derivative of f(x) evaluated at x = 2

£ (a) is the nth derivative of £(x) evaluated at x=a

Since a number of the sample programs involve determining ¢* by a Taylor
series expansion, we start with a discussion of the series expansion of ¢*.
We wish to determine the Taylor series expansion of ¢* about x = 0:

f(x =€, £f0)=€=1
f'=¢&, f(0)=1
f7=€&, £7(0)=1
f7=¢&, £70)=1
etc.

Substituting into Equation 3.1, the Taylor series expansion of e* to 7 terms is

4
€=1+x+§i+—7+iﬂ%~+§i (3.2)
21 31 4! n!
There are several possible programming algorithms to calculate this series. The
simplest method is to start with ex = 1 and then evaluate each term using
exponentiation and MATLAB®s factorial function and add the obtained
term to ex. An alternative approach would be to evaluate each term individually,
save them in an array, and then use MATLAB’s sum function to add them all
up. However, for some series expressions, it is best to compute each term in the
series based on the value of the preceding term. For example, in Equation 3.2, we
can see that the third term in the series can be obtained from the second term by
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multiplying the second term by x and dividing 3; that is, term 3 = term 2-x/3. In
general, term (n) = term ( - 1) -x/n. We can set up a term index to identify each
term in the series:

Termindex: 1 2 3 4 -« n
x % b'g
€ =14+X+ —+ —+ "+

2! 3! 4! n!

This concept is used in several of the following sample programs.
The following example determines e* by using MATLAB’s factorial function.

Example 3.1

o°

Example 3 1.m
This program calculates e”"x by series and by MATLAB's
exp () function
erx=1 + x + x72/2! + x73/3! + x"4/4!) +. ..
The 'for' loop ends when the term only affects the seventh
significant figure.
clear; clc;
x=5.0;
exl=1.0;
for n=1:100

term=x"n/factorial (n) ;

exl=exl+term;

if (abs (term) <=ex1l*1.0e-7)

break;

end
end
ex2 = exp(x);
fprintf ('x=%3.1f exl=%7.2f ex2=%7.2f \n',x,exl,ex2);

o° o o o

o\°

Program results

x=5.0 exl1=148.41 ex2=148.41

>>

The following program illustrates the use of nested loops to calculate e* both by
series and by MATLAB’s exp () function for -0.5 < x < 0.5.

Example 3.2

o\°

Example 3 2.m

This program illustrates the use of nested loops; that is,
an inner 'for' loop inside an outer 'for' loop. The
program calculates e”"x by both an arithmetic statement

o° o

o°
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(ex2), and by a Taylor series expansion (exl), where
-0.5<x<0.5. The outer 'for' loop is used to determine
the x values. The inner loop is used to determine the
Taylor series method for evaluating e”x. In this example
term(n+1l) is obtained by multiplying term(n) by x/n.

The variable, term, is established as a vector so that
MATLAB's built in'sum' function can be used to sum all the
terms calculated in the Taylor series method. A maximum

of fifty terms is used in the series.

e x=1+x+x"2/21+x"3/31+x"4 /41 +- . .

Program output is both to the screen and to a file.

By printing the output to a file, one can edit the output
file, such as lining up column headings, etc. One cannot
directly edit output to the screen.

clear; clc;

fo = fopen('output.txt','w');

)

% Table headings

o° o o o° o°

o° o o

o° o o o o°

o°

fprintf (' x exl ex2 \n');

fprintf (' ----mm it \n');
fprintf (fo,' x exl ex2 \n');

fprintf (fo, '—--—----—-—-“—““ - \n') ;

for x=-0.5:0.1:0.5
ex2=exp (x) ;
term(1l) =1.0;
for n=1:49
term(n+1l) =term(n) *x/n;
if abs(term(n+l)) <=1.0e-7
break;
end
end
exl=sum(term) ;
fprintf ('%5.2f %$10.5f %$10.5f \n',x,exl,ex2);
fprintf (fo, '%5.2f %$10.5f $10.5f \n',x,exl,ex2);
end
fclose (fo) ;

Program results

X exl ex2

-0.50 0.60653 0.60653
-0.40 0.67032 0.67032
-0.30 0.74082 0.74082
-0.20 0.81873 0.81873
-0.10 0.90484 0.90484

1.00484 1.00000
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0.10 1.10517 1.10517
0.20 1.22140 1.22140
0.30 1.34986 1.34986
0.40 1.49182 1.49182
0.50 1.64872 1.64872
>>

The following program uses a while loop to determine ¢* by series. The program
also determines e* by MATLAB’s exp () function. The program is made interac-
tive by asking the user to enter an x value from the keyboard.

Example 3.3

Example_3_3.m
Calculation of e"x by both MATLAB's exp function and the
Taylor series expansion of e”x. The input () function is
used to establish the exponent x.
A 'while loop' is used in determining the series solution.
A break statement is used to end the loop if the number of
terms becomes greater than 50. The display statement is
used to display the values of x, ex and ex2 in the
command window.
e x=1+x+x"2/2! +x"3/3!+x"4/4! +. ..
clear; clc;
x=1input ('Enter a value for the exponent x \n');
n=1; ex=1.0; term=1.0;
while abs (term) >ex*1.0e-6

term=x"n/factorial (n) ;

ex=ex+term;

n=n+1;

if n>50

break;

end
end
ex2=exp (x) ;
disp('x="); disp(x); disp('e"x="); disp(ex);

o° o o° o° o° o° o°

o o o°

Program results

Enter a value for the exponent x
5
X =
5
e"x =
148.4131
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Exercises

E3.1

E3.2

E3.3

Use a Taylor series expansion of log(1 + x) about x = 0 to show that
log(1+ %) = x—lx2 +lx3 —lx4 +lx5 —ete
2 3 4 5

This formula is valid for x* < 1. Create a MATLAB program to determine
log(1 + x) for 0.9 < x < 0.9 in steps of 0.1 by both series and MATLAB’s
built-in 1og() function. Create a table similar to Table 3.1 and print it to
a file. Print the results to 5 decimal places.

Determine the Taylor series expansion of cos(x) about x = 0 and develop a
computer program in MATLAB that will compute the series from -7 < x < 7
in steps of 0.1z by determining each term in the series according to the
equation term (£ + 1) = term (k) x a multiplication factor, where the
multiplication factor needs to be determined. Use as many as 50 terms;
however, stop adding terms when the last term only affects the 6th
decimal place in the answer. Also compute the value of cos(x) by using
MATLAB?’s built-in cos () function over the same interval and step size.
Create a table similar to Table 3.2 and print it to a file. Print the results
to 5 decimal places.

Determine the Taylor Series expansion of sin(x) about x = 0 and develop a
computer program in MATLAB that will evaluate sin(x) from -z < x < 7w in
steps of 0.1z. Compute the series by using MATLAB’s factorial func-
tion and using as many as 50 terms. However, stop adding terms when the
last term only affects the 6th decimal place in the answer.

Also compute the value of sin(x) by using MATLAB’s built-in sin()
function over the same interval and step size. Create a table similar to the
table shown in Exercise E3.2 except replace cos(x) with sin(x).

Table 3.1 Table Format for Exercise E3.1

log(1+x) log(1+ x) Terms in
X by log () by Series | the Series

-0.9 - - -

0.9 — — —
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Table 3.2 Table Format for Exercise E3.2

cos X cos X Terms in the
X by cos () by Series Series
-1.07 — — —
-0.97 — — —
0.9z — — -
1.0m — — —

E3.4 Using the Taylor series expansions for e*, cos(x), and sin(x), show that

€ = cos(x) + isin(x).
Also show that

e ™ = cos(x) — isin(x)

where i=+/-1

3.3 Self-Written Functions

Self-written functions are useful if you have a complicated program and wish to
break it down into smaller segments. Also, if a series of statements is to be used
many times, it is convenient to place them in a function. Many MATLAB func-
tions (such as fzero, quad, ode45) require a self-written function to define
the problem of interest. Self-written functions (equivalent to subroutines in other
computer languages) are useful if you have a complicated program and wish to
break it down into smaller segments. Also, if a series of statements is to be used
many times, it is convenient to place them in a function. Many MATLAB functions
(such as fzero, quad, ode45) require a self-written function to define the problem
of interest. Self-written functions are usually stored in seperate files and are save as
a .m file. The first executable statement in the function file must be similar to the
form shown in the MATLAB template for writing a function (see Figure 3.1). As
can be seen in this figure, the function template is of the form

function[ output arguments | = function name( input arguments )

Some example function definitions are shown in Table 3.3.

If the function has more than one output value, then the output variables must
be in brackets. If there is only one output value, then no brackets are necessary. If
there are no output values, use empty brackets.
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B Editor - Untitled*

function [ outpu 1 = Unticled( imput args )
~]$UNTITLED Summary of thia function goes here

% Detailed explanation goes here

Figure 3.1 Function template.

Table 3.3 Example of Function Usage

Function Definition Line Function File Name
function [P,V] =power (i,v) power.m
function ex=exf (x) exfm
function[] =output (x,Vy) output.m

B It should be noted that the function output arguments may be passed to
the calling program or to another function or to the Command window.
Variables defined and manipulated inside the function are local to the func-
tion. This means that the only communication between the calling
program and the function is through the input and output arguments
of the function. The exception to this is when a global statement is con-
tained in both the calling program and the function.

B Many of MATLAB’s “built-in” functions are actually implemented as . files.
For example, MATLAB’s factorial function is implemented in the file
Jactorial.m. You can find factorial.m by typing which factorial in the
Command window.

In the following example, ¢ is determined using a self-written function.

Example 3.4

o°

exfl.m

This code defines a function, 'exfl', that evaluates e’x.
This function takes 'x' as an input argument and is called
either from the Command Window or from a script. The

o° o

o°
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o°

resulting output, 'ex', is available to be used in another
program or in the Command Window.
In this example, term(n+l) is obtained from term(n) by
multiplying term(n) by x/n.
e”x = 1+x+x72/2! +x73/3! +x"4/41 +. ..
function ex=exfl (x)
term(1l) =1.0;
for n=1:99

term(n+l) =term(n) *x/n;

if abs(term(n+l)) <=1.0e-7

break;

end
end
ex=sum(term) ;

o® o o

o

To test out this function, run it from the Command Window. Some examples:

>> exfl(1.0)
ans =
2.7183
>> y=exf1(5.0)
y:
148.4132

In the following example, function exf1l created in Example 3.4 is used in two
different arithmetic statements.

Example 3.5

o°

Example 3 5.m
This program uses the function exfl (defined in Example 3 4)
in two different arithmetic statements, i.e., it is used
to calculate w, y and z.
In this program, the output is sent to a file.
clear; clc;
fo=fopen('output.txt','w');
fprintf (fo,' x vy w z \n');
fprintf (fo, '-------=-"-“““~““ - \n') ;
for x=0.1:0.1:2.0
y=exfl (x);
w=5*x*exfl (x) ;
z=10*x/y;
fprintf (fo, '%$6.2f %10.3f %10.3f %10.3f \n',x,y,w,2z);
end
fclose (fo) ;

o® o o

o
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Program results

X y w Z

0.10 1.105 0.553 0.905
0.20 1.221 1.221 1.637
0.30 1.350 2.025 2.222
0.40 1.492 2.984 2.681
0.50 1.649 4.122 3.033
1.60 4.953 39.624 3.230
1.70 5.474 46.529 3.106
1.80 6.050 54.447 2.975
1.90 6.686 63.516 2.842
2.00 7.389 73.891 2.707

The following two examples demonstrate that the names of the arguments in the
calling program need not be the same as those in the function. It is only the argu-
ment list in the calling program that needs to be in the same order as the argument
list defined in the function. This feature is useful when a function is to be used with
several different scripts, each script having different variable names, but each of the
variable names corresponds to variables in the function. This concept is used in all

of MATLAB?s built-in functions.

Example 3.6

o o o° o° o° o o° o

o o o o° o° o

o° o o

Example 3 6.m

This program uses the function exf2 to calculate g=e"w/z.
This calling program uses w and z as input variables to
function exf2.

The function exf2 calculates g and returns it to this
program.

The function exf2 names its input variables as (x,y) which
is not the same names used in the calling program, which
is (w,z). We see that the calling program need not use

the same names for the input variables as those used in
the function.

For one-to-one correspondence, the argument positions in
the calling program have to be the same as the argument
positions in the function.

Note: function exf2 (defined below) must be created before
this program is executed because the function exf2
requires input from this program.

clear; clc;
z=5;
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for w=0.2:0.2:1.0
g=exf2(w, z);
fprintf ('printout of w,z and g from calling program \n') ;
fprintf ('w=%5.2f z=%2.0f g=%10.5f \n', w, z, q);

end

exf2.m
This script is used in Example 3 6 and creates a function
'exf2' that evaluates e"x/y. In this function, x and y are
input variables that need to be defined in another
program, but need not have the same names. The output
variable in the function exf2 is sent back to the calling
program.
This example demonstrates that the names of the arguments
in the calling program need not be the same as those in
the function. It is the order list in the calling program
that needs to be the same as the order list in the function.
In this example, the next term is obtained from the
previous term by multiplying the previous term by x and
dividing by index n. The program does its own summing of
terms.
e"x=1+x+x"2/21+x"3/31+x74/4 ! +. . .
function exy=exf2(x,y)
s=1.0; term=1.0;
for n=1:100
term=term*x/n;
s=s+term;
if abs(term) <=s*1.0e-6

break;
end

o o

o o o° o° o° o o° o

o° o o°

o o° o

end

exy=s/y;

fprintf ('printout of x,y and exy from exf2 \n');

fprintf ('x=%5.2f y=%2.0f exy=%10.5f \n', x, y, exy);
Compare the printout of x,y and exy from function exf2
with the printout of w,z and g from the calling program,
Example 3 6.m. Observe that (w,z) = (x,y) and g = exy.

o o

o°

Program results

printout of x,y and exy from exf2

x=0.20 y=5 exy=0.24428

printout of w,z and g from calling program
w=0.20 z=5 g=0.24428

printout of x,y and exy from exf2

x=0.40 v=5 exy=0.29836

printout of w,z and g from calling program
w=0.40 z=5 g=0.29836
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Review 3.1

. What is the series expansion for ¢*?

. What are two different approaches for evaluating the terms in the series for e*?

. When does it seem appropriate to write a self-written function?

. A self-written function usually has both an input and an output. Where does
the input come from? Where does the output go to?

5. If a self-written function has more than one output, how must the output be

presented?

AN N —

6. How does a self-written function communicate with the calling program?

7. What can be said about variables within a self-written function that are not
in the input or output arguments of the function?

8. Do the variable names in the input and output arguments between the calling
program and the function have to be the same?

3.4 Anonymous Functions

Sometimes, it is more convenient to define a function inside your script rather
than in a separate file. For example, if a function is brief (perhaps a single line)
and unlikely to be used in other scripts, then the anonymous form of a func-
tion can be used. This will save you from having to create another .7 file. An
example is

fh=e(x,y) (y*sin(x)+x*cos (y)) ;

MATLAB defines the @ sign as a function handle. A function handle is equiva-
lent to accessing a function by calling its function name, which in this case is
th. The (x,y) defines the input arguments to the function, and (y*sin(x) +
x*(cos(y)) is the function. Anonymous functions may be used in a script or in
the Command window.

Example: In the Command window, type in the following two lines:

>> fh=@(x,y) (y*sin (x) +x*cos (y));
>> w=fh(pi,2*pi)
W=
3.1416

Additional information on anonymous functions can be obtained by typing help
function handle in the Command window.

The following example uses an anonymous function and is a modification
of Example 2.12. The script loads the data file atm_properties.txt (shown at the
end of the script). The first column is the altitude, the second column is the
temperature, the third column is the pressure, and the fourth column is density.
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Note: The data file should on/y contain numbers. The script is interactive; it asks
the user to enter an altitude from the keyboard.

Example 3.7

o

Example 3 7.m
This program interpolates for atmospheric properties T,p
and rho at an altitudes entered from the keyboard.
Atmospheric table data is loaded into the program from the
data file atm properties. The data file contains
atmospheric properties every 1000 m. Properties of
Temperature, pressure and density at the altitudes entered
from the key board are determined by interpolation and
printed to the screen.
The data table includes properties every 1000 m from z=0
to z=5000 m.
An anonymous function (avoids creating an extra .m file) is
used to do the interpolation:
clear; clc;
% anonymous function
vi=@(z,2z1,22,y1,y2) (yl+(z-z1)*(y2-y1l)/(22-21));
load 'atm properties.txt'
zt =atm properties(:,1);
Tt=atm properties(:,2);
pt=atm properties(:,3);
rhot =atm properties(:,4);
char="'Y"';
while char=='Y"
fprintf ('Enter the altitude at which atmospheric \n');
fprintf ('properties are to be determined \n');
z=input ('Altitude range is from 0 to 5000 m \n');
for i=1:1length(zt)-1
if z>=zt (i) && z<zt(i+1)
T1=Tt(i); T2=Tt(i+1l);
zl=zt (i); z2=zt(i+1);
T=yf(z,z1l,z2,T1,T2);
pl=pt(i); p2=pt(i+l);
p=yf(z,z1,22,p1l,p2);
rhol=rhot (i) ; rho2=rhot (i+1) ;
rho=yf (z,zl,z2,rhol,rho2);
fprintf ('z=%.1f(m) T=%.2f£(C) \n',z,T);
fprintf ('p=%5e (Pa) rho=%.5e (kg/m*3) \n',...
p,rho) ;

o° o° o o° o° o° o o° o° o° o°

o°

end
end
fprintf ('\n');
fprintf ('Do you wish to enter another altitude ');
char = input('enter Y for yes or N for no \n','s');
end
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The following atm_properties.txt file needs to be created before running Example 3.7.

0 288.15 1.0133e+005 1.2252

1000 281.65 8.9869e+004 1.1118
2000 275.15 7.9485e+004 1.0065
3000 268.65 7.0095e+004 0.9091
4000 262.15 6.1624e+004 0.8191
5000 255.65 5.4002e+004 0.7360

Program results

Enter the altitude at which atmospheric
properties are to be determined.
Altitude range is from 0 to 5000 m

2340

z =2340.0(m) T=275.15(C)
p=7.94850e+04 (Pa) rho=1.00650 (kg/m"3)
Do you wish to enter another altitude
enter Y for yes or N for no

Y

Enter the altitude at which atmospheric
properties are to be determined.
Altitude range is from 0 to 5000 m

4580

z=4580.0(m) T=262.15(C)
pP=6.16240e+04 (Pa) rho=0.81910(kg/m"3)
Enter the altitude at which atmospheric
properties are to be determined.
Altitude range is from 0 to 5000 m

N

>>

3.5 MATLAB®’s interpl Function

MATLAB has a function named interpl that performs interpolation.
The syntax for interpl is
Yi = interpl(X,Y,Xi)

where
X and Y are a set of known (x, y) data points
X1 is the set of x values at which the set of y values, Y1, are to be determined by
linear interpolation

Arrays X and Y must be of the same length. Note: If X1 is a vector, then Yi will
also be a vector. The function interpl can also be used for interpolation methods
other than linear interpolation, and this is covered in Chapter 9 on Curve Fitting.
The next example demonstrates the use of interpl function for interpolating
for internal energy of refrigerant R134a [1] at temperatures specified in vector T2.



Taylor Series, Self-Written and MATLAB®’s interpl Function ® 113

Example 3.8

Example 3 8.m

This program uses MATLAB's function interpl to interpolate

for the internal energy, u, as a function of temperature,

T, of refrigerant 134a at a pressure of 0.6 bar.

Measured values of the internal energy (kJ/kg) vs.

temperature (C) are specified in vectors ut and Tt

respectively.

The temperatures at which the internal energy is to be

determined are specified in vector T2.

The program also creates a plot of u vs. T and includes

points of u at temperature T2.

clear; clc;

Tt = -20:10:90;

ut = [217.86 224.97 232.24 239.69 247.32 255.12 263.10
271.25 279.58 288.08 296.75 305.58];

fprintf ('This program interpolates for the internal energy, \n');

fprintf ('u at a specified temperature T. \n');

fprintf ('The allowable temperature range is') ;

fprintf ('-20 to +90 C \n\n');

T2 = [-12 6 24 32 64 82];

u = interpl(Tt,ut,T2);

fprintf (' T2 (K) u(kJ/kg) \n');

fprintf ('-----------------—--—--- \n') ;

for 1 = 1:6

fprintf ('%6.1f $8.3f \n',T2(i),u(i));

o° o° o° o° o° o° o° o° o° o° oP

end

plot (Tt,ut,T2,u,'o');

xlabel ('T'), ylabel('u'), title('u vs. T'), grid;
Legend ('u vs. T', 'u2 vs. T2');

Program results

This program interpolates for the internal energy,
u at a specified temperature T.
The allowable temperature range is -20 to +90 C.

-12.0 223.548
6.0 236.710
24.0 250.440
32.0 256.716
64.0 282.980
82.0 298.516

>>

See Figure 3.2.
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Figure 3.2 Plotofuvs. T.

Exercises

E3.5 Modify Example 3.7 by removing the anonymous function y £ and doing the
interpolation by MATLAB’s interpl function.

E3.6 The mobility of electrons, 4, in silicon is dependent on temperature, 7, and
is often presented as a table of laboratory measurements for a few distinct
temperatures [2]. If we wish to determine the electron mobility at a tempera-
ture that is not in the table, we need to interpolate. Table values for electron
mobility, Mu (cm?/V-s), at temperatures, T (K), are specified in the vectors
Mut and Tt, respectively:

Tt = [100 150 200 250 300 350 400 450];
Mut = [19650 7427 3723 2180 1407 972 705.5 531.8];

We wish to determine Mu at temperatures T2 where

T2 = [130 425 280 335]

Create 2 MATLAB program that evaluates Mu at temperatures T2 using
MATLAB’s interpl function.

a. Print the results to a file in table format.

b. Create a plot of Mu vs. T
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Review 3.2

1. If a programmer wishes to write a self-written function, but does not wish
to create an additional .7 file, what can the programmer do and what is the
constraint?

2. What is the name of MATLAB’s function that does interpolation?

. What are the inputs to MATLAB’s interpolation function?

. What are the outputs from MATLAB’s interpolation function?

0

3.6 Working with Characters and Strings

In this section, we demonstrate several programs that use characters and strings.
Usually characters and strings need to be enclosed with single quotation marks.

Example 3.9

o°

Example_3_9.m
Sometimes you might wish to print out a string of
characters from a loop. This can be done by declaring a
2-D character string matrix as shown in this example.
Note that all row character strings must have the same
number of columns and that character strings must be
enclosed by single quotation marks.
clear; clc;
Assign a string matrix.
Each row in the matrix must have the same number of
columns.
parts=['Internal modem '

'Graphics adapter'

'CD drive !

'DVD drive !

'Floppy drive !

'"Hard disk drive '];
for i=1:6

fprintf ('%$16s \n',parts(i,1:16));

end

o o° o°

o° o o

o® o o

Program results

Internal modem
Graphics adapter
CD drive

DVD drive

Floppy drive
Hard disk drive
>>
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Example 3.10

This example is an interactive program. The user has to input whether to print the
string matrix to the screen or to a file.

Example 3 10.m
This example is a modification of Example 3.9. The program
asks the user if he/she wishes to have the output go to the
screen or to a file.
This example also illustrates the use of the switch statement.
clear; clc;
char= ['Internal modem !

'External modem !

'Graphics circuit board'

'CD drive !

'Hard disk drive '1;
fprintf ('Choose whether to send the output to the\n');
fprintf ('screen or to a file named ''output.txt''. \n\n');
Note that in order to get MATLAB to permit quotation marks
surrounding output.txt, we had to use double quotation marks.
fprintf ('Enter ''s'' for screen or ''f'' for ');

o o

o° o o°

o
s
o

s

var=input ('file (without quotes)\n', 's');
switch (var)
case 's'
for i=1:5
fprintf ('%22s \n',char(i,1:22));
end
case 'f!
fo=fopen('output.txt','w'");
for i=1:5
fprintf (fo, '$22s \n',char(i,1:22));
end
fclose (fo) ;
otherwise
fprintf ('you did not enter an s or a £, try again \n');
exit;
end

Program results

Choose whether to send the output to the
screen or to a file named 'output.txt'.

Enter 's' for screen or 'f' for file (without quotes)
s

Internal modem

External modem

Graphics circuit board

CD drive

Hard disk drive

>>




Taylor Series, Self-Written and MATLAB®’s interpl Function ®m 117

Example 3.11

In this interactive example, we illustrate the use of the 1f-elseif ladder to estab-
lish a letter grade when the user enters a numerical score.

Example 3 11.m
This example uses the if-elseif ladder.
The program determines a letter grade depending on the
score the user enters from the keyboard.
clear; clc;
gradearray=['A'; 'B'; 'C'; 'D'; 'F'];
score=input ('Enter your test score: ');
fprintf ('score is: %i \n', score);
if score>100,
fprintf ('error: score is out of range. Rerun program \n');
break;
elseif (score>=90 && score<=100)
grade =gradearray (1) ;
elseif (score>=80 && score<90)
grade=gradearray(2) ;
elseif (score>=70 && score<80)
grade=gradearray(3) ;
elseif (score>=60 && score<70)
grade =gradearray (4) ;
elseif (score<60)
grade = gradearray(5);
end
fprintf ('grade is:%c \n', grade) ;

o o o°

o°

Program results

Enter your test score: 76
score is: 76
grade is: C

>>

Example 3.12

This example is a modification of Example 3.11. In this interactive example, a for
loop is used to establish the interval containing the grade.

Example 3 12.m

The program determines a letter grade depending on the
score the user enters from the keyboard.

This version uses a loop to determine the correct interval of
interest. For a large number of intervals, this method is
more efficient (fewer statements) than the method in
Example 3.11

clear; clc;

gradearray=['A'; 'B'; 'C'; 'D'; 'F'];

o o o

o° o o°

o°
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sarray=[100 90 80 70 60 0];
score=input ('Enter your test score: ');
fprintf ('score is: %i \n', score) ;
The following 2 statements are needed for the case when
score=100.
if score==100
grade =gradearray (1) ;

o o

else
for i=1:5
if (scores>=sarray(i+l) && score<sarray(i))
grade=gradearray (i) ;
break;
end
end
end

fprintf ('grade is: %c \n', grade) ;

Program results

Enter your test score: 82
score is: 82

grade is: B

>>

Example 3.13

This example combines the use of a string matrix and the establishment of a grade.

Example 3 13.m
This program determines the letter grades of several students.
Student's names and their test scores are entered in the
program.
This example uses nested 'for' loops and an 'if' statement
to determine the correct letter grade for each student.
clear; clc;
gradearray = ['A'; 'B'; 'C'; 'D'; 'F']l;
sarray=[100 90 80 70 60 O0];
Lname= [ 'Smith !

'Lambert !

'Kurtz !

'Jones !

'Hutchinson '

'Diaz "1;
Fname= [ 'Joe !

'Jane !

'Howard !

'Mary !

'Peter !

'Carlos '1;
score=[84; 86; 67; 92; 81; 75];

o o o° o° o° o
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)

% The score=100 is treated separately.

for j=1:6
if score(j)==100
grade (j) =gradearray (1) ;
else
for i=1:5
if (score(j) >=sarray(i+l) && score(j) < sarray(i))
grade (j) = gradearray (i) ;
end
end
end
end
fprintf ('last name first name grade \n') ;
fprintf ('-------- e \n') ;

for j = 1:6
fprintf ('%1lls $%11ls %c \n',
Lname (j,1:11) ,Fname(j,1:11) ,grade(j));
end

Program results

last name first name grade
Smith Joe B
Lambert Jane B
Kurtz Howard D
Jones Mary A
Hutchinson Peter B
Diaz Carlos C
>>

Example 3.14

This example involves a self-written function and string arrays.

An important building block in program development is the self-written func-
tion. In the following text, we construct the function func _ grade to determine
the grade in the previous example. The input to func _ grade is the score and
the output is the corresponding grade. Remember that a user-defined function is
saved in a separate . file.

% Example 3 14.m

% This program uses func grade.m (defined below) to

% determine the grade of a student. The input to the

% function is score and the function returns the grade to
% the calling program.

clear; clc;
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Lname= ['Smith !

'Lambert !

'Kurtz !

'Jones !

'Hutchinson '

'Diaz '1;
Fname= ['Joe !

'Jane !

'Howard !

'Mary !

'Peter !

'Carlos '1;
% The scores of the students named above are given in the
% vector score in the order listed in Lname.
score= [84; 72; 93; 64; 81; 75];
fprintf ('last name first name grade \n') ;

fprintf ('-------- - \n') ;
for j=1:6

grade (j) =func_grade (score(j)) ;

fprintf ('%$1lls $1ls %$c \n',...

Lname (j,1:11),Fname(j,1:11),grade(j));
end

func grade.m

This function works with Example 3 14.m
function grade=func_grade (score)
gradearray=['A'; 'B'; 'C'; 'D'; 'F'];
sarray=[100 90 80 70 60 0];

if score==100

grade=gradearray (1) ;

o
°
o

s

else
for i=1:5
if (scores=sarray(i+l) && score<sarray(i))
grade =gradearray (i) ;
end
end
end

Program results

last name first name grade

Smith Joe B
Lambert Jane B
Kurtz Howard D
Jones Mary A
Hutchinson Peter B
Diaz Carlos C

>>
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Review 3.3

1. Suppose you wish to define a matrix consisting of string elements. What are
the rules that need to be followed in setting up this matrix?

2. Suppose our independent variable is x, and the x domain is subdivided into
small intervals and we wish to determine which interval contains an item of
interest. What is the most efficient way to determine the interval that con-
tains our item of interest?

Projects

P3.1 Develop a computer program in MATLAB that will evaluate the following

functions for -0.9 < x < 0.9 in steps of 0.1 by

a. An arithmetic statement.

b. A series allowing for as many as 50 terms. However, stop adding terms
when the last term only affects the 6th decimal place in the answer.

c. Print to a file a table similar to Table P3.1 with f{x) to 6 decimal
places.

The functions and their series expansions are

1 1-1 1-1~3x3 1-1-3-5 <+

L f(x=>1+%"7=1+-—x——x + -
27 24 2-4-6 2-4-6-8

2 FR =+ ol Lgp 1B e 135 5 1357
2 24 246" 2-4-6-8

x4—...

Table P3.1 Template for Output Table

f(x) (By Arithmetic f(x) # of Terms Used
X Statement) (By Series) in the Series

-0.9 — — —

-0.7 — - -

0.7 — — —

0.8 — — —

0.9 — — —
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13 4 1:3:5 4 1:3:5:7
— X = x +

247 246" 2:4-6-8
112 5,125 5 1258 4

4, f(x=(1+x" =1+-—x-——-% X
3 36 3-6-9 3.6-9-12

3. f(x)=(1+%)" =1—%x2 +

Hint: term(k+1) = term(k) X (; — (k- 1)) X E, for k=1,2,3,...
P3.2 The binomial expansion for (1 + x)”, where 7 is an integer, is as follows:

. n(n-1)x N n(n-1)(n-2)x N

(1+x"=1+nx
2! 3!

N nn-1)n-2)(n—-r+2)x" N

T et % (P3.2)

Construct a MATLAB program that will evaluate (1 + x)” by both the series
and by an arithmetic statement for # = 10 and 1.0 < x < 10.0 in steps of 0.5.
Print out the results in a table as shown in Table P3.2.

P3.3 This project is a modification of Project P2.2. Instead of making the pro-
gram interactive, enter the following altitudes, z2, at which the atmospheric
properties of (7, p, p) are to be determined by linear interpolation using
MATLAB’s interpl function:

z2 = [23500 8570 14320 34865 78790 56820 64780]

Print the results to a file in a table format.

Table P3.2 Template for Output Table

(1+ x)" (by Arithmetic (1T+x)"
X Statement) (by Series)

1.0 - —

1.5 — —

2.0 - —

2.5 — —

10.0 - -
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P3.4 The properties of specific volume, », and pressure, p, as a function of tempera-
ture, 7, for carbon dioxide based on the Redlich—-Kwong equation of state are
given in Table P3.4.

Write a MATLAB program that will do the following:
a. Construct three separate vectors containing the carbon dioxide properties
of 7, v, and p.
Print Table P3.4 to the screen (with table headings).
c. Determine v and p at temperatures T2 using MATLAB’s interpl func-
tion where

T2 = [367 634 420 587 742]

d. Print to the screen in a table format (with table headings) values of v and
p at temperatures T2.

P3.5 Mathematician Joseph Fourier is credited with the theorem that any periodic
waveform may be expressed as a summation of pure sines and cosines. For
example, the square wave of Figure P3.5a can be written as a sum of sines:

v(t)—é 2£t+isi 6£t+i 10pt+
P T 3p T 5p
DR
- pk T
kodd

Table P3.4 Carbon Dioxide Properties

T (K) v (m%kmol) p (bar)
350 0.28 7.65
400 0.32 8.57
450 0.36 9.16
500 0.40 9.55
550 0.44 9.81
600 0.48 10.00
650 0.52 10.14
700 0.56 10.24
750 0.60 10.31

Note: 1 bar =10° N/m2.
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T=1ms
(@)
y 1st term

Sum of 1st, 2nd,
1 and 3rd terms

XA .

1 2nd term  3rd term

(b)

Figure P3.5 (a) Square waveform. (b) Three-term Fourier series of square waveform.

Figure P3.5b shows the first three terms of the series and their summation.

a.

Write a MATLAB script that implements the self-written function
sgwave(n,T,1i) that takes the following arguments:
n is the number of terms of the Fourier series.
T is the period of the square wave in seconds.
i is the number samples per period.
'The function should return two arrays, t and v, each containing 1 elements,
where
t =an array of 1 time points
v = an array of 1 computed values of the nth-degree approximated
square wave

Run your sgqwave (n,T,1) function and plot the results for the following
arguments:

T=1ms, 1i=1001, n-=1,3,10,100

For 7 = 100, create a plot of v vs. .
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P3.6 Bob’s Hardware Store wishes to create an online program to sell items in its
inventory. You are to create an interactive MATLAB program for this pur-

pose. The program is to contain the following items:

Data file

a.

A dara file that contains a description of the inventory items for sale,
their cost, and the quantity available for sale. The list should contain at
least 10 items. This data file will be read into the main script. Whenever
an item is purchased, the inventory available for sale should be updated
in the data file.

Main script

b.

The script is to print to the screen the items for sale, their cost, and the
quantity available for purchase.

The script is to ask the user if he or she wishes to make a purchase. If yes,
the script is to ask the user the line number of the item he or she wishes
to purchase and the quantity.

If the user does not wish to make a purchase, exit the program. If the
user does not respond correctly to the query, print an error message to
the screen and inform the user to restart the program. Then exit the
program.

If the user does make a purchase, the program is to continue asking the
user if he or she wishes to make another purchase. If yes, print to the
screen the list of items, their cost, and the updated items available for
purchase. Then, the script is to ask the user the line number of the item
he or she wishes to purchase and the quantity. If the answer is no, exit the
program.

Billing function
f. When the user is finished making all his or her purchases, the script is to

call a function that will print out a bill for the items purchased. The bill
should contain the name and address of the store, the user’s first and last
names, the user’s address, bill headings, a list of all the items purchased
and their unit prices, the total price for each item purchased, and, finally,
the total price of all the items purchased.
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Chapter 4

Matrices

4.1 Introduction

In engineering, we frequently deal with matrices or problems involving a set of linear
equations. In addition, the basic element in MATLAB® is a matrix and it is therefore
appropriate to have a chapter on matrices. First, we discuss some basic matrix concepts
and operations and the treatment of matrices in MATLAB, including several sample
MATLAB programs involving matrices. This is followed by a discussion of MATLAB’s
inv function for solving a system of linear equations. Problems in statics and in resis-
tive circuits, which involve a system of linear equations, are covered. Next, the Gauss
elimination and the Gauss—Jordon methods are described, including examples on these
methods. A method for obtaining the inverse of a matrix is also discussed. These lat-
ter three topics do not involve MATLAB and may be skipped without affecting the
remaining chapters in the book. Finally, the matrix eigenvalue problem is discussed,
including applications in vibration and resonant circuit problems.

4.2 Matrix Operations

B A rectangular array of numbers of the form shown as follows is called a matrix:

a Q. Sn
acr o
Sn1 Sn2 Snn

The numbers 4 in the array are called the elements of the 72 x 7 matrix A.

127



128

B Numerical and Analytical Methods with MATLAB®

A matrix of m rows and one column is called a column vector.

A matrix of one row and 7 columns is called a row vector.

Matrices obey certain rules of addition, subtraction, and multiplication.
Addition and subtraction: If matrices A and B have the same number of rows
and columns, then

[(a1+by)  (a+bp) - (@n+bu)]
C—A+B- (a21frb21) (azz‘."bzz) - (aZn""bzn)
| (@ +h) (G th) 0 (et |
[(a1-by)  (ay—bp) - (&n—bu)]
CoA_Bo (azl._bZI) (azz._bzz) - (aQn'—bzn)
| (@ —hu) (G —hwa) o (8wn —hun)

Addition and subtraction of the matrices A and B are only defined if A and B
have the same number of rows and columns.

Multiplication: The product AB is only defined if the number of columns in
A equals the number of rows in B. If C = AB, where

a  a, a b, b,
A= [azl azz a23:| and B= bz] b22
1 ’ ’ by by

then

C:|:(anb11+ apby +asby)  (ab,+ a12b22+al3b52):|
(aiby; + anby + asbs) (&b + anby, + asby)

If A has M rows and B has K columns, then C = AB will have M rows and K
columns. A general expression for the element ¢;; is

K

qFZakhq

k=1

In MATLAB, the multiplication of matrices A and B is entered as A*B.
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The transpose of a matrix A is an operation in which rows become columns
and columns become rows. In matrix algebra, the transpose of matrix A is
written as AT, If

2 5 1
7 3 8
A=
4 5 21
16 3 10
then

2 4 16
AT=|5 3 5 3
1 21 10

In MATLAB, the transpose of matrix A is entered as Ar.
Summing the elements of a vector or the columns of a matrix:
IfA= [a, & ag], then sum(A) = 4, + a, + 4.

If
b, by, b
B=|by by, by;
by by by

then

sum(B)=[(h1+b21+b51) (b&z +by, +b52) (ha"‘bzs +b53)]

Dot product: In vector notation, the dot product of two vectors is defined as
A-B=) ab

For example, if A = [4 -1 3] and B= [—2 5 2], then

A-B=(4)(-2)+(-DO)+(3)(2)=-7

The result of a dot product is always a scalar (i.e., a single number).
In MATLAB, the dot product, A - B, is entered as dot (A,B).
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B Identity matrix: The identity matrix, I, is a matrix where the main diagonal
elements are all one and all other elements are zero.

IA=AI=A
For example, for the case of a three-by-three matrix A,

a, g as (|1 0
Al=| a, &) Q3
& &) a3 |0 O

(a;+0+0) (O+a,+0) ((0+0+a3)
=|(a;+0+0) (O+a,+0) (0+0+a;)
| (@ +0+0) (0+a,+0) (0+0+a;)

In MATLAB, you can generate an 7 x 7 identity matrix with eye (n).
B Inverse of a matrix: The inverse of matrix A, denoted A™!, is a matrix such

that

1 0 0
ATA=AA"=I=|0 1 0| (fora3x3matrix)
0 0

In MATLAB, the matrix inverse A™! is entered as inv (a).
B In MATLAB, the determinant of the matrix A is entered as det (A).
Before the use of computers, determinants were developed as a method for
obtaining a solution to a system of linear equations. Computationally, it is
only practical for a system involving just a few equations [1]. However, deter-
minants do have an application in the eigenvalue problem that is discussed at
the end of this chapter.
The determinant of a 2 x 2 matrix is

an =)
=31 (=°%)

= a8 —andy
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Note that the determinant of a matrix is written with two straight lines that
enclose the matrix elements.
The determinant of a 3 x 3 matrix is

You can obtain the size of matrix A by the command size(Aa). This com-
mand is useful when you run a script and you get an error message like “Index
exceeds matrix dimensions.” Entering the size() command in the script
will help you determine the problem.

Element-by-element operations: Given two vectors of the same dimensions,
we can perform element-by-element multiplication and division in MATLAB
with the .* and ./ operators.

Given A = [a & a3] and B= [lq b }:g] , then

C=A*B=[ah ab ab]
D:A./B:[a1 = aﬁ}
h b b

We see that the element-by-element operation results in a vector that is the
same dimension as the vectors that are involved in the operation. Also, note
the dot product can be expressed as a combination of an element-by-element
multiplication and a sum:

A-B=sum(A.*B)=sum([ah ab ab])=ah+abtab

Product of functions of two vectors: As described in Chapter 2, MATLAB
allows taking a function of a vector and that the result is also a vector. If
a script involves a mathematical operation of two vector functions (such
as a product of two vector functions), then the operation will require an
element-by-element operation. In the following example, we compute the
product of two vector functions, both directly and indirectly by using a for
loop and multiplying the elements of each vector.
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Example 4.1

% Example 4 1.m
This program demonstrates matrix algebra in MATLAB
clear; clc;

o\

a = [15 9]

b = [2 6 12]

c = a+b

d = dot(a,b)
e = a.*b

f = a./b

g = sum(a.*b)
h = a*b!

Program results

a =

1 5 9
b =

2 6 12
Cc =

3 11 21
d =

140
e =

2 30 108
£ =

0.5000 0.8333 0.7500
g =

140
h =

140
>>
Example 4.2

o°

Example 4 2.m

This example illustrates element-by element operation
of vector functions

clear; clc;

x = 0:30:180;

)

% vyl is the product of two vector functions

o°

o°

vyl = sind(x).* cosd(x);

fprintf (' x vl y2\n') ;
fprintf ('---------m e \n') ;
for n 1:length(x) ;

% y2(n) is the product of the elements of the two functions.
y2(n) = sind(x(n)) * cosd(x(n));

fprintf ('%$5.1f %8.5f %$8.5f \n',x(n),yl(n),y2(n));
end




Pro

120.
150.
180.

>>
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gram results
X vl v2
00000 00000

We

see that the two different methods for computing y1 and y2 give the same

answer.

Review 4.1

9N N —

e}

. If matrix C = A + B, what must be true about matrices A and B?

. If C = AB, what must be true about matrices A and B?

. What command in MATLAB is used to obtain the inverse of a matrix?

. What symbol is used in MATLAB to transpose a matrix?

. Is the dot product of two vectors a scalar or a vector?

. Is the element-by-element multiplication of two vectors a scalar or a vector?

. Does the use of MATLAB’s sum command on a vector produce a scalar or a
vector?

. Does the use of MATLAB’s sum command on a matrix of two or more columns
produce a scalar or a vector?

4.3 System of Linear Equations

The

set of equations

1¥ tapx +tasz t-tank =g

¥ tap% tasy o tank =g
4.1

¥y tapd tagxs ttanX =G

can be represented by the matrix equation

AX =C 4.2)
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where
an ap Sin P G
P B A el Ao b
Qi =) o @m .Y G

Matrix A has # rows and 7 columns.
Matrix X has # rows and 1 column.
Matrix C has 7z rows and 1 column.

Note: The number of columns in A must equal the number of rows in X; otherwise,
matrix multiplication is not defined.

In matrix algebra, X can be obtained by multiplying both sides by A-!, that is,

ATAX=A'C=>IX=X=A"'C

—

I

MATLAB offers the following functions for solving a set of linear equations:

B inv Function:
To solve a system of linear equations in MATLAB, you can use

X = inv(a) * C

The method of solving a system of linear equations by using the inv function
is more computationally complicated than a method called Gauss elimination,
which is discussed in the following text.

B Gauss Elimination Function:
MATLAB represents the Gauss elimination method as matrix division; that
is, if AX = C, then
X = A\C

Note the use of MATLAB’s backslash operator to solve for X by Gauss

elimination.

Example 4.3

The following example solves a third-order system of linear equations and writes
the results to a file:

3% +2x% — % =10
-X%+3x%+2x% = 5
X- B- % =-1
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% Example 4 3.m
% This program solves a simple linear system of equations by
% both the use of MATLAB's inverse matrix function and by
% the Gauss elimination method.
clc; clear;
A= [32-1; -1 3 2; 1 -1 -11]
Cc = [10 5 -1]"
X1 = inv (A) *C % X1 is the solution using matrix inverse
X2 = A\C X2 is the solution using Gauss elimination
% check solution:
A*X1
Use the size() command to determine the number of rows and
the number of columns in matrix A.
[A rows A cols] = size(Ad)
Print matrix A, matrix C and the solution of the linear
system of equations to the file output.txt:
fid = fopen('output.txt',6 'w');
fprintf (fid, 'The A matrix is:\n');
for i = 1:A rows

for j = 1:A cols

fprintf (fid, '$6.1f',A(1,3));

o\°

o° o

o o

end
fprintf (fid, '\n") ;
end
fprintf (fid, 'The C vector is:\n');
for 1 = 1:1length(C)
fprintf (£id, '$6.1£f', C(i));
end
fprintf (fid, '\n") ;
fprintf (fid, 'The solution X1 (using inverse matrix) is:\n');
for i = 1:length(X1)
fprintf (£id, '$6.1£f', X1(1));
end
fprintf (£id, '\n'") ;
fprintf (£id, 'The solution X2 (using Gauss elimination) is:\n');
for 1 = 1:length(X2)
fprintf (fid, '%$6.1f',X2 (1)) ;
end
fprintf (fid, '\n"') ;
fclose (fid) ;

Program results

The A matrix is:

3.0 2.0 -1.0
-1.0 3.0 2.0
1.0 -1.0 -1.0

The C vector is:
10.0 5.0 -1.0
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The solution X1 (using inverse matrix) is:

-2.0 5.0 -6.0
The solution X2 (using Gauss elimination) is:
-2.0 5.0 -6.0

We sce that the Gauss elimination method produces the same answer as using the
inverse of the coefficient matrix method.

Review 4.2

1. Given a set of linear equations in the form AX = C, where A is the coefficient
matrix and X and C are column vectors, what are the two ways for solving for

X in MATLAB?

Exercises

E4.1 Solve the following set of linear equations by the method of determinants:
2% — % =12
4% +3% =-8

E4.2 Solve the following set of linear equations by MATLAB’s inv function:
a. 2x;+3x,- x3= 20
4x) - x,+3xy=-14

X+ 0%, + x3= 21

b. 4x +8x,+ x;= 8
-2x, = 3x, + 2x; = 14

Xy + 3%, + 4xy = 30

4.4 Statics Truss Problem

An engineering example involving a large system of linear equations can be found
in the field of statics. The problem is to solve for the internal forces in the struc-
tural members of a truss. In truss analysis, the structural members are considered
to be connected by pins at the joints. A pin can exert a single force with compo-
nents in both the horizontal and vertical directions, but cannot exert a moment.
It is assumed that external loads act in a plane, and thus, the truss may be treated
as a 2-D structure. It is also assumed that external loads are only applied at the
ends of the structural members and therefore, the members may be considered
as a two-force body. For a two-force body, the force exerted on the member by
the pin must be in the member’s axial direction. To demonstrate that this is true,
isolate a structural member, and take the moment about one end of the member.
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Figure 4.1 Simple truss.

For the body to be in equilibrium, the moment about any point on the body must
be zero. Thus, the force at the other end must be along the longitudinal axis of
the member resulting in a zero moment. In the analysis, we consider making an
imaginary cut in a structural member and removing one part of the member. We
replace the effect that the removed part had on the remaining part by a force that
is considered as the internal force of the member.

For illustration purposes, a truss consisting of five structural members is con-
sidered (see Figure 4.1). Since there are five structural members, there are five
unknown internal forces (reactions, which are the forces that the supports exert on
the structure, can be obtained from the equilibrium equations involving only the
external forces and are thus considered to be known). Also note that there are four
joints. We can write two scalar equations at each joing that is,

Y (®).=0 and D (F)a=0 4.3)

n

However, we can only use five independent equations. We will write two scalar
equations at joints A and B and one scalar equation (in the x direction) at joint C.
The system of equations can then be represented by the matrix equation:

AF =P (4.4)

where
A is the coefficient matrix
F is the column matrix of the unknown internal forces
P is the column matrix containing given external forces

The coefficient matrix A will be made up of elements #; where the first index is the equa-
tion number and the second index represents the force member associated with that
element. In writing the equations, take all unknown internal forces to be in tension.
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A D,

Y Y

Figure 4.2 Reactions for truss shown in Figure 4.1.

If F. comes out negative, then the internal force is in compression. First, we solve for the
reactions at points A and D (see Figure 4.2). Unknown reactions (4,, A, and D,) are to
be assumed pointing in the positive (x,y) directions. Forces are in kN:

Taking the sum of the moments about point A gives

ZM a =0=6D,—2cos(30°) X 65in(60°) — 25in(30°) X 6(1 + cos(60°)
Solving for D, gives
D, = éx[z c0s(30°) X 65in(60°) + 2 sin(30°)x 6 * (1 + cos(60°) kN
Taking the sum of the external forces in the x direction gives
D Ee=0= 8, +2005(309) > A, = ~2cos(30°)kN
Taking the sum of the external forces in the y direction gives
D Fy=0=8,+D,~25in(30°) > &, =D, +2sin(30°) kN

We now determine the non-zero elements of the coefficient matrix, A
Internal forces at joint A (see Figure 4.3)

Z Fy =0=F cos(60°)+ F; + A, 0

a; =cos(60°), as=1 B =-A,
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Fl
60°
A
A, > I > I,
AJ’
Figure 4.3 Internal forces at joint A.
B
> F,
60° 60°
F F,
Figure 4.4 Internal forces at joint B.
Z F, =0=F sin(60°)+ A,
2
& =sin(60°), B, =-A,

Internal forces at joint B (see Figure 4.4)

2 F,=0=F; + F, cos(60°) — F; cos(60°) 3)
& = COS(6OO): & = _COS(6OO)) &y = L P3 =0
D F,=0=—F sin(60°) - F, sin(60°)
“)
3y = —sin(60°), a;, =-sin(60°), P, =0
Internal forces at joint C (see Figure 4.5)
z Fy, =0=—F; — F5 cos(60°) + 2 cos(30°)

)

a, =—1, a&s=—cos(60°), P5=-2cos(30°)
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C
F4
2 cos 30°
60°
F, 2 sin 30°
Figure 4.5 Internal forces at joint C.
3 Fj
60° 60°

Figure 4.6 Internal forces at joint D.

Since joint D has not been used in establishing the coeflicient matrix, it can be used
as a check on the obtained solution; that is, the sum of all the forces acting at joint D,
both in the x and y directions, must be zero.

Forces at joint D (see Figure 4.6)

CHDx=-F; — F, cos(60°) + F5 cos(60°) 4.5)
CHDy= F,sin(60°) + Fs sin(60°) + D, (4.6)

where CHDx and CHDy represent a check on the sum of the forces at joint D in
the x and y directions respectively.

The following example program solves for the internal forces in the truss.

Example 4.4

o°

Example 4 4.m

This program solves for the internal forces in a truss by
the matrix method

The a and p matrices are sparse, so

Set all a and p elements to zero and overwrite

the elements that are not zero.

o o o o

o°
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clear; clc;
thé0 = pi/3; th30 = pi/6; ie = 5; je = 5;
a = zeros(5); p = zeros(5,1);
sth60 = sin(thé60); cth60 = cos(th60); sth30 = sin(th30);
cth30 = cos(th30);
Calculation of reactions:
Sum of moments about joint A gives the vertical component of
the reaction at joint
y = (2*cth30*6*sth60+2*sth30%6* (1+cth60)) /6;
Sum of external forces in the x direction gives the
horizontal component of the reaction at joint A.
Ax = -2*cth30;
the sum of external forces in vertical direction gives
the vertical component of the reaction at joint A.
Ay = 2*sth30-Dy;
fo = fopen('output.txt','w');
fprintf (fo,' Example 4 4.m \n');
fprintf (fo,' statics problem.m \n') ;
fprintf (fo, 'Program solves for the internal forces ');
fprintf (fo, 'of a truss \n\n');
(
(

o0 O o o° oe

o\°

o°

o°

fprintf (fo,' Reactions in kN \n');
fprintf (fo,' Ax=%8.3f \t\t Ay=%8.3f \t\t Dy=%8.1f \n\n',...

Ax,Ay,dy) ;

% Overwrite the non-zero elements of matrix a and matrix p.
a(l,1) = cthe0; a(1,3) = 1.0; p(l) = -Ax;
a(2,1) = sthe0; p(2) = -Ay;
a(3,1) = -cthe0; a(3,2) = cthe0; a(3,4) = 1.0;
a(4,1) = -sthé60; a(4,2) = -sthé60;
a(5,4) = -1.0; a(5,5) = -cth60; p(5) = -2*cth30;
fprintf (fo,' A matrix \n\n');
jindex = 1l:je;
fprintf (fo,' ');
for 1 = 1:ie

fprintf (fo, %51i',jindex (1)) ;
end
fprintf (fo, '\n') ;
fprintf(fo, '-----------mmm e \n');
for 1 = 1:ie

fprintf (fo, '%41i ',1);

for j = 1:je

fprintf (fo, '%8.4f',a(i,3));

end
fprintf (fo, '\n') ;
end
F = a\p;

fprintf (fo, 'Internal forces, F(1)-F(5)"');

fprintf (fo, 'and external forces p(i),in N \n\n');

fprintf (fo,' Member # F(1i) Equation # p(i) \n'");
fprintf (fo,' ======================================== \n') ;
for 1 = 1:ie
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fprintf (fo,' $%3.0f %9.4f $3.0f %$5.3f \n', ...
i,F(i1),1i,p(1));
end
% check if the sum of the horizontal components at joint D
is zero:
fprintf (fo, '\n check if sum of the x components at');
fprintf (fo, 'joint D is zero \n');
CHDx = -F(2)*cth60+F(5) *cth60-F(3) ;
fprintf (fo,' CHDx =%12.4e \n', CHDX) ;
% check i1if the sum of the vertical components at joint D
% is zero:
fprintf (fo, '\n check if sum of the y components at ');
fprintf (fo, 'joint D is zero \n');
CHDy = Dy+F(2)*sth60+F (5)*sthe60;
fprintf (fo,' CHDy=%12.4e \n',6 CHDy) ;
fclose (fo) ;

o

Program results

Example 4 4.m

statics problem.m

Program solves for the internal forces of a truss
Reactions in kN
Ax = -1.732 Ay = -2.000 Dy = 3.0

A matrix

1 2 3 4 5
1 0.5000 0.0000 1.0000 0.0000 0.0000
2 0.8660 0.0000 0.0000 0.0000 0.0000
3 -0.5000 0.5000 0.0000 1.0000 0.0000
4 -0.8660 -0.8660 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000 -1.0000 -0.5000

Internal forces,F(1l)-F(5)& external forces p(i),in kN

1 2.3094 1 1.732
2 -2.3094 2 2.000
3 0.5774 3 0.000
4 3094 4 0.000
5 -1.1547 5 -1.732

check if sum of the x components at joint D is zero
CHDx = 0.0000e+00

check if sum of the y components at joint D is zero
CHDy = -8.8818e-16
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1.5m 1.5m

l

50 kN 50 kN

Figure 4.7 Truss for Exercise E4.3.

Exercise

E4.3 For the truss structure shown in Figure 4.7, write a MATLAB program that
will determine the internal forces in the structural members by the method
described in Section 4.4.

Werite two equations at joints A, B, C; that is,

z(Fx)i=0 and Z(Fy)izo

That should give six equations in six unknowns. Print out the reactions, the coef-
ficient matrix, the member’s internal force, and a check on the solution at joint D.

4.5 Resistive Circuit Problem

A typical example involving a system of linear equations can be found in the resis-
tive circuit of Figure 4.8. The goal is to solve for the node voltages v, v,, and v; as
functions of the input voltages V; and V, and the input current /.

Using Ohm’s law (v = iR) and Kirchhoff’s current law (“KCL”), we can write
expressions for the sum of currents at each node of interest. KCL states that the
total current entering any circuit node must sum to zero. In Figure 4.8, the resis-
tor currents are written as 7, and are arbitrarily defined in the directions as drawn.
Writing three KCL equations for the currents entering each node (and noting that
currents drawn as leaving the node are written mathematically as negative num-
bers) gives

At node @,

i+i+3=0 4.7)
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Figure 4.8 Resistive circuit for Example 4.5.

At node @,

I-3+%=0 4.8)
At node ®,

-3-4+i=0 (4.9)

We will now rewrite these three equations in terms of voltages using Ohm’s law.
Note that in these types of problems, it is often easier to write the equations in
terms of conductances, G,, instead of resistances, R, (where G, = 1/R ), and Ohm’s
law may be rewritten as i = »G. Thus,

. V= R

=10 =W -we (4.10)
1

p=2"0 L =(w-w)G, (4.11)
2

i=3"% =y -v)G, (4.12)

3
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i=2"" = (v -Gy (4.13)
Ry

. V,— .

%=2TV3 - 3=, -%)Gs (4.14)

5

Substituting these expressions for 7, through 75 into Equations 4.7 through
4.9 gives

(Vi—vi)Gi+(v —%)G, +(%—v)G; =0 (4.15)
L—(%-Vvi)Gy+(%-v)Gs=0 (4.16)
—(v»=v)G3— (v —%)G4s+(V, —%)G5 =0 (4.17)

These expressions can be rearranged into a system of three equations with three
unknowns:

(G, +G, +G3) -G, —G; Vi VG,
-G, G, +Gy) -Gy vw|=| I (4.18)
—G3; —Gy (G3+G4+Gs) |[w»s V,Gs

This equation has the form AX = C and may be solved by the use of MATLAB’s
inv function or by MATLAB’S Gauss elimination method as shown in
Example 4.2.

The following script solves for the node voltages for the following circuit
values:

R =2200Q, R, =10kQ, R,;=6900Q, R,=9100Q, Rs=3300Q

Vv, =12V, V,=33V, LT =2mA
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Example 4.5

% Example 4 5.m

% Resistive Circuit Problem

% This program solves for the internal node voltages for the
% circuit shown in Figure 4.8.

% The conductances G are in units of siemens

% The node voltage V are in units of volts

% The currents I are in units of amps

clear; clc;

gl = 1/2200; g2 = 1/10000; g3 = 1/6900; g4 = 1/9100;

g5= 1/3300; V1 = 12; V2 = 3.3; Il =.002;

% Put the problem into standard form AX = C:
A = [gl+g2+g93 -g2 -g3; -g2 g2+g4 -g4; -g3 -g4 g3+g4+g5];
C = [V1*gl; I1l; V2+*g5];
X = A\C;
% print the results
fprintf ('V1=%5.1f V V2=%5.1f V I1=%5.l1e A\n',V1,V2,I1);
fprintf ('gl=%8.5f S g2=%8.5f S g3=%8.5f S\n',gl,92,93);
fprintf ('g4=%8.5f S g5=%8.5f S\n',g4,95);
fprintf ('\n\n') ;
fprintf (' Node # v (volts) \n');
fprintf ('--------------------- \n') ;
for n = 1:1length(C)
fprintf (' %31 %9.1f\n', n,X(n));
end

Program results

Vi = 12.0 V V2 = 3.3 V I1 = 2.0e-03 A

gl 0.00045 S g2 = 0.00010 S g3 = 0.00014 S
g4 = 0.00011 S g5 = 0.00030 S

Node # v (volts)

1 12.6
2 20.3
3 9.0
>>
Exercise

E4.5 For the circuit of Figure 4.8, solve for the five unknown currents instead
of the three unknown voltages. Develop the system of five linear equa-
tions using Equations 4.7 through 4.9 and by using Kirchhofl’s voltage
law (“KVL”) to write two additional equations. KVL states that the sum of
the voltage drops around any loop in the circuit must be zero. Write KVL
equations for these two circuit loops: V; - R, = R, > R, = R; —» V, and
Ry, — R, — R,. You should wind up with a system of five equations and five
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unknowns. Solve with MATLAB using the inverse matrix technique and
confirm that your answer matches the results found in Example 4.4.

The following sections cover (a) the Gauss elimination and Gauss—Jordon
methods for solving a system of linear algebraic equations, (b) the number
of solutions that exists in a set of linear algebraic equations, (c) the theoreti-
cal methods for obtaining the inverse matrix, and (d) the eigenvalue problem.
Except for the eigenvalue problem, the listed sections do not involve MATLAB
and may be skipped without effecting the understanding of the remaining
chapters in the textbook.

4.6 Gauss Elimination

As previously discussed, the Gauss elimination method is computationally more
efficient than the inverse matrix method or the method of determinants with
Cramer’s rule. We wish to use the Gauss elimination method to solve the system
of linear equations described by Equation 4.1 and represented in matrix form by
Equation 4.2. In the Gauss elimination method, the original system is reduced
to an equivalent triangular set that can readily be solved by back substitution.
The reduced equivalent set would appear like the following set of equations:

a1xtaxx+asx+ 0 +an%=§
&% + a3+ o+t an% =6
¥t o +tEX% =6 (4.19)

&in1 %1 T &% = G
én,nxn = Eﬁ

where the tilde (~) variables are a new set of coefficients (to be determined) and
where the new coeflicient matrix A is diagonal (i.e., all of the coeflicients left of the
main diagonal are zero. Then,

_ G
2=
Qn
X1 = ! (6}1—1 - én—LnXx)
Q1,01
1 - - ~
X2 =2 (Q':—Z — Q1% T an—Z,an)

etc.
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To determine the reduced equivalent sets A and C, it is convenient to augment
the original coefficient matrix A with the C matrix as shown in Equation 4.20:

& ap» an| G
=% =) &5 | G

T e (4.20)
an an an | G

The following procedure is used to obtain the reduced equivalent set:

1. Multiply the first row of Equation 4.1 by #,,/4,, and subtract from the second
row, giving

’ & ’ =) ’ =)
&) = &y - =X a1, &y = ap —71><a12, Q3 = &3 —71X313,~-- etc.

Qi an 1
and
d=o-2lxg
ay
This gives
a;l =0

2. For the third row, multiply the first row of Equation 4.1 by a;,/4,, and sub-
tract from row 3, giving

a = & —?Xa“, a, = a —@Xau, a; = a; _?Xam, ... CtC.

1 S 1
and
d=¢-2xq
a
This gives
a€:1 =0.
3. This process is repeated for the remaining rows 4, 5, 6, ..., 7. The original

row 1 is kept in its original form. All other rows have been modified, and the
new coeflicients are designated by a (). Except for the first row, the resulting
set will not contain x,.
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4. For the preceding steps, the first row of Equation 4.1 was used as the pivor
row, and a,, was the pivor element. We now use the new row 2 as the pivot row
and repeat steps 1-3 for the remaining rows below row 2. Thus, multiply the
new row 2 by a3, /&, and subtract from row 3, giving

’ ’

” ’ aj 7 ’” ’ a.; /7 ’” 7 aﬁ 7
ab=ah - Xah, ah=ahp— o Xal ah=ay— o Xak,... et
(=*5) [=%5) )

and
=d -2 xd
2
This gives
a, =0

Similarly, multiply the new row 2 by &,/a, and subtract from row 4,
giving

’ ’ 4

apn apn

” ’ 2 ’ ” ’ ’ ” ’ ’
8 =ap ——, Xayp, a3=az——, X3, ay =83, Xay,...CtC.
=% (=°5] [=°5)
and
’ aéZ
d'=d-—-xd
=)
This gives
a =0
This process is continued for the remaining rows 5, 6, ..., 7. Except for the

new row 2, the set does not contain x,.

5. The next row is now used as a pivot row and the process is continued until the
(n - 1)th row is used as the pivot row. When this is complete, the new system
is triangular and can be solved by back substitution.
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The general expression for the new coeflicients is
L & . .
ag=ay—— Xag for i=k+1Lk+2,...,n and Jj=k+Lk+2,...,n
S

where £ is the pivot row.
These operations only affect the 4; and ¢, Thus, we need only to operate
on the A and C matrices.

Example 4.6
Given
X —3%+ x = —4

3% +4% +3x% =-10
2% +3x% —2x% = 18

the augmented coeflicient matrix is
1 -3 1| —4

A,,=[-3 4 3|-10|; multiply row1by o _ _TB and subtract from row 2.
2 3 2| 18 &

Row 2 becomes (-3 + 3), 4 - 9), 3 + 3), (-10-12) = (0, -5, 6, -22).

The new matrix is

1 -3 1| —4
2
Aagequy =|0 —5 6|22 [;multply row 1 by % =7 and subtract from row 3.
2 3 2| 18 1

Row 3 becomes (2 - 2), (3 + 6), (-2 - 2), (18 + 8) = (0, 9, -4, 206).

The new matrix is

Aaug,EqujV: 0 _5 6 _22
0 9 4| 26
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We now use row 2 as the pivot row.

1 -3 1| 4

Angeuy =|0 =5 6|22 [;multiply row 2 by a9 and subtract
0 9 —4| 26 & 5
from row 3.

Row 3 becomes

0-0), (9—9>< 5), (—4+9><6), (26—9><22) - (0,0,34,—68)
5 5 5 5° 5

The new matrix is

Amgraw =|0 -5 6| —22

0o o0 |2

The system is now triangular and the system can be rewritten as

AEunvX = CEqujV

which gives

Solving

¥ -32)+(2)=—4 — =x=4



152 ® Numerical and Analytical Methods with MATLAB®

e

Compare

for |aik|max

Figure 4.9 Row interchange.

Two important considerations:

1. If 4, is zero, where £ is the pivot row, then the process cannot be carried out.

2. Greater accuracy in the solution is obtained if the pivot element is the absolute
maximum available from the set. That is, if the pivot row is &, one compares
theay’sfori=k+1,k+2,..., n(see Figure 4.9). If |2, ... # |4 then the row
containing the |, is interchanged with the 4th row. This only affects the
ordering of the equations and does not affect the solution.

If after row interchange is carried out and one of the #;,’s remains zero, then the
system is singular and no solution can be obtained.

One last consideration: It can be shown that if the magnitude of the pivot ele-
ment is much smaller than other elements in the matrix, the use of the small pivot
element will cause a decrease in the accuracy of the solution. To check if this is the
case, you can first scale the equations; that is, divide each equation by the absolute
maximum coeflicient in that equation. This makes the absolute maximum coef-
ficient in that equation equal to 1.0. If |, << 1, then the solution is likely to be
inaccurate.

4.7 Gauss-—Jordan Method

The Gauss—Jordan method is a modification of the Gauss elimination method
and can be used to solve a system of linear equations of the form AX = C. In
this method, the objective is to obtain an equivalent coefficient matrix such that,
except for the main diagonal, all elements are zero. The method starts out, as in
the Gauss elimination method, by finding an equivalent matrix that is triangular.
It then continues, assuming that A is an 7 x 7 matrix, using the zth row as the
pivot row, multiplying the #th row by «,, ,/a,,, and subtracting the result from
row 7 - 1, thus making the new «,_, , = 0. The process is repeated for pivot rows
n-2,n-3,...,2.
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Example 4.7

As an example, the Gauss—Jordan method is applied as follows. Starting with the
triangular equivalent matrix of Example 4.5,

Amgraw =0 -5 6 | —22

0o o ===

Multiply row 3 by @,3/a5; = 6 x (5/34) and subtract from row 2. Row 2 becomes

(0 _30 X 0), (—5 _30 X 0), (6 _30 X 34) (—22 + 30 X 68) =(0,-5,0,—10).
34 34 34 5 34 5
Next, multiply row 3 by ,5/a;; = 5/34 and subtract from row 1. Row 1 becomes

(l—sxo), (—3—5><0), (l—sx%), (—4+5><68)=(l,—3,0,—2).
34 34 34 5 34 5

The new A, r,.;, becomes

Amgraw =|0 -5 0 | =10

Now, row 2 is used as the pivot row. Multiply row 2 by 4,,/a,, = 3/5 and subtract
from row 1. Row 1 then becomes

(1—3><0), (—3+3><5), (O—SXO), (—2+3x10)=(1,0,0,4)
5 5 5 5
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The new A

aug, Equiv becomes

Amgegw=|0 -5 0| —10

o o A 68
i 5 5 ]
Thus, the equivalent set of equations becomes
x=4
_SXZ = —10
6, 6
5 5

And thus, x; = 4, x, = 2, and x5 = -2, which is the same answer that was obtained
carlier by the Gauss elimination method.

4.8 Number of Solutions

Suppose a Gauss elimination program is carried out and the following results are
obtained:

¥y t+tapxtazxt+ 0 tanX% =g
X%+t 0 FanX =06
gyt 0 FanX =g

Xt o tanK =G (4.21)
0=cy
0=cp
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where 7 < nand 4,, 4,,, ..., a,, are not zero. There are two possible cases:

1. No solution exists if any one of the ¢,,; through ¢, is not zero.
2. Infinitely many solutions exist if ¢,,, through ¢, are all zero.

If = nand a,, 4y, ..., 4,, are not zero, then the system would appear as follows:
¥ tarx tazX +-+tanX =g
WXt At -t =06

3%+ F &% = G 4.22)

For this case, there is only one solution.

Exercise

E4.6 Obrtain a solution to the following linear equations using the Gauss elimination
method.
a. 2x+3x,- x3= 20

4x; - x,+ 3xy=-14

X+ 5%, + x3= 21

b. 4x; +8x,+ x;= 8
2x, = 3x, + 2x5 = 14
x; + 3%, + 4xy = 30
o 2x + 3%+ x5 x4= 1
5xp = 2%, + 5x3— 4x4= 5
X = 2%, + 3x5-3x,= 3

3x; +8x, — x5+ x4=-1

4.9 Inverse Matrix

Given a matrix system of equations of the general form
AX=C

we can solve by front-multiplying both sides of the equation by the matrix
inverse A™!:

ATAX=IX=X=A"'C
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MATLAB’s method of solution is

X = inv(A)*C (solves by A™)
or
X = A\C (solves by Gauss elimination)

Let us see what is involved in determining A~
Let B = A-l. Then, BA = I. We will demonstrate for a 3 x 3 matrix:

b, h; bs|la; ap as 1 0 0
by, by by || @ =) Q3 | = 0 (4.23)
by by bi|an &, &3 0 0 1

(=)

First Row of BA
Element (1,1): by,a;, + byyay; + by3a5 = 1
Element (1,2): 6,14, + byyay, + by3a5, =0
Element (1,3): by,a,5 + b12a55 + b3a55=0

Here, b,,, b,,, and b5 are the unknowns. Also note the transpose matrix

i &1 &1
A" =|a, =55} &
d3 &3 &3
by 1
Let B, =|b, |, then, A"B, =|0|.
by 0

Solve for 4,,, 6,,, and b, by Gauss elimination.
Second Row of BA
Element (2,1): by,a,, + byray; + byza5 = 0
Element (2,2): by,4,, + byray; + byzas, = 1
Element (2,3): b,,a,5 + byyay5 + by3a5, =0

Here, 6,,, b,,, and b,; are the unknowns.

b, 0
Let B2 = Qz 5 then, AT B2 =|1].
0

b

Solve for b,,, b,,, and b,; by Gauss elimination.
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Third Row of BA

Element (3,1): 63,4y, + byyay, + by3a5, = 0
Element (3,2): 65,4, + byya,, + byzas, =0

Element (3,3): b3,a,5 + bsya,5 + byzas5 =1

Here, b5, b5,, and bs; are the unknowns.

b, 0
Let B; =|by, |, then, A"B; =( 0.
b; 1

Solve for b5, bs,, and b5 by Gauss elimination.

An alternative [1] to the previous method is to augment the coeflicient
matrix with the identity matrix, then apply the Gauss—Jordan method making
the coeficient matrix the identity matrix. The original identity matrix then
becomes A-!. The starting augmented matrix for a 3 x 3 coefficient matrix is
shown as follows:

ar, a a1 0 0
& =393 3|0 1 0 (4.24)
& =%)) a3(0 0 1

Example 4.8

This method is illustrated by the following example:

X —-3%+ x=—4
3% +4% +3x% =-10
2% +3x% —2x% = 18

Writing the augmented matrix,

Multiply row 1 by -3/1 and subtract from row 2, giving

(-3+3x1),(4-3%x3),3+3x1),(0+3x1),(1+3x0),0+3x0)=(0,-5,6,3,1,0).
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Multiply row 1 by (2/1) = 2 and subtract from row 3, giving

2-2x1,3-2x(=6)), (2-2x1),(0-2x1),(0-2x0),(1-2x0)=(0,9,-4,-2,0,1)

Multiply row 2 by -9/5 and subtract from row 3, giving

(0+9x0),(9+9><(—5)),(—4+9><6),(—2+9x3),(0+9x1),(1+9x0)
5 5 5 5 5 5

=(0,0’34 E 2 1)

5°575°
1 =3 1]1 o0
Aaug,Equ.'N: 0 —5 6 3 1
515 5

Multiply row 3 by 30/34 and subtract from row 2, giving
(0—30XO),(—S—SOxo),(6—30><34),(3—30><17),
34 34 34 5 34 5
(1—3O><9),(0—30><1) = (0,—5,0,0,—20,—30)
34 5 34 34 34
Multiply row 3 by 5/34 and subtract from row 1, giving
(l—sxo), (—3—5X0), (I—SXM), (1—5x17),
34 34 34 5 34 5

(0-3 2 (o- 2 1) fss0 -2 -3
34 5 34 2 34 34
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.

- 2 34 34

20 30

Aaug,Eun'v =10 -5 00 _374 _374
o o H17 9 1

| 51s s |

Multiply row 2 by 3/5 and subtract from row 1, giving

(1—3xo),(—3—3x(—S)),(O—3x0),(1—3><0),
5 5 5 2 5

( 9 3 20) ( 5 3 30) ( 1 3 13)
-+ Ix || = +=x=|=[10,0,—,—,—
34 5 34 34 5 34 2734734

103 13
Lo 00y 5 34
20 30
Aaug,Equjv = 0 —5 0 —374 —374
| 515 5 |

13 13
L0 0/, 34 34
4 6
Ameran=|0 1 0/0 — 2
o Ea 34 34
o o 1L 2 >
i 2 34 34
Thus,
(1 3 13]
2 34 34
Al=|o + 0
34 34
1 9% 5
12 34 34]

Use MATLAB to show that AA! = 1.
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4.10 Eigenvalue Problem in Mechanical Vibrations

One very important application of the eigenvalue problem is in the theory of vibra-
tions. Consider the two degrees of freedom problem shown in Figure 4.10.

The governing differential equations describing the motion of the two masses 72,
and m, are

m¥=-k(x-%)-kx (4.25)
m¥k=k(x-%)-kx (4.26)

where 4, and £, are spring constants and x, and x, are the positions of the masses.
We wish to determine the modes of oscillation such that each mass undergoes
harmonic motion at the same frequency @. To obtain such a solution, set

® =4 exp(t) (4.27)
X = Az CXP(iﬂa (428)

where A; and A, are constants to be determined and 7 = v/—1.
Substituting Equations 4.27 and 4.28 into Equations 4.25 and 4.26 gives

(M—wz)Al—kzPQ:O (4.29)

m, m,

_]@Aﬁ(kz“%_WZJAZZO (4.30)
m, m,

kyxy k() —x5) ks,
pra— my S —> oy [

Figure 4.10 Two degrees of freedom vibration system.
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Equations 4.29 and 4.30 are two homogeneous linear algebraic equations in two
unknowns. There is a theorem in linear algebra that states that the only way for
two homogeneous linear algebraic equations in two unknowns to have a non-
trivial solution is for the determinant of the coefficient matrix to be zero:

(k +k 2) k
—w _
m, m,
=0 (4.31)
k (kz +k _wz)
m, m,
Letting
ktk  _k
A=| ™ M (4.32)
k. ktk
m, m,
+ +
allzk1 kQ, alZZ_E! a21:_£’ aQ2:M’ and W2:l
m, m, m; m,
where A represents the square of the frequency.
The equation for 4 becomes
12 —(a; +an)l+ (& —aa) =0 (4.33)

The solution of Equation 4.33 gives the eigenvalues, 4, and 4,, which are the square
of the two natural frequencies of oscillations for this system. The ratio of the ampli-
tudes of the oscillation of the two masses can be obtained by substituting the values
of A into Equation 4.29 or 4.30; that is,

&_:4%‘10_m(h+b
A an k

= - ll) for the first mode
m;

and

Az:—<en—lz>:rm(k+kz_

lz) for the second mode
Ay an k m,



162 ® Numerical and Analytical Methods with MATLAB®

A

The eigenvector, V|, associated with 4, is
-A(a; - 1)/a,

jl and the eigenvector,

Ay
V,, associated with 4, is .
-A(a - 1y)/a;

Since A, is arbitrary, we can select A; = 1, then

1
Vv, = (4.34)

__(all - 11)/3124

and

1
V, = (4.35)
_—(an - 12)/312_

If Vis an eigenvector of a matrix A corresponding to an eigenvalue 4, so is 6V with

any b # 0 [1].
MATLAB has a built-in function named eig that finds the eigenvalues of a
square matrix. MATLAB’s description of the function follows:

E = EIG(X) is a vector containing the Eigen values of
a square matrix X.

[V,D] = EIG(X) produces a diagonal matrix D of Eigen
values and a full matrix V whose columns are the
corresponding eigenvectors so that X*V = V*D.

For this problem, the matrix A represents X. Thus, running
[V, D] = eig(a)
gives the eigenvectors associated with 4, and 4,. V(:,1) corresponds to 4;, and

V(:,2) corresponds to 4,.

Example 4.9

The following example program will determine

1. The eigenvalues of the system by both Equation 4.33 and by MATLABs eig
function

2. The eigenvectors by both Equations 4.34 and 4.35 and MATLAB’s [V, D]
output
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For the system shown in Figure 4.10, use the following parameters:

m;=m,=1500 kg, k =3250 N/m, k,=3500 N/m, k; =3000N/m

The program follows:

o

Example 4 9.m

Eigenvalues and Eigenvectors.

E = eig(a) 1s a vector containing the Eigenvalues of a
square matrix a.

[V,D] = eig(a) produces a diagonal matrix D of Eigenvalues
and a full matrix V whose columns are the

corresponding eigenvectors so that X*V = V*D.

Units are in SI units.

clear; clc;

k1l = 3250; k2 = 3500; k3 = 3000; ml = 1500; m2 = 1500;

o° o° o o o o

o°

a(l,1) = (k1+k2)/ml;

a(l,2) = -k2/ml;

a(2,1) = -k2/m2;

a(2,2) = (k2+k3)/m2;

$ Lamda”2-(a(l,1)+a(2,2))*Lamda+ (a(1,1)*a(2,2)-a(l,2)*a(2,1)) =0
b = -(a(1,1)+a(2,2)); c = a(l,1)*a(2,2)-a(l,2)*a(2,1);
Lamdal = (-b-sqgrt (b"2-4*c))/2;

Lamda2 = (-b+sqgrt (b"2-4%*c))/2;

E g(a);

fprlntf( Lamdal=%7.5f Lamda2=%7.5f \n',Lamdal,Lamda2)
fprintf ('E(1)=%7.5f E(2)=%7.5f \n',E(1),E(2));

vl = [1;-(a(l,1)-Lamdal)/a(1,2)]

v2 = [1;-(a(l,1)-Lamda2)/a(1,2)]
[V,D] = eig(a);

vVl = Vv(:,1)
V2 = V(:,2)
D

Program results

Lamdal = 2.08185 Lamda2 = 6.75149
E(1) = 2.08185 E(2) = 6.75149

vl =
1.0000
1.0364

v2 =
1.0000

-0.9649
V1l =
-0.6944
-0.7196
V2 =
-0.7196

0.6944
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2.0818 0
0 6.7515
>>

Examining the results, it can be seen that Lamdal = E(1)and Lamda2 = E(2).
Also, v1 is a scalar multiple of V1 and v2 is a scalar multiple of V2.

4.11 Eigenvalue Problem in Electrical Circuits

One application of the eigenvalue problem is in resonant circuits. Consider the LC
network shown in Figure 4.11.

Using the constituent relations for voltage across an inductor (V= L) and

current through a capacitor (i=C d:t)’ the governing differential equations

describing the two node voltages v, and v, are

d*v 1 1
=— + 4.36
ar (LICI]Vi (LICI)VZ 4.36)
dv _( 1 SN D S N (4.37)
d.tz L1C2 L1C2 L2C2 ’ .

We wish to determine the modes of oscillation such that both voltages oscillate at
the same frequency. To obtain such a solution, set

v =K,e"* (4.38)
v, =K,e’* (4.39)
Ly
151 Q Q Q vy
(O p— (@) p— Ly

Figure 4.11 Electrical circuit for Example 4.10.
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where K and K, are constants to be determined and j = /—1. Substituting Equations
4.38 and 4.39 into Equations 4.36 and 4.37 gives

1 1
_Wz Kl_ K2=O (440)
L1C1 Llcl
LC, LC, L.,

Equations 4.40 and 4.41 are two homogeneous linear algebraic equations with two
unknowns. Linear algebra tells us that the only way for two homogencous linear alge-
braic equations in two unknowns to have a nontrivial solution is for the determinant
of the coeflicient matrix to be zero. Thus,

—_— W —_—
L1C1 LICI

=0 (4.42)
1 1 1 ,
-~ + -w
LC, LC, LG,
Now, let @? = A and also let
1 R
L,C L,C
A= 1Cy 1Cy
1 1 1
- +
L1C2 L1C2 L2C2
giving
SR U U S S
e P e 7 one, P ne, LG,

The equation for A and the individual elements a; of A give

17 —(a,+an)l+(aa, —a,a)=0 (4.43)
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The solution of Equation 4.43 gives the eigenvalues 4, and 4, of matrix A, which
represent the square of the two natural frequencies for this system. The ratio of the
amplitudes of the oscillation of the two voltages can be obtained by substituting
the values of 4 into Equation 4.40 or 4.41, which gives

193 _(au - 11)

=—* =1- L]C 111
K, ap
for the first mode and
K — 1
D2 _ (a, 2)=1—L1C112
K, an
for the second mode.
The cigenvector V, associated with 4, is K1 , and the eigenvector
-Ki(a; — 11)/312
v . L K,
, associated with 4, is )
K (a; — 1,)/a»

Since K] is arbitrary, we can select K] = 1, and thus,

1
V= 4.44
1 __(au - 11)/312_ ( )

and

- 1 .
Vv, = 4.45
_—(an - 12)/312_ ( :

If V is an eigenvector of a matrix A corresponding to an eigenvalue 4, then so is 4V,
where & is a nonzero constant [1].
Running

[V, DI = eig(a)

gives the eigenvectors associated with 4, and 4,. V(:,1) corresponds to 4,, and
V(:,2) corresponds to 4,.

Example 4.10

Suppose in Figure 4.11, the following parameters were given:

lelsmH, L2=25mH, ClzluF, C2:33MF
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We wish to create a MATLAB script that will determine

1. The eigenvalues of the system by Equation 4.43 and by MATLAB’s eig function
2. The eigenvectors of the system by both Equations 4.44 and 4.45 and
MATLAB’s [V,D] output

The program follows:

o°

Example 4 10.m
Eigenvalues and eigenvectors.
L = eig(A) is a vector containing the eigenvalues of a
square matrix A.
[M,D] = eig(A) produces a diagonal matrix D of eigenvalues
and a full matrix M whose columns are the
corresponding eigenvectors such that A*L = M*D.
Units are in SI units.
clear; clc;
Ll = 15e-3; L2 = 25e-3; % henries
1 = le-6; C2 = 33e-6; % farads
(1,1) = 1/(L1*C1);
(1,2) = -1/(L1*C1);
(2,1) = -1/(L1*C2);
(2,2) 1/(L1*C2) + 1/(L2*C2);
Solve for eigenvalues and eigenvectors using derivation
in text:
Equation 4.43:
lambda™2-(A(1,1)+A(2,2)) *lambda+ (A(1,1)*A(2,2)

- A(1,2)*A(2,1)) =0
Solve for lambda using quadratic formula:
= —-(A(1,1)+A(2,2)); ¢ = A(1,1)*A(2,2)-A(1,2)*A(2,1);
lambdal = (-b+sqgrt(b”2-4*c))/2;
lambda2 (-b-sqgrt (b"2-4%c)) /2;
% From Equations 4.44 and 4.45:
eigenvectorl = [1;-(A(1,1)-lambdal)/A(1,2)];
eigenvector2 = [1;-(A(1,1)-lambda2)/A(1,2)];
fprintf ('Eigenvalues solved via Equation 4.43: \n');
fprintf ('lambdal=%8.0f lambda2=%8.0f\n',lambdal, lambda2) ;
fprintf ('Eigenvectors solved via Equation 4.44 and 4.45:\n');
eigenvectorl
eigenvector2
Solve for eigenvalues and eigenvectors using MATLAB's eig
function.
Calling eig and returning result to a scalar will give the
eigenvalues.
= eig(a);
fprintf ('Eigenvalues solved via MATLAB eig function: \n');
fprintf ('L(1)=%8.4e L(2)=%8.4e \n',L(1),L(2));
Calling eig and returning result to two variables will
give the eigenvectors and a diagonal matrix of the
eigenvalues.

o® o o o° o° o

o

O o o o o° o0 o M I N

o o o o

=

o° o°

o\°
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[V D] = eig(d);

fprintf ('Eigenvectors solved via MATLAB eig function:\n');
vVl = V(:,1)

V2 = V(:,2)

D

Program results

Eigenvalues solved via Equation 4.43:
lambdal = 6.8723e+07 lambda2 = 1.1758e+06
Eigenvectors solved via Equation 4.44 and 4.45:

eigenvectorl =

1.0000

-0.0308

eigenvector2 =

1.0000

0.9824
Eigenvalues solved via MATLAB eig function:
L(1) = 6.8723e+07 L(2) = 1.1758e+06
Eigenvectors solved via MATLAB eig function:
V1l =

0.9995

-0.0308

V2 =

0.7134

0.7008
D =

1.0e+07 *

6.8723 0

0 0.1176
>>

Examining the results, it can be seen that lambdal = D(1,1) and lambda2 =
D(2,2). Also, eigenvectorl is a scalar multiple of V1, and eigenvector?2
is a scalar multiple of V2.

Projects

P4.1 For the truss structures shown in Figure P4.1, create a MATLAB program
that will determine the internal forces in the structural members by the
method described in Section 4.4. Print out the reactions, the members’ inter-
nal forces, and a check on the solution.

P4.2 For the truss structure shown in Figure P4.2, create a MATLAB program
that will determine the internal forces in the structural members by the
method described in Section 4.4. Print out the reactions, the members’ inter-
nal forces, and a check on the solution.
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2 kN 4 kN 6 kN 4 kN 2 kN

6 bays at 9 m each

A
A4

Figure P4.1 Truss structures #1.

5 kN

5 kN

5 kN

Figure P4.2 Truss structures #2.

P4.3 For the truss structure shown in Figure P4.3, create a MATLAB program
that will determine the internal forces in the structural members by the
method described in Section 4.4. Print out the reactions, the members’ inter-
nal forces, and a check on the solution.

P4.4 For the truss structures shown in Figure P4.4, create a MATLAB program
that will determine the internal forces in the structural members by the
method described in Section 4.4. Print out the reactions, the members’ inter-
nal forces, and a check on the solution.
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50 kN 30 kN 40 kN

Figure P4.3 Truss structures #3.

Figure P4.4 Truss structures #4.
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P4.5 Figure P4.5 shows a resistive circuit known as a “ladder network.”

a. Using Ohm’s law and KCL, write a system of equations for the second-
order and third-order networks of Figure P4.5a and b. In addition, write
the equations for a fourth-order ladder network.

b. You should see a pattern emerging from your solutions in part (a). Use
this pattern to write the matrix for an eighth-order ladder network.
Solve for all circuit voltages using MATLAB for V= 5V and the fol-
lowing resistor values:

R]] = 22009, R]z = ZZOOQ
R21 =1200 Q, R22 = 6SOOQ
R31 =3900 Q, R32 =2200Q
Ry =3300Q, Ry =5700Q
RSI 218009, R52 251009
Ry = 47000, R, = 39000
R71 = 57009, R72 =6800Q2

Rg; =1200Q, Ry =2700Q

Ry ) Ry
M ——"\W—"
Vief Ry Ryy
(a)
Ry ) Ry , Ry )
W——"\WN—"—"WN—’
Ve Ry Ry Rs,

Figure P4.5 (a) Second-order ladder network. (b) Third-order ladder network.
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Rll R21 vy R31 vy R
n

Ryy Ry, R3y R,

V1

Vref

Figure P4.6 nth-order ladder network.

P4.6 As a follow-up to Project 4.5, write a MATLAB program to automatically
solve the problem of a “ladder network” for an arbitrary # and R, under the
following conditions (see Figure P4.6):

R,=R;; =Ry =Rz =---= R(n—l)l =Rpy

2R, =R;;=Ry =Rz =---= R(n—1)2

Find solutions for the following two cases:

n=16, R,=1000Q, V. =10

n=24, R,=100Q, V. =1

P4.7 Suppose a manufacturer wishes to purchase a piece of equipment that costs
$40,000. He or she plans to borrow the money from a bank and pay off the
loan in 10 years in 120 equal payments. The annual interest rate is 6%.
Each month, the interest charged will be on the unpaid balance of the loan.
He or she wishes to determine what his or her monthly payment will be. This
problem can be solved by a system of linear equations.
Let x; = the amount in the jth payment that goes toward paying off the
principal. Then the equation describing the jth payment is

n=j1
jhpayment=M =x;+| P - 2 % |I (P4.7a)

n=1

where
M is the monthly payment
P is the amount borrowed
I is the monthly interest rate = annual interest rate + 12

The total number of unknowns is 121 (120 x; values and M).
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Applying Equation P4.7a to each month gives 120 equations. One additional

equation is

n=120
p= Z %, (P4.7b)

n=1

Develop a computer program that will

1. Ask the user to enter from the keyboard the amount of the loan, P; the
annual interest rate, /; and the time period, Y] in years.

2. Set up the system of linear equations, using A4, ,, as the coeflicient matrix
of the system of linear equations. The 7 represents the equation number
and m represents the coefficient of x,, in that equation. Set x,,, = M.

3. Solve the system of linear equations in MATLAB.

4. Print out a table consisting of four columns. The first column should be
the month number, the second column the monthly payment, the third
column the amount of the monthly payment that goes toward paying
off the principal, and the fourth column the interest payment for that
month.

Reference
1. Kreyszig, E., Advanced Engineering Mathematics, 8th ed., Wiley, New York, 1999.






Chapter 5

Roots of Algebraic and
Transcendental Equations

5.1 Introduction

In the analysis of various engineering problems, we often are faced with a need to find
roots of equations whose solution is not easily found analytically. Given a function f{x),
the roots of the function are the values of x that makes f{x) = 0. Typical examples include
nth degree polynomials and transcendental equations containing trigonometric functions,
exponentials, or logarithms. In this chapter, we review several methods for solving such
equations numerically. Also included is a section on MATLAB®s fzero and roots
functions, which may be used to obtain the roots of equations of the types just stated.

5.2 The Search Method

In the search method, we seek a small interval that contains a real root. This only
gives an approximate value for the real root. We will then follow with one of several
other methods to obtain a more accurate value for the root. This method is especially
useful if there is more than one real root. The equation whose roots are to be deter-
mined should be put into the following standard form:

f(x)=0 (5.1)

We proceed as follows: first we subdivide the x domain into NV equal subdivisions
of width Ax, giving

X,%,%, 0 X1 With Xy = X%+ Ax

Then, we determine where f{(x) changes sign (see Figure 5.1).

175
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fx)
A
Sx3) A1 f (%)
X1 X
/11 L — X
X3 Xy XN XN+l
S (xa)

Figure 5.1 The root of f(x) lies between x, and x;.

This occurs when the signs of two consecutive values of f{x) are different, that is,
£(x) £(x:1) <0

The sign change usually indicates that a real root has been passed. However, it
may also indicate a discontinuity in the function. (e.g., tan x is discontinuous
atx = /2.)

Once the intervals in which the roots lie have been established, we can use
several different methods for obtaining the real roots, as described in the follow-
ing sections.

5.3 Bisection Method

Suppose it has been established that a root lies between x; and x;

.1~ Then, cut the
interval in half (see Figure 5.2), and thus,

Ax
K2 = X+ o

Now compute f{x,)f(x;,1,):
Case 1: If flx)f(x;,1/,) < 0, then the root lies between x; and x;,, .
Case 2: If flx)f(x,,,,,) > 0, then the root lies between x;,,/, and x,,.
Case 3: If flx)f(x,,,,,) = 0, then x; or x;,,,, is a real root.

For cases 1 and 2, select the interval containing the root and repeat the process.
Continue repeating the process, say 7 times, then (Ax)p= Ax/2', where Ax is the
initial size of the interval containing the root before the start of the bisection
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| | |

X Xi+1/2 Xisl

Figure 5.2 Bisecting the interval containing the root.

process (Ax = x;,; - x)) and (Ax),is the size of the interval containing the root after

7 bisections. If (Ax),is suficiently small, then a very good approximation for the
root is anywhere within the last bisected interval, say the midpoint of the interval.
For example, for 20 bisections,

(AX)¢ = ZA—X Axx107

20

Program method:
Set X, = X
Xg = X
% =~ (5 + %)
2
If f(x,)f(xc) < O (indicating that the root lies between x, and x),

then set %3 = %

1
&=j&+&)

and repeat the process.
Otherwise, if f{x,)f(xc) > 0 (indicating that the root lies between x; and x),

then set X, = %

1
&=?&+&)

and repeat the process.
If f(x,)f(xc) = 0, then either x, or x, is a root.
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5.4 Newton-Raphson Method

This method uses the tangent to the curve f(x) = 0 to estimate the root.
We need to obtain an expression for f”(x) and also make an initial guess for the
root, say x; (see Figure 5.3). f'(x;) gives the slope of the tangent to the curve at x;.
On the tangent to the curve

f(x)- £(x)
X%

= £'(x) (5.2)

Our next guess (or iteration) for the root is obtained by setting f{x,) = 0 and solving
for x,; that is,

%=X (%) (5.3)

()

Check if | f(x,)| < &, where € is the error tolerance.

If true, then quit. x, is the root, so print x,.

If not true, then set x; = x, and repeat the process.

Continue repeating the process until |f(x,)| <&, where 7 is the number of
iterations.

An alternate condition for convergence is

f(x)
f(x)

(5.4)

Usually, & should be a very small number, such as 104, but it can be either larger
or smaller depending on how close you wish to get to the real root. You can always
test the accuracy of the obtained root, by substituting the obtained root into the
function f(x) to see if it is sufficiently close to zero.

Figure 5.3 Using the tangent to the curve to close in on the root.
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The Newton—Raphson method is widely used for its rapid convergence.
However, there are cases where convergence will not occur. This can happen if

a. f'(x) changes sign near the root.
b. The initial guess for the root is too far from the true root.

If we combine the Newton—Raphson method with the search method for obtaining a
small interval in which the real root lies, then convergence is generally not a problem.

Review 5.1

1. What is meant by the term “root of function f{x)?”

2. What is the objective in the search method for determining a root of the
equation f{x) = 0?

3. Describe the concept in the bisection method for obtaining a more accurate value
for a root than what would normally be obtained by the search method alone.

4. Describe the concept in the Newton—Raphson method for obtaining a more
accurate value for a root than what would normally be obtained by the search
method alone.

5.5 MATLAB®’s Root-Finding Functions

MATLAB has built-in functions to determine the rea/ roots of a function of one
variable. The £zero function should be used for transcendental equations and the
roots function should be used for polynomial equations. First, we will discuss
the fzero function.

5.5.1 fzero Function

To get started, click in the Command window and type in the following:
>> help fzero

This gives (from MATLAB, with permission) the following:

FZERO Single-variable nonlinear zero finding.
X = FZERO(FUN,X0) tries to find a zero of the function FUN
near X0, 1f X0 is a scalar. It first finds an interval
containing X0 where the function values of the interval
endpoints differ in sign, then searches that interval for a
zero. FUN is a function handle. FUN accepts real scalar input X
and returns a real scalar function value F, evaluated at X. The
value X returned by FZERO is near a point where FUN changes
sign (if FUN is continuous), or NaN if the search fails.

X = FZERO(FUN,X0), where X0 is a vector of length 2, assumes
X0 is a finite interval where the sign of FUN(X0(1l)) differs
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from the sign of FUN(X0(2)). An error occurs if this is not
true. Calling FZERO with a finite interval guarantees FZERO
will return a value near a point where FUN changes sign.

The first usage (X0 is a scalar) is appropriate if you have some idea of where the root
lies. This can be accomplished by plotting the function and noting where the function
crosses the x-axis. The second usage (X0 is a vector of length 2) is more appropriate
when there is more than one root and all roots need to be obtained. The second usage
should be used in combination with the search method described earlier.

The first usage of the £zero function is

X = fzero(fun, XO0)

fun is a function handle for the function whose root is to be determined and
can be the name of a function file (with the .7 extension) or can be an anonymous
function (as described in Section 3.3). X0 is the initial guess for the root, and X is
the solution determined by MATLAB’s £zero function. Thus, suppose the name
of the function file whose root is to be obtained is myfun.m and our guess for the
root is 3.0. Then, we would write

X = fzero('myfun', 3.0)
An alternative and equivalent way to run the command is

X = fzero(emyfun, 3.0) (no single quotation marks needed)

If no root is found, £zero returns NaN (“not a number”).

In the second usage of fzero, XO0 is a vector of length 2 that defines an interval
over which myfun changes sign, that is, the value of myfun at X0(1) is opposite in
sign to the value at X0 (2). MATLAB gives an error message if this condition is not met.

In some instances, we would like to find the zero of a function of two argu-
ments, say X and P, where P is a parameter and is fixed. In order to solve with the
fzero function, P must be defined in the calling program. For example, suppose
myfun is defined in an M-file as a function of two arguments:

function £ = myfun (X, P)
f = cos (P*X) ;

The £zero statement would need to be invoked as follows:

P = 1000;
root example = fzero (@(X) myfun(X, P), XO)

where root is the zero of function myfun when P = 1000. Note that P needs
to be defined before the £zero function is called.

An alternative to adding parameter P as an argument to myfun is to use
MATLAB’s global statement to define parameter P in function myfun as an
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externally assigned variable. The global statement needs to be used both in the
calling program and in the function myfun.

Example
Calling program:

global P;
P = 1000;
X0 = 10.0;
root example = fzero(emyfun, XO0);

The file myfun.m:
function £ = myfun(x)
global P;

f = cos(P*x) ;

Example 5.1

The equation of state for a substance is a relationship between pressure, p; tempera-
ture, 7; and specific volume, 7. Many gases at low pressures and moderate tempera-

tures behave approximately as an ideal gas. The ideal gas equation of state with p in
N/m2, 7 in m3/kmol, 7'in K, and R in (N-m)/(K-kmol) is

_RT
v

p (5.5)

where R is the universal gas constant. As temperature decreases and pressure
increases, gas behavior deviates from ideal gas behavior. The Redlich—Kwong equa-
tion of state is often used to approximate nonideal gas behavior. The Redlich—
Kwong equation of state is [1]

_RT B a
P= e b V(@ +br
or
RT a
f(v)= -p (5.6)

v-b v(v+br'”

where @ and 4 are constants dependent on the gas.

The values for R, 2, and 4 for carbon dioxide are tabulated in Table 5.1.

We wish to determine the percent error in the specific volume by using the ideal
gas relationship while assuming that the Redlich-Kwong equation of state is the
correct equation of state for carbon dioxide. Vary the temperature from 350 to
700 K in steps of 50 K while holding the pressure constant at 1.0132 x 107 N/m?



182 ®m Numerical and Analytical Methods with MATLAB®

Table 5.1 Values of a, b, and R for Carbon Dioxide in the Redlich—
Kwong Equation of State

Gas a (N-m*-K"%kmol?) | b (m3/kmol) | R (N-m/K-kmol)

Carbon dioxide 65.43 x 10° 0.02963 8314

Source: Moran, M.J. and Shapiro, H.N., Fundamentals of Thermodynamics,
John Wiley & Sons, Hoboken, NJ, 2004.

Table 5.2 Vv Determined by Redlich-Kwong Equation
and by ldeal Gas Law for CO,

Ideal Gas Redlich-Kwong Equation
T (K) v (m3/kmol) v (m3/kmol) % Errorin v
350 — — —
400 — — —
700 — — —

(100 atm). Using the specified temperatures and pressure, determine the specific
volumes, 7, by both the ideal gas equation and the Redlich-Kwong equation and
determine the percent error in the specific volume resulting from the use of the
ideal gas equation. Take the percent error in the specific volume to be

Vi — VRedlich— W an
% error = ot RAATRVDG] 6 (5.7)

VRedlich— Kwang

Write a MATLAB program utilizing the £zero function to calculate the specific
volume by the Redlich-Kwong equation. Assume that 7 varies between 0.1 and
2.1 m3/kmol. Plot f() vs. 7 for T'= 350 and 700 K using 40 subdivisions on the 7
domain. Construct a table as shown in Table 5.2.

o°

Example 5 1.m

This program compares ideal gas equation of state with
Redlich-Kwong's equation of state for Carbon Dioxide.

The pressure, p, is held constant at 100 atmosheres.

The fzero function is used to obtain the value of v that
satisfies the Redlich-Kwong equation of state.

We expect one root so we do not have to use the search method
for obtaining a small interval containing the root.

We will use v obtained from the ideal gas law as our guess
for the root of the Redlich-Kwong equation for v.

clear; clc;

o® o o o o o° o° o°

o°
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p=1.0132e+07; R=8314; a=65.43e+5; b=0.02963;
Tt=350:50:700;

fprintf ('This program compares ideal vs. real gas \n');
fprintf ('behavior. Real gas behavior is determined by the \n');
fprintf ('Redlich-Kwong equation of state \n');
(

fprintf ('Pressure is held constant at 100 atmospheres \n\n');
% Table headings
fprintf (! T v (m*3/kmol) v (m*3/kmol) error \n');
fprintf (! (K) ideal Redlich Kwong  percent) \n');
fprintf ('---m s s o e e \n') ;
for k=1:1length(Tt)

T=Tt (k) ;

v_ideal=R*T/p;
v_RK=fzero(@(v) (R*T/(v—b)—a/(v*(v+b)*T*0.5)—p),v_ideal) ;
err=abs ( (v_RK—v_ideal) /v_RK) *100;
fprintf (fo, '%5.0f %10.5f %15.5f %10.2f \n', ...
T,v_ideal,v RK,err);
fprintf('------------ e \n');
end

Program results

This program compares ideal vs. real gas
behavior. Real gas behavior is determined by the
Redlich-Kwong equation of state.

Pressure is held constant at 100 atmospheres.

T v (m*3/kmol) v (m*3/kmol) error

(K) ideal Redlich Kwong percent
o o.zem20 0.17852 co.08
a0 o.zze2s 0.2s870 26.88
Caso o.zes2e 0.31985 15,45
Cso0 0.41028 0.37404 o.65
Csso o.asi 0.42055 6.30
600 o.as23a 0.a7275 s
Ceso ousaanr 0.s1950 267
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Example 5.2

In this example, we use MATLAB’s fzero function to find the roots of the gov-
erning equation for the voltage, »(¢), of a parallel RLC circuit. The governing equa-

2
1 1

tion for () was derived in Project P2.7. For the case when () <——, the
2RC ILC

system is underdamped and the governing equation for »(z) is

We wish to determine the first 3 zero crossings of v(#) on the raxis of Equation 5.8.
Assume the following parameters:

R=100Q, L=10"H, C =10°F, A=6.0V, B=-9.0V

0<t<£0.5 ms

Program

o\°

Example 5 2.m
This script determines the first 3 zero crossings of the
underdamped voltage of a parallel RLC circuit. The
underdamped voltage is:
v(t) = exp(-t/(2RC))* (A*cos (sqrt (1/LC-(1/2RC)"2)t)
+ B*sin(sqgrt (1/LC-(1/2RC)"2)t))
The circuit component values and initial conditions are:
R = 100 ohms; L = 1.0e-3 henry; C = 1.0e-6 farads;
A = 6.0 volt, B = -9.0 volt
Solve over the interval 0 <= t <= 0.5e-3 sec
clear; clc;
global R L. C A B;
R = 100; L = 1.0e-3; C = 1.0e-6; A =6.0; B = -9;
fprintf ('Example 5.2: Find the first 3 zero \n');
fprintf ('voltage crossings of the underdamped \n') ;
fprintf ('RLC circuit \n');
tmin = 0.0; tmax = 0.5e-3;
% split up timespan into 50 intervals:
N = 50;
dt = (tmax-tmin) /N;

o o o° o° o° o o o
|

o°
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)

% First, calculate t and v(t) at each timestep
for n = 1:N+1
t(n) = tmin+ (n-1)*dt;
v (n) func RLC(t (n)) ;
end
plot (t,v), xlabel('t'), ylabel('v'),
title('v vs t for a RLC circuit'), grid;
Next, use the search method to find the first 3 time
intervals where the sign of v(t) changes. When found, use
the fzero function to determine the root.
nr = 0;
for n = 1:N
sign = v(n)*v(n+l);
if sign <= 0.0
nr = nr+l;

o oe

oe

tr(1) = t(n);
tr(2) = t(n+l);
troot (nr) = fzero('func RLC',tr);
if nr >= 3
break;
end
end
end
if nr > 0
fprintf ('root # troot v (troot) \n');
fprintE (' ----- - mmmmm e - \n');

for n = 1l:nr
% Check solution
v(n) = func RLC(troot (n));
fprintf ('%$31 %10.4e %10.4e \n',n,troot(n),v(n));
end
else
fprintf ('\n\n No roots lie within %g <= t <= %g s\n',...
tmin, tmax) ;
end

% func RLC.m

% This function works with Example 5 2.m
function v = func RLC(t)

global R L C A B;

argl = 1/ (2*R*C) ;

arg3 = sqrt(1/(L*C)-1/(2*R*C) "2) ;

v = exp(-argl*t)* (A*cos (arg3*t)+B*sin(arg3*t)) ;

Program results

Example 5.2: Find the first 3 zero
voltage crossings of the underdamped
RLC circuit.
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v vs. t for a RLC circuit

6
4 _
ol |
ok |
>
ol |
4l |
-6} |
_8 i i i i i
0 1 2 3 4 5 6
t x107
Figure 5.4 Voltage v vs. time t.
root number troot v (troot)
1 1.8831e-05 -3.233470e-15
1.1944e-04 9.776059e-16
2.2005e-04 3.251258e-15
>>
See Figure 5.4.

5.5.2 roots Function

MATLAB has a function to obtain the roots of a polynomial. The function is
roots. To obtain the usage of the function, in the Command window type in

>> help roots
This gives (from MathWorks with permission)

ROOTS Find polynomial roots.
ROOTS (C) computes the roots of the polynomial whose
coefficients are the elements of the vector C. If C has
N+1 components, the polynomial is C(1)*X"N +- - -+ C(N)*X +
C(N+1) .

Thus, to find the roots of the polynomial Ax*+Bx*+Cx*+Dx+E = 0, run
roots([A B C D E]). The roots function will give both real and imaginary
roots of the polynomial.
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Some additional useful MATLAB functions are:

poly (V) finds the coeflicients of the polynomial whose roots are V.
real(X) gives the real part of X.
imag(X) gives the imaginary part of X.

Example 5.3

In this example, MATLAB’s roots function is used to find the zeros of the poly-
nomials f{x) = x> - 5.7x* - 35.1x + 85.176 and g(x) = x* - 9x? + 23x - 65.

o

Example 5 3.m

This program determines the roots of a polynomial using
the built in function 'roots'.

The first polynomial is: f = x"3-5.7*x"2-35.1*x+85.176.
The roots of this polynomial are all real.

The second polynomial is: g = x"3-9*x"2+23*x-65. The roots
of this polynomial are both real and complex. Complex
roots must be complex conjugates.

To obtain more info on complex numbers in MATLAB, run
"help complex" in the Command Window.

clear; clc;

% Define coefficients of first polynomial (real roots)

C = [1.0 -5.7 -35.1 85.176];

fprintf ('The first polynomial coefficients are:\n');

Cc

fprintf ('The roots are: \n');

V = roots(C)

fprintf ('Polynomial coefficients determined from ') ;
fprintf ('poly (V) are: \n');

C_recalc = poly(V)

fprintf ('---m st \n');

% Define the coefficients of second polynomial

whose roots are real and complex)

D= [1.0 -9.0 23.0 -65.0];

fprintf ('The second polynomial coefficients are:\n');

D

fprintf ('The roots are: \n');

W = roots (D)

fprintf ('The real and imaginary parts of the roots are:\n');
re = real (W)

im = imag (W)

fprintf ('Polynomial coefficients determined from ') ;
fprintf ('poly (W) are: \n');

W_recalc = poly (W)

o o o° o° o° o o o

o°

o°

Program results

The first polynomial coefficients are:
C =
1.0000 -5.7000 -35.1000 85.1760
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The roots are:
Vo=
8.6247
-4.9285
2.0038
Polynomial coefficients determined from poly (V) are:
C_recalc =
1.0000 -5.7000 -35.1000 85.1760
The second polynomial coefficients are:
D =
1l -9 23 -65
The roots are:
W =
7.0449 + 0.00001
0.9775 + 2.87591
0.9775 - 2.87591
The real and imaginary parts of the roots are:

re =
7.0449
0.9775
0.9775
im =
0
2.8759
-2.8759

Polynomial coefficients determined from poly (W) are:
W recalc =
1.0000 -9.0000 23.0000 -65.0000

Review 5.2

1. What is the name of the MATLAB function for determining the roots of a
transcendental equation of the form f'(x) = 02

2. In MATLAB’s function for determining the roots of a transcenden-
tal equation, how does one define the function whose roots are to be
determined?

3. If you suspect that there is more than one real root, what method
should be used in combination with the MATLAB’s function to obtain
the roots?

4. For the case described in item 3, what can you say about the second argument

in MATLAB’s function to obtain the roots?

. What is the purpose of the global statement?

6. If the function f'(x) is a polynomial, what MATLAB function should you use

to obtain its roots?

N
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Projects

P5.1 Repeat Example 5.1 but replace the Redlich—-Kwong equation with Van der
Waals’ equation [1]. In addition, repeat Example 5.1 for the three gases listed
in Table P5.1. In your program, use a for loop to select one of the three gases
and use an 1f-elseif ladder to select the proper constants for the gas.
Van der Waals” equation of state is

RT a
= - = P5.1
P vor v (>0
The constants # and & are tabulated in Table P5.1.

P5.2 The temperature distribution of a thick flat plate, initially at a uniform
temperature, 7, and which is suddenly immersed in a huge bath at a tem-
perature 7, is given by (see Figure P5.2a)

- sin(d,)cos (dn :) e_ad"zf/Lz

T =T. +2(Ty —T. P5.2
(%9 o ) - cos(dy)sin(d,) +d, (5.22)
where
L is 1/2 of the plate thickness
a is the thermal diffusivity of the plate material
6, are the roots of the equation
F(d)=tand — hL =0 (P5.2b)
kd

where
b is the convective heat transfer coefficient for the bath
k is the thermal conductivity of the plate material

There are an infinite number of roots to Equation P5.2b. This can be seen in
Figure P5.2b.

Table P5.1 Van der Waals’ Constants [1]

Gas # Gas a (N-m¥kmol?) | b (m¥kmol) | R (N-m/K kmol)
1 Air 1.368 x 10° 0.0367 8314
2 Oxygen 1.369 x 10° 0.0317 8314
3 Carbon dioxide 3.647 x 10° 0.0428 8314
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A A\
_____/-\.,- ......... /\,.____
! b
Bath at Plate Bath at
temperature 7., temperature 7T,
Heat flow Heat flow
from plate L | L from plate
to bath l . to bath
—_— _._./\. e — e — /\ =t
Y y
—
(a)
tan 8, hL/kS
4
|
|
|
|
|
0 | | /2 \’ s
)
(b)
1.0
x/L=0.0
S
=
£ X/L=02
x/L=0.4
x/L=0.6
x/L=1.0
0 >t

(©

(@) Thick plate immersed in a huge bath. (b) Intersection of curves

tan 6 and hL/ké. (c) Sample plot of TRATIO vs. time t for various values of x/L.
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The roots are 6, 8,, 85, ..., §,. Note that §, lies between 0 and #/2, §,
lies between 7 and 37/2, 5 lies between 27 and 57/2, etc. Subtracting 77
from Equation P5.2a and dividing by 7 - 7., we obtain the following
equation

T (X,t) -T. « sin(d,)cos (dn X) eﬂa’d"zf/Lz
TRATIO = TL = 22 L (P5.2¢)

cos(d,)sin(d,) +d,

n=1

A plot of TRATIO vs. time, for several different values of x/L, should appear
as shown in Figure P5.2c.
Finally, the heat transfer ratio, QRATIO, from the plate to the bath in time
t is given by
01 2hL sind, cosd,
- 72 g2 [1

QRATD = :
Q, k 1 [sind, cosd, +d,]

—e ] (ps o)

n=1

where
Q(?) is the amount of heat transferred from the plate to the bath in time #
Q, is the amount of heat transferred from the plate to the bath in infinite time
which equals the change in internal energy in infinite time

1. Write a computer program that will solve for the roots, §,,8,,...,8s,
using MATLAB’s fzero function. Print out the § values in 10 rows and
5 columns. Also print out the functional values at the roots, that is, /().
Note: Only 50 § values need to be computed.

2. Solve Equation P5.2¢ for TRATIO for x/L = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0
and ¢ = 0, 10,20, ...,200 s. Print out results in table form as shown in
Table P5.2. Also use MATLAB to produce a plot similar to Figure P5.2c.

Table P5.2 Temperature Ratio, TRATIO

X/L

Time (s) 0.0 0.2 0.4 0.6 0.8 1.0

0 1.0 1.0 1.0 1.0 1.0 1.0

10 - - - - - -

20 - - - - - -

200 - - - - - -
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3. Construct a table for QRATIO vs. ¢t for times 0, 10, 20, 30,..., 200 s.
4. Use MATLAB to produce a plot of QRATIO vs. t.
Use the following values for the parameters of the problem:

T, =300°C, T. =30°C, h=45W/m?-°C, k=10.0 W/m-°C
L=0.03m, and a=0.279%x10" m?/s

P5.3 In this project we consider a semi-infinite slab (such as a thick layer of ice)
having a uniform temperature, 7, that is suddenly subjected to a change in
air temperature that is caused by a warm front moving in over the region of
interest (see Figure P5.3). The temperature, 7; in the slab will be a function of
position and time; thatis, 7= 7 (x,#). It will also depend on the parameters: 4, 7,
T.., kand a, where 4 is the convective heat transfer coefficient, 7} is the initial
temperature of the slab and 77, is the air temperature, #and a are the thermal
conductivity and diffusivity of the slab material respectively. The problem can
be solved by Laplace Transforms. The solution is:

l—e:f( X J—e[:+];Jx|:l—e:E( X +h\/;°J]—T(X’ﬂ_Ti=0
t

2Jat 2Jat  k T. —T;
(P5.3)

Given: 7;,=-20°C, 7_ = 10°C, k= 2.22 W/m-C, @ = 12.6 X 10~ m?/s and
h =100 W/m?2-C.

We wish to determine the time, 7 when the temperature in the slab reaches
the following temperatures at the following positions.

T=[-10,-5,0]°C and x=10,0.02,0.04] m

Use the search method to find an interval in which the root of Equation P5.3 lies.
Then use MATLAB’s fzero function to solve for ¢ for each condition and
print the results with table headings.
Assume that 0 < < 10000 s with a step size of 10 s.

Air at temperature T, Heat transfer
from air to ice

Ice initially at temperature 7

Figure P5.3 Semi-infinite slab subjected to a change in air temperature.
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P5.4 A wood circular cylinder, having a specific gravity, S, floats in water as shown
in Figure P5.4.
For a floating body, the weight of the floating body equals the weight of
fluid displaced; thus,

Sg.pPR’L =g,V (P5.4a)

where
S is the specific gravity of the wood
7. is the specific weight of water
R is the radius of the cylinder
L is the cylinder length
Vis the volume of water displaced

We define a cross-sectional differential area 44 as shown in Figure P5.4 and
calculate the corresponding differential volume dV as follows:

&V =LdA=2Lx ydy= 2L\/ﬂdy

d-R

V= ZLJ.JR - ydy= ZL{ (_y./R — ¥ +R%sin 1;’)} (P5.4b)

-R

The solution of the integral was obtained from integral tables. Substituting
the limits of integration gives

= L((d —R)R*—(d-R) )+ R’ sin™' d_TR —R%sin™'(=1)

Figure P5.4 Floating wood circular cylinder.
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V= L{(d —R)}J/R*—=(d—R)* +R%sin™ d-R_p sin_l(—l)} (P5.4¢)

Take sin"'(-1) = -7/2
Substituting Equation P5.4c¢ into Equation P5.4a and rearranging terms
and dividing by R?* gives

f(d]z(d_l) 2d_(d) +sin-l(d_1]_(s_05)p=0 s 4
R R R R R

Create a MATLAB program that will use MATLAB’s £zero function to
solve Equation P5.4d for 4 for the following parameters: R= 0.5 m and 0.3 <
8§ <0.5 in steps of 0.1. Create a table consisting of S and 4.

P5.5 Do parts (a) and (b) of Project P2.4 and then, using MATLAB’s fzero

function, determine

a. The times when the velocity of the piston, described in that project,
reaches one-half of its maximum positive velocity during the time span
0 < £<0.01 s. Print these values to the screen.

b. The times when the acceleration of the piston, described in that project,
reaches one-half of its maximum positive acceleration during the time
span 0 < £<0.01 s.

P5.6 Determine the first root of the displacement, y(2), of the underdamped vibra-
tion problem described in Project P2.5. The governing equation for y(2) is

c k c Y k c Y
y=exp| ——t[fAcos| ,|[——| — | £ |+ Bsin| ,[——[ — | t [} (P5.6)
2m m 2m m 2m

Use MATLAB’s £zero function to find the first root. Print this value to the
screen. Also plot y vs. #for 0 < £ < 20 s. Use a step size of 0.1 s. Assume the
following parameters:

m=25kg, k=200N/m, c=5N-s/m

[e} A
A=5m and B=—X

2Zm  Jk/m —(cd/2m)?

P5.7 In the time span 0 < 7 < 20, determine the number of roots and their values
of the displacement, y(#), of the underdamped vibration problem described in
Project P5.6.
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a. Use the search method to find a small interval in which each root lies.

b. In each found interval, use MATLAB’s fzero function to find the
root value.

c. Print out to the screen the root number and the root value.

P5.8 Determine the first root of the voltage, v(#), of the underdamped parallel
RLC circuit described in Project P2.7. The governing equation for »() is

vb=e ! t K Acos 1 ! 2t + Bsin 1 ! 2t
= exX _ - — - —
P 2RC ILC 2RC ILC 2RC

(P5.8)

Use MATLAB’s £zero function to find the first root. Print this value to the
screen. Also plot v vs. £. Assume the following parameters:

R=100Q, L=10"H, Cc=10°F, A=60V, B=-9.0V

0<t<0.5 ms

P5.9 In the time span 0 < # < 0.5 ms, determine the number of roots and their
values of the voltage, v(#), of the underdamped parallel RLC circuit described
in Project P2.7. The governing equation for »(z) is

(P5.9)

a. Use the search method to find a small interval in which each root lies.

b. In each found interval, use MATLAB’s £zero function to find the root
value.

c. Print out to the screen the root number and the corresponding root value.

Assume the following parameters:

R=100Q, L=10"H, Cc=10°F, A=60V, B=-9.0V
0<t<0.5 ms

P5.10 In Project P2.7, instead of solving for (), we could have solved for the
inductor current, 7;(#). For the underdamped case, the solution for 7,()
would take the same form as »(?) and is given in Equation P5.10a:

, 1 1 1Y |1 1Y
I =exp|l——+ Acos| ,|——| — |t |+ Bsin| ,[——|— | t
2RC IC 2RC IC 2RC
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For this project, we wish to consider the seztling time (described as follows)
of the inductor current, 7;, in this parallel RLC circuit. The resistance R,,,,
that makes the circuit critically damped is given by

Ry = |2 (P5.10b)
4

The underdamped case occurs when R > R,
The coeflicients, A and B, are determined by the initial conditions and
the component values. The solutions for A and B are

A=13(0)
B= ! x(v@+m) (P5.10¢)
2 L 2RC
1 (1)
LC 2RC
The settling time of a waveform is the time ,,,, that it takes the waveform 7,
to reach within a specified percentage of some specified value and stay within
that range (see Figure P5.10). For this problem, we will take the settling time
for #,(#) to be within +10% of the initial value, 7,(0), and stay within that

005 -/
0 \ / ;\ >t
—0.05 \ / tsettle\\/

Figure P5.10 Settling time for current j,.
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range. Write a MATLAB program that determines the settling time for the
following circuit parameters:

R=4Ry, L=1.0mH, C=10puF, i(0)=0.5A,
w0)=-6V, 0<t<1000 us

1. Create a plot of 7;(2) vs. £. On the same plot, create the lines 0.17,(0) and
-0.1,(0).

2. Use the search method and MATLAB’s £zero function to determine
the settling time of 7,(#). Hint: Use |7,(#)| and the 0.17,(0) line to find the
maximum root, thus determining the settling time.

P5.11 The current—voltage relationship of a semiconductor PN diode can be written
as follows:

i =Is(ek”’ —1] (P5.11a)

where
ip, and v, are the diode current and voltage as defined in Figure P5.11
g is a constant (with units of amperes) that is determined by the semi-
conductor doping concentrations and the device geometry
g = 1.6 x 1079 C is the unit electric charge
k=1.38 x 10723 J/K is the Boltzmann constant
T is the absolute temperature (in K)

.l

Figure P5.11 Semiconductor PN diode.
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P5.12

We can determine the current and voltage through the diode for this circuit
using Kirchhoff’s voltage law. We know that the sum of the voltage drops
around the circuit must sum to zero:

Applying Ohm’s law for the current through the resistor, v, = #zR, and
observing that the resistor current equals the diode current i, = i), we can
rewrite Equation P5.11b as

g
v-,,—Is(ekTvb —I]R—VD =0 (P5.11¢)
Let
)
f(VD)=V-,,—IS(ekT —IJR—VD (P5.11d)

1. Create a MATLAB function for f(v5) and plot for the interval 0 < v <
0.8 V for 10 mV steps (80 subdivisions on the v, domain).

2. Use the search method to obtain a small interval within which the root
of Equation P5.11d lies.

3. Use MATLAB’s £zero function to obtain a more accurate value for the
root. Use the following parameters:

T=300K, IL=10"A Vv,=5V, R=1000Q

4. Print the root value to the screen.

We wish to determine the DC transfer characteristic for the diode circuit
of Figure P5.11. We will consider V;, as a parameter, where 5 < V,, < 12 in
steps of 1 V. We wish to find the value of v, for all values of V,.

Write a MATLAB program that will find the roots of /(vp) = 0, where

q
f(vD)zv-n—Is(é‘TVD —1]R—vD

Your program should

1.

2
3

Use a global statement to bring values of V,, into the function f(vp).

. Take 0.2 < v;, £ 0.8 V with 60 subdivisions on the #, domain.
. Use the search method to find a small interval in which the root of

f(vp) =0 lies.
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4. Use the MATLAB’s £zero function to obtain a more accurate value for
the root.

5. Construct a table consisting of all values of V,, and the corresponding
roots of f(vp) = 0.

6. If you did Project P5.11, confirm that your program returns the same
result as in Project P5.11 when V,, =5 V.

Reference

1. Moran, M.]. and Shapiro, H.N., Fundamentals of Thermodynamics, John Wiley &
Sons, Hoboken, NJ, 2004.






Chapter 6

Numerical Integration

6.1 Introduction

In this chapter, we cover both the trapezoidal rule and Simpson’s rule for approximat-
ing the value of definite integrals. We then demonstrate the usage of MATLAB®’s
quad and dblquad functions for evaluating definite integrals. Finally, examples
demonstrating the usage of these four methods are given.

6.2 Numerical Integration with the Trapezoidal Rule

We wish to evaluate the integral / where
b
I= j f(x)dx = the area under the curve f{x) 6.1)

by the trapezoidal rule (see Figure 6.1).
The steps for calculating the integral, /, numerically by the trapezoidal rule are
as follows:

B Subdivide the x-axis from x = 2 to x = & into /N subdivisions, giving

_b-a
N

B The area, 4, under the curve in jth interval can be approximated as the area

of the trapezoid bounded by (x;, £, f.1, x,.1), which is

Ax 6.2)

1

201
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X
Xp=a X X3 oo Xl X Kl ... Xn=b

Figure 6.1 Subdivision on x domain for trapezoidal rule.

B Repeat this process for all interval areas, giving

1 1
A1=5(ﬁ+ £)Ax, A2=5(f2+ £)Ax,

1 1 (6.4)
A =5(f3 + £)A%, -5 By = E(ﬁ“ + fi)Ax
B We now sum all the interval areas (4, A,, ..., A,) to obtain the trapezoidal
rule for evaluating the integral, 7, which is
X 41 1 1
I= J f(x)d:cz(zﬁ+ E+E5+-+ § +2ﬁMJAx (6.5)
b

Example 6.1

Solve the definite integral, 7, by the trapezoidal rule:

10
I= J(;é +3.2% —3.4%+20.2)dx
0

oe

Example 6 1.m

This program evaluates the integral by the trapezoidal rule
The integrand is: x"3+3.2*x"2-3.4*x+20.2

The limits of integration are from 0-10.

clear; clc;

= 0; b = 10;

= 100; dx = (b-a)/N;

Compute values of x and f at each point:

o oe

o°

o Z W
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o°

An arithmetic expression of vector x produces a vector f.
Need to use element by element multiplication.

o°

X = a:dx:b;

f = x.73 + 3.2*x.72 - 3.4*x + 20.2;

% Calculate the integral as per Equation 6.5
I = dx*(sum(£f)-0.5*£(1)-0.5*f£(N+1)) ;

o°

Display results

fprintf ('Integrand: x"3 + 3.2*x"2 - 3.4*x + 20.2 \n');
fprintf ('Integration limits:%.1f to %.1f \n',a,b);
fprintf ('Trapezoidal solution, I = %10.4f \n', I);
Compare with analytical solution, which is:

I2 = 1/4*x74+43.2/3*x73-2.4/2*x"2+20.2*x with

limits from 0 to 10.

I2 = 0.25%1074+3.2/3%1073-3.4/2*1072420.2*10;

fprintf ('Analytical solution, I2 =%10.4f \n',6,I2);

o oe

o°

Program results

Integrand: x"3 + 3.2*x"2 - 3.4*x + 20.2
Integration limits: 0.0 to 10.0
Trapesoidal solution, I 3598.9700
Analytical solution, I2 3598.6667

>>

We see that the integration for this integral by the trapezoidal rule gives the correct
answer up to four significant figures.

6.3 Numerical Integration and Simpson’s Rule

We can also evaluate an integral of a single variable by Simpson’s rule, which is a more
accurate method than the method using the trapezoidal rule. In Simpson’s rule, three
points on the curve f(x) are connected by second-degree polynomials (parabolas) and
we then sum the areas under the parabolas to obtain the approximate area under the
curve (see Figure 6.2). As in the trapezoidal rule case, the x domain is subdivided into
N intervals, but in this case, NV must be an even number. We proceed by first expand-
ing f(x) in a Taylor series about x; using three terms; that is,

f(x) = a(x—x) +b(x—x)+c (6.6)

Then, the area under two adjacent strips A
between x, , and x;,;:

is computed by integrating f1(x)

2strips

Xit] xXi+Ax
Bosi = j £(x)cx= j [a(x— x)* +b(x— x) + ddx 6.7)

Xi-1 Xi—AX

Leté =x - x,.
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A2 strips

1 f?—jl
/‘
‘Ax
x
Xy e X1 X

Figure 6.2 Area under 2 adjacent strips.

Then,
dx =dx
When x=x; -Ax, £ = -Ax, and when x=x,+ Ax, £ = Ax.
Making these substitutions into Equation 6.7 gives
Kit1
B grips = J f(x)dx

Ki-1

Ax

= J.[axz +Dbx + ddx
—Ax
ax’  bx’ o
=+ +x
3 2 —Ax
a 3 a ; b , b 2
3(Ax) 3( AX) +2(Ax) 2( AX)” + dAX) — d—Ax)

Thus,
By rips = ?(Ax)3 +2A\x
Now, define £ = f(x). Solving Equation 6.6 for £, £,,, and £, gives
f(x)=fi=c
f(x%41) = £, = a(AX)’ +PAx+C
f(x4)= £, =a-A%)’ +b-Ax)+c

Adding the above last two equations gives f,, + f;_, = 2aAx? + 2.
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Solving for a gives

a= ' [f,4 £, 2]

2AX
Then,
Bowin = 2 X [fa+ £, 2E])(A)+ 2 BAx= X[ £, 4 £, -2 £ 4 G £]
strips 3 2A}(2 1+ — 3 i+ _
or
A
- =7x[fi_1 +4f+ £) 6.8)

To obtain an approximation for the integral 7, we need to sum all the 2-strip areas
under the curve from x = 4 to x = B (see Figure 6.3); that s,

A1=%[ﬁ+4f2+@]
Az=%[@+4ﬁ+ £]

A3=%[ﬁ+4i+ £]

=
&
=
o
o
=
S
e
I

[ ]2 ] ]\
[ [ ]2 ][]
[T T]]]

x
T T T
X1 Xy X3 Xyq X5 Xg X7 s e s XN-1 XN N4l

Figure 6.3 Summing all the 2 strip areas in Simpson’s rule.
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Thus,

I= J- f(x)dxz%[ﬁ+4f2+2§+4f4+2g+---+4ﬁq + 541

X

This is Simpson’s rule for integration.

Example 6.2

Solve by Simpson’s rule:

10
I= j(;é +3.2% —3.4%+20.2)dx
0

o°

Example 6 2.m

This program calculates an integral in Example 6.1 by
Simpson's Rule

The integrand is: x"3+3.2*x"2-3.4*%*x+20.2

The limits of integration are from 0-10.

o® o o

o°

clear; clc;

A = 0; B = 10;

N = 100; dx = (B-A)/N;

% Compute values of x and f at each point:

% An arithmetic expression of vector x produces a vector f.
% Need to use element by element multiplication.

X = A:dx:B;

f =x."3 + 3.2*x.72 - 3.4*x + 20.2;

o\

o°

sum _even = 0.0;
for i = 2:2:N
sum_even = sum_even+f (i) ;
end
sum _odd = 0.0;
for i = 3:2:N-1
sum_odd = sum_odd+f (i) ;
end
% Calculate integral as per Equation 6.5
I = dx/3 * (£(1) + 4*sum _even + 2*sum odd + £(N+1));
% Display results
fprintf ('Integrand: x"3 + 3.2*x"2 - 3.4*x + 20.2 \n');
fprintf ('Integration limits: %.1f to %.1f \n',A,B);
fprintf ('Simpson rule solution,');
fprintf ('I = %10.4f \n', I);
% Compare with analytical solution, which is:
I2 = 0.25%1074+3.2/3*%1073 - 3.4/2%1072+20.2*10;

Use two separate loops to sum up the even and odd terms
of Simpson's Rule. Also, exclude endpoints in the loop.

(6.9)



Numerical Integration m 207

fprintf ('Analytical solution, ') ;
fprintf ('I2 = %10.f \n',I2);

Program results

Integrand: x"3 + 3.2*x"2 - 3.4*x + 20.2
Integration limits: 0.0 to 10.0
Simpson rule solution, I = 3598.6667
Analytical solution, I2 = 3598.6667

>>

We see that solving the integral of Example 6.1 by Simpson’s rule gives a slightly
better answer than solving the same integral by the trapezoidal rule.

Review 6.1

B
1. What is the formula for evaluating the integral, I =J. £(x)dx, by the trap-
ezoidal rule? A

B
2. What is the formula for evaluating the integral, I= J. £(x)dx, by Simpson’s rule?
A

Exercise

E6.1 Evaluate the following definite integrals by Simpson’s rule:

. PJL

. 0 Se3x+2e"3x
b I_J"’” sin xdx
-p/i2/1—4sin® x
P

c. I= J. (sinh x— cos x)dx
0

6.4 Improper Integrals

An integral is improper if the integrand approaches infinity at some point within
the limits of integration, including the end points. In many cases, the integration
will still result in a finite solution.

Example 6.3

1

Izj.wdx (6.10)
X

0
The integral in Equation 6.10 is improper since both the numerator and denominator
are zero at the lower limit (x = 0). The exact value of / can be obtained by residue theory
in complex variables, and in this case the integral, 7, evaluates to 72/12 = 0.822467.
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Let

1

I= J‘log(l;x)dXZ L+35L
X

0

where
1
I ZJ'log(1+x)dx
b'e

and

e

L ZJlog(le x)dx

X
0

and € << 1. To evaluate /,, expand log(l + x) in a Taylor series about x = 0, giving
log(1+ %) = UL R L N T S
2 3 4 5
then

log(1+x) —lx 1 1 1 4
be 2 3 4

1 2 3 1 4 1 5 1 6 1 7
L —e—— + = - + — - + — —eed e 6.11
), =e e 9e 1 e 5e 3 e 9e ( )

Evaluate /; by Simpson’s rule and evaluate 7, by Equation 6.11. The following
program illustrates the method.

o\

Example 6 3.m

This program evaluates the improper integral: log(l+x)/x
The limits of integration are from 0 to 1.

The integrand is undefined (0/0)at x = 0. Thus, the
integral is broken up into 2 parts: I1 and I2.

I1 is evaluated from epsilon to 1.

o® o o o

o°
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% I2 is expanded in a Taylor Series and evaluated from 0 to
% epsilon.

clear; clc;

epsilon = 0.0001;

A =0; B=1;

N = 100; dx = (B-epsilon)/N;

% Evaluate I1l. First, evaluate log(l+x)/x for each value of
% x over the interval [epsilon,l1].

X = epsilon:dx:B;

f = log(1l+x)./x;

o\°

Next, calculate the even and odd terms for Simpson's Rule.
sumeven = 0.0;
for i = 2:2:N
sumeven = sumeven+f (i) ;
end
sumodd = 0.0;
for i = 3:2:N-1
sumodd = sumodd+f (i) ;
end
As per Equation 6.5, Il is the weighted sum of the even
and odd terms, plus the end terms.
1 = dx/3 * (£(1) + 4*sumeven + 2*sumodd + £ (N+1));
fprintf ('Integrand = log(l+x)/x n');
fprintf ('I1 limits of integration are from %.4f to %.4f\n',...
epsilon,B) ;
fprintf ('I2 limits of integration are from %.4f to %$.4f\n',...
A,epsilon) ;
fprintf ('I1 =%16.6f \n',I1l);
% Calculate I2 via first 4 terms of Taylor series expansion.
I2 = epsilon - 1/4*epsilon”™2 + 1/9*epsilon”3...

o o°

H

-1/16*epsilon”4;
fprintf ('I2 =%16.6f \n',I2);
I = I1+I2;

fprintf ('I = I1+I2 =%10.6f \n',6I);
I exact = 0.822467;
fprintf ('I_exact =%10.6f \n',6 I exact);

Program results

Integrand = log(l+x)/x
I1 limits of integration are from 0.0001 to 1.0000
I2 limits of integration are from 0.0000 to 0.0001

I1 = 0.822367
I2 = 0.000100
I = I1+I2 = 0.822467
I exact = 0.822467

As we see the method works quite well.
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6.5 MATLAB®’s quad Function

The MATLAB function for evaluating integrals is the function quad. A descrip-
tion of the function can be obtained by typing help quad in the Command
window (from MathWorks, with permission):

Q = QUAD (FUN,A,B) tries to approximate the integral of scalar-
valued function FUN from A to B to within an error of 1l.e-6
using recursive adaptive Simpson quadrature. FUN is a function
handle. The function Y = FUN(X) should accept a vector argument
X and return a vector result Y, the integrand evaluated at each
element of X.

Q = QUAD(FUN,A,B,TOL) uses an absolute error tolerance of TOL
instead of the default, which is 1.e-6. Larger values of TOL
result in fewer function evaluations and faster computation,
but less accurate results. The QUAD function in MATLAB 5.3 used
a less reliable algorithm and a default tolerance of 1.e-3.

Thus, the quad function takes as arguments a function handle FUN that defines the
integrand in a . file and the limits of integration. Alternatively, if the integrand is not
very large and can be expressed in a single line, then you can define the integrand within
your script with an anonymous function (see Examples 6.4 and 6.5). If the integrand
involves very small numbers or very large numbers, you might wish to change the default
tolerance by adding a third argument to quad (as shown in the above second usage
description). The quad function is able to evaluate certain improper integrals (see
Exercises E6.2d, E6.2¢, and E6.2f). It does this by selecting limits of integration that are
very close to the singular points, but not on them, thus removing the singularity.

Example 6.4

We will now repeat Example 6.2, but this time we will use MATLAB’s quad func-
tion to do the integration. The integral 7 in Example 6.2 is

10
I= J(x” +3.2% —3.4%+20.2)dx
0

The program follows:

o°

Example 6 4.m

This program evaluates the integral of the function 'f1'
between A and B by MATLAB's quad function. Since the
function 'f1' is just a single line, we can use the
anonymous form of the function.

clear; clc;

fl = @(x) (x.73+43.2*x.72-3.4*%x+20.2) ;

o° o o

o\°
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A = 0.0; B =10.0;
I = quad(£f1,A,B);

fprintf (' Integration of f1 over [%.0f,%.0f] ',A,B);
fprintf (' by MATLAB"s quad function: \n )i

fprintf ('f1l = x™3 + 3.2*x"2 - 3.4*x + 20.2 \n');
fprintf('lntegral = %$10.4f \n', I);

Program results

Integration of f1 over [0,10] by MATLAB's quad function:
fl = x"3 + 3.2*x"2 - 3.4*x + 20.2

integral = 3598.6667

>>

We sce that the results are the same as those obtained in Example 6.2.
Review 6.2

1. What is the name of MATLAB’s function for integration of a single variable?

2. In MATLAB’s function for integration, how does one define the function to
be integrated?

3. If the integrand contains nonlinear terms, how must they be treated?

4. Will MATLAB’s quad function treat improper integrals?

Example 6.5

Evaluate

t
—dt
ji? +t+1
0

o\

Example 6 _5.m

This program evaluates the integral of Example 6.5 by
MATLAB's quad function. Since the integrand can be
expressed in a single line, we can use the anonymous form
of the function.

clear; clc;

A = 0.0; B=1.0;

f2 = @e(t) t./(t.”3 +t + 1.0);

I2 = quad(f2,A,B);

o° o o

o°

fprintf (' Integration of f2 over [%.0f,%.0f] ',A,B);
fprintf (' by MATLAB"s quad function: \n ) ;

fprintf ('f2 = t/(t"3 + t + 1) \n');
fprintf('lntegral = %$f \n',I2);

Program results

Integration of f£2 over [0,1] by MATLAB's quad function:
f2 = t/(t"3 + t + 1)

integral = 0.260068

>>
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Let us repeat Example 6.3 in which we evaluated the improper integral described
by Equation 6.10, but this time we will evaluate the integral using MATLAB’s
quad function with limits from 0 to 1. Recall that the function log(1 +x)/x is
undefined at x = 0. In addition, we will use the inline method for specifying the
function.

Example 6.6

% Example 6 6.m

% This program evaluates the improper integral log(l+x)/x

% with limits from 0 to 1 using MATLAB's quad function.

clear; clc;

A =0; B=1;

fprintf ('This program uses the quad function to evaluate \n');

fprintf ('the integral of log(l+x)/x from %2.0f to %2.0f \n,...
A,B);

I = gquad(inline('log(1l+x)./x'), A, B);

fprintf ('I =%10.6f \n', I);

Program results

This program uses the quad function to evaluate
the integral of log(l+x)/x from 0 to 1.

I = 0.822467

>>

This answer is the same as shown in Example 6.3.

Exercises

E6.2 Use MATLAB’s quad function to evaluate the following integrals. Note
that integrals d, e, and f are improper integrals:

P R S
Jo 56 + 287
b Io (P2 sin xdx

. 2
J-p/24/1—4sin” X

p
c. I=] (sinhx—cosx)dx

J0
d. I=j1 3e’dx
0

Ji-x
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I- J‘l log(1 + x)dx

0 (1-%
[ og( + x)ax
£ I_L (1-%)

E6.3 This exercise is from thermodynamics. The entropy change of an ideal gas
from state (7}, p,) to state (7}, p,) is given by

s{Tz,m—s{Tl,p)=jcp(T)E—RmE 6.12)
T T B

where

s is the entropy (kJ/kg-K)

¢, is the specific heat at constant pressure (kJ/kg-K)
p is the pressure (kPa)
T'is the absolute temperature (K)

R is the gas constant (kJ/kg-K)

The specific heat, ¢,(7)), can be approximated by a fourth-degree polynomial [1],

that is,
G(T)=R(a+aT +aT’+aT’+aT ") (6.13)
R
where

R = Universal gas constant = 8.314 kJ/kmol-K
M is the molal mass (kg/kmol)

For carbon dioxide [1],

a =2.401, a =8.735x107, a =-6.607x107°,
a, =2.002x107, & =0.0

M = 44.01 kg/kmol

Use MATLAB’s quad function to calculate the change in entropy, s(75, p,) -
s(T3, py), for (T}, py) = (400 K, 1.0 atm) and (75, p,) = (900 K, 10.0 atm). Print

the results to the screen.

Note: 1 atm = 1.0132 x 10° N/m?.
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E6.4 Project P5.3 involved a heat transfer problem in which the surface of a thick
ice slab was subjected to a sudden change in temperature. Equation P5.3 pro-
vided the means of determining the temperature distribution in the slab. The
following equation is a rearrangement of Equation P5.3.

hx hlat
Y IR nat
T.. T (xY=(T.—-T;) e:f(z\/;:]+e x[ (2\/71: . ):l

(6.15)

where
k = the thermal conductivity of the slab material
b = the convective heat transfer coefficient
a = the thermal diffusivity of the slab material
1., = the air temperature (10°C)
T} = the initial slab temperature, assumed to be a constant at temperature -20°C

In this exercise we wish to determine the amount of heat per unit surface
area, ¢, transferred to the slab per unit surface area in a specified time period
from 0 to 7. Heat transfer to the slab occurs at the boundary. The governing
equation for ¢ is

t

q=Jh(TN ~T(0,) at (6.16)

0

Setting x = 0 in Equation P5.3 and taking

hm af

[r) "“{r]

Note: erf(0) = 0

After some manipulation, Equation 6.15 reduces to

g=h(T.. —Ti)ji e[“zkj t]x{l—e:f(h“/?)] at 6.17)

0
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Assume: 7;=-20°C, 7., =10°C, k= 2.2 W/m-C, a = 12.6 x 10" m?/s, and
b =100 W/m?-C, tp=792s.
Develop a MATLAB program using Simpson’s rule to evaluate ¢. Print the

result to the screen.

E6.5 We wish to determine the x component of the electric field at position (x,,y,, z,)
due to a line of point charges extending along the z-axis from z = -0.01 m to
z=+0.01 m (see Project P6.3 for the derivation of the governing equations for
the electric field). Assume that 4Q = Adz,, with A = 2x 10~ C/m. Here 4Q is
the strength of the point charge distribution. The x component of the electric
field at position (x,,y,,2,) is given by

0.01

Ex(% ¥, %) = J

—-0.01

ldz, X — X
4pe, (% — %) + (% — Vo) + (20— 2)")"”

(6.18)

where (x,, y,, 2,) = the coordinates of the point charge. Use MATLAB’s quad
function to determine £,(0.005,0,0). The units of £, are V/m. Take ¢, =
8.85x 1072 F/m.

6.6 MATLAB®’s dblquad Function

The MATLAB function for numerically evaluating a double integral is dblquad.
A description of the function can be obtained by typing help dblquad in the
Command window (from MathWorks, with permission):

Q = DBLQUAD (FUN, XMIN, XMAX, YMIN, YMAX) evaluates the double
integral of FUN(X,Y) over the rectangle XMIN < = X < = XMAX,
YMIN < = Y < = YMAX. FUN is a function handle. The function
Z = FUN(X,Y) should accept a vector X and a scalar Y and
return a vector Z of values of the integrand.

Non-square regions can be handled by setting the integrand to
zero outside of the region of interest. For example, the volume
of a hemisphere of radius R can be determined by the dblquad
function by setting -R <= x <= R and 0 <= y <= R and setting

z = 0 for points (x,y) that lie outside the circle of radius

R around the origin.

The usage of dblguad is similar to quad, except
B FUN must have two arguments, say X and Y and accept X as a vector and Y

as a scalar.
B There must be two sets of integration limits (one for the X and one for Y).
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Differential volume element

aV =\R>— x> y* dxdy

Figure 6.4 Infinitesimal volume inside a hemisphere.

Example 6.7

Calculate the volume of a hemisphere of radius, R, by MATLAB’s dblquad
function.

To find the volume, we define a differential volume element, 4V, as follows:
Qv =R’ — ¥ — Y &y (as shown in Figure 6.4) and double integrate over the
intervals x = [-R,R] and y = [-R,R].

o\°

Example 6 7.m

This program calculates the volume of a hemisphere (with
R = 1) using MATLAB's dblquad function. The solution is
compared with the known exact solution for the volume of a
hemisphere.

clear; clc;

global R;

R = 1;

V = dblquad('hemisphere V', -R,R,-R,R);

V_exact = 2/3*pi*R"3;

% print results

fprintf ('Volume V of a hemisphere of radius %6.4f m \n', R);
fprintf ('V by DBLQUAD = %6.4f m™3 \n',6V);

fprintf ('V exact = %.4f m”"3 \n',V_exact);

o° o o

o°

o°

hemisphere V.m

This function defines the integrand z(x,y) for determining
the volume of a hemisphere and is used in MATLAB's dblgquad
function.

o o

o°
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From analytical geometry, the equation of a sphere is

X"2 + Y2 + 272 = R"2. Thus, dV = Z*dX*dY, where Z =

sgqrt (R72-X"2-Y"2) .

Note that the hemisphere is only defined for (X,Y) points
which lie within a circle of radius R around the origin,

the region that is the projection of the hemisphere onto

the X-Y plane. An 'if' statement is used to set Z = 0 for
(X,Y) points outside the circle of radius R.

Note: X is a vector and Y is a scalar.

function Z = hemisphere V(X,Y)
% global R;
for i = 1:length(X)

if X(i)72 + Y2 <= R"2

Z(1i) = sgrt(R"2 - X(i)"2 - Y"2);

else

Z(i) = 0;

Program results

Volume V of a hemisphere of radius 1.0000 m
V by DBLQUAD = 2.0944 m™3
V exact = 2.0944 m"3

>>

Exercises

E6.6 The object shown in Figure 6.5 is enclosed by two curves, one of which is a

straight line and the other is a parabola.

a. Use MATLAB to create a plot of Figure 6.5.

b. Use MATLAB’s dblguad function to estimate the area enclosed by the
object shown in Figure 6.5.

c. Suppose the object material is steel with a mass density, p =8.0 kg/m?, and
the thickness, z, of the region varies with x and is given by z=x+3 cm. Use
MATLAB’s dblquad function to determine the mass, 72, of the object

m= @rdv = J.J.rzdxdy . Assume that the (x,) coordinates in
A

v
the figure are in meters.

E6.7 The position of the center of mass (x,, y.) of the object described in Exercise

EG.6 is given by

mx, = J.J.xrz(x)dxdy my.= ”- yrzx)dxdy (6.19)
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2.5+ 4

1.5 ¢ E

0.5+ E

-1 -0.5 0 0.5 1 1.5 2

Figure 6.5 Object enclosed by two curves.

where
p is the mass density of the material
m is the mass of the object
z is the thickness of the object, which is a function of x

Create a MATLAB program that will calculate (x,,7,) using MATLAB’s dbl-
quad function. Print the results to the screen.

E6.8 Using the infinitesimal volume shown in Figure 6.4 and MATLAB’s dblquad
function, determine the centroid position, z,, of the hemisphere described in
Example 6.7. By symmetry, we can assume that x, = 0 and y, = 0. Note that z,
for the infinitesimal volume is at the center position, that is,

2.dV =%\/R2—x2—§fx\/R2—x2—§fdxdy

o (6.20)
AY =IJ%(R2—>8—f)d>dy

where Vis the volume of the hemisphere = (2/3)7R>.
We can also determine the centroid position analytically by taking an
infinitesimal volume shown in Figure 6.6; then

&V =pridz (6.21)
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dz¢ — 7

T

<_

Figure 6.6 Infinitesimal region used to determine the centroid position z,
analytically.

where

r=+(R*-2%) (6.22)
Thus,

B (e v P .2 7] 3
%_v.!(Rz 7)dz (2/3)PR3X[R ] gF 62

Compare z, obtained by the use of MATLAB’s dblquad function with the
exact solution. Take R = 1.

Projects

P6.1 The solution for the displacement, ¥Y(x, #), from the horizontal of a vibrating
string (see Section 13.2) is given by

Y(X,i')=Zansinn7§xcos% (P6.1a)
n=1

where

a, = 3_[ £(x)sin " dx (P6.1b)
L L

0
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and
f(x) =Y (x0) (PG6.1c)

Use MATLAB’s quad function to determine 4,, for n= 1, 2, ..., 10. Create
a table and a plot of 4, vs. 7. Take L = 1.0 m and

0.4% 0<x<0.75L
f(x) = (P6.1d)

0.12-0.12%x 0.75L<x<L

P6.2 This project is a variation of Exercise E6.4. That Exercise involved determin-
ing by Simpson’s rule the amount of heat per unit surface area, ¢, transferred
to a thick ice slab, in time period from 0 to #;, when the surface was suddenly
subjected to a change in air temperature. The equation for g was described in

EG6.4, which is:

q=h@w—T0f ihﬁt]x{l—ei(hﬁfz)i‘ dt (P6.2a)

0

where
k = the thermal conductivity of the slab material
h = the convective heat transfer coefficient
« = the thermal diffusivity of the slab material
T, = the air temperature (10°C)
T = the initial slab temperature, assumed to be a constant at temperature -20°C

Using MATLAB’s quad function, develop a MATLAB program that will
determine ¢. Take #; = 792 s.

Assume: 7,=-20°C, 7= 10°C, £ = 2.2 W/m-C, @ = 12.6 X 107 m?/s and
h =100 W/m?2-C.

P6.3 It is experimentally observed that when two charged bodies are placed in
the vicinity of each other, a force will act on the two bodies. If both bodies
have like charges, the force will be repulsive; otherwise, the force will be
attractive. The force relationship between two charges is similar to Newton’s
gravitational law. The force relationship between two point charges is

F=x2d9e,
7|
Here we take Q to be the first point charge, ¢ as the second point charge, 7 is
the distance between the point charges, 4 is a constant and &, is a unit vector
along the line connecting the two charges. If both charges are positive,
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then the force on charge g will point away from charge Q. The electric field, E,
caused by point charge, Q, is defined as

=—€, (P63a)

where £ = 1/(4ze,) with €, is the permittivity of material containing electric field.

In free space, €,=8.85x107'2 F/m. The units of E are newton/coulomb
(N/C) or volt/m (V/m). Addmg more source charges will alter the electric
field distribution. Therefore, E is defined with respect to a particular configu-
ration of source charges.

Electric field problems often involve integration. We begin by assuming
that a point charge of Q coulombs is located at the coordinates (x,, yp,z) in
free space. We denote the location of Q by the vector £, (see Figure P6 3a).

The electric field E at the observation point F, (correspondlng to the coor-
dinates (x,,y,,z,)) due to the charge at r, is deﬁned by Equation P6.3a. From
Figure P6.3a, we can observe the vector sum ¥, = t, + f, and thus, f =¥, - ¥,
Then, Equation P6.3a becomes

o Q _r;)_I:p

B Lok (P6.3b)
4pe, [t — T, -7,

where we have applied the definition of the unit vector e,= (1, — ?p)/‘f; - ?p‘.
We now break down ¥, and FP into their x, y, and z components so that

we can express them in Cartesian coordinates as T, = x,€, + 7,€, + 2,€, and

sd A A A A

I,=x8+)¢+28, where &, y, and €, are unit vectors in the X, P and z dlrec-

P =SNG T E
tions, respectively. Then, |f, — rp‘ = \/(x, - %) +(%— ¥o) +(z—2,)" and

Equation P6.3b becomes

_ 0 (- X)ex+ (% — Yoley + (2 — Zp)e,
dpe, (% — %) + (% — ¥p)* + (2o — 2,)")""

[eol

(P6.3¢)

Thus, Equation P6.3c gives the electric field at the location (x,,7,, z,) due to a
point charge of magnitude Q located at (x X Yp 2, ) We now wish to calculate
the electric field due to a line of point charges extending along the z-axis from
z=-0.01 m to z=+0.01 m (see Figure P6.3b).

We shall assume that the charges are evenly spaced along the line with a
linear charge density represented by the symbol A with units coulomb/meter.
We can rewrite Equation P6.3c¢ in differential form to obtain an expression
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Point charge Q
located at T,

D Measurement
T X’\ location r,
; =
T

x (@)

z

A
. Differential line
. charge element Adz
+ {
1] _ M .
Line charge of density : : r e:lasurtgmen
A C/m along +z axis ¥ { ocation
=l -
+ r, dE
+
+
- ¥ > X
+
+
+
+
+
\

(b)

Figure P6.3 (a) The electric field Eat observation point ¥, due to a pomt charge
located at ¥,. (b) The differential electric field dE, at observatlon point¥, due to a
differential line charge element Adz located along the z-axis.

for E in terms of the differential quantity 4Q = Adz,, where dz, represents
an infinitesimal segment of the line charge in the z direction:

= ldzp (XJ - Xp)éx + (YO - YP)é + (zo - zp)éz

dE= P6.3d
4pe, (% — %) + (W% — ¥p)” + (20— 2,)")"° ( :

Separating the individual directional components of Equation P6.3d and
integrating -0.01 to 0.01 give

0.01
[ ldg, %— X,
Ey = Apes (% = %) + (%~ %) + (2= 2)")" (P6.3¢)




Numerical Integration ® 223

Table P6.3 Table Format for Presenting E, Values

E, Values
XO yO
-0.05 | -0.03 | -0.01 | 0.01 | 0.03 | 0.05
-0.05 | — — — - =] =
-0.04 | — — — - =] =
-0.03 | — — — - - | =
003 | — — — - = | =
004 | — - - - - | =
005 | — — — - = | =
0.01 Ldz
Yo~ Yo
E., = P (P63f)
T dpes (k%) (% - o) (20— 7))
0.01 1dz
Zo— Z
E,= P P (P6.3g)

)3/ 2

b (= %) (% - W) + (2 z)

Calculate and tabulate the electric field components, £, and E, in the (x, y)
plane for the intervals -50 < x, <50 mm and -50 < y, < 50 mm with a step
size of 10 mm. Omit the point (x,, y,) = (0,0). Print £, and E, o three decimal
places in separate tables using a table format as shown in Table P6.3. Take
A=2x10" C/m.

P6.4 Modify Project P6.3 to calculate the electric field components, £, and E, at
points in the (x, 2) plane.

Calculate and tabulate E, and E, for -0.05 < x, < 0.05 m and
-0.05 < z, < 0.05 m with a step size of 0.01 m. Omit the points (x,, z,) =
(0, z,). Print the result in the table format shown in Project P6.3.

P6.5 A positive surface charge density of magnitude 6=4x 10712 C/m? lies in
the (x, y) plane and extends -0.01 < x < 0.01 and -0.01 < y < 0.01 as
shown in Figure P6.5a. Using a method similar to what was described in
Project P6.3, we define a differential charge element 4Q = odydx and then
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find the resulting electric field by integrating over the sheet of charge for
x, = [—0.01,0.01],)/], =[-0.01,0.01], and z, = 0:

0.01 0.01

sdy,dx, X — X
E, = _[ b e i d s (P653)
dpe, (%—%) +(%—¥) +(2—2,)")
—0.01-0.01
0‘(21 0.01 dyd}{
s %~ %
E, = J b i b 5 (P6Sb)
J dpe, (%—%) +(%—¥o) +(z—2)")
—0.01-0.01
0.(21 0.01 dydx
s Z— 2
Be = .[ fpe, (o + (o) + ez 0
—0.01-0.01 P& T % oY %%

Measurement point Sheet charge with surface

z
. charge density o C/m?
i g y
Differential charge f ,{

element odxdy 2

i/ T
72 y
5,
//
x
(@)
z .
Sheet charge with surface
charge density ¢ C/m?
{ located at z,=1 mm
- y
71
/0
/
/ T
4
x Sheet charge with surface
charge density —o C/m?

located at z,=-1 mm

(b)

Figure P6.5 (a) The differential electric field dE at observation point ¥, due
to a differential sheet charge element sdxdy located on the x-y plane. (b) Two
parallel and oppositely charged sheet charges located on the planes z, = +1 mm
and z, = -1 mm.
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1. Writea MATLAB program using the dblguad function to calculate E,,
E, and E, at the following (x,, ,, z,) points:

%o Yo % =10,0,2x107°] (above the plate)

X0 Yo Z =[30X107, =5x107, —=12%107°] (below the plate)

2. Now assume that there are two sheet charges in the planes parallel to
the x—y plane: the first sheet located at z, =+l mm with surface charge
density 6=4x1072 C/m? and the second sheet located at z, = -1 mm
and oppositely charged with surface charge density 6=-4x10"12 C/m?
(see Figure P6.5b). Find the electric field via superposition by calculating
the electric field separately for each sheet and then adding them together.

Find E,, E,, and E, for these three points:
Xo» Yoo % =[0, 0, 2X107°]  (above the plates)

%o, Yor % =[10X107°,-0.5x107°,0] (between the plates)

Xor Yor 2 =[30X 107, =5x 107, =12 x107°]  (below the plates)

Print out the results. Do these results make sense?

P6.6 The BiotSavart law relates electrical current to magnetic field (see Figure
P6.6a) and is defined for current flow through wires as

&Id(?xér

dB=-°— 2% (P6.6
¥ !

where
dBis the differential magnetic field (a vector)
U, is the permeability of free space (47 x 107 H/m)
Iis the current (in amperes)
d¥ is a differential wire length with direction corresponding to the cur-
rent flow
r is the vector from the current element to the measurement point
& is the unit vector in the ¥ direction
x represents the vector cross product

In Figure P6.6a, we also define FP as the location of the current element and
F, as the point of measurement such that¥ =¥, - 1.

Figure P6.6b shows a circular wire with radius R centered at the origin and
carrying a current /. Using the Biot—Savart law from Equation P6.6a, we can
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Z  Differential current

element Id¢
7
Wire
%/ \ Measurement
T r location
P
P :r
dB
y
X (a)
z
Wire loop Measurement
with radius R = location

dB

Differential current
(b) clement IRd6,&g
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with radius R y -é, sinep
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Flgure P6.6 (a) The differential magnetic field element d§ at observation point
¥, due to a differential wire element carrying current Idt. (b) The differential
magnetic field element dB at observation point ¥, due to a wire loop located in
the x-y plane. (c) rp and &, may be decomposed into their x and y components in
order to solve for the magnetic field with MATLAB®’s quad function.
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write the differential magnetic field in terms of a differential current element
¢ =[Ra’9pég, where RdQP is the differential length (in cylindrical coordi-
nates) of the current element at location r, and &, is the unit vector in the 6,
direction. In this type of problem with cylindrical symmetry, the simplest
approach is to convert the cylindrical unit vectors into Cartesian unit vectors
buc still perform the integration using the cylindrical variables. Figure P6.6¢
shows how r, and &, can be expressed in terms of their x and y components
using the unit vectors €, and &

1, = e;Rcosq,, + €,Rsing, (P6.6b)
€q = —€ysindg, + €, cosd, (P6.6¢)

We can now rewrite Equation P6.6a as

y (—€ xsingp+ €, cosdp) X (€x (% —Rcosgp)+ € (¥ —Rsingy) + €,(2, — 2p)
(%—Rcosqy)’ +(%—Rsingy)’ +(z— 2, )"’

(P6.6d)

1. Calculate the vector cross product in Equation P6.6d and split the result
into three separate equations for the x, y, and z components of the differ-
ential magnetic field. Use the resulting expressions for 4B,, dB,, and 4B,
to write three MATLAB functions, which take one argument ®,) and
which can be used with MATLAB’s quad function to determine B,, B,
and B, at any arbitrary position.

2. Create a MATLAB program that will determine B,, B, and B, at the
following positions:

a. (x,z) = (-0.008, -0.002).
b. (x, 2, = (-0.008, 0.002).
c. (x,z) = (0.008, -0.002).
d. (x, z) = (-0.002, -0.002).
e. (x,z) = (0.002,0.002).

Print the results to the screen, specifying the (x,, z,) position and the
values for B, B, and B,.
Assume R=2.5 mm and /= 1 ma.

P6.7 A solenoid is a coil of wire, which is used to create a magnetic field in order to
activate an actuator. Typical uses include electrical relays, electrically controlled
water valves, and automotive starter gears. Figure P6.7a shows a solenoid with
radius R, length D, turn count 2V, and current /.
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> N turns

fe— o0 —
(a)

Differential surface element
z dA =Rdb,dz,

T

y
> ; Measurement location
- ep T, -
- dB

K
- / \C"/l Cylindrical sheet current

IR with current density
K A/m in the 6 direction
(b)

Figure P6.7 (a) A solenoid consisting of N turns, radius R, length D, and current I.
(b) The solenoid can be modeled as a sheet current of magnitude K A/m.

We will model the solenoid in MATLAB as a cylindrical sheet current with

= NI, . N . o
density K = D A/m with the current density directed in the 6 direction

(see Figure P6.7b). The Biot—Savart law for a surface current is

Kda x &,

- m
B=—"—_"= P6.7a)
ip [if oz
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where
dA is a 2-D differential surface element
f is the vector from the differential surface to the measurement point
& is the unit vector in the ¥ direction
x represents the vector cross product
U, is the permeability of free space (47 x 107 H/m)

From Figure P6.7b, we see that in cylindrical coordinates, dA = Rd0,dz,,

where 7, is the location of the differential surface (with cylindrical compo-
nents 7,, 0,, and zp) and &, is the unit vector in the 0, direction. We also
define the observation point T, = x,&, + ,€, + z,€,. From the geometry of the
problem, we can write KdA and ¥ in terms of Cartesian unit vectors:

— NI A NI A . A
Kda = ?qupdzpeq = ?qupdzp(—eX sing, +eycosq,)  (P6.7b)
r=1—r, = e,(X%—Rcosd,)+ e (%—Rsing,) +e,(z—2,) (P6.70)

Substituting back into Equation P6.7a gives

mN IR
4pD

dB =

dq,dz,

(—éx singy, + €y cosqp ) X (éX(XO—R cosqp)+ ey( ¥ —Rsingy) + €,(z— zp))
X
(%—Rcosqp)’ +(%—Rsingp)’ +(z—2,))"

(P6.7d)

1. Calculate the vector cross product in Equation P6.7d and split the result
into three separate equations for the x, y, and z components of the differ-
ential magnetic field. Use the resulting expressions for 4B,, 4B, and dB, to
write three MATLAB functions, which take two arguments (HP and z,) and
compute the differential B field in the x, y, and z directions, respectively.

2. Assume that the solenoid is centered at the origin with radius R = 2.5 mm
and D = 15 mm.

Use MATLAB’s dblguad function to calculate B,, B, and B, at
the following positions (be sure to use the correct integration limits).

Assume N =500 and /= 1 ma:

a. (x,y,3,)=(8,8,40) mm.
b. (x, 7, 2,) = (4, 4,0) mm.

c. (x,9,2)=1(0,0,20) mm

d. (x,7,z2,)=(-8,-8,40) mm.






Chapter 7

Numerical Integration
of Ordinary Differential
Equations

7.1 Introduction

In this chapter, we examine several methods for solving ordinary differential
equations (ODEs). ODEs can be broken up into two categories:

1. Initial value problems in which we know the necessary initial conditions, for
example, launching a rocket with a known initial velocity or the circuit node
voltage at time 7= 0.

2. Boundary value problems in which we know the conditions at specific coor-
dinates in the problem geometry, for example, the deflection of a beam with
known end conditions or the electric potential at both ends of a conductor.
This type of problem is covered in Chapter 8.

For initial value problems, we will examine several numerical integration meth-

ods including the Euler method, the modified Euler method, the Runge—Kutta
method, and MATLAB®’s built-in ode45 function.

231
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7.2 Initial Value Problem

In an initial value problem, the values of the dependent variable and the necessary
derivatives are known at the point at which the integration begins. We will begin
with a first-order differential equation of the general form such that the derivative
is a known function of x and y and the initial condition, that is, y(0) = ¥, is known:

dy

— =iy

dx (7.1)
Y(O) =Y

There are several techniques for solving this type of problem, including Euler’s
method, which is simple but not used very often; the modified Euler method; and
the Runge—Kutta method. Each technique has pros and cons with respect to sim-
plicity, accuracy, and computational efficiency.

7.3 Euler Algorithm

The general approach to solving differential equations numerically is to subdivide
the x domain into /V subdivisions giving x,,x,, x5, ...,xy,; and then “march” in the
x direction over the interval while calculating y,, 73,73 - --> ¥x.1- Note: y; is specified
and is equal to the initial condition Y (see Figure 7.1).

A Taylor series expansion about an arbitrary point x; gives

309 = 30+ YO (g - T 72
y
A
)’/i_<yi+1
/yilh/"/‘ \ IN+1

Figure 7.1 Subdivision of x domain (x,, x,, ..., Xy,;) with corresponding y values.
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e Yi+1, Euler

s p— Vit1, extract

Yi

| >
X Xivl

Figure 7.2 Estimate of y;,, by the Euler method.

If we use only the first two terms of the series, we can approximate the value for
y(x;,1) (which we denote as y,,,) as

Yir1 = Y(X1)+ (Xj.+1 - XJ.)

Y (%)
1
= v+ Yh (7.3)

.1 — X, which is defined as the step size, and ¥ is the slope of the curve
of y(x) at x,. Substituting Equation 7.1 into 7.3, we obtain

where / = x.

Vi = ¥+ hf(x, v (7.4)

As can be seen for the configuration shown in Figure 7.2, the prediction of y;,, by
the Euler method overshoots the true value of y,,,.
Thus, starting with 7 = 1, we obtain

vy =¥ +hf(x,%)=Y;:+hf(x,¥;)

Similarly, y; can be determined by setting 7 = 2 into Equation 7.4 giving

%=y +hf(x,wn)

The process is continued obtaining y,, s, ..., ¥x.;- The Euler method is an example
of an explicit method because each new value for y,,, depends solely on previous
values of x; and y,.

7.4 Modified Euler Method with
Predictor-Corrector Algorithm
The modified Euler method is a more accurate way for calculating the value of y;,, than

the simple linear approximation of the Euler method in the previous section. Again
we consider a differential equation of standard form y’ = f(x, y) with initial condition
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y Slope =y;

Slope =i,

Xi i1

-
h

Figure 7.3 Estimates of y;,; by using y'(x;,;) and the Euler method.

(0) = ¥, and again we subdivide the x domain into NV subdivisions and march in the
x direction. We saw that in the Euler method, taking v = ¥ + hyl = y; + hf(x, y)
overshoots the true value of y,,, (as shown in Figure 7.2). Now, suppose we were able
to determine y'(x,,;), which would be the slope of the curve at x;,,,. If we were to

i+l
predict y,,, by using y'(x;,,) in Equation 7.3, that is,
Y1 = ¥t bl = ¥+ hf(x vi1)

then for the configuration shown in Figure 7.3, we would undershoot the true value
of y.1.

Here we have constructed a tangent to the curve at y;,; and drawn a parallel line
passing through point (x;,,) to obtain the predicted value for y,,,. Since using ¥ in
Equation 7.3 overshoots the true value of y,,, and using ¥, in Equation 7.3 under-
shoots the true value of y,,,, we see that a better estimate for y,,; would be obtained
by using an average of the two derivatives in Equation 7.3, that is,

Yoo = vt h(ylgy) 75)

Unfortunately, Equation 7.5 is no longer explicit because we do 70t know the value of
¥ir1. The use of Equation 7.5 in solving the differential Equation 7.1 is an example of an
implicit method. However, we can approximate a value for ¥/,; by using the predictor—
corrector method. To apply this method, we rewrite Equation 7.5 as follows:

Y =vi+h y’+(2y) (7.6)

where
the P superscript indicates the predicted value
the C superscript indicates the corrected value
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Equation 7.6 is called the corrector equation and can be used to iteratively estimate
the value for y,,;. Substituting Equation 7.1 into 7.6 gives

(1) = £(x, ) (7.7)

The predictor—corrector technique proceeds as follows:

1. Use the Euler method to determine a first predicted value for (Yi'ﬂ )P, that s,
()" = £ i+ ¥h) 7.8)

2. Calculate the first corrected value ¥ by using Equation 7.8 in Equation 7.6.

3. Use ¥£, to obtain a new predicted value (yi’+1 )Pz, that is, in Equation 7.7.

4. Calculate a new corrected value y£3 by using ( Vo )P2 in Equation 7.6.

5. Repeat steps 3 and 4 until Vit — i | < e, where € is an error tolerance that
depends on the desired accuracy and is typically a fraction of a percent of the
last corrected value, for example, € =y, x 1074

Example 7.1

In this example, we find the exact solution of a first-order differential equation and
then compare it with the corresponding solutions found by the Euler and modified
Euler methods. We will use the problem described in Exercise E2.5 as our example.
In that exercise, we determined the velocity, V] of a spherical ball bearing dropped
in a viscous fluid. The governing equation describing the velocity of the ball bearing
as it moves through the fluid is

ﬂ—i(w -B-D)
& m (7.9)

where
m is the mass of the ball bearing
W is the weight of the ball bearing
D is the drag
B is the buoyancy
tis the time

The drag, D, is governed by Stokes law, which is
D =6pRmV (7.10)

where
R is the radius of the sphere
w is the viscosity of the fluid



236 B Numerical and Analytical Methods with MATLAB®

The weight W = mg = pVg, where V is the volume of the sphere and p is the mass
density of the ball bearing material. The buoyancy, B, equals the weight of the fluid
displaced. Assuming that the material of the ball bearing is steel and that the
fluid is oil, Equation 7.9 reduces to

@ _ rag_GpRmY o1
dat Yoei  FaemV
4 3
The closed-form solution was given in Exercise E2.5, which is
V =V, (1 — e CprRmav )t (7.13)
where
V; = theterminal velocity = (Tam = Ton) GV (7.14)
6pRm

The following program demonstrates the use of the Euler and modified Euler
methods:

o\°

Example 7 1.m

This program demonstrates the use of the Euler and modified
Euler methods in solving a first order differential equation.
The problem is to determine the velocity of a ball bearing
as it moves through a viscous liquid.

An exact solution is available.

The units are: rho in kg/m"3, mu in N-s/m"2, g in m/s"2, t
in s, velocity in m/s, volume in m"3.

clear; clc;

t = 0:0.01:1;

rho steel = 7910; rho oil = 888; g = 9.81; R = 0.01; mu = 3.85;
v(l) = 0.0;

dt = 0.01;

vol = 4/3*pi*R"3;

m = rho steel*vol;

w o= m*g;

arg = 6*pi*R*mu*g/w;

o o o o° o° o

o\°
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vt = (rho_steel-rho oil) *g*vol/ (6*pi*R*mu) ;
f = @ (v) (g-rho oil/rho steel*g-6*pi*R*mu/m*v) ;
% Euler and exact methods
for i = 1l:length(t)-1
v(i+l) = v(i)+dt*Ef(v (1)) ;
vexact (i+1) = vt*(l-exp(-arg*t(i+1)));
end
% Modified Euler method (iterative scheme)
vmod (1) = 0.0;
for 1 = 1:1length(t)-1
vp(i) = f£(vmod(i)) ;
vpl(i+1l) = £ (vmod(i)+f (vmod (i) )*dt) ;
vel(i+l) = vmod (i) + (vp (1) +vpl (i+1))*dt/2;
test = vmod (i) *10e-5;
for j = 1:50
vp2 (1i+1) f(vel(i+1));
ve2 (1i+1) = vmod (i) + (vp (1) +vp2 (i+1)) *dt/2;
if abs(vec2(i+1)-vcl(i+l)) < test
break;
else
vpl (i+1)
vel (i+1)
end

vp2 (i+1) ;
ve2 (1i+1) ;

end
vmod (i+1) = vmod (1) + (vp (1) +vp2 (i+1))*dt/2;
end
fo = fopen('output.txt','w');
fprintf (fo, 'Comparing results from Euler and modified \n') ;
fprintf (fo, 'Euler methods with exact solution \n\n');

(
fprintf (fo,' t(s) v(m/s) v(m/s) v(m/s) \n');
fprintf (fo, Euler Modified Euler Exact \n');
fprintf(fo, '------------ccm e \n'");

for 1 = 1:5:1ength(t)
fprintf (fo, '$5.2f %10.4f %10.4f %10.4f \n', ...
t(i),v(i),vmod (i), vexact (1)) ;
end
for i = 1:2
subplot(1,2,1),

if 1 ==
plot (t,vexact,t,v, 'x'), xlabel('t'), ylabel('v'), grid,
title('velocity vs time'), legend('v-exact', 'v-Euler');
end
if i == 2
plot (t,vexact,t,vmod, 'x'), xlabel('t'), ylabel('v'), grid,
title('velocity vs time'), legend('v-exact', 'v-modied') ;
end

end
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Program results

Comparing results from Euler and modified Euler methods with
exact solution

v(m/s) v(m/s) v(m/s)
t(s) Euler Modified Euler Exact
0.00 0.0000 0.0000 0.0000
0.05 0.2821 0.2652 0.2646
0.10 0.3640 0.3535 0.3531
0.15 0.3879 0.3829 0.3827
0.20 0.3948 0.3927 0.3926
0.25 0.3968 0.3960 0.3959
0.30 0.3974 0.3971 0.3971
0.35 0.3975 0.3974 0.3974
0.40 0.3976 0.3975 0.3975
0.45 0.3976 0.3976 0.3976
0.50 0.3976 0.3976 0.3976
See Figure 7.4.
Velocity vs. time Velocity vs. time
0.4 0.4
v—exact v—exact
0.35 *  v-Euler || 0.35 | x  v-modied ||
0.3 R 0.3 R
0.25 1 0.25 | R
> 02 14 = 02 1
0.15 E 0.15 E
0.1 B 0.1 B
0.05 : : : : : R 0.05 . . : . . R
0 1 0 1
0 0.5 1 0 0.5 1
L t

Figure 7.4 Velocity of ball bearing dropped in a vat of oil determined by Euler
and modified Euler methods.
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We see that terminal velocity is reached at approximately 0.45 s. We also see that
the modified Euler method produced an answer that was closer to the exact solu-
tion than the Euler method, especially in the early stages in the process.

Exercises

E7.1 Asimple RC circuit is “driven” by a voltage source V}, as shown in Figure 7.5.
Writing Kirchhoff’s voltage law around the loop gives

Vp - —W% =0 (7.15)

Applying Ohm’s law (v, = 7R) and the constituent relation for capacitor current

(iz c d;’i), we can rewrite Equation 7.15 as
dw
V, —RC EC % =0
Rearranging gives
1
= E(VD %)= f(tw) (7.16)

where 7 = RC is the time constant for the RC circuit. Equation 7.16 is a first-
order differential equation of v, with respect to time. We will assume that at
¢ = 0, the initial capacitor voltage, v, is zero and that the driving voltage is a
ramp function, that is, V() = V i

a. Show that the exact solution to Equation 7.16 is

v () =V,(t-t1-e)) (7.17)
MW\
R
Vb [ — :c

i—e

Figure 7.5 RC circuit.
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b. Solve Equation 7.16 by both the Euler and modified Euler methods and com-
pare the results to the exact solution. Take R=1kQ, C=1pF,and V,=10V.
Choose ¢ = [0, 57] and Atz = ©/50.

In practice, the simplest method for choosing the step size is to start
with some fraction of the fastest known parameter in the system. For exam-
ple, when solving an RC circuit, start with a step size of one-hundredth of
the time constant or At= RC /100. Then, double the step size and rerun the
program. If the two solutions are identical, then the step size is sufficiently
small, and if the program runs slowly, then you might consider doubling
the original step size and comparing results. If the results are sufficiently
close, you can use that new step size to obtain a faster execution time with-
out losing accuracy.

A small aluminum sphere, initially at temperature 7, is suddenly immersed in
a cool large bath whose temperature is essentially constant at 7. For a small
good heat conductor body, we may take the temperature of the body to be
uniform. This method of analysis is called the lumped parameter method. The
governing equation for the temperature, 7, of the sphere is

dI‘ _
mcg =hA(T.. -T) (7.18)

T (0)="T, (7.19)

where
b is the convective heat transfer coefficient of the fluid
A, is the surface area of the sphere
m is the mass of the sphere
¢ is the specific heat of the sphere

Equation 7.18 is a statement that the rate of increase in the internal energy of
the body is equal to the rate that heat is carried to the body by convection. If the
right-hand side of Equation 7.18 is negative, then the internal energy of the body
will be decreasing and thus the temperature of the body will also be decreasing.

Take /» = 890 W/m?-°C, ¢ = 896 J/kg-°C, sphere density, p,, = 2707
kg/m?, T, = 150°C, 7., = 20°C, r= (0, 3 s) in steps of 0.01s, and sphere radius,
R=02m.

Also note that the sphere volume, Vg = épRS, and the sphere surface area,
A, = 4pR’. 3 B
The time constant, 7, for the system is 7 :mc/ ha,

Create a MATLAB program that solves the temperature of the sphere by
both the Euler and modified Euler methods and compare the results with the
exact solution. The exact solution is

T(®=(T,-T.)e " +T.,
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7.5 Fourth-Order Runge—Kutta Method

The fourth-order Runge—Kutta method uses a weighted average of derivative esti-
mates within the interval of interest in order to calculate a value for y,,,. We again
start with the first-order differential equation of Equation 7.1 with known initial
condition, that is,

dy

—=fxy

dx (7.20)
Y(O) =Y;

h
In the modified Euler method, we used ¥in = Yi"‘E(Yi"" ¥i1). In the Runge—
Kutta method, instead we use

h
yi+1=Yi+g(]§ +2k +2k + k) (7.21)
where
k = £f(x, v) (valueof ¥ at x;)

h h . h
k= f(xi+2,yi+2kl) (estlmateofy’atxi+2)

Kk f(xi+1;,yi+1;k2) (asecondestimateof y’atxﬁ-;)
k = f(x+h v+ hk) (estimate of Y at %;,;)

The Runge—Kutta method is an explicit algorithm and thus is simple to compute
with MATLAB.

Example 7.2

This example is a variation of Example 7.1. In Example 7.1, we determined the
velocity, V; of a spherical ball bearing dropped in a viscous fluid by the Euler and
the modified Euler methods. In this example, we will solve the problem by the
Runge—Kutta method. In Example 7.1, we reduced the governing differential equa-
tion to (see Equations 7.11 through 7.14)

& _ _Tag OpRmV
at Yo rsle
4
Vm = *pRi

3
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The closed-form solution was given in Exercise E2.5, which is

_OpRmg,
V=V:(1-e " )

where

(Yo — Ton) Y

V; = the terminal velocity = ORI
p.

The program follows:

% Example 7 2.m

% This program demonstrates the use of the Runge-Kutta method
% in solving a first order differential equation.

% The problem is to determint the velocity of a ball bearing
% as it is dropped in a viscous liquid.

% An exact solution is available.

% Rho is in kg/m*3, g is in m/s”"2

% R is in m and mu is in N-S/m"2

clear; clc;

t = 0:0.01:1;

rho steel = 7910; rho oil = 888; g = 9.81; R = 0.01; mu = 3.85;
v(l) = 0.0;

dt = 0.01;

vol = 4/3*pi*R"3;
m = rho steel*vol;

w = m*g;
arg = 6*pi*R*mu*g/w;
vt = (rho_steel-rho oil) *g*vol/ (6*pi*R*mu) ;

f = @ (v) (g-rho oil/rho steel*g-6*pi*R*mu/m*v) ;
for 1 = 1:1length(t)-1

v_exact (i+1) = vt*(l-exp(-arg*t (i+1)));

k1l = £(v(i));

k2 = f£(v(i)+dt/2*kl);

k3 = £(v(i)+dt/2*k2);

k4 = f£(v(i)+dt*k3);

v(i+l) = v(i)+dt/6* (k1l+2*k2+2*k3+k4) ;
end
fprintf (' t(s) v(m/s) v_exact (m/s) \n');
fprintf (' Runge-Kutta \n');
fPrintf (M—mmm s mm e \n') ;

for 1 = 1:5:1ength(t)

fprintf ('$5.2f %10.4f %10.4f \n', t(i),v(i),v_exact(i));
end
plot(t,v _exact,t,v,'x"'), xlabel('t)'),ylabel('v,v-exact'),
grid, title('v(m/s) vs. t(s)'),
legend ('v-exact', 'v-Runge-Kutta') ;




Numerical Integration of Ordinary Differential Equations ® 243

Program results

v(m/s)
t(s) Runge-Kutta v_exact(m/s)
0.00 0.0000 0.0000
0.05 0.2646 0.2646
0.10 0.3531 0.3531
0.15 0.3827 0.3827
0.20 0.3926 0.3926
0.25 0.3959 0.3959
0.30 0.3971 0.3971
0.35 0.3974 0.3974
0.40 0.3975 0.3975
0.45 0.3976 0.3976
0.50 0.3976 0.3976
0.55 0.3976 0.3976
0.60 0.3976 0.3976
See Figure 7.6.

We see that there is good agreement between the exact solution and the solution
obtained by the Runge—Kutta method.

v(m/s) vs. £(s)
0.4

0.35

0.3

0.25

0.2

v,y—exact

0.15

0.1

v—exact

0.05

*  v—-Runge-Kutta

0 1 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

t

Figure 7.6 Velocity of ball bearing dropped in a vat of oil determined by the
Runge—Kutta method.



244 ®m Numerical and Analytical Methods with MATLAB®

Exercises

E7.3 Solve the RC circuit of Exercise E7.1 by using the Runge—Kutta method. Take
R=1kQ,C=1pF V,=10V,,(0) =0, and 7 = [0, 57] with a At=1t/50.

E7.4 Repeat Exercise E7.2, but this time solve the problem using the Runge—Kutta
method and compare the result with the exact solution.

7.6 System of Two First-Order Differential Equations
Consider the following two first-order ODE:s:

= f(tuv); u0)=u
(7.22)

&g alg

=gtuv); v0)=w

To solve a system of two first-order differential equations by the Runge—Kutta
method, take

U =ui+§(ki+2kz+2k5+k4>

(7.23)
Vi =vi+£(l +2L 42k +L)

where
k = (&, v, w) (estimate of u” at t;)
=9t W) (estimate of V/ at &)

h h h h
k= f(1;+2, ui+5]§, vi + 2]}) (ﬁrst estimate of u” at 1;-+2)

h h h h
L:g(ti+2,ui+2]q,vi+2l) first estimate of Vv at ’q+2)
k = f(ti+ g ui+§k2, Vi + 121]2) second estimate of u” at & + 1;)
L=g ti+121,ui+;1k2,vi+;1]2) second estimate of v/ att_ﬁ?)
k = f(t+h, w+hk, v; + hl) (estimate of u” at § + h)
L =gx+h u+hk,vi+hl) (estimate of V' at § + h) (7.24)

and b = Ar =1, - ¢,
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Example 7.3

In this example, we examine the temperature of a small object dropped into a
fluid contained within a vertical circular cylinder of radius R. We will assume
that the body is a solid aluminum sphere of radius 7 and the fluid depth is L. We
will neglect any heat transfer to the container walls. The governing equations for
this problem are

dar _
(mcd‘t)F = hA((T5 —T)

where
m is mass
¢ is specific heat
h is the convective heat transfer coefficient of the fluid
A, is the surface area of the sphere
T is temperature
The subscripts B and F correspond to the body and fluid respectively

The preceding equations state that the heat lost by the body equals the heat gained
by the fluid.

We need to rewrite the equations to put them in the form required by the
Runge—Kutta method:

B _ h S _ —

= Mo, (T¢—Ts)=F(Ts,T¢) (7.25)
F__ hi — =

= MmO, (T —Ts)= 9(Ts,Tr) (7.26)

We will use the following parameters,

r; =2707kg/m’, r; =880kg/m’, g =0.896k]/kg-"C, & =2.05k]J/kg-"C
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T5(0)=150°C, T (0)=20°C, r=0.2, R=0.5m, L=0.5m, h =890W/m>-°C

= [0, 1]s, and dt= 0.005s

The program follows:

o\°

Example 7 3a.m

method for solving a system of first order differential
equations.

The problem is to determine the temperature of a sphere
that is suddenly immerse in a bath whose temperature
varies as heat from the sphere enters the fluid.

The units are: rho in kg/m"3, c¢ in kJ/kg-C, t in s,
volume in m”3, h in W/m"2-C, R,r and L in m, As in m"2
clear; clc;

rho al = 2707; c¢_al = 0.896e3; r = 0.2; Talo = 150.0;
rho £ = 880; ¢ £ = 2.05e3; R = 0.50; L = 0.5; Tfo = 20;

T al(1) = Talo; T f£(1) = Tfo;

vol al = 4/3*pi*r”3;

vol f = pi*R72*L;

As = 4*pi*r”2;

o® o o o o° o

o°

m al = rho al*vol al;
m_f = rho_f*vol f;
h = 890.0;

tau_al = m_al/h*c al/As;
tau_f = m _f/h*c f/As;
fprintf ('tau al=%10.5f tau f=%10.5f \n', tau al,tau f);

F=@ (T al, T £f) ((T_£-T al)/tau al);
G =@ (T al, T £) (-(T_£-T al)/tau £f);
t = 0:1000

dt = 1

)

% Runge Kutta method
for 1 = 1:length(t)-1
kl = F(T_al(i),T_£(1));
Ll = G(T_al(i),T_£(i));

(1),
k2 = F(T al(i)+dt/2+%k1l,T f(i)+dt/2*L1);
L2 = G(T al(i)+dt/2*kl,T f(i)+dt/2*L1);
k3 = F(T al(i)+dt/2%k2,T f(i)+dt/2%L2);
L3 = G(T al(i)+dt/2%k2,T f(i)+dt/2*L2);
k4 = F(T al(i)+dt*k3,T f(i)+dt*L3);
L4 = G(T al(i)+dt*k3,T £ (i)+dt*L3);
T al(i+1l) = T al(i)+dt/6* (kl+2*k2+2*k3+k4) ;
T £(i+1) = T _£(i)+dt/6* (L1+2*L2+2*L3+L4) ;

end
fo = fopen('output.txt','w');
fprintf (fo, 'Determining the temperature of the Aluminum \n') ;
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fprintf (fo, 'sphere and the temperature of the fluid \n\n');

(
fprintf (fo, ' t(s) T(C) T(C) \n');
fprintf(fo,' sphere fluid \n') ;
fprintf(fo, '-------------mmm oo - \n');

for 1 = 1:10:1length(t)
fprintf (fo,'%$17.2f %10.2f %10.2f \n',...
t(i),T_al(i),T_£(i));

end
plot(t,T al,t, T £,'--"), xlabel('t'), ylabel('T-al,T-£f'), grid,
title('T-al(C) and T-f(C) vs. t(s)'), legend('al','f');

Program results

Determining the temperature of the Aluminum
sphere and the temperature of the fluid

T (C) T(C)

t(s) sphere fluid
0.00 150.00 20.00
10.00 143.06 20.80
20.00 136.53 21.55
30.00 130.39 22.25
40.00 124.62 22.91
50.00 119.19 23.53
60.00 114.08 24 .12
70.00 109.28 24.67
80.00 104.76 25.19
90.00 100.52 25.68
100.00 96 .52 26.14
900.00 33.85 33.33
910.00 33.82 33.33
920.00 33.79 33.33
930.00 33.77 33.34
940.00 33.74 33.34
950.00 33.72 33.34
960.00 33.70 33.34
970.00 33.68 33.35
980.00 33.67 33.35
990.00 33.65 33.35
1000.00 33.63 33.35

See Figure 7.7.

We see that in 1000 s, the sphere and the fluid are nearly in thermal equilibrium.
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T-al(C) and T-f(C) vs. t(s)
160 - . : : :
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Figure 7.7 Temperatures of aluminum sphere and fluid vs. time solved by the
Runge—Kutta method.

Exercise

E7.5 Solve the following system of first-order differential equations by the Runge—
Kutta method over the interval 0 < 7 < 10:

ir — 2re—0.lt _ ZIY: f(t,r; y)
dat
(7.27)
dy
— =—vy+ =
- Yry=dny

The initial conditions are 7(0) = 1.0 and y(0) = 3.0.

7.7 Single Second-Order Equation

For a single second-order ODE, the method of solution is to reduce the equation to
a system of two first-order equations. Given the following second-order differential
equation with initial conditions,
2
w= = fuw)
(7.28)
ul0)=u, and v 0)=u
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Let ' = v, then u” = %= Vv = f(tuv). Also, ' = g(t,u,0) = v, giving

u=v

(7.29)
v = f(tuv)

Thus, we have converted Equation 7.28 into two first-order differential equations
of the same form as Equation 7.19, and thus the same solution techniques can be
applied; that is,

k = f(t,u,w) (Vatt)
1=v(t)=v (@'att)

h h h . h
k= f(ti+2,ui+2l,vi+2]q) ﬁrstestlmateof\/at‘q+2)
1= u'(ti+ 121) =v+ ?kl firstestimateof U’ att, + ;)

h h h h
k= f(ti+2,ui+2L,vi+2]<z) secondestimateofv’atti+2)

L=u (1; + h) =v+ h k second estimate of u”at + h)
2 2 2

k = f(t+hu+hk,v; + hk) (estimate of V' att + h)

L=u(+h=v+hk (estimateof u”att, + h)

The values of # and v at the next time step are given by

U =ui+§(l+212 +21L+1)
(7.30)
Vi =vi+§(1q + 2k +2k + k)
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Example 7.4

We will illustrate this method by applying it to the mass—spring—dashpot system
described in Project P2.5. Equation 7.31 gives the governing equation for the dis-
placement, y, of the mass from the equilibrium position, that is,

k
y’+£y’+—y=0 (7.31)
m m
Lety" =,
then
dv c k
= T = Ty—y= f %V,
Y & o nY (v (7.32)
and
dy_ o _
& v=gypvH (7.33)

For the underdamped case with no forcing function, the exact solution is

Yoot = €XP —it Aexp < —Et + Bexp| — < —E (7.34)
2m 2m m 2m m

We will use the following parameters for the system:

m =25 kg, k=200 N/m, c=5 N-s/m, and initial conditions y(0) =5 m and
v(0) = 0m/s. Also

A=5m and B=—X———— (7.35)
2m 2
k [ ¢
m (ZmJ

We want to create a MATLAB program that will solve Equation 7.31 by the
Runge—Kutta method and plot y vs. rand y,,,, vs. # on the same graph.
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The program follows:

o°

Example 7 4.m

This program solves the motion of a mass-spring-dashpot system.
The governing equation is a Second Order Ordinary
Differential (ODE) .

The second order DEQ is reduced to 2 first order ODEs.
Equation (y vs. t) is solved by the Runge Kutta method.
m = 25 kg, k = 200 N/m, ¢ = 5 N-g/m, v = dy/dt

y(l) =5, v(1) =0

clear; clc;

m = 25; k = 200; ¢ = 5;

argl = sqgrt(k/m-(c/2/m)"2);

o o o o° o° o

o°

arg2 = ¢/2/m;

A =5;

B = arg2*A/argl;

y(1) = 5; v(1) = 0; y exact(l) = 5;
t = 0:0.05:20;

dt = 0.05;

f = @(y,v) (-c¢/m*v-k/m*y) ;%dvdt

g = @(v) (v); $dy/dt
for 1 = 1:1length(t)-1

k1l = £(y(i),v(i)); %dv/dt

Ll = g(v(i)); $dy/dt

k2 = f(y(i)+dt/2*L1,v(i)+dt/2*kl) ;
L2 = g(v(i)+dt/2*k1l);

k3 = f(y(i)+dt/2*L2,v (i) +dt/2*k2) ;
L3 = g(v(i)+dt/2*k2);

k4 = f£(y(i)+dt*L3,v(1i)+dt*k3);

L4 = g(v(i)+dt*k3);

y(i+l) = y(i)+dt/6* (L1+2*L2+2*L3+L4) ;
v(i+l) = v(i)+dt/6* (k1+2*k2+2*k3+k4) ;
y exact (i+1) = exp(-arg2*t(i))* (A*cos(argl*t(i)). ..
+B*sin(argl*t (i)));
end
fo = fopen('output','w');
fprintf (fo," t(s) vy (m) v(m/s) \n') ;
fprintf (fo, '—----—-—--— \n') ;

for 1 = 1:10:1length(t)
fprintf (fo, '$6.2f %10.4f %10.4f \n',t(i),y(1i),v(i));
end

plot(t,y,t,y exact, 'x'), xlabel('t'), ylabel('y'), grid,
title('y & y exact vs. t'), legend('y-Runge-Kutta', 'y-exact');
figure;

plot (t,v), xlabel('t'), ylabel('v'), title('v vs. t'), grid;

Program results

See Figure 7.8a and b.
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y & y—exact vs. t
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Figure 7.8 Solution of mass—spring-dashpot system by the Runge-Kutta method
@) yvs. tand (b) vvs. t.
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Example 7.5

Another example illustrating the method of reducing a single second-order ODE to
two first-order ODEs and then solving the system by the Runge—Kutta method is
the problem involving the series RLC circuit of Project P2.12. The governing equa-
tion for the capacitor voltage, v, (with no driving voltage), is

d% Rdw 1
+— +—
& L d IC

% =0 (7.36)

We wish to solve for v for the component values R= 10 Q, L = 1 mH, and C=2uF
e (0) = 6
a  Jic

We first reduce this single second-order differential equation into two first-order
equations.

and initial conditions v(0) = 10 and

C .
Let 5 % Then, the two coupled equations are

&%
e _
dt
i (737)
@ _dw __ 1 R
d  a c . L

2 2
R 1 R 1 R

e =exp(— ) a cos —( ) t|+ bsin —() t (7.38)
2L LC 2L LC 2L

For the given initial conditions, @ = 0 and b =

The program follows:

o\°

Example 7 5.m
This program solves a single second order ordinary
differential equation by the Runge-Kutta Method.

o°

o°
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% The differential equation describes the capacitor voltage
% in a series RLC circuit.

% Let dve/dt = u, then du/dt = -vc/LC -R/L*u = f(vc,u)
clear; clc;

% Component values:

R = 10; L = 1.0e-3; C = 2.0e-6;

% Initial conditiomns:

ve(l) = 0; u(l) = 6*sqgrt(1/(L*C));

% Define time interval and step size. Since the natural

% frequency sgrt(1/LC) is 3559 Hz, choose a time interval to
% capture several oscillations. 3559 Hz has period of 281
% usec, so choose 1000 usec for interval.

tmax = 1000e-6; steps = 100; h = tmax/steps;

argl = sqgrt(1/(L*C) - (R/(2*L))"2);

arg2 = R/2/L;
ve_exact (1) = 0;

t = 0:h:tmax;

% Define u' = f(t,x,y):

u_prime = @(vc,u) -(1/(L*C))*vc - (R/L)*u;
vc _prime = u;
% Do Runge-Kutta algorithm:
for 1 = 1:length(t)-1
Kl = u_prime(vc(i), u(i));
Ll = u(i);
K2 = u_prime(vc(i)+h/2*L1, u(i)+h/2*K1);
L2 = u(i)+h/2*K1;
K3 = u_prime(vc(i)+h/2*L2, u(i)+h/2*K2);
L3 = u(i)+h/2*K2;
K4 = u prime(vc(i)+h*L3, u(i)+h*K3);
L4 = u(i)+h*K3;
ve (i+1) = ve(i)+h/6* (L1+2*L2+2*L3+L4) ;
u(i+l) = u(i)+h/6* (K1+2*K2+2*K3+K4) ;
% Calculate exact solution
ve_exact (1+1) = exp(-arg2*t(i+l))*u(l)/...
argl*sin(argl*t (i+1));
end

% Print results to screen.
fprintf ('Runge-Kutta solution for a single second order ODE \n');

fprintf (' t(s) ve (v) ve (v) \n');
fprintf (' R-K Sol''n Exact Sol''n \n');
fprintf ('-----m s o e e \n') ;

for 1 = 1:10:steps+1l % just print every tenth step

fprintf ('%$10.3e %8.4f %10.4f \n',t(i),vc(i), vc_exact(i));
end
% Plot results:
plot (t,vc,t,vc exact, 'x'), xlabel('t (seconds)'), ylabel('volts'),
title('Capacitor voltage of series RLC circuit');
legend ('Runge-Kutta', 'exact') ;




Numerical Integration of Ordinary Differential Equations ® 255

Program results

Runge-Kutta solution for a single second order ODE

t(s) ve (v) ve (v)
R-K Sol'n Exact Sol'n

0.000e+00 0.0000 0.0000
1.000e-04 3.0634 3.0632
2.000e-04 -2.1247 -2.1246
3.000e-04 0.3466 0.3467
4.000e-04 0.5413 0.5411
5.000e-04 -0.5030 -0.5029
6.000e-04 0.1497 0.1497
7.000e-04 0.0812 0.0812
8.000e-04 -0.1114 -0.1114
9.000e-04 0.0474 0.0474
1.000e-03 0.0081 0.0081
>>

See Figure 7.9.

A comparison of the Runge—Kutta solution with the exact solution is shown in
Figure 7.9.

Capacitor voltage of series RLC circuit
5 . . . . . . . . .

4t —— Runge-Kutta -
«  exact

volts

_30 0.1 02 0.3 04 05 0.6 0.7 08 09 1

t (seconds) x1073

Figure 7.9 Solution of the voltage across a capacitor in a series circuit by the
Runge—Kutta method (v, vs. ?).
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7.8 MATLAB®’s ODE Function

MATLAB has several built-in ODE functions that solve a system of first-order
ODEg, including ode23 and 0d45. In this chapter, we will demonstrate ode45,
which is based on fourth- and fifth-order Runge—Kutta methods. A description of
the ode45 function, obtained by typing help ode45 in the Command win-
dow, follows (from MathWorks, with permission):

ODE45 Solve non-stiff differential equations, medium order
method.
[TOUT, YOUT] = ODE45 (ODEFUN, TSPAN,Y0) with TSPAN =
[TO TFINAL] integrates the system of differential
equations y' = f(t,y) from time TO to TFINAL with initial
conditions YO. ODEFUN is a function handle. For a scalar T
and a vector Y, ODEFUN(T,Y) must return a column vector
corresponding to f(t,y). Each row in the solution array
YOUT corresponds to a time returned in the column vector
TOUT. To obtain solutions at specific times
TO,T1,...,TFINAL (all increasing or all decreasing), use
TSPAN = [TO T1l... TFINAL].

Thus, ode45 takes the following as arguments: a handle to a function
describing the differential equations (ODEFUN), a vector describing a time
interval (TSPAN), and a vector describing the initial conditions (Y0). The
function ODEFUN must take two arguments: a time # and a vector of values
Y15 Y2s -+ ), to be passed to the differential equations. The system of 7 differ-
ential equations must be in standard form, that is, # equations of the form
Yi= £t %, %> %), J=12,...,n. ODEFUN must return a vector of derivatives
of the form ¥, ¥,..., ¥. The time interval TSPAN is typically a two-element
vector containing a start and end time; ode45 will automatically choose an
appropriate time step (and might even vary the time step within the interval).
ode45 will return two vectors: a list of time points TOUT and the solution
YOUT at each time point. If you want to force ode45 to solve the system at
specific time points, then you can explicitly specify the time points in TSPAN
(instead of just the start and end time points).

Example 7.6

Solve the following system of three first-order differential equations using
MATLAB’s ode45 function:

¥=pnyt
Y=-¥¥% (7.39)
¥ =-051yy
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The initial conditions are y,(0) = 0, y,(0) = 1.0, and y5(2) = 1.0.

o°

Example 7 6.m

This program solves a system of 3 ordinary differential
equations by using MATLAB's ode45 function.
yl' = y2*y3*t, y2' = -yl*y3, y3' = -0.51*yl*y2
y1(0) = 0, y2(0) = 1.0, y3(0) = 1.0

clear; clc;

initial = [0.0 1.0 1.0];

tspan 0.0:0.1:10.0;

[t,Y] = ode45(@dydt3, tspan,initial);

vyl =7Y(:,1);

yv2 = Y(:,2);

o o o

o\°

y3 = Y(:,3);

fid = fopen('output.txt',6 'w');

fprintf (£id, "’ t vl y2 v3 \n');
fprintf(fid,'-----------"---- o \n') ;

for i = 1:2:101
fprintf (fid, '$7.2f %10.4f %10.4f %10.4f \n',...
t(i),y1(i),y2(1),y3(i))

end

fclose (fid) ;

plot (t,yl,t,y2,'--',t,y3,'--'), xlabel('t'),

ylabel ('yl,y2,y3"),title(' (yl, y2, y3) vs. t'), grid,

text(5.2,-0.8,'yl'), text(7.7,-0.25,'y2"'),
text (4.2,0.85,'y3"');

% dydt3.m
% This function works with example 7 6.m
% yl' = y2*y3*t, y2' = -yl*y3, y3' = -0.51*yl*y2

o°

yl = Y(1), y2 = Y(2), y3 = Y(3).
function Yprime = dydt3(t,Y)

Yprime = zeros(3,1);

Yprime (1) = Y(2)*Y(3)*t;
Yprime (2) = -Y(1)*Y(3);
Yprime (3) = -0.51*Y(1)*Y(2);

Program results

The calculated solutions for y,, y,, and y; are shown in Figure 7.10.

Exercises

E7.6 Repeat Example 7.5, but this time solve the series RLC circuit for the capacitor
voltage, v, by using MATLAB’s ode45 function. The governing differential
equation (see Project P2.11) for the capacitor voltage is

d*% Rdw 1
+-——+-—w=0 (7.40
a¢ L d IC :
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(y1,y2,y3) vs. t

Figure 7.10 Solution to Equations 7.39 using MATLAB®’s ode45 function.

Take R=10Q, L = 1 mH, and C= 2 pF and initial conditions »-(0) = 10 and
M g O
dt Jic

The exact general solution is

R 1 RY 1 RY
Ve anct exp( o ) acos[ o (ZL) t]+bs1n[ o (ZL) t] (7.41)

For the given initial conditions, @ =0 and b = —
R (R)
ILC 2L
Plot the solution obtained by MATLAB’s ode45 function and the exact
solution on the same graph for 0 < # < 4 ps.

E7.7 The governing equation for the inductor current, 7;, in the parallel RLC
circuit of Figure P2.7 is

d’i 1 4 1 .
& RC dt IC *
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Solve the parallel RLC circuit of Exercise E2.8 by using MATLAB’s ode45
function. Assume R=50 Q, L =1 pH, C= 10 nF, »(0) = 3.3V, and 7,(0) = 0 A.
The exact solution is given by

i =ex (—1)acos l—(l)zt + bsin 1—(1)2t
eat = Pl ToRe c \2RC c \2RC
3.3
e (o)
L I -
c \2RC

Plot 7; obtained by MATLAB’s ode45 function and the exact solution on
the same graph for 0 <7< 5 ps.

with a =0 and b=—

Projects

P7.1 This project is a modification of Exercise E2.4 in which a boy on a snowboard
(considered as one unit), initially at rest, slides down a smooth hill, which
makes an angle § with the horizontal (see Figure 2.12). The boy’s weight,
W, is 650 N, and the friction coeflicient, y, between the snowboard and the
snow is 0.05. In this project, the drag force on the boy and his snowboard is
included. The x and y components of Newton’s second law are

d*x
at

F,=ma,=m ——=m

and Fy=N —W cosJ =0

F,=W sinJ — £-D, a,=V,= 0

where

F,_ is the unbalanced force acting on the boy—snowboard unit in the x
direction

F, is the unbalanced force acting on the boy—snowboard unit in the y
direction

V,, V, are the x and y velocity components of the boy—snowboard unit

a,, a,are the x and y acceleration components of the boy—snowboard unit

m is the mass of the boy—snowboard unit

fis the friction force

D is the drag on the boy—snowboard unit

N is the normal force on the bottom of the snowboard
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The friction force f'= N, W= mg, and

where
C, is the drag coeflicient
p is the air mass density
A is the frontal area of the boy—snowboard unit

Use the following parameters: 4 = 0.5 m?, C,;= 1.0, p = 1.225 kg/m3, 9 = 15°

V.(0) = 0, and x(0) = 0.

a. Use MATLAB’s ode45 function to solve for x and V, at intervals of 0.10 s
for 0 <£<60.0s.

b. Create plots of x and V, vs. r on separate graphs.

An airplane flying horizontally at 50 m/s and at an altitude of 300 m is to drop
a food package weighing 2000 N to a group of people stranded in an inacces-
sible area resulting from an earthquake. Let V be the velocity of the package.
A wind velocity, V, of 20 m/s flows horizontally in the opposite airplane direc-
tion (see Figure P7.2). A drag force, D, acts on the package in the direction
of the free stream, \_'/w, as seen from the package (see Figure P7.2). We wish to
determine (%, x, y, #, v) as a function of time and when the package hits the
ground, where

(x,y) = the position of the package at time .

(#,v) = the horizontal and vertical components of the package velocity,
respectively.

The governing equations are

dav Ao
Vzuex+ve =géx+iyé (P7.2b)

Figure P7.2 Path of a food package dropped from an airplane.
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N 2

V.. A
D= CdrT De; (P7.2¢)

V. =(u+Vv,)* +v (P7.2d)

where
é and &, are unit vectors in the x and y directions, respectively
é, is unit vector in the direction of the free-stream velocity as seen from
the package
C, is the drag coeflicient
p is the air density
A is the frontal area of the package

The equations reduce to

—=———"—"—"cosJ (P7.2¢)
dat 2M
V. A
¥ _ g CarVeR s (P7.26)
dt 2M
ax_ )
at (P7.2¢g)
_, (P7.2h)
dt
cosJ =u:7_i, and sind = (P7.2i)

Initial conditions
x(0)=0, ¥0)=0, ul0)=50m/s, W0)=0

Use the following parameters:
Cq=0.8, r=1225kg/m’>, and A=10m’

Use MATLAB’s ode45 function to solve for (#,x,y, %, v) at intervals of 0.10
sfor0<#<10.0s:

a. Create plots of x and y vs. # both on the same graph.

b. Create plots of # and v vs. # both on the same graph.
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c. Create a table containing (#,x,, %, v) at intervals of 0.10 s. Stop printing
table the first time y > 300 m.

d. Use MATLAB’s function interpl to interpolate for the ( x, #, v) val-
ues when the package hits the ground. Print out these values.

P7.3 Figure P7.3a shows a third-order RLC circuit. In order to run a time-domain
transient analysis, we transform the circuit into differential equations using
the following method:

First, write Kirchhoff’s current law for each node in the circuit:

Atnodel:3,+%,—-% =0 (P7.3a)
Atnode 2: % + 3, =0. (P7.3b)

Second, write Kirchhoff’s voltage law for the two loops in the circuit:

For loop 1:Vg =%, — v, =0 (P7.3¢)
For loop 2: v, + W%, —w% =0. (P7.3d)
Vcl B ch
9 ®
=i
¢ C, d
+ +

5V

1> t(w)

(b) 01 02 03 04 05 06 07 08 09 1.0

Figure P7.3 A third-order RLCC circuit: (a) circuit configuration and (b) pulse input.
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Third, write the constituent relations for each circuit element:

For C}, &, =C %, (P7.3¢)
ForC,, 1, =C,%, (P7.3f)
For L, v, = L¥ (P7.3g)
For R, vy = RR. (P7.3h)

We will choose the three voltages and currents with derivative terms (v¢, v¢,,
and 7;) as the stare variables for this problem:
a. Rearrange Equations P7.3a through P7.3h into the following standard

form:

a1

dt = f(vClyvC2)inVS(-D) (P731)

dv . .
= = g("cn\’cz,%»vs(ﬂ) (P73])
dt

% = h(VCl’VCZ’i':nVS(a) (P73k)

where the functions f; ¢, and 4 involve parameters C;, C,, L, and R.

b. Solve Equations P7.3i through P7.3k with the Runge—Kutta algorithm
for the following circuit parameters: C, = 1 pF, C, = 0.001 pF, R = 100
kQ, and L = 0.01 mH. Use a time interval of 0 < # < 10 ps and a step
size of 0.01 ps. Assume Vi(#) is a 5 V pulse starting at time # = 0 with
rise time of 0.1 ps, an “on” time of 0.8 ps, and fall time of 0.1 ps (as
shown in Figure P7.3b). The initial conditions are v,(0) = 0, v,(0) = 0,
and 7,(0) = 0.

c. Plot on separate graphs v (1), ve,(9), 7,(#), and V() vs. time.

P7.4 A small rocket with an initial mass of 350 kg, including a mass of 100 kg of
fuel, is fired from a rocket launcher (see Figure P7.4). The rocket leaves the
launcher at velocity v, and at an angle of @, with the horizontal. Neglect the
fuel consumed inside the rocket launcher. The rocket burns fuel at the rate of
10 kg/s and develops a thrust 7'= 6000 N. The thrust acts axially along the
rocket and lasts for 10 s. Assume that the drag force also acts axially and is
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y -
A \Y%
0(2)
¥
A Ground
3000 m R
)l L
5 *
15m
A A
Vo/™N6,

Figure P7.4 Launching of a rocket.

proportional to the square of the rocket velocity. The governing differential
equations describing the position and velocity components of the rocket are

as follows:
e _ T—cos(q) - kv cos(q) (P7.4a)
dt m m
dv,
D T in@) -5 din@) - g (P7.4b)
dt m m
o =V (P7.40)
dat
%yt —v, (P7.4d)
where
V=V +V,

0 is the angle the velocity vector makes with the horizontal

m is the mass of the rocket (varies with time)

v,, v,are the xand y components of the rocket’s velocity relative to the ground
Kis the drag coefficient

g is the gravitational constant

(x, y) are the position of the rocket relative to the ground

¢ is the time of rocket flight

cos @ = v fvandsin 6 = v, /v
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Substituting for cos € and sin € in Equations P7.3a and P7.3b, they become

dVX Vi L K \’V>2( + V; (P74e)

% B v,T VyK [V}Z( +V2
The target lies on ground that has a slope of 5%. The ground elevation relative

to the origin of the coordinate system of the rocket is given by

Yy =15+ 0.05(x—3000) (P7.4g)

g (P7.4f)

Using Equations P7.4e, P7.4f, P7.4c, and P7.4d, write a computer program in
MATLAB using the fourth-order Runge—Kutta method described in Sections
7.5 through 7.8 that will solve for x, y, v, and v, for 0 < # < 60 s. Use Equation
P7.4g to solve for y,.
Use a fixed time step of 0.01 s. Take x(0) = 0, (0) = 0, ,(0) = v,cos 6, zzy(O) =
usin 6, v, = 150 m/s, 6, = 60°, K= 0.045 N-s?/m?, and g = 9.81 m/s*:
a. Print out a table for x, y, y,, v,, v, at every 1.0 s. Run the program for
0<r<60s.
b. Use MATLAB to plot x, y, andyg vs. t on the same graph and v, and v, vs.
t on the same graph.
c. Assume a linear trajectory between the closest two data points where the
rocket hits the ground. The intersection of the two straight lines gives the
(x, y) position of where the rocket hits the ground.

P7.5 Repeat Problem P7.4, but this time use MATLAB’s ode45 function to solve

the problem. Use a 0 < # < 60 s with a step size of 1 s.

P7.6 The Sallen—Key circuit (Figure P7.6) is commonly used to implement second-

order (or higher) filters. Although there are several ways to model this circuit,

G
[
i31 I
Ry R, v
e AN AM g
- V1 : i Vout
s - iy 5
,1 =) f

Figure P7.6 Sallen-Key circuit.
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we will analyze it here directly in the time domain using differential equations.
If we assume that the op amp is ideal, then v, = v,,, and also 75 = 0. Applying

our

Kirchhoff’s current law at the nodes labeled v, and v, and using the constitu-

ent relations for resistors (v = ixR) and capacitors | £ =C EC , we get

Vi, — v — AV —
mVi+zvi+Cl(mtva)
R R, dt

Atnodevi:i+1i+3=0= =0

%~ ¥ +C2%=0

Atnodev;: i1+ =0=
2

Rearranging into a system of two first-order ODEs and setting v, = v,,,, we get

out>

det:( -1 )vout_l_( 1 )Vﬁ (P7.62)
dt R2C2 R2C2

1 1 1 1 1 1
™ _ _ Vit + - v + Ve (P7.6b)
dt ch 1 ch 2 R2C 2 R]C 1 ch 1 R1C 1

a. Solve for v,,, and v, using MATLAB’s ode45 function. Assume that the
input to the circuit v,, is a step voltage that changes from 0 to 1 V at time
t=0*. Assume the following values for the circuit elements: R, = 5000 Q,
R, =5000 Q, C, = 2200 pF, and C, = 1100 pF. Use a time interval of
¢t = [0, 100 us] and assume v, ,(0) = ,(0) = 0.

b. Find the impulse response of the circuit by first creating a MATLAB
function pulse(t), which returns the following values:

10° for0<t<10™®

0 otherwise

pulse(t)z{

e ad ) using MATLAB’s ode45 function where v, =
pulse(t). Use the same component values, time interval, and initial

Then, solve for v

conditions as in parta.
c. Plot the step response (from part a) and the impulse response (from part b)
on the same set of axes. What relationship can you see between the two?

P7.7 By cascading the Sallen—Key circuit, we can create higher-order filters.
Figure P7.7 shows an example of a fourth-order filter. Using Equation
P7.6a and P7.6b, write a system of four first-order differential equations to
describe the fourth-order Sallen—Key circuit. Remember that v,,, of the first
stage will be equal to v;, of the second stage.

out



Numerical Integration of Ordinary Differential Equations ®m 267

Cl
Il
Il

Vin %Rl ’\/1\6/2» , B A % . >
Cy
1 T

Figure P7.7 Fourth-order filter using cascaded Sallen—Key circuit.

a. Solve for v,,, using MATLAB’s ode45 function. Assume that the input to the
circuit v,, is a step voltage that changes from 0 to 1 V at time # = 0*. Assume
the following values for the circuit elements: R, = R, = R; = R, = 5,000 Q, C, =
18,000 pF, C, = 15,000 pF, C; = 4.3 pF, and C; = 10 pF. Use a time interval
of =10, 0.005] s and assume 7,(0) = 2,(0) = »,(0) = v;(0) = 0.

b. Plot v, and v, with respect to 7 on the same set of axes.

P7.8 We wish to examine the time temperature variation of a fluid, 7}, enclosed in a
container with a heating element and a thermostat. The walls of the container are
pure copper. The fluid is engine oil and its temperature 7 varies with time. The
thermostat is set to cut off power from the heating element when 7}, reaches 65°C
and to resume supplying power when 7} reaches 55°C.

Wall properties:

k=386.0 W/m-C, c=0.3831x10’J/kg-C, r=28954 kg/m’
Engine oil properties:
k=0.137 W/m-C, ¢=2.219%10%]/kg-C, r =840 kg/m’

The inside size of the container is (0.5 m x 0.5 m x 0.5 m)

The wall thickness is 0.01 m. Thus, the inside surface area 4,; = 1.5 m?,
outside surface area 4, = 1.5606 m?, engine oil volume V,;, = 0.125 m?, and
wall volume V, ;= 0.0153 m?.

The power, Q, of the heating element = 20,000 W.

The inside convective heat transfer coefficient 4, = 560 W/m?2-C.

The outside convective heat transfer coefficient 4, = 110 W/m?2-C.

Using a lump parameter analysis (assume that the engine oil is well mixed)
and the first law of thermodynamics, the governing equations describing the
time temperature variation of both materials are as follows:

d:tf - —alr-a)+a (P7.80)
da, N _ _
=a&(q: —qy) — &Qy = &Jds — &gy (P7.8b)

dt
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where
ges =T¢—T.
A =T, -T.
i Agi iBsi o Q
:hli’ :hli’ aazhoi’ a4=a2+a3’ a§:
m £Ce m,G m,G m £Ce

Initial conditions

T:(0)=T,(0)=15°C

T.. =15°C

Using MATLAB’s ode45 function, construct a simulation of this system.
Run the time for 3600 s with a time step of 3 s. Print out values of 7} and 7,, vs.
tat every 100 s. Construct plots of 7; and 7, vs. «.

We wish to determine the altitude and velocity of a helium-filled spherically
shaped balloon as it lifts off from its mooring. We will assume that atmo-
spheric conditions can be described by the U.S. Standard Atmosphere. We
will assume that there is no change in the balloon’s volume. The governing
equation describing the motion of the balloon is

d’z

Mg

=(B-W - sgn(izt) XD) (P7.9a)

where
z is the altitude of the centroid of the balloon
B is the buoyancy force acting on the balloon
M is the total mass of the balloon material, ballast, and the gas
W is the total weight of the balloon material, ballast, and the gas = Mg
D is the drag on the balloon
+1 if x>0

= xco

The U.S. Standard Atmosphere as applied to this balloon problem consists
of the following governing equations:

d_____ dp_dpdt_dpl _
az 2 "% % ataz av 0
or
PPy (P7.9b)
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T =T;— 1z (P79C)
r=— (P7.9d)

where
2 is the outside air pressure at an elevation of the centroid of the balloon
p is the outside air density at an elevation of the centroid of the balloon
g is the gravitational constant that varies with alticude
R is the gas constant for air
T is the outside air temperature at an elevation of the centroid of the
balloon
v is the vertical velocity of the balloon
T; is the temperature at the Earth’s surface = 288.15 (K)
A is the lapse rate

The second-order ODE, Equation P7.9a, can be reduced to two first-order
differential equations, by letting

&8

Then
dv

=2 ML(B W —sgn(¥)XD) (P7.96)

The three Equations P7.9¢, P7.9f, and P7.9b represent three coupled ODEs
that can be solved using MATLAB’s ode45 function. The buoyancy force,
B, is given by

B= rgV (P7.9g)

and

a=s(,%,]
otz (P7.9h)

where
V is the volume of the balloon
7, is the radius of the balloon
7, is the radius of the Earth
2, 1s the gravitational acceleration near the Earth’s surface
g s the gravitational acceleration at an elevation of the centroid of the balloon
D is the drag force
v is the velocity of the balloon
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For a low Reynolds number, Re, less than 0.1, the drag force is given by
Stokes’ formula, which is

D = 6pmvr, (P7.91)
For flow speeds with Re > 0.1, use

D =Cd§fo (P7.9))

where
C, is the drag coefficient
A is the frontal area of the balloon = p 5’

The drag coeflicient, C, is given by

Cd_% 6

= +—————+0.4 P7.9k
Re 1.0++/Re (798

where

_ 2rvy, (P7.91)
m
u is the fluid viscosity

Re

The fluid viscosity, y#, can be determined by the Sutherland formula, which is

1.5
m:mO(T] (T+S) (07.9m)
T, T+S

For air, § = 1104 K, y, = 1.71 X 10 N-s/m?, and 7; = 273 K.

Write a computer program, using MATLAB’s ode45 function, that will
determine the balloon’s altitude as a function of time. Create plots of z vs. £,
vvs. 1, and p vs. £. Use the following values:

M =2200 kg, £=7.816 m, V= (4/3)px m’, R=287 J/(kg-K), T;= 288.15K,

1 =0.0065 (K/m), g =9.81 m/s*, and =6371%x10> m

Take 0 < # <1000 s in steps of 0.1 s and the following initial conditions:
Z0)=3%, 0)=0, and p0)=10132x10

P7.10 A small tank with its longitudinal axis in a vertical position is connected
to a pressurized air supply system as shown in Figure P7.10. The tank con-
tains two gate valves, one which controls the pressurization of the tank and



Numerical Integration of Ordinary Differential Equations ® 271

E ? <—— Converging muzzle
ﬁ Pressure transducer

[J=—————> To data acquisition device

/—- Thermocouple

o » To data acquisition device

< For air supply

Figure P7.10 Air-pressurized tank.

the other controls the discharge of the tank through a converging nozzle.
The tank is instrumented with a copper—constantan thermocouple and a
pressure transducer. We wish to predict the temperature and pressure time
histories of the air inside the tank as it is being discharged. We shall assume
that the air properties inside the tank are uniform. Due to its large heat
capacity, as compared to the air inside the tank, we shall assume that the
wall temperature remains nearly constant during the discharge phase of
the problem. We will also assume that the change in kinetic and potential
energy of the air inside the tank is negligible. Applying the energy equation
to a control volume enclosing the interior of the tank gives

d . p v? (dQ)
—m, = -, +—+—1 +| — P7.10
dt( U,) (u .t l at ). . ( a)

where
m is the mass
u is the internal energy
p is the pressure
p is the density
Vis the velocity
m, is the mass flow rate of air exiting the tank

dt
Subscript 4 is the air
Subscript w is the wall
Subscript ¢ refers to the conditions at the exit

o . L.
(Q is the rate of heat transfer from wall to air inside the tank
w—a
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For an ideal gas,

u, =G,.T, (P7.10b)
Pl _. _

(u+ ) =h=c¢d. (P7.10¢)
r

where

h is the enthalpy

¢, is the specific heat at constant pressure
¢, is the specific heat at constant volume

T is the temperature

The rate of heat transfer from the wall to the air is given by

do it
(dt)wﬁa = hA;(Tw —Ta) (P7.10d)

where
b is the convective transfer coefficient

A, is the interior surface area of the tank

The equation describing the rate of change of mass in the tank is

= -T, (P7.10¢)

Substituting Equation P7.10b through P7.10e into Equation P7.10a gives

dr T, . shy
a _ ime'i' As h:.
dt m, G adlla

ny.’

2¢,.m,

(Tw _Ta)_EkaTe_ (P710f)
m,

Ga

where £, is the ratio of specific heats for air =
a

We have assumed that ¢, , and ¢,, do not vary significantly in the tem-
perature range of the problem. The functional relation for 7, in terms of
the other variables is obtained from 1-D compressible flow through nozzles.
Two possible cases exist, depending on the ratio of p,/p,. The pressure p,, is
the back pressure, which is the surrounding air pressure.

Case 1:

—>0.528
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then
rR=B
) (ka=1)/ka
M= 1—(93
k-1 B
e -1
1+kﬁ M/
2
¢ =vkR.T.
V.=M &
IﬁeziAeve
R.T.
Case 2:
B <0508
P
then
r=0.528p,
M.=1.0
T T.
€ -1
1+kﬁ1
2

In the preceding equations, ¢ is the speed of sound, R is the gas constant, and
M is the Mach number.
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From these relations, it can be seen that 7, is an implicit function of the
variables 7, m,, and r. These equations, along with Equations P7.10e and
P7.10f, form two coupled differential equations of the form

ar.

= Ta> a
& £(tTam,)
dm
g = f Taa a
at 5 (£Tam,)
_(mRT)
e .

where V is the volume inside the tank =pD 2L/ 4, L is the tank length and
D is the diameter .

This system of equations can be solved using the MATLAB’s ode45 function.

However, before this can be done, we need to determine /. We shall
assume that the heat transfer from the wall to the air inside the tank occurs
by natural convection. We will also assume that the wall temperature remains
neatly constant, since it has a much larger heat capacity than the air. The
empirical relation for natural convection for vertical plates and cylinders is

2

h= ];j 0.825 + ? :z;jz;(z(/};;:/:]s/y (P7.10g)
where
Gr = Grashof number = W (P7.10h)
and

Pr is the Prandtl number

k, is the thermal conductivity of air
U, is the viscosity of air

p is the coeflicient of expansion

g is the gravitational constant

The properties of Pr, £, and 1, are evaluated at the film temperature, T, which is

Te= O.S(Tw +Ta) and Ye = (Ri)f

Since f is a fluid property, take f = 1/7}.
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Table P7.10 Air Properties vs. Temperature

T (K) u (N-s/m?2) k (W/(m-K) Pr

100 | 6.9224 x 10-® 0.009246 0.77

150 | 1.0283 x 10-° 0.013735 0.753

200 | 1.3289 x10-° 0.01809 0.739

250 | 1.4880 x 10> 0.02227 0.722

300 | 1.9830 x 10-° 0.02624 0.708

350 | 2.075x 10~ 0.03003 0.697

Air property values for these variables are given in Table P7.10. Use
MATLAB’s interpl function to interpolate for air properties of u, #, and
Pr at air temperature 7.

Using MATLAB’S ode45 function, determine the air temperature,
T,, air pressure, p,, and mass, ,, in the tank as a function of time. Take
0 <£<70 s with a time step of 0.1 s.

Print out a table of these values at every 1 s. Also, create plots of 7, vs. t, p,
vs. t, and m, vs. £. Use the following values for the program:

D =0.07772 m, L=0.6340 m, d. =0.001483 m, c,, = 1.006 x 10 J/(kg-K),
G.a=0.721x10°J/(kg-K), k, =1.401, g=9.807 m/s’, B, = pum =1.013X 10’ N/m?,

P =7.04648 x10° N/m?, T, ;=294.5 K, T, =294.5 K, and R,=287.2 J/(kg-K)

where
D is the inside diameter of the tank
L is the inside length of the tank
d, is the diameter of the nozzle
7, is the initial air temperature inside the tank
2..; is the initial air pressure inside the tank






Chapter 8

Boundary Value
Problems of Ordinary
Differential Equations

8.1 Introduction

When an ordinary differential equation (ODE) involves boundary conditions
instead of initial conditions, then a different numerical approach is used to solve the
problem. In a boundary value problem, we essentially need to “fic” a solution into
the known boundary conditions as opposed to simply integrating from the initial
conditions. An example of this type of problem is the deflection of a beam where
boundary conditions at both ends of the beam are specified. Another example of
this type of problem is to determine the electric field between the plates of a capaci-
tor with a known charge density between the plates and a fixed voltage across the
plates. In both cases, a solution is found by numerically solving a second-order,
nonhomogeneous ODE using finite difference methods.

8.2 Difference Formulas

To numerically solve a boundary value problem involving an ordinary, linear dif-
ferential equation, we will employ difference formulas obtained by Taylor series
expansion. This will enable us to reduce differential equations to a set of alge-

277
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braic equations. As we saw in Section 3.1, we can expand y=g(x) in a Taylor series
expansion about point x;; that is,

Y'(%) Y’ (%)

¥®) = ¥ + ¥ (%) (x— %) + = (x— %) + 3 (x-x)+-  (8.1)
We define the step size 4 = x - x;, which gives
y(x+h) = y(x)+ yY(x)h+ y”z('xi) h* + y’;('&) h 4. 8.2)

Let y(x; + /) = 3,1 and y(x) = y,, Y(x) = ¥, etc. Then, the Taylor series expansion
equation can be written as
i/h2 i//h3
AN L

Vi =i+ yh+—+

Y 31 (8.3)

We will now rewrite Equation 8.2 for the point x = x; - 4, that is, the equidistant
point on the other side of x;. This gives

Wx-B)= v =yt yi<—h>+2—yi<—h>2 +;/j<—h)3 o
or
3 thZ i//h3
Yi—l—Yi—Yi,h"'T—T‘F """"" (8.4)

Using only two terms on the right side of Equations 8.3 and 8.4 and solving for ¥,
we obtain difference formulas for ¥ with an error of order 4, that is,

Y= Yi“h_ *  (forward difference formula) (8.5)

and

= % (backward difference formula) (8.6)

Now, let us just keep three terms in Equations 8.3 and 8.4 and subtract the lat-
ter from the first, giving

Yirt — ¥ = 2%h
Solving for ¥/ gives

Yir1 Yi1
= 87

This is the central difference formula for ¥/ with an error of order /? (the error is
order /? because three terms in the Taylor series were used to obtain the formula).
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Table 8.1 Summary of Finite Difference Formulas for Boundary Value Problems

yi =Y =Yi First-order forward difference formula. Used for y’
h boundary condition at beginning of interval.
yi= YizVin First-order backward difference formula. Used for y’
h boundary condition at end of interval.
,_ Yis1 = VYin . .
yi= o First-order central difference formula. Used for

first-order differential equation in middle of interval.

yr = w Second-order central difference formula. Used for
h second-order differential equation in middle of interval.

Now, let us again keep just three terms in Equations 8.3 and 8.4 and add the result-
ing equations; we obtain

Yo + Y1 = 2%+ ¥R
Solving for ¥’ gives

ﬁ/: Yin + x.;l 2K (88)
h
This is the central difference formula for ¥’ with error of order A2.
The four difference formulas derived above are summarized in Table 8.1. We will
now show how they are applied in order to model a boundary value problem that
leads to a tri-diagonal system of linear equations. The formulas used in the following
examples are tabulated in Table 8.1.

Example 8.1

In this example, we consider the deflection of a beam subjected to both a uniform
load, w, applied over the region 0 < x < L, and a concentrated load P applied atx = L,.
The beam is shown in Figure 8.1a.

The governing equation for the deflection of a beam is (for a derivation of this
equation, see Appendix C)

& EIx 8.9)
where
y is the deflection of beam
M is the internal bending moment
E is the modulus of elasticity of beam material
I is the moment of inertia of an area
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[T l

2B
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> L |
L ! -
x
(a)

w (N/m) P

yi Y Y Y l
AA AB
R, R,

(b)

Figure 8.1 (a) Loaded beam. (b) Beam reactions.

To obtain the finite difference form of the governing equation, subdivide the
x-axis into IV subdivisions, giving x;, x,, x5, ..., Xy,1.

Let the deflections at these points be y;, ¥5, ¥35 <. Y-
2

The finite difference form for Q, as discussed in Section 8.2, is

d2y

w )= Yo + Yoo = 2% (8.10)

AX

Thus, the governing differential equation becomes

Ya+1 + Yo-1 _2% :&
AX EIL

or

1 1 M, AX
=— +—y, —— , forn=23,4,...,N 8.11
Y 5 Yo+1 5 Yo-1 2EL or ( )
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The boundary conditions are that the beam does not deflect at the supports, i.e.,
v=0 (8.12)

W =0 (8.13)

To obtain an expression for the bending moment A, first, solve for the reactions
R, and R, (see Figure 8.1b). Taking the moment about point A will enable us to
determine R,, that is,

Iy
ZM A =0=R2L_WL1X?—PL2

Solving for R, gives
wLli PL,
Ry=—+— 8.14
T L 6.19
Taking the moments about point B will enable us to determine R), that is,
L
ZM 5 =0= P(L—L2)+WL1(L—2)—R1L
Solving for R, gives
L, L,
Ri=P|1—— |[+wL)|1l-— 1
1 ( L) 1( 2L) &1

The internal bending moments are taken about the neutral axis at section x.
For 0 < x < L, (see Figures 8.2a and 8.2b), the sum of the moments at section x is:

M (x) +wx§ -R;x=0

w (N/m)

B VR LYY -__-JXA————Q

Figure 8.2 (a) Moment about neutral axis at section x, 0 < x < L,. (b) Force
distribution at section x.
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L
< >
< ,‘

w (N/m)

TEEREN

$ D

v

Ry

Figure 8.3 Moment about neutral axis at section x, L, <x < L,.

Solving for M(x) and expressing the equation in finite difference form gives

M n=R1xn—%x% (8.16)

For L, < x < L, (see Figure 8.3), the sum of the moments at section x is:

M (x)+wL1(x—I;) -R;x=0
Solving for M(x) and expressing the equation in finite difference form gives
L
Mn=R1x1—wL1(xn—2) (8.17)

For L, < x < L (see Figure 8.4a and b), the sum of the moments at section x is:

M (%)+ P(x—L2)+wL1(x—12'1)—R1x= 0

‘,¢ FITd l l

(@) (b)

Figure 8.4 (a) Moment about neutral axis at section x, L, < x < L from the left
side and (b) from the right side.
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Solving for M(x) and expressing the equation in finite difference form gives

L
anRlxn_P(x—x_Lz)_WIi(Xn_zl) (8.18)

For this case, it is more convenient to determine the moment from the right side of
the beam (see Figure 8.4b), giving

-M (X +R,(L—%x) =0

Solving for M(x) and expressing the equation in finite difference form gives
M,=R(L-x) (8.19)

Equation 8.19 is equivalent to Equation 8.18 for M, for the region L, < x < L.

The system of algebraic Equations 8.16, 8.17 and 8.19 are linear and can be
solved by MATLAB®s inv function or by Gauss elimination. We will use the
following parameters in Example 8.1: w = 400 N/m, El(x) = 1.5 x 10°, P = 35N,
L=3m,L =1m, L, =2m and 30 subdivisions on the x domain.

The program follows:

o\°

Example 8 1.m

This program calculates the deflection of a beam which is a
boundary value problem. Finite difference method is used
to solve the problem. This method results in a set of
linear equations which is solved by the inv matrix method.
clear; clc;

w = 40.0; EI = 1.5e3; P = 35; L = 3; L1 = 1; L2 = 2;

N1 11; N2 = 21; N = 31; dx = L/(N-1);

R1 = P*(1-L2/L)+w*L1* (1-L1/(2*L)) ;

R2 = w/(2*L)*L1"2 + P*L2/L;

M(1) = 0; M(N) = 0; y(1) = 0.0; y(N) = 0.0; c(1) = 0; c(N) = 0;
x = 0:dx:L;

% determining M(i) values

for i = 1:N1

M(1i) = R1*x(1i)-w/2*x(1i)"2;

o° o o

o°

end
for i = N1+1:N2
M(i) = R1*x(1i)-w*L1l* (x(i)-L1/2);
end
for i = N2:N
M(i) = R2*(L-x(1));
end

% Establing the coefficient matrix
a = zeros (N,N) ;
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a(l,1) = 1; a(1,2) = 0;
a(N,N-1) = 0; a(N,N) = 1;
for i = 2:N-1
a(i,i-1) = 1;
a(i,i) = -2;
a(i,i+1) = 1;
c(i) = M(1)/(EI)*dx"2;
end
size(a); size(c'); size(M);
y = inv(a)*c';
fprintf ('x(m) y(m) \n');
fprintf ('---------"-- e - \n') ;

for i = 1:length(x)
fprintf ('%5.2f $12.4e \n',x(1i),y(1));

end
plot(x,y), xlabel('x(m)'), ylabel('y(m)'),
title('deflection vs. position'), grid;

Program results

x (m) y (m)
0.00 0.0000e+00
0.10 -1.9611e-03
0.20 -3.8936e-03
0.30 -5.7713e-03
0.40 -7.5711e-03
0.50 -9.2722e-03
0.60 -1.0857e-02
0.70 -1.2309e-02
0.80 -1.3617e-02
0.90 -1.4770e-02
1.00 -1.5761e-02
2.00 -1.5956e-02
2.10 -1.4930e-02
2.20 -1.3724e-02
2.30 -1.2359e-02
2.40 -1.0853e-02
2.50 -9.2278e-03
2.60 -7.5022e-03
2.70 -5.6967e-03
2.80 -3.8311e-03
2.90 -1.9256e-03
3.00 0.0000e+00
>>

See Figure 8.5.

From Figure 8.5, we see that the maximum deflection occurs at approximately 1.5 m.
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Deflection vs. position

-0.002 t
—-0.004 -
—-0.006 |
—-0.008 1

-0.01
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-0.012 ¢
-0.014 ¢
-0.016 1
-0.018 1

—0.02 ; ; ; ; :
0 0.5 1 15 2 2.5 3
x (m)

Figure 8.5 Deflection of beam shown in Figure 8.1a.

Example 8.2

Figure 8.6 shows a parallel plate capacitor with constant applied voltage V, and a
fixed charge density p between the plates. For cases with planar symmetry such as
the parallel plate capacitor where the charge density only changes in the x direction

Conducting plates

+ +
o<> x++++++D
Toil e

Material between
plates with dielectric ¢
and charge density p(x)

Figure 8.6 Parallel plate capacitor with constant applied voltage V.
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(i.e., there is no y nor z dependency), then Poisson’s equation describing the electric
potential ® reduces to an ODE:

2
dch) _ _% (8.20)

where @(x) is the electric potential (in volts), p(x) is the x-dependent charge density

(in coul/m?), and ¢ is the dielectric constant for the material between the plates.
We wish to solve for @(x) between the plates of the capacitor shown in Figure 8.6

with a plate separation of D meters, p(x) = p,(x - D)?, and boundary conditions

®(0) = 0and d(D) =V,

Substituting the expression for p(x) into Equation 8.20, we obtain

dZ(D__E _ 2__& _ 2
= = e(x D) = e(x2 2Dx+D?) (8.21)

Since Equation 8.21 can readily be solved analytically, we will solve Equation 8.21
both analytically and numerically and then compare the results. We can solve this
simple differential equation by integrating twice on both sides, giving

2
q’(x)=—]%(lx4—Dx3 +Dp +ax+b) (8.22)
el12 3 2

where @ and f§ are constants of integration, which are determined by applying the
boundary conditions. Applying the first boundary condition ®(0) =0 gives

2
0=-2[ Lo PP 2 ia04p
eliz” "3 "2

Thus, § = 0.
For the second boundary condition, ®(D) = V,, we get

1 D D’
Vo=—2=| -D*-—D*+—D?+aD
12 3 2

Solving for a gives
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Thus, the exact solution to Equation 8.22 is

|1l , D D’ eV, D’
P(=—"| "K' -——%+ - +—
(%) ol 2% 3 3 [ 4 )x (8.23)

12

To solve Equation 8.21 numerically, we subdivide the region between the plates into
N intervals and apply the finite difference formulas of Table 8.1. Dividing the region
0 < x < Dinto N intervals will result in V + 1 values for x and thus N + 1 values
for @. Our goal is to set up the system of equations as a matrix equation, i.e., AP = C.

We begin by applying the second-order central difference formula from Table
8.1 to Equation 8.21, giving

D, +D,, —2D;
q);'_’: i+l .';1 l=—£(xf—2DXl+D2)
h e
Rearranging gives
rh’ 2
D, —20;+Py, =—"(x —2Dx+D?) (8.24)

This equation is valid for 7= 2, 3, 4, ..., V.

We now use the boundary conditions to determine the values for the upper-left
and lower-right corners of the coeflicient matrix. First, we rewrite the boundary
conditions as

DP0)=0—>D, =0 (8.25)

O(D)=V, > Dy, =V, (8.26)

The system is a set of linear algebraic equations and can be solved by MATLAB’s
inv function. The following parameters are used in Example 8.2: N = 40,
D =0.4 mm, p, =104 Coul/m?, &=1.04 x 10"?and V,=5V

The program follows:

o

Example 8 2.m

Find the electric potential between a parallel plate
capacitor with fixed charge density between the plates and
known boundary conditions.

clear; clc;

o o°

o\°

N = 40; % step count

D =.0004; % plate separation (meters)

h = D/N; % step size

rho = le4; % coulomb/m"3

epsilon = 1.04e-12; % dielectric between the plates
Vo = 5; % voltage across plates

% First, calculate all values of x.

x = 0:h:D;

% Determine matrix coefficients, a*phi = c:

a(l,1) = 1; c(1) = 0;
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a(N+1,N+1) = 1; c(N+1) = Vo;
for i = 2:N
a(i,i-1) = 1; a(i,i) = -2; a(i,i+1) = 1;
c(i) = -rho/epsilon*h”2* (x (i) "2-2*D*x(i)+D"2) ;
% Calculate exact solution (Equation 8.23)
phi _exact (i) = (-rho/epsilon)* (1.0/12*x(i)"4 -...

(D/3)*x (i) "3 + (D"2/2)*x(1i)"2 -...
(epsilon*Vo/ (D*rho) +D"3/4) *x (1)) ;

end
phi exact(l) = 0; phi exact (N+1) = Vo;
phi = inv(a)*c';

% Plot numerical and exact solutions for phi:
plot (x,phi,x,phi_exact, 'x'), xlabel('x (meters)'),
ylabel ('Phi (volts)'), grid, legend('phi', 'phi-exact!');

Program results

See Figure 8.7.

In both Examples 8.1 and 8.2, the system of linear equations is “tri-diag-
onal.” This designation refers to the fact that coefficient matrices defined by
the systems of linear algebraic Equations 8.11 through 8.13 and 8.24 through
8.26 contain nonzero values for the main diagonal elements and the diagonal
elements immediately above and below the main diagonal. Except for these

19 Electrical potential @ vs. x

O
*  ®-exact

10t

Phi (Volts)
»

0 ! ! !
0 1 2 3 4

x (meters) x1074

Figure 8.7 Electric potential, ® vs. x.
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three diagonals, the rest of the elements in the coefficient matrix are all zero.
A tri-diagonal system of linear equations can be treated in a more efficient way
than by taking the inverse of the coefficient matrix or by using the Gauss elimi-
nation method for solving a system of linear algebraic equations. This becomes
important only for very large systems. The treatment of a tri-diagonal system of
linear equations follows.

8.3 Solution of a Tri-Diagonal System
of Linear Equations

A rri-diagonal system of equations has the following form:

1 -a 0 0 01[=] [a]
—b, 1 —a 0 0 % S
by 1 -3 0 ||x|=|g (8.27)
—by 1 —& || % o]
| 0 —bs I {Is]| |o]

where a,, b,, and ¢, are constant terms and x; are the unknowns. By multiplying out
the matrices in Equation 8.27, the set of equations become

X-ax=gq (8.28)

b +tx-ax=9 (8.29)
b +x-ax=g (8.30)
bx X -ax=q (8.31)
“bx+x% =g (8.32)

The general concept for solving a tri-diagonal system follows:

We can solve Equation 8.28 for x; and substitute the result into Equation 8.29,
giving an equation that only involves x, and x5, which we designate as Equation 8.29’.
We can then solve Equation 8.29” for the x, in terms of x; and substitute the result
into Equation 8.30. This gives an equation that only involves x; and x,, which
we designate as Equation 8.30". This process is continued until the last equation.
When x; is substituted into Equation 8.32, an equation that only involves xs, is
obtained thus allowing us to algebraically solve for x;.

Then, by back substitution, we can obtain all the other x; values.
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Method summary for m equations
Arrange the set of equations into the general form:

%= a¥%g thx +tg (8.33)

Note: For the first and last equations (corresponding to the upper-left and lower-
right coefficients in the tri-diagonal matrix), 4, =0 and 4,,=0.

By the substitution procedure outlined earlier, we can obtain a set of equations
of the form

% =d+ex, (8.34)

where d; and ¢, are the coeflicients for the “prime” equations. Note that ¢, = 0.

Then,
X = 0

Xn1 = Gno T &%
(8.35)

x=d+8x%

If general expressions for &; and ¢, can be obtained, then we can solve the system for
all x;. We start by rewriting Equation 8.34 to put the (i~1)th equation into the form

X =dite X (8.36)
Substituting Equation 8.36 into 8.33 gives
X = aXy +h(do tex)+a

Solving for x; gives

_(g+bdiy) X

% = (8.37)
(I-be) (I1-be)
Matching terms between Equations 8.34 and 8.37, we obtain
d, = G +hbdiy
1-be,
(8.38)
a
Q_ =
1-be,

which is valid for i =2, 3, ..., m.
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The very first equation in the system is already in the form x; = 4, + ¢,x; |, and
thus, matching terms between Equations 8.28 and 8.34, we obtain

d =g
(8.39)
8 =g

We can now successively apply Equation 8.38 to find 4,, 4, ..., d,,and e,, e5, ..., ¢
Then, x,, = 4,,, and by back substitution,

me

Xn1 = o T &1 X

X2 =0na t & 2%

x=d+8x%

Example 8.3

Solve the following system of equations for all x;:

X, +2x, = 7 (8.40)
4x;  +3x, +14x; = -9 (8.41)
11x,  +x; -06xy = 3 (8.42)

-3x; +2x, -3lxs = 1 (8.43)

4, +x5 —-8x; = -19 (8.44)

20x; +xg = 11 (8.45)

First, we need to put the equations in the form of Equation 8.33, which is
%=aXg thx +qg

This gives
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X% =6x—11% +3

) A S |
ZX5 2X3 2

% =8x —4x, —19

% =—20x% +11
We see that
a=[-2 —14/3 6 -31/2 8 0]
b=[ 0 —4/3 -11 3/2 —4 -20]
c=[7 -3 3 1/2 -19 11]

A MATLAB program to solve Equations 7.40 through 7.45 for all x; follows.

o°

Example 8 3.m
% Example of solving a tri-diagonal system of equations
clear; clc;

a = [-2 -14/3 6 -31/2 8 0];
b = [0 -4/3 -11 3/2 -4 -20];
¢ = [7 -3 3 1/2 -19 111;
m = length(a) ;
% compute d and e coefficients
a(1l) = c(1);
e(l) = a(l);
for 1 = 2:m
d(i) = (c(i) + b(i)*d(i-1))/(1 - b(i)*e(i-1));
e(i) = a(i)/(1 - b(i)*e(i-1));
end
% compute x
x(m) = d(m);
for i = (m-1):-1:1
x(i) = d(i) + e(i)*x(i+1);
end

% display the solution:

%

Program results
X =

37.3362 -15.1681 -8.0600 -29.6515 1.1653 -12.3051

Note that this example contains only arithmetic operations and no matrix opera-
tions (e.g., solving by Gauss elimination or finding an inverse matrix). Thus, the
algorithm will be extremely fast, even for systems with many equations (e.g., order
of m = 1000 or more).
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Exercises

E8.2 Solve the beam problem of Example 8.1 by the tri-diagonal method described
in Section 8.3.

E8.3 Solve the parallel plate capacitor problem of Example 8.2 by the tri-diagonal
method described in Section 8.3.

Projects

P8.1 A heat sink is often attached to electronic components in order to dissipate
excess heat generated by the device in order to prevent it from overheating
(Figure P8.1a). A sketch of one heat sink fin is shown in Figure P8.1b, where
the trapezoidal fin has bottom width W, top width W), height Z,, and depth
D and the coordinates x and y are as drawn in the diagram. The temperature
distribution in the fin is governed by a 1-D analysis of the heat equation in a

(a)

Side view: Cross section:

A
A / \
'

IWZ‘

/ \ =~ i
L
L ~D
X
A / Y

Figure P8.1 (a) Sketch of a heat sink attached to an electronic component and
(b) dimensions of a single fin.

Device surface

(b)




294 ® Numerical and Analytical Methods with MATLAB®

solid. The analysis includes an empirical relation that involves the convective
heat transfer coeflicient, 4. This empirical relation is introduced to separate
the heat conduction problem within the solid from the heat transfer problem
in the surrounding gas. The convective heat transfer coefficient, 4, is deter-
mined by either experiment or by analytical/numerical methods. The govern-
ing equation for the fin is

d(AdT)=hP(T -T.) (P8.1a)
dx dx k
or
dA dr d’rT hp
TS 4A- - = (T -T. ,
o o x ( ) (P8.1b)
where

T'is the temperature in the fin at position x

1., is the surrounding ambient air temperature
A is the fin cross-sectional area

b is the corrective heat transfer coeflicient

k is the thermal conductivity of the fin material
Pis the fin cross-sectional perimeter

We begin by writing equations for the area and perimeter in terms of the
measurements of the fin:

A=13D
P=2y+2D

By the geometry of similar triangles, we can determine that y/W; = (L -x)/L,
and thus, the area and perimeter as functions of x are

W,D

A(x) = (L-3%

P(x) = 2‘11 (L—x%)+2D

The governing differential equation becomes

W

P - x)

d’T WD ctr_h[zw1
L & L o k

L (L—x)+2D:|(T -T..) (P8.1¢)
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The first boundary condition is that at the surface of the device, the tempera-
ture 7, is known:

To obtain the second boundary condition, we employ the concept of energy
conservation, that is, the rate that heat leaves the fin at (x = Z,) per unit sur-
face area by conduction = the rate that heat is carried away by convection per
unit surface area.

This statement can be written mathematically as

—k%(Ll) = h(T (1,) - T..] (P8.1e)

We wish to solve this problem numerically using the finite difference method.

First, subdivide the x-axis into N subdivisions, giving x;,%,,%3, ..., Xy,
Take the temperature at x; to be 7. The finite difference formulas for &2 7/dx?
and d7/dx (see Table 8.1) are

dT (x)= Ty +Tiq — 2T
& AX
E(}(l) — Ti+l _Ti
dx Ax

The finite differential form of Equation P8.1c is

WD
L

Tior +Tit = 2Ti) _W.D (Ti+1 —Ti)

(L= xi)( AX L | Ax

—k[ _ xl)+2D](Tl T..)

Solving for 7 gives

Ti={2WlD(L—Xi)—W1D Axs PA¥ (ZW (L—xi>+2n)}

L L k L

W D W D WD
X {[‘(L — %) ‘Ax]m +——(L—%)Ts,
L L L

hAX [ 2W |
+k|:L(L—xi)+2D ]Tm} (P8.1f)

Equation P8.1f is valid for i=2,3,..., V.
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The finite difference form for Equation P8.1e is

TN +1 _TN
-k———=hTy, —T.
Ax hTy 4 ]
Solving for T, gives
1 hAx
Ty = Ty + T.. P8.1
i 1+(hAx/k){N k } (P8.1g)
Also,
T, =Ty (P8.1h)

All the heat transfer from the fin to the surrounding air passes through the
base of the fin. Thus, the rate of heat loss, Q, through the fin is given by

KA,
=, -T
Q AX( »—Ty)

where A, is the cross-sectional area at the base of the fin, that is, at x = O+
Using the method described in Section 8.3 for a tri-diagonal system of equa-

tions, write a MATLAB program that will solve for the temperature distribu-

tion in the fin and the rate of heat loss through the fin. Use the following values:

T, =200°C, T. =40°C, k=204W/m-K, h=60W/m>-K,
N =50, W, =2cm, L=6cm, L;=4cm, D=02cm

The output of your program should include the values of 4, 4, 7,, 7., Q, a
table of 7vs. x at every 0.1 cm, and a plot of 7'vs. x.

P8.2 For the beam shown in Figure P8.2, determine the beam deflection, y(x), by
the finite difference method utilizing MATLAB’s inverse matrix function or

Wy

A
Y

Figure P8.2 Loaded beam with a linearly distributed load of w, N/m at x = 0 and
w, N/matx=1L.
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MATLAB’s Gauss Elimination function. Print the results in a table format.
Also determine the approximate maximum deflection. Use the following
parameters.

w=10kN/m, w,=20 kN/m, El=15x10°kN-m?, L=10m,
for 0 < x < 10.0 m in steps of 0.1 m.

Hint: The load can be considered as the sum of a uniform load and a trian-
gular load. For the triangular load, the resultant force equals (w, — w,)L/2
located 2L/3 from the apex of the triangle.

P8.3 We wish to obtain the reactions, the bending moment, and the deflec-
tion of the statically indeterminate beam as shown in Figure P8.3a. The
problem can be solved by the method of superposition. First, solve for the
deflection y(x) by the finite difference method utilizing the tri-diagonal
method to obtain a solution for the statically determinate structure shown in
Figure P8.3b. Then, determine the deflection y(Z,) for the structure shown
in Figure P8.3b. Next, determine the value of F in the structure shown in
Figure P8.3¢ that would cause the deflection at L, in that structure to be
-y(L)). You may use the following formula to determine the F value that
would give the required deflection at x = L, (see Figure P8.3d):

W= [ - )]

GLE (x< a)

Fb

- GLEI[X* (1 —bz)x—i(x—af] (x> a)

Finally, superimpose both solutions to give the true values for the reactions,
R,, Ry, and R (at points A, B, and C), the bending moment M(x), and the
deflection y(x).
Print out the final reactions, R, Ry, and R.. Print out a table of M(x) and
y(x) vs. x at every other node. Use MATLAB to plot M(x) and y(x) vs. x.
Take w =40 kN/m, E/= 1.5 x 10° kN-m?, P=35kN, L=3m, L, = 1.3 m,
=05m,L;=15m,and L, = 0.5 m.
Take the number of subdivisions on the x-axis to be 150.

P8.4 For cantilevered beams (see Figure P8.4), both the deflection and slope at the
wall are both zero and thus can be considered an initial value problem. The
solution can be obtained analytically by simple integration or by MATLAB’s
ode45 function. Determine the beam deflection y(x) by MATLAB’s ode45
function. Use the following parameters:

w=40 kN/m, EI=15%10°kN-m?, L=30m, and Ax=0.1m
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Figure P8.3 (a) Indeterminate beam, (b) beam with center support removed,
(c) beam with a single concentrated point load, and (d) reactions due to a single

concentrated point load.
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A
Y

Figure P8.4 Loaded cantilevered beam.

The exact solution, y.,,., is

Yexact ( X)

_L wix _wL2x2 _wx4
"~ EIl 6 4 24

Create a table containing (x, y, Jee)- Also plot y vs. x and y..,, vs. x on the

« »

same graph, and make y a solid line and y,,. as “x.

P8.5 A common boundary value problem in electrical engineering is solving for
the electric potential in the depletion region of a PN junction. PN junctions
are formed by two adjacent regions of oppositely doped semiconductor (typi-
cally silicon) and are used to create electronic devices such as bipolar transis-
tors, MOSFETs, and JFETs. Here we will analyze the simplest device, the PN
diode.

Figure P8.5a shows the circuit representation of a diode with applied volt-
age V, and resulting current 7;,. Figure P8.5b shows a physical representation
of the diode as adjacent regions of p-type semiconductor (where current is
primarily carried by mobile holes with density N, carriers/cm?) and n-type
semiconductor (where current is primarily carried by mobile electrons with
density IV, carriers/cm?®). In the area immediately surrounding the junction
(shown in the figure detail), the mobile charge carriers of the (normally neu-
tral) p-type and n-type regions will recombine, leaving a net fixed charge
density layer around the junction called the depletion region. The charge den-
sity in the depletion region is dependent on the doping profile, that is,

rp=gN, for —x% <x<0 (P8.5a)

ry =—aN, for0<x<xy (P8.5b)

where pp and p,y are the charge densities in the p- and n-type regions, respec-
tively, and ¢ is the unit electric charge (1.6 x 10~ coulomb). (Note that the charge
density on the P side of the depletion region is negative because it is depleted of
positive carriers. Similatly, the N side will have a positive charge density.)
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Figure P8.5

(@) Diode circuit, (b) close-up of the depletion region of a PN junc-

tion, and (c) charge densities Py(x) and P,(x) at the PN junction.
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We will also assume that the depletion region has fixed boundaries as shown in
Figure P8.5c¢. Thus, the depletion region ranges from x = -x, in the p-type region
to x = x in the n-type region.

The governing equation for the voltage potential, @, in the p-type depletion
region is

= (P8.5¢)

and the governing equation for the voltage potential, @, in the n-type deple-
tion region is

d’® N,

& e

(P8.5d)

We will set x = 0 at the exact point of the P-to-N transition and arbitrarily set
the voltage potential @ = 0 V at x = 05 that is,

d(0)=0 (P8.5¢)

The second boundary condition is that the electric field must be zero in the
neutral region outside the depletion region because there is no net charge in
that region. Because £ = -d®/dx, this condition implies that

P’ =0 atx=-% (P8.5f)
P'=0 atx=% (P8.5g)

Assume that we can model the PN junction as a parallel plate capacitor with
the plates located at x = x) and x = -x,. Use the technique demonstrated
in Example 8.2 to calculate the electric potential in the depletion region.
Assume parameters

g = 1.6 x 107" coulomb, N,, = 10'° carriers/cm?, IV, = 0.3 x 10'°, x,, = 0.15 pm,
xp= 0.5 pm, Ax = 0.005 pm, and € = 1.04 x 102 F/cm

1. Solve for @ in the p-type region over the interval -x, < x < 0 with the
boundary conditions ®'(-x,) = 0 and ®(0) = 0 and using the finite differ-
ence equations to define a tri-diagonal matrix and then solving the matrix
problem.

2. Solve for @ in the n-type region over the interval 0 < x < x,, with the
boundary conditions ®(0) = 0 and @'(x,) = 0 using the same method as
described in part 1.

3. Plotyour results for both the p- and n-type regions on one graph over the
interval —x, < x < x,.






Chapter 9

Curve Fitting

9.1 Introduction

There are many occasions in engineering that require experiment to determine the
behavior of a particular phenomenon. The experiment may produce a set of data
points, which represents a relationship between the variables involved in the phe-
nomenon. We may then wish to express this relationship analytically. A mathemat-
ical expression, which describes the data, is called an approximating function. There
are two approaches to determining an approximating function:

1. The approximating function graphs as a smooth curve. The approximating
curve will generally not pass through all the data points. However, we will
seek to minimize the resulting error in order to get the best fit curve. A plot
of the data on linear, semilog, or log-log coordinates can often suggest an
appropriate form for the approximating function.

2. The approximating function passes through all data points (as described in
Section 9.5). However, if there is some scatter in the data points, this approxi-
mating function may not be satisfactory.

9.2 Method of Least Squares
9.2.1 Best-Fit Straight Line

In the method of least squares, we seek to find a straight line that best fits a given
set of n data points (x;, y1), (%, 72); -+ > (%, 7,)-
We wish to represent the approximating curve, y,, as a straight line of the form

=g +GX 9.1)

303
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where ¢, and ¢, are unknown constants to be determined. Let D be the sum of the
square of the errors between the approximating line and the actual points. Then,

n

D = Z - RF = ) ln-(@+on)f 92)

or
D=[y-(g+ax) +lyp-(@+ex) ++[wn-(g+ax) 3

To obrtain the bestfit straight-line approximating function, minimize D by taking

g—D =0and S—D = 0. Taking the partial derivative of Equation 9.3 with respect to
q S

¢ gives

——o 22 ~(@+a®)][-1]

n n
=1 i=1

or

ng + [2 xich = i ¥i 9.4)

Taking the partial derivative of Equation 9.3 with respect to ¢, gives

—=0= 22 — (g +ox)][-x]

acz_

0=Zx1yi—q2xi—czzxf
i=1 i= =1

or

(zn‘xi}; +(i}ﬁ]czzi}ﬁyj. 9.5)
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Equations 9.4 and 9.5 describe a system of two algebraic equations in two unknowns,
which can be solved by the method of determinants (Cramer’s rule):

ZYi in
B T B
: R}

9.6)

3y
le leyl nz xiYi_(Z Xl)(z Yl)
2 le (X))

9.2.2 Best-Fit mth-Degree Polynomial

We can generalize the earlier approach for an mth-degree polynomial fit. In this
case, take the approximating curve, y,, to be

v=g+ox+agx’ +ox +-+ G xX (9.8)

where 7 < 7 - 1 and 7 is the number of data points.
The measured values are (x;, y) fori=1,2, ..., n.
Let y,, = y.(x;) be the approximated value of y; at the point (x;,,). Then,

D= Z = el —Z[yi—(q+c2xi+%}é+-~-+qn+l>é.“)]z ©.9)

i=1

To minimize D, take
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Then,

=0=zn‘2[yi—(q +czxi+-~-+qn+1>{“)][—l]

oD _0=i2|:yi—(q +<:2Xi+~-'+qn+1>i;“):|[—xi]

i=l

D -3 ol y-(a+anttant)][-%]

i=1

P 0= 2 u-(arens )%

i=1

This set of equations reduces to

ng +(2xi)cz +(2>§)% +~--+(2>€)qn+1 ZZYi
(le)q +(ZXE)CZ +(Z}¢f)q +~--+(Z>§““)qn+1 =ley

(9.10)

S cfee(Sefor (S Sex

Equation 9.10 can be solved by Gauss elimination (as described in Chapter 4).

Alternatively, MATLAB®’s polyfit function (discussed in Section 9.4) pro-
vides a solution to Equation 9.10, which represents the best-fit polynomial of degree
m for the (x;, y)) set of data points.

9.3 Curve Fitting with the Exponential Function

Many physical systems can be modeled as exponential functions. If your experimen-
tal data appear to fall into this category, it can be fitcted with a function of the form

v =ae” (9.11)

where @, and a, are real constants.
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Let us assume that a set of # measured data points (xy,7,), (3, 7,), -+ (%,,7,)
exists. Then, let z,=1n y,and z.=In y,=In a, - @,x, and also let ¢, =In @, and ¢, = -a,.
Then, taking the log of both sides of Equation 9.11 and making the earlier substitutions,
we obtain the linear equation

Z=Gq+0x 9.12)

For the data points (x;, ), (x5,7,); .-, (x,,7,), the new set of data points becomes

(1,20 (03, 2))5 .0 (xn: Zn).
As we derived in the previous section, the best-fit approximating straight-line
curve by the method of least squares gives

(22 ) (X ) 22
Y%

e (S8
3%(2

The above analysis can be used to determine the damping constant in a mass—
spring—dashpot system. This is accomplished by examining the oscilloscope graph
of free damped vibration (see Figure 9.1). The governing equation of the envelope is

g= (9.13)

and

(9.14)

G

y= we @* (9.15)

where
¢ is the damping constant
m is the mass
y is the mass displacement from the equilibrium position
¥, is the initial position of the mass

Comparing Equation 9.15 with Equation 9.11, we see that
C . .
a;=yw and a,=—— with treplacing x
2m

Therefore, ¢ = 2ma, (see Project P2.5).
By measuring 7 coordinates on the envelope, that is, (z,, y,), (5, 1), ..., (&, ,), we
can determine the best-fit value for a, giving our best estimate for the damping factor c.
A similar analysis can be used to determine the damping constant { in a parallel
RLC circuit (as analyzed in Project P2.9). This can be accomplished by examining
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Figure 9.1 Oscilloscope graph of free damped oscillations of a mass—spring—
dashpot system for determining the damping factor.

the oscilloscope output of the step response (see Figure 9.2). The governing equa-
tion of the envelope of the response is of the form

v=ywe ¥t (9.16)

where
v is the capacitor voltage
v, is the initial capacitor voltage (dependent on initial conditions)
¢ is the damping factor
, is the natural frequency = 1/~/LC

Comparing Equation 9.16 with Equation 9.11, we see that

ar=vw
a,=2w,
with # replacing x. Therefore,
z=22-a,ic 9.17)
n
By measuring 7 coordinates on the envelope, that is, (¢, 3,), (5, ¥5), -+, (£, 1), we

can determine the bestfit value for @, giving our best estimate for the damping
factor ¢.
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Figure 9.2 Oscilloscope graph of voltage output in a parallel RLC circuit used to
determine the damping constant ¢. (Courtesy of Tektronix, Inc.)

9.4 MATLAB®’s Curve Fitting Functions

MATLAB calls curve ficting with a polynomial by the name “polynomial regres-
sion.” The function polyfit(x,y,m) returns a vector of (m+ 1) coefficients, 4;,
that represent the best-fit polynomial of degree 7 for the (x;, y,) set of data points.
The coefficient order corresponds to decreasing powers of x; that is,

vr=ax +aX" " +aX "+ + G X+ aun (9.18)

To obtain y, at (x},%,, ...,x,), use the MATLAB function polyval(a,x).
polyval(a,x) returns a vector of length 7 giving y, , where

“imaX +tax  +ax C+ ot anXt (9.19)

MATLAB measures the precision of the fit with a function named MSE, which
calculates the mean square error (MSE) and which is defined as follows:

m

1 )
MSE = ;Z (¥i— Yes) (9.20)

i=1

where 7 is the number of data points.
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Example 9.1

o°

Example 9 1.m

This program determines the best fit polynomial
approximating function of orders 2 thru 5 for the data set
listed below.

The sprintf command is used in this program to write
formatted data in the plot title. The sprintf command is
the same as the fprintf command except that it returns the
data in a MATLAB string rather than writing to the screen or
to a file.

clear; clc;

x = -10:2:10;

y = [-980 -620 -70 80 100 90 0 -80 -90 10 220];

x2 = -10:0.5:10;

mse = zeros(4);

for n = 2:5

fprintf('n = %1 \n',n);

coef = zeros (n+1);

coef = polyfit(x,y,n);

yc2 = polyval (coef,x2) ;

yc = polyval (coef, x) ;

o° o° o o° o° o° o

o°

MSE (n) = sum((y-yc)."2)/length (x) ;
fprintf (' x y yc \n') ;
fprintf('--------------- - - \n') ;

for i = 1l:length(x)
fprintf ('$5.1f %5.1f %8.3f \n',x(i),y(1),yc(i));
end
fprintf ('\n\n') ;
subplot (2,2,n-1) ,plot (x2,yc2,x,y,'0"),
xlabel ('x'), ylabel('y'), grid, axis([-10 10 -1500 500]);
title (sprintf ('Degree %d polynomial fit',n));
end
fprintf (' n MSE \n')
fprintf ('---------------—---- \n') ;
for n = 2:5
fprintf (' %d %8.2f \n',n,MSE(n))
end

Program results

Output for n = 5 is only displayed here.

n =25
b Yy yc
-10.0 -980.0 -999.09
-8.0 -620.0 -545.31
-6.0 -70.0 -156.76
-4.0 80.0 78.39
-2.0 100.0 148.18
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Figure 9.3 Approximating polynomial curves for data in Example 9.1.

0.0 90.0 93.80
2.0 0.0 -13.50
4.0 -80.0 -95.45
6.0 -90.0 -89.91
8.0 10.0 26.15
10.0 220.0 213.50

n MSE

2 32842.4

3 2660.0

4 2342.1

5 1502.9

>>

See Figure 9.3.

As would be expected, the MSE decreases as the order of the fitted polynomial is
increased.

Example 9.2

Figure 9.4 shows an RC circuit and Table 9.1 shows a set of steady-state voltage
amplitudes and phases, which were measured in the lab for V}, and Vj,,; at the
given frequencies.

We wish to fit the data to the best possible first-order frequency response.
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Figure 9.4 RC circuit with a sinusoidal input voltage V,, and output voltage V.

Table 9.1 Laboratory-Measured Frequency Response of RC Circuit

Frequency | V) (Volts Peak | Vy,; (Volts Peak Phase Difference
(Hz) to Peak) to Peak) between Vg ,rand V

0 5 5 0
2,000 5 2.2 -60
4,000 5 1.2 -75
6,000 5 0.8 -80
8,000 5 0.6 -83
10,000 5 0.5 -85

The RC circuit can be considered a first-order low-pass filter with a frequency
response of the form

n,

fil=—— "2
7D Zpf+d,

9.21)

where the transfer function, H= V11V, is the frequency-dependent output-to-input
ratio, 72, and o are the numerator and denominator coeflicients to be determined.

Because Equation 9.21 has the polynomial in the denominator, we start by rear-
ranging it into a polynomial of the form of Equation 9.18 so that we can apply
MATLAB’s polyfit function. This gives

Lol ppre & 9.22)
H n ny
Matching terms between Equations 9.18 and 9.22 shows that @, =;27/n, and
a,=dylny, and thus, the inverse of the frequency response 1/H can be fitted by using
A=polyfit(f,1./H,1) where £ is the vector of measured frequencies and H is the
vector containing measured values of Vj);,7/V,. The MATLAB program follows.

% Example 9 2.m:
% Fit lab-measured frequency response to lst order response
clear; clc;
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Lab-measured data from Table 9.1:
= [0 2e3 4e3 6e3 8e3 10e3];
in = [5 5 5 55 5];
out = [5 2.1 1.3 .8 .6 .5];
Phi degrees = [0 -60 -75 -80 -83 -85];
Ratio of V_out to V_in is the magnitude of the frequency
response:
_mag = V_out./V_in;
The phase is the measured phase difference (converted to
% radians)
H phase = Phi degrees * pi/180;
Express the complex freq response H as: mag * exp (j*phase)
= H mag.* exp(j*H _phase) ;
Do polynomial fit to 1/H
= polyfit(f,1./H,1);
Compute coefficients of fitted freqg response based polyfit
results
no 2*pi*j /A (1) ;
do = 2*pi*j*A(2) /A(1);
% Print fitted frequency response:
fprintf ('Fitted frequency response:\n') ;
fprintf (' H(f) = %.0f/(j*2*pi*f + %.0f)\n',n0,do0);
fprintf ('Pole location: %.0f rad/sec (%.0f Hz)\n',...
do, do/(2*pi));
For comparison purposes, calculate the fitted curve with
fine precision. Use 100 log-spaced points from 1Hz to 1MHz
_fine = logspace(0,6,100) ;
H fit = n0./(j*2*pi*f fine + dO);
H fit mag = abs(H_fit);
H fit phase = angle(H fit);
% Create Bode plot:
subplot (2,1,1) ;
loglog(f,H mag,'o',f fine,H fit mag);
axis([1le0 le6 1le-3 2]);
legend ('measured', 'fitted function') ;
ylabel (' |H(E)|");
title('Fit of measured data to lst-order frequency response');
subplot (2,1,2);
semilogx (f, (180/pi) *H phase, 'o',f fine, (180/ pi)*H fit phase) ;
axis([1e0 1le6 -100 10]);
legend ('measured', 'fitted function') ;
ylabel ('\angleH (f) (degrees)'); xlabel ('frequency (Hz)');

oe < < rh ooe

o°

jasd

o°

o0 o0 ¥ o° I oe

o oe

Hh

Program results

Fitted frequency response:
H(f) = 6204/(j*2*pi*f + 6842)
Pole location: 6842 rad/sec (1089 Hz)

The resulting plot is shown in Figure 9.5.




314 ® Numerical and Analytical Methods with MATLAB®

Fit of measured data to 1st-order frequency response
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Figure 9.5 Fitted frequency response for a first-order RC circuit.

9.5 Cubic Splines

Given a set of 7 data points, suppose that an mth-degree polynomial is selected as
the approximating curve and that this approximating curve produces curve values
that are not allowed. For example, suppose it is known that a particular property
represented by the approximating curve (such as absolute pressure or absolute tem-
perature) must be positive and the approximating function produces values that
are negative. In this case, the approximating function produces values that are not
allowed and is therefore not satisfactory. The method of cubic splines eliminates
this problem.

Given a set of (7 + 1) data points (x;, 3,), i= 1, 2, ..., (n+ 1), the method of cubic
splines develops a set of 7 cubic functions, such that y(x) is represented by a differ-
ent cubic in each of the 7 intervals and the set of cubics passes through the (7 +1)
data points.

This is accomplished by forcing the slopes and curvatures to be the same for
each pair of cubics that join at a data point.

Hd yldx)
Note: Curvature, K ZW (9.23)
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Figure 9.6 Two adjacent intervals in a cubic spline curve fitting scheme.

This is accomplished by the following equations:

[ V(%) Jineit = [ K2 Jines
[V (%) Jinest = [V (20 Jines (9.24)
[V (3)ineimr =Y (%) incs

Ininterval (7 - 1), (x,, < x < x;) (see Figure 9.6):

¥®) =2 +Bi (x— %) +Csy(x—%,)" + Dy (x— %) 9.25)

In interval 7, (x; < x < x,,,):

i I

¥®) = A+ Bi(x— %) +Ci(x— %)’ + Di(x— %)’ (9.26)

This gives fewer equations than the number of unknowns, and as a result, additional
assumptions must be made. Values for 4%y/dx? at x, and x,,,; must be assumed.
Several alternatives exist:

n+l

1. Assume y” (x,) = y” (x,,,) = 0.

This is widely used and forces splines to approach straight lines at end points
2. Assume y” (x,,,) = y” (x,) and y” (x;) = y” (x,).

This forces the splines to approach parabolas at the end points.
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9.6 MATLAB®’s Cubic Spline Curve Fitting Function
The syntax for MATLAB’s cubic spline function is

yy =spline (xi,yi,xx)

where (x1i,yi) is a given set of data points and yy is the value of y at xx. The
spline function determines the four cubic coeflicients for each section in the given
data and will evaluate yy by the cubic spline method. The same result can be obtained
by using MATLAB’s interpl function and specifying the use of the spline method
of interpolation. The syntax for interpolating by the spline method is

yi = interpl (x,y,xi, 'spline')

Example 9.3

The following example involves a measured increase in air pressure at distances
from a blast. The data specifies the pressure above normal atmospheric pressure and
is designated as over-pressure. The program demonstrates the use of the MATLAB’s
spline function as well as MATLAB’s interpl function with the spline
option to determine the pressure at distances not in the data. We see that the two
methods produce the same results.

o°

Example 9 3.m

This program uses both MATLAB's spline function and

MATLAB's interpl function with the cubic spline option to

determine the over-pressure resulting from a blast. The

over-pressure is in kPa and the distance from the blast

in km.

clear; clc;

dist = 0.52:0.3:4.12;

press=[165.5 96.5 69.0 52.4 37.2 27.6 21.4 17.2 13.8 11.7
10.3 9.0 7.21;

d=0.52:0.1:4.12;

pl=spline(dist,press,d);

p2=interpl (dist,press,d, 'spline') ;

d = 0.52:0.1:4.12;

pl spline (dist, press,d) ;

p2 = interpl (dist,press,d, 'spline');

fo = fopen('output.txt','w');

fprintf (fo, ' PEAK OVERPRESSURE VS. DISTANCE FROM BLAST \n');

fprintf (fo, 'CUBIC SPLINE FIT \n');

fprintf (fo,' dist (km) over-press(kPa) over-press(kPa)\n');
(
(

o o o o

o°

fprintf (fo, by spline function by interpl \n');
fprintf (fo, '—------—-- - \n') ;
for n = 1:1length(d)

fprintf (fo, '$5.2f %12.2f %15.2f \n',d(n),pl(n),p2(n));
end
plot (d,pl,d,p2,'o'), xlabel('km from ground zero'),
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ylabel ('overpressure (kPa) '), grid,
title('peak over-pressure vs. distance from blast')
fclose (fo) ;

Program results

PEAK OVERPRESSURE VS. DISTANCE FROM BLAST
CUBIC SPLINE FIT

over-press (kPa) over-press (kPa)

dist (km) by spline function by interpl
0.52 165.50 165.50
0.62 135.72 135.72
0.72 113.15 113.15
0.82 96.50 96 .50
0.92 84 .46 84 .46
1.02 75.72 75.72
1.12 69.00 69.00
1.22 63.15 63.15
1.32 57.71 57.71
1.42 52.40 52.40
1.52 47.02 47.02
3.12 12.28 12.28
3.22 11.70 11.70
3.32 11.19 11.19
3.42 10.73 10.73
3.52 10.30 10.30
3.62 9.88 9.88
3.72 9.46 9.46
3.82 9.00 9.00
3.92 8.49 8.49
4.02 7.89 7.89
4.12 7.20 7.20
See Figure 9.7.

Example 9.4

In this example, we use the spline option in MATLAB’s interpl function to add
additional data to an audio signal, y(z).

Program

Example 9 4.m

This program uses interpolation by cubic splines to
upsample an audio signal y(t), time in microsec.

lear; clc;

% Define original datapoints for y(t) (time is in microsec)

o o o

Q
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peak over-pressure vs. distance from blast
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pressure by spline
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Figure 9.7 Peak overpressure vs. distance from the blast.

orig t = [0 4 8 12 16 20 24 28 32 36 40 44 48 52 56];
orig y = [.7 .9 .9 .7 .30 -.3 -.7-.7-.30 .3 .7 .7 .3];
% Define upsampled time points
upsample t = 0:60;

)

% Calculate interpolated data points using cubic splines
upsample y = interpl(orig t,orig y,upsample t,'spline');

% Print output to screen
fprintf ('UPSAMPLING VIA CUBIC SPLINE FIT\n');

fprintf ('time (microsec) upsample y \n');
fprintf ('----------m s e oo \n') ;
for i = l:length(upsample t)

fprintf ('%$8.2f %$18.3f \n', ...

upsample_t (i) ,upsample_y(i));

end
plot (orig t,orig vy, 'o',upsample t,upsample Vy);
xlabel ('t (microsec)'); ylabel('y(t)'); grid;

title('Upsampling with Cubic Spline Interpolation');
legend ('original', 'upsampled', 'Location', 'SouthWest') ;

Program results

UPSAMPLING VIA CUBIC SPLINE FIT

time (microsec) upsample y
0.00 0.700
1.00 0.770
2.00 0.827
3.00 0.870
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Upsampling with Cubic Spline Interpolation

0.8}
06}
04}
0.2}

y(t)

—0.2}
-0.4}

o original

-0.6+ .
—— upsampled

0 10 20 30 40 50 60
t (microsec)

-0.8

Figure 9.8 Upsampling with cubic spline interpolation.

4.00 0.900
5.00 0.918
6.00 0.923
7.00 0.917
8.00 0.900
9.00 0.872
10.00 0.830
11.00 0.774
12.00 0.700
52.00 0.700
53.00 0.631
54 .00 0.539
55.00 0.428
56.00 0.300
57.00 0.158
58.00 0.004
59.00 -0.158
60.00 -0.326
See Figure 9.8.

9.7 Curve Fitting with Fourier Series
Example 9.5

The following example involves measured turbulent wind velocity as a function of
time at a fixed point as a helicopter approaches and leaves the region of interest. The



320 ® Numerical and Analytical Methods with MATLAB®

x10% u (m/s) vs. £ (s)
4.5 T T T

351

Figure 9.9 Experimental data of u vs. t.

experimental data set produced a plot as shown in Figure 9.9 and it is desired to obtain
an analytical expression (approximating curve) that comes close to fitting the data.
An attempt to fit a polynomial approximating curve to this data was not successful.
However, the use of a Fourier series gave a reasonable analytical expression for approxi-
mating the data. The original time domain, 7, ranged from 0 to 10.5 s. However, to use
the Fourier series method, we needed to shift the time domain by letting = #"— 5.25.
Thus, the new time domain was from —5.25 to 5.25 s. The time domain, ¢, was sub-
divided into 70 equal spaces, with At =10.5/70 = 0.15 s. Thus, (#;,, — # ) was uniform
over the entire time domain. The measured data that is shown in Table 9.2 represents
turbulent wind velocity at a specific point as a helicopter approaches and leaves the
region of interest.
If u, is the approximating curve, then by a Fourier series,

= ) cos mpt si mpt
Uc(t)—a)+mz_l(an ( - )+hn ln( . )J 9.27)
where
1 L

8 =1ju(t)cos(mpt)dx (9.29)
L_L L
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Table 9.2 Shifted Velocity Data as a Function of Time

t u t u t u t u
-5.25 557.78 -2.55 8778.24 0.15 233.17 2.85 3.35
-5.1 1,557.53 -2.4 6644.64 0.3 112.47 3 6.71

—4.95 1,737.36 | -2.25 | 4511.04 0.45 34.75 3.15 2.74

-4.8 880.87 | -2.1 1679.45 0.6 45.42 3.3 1.83
—4.65 144.48 | -1.95 | 2493.26 0.75 69.49 3.45 2.74
-4.5 27280 | -1.8 1972.06 0.9 44.81 3.6 2.74
—4.35 33833 | -1.65 847.34 1.05 26.82 3.75 7.92
—4.2 40843 | -15 649.22 12 25.60 3.9 7.62
—4.05 984.50 | -1.35 | 1097.28 1.35 26.82 4.05 6.40
-39 1,792.22 | -1.2 1024.13 15 16.46 4.2 3.05

-3.75 3,200.40 | -1.05 448.06 1.65 19.20 4.35 1.22

-3.6 5,090.16 | -0.9 316.99 1.8 28.04 4.5 2.44

-3.45 3,901.44 | -0.75 217.02 1.95 22.25 4.65 4.27

-3.3 637.03 -0.6 109.12 2.1 3.66 4.8 2.74
-3.15 987.55 -0.45 126.49 2.25 5.79 4.95 4.27
-3 3,596.64 -0.3 224.33 2.4 7.92 5.1 3.05
-2.85 | 11,460.48 -0.15 106.07 2.55 8.53 5.25 1.52
-2.7 12,954.00 0 194.46 2.7 8.23 — —
L
by =iju(t)sin(m§t)d:t 9.30)

-L

Using 30 terms in the series and Simpson’s rule on integration and replacing #’
with #, the following program calculates the approximating curve. The data in
Table 9.2 were entered into the program as two column vectors.

The a, cos(mit) +h, Sm(mTpt) terms can be put into the following form by the

trigonometric identity @ cosf+ & sinff=c sin(f - ¢), where ¢ represents the ampli-
tude. The amplitude, ¢,,, as a function of mza/L is given by

G =(a +5)
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The program follows:

o°

Example_9 5.m

This program determines an approximating curve to the data in
in awake3.txt by Fourier series.

clear; clc;

load awake3.txt

dt = 0.15;

o\

o°

t = awake3(:,1);
u = awake3 (:,2);
plot (t,u), title('u vs t'), xlabel('t'), ylabel('u'),grid;
figure;
L = 5.25;
for n = 1:30
i=1;
for j = 1:35
argl = n*pi*t(i)/L;
arg2 = n*pi*t(i+1)/L;
arg3 = n*pi*t(i+2)/L;
£(i) = u(i)*cos(argl);
f(i+1l) = u(i+1l)*cos(arg2) ;
f(i+2) = u(i+2)*cos(arg3l3) ;
A(J) = dt/3* (£ (1) +4*E£ (i+1)+£(1+2)) ;
1 = i+2;
end
a(n) = 1.0/L*sum(A) ;
end
for n = 1:30
i=1;
for j = 1:35
argl = n*pi*t(i)/L;
arg2 = n*pi*t(i+l)/L;
arg3 = n*pi*t(i+2)/L;
£(i) = u(i)*sin(argl) ;
f(i+1l) = u(i+1l)*sin(arg2) ;
f(i+2) = u(i+2)*sin(arg3l3) ;
A(J) = dt/3* (£ (1) +4*E£ (i+1)+£(1i+2)) ;
1 = i+2;
end
b(n) = 1.0/L*sum(A) ;
end
i=1;
for j = 1:35
£(i) = u(i);

f(i+41) = u(i+1);
f(i+2) = u(i+2);
A(J) = dt/3*(£(1)+4*£ (1+1)+£(1i+2)) ;
i = i+2;
end



Curve Fitting ®m 323

a0 = 0.5/L*sum(A) ;
for i = 1:71
for n = 1:30
arg = n*pi*t(i)/L;

term(n) = a(n)*cos(arg)+b(n)*sin(arg) ;

end

uc (i) = al0+sum(term) ;
end
uc = uc';
plot (t,uc,t,u,'."),xlabel('t"'), ylabel('u,uc)'), grid,
title('uc(m/s) and u(m/s) vs. t(s)'), legend('uc','u');
figure;
for m = 1:30

c(m) = sgrt(a(m)”2+b(m)"2);

x(m) = m*pi/L;
end

plot (x,c), xlabel ('m\pi/L'), ylabel('c'),
title('c vs. m\pi/L'),grid;

Program results
See Figures 9.10 and 9.11.

<104 uc(m/s) and u (m/s) vs. t(s)

u (uc)

|
—_

Figure 9.10 Fourier series curve fit to experimental data shown in Figure 9.9.
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Figure 9.11 Amplitude of Fourier coefficients, c,,, as a function of mz/L.

Projects

P9.1 A formula describing the fluid level, laeq, in a tank, as a function of time, as the
fluid discharges through a small orifice, is

Jhe = J@—C;—A“\/Tgt (P9.1a)

Ay
where
C, is the discharge coefficient
h.,, is the fluid level in the tank at time, # = 0
Ay is the area of the orifice
Ay is the cross-sectional area of the tank

g is the acceleration due to gravity

An experiment consisting of a cylindrical tank with a small orifice was used
to determine C, for that particular orifice and cylinder. The tank walls were
transparent and a ruler was pasted to the wall allowing for the determination
of the fluid level in the tank. The procedure was to fill the tank with water
while the orifice was plugged. The plug was then removed and the water was
allowed to flow through the orifice. For this experiment, the water level in
the tank, hexp in meters, was recorded as a function of time, ¢ in seconds. The
experimental data are shown in the following:

he, =[0.288 0.258 0.234 0.215 0.196 0.178 0.160 0.142 0.125 0.110
0.095 0.080 0.065 0.053 0.041 0.031 0.022 0.013 0.006 0.002 0.000]
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t=[0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170
180 190 200]

The diameters of the orifice and the tank are 4, = 0.0055 m and D, = 0.146 m,
respectively. The free surface elevation, hr—’w’ at £= 0 is 0.288 m. The gravita-
tional constant g = 9.81 m/s*.

Use the MSE as defined by Equation P9.1b to determine the value for C,
that best fits the data. Vary C, from 0.3 to 0.9 in steps of 0.01 and evaluate
the MSE for each C, selected, where

N

1 :
MSE = D" [ha(t) ~ Boo(t)] (P9.1b)

i=1

where
N is the number of data points
h,,(t;) is the water level in the tank at #; as determined by Equation P9.1a
h,.,(t,) is the water level in the tank at 7, as determined by experiment

For the C, with the lowest MSE, create a plot of heq vs. # (solid line) and super-
impose 4,,, vs. ¢ as little x’s onto the plot of /,, vs. 7. Also print out the value
of C, that gives the lowest MSE.

P9.2 This project involves determining the best-fit polynomial approximating curve

to the A vs. Q data obtained experimentally. The experimental H vs. Q data
are shown in Table P9.1.

Table P9.1 Experimental
H vs. Q Data

Q H Q H
(m3h) | (m) | (m¥h) | (m)

33 433 61.6 | 40.8

6.9 43.4 68.5 39.6

13.7 43.6 75.3 38.7

20.5 43.6 82.2 37.2

27.4 43.3 89 36.3

34.2 43.0 95.8 344

411 42.7 | 102.7 | 32.6
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R1
10K

O +

D1
IN914 _\

Figure P9.3 Diode-resistor circuit for laboratory measurement of diode /-V curve.

Try degrees polynomials of 2 through 4 to determine which degree polyno-
mial will give the smallest AMSE. Use MATLAB’s function polyfit, which
returns the coeflicients for each of the 3 polynomials. Then use MATLAB’s
function polyval to create for each polynomial:

a. A table containing Q, H, and H,, where H, are values from the approxi-

mating curve for Hvs. Q
b. A plot containing both A, vs. Q (solid line) and H vs. Q (small circles)

P9.3 Figure P9.3 shows a resistor—diode circuit using a type 1N914 silicon
diode (D1) and a 10 kQ resistor (R1). Table P9.3 shows a list of laboratory

Table P9.3 Laboratory Measurements
of Resistor—Diode Circuit

V,(\V) | V(v V, (V) V, (V)
0.189 | 0.189 6.005 0.588
0333 | 0317 6.933 0.595
0393 | 0.356 7.934 0.602
0.819 | 0.464 9.014 0.607
1.067 | 0.487 10.040 0.613
1.289 | 0.501 11.009 0.619
1.656 | 0.518 15.045 0.634
1.808 | 0.522 19.865 0.647
2442 | 0541 24.64 0.657
3.949 | 0.566 29.79 0.666
4971 | 0579
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measurements of V, for various applied voltage levels of V; at room tem-

perature (300 K).

L.

2.

4.

5.

Use Kirchhoff’s voltage law to calculate the diode current i), in terms of
Vi and V.

Use the technique described in Section 9.3 to find the least-squares fit of
ip and v, (=V)) to the formula

=1 exP(;’D) (P9.3a)
T

In this case, you are using the raw data to find best-fit values for /gand V7.
Plot both the lab data and your fitted curve on the same axes.

V= kTlq is known as the thermal voltage (where  is the Boltzmann con-
stant and g is the unit electric charge). For your best-fit value for V7, what
is the corresponding temperature value 7 (in kelvins)? Does this value
seem reasonable?

A more accurate equation to model the diode is

i= Isexp( A ) (P9.3b)

vy

where 7 is the ideality factor. Find the best-fit value for » when 7'= 300 K.
The complete I-V model for the diode is

I

Is it reasonable that we neglected the -1 term in our curve fitt Why?

P9.4 Reuse the data for orig  t and orig vy from Example 9.4 to perform a
curve fit using Fourier series. Begin by shifting # so that the data are symmet-
ric around the origin such that -L < # < L (where L = 28 ps). Then, proceed
as follows:

1.

Write a MATLAB program to calculate the first 7 Fourier coeflicients.
Use Simpson’s rule (as described Chapter 6) to calculate the coeffi-
cients 4o, ay,dy, ..., d,, and by, b,, ..., b, as in Equations 9.28 through
9.30.

Generate Fourier coeflicients for 7 = 10.

Using 50 subdivisions on the #axis for -L < # < L, determine values for
the approximating curve (y, vs. ) by substituting your coeflicients back
into Equation 9.27.

4. Ploton the same set of axes y, vs. £ (solid line) and orig yvs.orig t

«_»

(“x”symbol).






Chapter 10

Simulink®

10.1 Introduction

Simulink® is used with MATLAB® to model, simulate, and analyze dynamic
systems. Common uses are for solving differential equations, modeling feed-
back systems, and signal processing.

With Simulink, models can be built from scratch or additions can be made to
existing models. Simulations can be made interactive, so a change in parameters
can be made while running the simulation. Simulink supports linear and nonlinear
systems, modeled in continuous time, sample time, or a combination of the two.

Simulink provides a graphical user interface (GUI) for building models as
block diagrams, using click-and-drag mouse operations. By using Scopes and other
Display blocks, simulation results can be seen quickly. The program includes a
comprehensive library of components (“blocks”) from which to construct models.
Additional application-specific “toolboxes” are also available.

10.2 Creating a Model in Simulink®

1. In the MATLAB desktop, click on the Simulink icon in the Toolstrip (see
Figure 10.1) or type simulink in the MATLAB command window. This
brings up the Simulink Library Browser window (see Figure 10.2).

2. Click on File in the Simulink Library Browser window. Select a “New, then
Model” (for a new model) or “Open” for an existing model. This will bring up
an untitled model window (for the case of a new model—see Figure 10.3) or
an existing model window.

3. Next click on one of the Library Browser groups to view the contents in
that group. For example, clicking on the Commonly Used Groups category

329
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) Example_2_8.m
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Figure 10.1 Simulink program icon in MATLAB®'s desktop.
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Figure 10.2 Simulink Library Browser.
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Figure 10.3 Untitled Model Window.

(see Figure 10.4a) brings up a window containing the available blocks in that
category. To create a new model, you need to copy blocks from one of the
Library Browser category windows into the new model window. This can
be done by highlighting a particular block and dragging it into the model
window (both the new model window and the Simulink Browser Window
need to be open. See Figure 10.4b). To simplify the connections of blocks,
you may need to rotate a block 90° or 180°. To do this, highlight the block
and click on Format in the menu bar, and then select Rotate Block (for 90°)
or Flip Block (for 180°).

4. To change the default values of various blocks, you can double click on the
block or right click on the block and select the Block Parameters option in the
window that opens. In either case, a window will open giving you the option
of changing the default value of the block.

Simulink has many categories for displaying the library blocks; those of interest
for this chapter are Commonly Used Blocks, Continuous, Discontinuities, Math
Operations, Ports and Subsystems, Signal Routing, Sinks, Sources, and User-
Defined Functions.

Common blocks that will be used repeatedly in this chapter are Constant and
Clock (from the Sources library); Product, Gain, and Sum (from the Math Operations
library); Integrator (from the Continuous library); Scope, Display, and To Workspace
(from the Sink library); Relay (from the Discontinuities library); Switch and Mux
(from the Signal Routing library); and Fen (from the User-Defined Functions library).
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10.3 Typical Building Blocks in Constructing a Model

1. Addition of two constants with displayed output (see Figure 10.5). To set the
value for a constant, double-click on the block and edit the constant value.
To run the program, click on Simulation in the menu bar and select Szrz, or
alternatively click the Play button (») in the menu bar.

2. Subtraction of two constants with displayed output (see Figure 10.6). To
make the Sum block perform a difference, double-click on the block and edit

the list of signs.

3. Product of two blocks with displayed output (see Figure 10.7).

I| File  Edit
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View Help

»| Enter search term

ML

|| Libraries

4 [7] Simulink
Commonly Used Blocks
Continuous
Discontinuities
Discrete
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Ports & Subsystems
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Signal Routing
Sinks
Sources
User-Defined Functions

> Additional Math & Discrete
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Simulink Coder

4 Simulink Extras
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Library: Simulink/Commonly Used Blocks | Search Results ¢ F i
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Discrete-Time
Integrator
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Integrator
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Saturation

Subsystem
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Vector
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Figure 10.4 (a) Commonly Used Blocks in Simulink’s Library Browser.
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Figure 10.4 (continued) (b) Overlap of the Commonly Used Blocks Library

Window and the Untitled Model Browser Window.
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30
Constant
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Constant1

Figure 10.5 Constants, Sum, and Display blocks for addition.

30
Constant
 »
Display
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Constant1

Figure 10.6 Constants, Sum, and Display blocks for subtraction.

30
Constant
:: x L p[600]
Product Display
20
Constant1

Figure 10.7 Constants, Product, and Display blocks for multiplication.

4. Division of two blocks with displayed output (see Figure 10.8). To make the
Product block perform division, double-click on the block and edit the list of
operations.

5. To construct a model involving a differential equation, rewrite the differential
equation with the highest derivative term on the left side and all other terms
on the right side. Construct a model consisting of all terms on the right side;
the output will represent the derivative term, which you can then integrate
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Figure 10.8 Constants, Product, and Display blocks for division.

with Simulink’s Integrator block, giving the solution to the differential equation.
If the right-hand side of the rewritten equation contains the independent
variable, the output of the Integrator block will need to go to the input of
some or all of the blocks representing the right-hand side of the differential
equation. The method of solution is illustrated in Example 10.1.

10.4 Tips for Constructing and Running Models

1. To connect lines from the output of a block to the input of a second block,
place the cursor on the output of the first block, right-click on the mouse, and
drag the line to the input of the second block.

2. To connect a point on a line to the input of a block, place the cursor on the
line, right-click on the mouse, and drag the line to the input of the block.

3. To add alphanumeric information above a line, double-click above the line and a
text box will appear. Type in the desired label and click outside the box to complete.

4. To view the results on a Scope, double-click on the Scope to make the graph
appear. To select the graph axis, righe-click on the graph and select “axis
properties” or “autoscale.” In most cases, selecting autoscale is sufficient. You
may also click on the binoculars icon to autoscale the graph.

5. To set initial conditions for an integrator, double-click on the block and edit
the initial condition box.

6. By default, Simulink runs over a time interval of zero to 10 s. These times are inap-
propriate for many models (e.g., high-frequency circuits). To edit the start and stop
times, click on Simulation in the menu bar, select Model Configuration Parameters,
and edit the start and stop time boxes. Alternatively, you can adjust the stop time in
the menu bar (the start time defaults to zero). Another simulation parameter option
is the method of solution, which includes the ode4 (Runge—Kutta) method.

7. To run the simulation, click on Simulation in the menu bar and choose Start.
Alternatively, click the Play button (») in the menu bar.

The solution of a simple ordinary first-order differential equation is illustrated in
the following example.
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Example 10.1

In this example, we consider the temperature change of a small, good heat-con-
ducting object that is suddenly immersed in a fluid at temperature 7_. The tem-
perature, 7; of the object varies with time. The governing equation is given by
Equation 10.1.

ar ha, ha,
— =T, - =T
dt mc mc (10.1)

where
m is the mass of the object
A, is the surface area
¢ is the specific heat of the object
b is the convective heat transfer coefficient

Note that Equation 10.1 is in the form % = f(T,v.

We will assume:

PAs_ 8.7x107%s7!
mcC

T. =10°C, T (0)=100°C

The block diagram for Equation 10.1 is shown in Figure 10.9. The simulation stop
time was changed to 500 s.

Tinf
10
|1
Constant1
Scope
hATinf/mc
hA/ —
mc
8.7e-4 Product 1
dT/dt S T
Constant ‘ Integrator
o X hAT/mc
Product1

Figure 10.9 Block diagram for solving Equation 10.1.
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"h—e

Figure 10.10 First-order RC circuit.

Vi
+ » % dve/dt 1 ]
Step >
2128 1/RC Product Integrator Scope

Constant

\ 4

vC

Figure 10.11 Block diagram for solving Equation 10.2.

Example 10.2

For the series RC circuit of Figure 10.10, we will examine the capacitor voltage v,
with respect to time in response to a unitstep input voltage. The governing equa-
tion (as derived in Exercise E7.1, with v, replacing V}) is

w1
iU (10.2)
where
R=10kQ
C=4.7uF
0V for t<0
Vi =
1V for t>0

The block diagram for Equation 10.2 is shown in Figure 10.11, and the resulting
scope output is shown in Figure 10.12.

10.5 Constructing a Subsystem

Suppose we build a large system consisting of many blocks and we wish to reduce the
number of blocks appearing in the overall block diagram. This can be done by creating
a subsystem. The subsystem will appear as a single block. To create a subsystem of the
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Figure 10.12 Scope output of RC circuit.

model in Example 10.1 (Figure 10.9), place the cursor in the vicinity of the region that
is to become a subsystem and left-click the mouse. Then drag the mouse over the blocks
that you wish to be in the subsystem. When the mouse button is released, click on the
Diagram option in the menu bar and select Subsystem and Model Reference. Then select
Create Subsystem from the drop down menu. This will result in the selected multiple
blocks to be replaced with a single subsystem block as shown in Figure 10.13. In that
figure the constants and the product blocks have been combined into the subsystem.
This particular subsystem has one input and two outputs, but in general a subsystem
may have multiple inputs and outputs. By double-clicking on the subsystem, you may
view its components as shown in Figure 10.14. Blocks and connecting lines in any view
can be moved to create a model flow to your liking.

Similarly, in Example 10.2 (see Figure 10.11), the Constant, Product, and
Integrator blocks can be combined into a subsystem (see Figures 10.15 and 10.16).
This particular subsystem has one input and one output. By double-clicking on the
subsystem, you may view its components (see Figure 10.17).

]

A

Outt Scope

In1
Out2

A

AR 1
S

Subsyst P+ B
Hosysiem _ ) dTiat
Integrator

Figure 10.13 Block diagram containing a subsystem for solving Equation 10.1.
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Tinf
10
Constant1
hATinf/mc
X
hame [
mc
8.7e-4 Product
QOut1
Constant
4 X »{ 2
’—> hAT/mc M;%tz)
Producti

In1

Figure 10.14 Components of subsystem used in solving Equation 10.1.

vi C—
- + i dvc/dt ) % >|:|
r "1 | —
Ste
P o108 1/RC I Product Integrator Scope
E’Cons’(ant'|

VC

Figure 10.15 Creating a subsystem in block diagram for solving Equation 10.2.

Vi
il = Ly{in1  Outt ]
Step Scope
Subsystem
Ve

Figure 10.16 Block diagram with subsystem for solving Equation 10.2.

C1) > dve/dt

x —— 3l 1
S

Constant

In1
1/RC Product Integrator
21.28

Out1

Figure 10.17 Components of subsystem used in Figure 10.16.
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Mux

8.7e-4

—>»
hA/mc=u(1)

Constant
oY ()% N [
10 Tinf=u(2) u(1)*u(2)-u(1)*u(3) dTgt LS >
Fcn Integrator Scope
Constant1 T=u(@)
—>

Figure 10.18 Block diagram for solving Equation 10.1 using the Mux and Fcn blocks.

J/Vi

Step
21.28/1/RC u(@)*(u(t)-uEpl—2reldt 1 |-
Constant Fecn Integrator Scope

vC

Figure 10.19  Block diagram for solving Equation 10.2 using the Mux and Fcn blocks.

10.6 Using the Mux and Fcn Blocks

In constructing a solution to many types of engineering-type problems using
Simulink, you may find it convenient to use the Mux and Fen blocks. The purpose
of the Fen block is to allow arbitrary mathematical expressions and MATLAB func-
tions to be defined within the model. As used in Figure 10.18, the input to the Fen
block comes from the output of the Mux block. The Mux block allows you to select
among multiple inputs (to adjust the number of inputs, double-click on the block and
edit the number of inputs). The uppermost input is designated as #(1), the next one
below is designated as #(2), etc. The mathematical expressions in the Fcn block are
expressed in terms of the #()’s. The use of the Mux and Fen blocks for Example 10.1
is shown in Figure 10.18.

The use of the Mux and Fen blocks to solve Example 10.2 is shown in Figure 10.19.

10.7 Using the Transfer Fcn Block

A common method for solving circuit problems is to substitute complex imped-
ances for the capacitors and inductors and then solve like a resistive circuit. For the
RC circuit, the impedance of the resistor is simply Z, = R and the impedance of
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[ 2128 ]
" s+21.28

Step Transfer Fcn Scope

\ 4

Figure 10.20 Block diagram using the Transfer Fcn block.

the capacitor is Z = 1/Cs (where s = jw). Then, the capacitor voltage is simply the
output of a resistive divider:

_ RC

1
S+ —
RC

=H (9w

where H(s) = (1/RC)/(s + 1/RC) is commonly referred to as the transfer function. In
Simulink, the Transfer Fen block allows direct entry of a transfer function into
your model as shown in Figure 10.20.

10.8 Using the Relay and Switch Blocks

Relays and switches are used in designs to enable a low-power device (e.g., an elec-
tronic controller) to control a high-power system (e.g., a boiler or furnace). Simulink
has Relay and Switch blocks, which can be used to simulate these types of systems.

Example 10.3

In a home heating system, a temperature sensor is used to switch the boiler on and
off in order to heat the house to a comfortable temperature. However, because most
boilers do not turn on and off instantaneously (i.e., they take a few minutes to heat
up after turning on and also take time to cool after turning off), the control of the
room temperature requires some hysteresis in order to avoid cycling the boiler on
and off too often (which causes excessive wear on the boiler). This concept can be
represented by a simple differential equation in which the temperature 7 is set to
fluctuate at a constant rate between 20°C and 22°C:

ar { 30 if T <20

E=c where c= 30 ifT >22 (10.3)
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\4
L
._I_I

Relay > > 1 >

s
Product Integrator Scope

30

Constant

Figure 10.21 Block diagram using the Relay block from Example 10.3.

The block diagram for this system consists of an integrator, a constant, a relay, a
product, and a scope (Figure 10.21). The relay is used to invert the sign on ¢ depend-
ing on whether the relay is on the on or off position. The relay parameters may be
edited by double-clicking on the Relay block and setting the parameters to the
following values:

Switch point on = 22
Switch point off = 20
Output when on = -1
Output when off = +1

The “switch point on” value must be greater than the value of “switch point off™.
We assume that the initial room temperature is 7'= 18°C, and this initial value is
entered into the parameters for the Integrator block. At the start of the simulation,
7' <20 and thus the relay switch is off and the output of the relay is +1, causing 7"
to increase. The relay output will remain +1 undil 7 reaches 22, at which point the
relay will turn on and its output will be -1, causing 7 to decrease. The relay output
will remain -1 until 7 reaches 20, at which point the relay will turn off and its
output becomes +1 again. This process will continue until the simulation end time
is reached. The output of the scope is shown in Figure 10.22.

Example 10.4

Some problems may involve a function that varies in time for 0 < # < £ and is
constant for #, < # < #,. This type of function can best be modeled with the Switch
block, which implements a double-pole single-throw (DPST) switch with an addi-
tional terminal to control the opening and closing of the switch.

Suppose

(10.4)

5t for0<t<10
Y=150 for10<t<20

The Simulink model for this problem is shown in Figure 10.23.
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Figure 10.22 Scope output of Example 10.3.

50
Constant
S < S[—-
Clock Switch Scope
Gain

Figure 10.23 Block diagram using the Switch block from Example 10.4.

The parameters for the switch are as follows (note that terminal “»1” is the top
switch input, “42” is the middle (control) input, and “#3” is the bottom switch
input):

Criteria for passing first input: #2 > Threshold

Threshold: 10

The Gain block multiplies the input by a constant value (gain). The input and
the gain can each be a scalar, vector, or matrix.

The resulting output is shown in Figure 10.24. Note that we used the Clock
block to generate the independent variable, which, in this case, is the time,
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Figure 10.24 Scope output of Example 10.4.

2
Constant > 2t cos 2t (]
p X »| cos >
Product Trigonometric Scope
< ) Function
Clock

Figure 10.25 Block diagram using the Clock, Product, and Trigonometric
Function blocks.

10.9 Trigonometric Function Blocks

Functions such as sine, cosine, and tangent can be obtained via the Trigonometric
Function block located in Simulink’s Math Operations library. The input to this
block is the argument to the desired trig function. If the argument involves the
independent variable # (as in sin @?), then we can use the Clock block to obtain
the value of z This is shown in Figure 10.25 where we compute the value of cos 2.

Example 10.5: Simulation of a spring—dashpot system

The governing equation for a simple spring—dashpot system subjected to an oscil-
latory force is

it Cxr Fx= T in@wt, x0)=5m, X0)=0 m/s (10.5)
m m m

The Simulink program in Figure 10.26 gives the solution. The values used are

m=10kg, k=5N/m, c=0.5kg/s, w=20rad/ls, F=1N
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> u(1)/u(2)*u(3)
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Constant3 > Fen1
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Scope2 Integrator Integrator1

0.1* sin(20 t)

@—» 20t .
X > sin ——-».

Clock
Product Trigonometric | Product1
20 function

Constant4

0.1

Constants

Figure 10.26 Block diagram for solving the second-order differential equation
of Equation 10.5.

10.10 To Workspace Block

There may be occasions when you may wish to have an output from a model
go to the MATLAB workspace for further manipulation. For example, you
may wish to create a table or to construct a MATLAB plot that is not avail-
able from the model’s Scope. This can be done with Simulink’s To Workspace
block, which is found in the Sinks section. We will modify Example 10.1 model
(shown in Figure 10.18) to include the To Workspace block (see Figure 10.27)
and then write a MATLAB program to print a table and create a MATLAB
plot. To accomplish this, double click on the To Workspace block and make
the following changes: in the Variable name slot, change simout (default) to 7;
and in the Save format slot, change Structure (default) to array. Do the same to
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Mux

— ]

8.7e-4 hA/mc=u (1) To Workspace

Constant

T H =
1)*u(2)-u(1)*u@ = >
0 Ninf=u(@) u(1)"u(@)-u)" ud) rer 5
Constant1 Fen Integrator Scope
T=u(3)
— ),

Figure 10.27 An example using the To Workspace block.

the To Workspacel block connected to the clock, except in this case, change the name
in the Variable name slot to z Finally, edit the Simulation Configuration Parameters as
follows: Stop time to 500, Solver options: Type to Fixed-step, Solver to ode4 (Runge—
Kutta), and Fixed-step size (fundamental sample time) to 10 (see Figure 10.29).
Running the model will bring variables (z, 7) into the workspace. You can then

IZ] Sink Block Parameters: To Workspace [zj
To Workspace

Write input to specified timeseries, array, or struchure in a
workspace. For menu-based simulation, data is written in the
MATLAB base workspace. Data is not available until the simulation is
stopped or paused. For command-line simulation using the sim
command, the workspace is specified using Dstworkspace field in the
option structure,

To log a bus signal, use "Timeseries" save format.

Parameters

Variable name:

T |
Limit data points to last:

Ilnf |

Decimation:
1 |

Sample time (-1 for inherited):
[ |

Save format: [Array V|

[ Log fixed-point data as a fi object

[ ok [ cancel |[ Hep Apply

Figure 10.28 To Workspace parameter box.
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Configuration Parameters: Example_10_émiConfiguration (Active)

]
I

Select: Simulation time &
{ :'_E‘Ow —————————————— s e—
t : (0.0
| O e Vet Start time: [0 | stcp time: [sa0 |
P OntmEstion Salver options
= Diagostics
~Hardware Implementa... | Type: Fined-step % Solver: oded (Runge-Kutta) )
{~Mode| Referencing
| =-Simulation Target Fixed-step size (fundamental sample time): | 10 |
| Tasking and sample time options
| Perindic sample time constraint: |unconetrained .v_|
| Tasking mode for periodic sample times: |.eum :v_|

[ Automatically handle rate transition for data transfer
[ Higher pricrity value indicat=s higher task priority

|%

| B

o ) [ cacel [ e | A;mf

Figure 10.29 Simulation Configuration Parameter box.

run a standard MATLAB program to print out a table and create a MATLAB

plot. The MATLAB program follows.
Example 10.6

Example 10 6.m

o° o

o° o

clc;
fprintf (' t(s) T(C) \n');
fprintf('-------------- -
for 1 = 1:length(t)

fprintf ('%$4.1f $8.2f \n',
end

This program takes data from the output of a Simulink model
and creates a table and a MATLAB plot.
Do not use the clear statement in this program.

t(i),T(1));

plot(t,T), xlabel('t(s)'), ylabel ('T(\circC)'),

title('Temperature vs. time'),

grid;

Program results

t(s) T(C)

0.0 100.00
10.0 99.22
20.0 98.45
30.0 97.68
40.0 96.92
50.0

96.17
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Temperature vs. time
100 L
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Figure 10.30 Plot of T vs. t using data from the workspace with MATLAB®’s plot
command.

450.0 70.84
460.0 70.32
470.0 69.79
480.0 69.28
490.0 68.76
500.0 68.25

>>

See Figure 10.30.

Example 10.7: Simulation of an RLC Circuit

In Projects P2.7 and P2.8, we studied the parallel RLC circuit. If we use a sinusoi-
dal input current to the circuit in Figure P2.7 and assume that the switch closes at
t = 0, the governing equation is

i 1di 1, 1 _.

+——+—3i =—1TIssinwt 10.6

d&¢ RC dt IC ILC L 10.6)
where the circuit is “driven” by a sinusoidal current of frequency @ and magni-
tude 7. The Simulink model that solves this second-order differential equation is
shown in Figure 10.31.
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The following circuit values and initial conditions were used:
C=1uF, L=10mH, R=2000Q, I,=5mA, w =2000 rad/s,

1(0)=2mA, £(0)=0

The output of the simulation is shown on the Scope screen (Figure 10.32). To obtain
output values in table format, you need to send the variable to workspace by the
To Workspace block as shown in Figure 10.31. After the simulation is run, those
variables become available for use in any MATLAB program.

Simulation and workspace parameters for this example are as follows:
Simulation time

Start time: 0.0

Stop time: 0.015
Solver options

Type: Variable-step

Solver: ode5 (Dormand—Prince)

Max step size: auto

Min step size: auto

Initial step size: auto

Relative tolerance: le-3

Absolute tolerance: auto
Workspace parameters

Variable name: i

Limit data points to last: inf

Decimation: 1

Sample time (-1 for inherited): -1

Save format: array

[ ) scope =k}
agBrppr ABRE DA F -

no1s

Figure 10.32 Scope output of Example 10.7.
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Exercises
E10.1 Implement the following function in Simulink for 0 < #< 5 and run the model:

y=5t +4t+2

1. Using one Clock block, three Constants, two product blocks, and a Sum
block.

2. Using one Clock block, three Constants, a Mux block, an Fen block, a Scope
block, and two To Workspace blocks. The Scope block should give a plot of y
vs. £. Also create a MATLAB program that constructs a table of y vs. #in the
Command window and plot the result using MATLAB’s plot command.

E10.2 In Exercise E2.5, the governing equations describing the motion of a ball
bearing that is dropped in a vat of oil were given. The obtained governing
equations were

2

W —B—Dzw—ﬂzw—dy (10.7)
gd gadt
4 3
W = LemgX ng (10.8)
D = GpRmV (10.9)
4 3

Develop a Simulink model to determine the position, y, and velocity, V; as
a function of time, z Run the model and send the results to the workspace
and print in the Command window a table containing (z y, V). Also, create
plots of y vs. rand V'vs. # using MATLAB’s plot command.

Use the following parameters for your model: p = 3.85 (N-s)/m?,
R=0.01 m, p,,,, = 7910 kg/m?, p,,; = 899 kg/m?, and g = 9.81 m/s?. Use
a fixed time step of 0.005 s and run the model for 0.1 s. Assume y(0) = 0

and %(0) =0.

Projects

P10.1 In Project P7.4, the governing equations describing the motion of a small
rocket that is fired from a rocket launcher were developed. The governing
equations are

2
Cx_ Wl WK%Y (P10.1a)
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P10.2

dy_ vt Rty g (P10.1b)
at’ m\/v,z( +v§, m
V=V, +v,

where
m is the mass of the rocket (varies with time)
(v,v,) are the x and y components of the rocket’s velocity relative to the
ground
Kis the drag coefficient
g is the gravitational constant
(%, ) are the position of the rocket relative to the ground
¢ is the time of rocket flight

The initial mass of the rocket is 350 kg, which includes a mass of 100 kg
of fuel. The rocket leaves the launcher at velocity v, and at an angle of 8,
with the horizontal. Neglect the fuel consumed inside the rocket launcher.
The rocket burns fuel at the rate of 10 kg/s and develops a thrust,
T = 6000 N, which lasts for 10 s. In developing the governing equations,
it is assumed that the thrust acts in the axial direction along the rocket. It
is also assumed that the drag force acts in the axial direction and is propor-
tional to the square of the rocket velocity:

a. Develop a Simulink model that will solve for x, y, v,, v, for 0 <7< 60's.
Use a fixed time step of 0.1 s. Run the program for # < 60 s.

Take x(0) = 0, y(0) = 0, v,(0) = y,cos 6, 2,(0) = v,sin 0, v, = 150 m/s,

0, = 60° K = 0.045 N-s>/m?, and g = 9.81 m/s?. Send the results to the

workspace.

b. Develop a MATLAB program that utilizes the data sent to the work-
space; prints out a table for £ x, 3, v,, v every 1 s; and creates plots of (x and
yvs. ) and (v, and v, vs. 1).

We wish to examine the time temperature variation of a fluid, 77, enclosed

in a container with a heating element and a thermostat. The walls of the

container are pure copper. The fluid is engine oil, which has a temperature

T} that varies with time. The thermostat is set to cut oft power to the heat-

ing element when 7} reaches 65°C and to resume supplying power when 7

reaches 55°C.
Wall properties:

k, =386.0 W/m-C, g, =0.3831x10° J/kg-C, r, =8954 kg/m’
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Engine oil properties:
ke =0.137 W/m-C, ¢ =2.219x10° J/kg-C, 1 =840 kg/m’

The inside size of the container is 0.5 m x 0.5 m x 0.5 m.

The wall thickness is 0.01 m. Thus, the inside surface area A ; = 1.5 m?,
outside surface area A, , = 1.5606 m?, engine oil volume V= 0.125 m?, and
wall volume V, ;= 0.0153 m?.

The power, Q, of the heating element = 10,000 W.

The inside convective heat transfer coefficient 4, = 560 W/m?2-C.

The outside convective heat transfer coefficient 4, = 110 W/m?2-C.

Using a lump parameter analysis (assuming that the engine oil is
well mixed) and the first law of thermodynamics, the governing equa-
tions describing the time temperature variation of both materials are as

follows:
dq
dtf =-a(@:-q.,)+a (P10.2a)
G _ y
&t =a(Qs —qy) — &0 = ads — (& + &)y (P10.2b)
where
d: =T -T.
qW =TW _Toc
hAg; iAgi o
a = Bs ,azzhlAS ,a32hz>A5 Ty =& tay, &=
meC; m,G m, G mec;

Initial conditions

T:(0)=T,(0)=15°C

T.. =15°C

Construct a model in Simulink that simulates this system. Run the model
for 3600 s.

Send T:(®) and 7,,(2) to the workspace and construct a MATLAB pro-
gram that will plot both T: () and 7, (#) vs. ¢.
A decision circuit is used in a communication system in order to decide

whether a received digital signal is a logical one or zero. It then outputs
its decision using onboard logic levels. For example, in the RS-232 serial
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communication protocol [1], the nominal logic levels to represent a logical
one or zero are +12 V. However, typical logic levels on a computer mother-
board are +5 V and 0 V. We can use a Relay block in Simulink to examine
the behavior of a decision circuit, which implements these requirements in
the presence of noise that is induced in the RS-232 cable due to fluorescent
lights, radio waves, etc.:

1.

Use Simulink’s Signal Generator block (from the Sources library) to
generate a binary signal of alternating ones and zeros using RS-232
logic levels at a rate of 1200 bits/s. (Note: 1200 bits/s is not the same as
1200 Hz.)

. Add white noise to your RS-232 signal with a Band-Limited White

Noise block (from the Sources library) and a Sum block. Set the
parameters on the white noise to be 2 x 10-% for the noise power and
1 x 107 for the sample time. View the resulting noisy binary signal
with a Scope block and confirm that it still looks like a binary signal
(albeit with noise).

. Use a Relay block to convert your RS-232 binary signal from +12 V (for a

one) and -12 V (for a zero) into +5 V (for a one) and 0 V (for a zero). Use

0V for both the switch-on and switch-off points for the relay. Run the

simulation for 0.01 s and view the resulting output from the relay with a

scope. You should see some errors on the relay output due to the noise on

the input.

We will now quantify the bit errors on the relay output as follows:

a. First, we need to generate a “perfect” (i.c., noiseless) version of the
relay output for comparison purposes. Thus, make a copy of your
existing blocks (including Signal Generator, Relay, and Scope) within
the current model, but omit the noise generator in the copy. Then, run
the simulation again for 0.01 s and confirm that you have both perfect
and noisy versions at the outputs of your two relays.

b. Next, create an error signal by subtracting the two relay outputs with
a Sum block.

c. Next, generate the magnitude of the error signal with an Abs (absolute
value) block (from the Math Operations library). The purpose of this
is to make sure that the error signal is always positive so that it may be
easily counted.

d. Finally, send the output of your Abs block to an Integrator block
(with initial condition of zero), and use a Display block to monitor
the output of your integrator. The purpose of the integrator is to pro-
vide a running total of all of the detected errors.

. Run the simulation for 0.01 s on your complete model containing dual

relays with cumulative error detection. At the end of the simulation, you
should wind up with a positive value at the output of the integrator. Also
try running the integration for 1 s and see that you have even more errors.
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Table P10.3 Cumulative Errors for the Decision Circuit of Project
10.3 for Various Amounts of Hysteresis

Cumulative Error Detected at
Switch-On and Switch-Off Values | Integrator Output (per Second)

0,0 -

+0.5, -0.5 -

+2, -2 —

+5, =5 -

+8, -8 —

6. One method of improving the error performance of this decision circuit
is to insert hysteresis into the relay in order to increase the noise margins.
To observe this, modify the relay switch-on and switch-off values to +0.5
and -0.5 and rerun the simulation for a 1 s interval and confirm that you
see fewer errors. Try the various sets of switch-on and switch-off values
as listed in Table P10.3 and complete the table. What happens if you use
too much hysteresis?

P10.4 Repeat Project P7.6 for a Sallen—Key circuit with a step and impulse input,
but this time use Simulink to construct a simulation of the system. Scope
output should be for v,,, and v, vs. #. Set the end time to #= 0.0001 s and
print out the block diagram, impulse response, and step response.

Reference

1. McNamara, J., Technical Aspects of Data Communication, 3rd ed., Butterworth-
Heinemann, Woburn, MA, 1988.






Chapter 11

Optimization

11.1 Introduction

The objective of optimization is to maximize or minimize some function f'(called
the object function). You are probably familiar with determining the maxima and
minima of functions by using techniques from differential calculus. However,
the problem becomes more complicated when we place constraints on the allow-
able solutions to 7 As an example, suppose there is an electronics company that
manufactures several different types of circuit boards. Each circuit board must
pass through several different departments (such as drilling, pick-and-place, test-
ing) before shipping. The time required for each circuit board to pass through the
various departments is also known. There is a minimum production quantity per
month that the company must produce. However, the company is capable of pro-
ducing more than the minimum production requirement for each type of circuit
board each month. The profit the company will make on each circuit board it pro-
duces is known. The problem is to determine the production amount of each type
of circuit board per month that will result in the maximum profit. A similar type
of problem may be one in which the object is to minimize the cost of producing a
particular product. These types of optimization problems are discussed in greater
detail later in this chapter.

In most optimization problems, the object function f'will usually depend on
several variables, x;,x,,x;, ...,x,. These are called the control variables because their
values can be selected. Optimization theory develops methods for selecting optimal
values for the control variables x;,x,,x;, ..., x, that either maximize (or minimize)
the objective function f. In many cases, the choice of values for x,, x,, x5, ..., x, is not
entirely free but is subject to some constraints.

357
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11.2 Unconstrained Optimization Problems

In calculus, it is shown that a necessary (but not sufficient) condition for f'to have
a maximum or minimum at point P is that each of the first partial derivatives at P
be zero, that is,

of of of
9f 5y = 9% oy 2 % o0 1.1
ax() axz() axn() (11.1)
where the notation af(P) indicates the partial derivative with respect to x; evalu-
X
of

ated at point P, that is, _If n =1 and the object function is y = f(x), then

9%
a necessary condition fo?a}lrﬁpextremum (maximum or minimum) at x, is for
9 (x,) = 0.
For y to have a local minimum at x, y'(x,) = 0 and y”(x,) > 0.
For y to have a local maximum at x, y'(x,) = 0 and y”(x,) < 0.
For finvolving several variables, the condition for fto have a relative minimum is
more complicated. First, Equation 11.1 must be satisfied. Second, the quadratic form

S 0 f
© =ZZ axiaxj(P)(&—&(P))(xj—xj(P)) (11.2)

must be positive for all choices of x; and x; in the vicinity of point 2, and Q = 0
only when x; = x,(P) for i = 1, 2, ..., n. This condition comes from a Taylor series

2
f
P).

expansion of f(x,x,,...,x,) about point P using only the terms up to

This gives

£, .0 %)= £(B)+ Y5 (B)(x - %(2)

+ZZ J fI(P)(xi—xi(P))(xj—xj(P)) (11.3)

of
If /¢, %5, . . ., x,) has a relative minimum at point 2, then af(P) =0fori=1,2,...,n
X

and f(xy,x,,...,x,) - f(P) > 0 for all (x},x,,...,x,) in the vicinity of point P. But
Sl %0, .005x,) = fIP) = Q. Thus, for f{x},x,,...,x,) to have a relative minimum at
point P, Q must be positive for all choices of x; and x; in the vicinity of point 2.
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Example 11.1

As an example, let us consider the function
f(x,%)=4+4.5% — 4%+ X +2% —2%% + X —2%% (11.4)

A relative minimum exists at (x;, x,) = (1.941, 3.854). Thus, point 2 has coordinates
(1.941, 3.854). Let us evaluate Q in the vicinity of point P. For fas a function of
(%}, x,), the equation for Q is

_J°f J° £

Q= I (P)(x —x(P)) +2aXlaXZ (P)(x —x(P))(% —%(P))
+?92X;(P)(x2 -x(P)) (11.5)

Taking the partial derivatives of fand substituting these expressions into Equation
11.2 gives

£ £ o' f
—=2+12% —4x; - =-2-4x; =4
g T 2HI2E —dms o o RN

To evaluate Q in the vicinity of point P, we will take points on a small circle around
point P, that s, (x1 - % (P)) = Ascos 9 and (Xz —%(P))=Assin 8 with 0 < 9 < 360°.

The program follows:

o°

Example 11 1.m
Quadratic_form
This program determines Q in the vicinity of a relative
minimum for the following function:
f(x1,x2) = 4+44.5*x1-4*X2+x172+2*x272-2x1*x24+x1"74-2xX1"2*x2.
Q = d2fdx172(P) [x1-x1(P)] "2 +2*d2fdx1ldx2 (P) [x1-x1(P)]
[x2-x2 (p) ]+ d2fdx2"2 (P) [x2-x2(P)]"2
clear; clc;
x1lp = 1.941; x2p = 3.854;
f=@(x1,x2) ---

(444 .5%x1-4*x2+x172+2*x272-2*x1*x2+x17°4-2*x1"2%x2) ;
d2fdx1dxl = @(x1,x2) (2+12*x172-4*x2) ;

o® o o o° o

oe

d2fdx2dx2 = 4;
d2fdxldx2 = @(x1l) (-2-4*x1);
ds = 0.1;

theta = 0:18:360;

fmin = £(1.941,3.854);

fprintf ('fmin =%10.4f \n',6 fmin) ;

fprintf ('Determining Q around minimum value of £ \n');
fprintf (‘Minimum value of f occurs at ‘) ;
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fprintf (' (x1,x2)=(%5.3f,%5.3f) \n',xlp,x2p);
fprintf (' theta Q \n');
fprintf('--------------- \n') ;
for i = 1l:1length(theta)
thetal = theta(i);
Q=d2fdx1dx1 (x1p, x2p) * (ds*cosd (thetal)) "2+. ..
4* (ds*sind (thetal)) *2+. ..

d2fdx1dx2 (x1p) * (ds*cosd (thetal) *ds*sind (thetal)) ;

fprintf ('$5.0f %10.4f \n',thetal,Q);
end

Program results

fmin = 0.9856
Determining Q around minimum value of £

Minimum value of £ occurs at (x1, x2) = (1.941,

theta Q

0 0.3179
18 0.2627
36 0.1755
54 0.0896
72 0.0378
90 0.0400
108 0.0952
126 0.1825
144 0.2683
162 0.3201
180 0.3179
198 0.2627
216 0.1755
234 0.0896
252 0.0378
270 0.0400
288 0.0952
306 0.1825
324 0.2683
342 0.3201
360 0.3179
>>

3.854)

We see that Q is positive for all of the test points around point P.

Since the aforementioned analysis is quite complicated when fis a function of
several variables, an iterative scheme is frequently used as a method of solution.
One such method is the method of steepest descent. In this method, we first need
to guess for a point where an extremum exists. Using a grid to evaluate the func-
tion at different values of the control variables can be helpful in establishing a good

starting point for the iteration process.
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11.3 Method of Steepest Descent

Consider a function fof three variables x, y, and z. From calculus, we know that the
gradient of £, written as Vf, is given by

of of of
VE=""é, + e, e, 11.6
axe +ayey E)ze (11.6)

where &, éy, and &, are unit vectors in the x, y, and z directions, respectively.

At (x990 20)> we also know that Vf(x, yy, z,) points in the direction of the max-
imum rate of change of f'with respect to distance. A unit vector &, that points in
this direction is

€g=— (11.7)

where

o]

o find a relative minimum via the method of steepest descent, we start at some
To find a rel the method of steepest d t tart at
initial point and move in small steps in the direction of steepest descent, which
is —&,. Let (x,,1,7,,1,2,.1) be the new position on the nth iteration and (x,,y,,2,) the
previous position. Then,

of
— (X0 Yo Z0)

— _aX A
TR T e o)

af(& Yoo %)
Ny Yo (11.8)
4 As

VE(%, Yo 2)

of
g(}%: Yoo zn)
Zol = T — o AsS
1 VE(% Yoo Z0)

Yor1 = Y% —

where As is some small length.
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Example 11.2

Given
f(x,%)=4+4.5% — 4%+ X +2% —2%% + X —2%%

determine the minimum of f by the method of steepest descent, starting at point
(%5 x,) = (6, 10). Use a As = 0.1 and a maximum of 100 iterations.

Example 11 2.m

This program determines a relative minimum by the method

of steepest decent.

The function is:

f(x1,x2) = 444.5*xX1-4*X2+X1"242*X272-2*x1*x2+x1"4-2*%x1"2%*x2

Note: this function has known minima at (x1,x2) =

(1.941,3.854) and (-1.053,1.028). The functional wvalues at

the minima points are 0.9855 and -0.5134 respectively.

clear; clc;

% Define function and its partial derivatives

fx func = @(x1,x2) 4+4.5*x1-4*xX2+x17242*x272-2*x1*x2+ - - -
X174-2%x1"2%x2;

dfxl func = @(x1,x2) 4.5+2*x1-2*x2+4*x173-4*x1*x2;

dfx2 func = @(x1,x2) -4+4*x2-2*x1-2*x1"2;

% Define stepping parameters

ds = 0.1;

max_ iterations = 100;

% First guess

x1l = 6;

x2 = 10;

fx = fx func(xl,x2);

)

% Print headings and initial guess to screen

o° o° o° o° o° o° o°

o°

n =20

fprintf (' n x1 x2 fx \n');
fprintf ('--------—-— oo \n') ;
fprintf (' %2d %7.4f %7.4f %10.4f \n',n,x1,x2,£fx);

for n = 1:max iterations

)

% compute partial derivatives
dfxl = dfxl func(xl,x2);

dfx2 = dfx2 func(x1,x2);

% compute magnitude of gradient

gradf mag = sqgrt (dfx1”2+dfx272);

% compute next values of x1 and x2 as per Equation 11.8
xln = x1-dfxl/gradf mag*ds;

x2n = x2-dfx2/gradf mag*ds;

fxn = fx func(xln,x2n);

fprintf ('%$2d %7.4f %7.4f %10.4f \n',n,xln,x2n,fxn) ;
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if new value is larger than previous, then minimum has
been passed
if (fxn > fx)
fprintf ('A minimum has been passed after ');
fprintf (' %d iterations \n\n',n);
break;
otherwise, store new values over current ones and
continue
else
x1 = x1ln;
X2 = X2n;
fx = fxn;
end

o o

end
if n >= max iterations
fprintf ('Error: no solution found after %d iterations\n',n);
else
fmin = fx func(xl,x2);
fprintf ('The relative minimum occurs at approximately \n');
fprintf (' x1 = %.4f x2 = %.4f \n',6x1,x2);
fprintf ('The minimum value for £ = %.4f \n', fmin);
end

Program results

n x1 x2 fx

0 6.0000 10.0000 683.0000
1 5.9003 10.0077 622.7192
2 5.8006 10.0155 566.2528
3 5.7009 10.0233 513.4609
89 1.9936 4.0234 1.0001
90 1.9638 3.9279 0.9883
91 1.9495 3.8289 0.9901

A minimum has been passed after 91 iterations
The relative minimum occurs at approximately
x1 = 1.9638 x2 = 3.9279

The minimum value for £ = 0.9883.

To obtain a more accurate result, we could rerun the program with revised starting
values (from iteration 90 earlier) and use a smaller As.
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Example 11.3

In the previous example, instead of starting the method of steepest decent at
some arbitrary point (x1,x2) = (6,10), we could have first used a grid program
to establish a good starting point. In addition, a grid program might also have
indicated that there was more than one relative minimum point in the range of
interest. The following program demonstrates the grid program that could be
used.

o°

Example 11 3.m

This program calculates the values of a specified function

f(x1,x2) of 2 variables for determining a good starting

point for the method of steepest decent. The range of

interest is from -5.0 <= x1 <= 5.0 and

-10.0 <= x2 <= 10.0.

clear; clc;

% Define function of interest:

fx func = @(x1,x2) 4+4.5*xX1-4*X2+xX17242*xX272-2*xX1*x2+ - - -
X174-2*x1"2%x2;

% Define grid endpoints and step size

x1lmin = -5.0; xlmax = 5.0; dx1 = 2.0;

x2min = -10.0; x2max = 10.0; dx2 = 2.0;

% Define grid and calculate f (x1,x2) at each point

x1 = xImin:dx1l:x1lmax;

X2 = x2min:dx2:x2max;

for 1 = 1:length(x1)

for j = 1l:length(x2)

o o o o

o°

£(i,j) = f£x func(xl(i),x2(3));

end
end
% Print heading
fprintf('-----mmm et \n');
fprintf (! x2 | x1 \n');
FprintE (' mm s o s oo - \n');
fprintf (" [
for i = 1l:length(x1)

fprintf ('$7.1f ',x1(1));
end
fprintf ('\n') ;
fprintf (' ---mm st \n');

% Print values of f (x1,x2)
for j = 1:length(x2)
fprintf ('$6.1f |',x2(3));
for i = 1:length(x1)
fprintf ('$7.1f ', £(i,3));
end
fprintf ('\n') ;
end
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Program results

x2 | x1
| -5.0 -3.0 -1.0 1.0 3.0 5.0
-10.0 | 1271.5 440.5 241.5 290.5 587.5 1516.5
-8.0 | 1111.5 336.5 161.5 202.5 459.5 1316.5
-6.0 | 967.5 248.5 97.5 130.5 347.5 1132.5
-4.0 | 839.5 176.5 49.5 74.5  251.5 964.5
-2.0 | 727.5 120.5 17.5 34.5 171.5 812.5
0.0 | 631.5 80.5 1.5 10.5 107.5 676.5
2.0 | 551.5 56.5 1.5 2.5 59.5 556.5
4.0 | 487.5 48.5 17.5 10.5 27.5 452.5
6.0 | 439.5 56.5 49.5 34.5 11.5 364.5
8.0 | 407.5 80.5 97.5 74.5 11.5 292.5
10.0 | 391.5 120.5 161.5 130.5 27.5 236.5
>>

Since the functional value at (x1, x2) = (0, 2) is lower than the functional values
at surrounding points, we suspect that there is a relative minimum in the vicinity
of (x1, x2) = (0, 2). A second relative minimum appears to be in the vicinity of
(%1, x2) = (2, 6).

11.4 MATLAB®s fminbnd and
fminsearch Functions

B MATLAB’s fminbnd function

MATLAB provides the fminbnd function to determine the relative minimum of
a single variable function in the interval x1 < x < x2. The syntax for the function is:

[X,FVAL] = fminbnd (FUN, x1,x2)

The three arguments to fminbnd are the function, FUN, that contains a rela-
tive minimum that we wish to determine, and the positions x1 and x2, which
gives the interval in which the relative minimum may lie. FUN can be a function
defined in a separate . file or may be defined anonymously within the script. The
outputs of fminbnd are X and FVAL, where X is the position of the relative mini-
mum and the FVAL is the minimum value of FUN.

Note that MATLAB does not have a separate function to find a relative maximum.
In order to find a maximum, redefine your function to return the negative value of the
function and then use fminbnd to find the minimum (see Example 11.4).



366 ® Numerical and Analytical Methods with MATLAB®

Example 11.4

Given: y(x) = x* + 5.7x% — 35.1x + 85.176.
Determine: the relative minima and maxima.

Example 11 4.m
Find the minima and maxima of

y = x"3 + 5.7 x"2 - 35.1x + 85.176

lc; clear;

First, plot the function so that we can determine the

x range to use in fminbnd is x1=-10, x2=10;

= -10:0.1:10;

fprintf ('This output is from MATLAB fminbnd function \n');
for i=1:length(x)

y(i) = x(i)"3 + 5.7*x(1)

o° o° 0 o° o° o°

o]

A

2 - 35.1*x(i) + 85.176;

end

plot (x,y), xlabel('x'),ylabel('y'), grid, title('y vs x');
Examine the plot to see if a relative minimum and a
relative maximum exists in the specified range.

Next, find the position of the relative minimum and the
minimum value.

[xmin, Fmin] = fminbnd( @(x) x*3+5.7*x"2-35.1*x+85.176,-10,10 ) ;
% Print results.

fprintf ('xmin=%.3f minvalue=%.1f \n',xmin, Fmin)

Next, find the position of the relative maximum and the
maximum value.

Note: To find a maximum, find the minimum of the negative
of the function.

[xmax, Fmax]= fminbnd( @(x) - (x"3+5.7*x"2-35.1*x+85.176),-10,10);

% Print results.
fprintf ('xmax=%.3f maxvalue=%.1f \n', xmax, -Fmax) ;

o° o° o o

o® o° o o

Program results:

This output is from MATLAB fminbnd function
xmin=2.013 minvalue=45.8

xmax=-5.813 maxvalue=285.4

>>

See Figure 11.1

B MATLAB’s fminsearch function

MATLAB provides the fminsearch(FUN, X0)function to determine the rela-
tive minimum of a multidimensional unconstrained function in the vicinity of X0.
The syntax for the function is:

[X,FVAL] = fminsearch (FUN, X0)
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Figure 11.1  Plot of y vs. x for Example 11.4.

The two arguments to fminsearch are the function, FUN, whose relative mini-
mum we wish to determine and X0, which is the starting coordinates in the search
for the relative minimum of FUN. FUN can be a function defined in a separate .m
file or may be defined anonymously within the script. The output of fminsearch
is X and FVAL, where X is the position of the relative minimum and the FVAL is
the minimum value of FUN.

Note that MATLAB does not have a separate function to find a relative maxi-
mum. In order to find a maximum, redefine your function to return the negative
value of the function and then use fminsearch to find the minimum (as in
Example 11.4).

Example 11.5

Example 11 5.m

This program determines the minimum value of the function in
Example 11.2 by MATLAB’'s fminsearch function. The function is
£(x1,%x2)=4+4.5%*x (1) -4*x(2) +x (1) "2+2*x (2) "2-2%x (1) *x(2) +. ..

x (1) 4-2*x (1) "2*x(2) ;

To use MATLAB’s fminsearch function, we need to make an
initial guess for the position of the relative minimum.
lear; clc;

Initial guess for the position of the relative minimum.

From Example 11.3 output, a minimum appears to be

in the vicinity of [0 2]
xo=[0 27];

o® o° o° o° o° o oP°

Q

o o oP°
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A

fun x12 = @(x) 4+4.5*x(1)-4*x(2)+x (1) 2+2*x(2)"2-...
2%x (1) *x (2) +x (1) M4-2*x (1) "2*x (2) ;

[X, Fmin] = fminsearch(fun x12,xo0) ;

x1lmin=X (1) ; x2min=X(2) ;

Print results.

fprintf ('Results from MATLAB fminsearch function \n');

fprintf ('First relative minimum \n') ;

fprintf ('x1lmin=%6.4f x2min=%6.4f minvalue=%8.4f \n', ...

X(1),X(2),Fmin) ;

From Example 11.3 output, a second minimum appears to be

in the vicinity of [2 6]

xo=[2 6];

[X, Fmin] = fminsearch(fun x12,xo0) ;

fprintf ('Second relative minimum \n') ;

fprintf ('x1lmin=%6.4f x2min=%6.4f minvalue=%8.4f \n', ...
X(1),X(2),Fmin) ;

o
s
o

s

o o

Results from MATLAB fminsearch function

First relative minimum

x1lmin=-1.0527 x2min=1.0278 minvalue= -0.5134
Second relative minimum

x1min=1.9410 x2min=3.8543 minvalue= 0.9856

>>

11.5 Optimization with Constraints

In many optimization problems, the variables in the function to be maximized or
minimized are not all independent but are related by one or more conditions or
constraints. A simple example that illustrates the constraint concept follows.

Example 11.6

Suppose we wish to determine the maximum and minimum values of the objective
function

f(x y)=2x+3y (11.10)

with the following constraints:
Lower bounds (LB): x>0, y>0 (11.11)
Upper bounds (UB): x<3, y<3 (11.12)

Constraint 1 (L1): x+ y<4 (11.13)
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Figure 11.2  Allowable region for control variables in determining maximum and
minimum points of the object function.

Constraint 2 (L2): 6x+2y=>38 (11.14)

Constraint 3 (L3): x+5y=>8 (11.15)

The bounds are graphed in Figure 11.2. The MATLAB code that produces
Figure 11.2 follows.

o°

Example 11 6.m
% To draw straight lines, specify two points on the line
% upper bound on
x(1) = 0; y(1) =
% upper bound on

xoWw
»
~
Il
w
~
~
Il
w

x1(1) = 3; y1(1) = 0; x1(2) = 3; y1(2) = 3;
% lower bound on y

x2(1) = 0; y2(1) = 0; x2(2) = 3; y2(2) = 0;
% lower bound on x

x3(1) = 0; y3(1) = 0; x3(2) = 0; y3(2) = 3;
% line L1

x4 (1) = 0; y4(1) = 4; x4(2) = 3; y4(2) = 1;
% line L2

x5(1) = 0; y5(1) = 4; x5(2) = 3; y5(2) = -5;

% line L3

x6(1) = 0; y6(1) = 8/5; x6(2) = 3; y6(2) = 1;
% plot the allowable region

plot (x,y,x1,y1l,x2,y2,x3,y3,x4,v4,x5,y5,%x6,y6)

xlabel ('x'), ylabel('y'), title('y vs x');
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To obtain the final figure shown in Figure 11.2, the insert option was used to add
text labels to the figure produced by the script. In the script, the specified inequality
constraint was made into an equality constraint. This enabled us to draw lines for
LB, UB, L1, L2, and L3 and to manually add an arrow to indicate the region corre-
sponding to the inequality. This specifies the allowable region in which to consider
the maximum and minimum values for function f.

We see in the graph that the allowable region for (x, y) in determining the maxi-
mum and minimum values for the object function, f; is the region enclosed by the
polygon ABCD. For the specified object function, the minimum value of fis either
on line L3 (between points D and C) or on line L2 (between points A and D). We
can see this if we place a point £ on line L3 and a point Q directly above it, then the
x values at points P and Q will be the same, but the y value at point Q will be larger
than the y value of point P; thus, fwill be greater at point Q than fat point . Thus,
the minimum value of fis either on line L3 or on line L2.

The equation describing line L3 is

y= g - ? (line L3)

Substituting this expression for y into Equation 11.10 gives the value of fon line
L3, which is

f=—4+ (onL3)
5

The minimum value for foccurs at the lowest allowable x value on L3, which is at
point D. Point D results from the intersection of line L3 and line L2. The equation
describing line L2 is

y=4-3x (line L2)

The x-coordinate at point D can be obtained by equating the y expressions for line
L1 and line L2 giving the x value at point D, or x,, = 12/14 = 0.8571. At point D,
the value of fis 6.00.

Substituting the expression for y on line L2 into Equation 11.10 gives the equa-
tion for fon line L2, which is

f=12-7x (on line L2)

The minimum value for fon line AD occurs at the maximum allowable value for x
on AD, which is point D. Thus, in the allowable region, f,,., = 6.000.

From Figure 11.2, we see that the maximum value of f'will be either at point B
or somewhere else on line L1. The equation describing line L1 is

y=4-x (on line L1)
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Substituting this expression for y into Equation 11.10 gives
f=12-x (on line L1)

The maximum foccurs where x is a minimum on line L1, which is at point B. At

point B, x = 1. Thus, f,,,. = 11.0.

11.6 Lagrange Multipliers

A more general and mathematical discussion of the optimization problem with
constraints follows. Suppose we are given the object function f{x},x,,x;5, ..., x,) in
which the variables x,,x,,x;,...,x, are subject to /N constraints, say,

D (%,%,3%,...,%)=0

q)Z(XlJXZ,}%)-“)&):O (1116)

q)N (}<lrx2)><3; ,Xn)=0

Theoretically, the NV x’s can be solved in terms of the remaining x’s. Then these
N variables can be eliminated from the objective function f'by substitution, and
the extrema problem can be solved as if there were no constraints. This method is
referred to as the implicit method and in most cases is impractical.

The method of Lagrange multipliers provides the means for solving an extrema
problem with constraints analytically. Suppose f{x;,x,, x5, ...,x,) is to be maximized
subject to constraints @, (x;, x5, ..., x,) = 0, D, (x}, x5, ...,x,) =0, ..., D (57, %5, ...,x,) =0
as in Equation 11.16. We define the Lagrange function F as

F(X,%,%,... %)= £(x,%,%,.., %)+ L®:1(%, %, %,..., %)
+ 12®2(X,X2,X3,...,}§‘)+"'+ lN q)N (><1’X2)}<3>'-~y>§1)
where 4, are the unknown Lagrange multipliers to be determined. We now set

oF oF JOF oF
7:0,720,7:0, ,720
0% 0%, ds 0%,

(11.17)

(D1=0,®2=0,®3=0,"' 7(I)N :O

(Note: E?TF =0. implies @, = 0.)
3

This set of 7 + IV equations gives all possible extrema of f[1].
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Example 11.7

A silo is to consist of a right circular cylinder of radius R and length L, with a
hemispherical roof (see Figure 11.3). Assume that the silo is to have a specified
volume V' = 8400 m3. Find the dimensions, R and L, which makes its surface area
S a minimum. Assume that the silo has a floor of the same material. Note: V,

phere =
(4/3)zR% and S, = 47R*.
Solution
2 s 2
Vv =ng +pR°L (11.18)
2 s 2
cp:ng +pR°L-V (11.19)

S=2pRL+pR’ + 2pR’
= 2pRL+ 3pR* (11.20)

In this case, the surface area S is the function to be minimized and the volume Vis
the constraint. The Lagrange function is

F=S+1d

= 2pRL+ 3pR” + 1(§pR3 +pR2L—V) (11.21)

Figure 11.3 Silo consisting of a right circular cylinder topped by a hemisphere.
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The variables are R, L, and A. Taking partial derivatives with respect to R and L

gives
OF 5
a—R=2pL+6pR+l(2pR +2pRL)=0 (11.22)
OF ) 2
—=2pR+1pR" =0 > R=-2 1=—— 11.23
o~ P p or R (11.23)

Substituting the value of A from Equations 11.23 into 11.22 gives
2 2
2pL+ 6pR — E(ZPR +2pRL)=0 (11.24)

The above equation reduces to R - L=0or R = L.
Substituting this result into Equation 11.18 gives

vV = %pR3 +pR’

:2 R3
3

For V= 8400 m?3,

R=(8400><3

1/3
) =11.7065 m
5p

Substituting the values for R and L into Equation 11.20 gives § = 2152.6 m?.

11.7 MATLAB®’s fmincon Function

MATLAB’s function for solving optimization problems with constraints is
fmincon, which is in the optimization Toolbox. fmincon takes as arguments
a user-defined function FUN, an initial guess, X0, plus additional arguments that
depend on the type of constraints defined in the problem.
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The function FUN defines the object function to be minimized. The vector
X0 is an initial guess of the control variables that minimizes the object function.
MATLAB’s fmincon handles four types of constraints:

1. Inequality constraints: constraints that involve one or more inequalities of
the form AX < B. Suppose the problem specifies three linear inequality con-
straints of the form

a1¥ tan% +--tanx <h
X +apX +t+an% <b (11.25)
BIX TR Tt &K Sh

These constraints would be specified in MATLAB for use with fmincon as

A=[&182...8n; &1 8y ... &n; 81 8 -.- Bl

B=[h;b;b]

2. Equality constraints: the constraints involve one or more equalities of the
form Aeq X = Beq. Suppose the problem specifies two linear equality con-
straints of the form

&%+ &%+t an% =£l
(11.26)

¥ tapX t t anX =b

where a; and Zi are the elements of Aeq and Beq, respectively. These con-
straints would be specified in MATLAB for use with fmincon as

Aeq=[& 8, &n; & ay - &l
Beq=[h;b)]

3. Bounds: the constraints involve lower or upper limits of the form X > LB
and X < UB. Then you would specify the bounds in MATLAB for use with
fmincon as

LB=[11--1]
UB=[y W - U,]

wherex; > [, x,> 0L, ..., x, > [ and x; <%, < wy, oo x, S 1t

4. Nonlinear constraints: the constraints are defined by the function statement.
[C,Ceq] = NONLCON(X), where NONLCON is a user-defined MATLAB
function that specifies the nonlinear inequality constraints C and the
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nonlinear equality constraints Ceq. Suppose the problem specifies two non-
linear inequality constraints and one nonlinear equality constraint. The non-
linear inequality and equality constraint functions, f;, f5, and f;, need to be
set up such that

ﬁ(XlJXZ;--')&)Soa fz(x,XZ,...,}%)SO, and g(x,XZv'-,}gl):O

Then, in the function NONLCON, set C(1) = fi(x;, x5, ..., ), C(2) = folx;, %5
. x,), and Ceq (1) = f5(x;, x5 ..o ).

A description of the many invocations of fmincon can be obtained by typing help
fmincon in the Command Window, some of which are described as follows.

Usage 1

X = FMINCON (FUN,X0,A,B) starts at X0 and finds a minimum X to the
function FUN, subject to the linear inequalities A*X <= B.
FUN accepts input X and returns a scalar function value F
evaluated at X. X0 may be a scalar, vector, or matrix.

This first version is used only if all the constraints are linear inequalities; that is,
A*X <= B. In this case, the script starts at X0 and finds control variables X that
minimizes the object function contained in FUN and returns the X values to the
calling program. The initial guess X0 is a column vector, and A, B describe a system
of equations defining the inequality constraints.

Usage 2

X = FMINCON (FUN,X0,A,B,Aeq,Beq) minimizes FUN subject to th
linear equalities Aeg*X = Beq as well as A*X <= B. (Set A =
[] and B = [] if no inequalities exist.)

This version is used if there are also linear equality constraints, that is, Aeg*X =
Bedq, where Aeq and Beq describe a system of equations describing the equality
constraints. If there are no inequality constraints, then use [] for A and B.

Usage 3

X = FMINCON (FUN,X0,A,B,RAeq,Beq,LB,UB) defines a set of lower
and upper bounds on the design variables, X, so that a
solution is found in the range LB <= X <= UB. Use empty

matrices for LB and UB if no bounds exist. Set LB(i) = -Inf if
X (1) i1s unbounded below; set UB(i) = Inf if X (i) is unbounded
above.

This version is used if you wish to set lower and upper limits LB and UB to the control
variables, where LB and UB are vectors containing the bounds on X.
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Usage 4

X = FMINCON (FUN, X0,A,B,Aeq,Beq, LB, UB,NONLCON) subjects the
minimization to the constraints defined in function NONLCON.
The function NONLCON accepts X and returns the vectors C and
Ceq, representing the nonlinear inequalities and equalities
respectively. FMINCON minimizes FUN such that C(X) < = 0 and
Ceq(X) = 0. (Set LB = [] and/or UB = [] if no bounds exist, do
the same for A,B,Aeq,Beq if there are no linear inequality or
linear equality constraints.)

This version is used if there are nonlinear constraints as defined in the function
NONLCON as demonstrated in Example 11.8.

Note that in all usages earlier, we have invoked fmincon as returning a single
vector, that is, the form X = fmincon(FUN,XO0,...). However, for convenience,
we can also use the form [X,FVAL] = fmincon(FUN,XO0,...), which also
returns FVAL, which is the minimum value of the object function.

Example 11.8

In this example, we use fmincon to determine the maximum and minimum
values of the object function of Example 11.6 subject to the constraints specified
in that example.

The program follows:

Example 11 8.m
Linear Programming Example using MATLAB's fmincon function
for optimization
Object function: 2*x(1)+3*x(2)
Lower bounds
x(1l)>= 0 x(2)>= 0
Upper bounds
x(1l)<= 3 x(2)<= 3
Inequality constraints
x(1)+x(2)<= 4

o° o o° o o°

o° o o°

o° o o

6*%x (1) +2*x(2)>= 8
% x(1)+5*x(2)>= 8
clear; clc;
1b = [0; 0]; $Lower bound
ub = [3; 31; $upper bound
x0 = [0; O0]; $Initial guess
Aeq = []; $No linear equality constraints
Beq = []; $No linear equality constraints
A = [11; -6 -2; -1 -5]; %Linear inequality constraints

B = [4; -8; -8]; $Linear inequality constraints
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object_fmin = @(x) (2*x(1)+3*x(2));

object fmax = @(x) (- (2*x(1)+3*x(2)));

[xmin, fvalmin] = fmincon (object fmin,x0,A,B,Aeq,Beq, lb,ub) ;
[xmax, fvalmax] = fmincon (object fmax,x0,A,B,Aeq,Beq, lb,ub);
% Print min and max values:

fprintf ('MIN \n') ;

fprintf ('-----m st o e \n') ;
fprintf ('xmin (1) =%8.4f xmin(2) =%8.4f \n',xmin(1),xmin(2));
fprintf ('fmin =%8.4f \n\n', fvalmin) ;

fprintf (' \nMAX \n') ;

fprintf ('-------- s \n') ;
fprintf ('xmax (1) =%8.4f xmax(2) =%8.4f \n', xmax(1l),xmax(2));
fprintf ('fmax =%8.4f \n', -fvalmax) ;

Program results

MATLAB gives a warning which can be ignored.

MIN

xmin(l) = 0.8571 xmin(2) = 1.4286
fmin = 6.0000

MAX

xmax (1) = 1.0000 xmax(2) = 3.0000
fmax = 11.0000

>>

Example 11.9

Solve for the minimum surface area of the silo in Example 11.7 by using MATLAB’s
fmincon function.

The program follows:

o°

Example 11 9.m

This program minimizes the material surface area of a silo.
The silo consists of a right cylinder topped by a hemisphere.
Solve for a silo volume of 8400 m"3.

Define the vector X = [R,L] where R is radius and L is length
(as drawn in Figure 11.3)

The function objfun _silo calculates the silo surface area and
is the objective function to be minimized. The function
confun silo defines the constraint that the silo volume be
fixed at 8400.
lear; clc;
lobal V;

= 8400;

Define bounds: radius and length must be positive.

o° o o o o° o° o° o

o°

o G WQ N
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LB = [0,0];
UB = [];
% Initial guesses for R and L:
Xo = [10.0 20.0];
% Run the optimization. We have no linear constraints, so
% pass [] for those arguments:
objfun silo = @(X) (2.0*pi*X(1)*X(2)+3.0*pi*X(1)"2);
[X,fval] = fmincon(objfun silo,Xo, (], [],[],[],LB,UB, ---
@ confun silo) ;
% Print results:
fprintf ('Optimization Problem:\n') ;
fprintf ('This program minimizes the surface area of a silo\n');

fprintf ('consisting of a right cylinder topped by a ');
fprintf ('hemisphere.\n') ;

fprintf ('The silo volume is set at %.0f m"3 \n',V);
fprintf ('Minimum surface area:%.3f m"2\n', fval);
fprintf ('Optimum radius:%.3f m\n',X(1));

fprintf ('Optimum length:%.3f m\n',X(2));

)

% confun silo.m (constraint function for Example 11.9)
function [c, ceqg] = confun silo(X)

% Variables are: radius R = X (1), length of cylinder L = X(2).
global V;

% Nonlinear equality constraints:

ceq = pi*X(1)"2*X(2) + 2.0/3.0%pi*X (1) "3 - V;
% No nonlinear inequality constraints:

c = [1;

Program results

Optimization Problem:

This program minimizes the surface area of a silo
consisting of a right cylinder topped by a hemisphere.
The silo volume is set at 8400 m™3

Minimum surface area: 2152.651 m"2

Optimum radius: 11.707 m

Optimum length: 11.706 m

Example 11.10

Suppose we now reverse Example 11.9 and determine the maximum volume of the
silo described in Example 11.9 subjected to the constraint that the surface area of
the silo is to be less than a specified amount, say, 2152.6 m?.

The program follows:

o\°

Example 11 10.m
This program maximizes the volume of a silo.

o°
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The silo consists of a right cylinder topped by a
hemisphere.
The variables to optimize are radius 'R' and cylinder

o o

% height 'L'.
% Let X(1) = R and X(2) = L.
Equation for surface area: S = 3*pi*X (1) "242*pi*X(1)*X(2);

Constraint: 3*pi*X (1) "2+2*pi*X(1)*X(2) <= 2152.6 m 2.

We need to set up the constraint in the form:

3*pi*X (1) "242*pi*X (1) *X (2)- 2152.6 <= 0

We wish to maximize the volume under the constraint.

The equation for the volume, V, of the silo is given by

V = 2.0/3.0%pi*X(1)"3 + pi*X (1) 2*X(2).

Since we wish to maximize V, we will need to place a minus

sign in front of the expression for V and then minimize.

clear; clc;

global SAmax;

SAmax = 2152.6;

% Define bounds: radius and length must be positive.

LB = [0,0];

UB = [I1;

% Take an initial guess at the solution

Xo = [10.0 20.0];

objfun silo2 = @(X) (-(2.0/3.0*pi*X (1) "3+pi*X (1) "2*X(2)));

% Run the optimization. We have no linear constraints, so

% pass [] for those arguments:

[X,fval] = fmincon(objfun silo2,Xo, [1,I[],[],[],LB,UB, -

@confun_silo2);

SA = 3*pi*X (1) 72 + 2*pi*X(1)*X(2);

% Print results:

fprintf ('Optimization Problem:\n') ;

fprintf ('This program maximizes the volume of a silo \n');

fprintf ('consisting of a right cylinder topped by a ');
(
(

o° o o

o° o o o o°

o°

fprintf ('hemisphere.\n') ;

fprintf ('The maximum surface area is set at %.1f m™3 \n',
SAmax) ;

fprintf ('Maximum surface area: %9.3f m"2\n',SAa);

fprintf ('Maximum volume: %9.3f m™3\n',-fval) ;

fprintf ('Optimum radius: %9.3f m\n',X(1));

fprintf ('Optimum length: %9.3f m\n',X(2));

% confun silo2.m (constraint function for Example 11.10)
function [c, ceq] = confun silo2(X)

global SAmax;

Variables are: radius R = X (1), length of cylinder L = X(2)
Nonlinear inequality constraint:

= 3*pi*X (1) "2 + 2*pi*X (1) *X(2) - SAmax;

No nonlinear equality constraints:

ceq = [];

o° o©

Q

o°




380 ®m Numerical and Analytical Methods with MATLAB®

Program results

Optimization Problem:

This program maximizes the volume of a silo
consisting of a right cylinder topped by a hemisphere.
The maximum surface area is set at 2152.6 m”"3

Maximum surface area: 2152.600 m"2

Maximum volume: 8399.701 m”3
Optimum radius: 11.706 m
Optimum length: 11.706 m

Example 11.11

Two machine shops, machine shop A and machine shop B, are to manufacture
two types of motor shafts, shaft S1 and shaft S2. Each machine shop has two
turning machines: turning machine T1 and turning machine T2. The following
table lists the production time for each shaft type on each machine and at each
location:

Time to Manufacture (Minutes)

Machine Shop A Machine Shop B

Shaft ST | Shaft S2 | Shaft ST | Shaft S2

Turning machine T1 4 9 5 8

Turning machine T2 2 6 3 5

Shaft S1 sells for $35 and shaft S2 sells for $85. Determine the number of S1 and
S2 shafts that should be produced at each machine shop and on each machine that
will maximize the revenue for 1 hour of shop time.

The program follows:

o°

Example 11 11.m

Shaft Production Problem

This program maximizes the revenue/hr for the production
of two types of shafts, type S1 and type S2. There are two
machine shops producing these shafts, shop A and shop B.
Each shop has two types of turning machines, Tl and T2,
capable of producing these shafts.

Shop A:

Machine T1 takes 4 minutes to produce type S1 shafts

and 9 minutes to produce type S2 shafts.

o° o° o o o o° o° o

o°



Optimization ®m 381

Machine T2 takes 2 minutes to produce type S1 shafts
and 6 minutes to produce type S2 shafts.

Shop B:

Machine T1 takes 5 minutes to produce type S1 shafts
and 8 minutes to produce type S2 shafts.

Machine T2 takes 3 minutes to produce type S1 shaft
and 5 minutes to produce type S2 shafts.

Shaft S1 sells for $35 and shaft S2 sells for $85.
We wish to determine the number of S1 & S2 shafts that
should be produced at each shop and by each machine
that will maximize the revenue/hr.

o o

o o° o

o° o° o° o° o° o° o o° o° o° o

Let:
X (1) = number of S1 shafts produced/hr by machine Tl at
shop A
X (2) = number of S2 shafts produced/hr by machine Tl at
shop A
% X(3) = number of S1 shafts produced/hr by machine T2 at
% shop A
% X(4) = number of S2 shafts produced/hr by machine T2 at
% shop A
% X(5) = number of S1 shafts produced/hr by machine Tl at
% shop B
% X(6) = number of S2 shafts produced/hr by machine Tl at
% shop B
% X(7) = number of S1 shafts produced/hr by machine T2 at
% shop B
% X(8) = number of S2 shafts produced/hr by machine T2 at
% shop B
% Let r = total revenue/hr for producing these shafts,
% then

o°

r = 35% (X(1)+X(3)+X(5)+X(7))+75* (X(2)+X(4)+X(6)+X(8))

clear; clc;

Objective function: total revenue per hour for

manufactured shafts.

Have the function return a negative number because we are

maximizing instead of minimizing.

revenue = @(x) - (35%(x(1)+x(3)+x(5)+x(7))+85* (x(2)+x(4)+---
x(6)+x(8)));

% Take a guess at the solution

o

o\° o o

Xo = [0 000O0O0O0 0];
% Lower and upper bounds:
IB=[000O0O0O0O0DO];

B = [];

We have linear inequality constraints. We require that
each machine make an integral number of shafts per

60 minutes. However, we do allow some machines to remain
out of production. The constraints are:

4*X (1) +9*X(2) <= 60

2*X (3)+6*X(4) <= 60

d° o° o° o° o° o C
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<= 60
<= 60
0;
0;
0;
51;

- W o o o

1

We have no linear equality constraints, so pass [] for those

= fmincon (revenue,Xo,A,B, [1, []1,LB,UB) ;
fprintf ('Optimization Results:\n');

% 5*X(5)+8*X(6)
% 3*X(7)+5*X(8)
A =[490000
002600
00O0O0S5 8
00O0O0OO0O
B = [60 60 60 60
% arguments.
[X, rmax]
fprintf ('No. of
fprintf ('T1: %2.
fprintf ('No. of
fprintf ('T1: %2.
fprintf ('No. of
fprintf ('T2: %2.
fprintf ('No. of
fprintf ('T2: %2
fprintf ('No. of
fprintf ('T1: %2
fprintf ('No. of
fprintf ('T1: %2
fprintf ('No. of
fprintf ('T2: %2
fprintf ('No. of
fprintf ('T2: %2
fprintf ('\n') ;
fprintf (

S1 shafts produced
0f\n',X (1)) ;
S2 shafts produced
0f\n',X(2));
S1 shafts produced
0f\n',X(3));
S2 shafts produced

L0f\n',X(4));

S1 shafts produced

.0f\n',X(5));

S2 shafts produced

.0f\n',X(6));

S1 shafts produced

.0f\n',X(7)) ;

S2 shafts produced

.0f\n',X(8));

'The max revenue per hour:

at

at

at

at

at

at

at

at

U
o°

shop A');
shop A'");
shop A'");
shop A');
shop B') ;
shop B') ;
shop B') ;

shop B') ;

.0f/hour \n', -rmax) ;

Program results

Optimization Results:

No.
No.
No.
No.
No.
No.
No.
No.

of
of
of
of
of
of
of
of

S1
S2
S1
S2
S1
S2
S1
S2

shafts
shafts
shafts
shafts
shafts
shafts
shafts
shafts

produced at shop
produced at shop
produced at shop
produced at shop
produced at shop
produced at shop
produced at shop
produced at shop

The max revenue per hour: $3274/ho

’

’

’

W wwow >

’

ur

T1:
T1:
T2: 3
T2:
T1:
T1:
T2:
T2: 12

O o O O O J o

Note: When the program is run, MATLAB gives diagnostic warnings to the
screen that can be ignored. If a satisfactory solution is obtained, MATLAB will
inform you by stating Local minimum found that satisfies the
constraints.
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Exercises

El11.1

E11.2

Use MATLAB’s fminbnd() function to find the maxima and minima of

the following functions:

a. flx) =x" + 10x° - 20x - 15

b. flx) = |x* - 20x + 15|

c. flx) = 05 sin 2x

d. Use the method of steepest descent to obtain the approximate position
that makes fa relative minimum where

f(x,%)=8% —20x%% +17% —32x +40%

Use (x,, x,) = (6, 4) as the starting point, As = 0.05, and 200 steps.

e. Repeat part d, but this time use MATLAB’s fminsearch function to
find the relative minimum of f{x,, x,). Print to the screen the position
and value of the minimum of f{x,, x,)

Use Lagrange multipliers to find the volume of the largest box that can be
placed inside the ellipsoid
2
ey + iz + i = 1
a b

so that the edges will be parallel to the coordinate axis.

Projects

P11.1

A silo consists of a right circular cylinder topped by a right circular cone
as shown in Figure P11.1. The radius of the cylinder and the base of the
cone is R. The length of the cylinder is L and the height of the cone is A.

r'y

L

Figure P11.1  Silo consisting of a right circular cylinder topped by a right circular cone.
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The cylinder, the cone, and the silo floor are all made of the same material.
Write a program using MATLAB’s fmincon function to determine the
values of R, H, and L that will result in the minimum surface silo area for
an internal silo volume of 7000 m?3.

Note: For a right circular cone

S=pRVR?+H?

P11.2 A retail store sells computers to the public. There are eight different com-
puter types that the store may carry. Table P11.2 lists the type of computer,
the selling price, and the cost to the store. The store plans to spend $20,000
per month purchasing the computers.

The store plans to spend no more than 30% of its costs on computer
types Cl and C2, no more than 30% on computer types C3 and C4, no
more than 10% on computer types C5 and C6, and no more than 30% on
computer types C7 and C8. The store estimates that it can sell 30% more
of type ClI than C2, 20% more of type C3 than type C4, 20% more of
type C5 than C6, and 60% more of type C7 than C8. Use the fmincon
function in MATLAB to determine the number of each type of computer
that will provide the store with the most profit. Print out the number of
each type of computer the store should purchase per month, the total profit
per month, and the total cost per month to the store.

Table P11.2  Retail Price and Manufacturing
Cost for Computer Types C1 through C8

Computer Type | Selling Price ($) | Cost ($)
C1 675 637
C2 805 780
C3 900 874
C4 1025 990
C5 1300 1250
C6 1500 1435
C7 350 340
C8 1000 1030
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P11.3 'The Jones Electronics Corp. has a contract to manufacture four differ-
ent computer circuit boards. The manufacturing process requires each of
the boards to pass through four departments before shipping. These are:
etching and lamination (etches circuits into board), drilling (drills holes
to secure components), assembly (installs transistors, microprocessors, etc.),
and testing. The time requirement in minutes for each unit produced and
its corresponding profit value are summarized in Table P11.3a.
Each department is limited to 3 days/week to work on this contract. The
minimum weekly production requirement to fulfill the contract is shown
in Table P11.3b.
Werite a MATLAB program that will

1. Determine the number of each type of circuit board for the coming
week that will provide the maximum profit. Assume that there are 8
hours/day and 5 days/week available for factory operations. Note: Not
all departments work on the same day.

2. Determine the total profit for the week.

Determine the total number of minutes it takes to produce all the boards.

Determine the total number of minutes spent in each of the four

departments.

bl

5. Print out to a file the requested information.

Table P11.3a Manufacturing Time for Various Circuit Board Types
in Each Department

Circuit Etching and Drilling | Assembly | Testing Unit
Board Lamination (min) (min) (min) (min) Profit ($)
Board A 15 10 8 15 12
Board B 12 8 10 12 10
Board C 18 12 12 17 15
Board D 13 9 4 13 10

Table P11.3b  Minimum Weekly Production
Requirement for Various Circuit Board Types

Circuit Board | Minimum Production Count

Board A 10
Board B 10
Board C 10

Board D 10
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P11.4 The XYZ oil company operates three oil wells (OW1, OW2, OW3) and
supplies crude oil to four refineries (refinery A, refinery B, refinery C,

refinery D). The cost of shipping the crude oil from each oil well to each of

the refineries, the capacity of each of the three oil wells, and the demand
(equality constraint) for gasoline at each refinery are tabulated in Table
P11.4a. The crude oil at each refinery is distilled into six basic products:
gasoline, lubricating oil, kerosene, jet fuel, heating oil, and plastics. The
cost of distillation per 100 liter at each refinery from each of the oil wells
is given in Table P11.4b. The percentage of each distilled product per liter
is tabulated in Table P11.4c. The profit from each product is tabulated in

Table P11.4d.
Table P11.4a Cost of Shipping per 100 L ($)
Oil Well
Oil Well | Refinery A | Refinery B | Refinery C | Refinery D | Capacity (L)
OW 1 9 7 10 1 7000
Oow 2 7 10 8 10 6100
OW3 10 11 6 7 6500
Demand 2000 1800 2100 1900
(liters of
gasoline)
Table P11.4b  Cost of Distillation per 100 L ($)
Oil Well | Refinery A | Refinery B | Refinery C | Refinery D
oW1 15 16 12 14
OW 2 17 12 14 10
Oow 3 12 15 16 17
Table P11.4c Distillation Products per Liter of Crude Oil
Product Percentage per Liter from Distillation
Lubricating Jet | Heating
Oil Well | Gasoline Oil Kerosene | Fuel Oil Plastics
OW1 43 10 9 15 13 10
OWwW 2 38 12 5 14 16 15
OwW 3 46 8 8 12 12 14
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Table P11.4d Product Revenue per Liter ($)

Gasoline | Lubricating Oil | Kerosene | Jet Fuel | Heating Oil | Plastics

0.40 0.20 0.20 0.50 0.25 0.15

Using the fmincon function in MATLAB, determine the liters of oil
to be produced at each oil well and shipped to each of the four refineries
that will satisfy the gasoline demand and that will produce the maximum
profit. Print out the following items:

1. The liters produced at each oil well

The liters of gasoline received at each refinery

The total cost of shipping and distillation of all products

The total revenue from the sale of all of the products

The total profit from all of the products

AN

Reference

1. Wylie, C.R., Advanced Engineering Mathematics, McGraw Hill, New York, 1955,
p- 596.






Chapter 12
Iteration Method

12.1 Introduction

Some engineering problems are best solved by an iteration procedure. For example,
an iteration method is often used in fluid mechanics to solve pipe flow problems. The
Hardy—Cross iteration method may also be used for determining the flow rates and head
losses throughout a pipe network, if the pipe sizes, lengths, and pipe roughness factors
are known. In heat transfer, problems involving Laplace’s equation can also be solved by
the Gauss—Seidel iterative method. These methods are discussed in this chapter.

12.2 Iteration in Pipe Flow Analysis
Example 12.1

Consider the piping system shown in Figure 12.1.
The energy equation for the system is [1]

(g+29+ zl ZhL (g+29+ zl (12.1)

where
2 is the pressure (in N/m?)
Vis the average fluid velocity in the pipe (in m/s)
y is the specific weight of the fluid (in N/m?)

389
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J Smooth, brass line

D=125m

! 60 m

Figure 12.1 Piping system (no pump).

z is the elevation in (m)
g is the gravitational constant = 9.81 in (m/s?)

Z h;, is the sum of head losses in (m)
The subscripts indicate the conditions at points @ and @ as shown in Figure 12.1

For this system,

B = P = Pum (any surface open to the atmosphere is considered to be atatmospheric
pressure)

V, =0,V, =V, 3 — 2 is specified.

The sum of head losses consists of a head loss, /of, in the pipe due to viscous or tur-
bulent effects and minor head losses due to valves, elbows, and pipe entrance and
exit losses.

The head loss in the pipe is given by

v?iL
=~ f

h. =
; 2gD

(12.2)

where
L is the pipe length (known)
D is the pipe diameter (known)
[ is the friction factor

The determination of the friction factor, f, for smooth pipes (an equation for ffor rough
pipes is given later in this chapter) can be approximated by the following formula [1]:

£ = (1.82logy Re —1.64) (12.3)
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where Re is the Reynolds number, which is given by

Re=—=—"" (12.4)

where
Q is the volume flow rate
v is the kinematic viscosity

The expression for V that was used in Equation 12.4 is

40
pD°’

v=2_ (12.5)
A

where A is the cross-sectional area of a circular pipe. The minor head losses are
expressed by the equation

h;=K;— (12.6)

= 6.4.

Substituting these relationships into Equation 12.1 and rearranging gives

=0.5and K

valve

The K values for the minor head losses are K

entrance

2

\Y L
22_21+(f+Kemance+Kvabe+1)=0 (127)
2g\D

Substituting Equation 12.5 into Equation 12.7 and solving for Q? give

P’D*(z -2)

Q’=
8([1)' f+Kmm®+Km+1) (12.8)

If the unknown in the problem is either the flow rate, Q, or the pipe diameter, D,
then an iteration scheme may be used to solve the problem. This is due to the fact
that Vis related to Q and fs related to the Re, which is related to Q. So, Equation
12.8 is an implicit function of Q. The following iteration scheme may be used to

solve for Q.
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1. Assume a value for £ say, f; = 0.03. (Experiment indicates that franges from
0.008 t0 0.08.)

. Solve Equation 12.8 for Q.

. Solve Equation 12.4 for Re.

. Solve Equation 12.3 for f; and call it f;.

Cf ‘ £ - ﬁ‘ < e, then Q is the correct value, otherwise, set f; = f; and repeat

(VLRSS

process until condition of item 5 is satisfied.

We will now develop a MATLAB® program to determine the flow rate, Q, and
the friction factor, f; for the pipe system shown in Figure 12.1 by the iteration

method described above.
We will use the following values for the problem.

L=60m,D=125cmand (z, - 2,) = 15 m,u=1.141 x10"° m?s,
¢=9.81 m/s?, e = 107

The program follows:

o oe

o°

system.

o

lear;
60.0;

(e}

g
nu
Kent
eps
f1 0.03;
fprintf ('
fprintf ('
for i
Kvalve+1
Qsq
Q
Re
f2 =

9.81;

)

]

f1

1.141e-06;
0.5;
1.0e-5;

Kvalve

Example_ 12 1.m
This program determines the flow rate,

0.0125;
units are in meters.
units are m/s”2

o
]

z1

15.

0; z2

units are m"2/s

6.4

Q, in a pipe flow

An iteration scheme is used to solve the problem.
clc;
D

0;

g/8*pi”2*D"4* (z1-2z2)/(L/D*fl+Kent+Kvalve+l) ;

sgrt (Qsq) ;
4*Q/ (pi*D*nu) ;
1/(1.82*1ogl0(Re)-1.64)"2;
fprintf ('%6.4f

%15.4e

if abs(f2-f1l)< eps
break;

else
f1
end
end

fprintf ('Final answer \n');
%15.4e

£f2;

fprintf ('%$6.4f£

%15.4e

%15e

%$10.4f \n',f1,Q,Re,£f2);

%$10.4f \n',f1,Q,Re,£2);
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Program results

f1 Q(m~3/s) Re f2

0.0300 1.7082e-04 1.5249e+04 0.0280
0.0280 1.7641e-04 1.5748e+04 0.0278
0.0278 1.7712e-04 1.5812e+04 0.0278
0.0278 1.7721e-04 1.5820e+04 0.0278
Final answer

0.0278 1.7721e-04 1.5820e+04 0.0278
>>

Example 12.2

Consider the piping system shown in Figure 12.2.
The energy equation must now include the head developed by the pump, (4,)
as shown in Equation 12.9. The energy equation for this system is [1]

p, Vv’
e R e

To determine the flow rate, Q, we need to know the pump characteristics, which
are usually given as an (/]P[) vs. Q curve. A valid solution occurs when

(hp)gs = (hye) (12.10)

5ys5°

Suppose

(hy) =120 —500Q (12.11)

Figure 12.2 Piping system with pump.
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For this configuration, B = B = Pam»>V1 = 0,V = 0 Sybstituting Equations 12.2,
12.5, 12.6, 12.10, and 12.11 into Equation 12.9 gives

28 | L , =120—(z —
0 p2D4g{D f+ZK1)+SOO]—1zo (m-2) (212

In the above equation, we have assumed that all pipe sections have the same diameter
and that L is the total length of all pipe sections. The X are the minor loss coef-
ficients and z, - z; = H.

Using Equations 12.3 and 12.4 and the iterative procedure described in Example
12.1, the flow rate can be determined. See Project P12.2.

12.3 Hardy-Cross Method

The Hardy—Cross method, which is an iterative method, provides the means for
determining the flow rates and head losses throughout a pipe network, assuming
that the pipe sizes, lengths, and pipe roughnesses are known. The description of the
method is taken from Refs. [1] and [3].

The following two definitions are used in describing the method:

1. A loop is a series of pipes forming a closed path (see Figure 12.3). In Figure
12.3, the numbers inside the circles identify the line number within the
loop. In the Q, expression, the 7 represents the loop number and the j
represents the line number within that loop. A sign convention is used in

¢ 3
o o— Q=0.1 m°/s

Loop 1 Loop rule

A @ @_ Q>0

Q=03m%/s — B Q<0
—@ @ Qua=—Qu

Loop 2 Qx>0

o @ b > Q=02m%/s
E F

Figure 12.3 Loop rule for pipe network.
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D
Node rule
Qps>0
Qzp A
Qpc<0
Qpa > > Qpc Qpp<0
Ao o C

B

Figure 12.4 Node rule for pipe network.

describing the loop rules. The flow rate, Q, and the head loss, /;, are con-
sidered positive if the flow is in the counterclockwise direction around the
loop. It should be noted that two loops with a common pipe may have a
positive Q in one loop and a negative Q in the other loop.

2. A node is a point where two or more lines are joined. A sign convention is also
used for node rules (see Figure 12.4). A flow is considered as positive if the
flow direction is toward the node, and negative if away from the node.

It should be noted that Q may be positive when the loop rule is applied and negative
when the node rule is applied.

The Hardy—Cross method is based on two concepts:

1. The law of mass conservation
2. The fact that the total head at a node is single valued

Concept (1) leads to the node rule, which is applied at each node in the network.
The node rule is

ZQab —0 (12.13)
b

where
a indicates the node under consideration
S indicates the node from which the flow is coming from

The sign convention gives the direction of flow. It should be noted that
Q ba = _Q ab

Concept (2) leads to the loop rule, which may be stated as follows: For loop 7,

Zhij ~0 (12.14)
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where 4, is the head loss in the jth line in the 7th loop. For the loop rule, Q;; is the
flow rate in the jth line in the ith loop. In Equation 12.14, the subscript, f; which
is usually written with 4 to indicate a head loss due to viscous or turbulent effects,
has been omitted to reduce the number of subscripts. Minor head losses are usually
neglected in network analysis. Elevation changes along a loop cancel and therefore
need not be included. Finally, it should be noted that these rules are analogous
to Kirchhoff’s rules for electrical circuits involving resistances. In the analogy, Q
corresponds to electrical current and pressure drop corresponds to voltage drop.
A description of the method follows:

1.

2.

Subdivide the network into a number of loops, making sure that all lines are
included in at least one loop.

Determine the zeroth estimate for the flow rates, Q ¢ ab,
the following procedure. Let s equal the total number of nodes in the network
and  the total number of lines. Invariably, » will be greater than s. Writing the
law of mass conservation at each node gives s equations in » unknowns. Therefore,
one needs to assume (r - s+ 1) 0,y 9 Values, which are consistent with the mass
conservation rule. The remaining Q ;) 0 are to be determined by applying the law
of mass conservation at each node. Thls should give a set of linear equations in s

unknowns that can readily be solved for the remaining Q ¢} unknowns.

for each line according to

. This initial guess will not satisfy Equation 12.14; as a result, one needs to

apply a correction to each Q ) value. This is done by applying a Taylor series
expansion (using only two terms in the expansion) to the 4(Q) equation:

dh
h(Q +AQ)=h — | A 12.1
@ +AQ) (Q)+(dQ) (o] (12.15)

0
Taking h(Q + AQ )= h" and h(Q ) = h”’, Equation 12.15 becomes

h"Y =h? + (th AQ (12.16)
o

Applying Equation 12.16 to Equation 12.14 gives

Z M _ Z +(£]”AQ1 =0 (12.17)
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For each loop, the AQ); can be factored out, thus giving a correction factor equation

for each loop. That is,
3w

2 j( % L (12.18)

AQ;=

where (::;) is evaluated at 9 {Y.

The Darcy—Weisbach equation relates 4 to the friction factor £ which is

V'L fe 810’

h —f= f=KQ*f (12.19)
2gD  p’P’

The Swamee—]Jain formula [3] gives an explicit formula for £, which is

[ ( e | 574 ﬂ
111 + 509
3.7D Re

where

Re is the Reynolds number = 4
pDu

v is the kinematic viscosity (m?/s)

D is the pipe diameter (m)

¢ is the pipe roughness (m)

Equation 12.20 is valid for 107 < DE <107 and 5%10° < Re <10°.

In applying the loop rule, some of the lines will experience a head gain and not
a head loss. This occurs when the flow direction is opposite to the positive loop
direction. To account for this, take

KQ2f ifQ >0
h= (12.21)

—KQ’f ifQ <0
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and

dh , of
2=+ 2K +KQP— 12.22
& s = 12.22

where the (+) sign is used if Q > 0 and the (-) sign is used if Q < 0.
The formula for dfldQ is

-1
13,69 & 4 74

_ (12.23)

3
5.74
R0 |1n© 4
‘e‘ Q[n3.7D Rew:l

Lines that are in common in two loops need to be treated as follows. If line j in
loop 7 is in common with line 7 in loop 4, then Q,, =—Q 3 and for each itera-
tion take

GV =0 +A0;- A0,
For example, referring to Figure 12.3, for the first iteration,
01/ =01 +A0,-40; (12.24)
For lines that are not in common with a line in another loop, take
08" =0 +A0; (12.25)

We can assign an identification number, /D, for each line in the network to
determine if that line is to have one AQ corrections or two AQ corrections. Use
ID(i,j) = 0, if the line is not a common line. Here 7 represents the loop number
and j represents the line number in that loop. Set /D(i,j) = the loop number that
the line is in common with, where j is the line number in the ith loop.

The formulation for the Hardy—Cross method is now complete. The follow-
ing example illustrates the method, and Project P12.3 involves the Hardy—Cross
method in determining the flow rate distribution in a three-loop network.

Example 12.3

Let us consider the network displayed in Figure 12.3. The following table lists the
pipe lengths and diameters.
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Pipe Diameter
Loop Number | Pipe Number | Pipe Length (m) (cm)
1 4000 40
1 2 1000 40
3 4000 30
4 1000 30
1 1000 30
2 2 4000 40
3 1000 30
4 4000 40

The first step is to write the governing equations at each node based on the node
rule (see Figures 12.5a through 12.5f). The number of lines, » = 7, the number
of nodes, s = 6, thus, (r - s + 1) = 2. This means that we need to assume two Q
values. Suppose we assume Q5 = -0.15 m3/s and Qg = 0.1 m?/s.

Initial guess for Q distribution (all unknown Q values are assumed positive):

Node A

Qap +Qar +0.3-0.15=0

Node B
Qac +Qpr +0.15=0
Node C
Qcs +Qcp —0.1=0
Node D
Qpc +Qpa =0
Node E
Qra +Qer =0
Node F

Qs +Qp —0.2=0.14Q —0.2=0



400 ®m Numerical and Analytical Methods with MATLAB®

Node A: Node B:
Qap Qup+Qup+0.3-Q4p=0 Qsc Qpc+Qpr+Qpa=0
0.3 A
Qup QBA—»- \ B
Qar Qs
(a) (b)
Node C: Node D:
Qcp C 0.1 D Qpc
Qcp+Qcp—0.1=0 Qpc+Qpa=0
Qcp Qpa
(c) (d)
Node E: Node F:
Qea Qpa+Qpr=0
Qs Qpp+Qpp—2=0
Qur Qrr 0.2
E F

Figure 12.5 (a) Node A Qs, (b) Node B Qs, (c) Node C Qs, (d) Node D Qs,
(e) Node E Qs, and (f) Node F Qs.

From Node F, we see that Q= 0.1 and Q= -0.1. From Node E, Q,, = 0.1 and

Qur=-0.1.
From Node A, Q,, = -0.05 and Q,, = 0.05. From Node D, Q,. = -0.05 and

QCD = 0.05.
From Node C, Q¢ = 0.05 and Qg = -0.05. We now have all the Q 5 terms to

establish our initial guess based on the loop rules. These are as follows:

®=0.15 0¥=005 0%=-005 0%=-005

V=01 0¥ =01 0y =-01 0i=-0.15

See Figure 12.6.
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D C
° o—=Q=0.1m3/s
® ENG
0.05
T005 Loop 1
A <;> 0.15 <:>_
Q=03m%/s <i>
01 Loop 2 011
Q@ u @
o O—=Q=02m?/s
E F
Figure 12.6 Initial network Q distribution based on loop rules.
The program follows:

Example 12 3.m

Hardy Cross.m

This program uses the Hardy-Cross method to solve for the
flow rate distribution in a 2 loop network. The pipe
lengths and diameters are given in the table below.

o° o o o° o° o° o°

Loop Line Length Diameter Initial Guess

Number Number (m) (cm) (m3/s)
% 1 4000 40 0.15
% 1 2 1000 40 0.05
% 3 4000 30 -0.05
% 4 1000 30 -0.05
% 1 1000 30 0.10
% 2 2 4000 40 0.10
% 3 1000 30 -0.10
% 4 4000 40 -0.15
clear; clc;
fo = fopen('output.txt','w');

\n');

fprintf (fo, 'Hardy-Cross method for a two loop network.

)

% viscosity nu at 20 degree C is 1.005e-6 m"2/s

nu = 1.308e-6; g = 9.81;

% roughness of cast iron pipe, e = 0.026 cm;
e = 0.00026;

eps = 1.0e-6;

Q = zeros(2,4);

Q2 = zeros(2,4);

L = zeros(2,4);

D = zeros(2,4);
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h = zeros(2,4);

dhdQ = zeros(2,4);

% Pipe length in m

4000; L(1,2) L(1l,4) = 1000;
(2,1) = 1000; L(2,2) = 4000; L(2,3) = 1000; L(2,4) = 4000;

% Pipe Diameters in m

[
i
=
1]
U}
=
o
o
o
=
=]
w
1]
N
o
e
o

D(1,1) = 0.40; D(1,2) = 0.30; D(1,3) 0.40; D(1,4) = 0.30;

D(2,1) = 0.30; D(2,2) = 0.40; D(2,3) = 0.30; D(2,4) = 0.40;

ID = zeros(2,4);

ID(1,1) = 2; ID(2,4) = 1;

Q(1,1) = 0.15; Q(1,2) = 0.05; Q(1,3) = -0.05; Q(1,4) = -0.05;
Q(2,1) = 0.10; Q(2,2) = 0.10; Q(2,3) = -0.10; Q(2,4) = -0.15;

DQ = zeros(1,2);
fprintf (fo, 'Initial flow rate distribution in network \n') ;
fprintf (fo,' Q(i,1) Q(i,2) Q(i,3) Q(i,4) \n');
fprintf (fo, '—------—-“—“- oo - \n') ;
for i = 1:2
fprintf (fo, 'Loop # %21 \n',1i);
fprintf (fo, '$10.4f %10.4f %10.4f %10.4f \n',...
Q(i,1),Q(i,2),0(i,3), Q(i,4));
end
% Iteration for Q
for k = 1:50
% determine f,h, dhdQ for each line in each loop
for i = 1:2
for j = 1:4
eod = e/D(i,]);
Re = 4*abs(Q(i,]j))/(pi*D(i,]j) *nu) ;
ar eod/3.7+5.74/Re”0.9;
f = 1.325/(log(arg)) "2;
num = 13.69/arg;
den = Re”0.9*Q(i,j)*(log(arg)) "3;
dfdQ = num/den;
alpha = 8*L(i,j)/(pi”2*g*D(i,j)"5);
if Q(i,j) >= 0.0
h(i,j) = alpha*Q(i,j) "2*f;
dhdQ(i,j) = 2*alpha*f*Q(i,j)+
alpha*Q(i,j) "2*dfdQ;

wQ
ol

end
if Q(i,j) < 0.0
h(i,j) = -alpha*Q(i,j) 2*f;
dhdQ(i,j) = -(2*alpha*f*Q(i,7)+
alpha*Q(i,j) "2*dfdQ) ;
end

end
end
for i = 1:2
sumh (i) = 0.0; sumdhdQ(i) = 0.0;
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for j = 1:4
sumh (1) = sumh(i)+h(i,7);
sumdhdQ (i) = sumdhdQ (i) +dhdQ(i,j) ;
end
end
for i = 1:2
dQ(i) = -sumh(i)/sumdhdQ (1) ;
$fprintf (fo, 'dQ =%10.6f \n',dQ(i));
end
for i = 1:2
for j = 1:4

if ID(i,j) == 0

Q2(i,3) = Q(i,3)+dQ(1);
else

n = ID(1i,3);

Q2(i,3) = Q(i,3)+dQ(1)-dQ(n);
end

end
end
fprintf (fo, '\n Iteration number %4.0f \n', k);

(
fprintf (fo, 'flow rate distribution in network \n');
fprintf (fo,' i 3 Q2 Q \n');
fprintf(fo, '------------- oo - \n');

for i = 1:2
for j = 1:4
fprintf (fo, '$31 %3i %10.6f %10.6f \n',...
i,3,02(1i,3),0(1i,3));
end
fprintf (fo, '\n') ;
end
% testl(i,j) equals the difference between new Q's & old
% Q's in each line
for i = 1:2
for j = 1:4
testl(i,j) = abs(Q2(i,j)-Q(i,3));
end
testm=max (testl) ;
textm equals the maximum difference in Q's for
% each loop
end
testmax=max (testm) ;
% testmax = maximum difference in Q's for entire
% network
fprintf (fo, 'maximum difference in Q's in the');
fprintf (fo, 'network=%10.6f \n', testmax);
if testmax > eps
for i = 1:2
for j = 1:4

o°
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end
end
end
if testmax < eps
break;
end
end
fprintf (fo, '—------—-"—“““ oo - \n') ;
fprintf (fo, 'System has converged, ') ;
fprintf (fo, 'number of iterations=%41i \n',k);
fprintf(fo,'Max1mum difference in Q's = %$8.6f \n', testmax) ;
fprintf (fo, 'flow rate distribution in network \n');
fprintf (fo,' i j Q2(1,3) Q(i,3) \n");
fprintf(fo,' —————————————————————————————————————————— \n') ;
for i = 1:2

for j = 1:4
fprintf (fo, '$31 %3i %10.6f %10.6f \n',
i,3,02(i,3),0(i,3));
end
fprintf (fo, '\n') ;
end

Program results

Hardy-Cross method for a two loop network.
Initial flow rate distribution in network
Q(i,1) 0(i,2) Q(i,3) Q(i,4)

Loop # 1

0.1500 0.0500 -0.0500 -0.0500
Loop # 2

0.1000 0.1000 -0.1000 -0.1500

Iteration number 1
Flow rate distribution in network

1 ] Q2 Q

1 1 0.104861 0.150000
1 2 0.018079 0.050000
1 3 -0.081921 -0.050000
1 4 -0.081921 -0.050000
2 1 0.113218 0.100000
2 2 0.113218 0.100000
2 3 -0.086782 -0.100000
2 4 -0.104861 -0.150000

Maximum difference in Q's in the network = 0.045139
Iteration number 2



Flow rate distribution in network

1 0.118482
2 0.022965
3 -0.077035
4 -0.077035

I =N

1 0.104483
2 0.104483
3 -0.095517
4 -0.118482

NN NN

Maximum difference in Q's in the network

.104861
.018079
.081921
.081921

.113218
.113218
-0.
-0.

086782
104861

Flow rate distribution in network

Iteration number 14

Flow rate distribution in network

1 0.114970
2 0.019934
3 -0.080066
4 -0.080066

N

1 0.104964
2 0.104964
3 -0.095036
4 -0.114970

DN NN

.114970
.019934
.080066
.080066

.104964
.104964
-0.
-0.

095036
114970
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= 0.013621

maximum difference in Q's in the network = 0.000000

System has converged, number of iterations = 11
Maximum difference in Q's = 0.000000
Flow rate distribution in network

i j 02(1,3) Q(i,J)

1 1 0.114970 0.114970

1 2 0.019934 0.019934

1 3 -0.080066 -0.080066

1 4 -0.080066 -0.080066

2 1 0.104964 0.104964

2 2 0.104964 0.104964

2 3 -0.095036 -0.095036

2 4 -0.114970 -0.114970
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Projects

P12.1 Determine the flow rate, Q, and the friction factor, f; for the pipe system
shown in Figure P12.1 using the following values:

L=30m, D=15cm, g=9790N/m®, u=1.005%10"° m%/s

(z—2)=22m, g=98Im/s’, Kame=0.1, Kaw =15, Kuwe=04.

Assume a starting value for /= 0.03.
Print to the screen a table of assumed £, Q, Re, and calculated f by
Equation 12.3.

P12.2 Solve the problem described in Example 12.2. Take

L=3000m, D =5cm, g=9790N/m’, u=1.005x10"m?/s

(z-2)=50m, g=9.81mA> Kawme=0.5, Kaw =15 and Kag=10.

Assume a starting value for /= 0.03.
Print to the screen a table of assumed f, Q, Re, and calculated f by

Equation 12.3. Also print out (/)

sys®

P12.3 This project involves determining the volume flow rate that a pump will deliver
to the upper open tank as shown in Figure P12.3. The pump characteristic
curve (4, vs. Q) is approximated as a cubic as given in Equation P12.3a:

h.=-0.850"-3.250+1.75Q +43.30 (P12.3a)

<
1.4 x 10° N/m?

<1\)(/ater

25m

Total line length =30 m

Figure P12.1

Piping system for Project P12.1.
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Figure P12.3  Piping system with pump for Project P12.3.

Using the iterative method described in Section 12.1 and the following
parameters, determine the volume flow rate, Q, that the pump will deliver
to the upper open tank. Print out a table containing the assumed f;, the iter-
ated Q, the iterated Re, and the determined f;.

Total pipe length, L=150m, H=10m, D=025m, Y K;=225,
D3=0.001, g=9.81m/s*, u=1.141x10"m>/s

P12.4 This project involves determining the volume flow rate a pump will deliver to
a closed tank as a function of time. The pump characteristic curve (H vs. Q)
was taken from a pump manufacturer’s catalog. The configuration for this
project is shown in Figure P12 .4.

Assume that the tank receiving water is closed. Thus, as water fills up
in the tank, the air in the tank is compressed. Isothermal compression is
to be assumed. The problem is to determine the time it takes to raise the
water level in the tank by a specified amount. Data points of the (H vs. Q)
curve provided by a pump manufacturer are shown in Table P12.4.

Determine the best-fit third-degree polynomial by the method of least
squares using MATLAB’s function polyfit. The polyfit function
returns the coefficients for the third-degree polynomial, 4,, 2,, 45, 4, that best
fits the data. The approximating function as described by Equation P12.4a
is used in the analysis:

H=a0’+a0’+aQ +& (P12.4a)
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Figure P12.4 Piping system with pump for Project P12.4.

Table P12.4 H vs. Q Data from Pump

Manufacturer

Q(m3h) | Hm) | Q (m3h) | H(m)
3.3 43.3 61.6 40.8
6.9 43.4 68.5 39.6
13.7 43.6 75.3 38.7
20.5 43.6 82.2 37.2
27.4 43.3 89 36.3
34.2 43 95.8 34.4
411 42.7 102.7 32.6
47.9 42.4 109.6 30.5

54.8 41.8
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Application of the energy equation [4] to the system shown in Figure P12.4

gives
B~ P
(hp)s_,szhf+(zz—zl+€)+y+zi‘hi (P12.4b)
where
(4,),, is the head the pump delivers to the water flowing through
the pipe

hy is the viscous head loss in the system

z is the elevation

2. is the absolute air pressure in the tank

y is the specific weight of water

P, is the surrounding atmospheric pressure

€ is the water level above the bottom of the tank

The flow rate, developed by the pump must satisfy Q, the manufactures
Hvs. Q data i.e., for a particular Q,

(hy)s=H (P12.4¢)

Viscous head loss, /, in a pipe is given by [4]

2
he= 2 L £ (P12.4d)
p P
where
Q is the volume flow rate through the pipe
L is the total pipe length
g is the gravitational constant
fis the friction factor
D is the pipe diameter

Minor losses due to elbows, entrance losses, etc., are expressed by [4]

thcrlmszpigg;ZKi (P12.4e)

where K is the ith minor head loss coefficient in the system.
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Substituting Equations P12.3a, P12.3b, P12.3d, and PI12.3e into
Equation P12.3c gives

2 L _
aQ’ +a0’ +a0 +a4:p§%D4[D f+ZKiJ+H‘“‘+(z2—zl+£)

g
(P12.4f)
Rearranging terms gives the following cubic equation:
il 8 | D 2
a0 +[ae 57| b f+ZKi 0+ aQ
+(a4—p“‘_p“'tm —(zQ—24+€)J=0 (P12.4g)
g

For a smooth pipe line, the friction factor, f; can be approximated by [2]

£ =(1.82log;o Re —1.64) (P12.4h)
where
_ _ 49 .
Re = Reynolds number = —— (P12.4i)
pDn

where v is the kinematic viscosity of water.
The air pressure, p,, at time £ is determined from the ideal gas law for an
isothermal process, that is,

Vi AB-zn-l) (-7

_ PaiVi — .
BO= NG TP A (g mm—l0) Pz -2 (1)

(P12.4))

where
P..; 1s the initial air pressure
Ay is the cross-sectional area of tank = pDy /4
V is the air volume in tank
D is the diameter of tank

An iterative method of solution for determining Q is as follows:

1. Assume a value for £, say, f;. Start with f] = 0.03.
2. Solve Equation P12.4g for Q by the MATLAB function roots, selecting

the maximum positive root.
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3. Solve for Re by Equation P12.4i.

4. Solve for f; say, f,, by Equation P12.4h.

5. If ‘ £ - £/<1.0x107°, then /= f; and Q = the value obtained in step 2.
If ‘ £ - ﬁ‘ >1.0x107%, then set f; = , and repeat process (step 1 through
step 5).

6. Continue iteration until | £ — £/<1.0x107.

The governing equation for the time it takes to raise the water level in the
tank is as follows:

d(a () a0 p)
ot =Q(, p) or & A (P12.4k)

Separating the variables and integrating from the starting water level in the
tank, €, to the final water level in the tank, €, gives

(s s
te = A _[ & =A jF(ﬁ, )& (P12.41)
) Q “, ) 9

Use Simpson’s rule to obtain 7. A review of Simpson’s rule follows.
b
Given I= JF (x)ax

subdivide the x domain into NV even subdivisions giving % ,%,% ,..., Xy +1.
Let the function values at %, %, %;,..., % +1 be Fi,F, Fs,...,Fy 41, then

I= %(F1 +4F, + 2F; + 4F; + 2F5 +---+ 2Fy + Fy41) (P12.4m)

For this project, € ~ xand 1/Q ~ F.

Procedure

1. Ateach €, determine p, ; by Equation P12.4j.

2. For each €, iterate for Q; by the iteration procedure described earlier,
obtaining all the Q’s.

Then determine all the £'s.

4. Apply Equation P12.4m to obtain the time #,.

Rl
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Use the following values for the variables:

(-2)=30m, (;=12m, f(:=42m, n=1.0x10" m%s,
Pam =1.0132x10° N/m?

g =9790 N/m®, ZK1=4.5, D=15cm, L=60m, p(0)= Pun,

1

N =100, Dy =1.5m.

1. Create a plot of the approximating curve of A (m) vs. Q (m3/h) (solid
line) and on the same plot include the data points as circles. Note: Except
for the plots, Q needs to be in (m?/s).

2. Create plots of Q (m?/h) vs. €(m), £(s) vs. €(m), p.(N/m* gage) vs. €(m),
and f'vs. €(m).

3. Print out the time, 14s), it takes to raise the water level in the tank by 3 m.

4. Print out the air pressure (N/m?, gage) in the tank at time 4.

5. Print out the initial flow rate, Q;, and final flow rate, Q, in (m*/h).

P12.5 Use the Hardy—Cross method to determine the flow rate distribution (Q's)
in the network shown in Figure P12.5. Print out a table indicating the loop

0.06 m3/s 0.03 m?/s
A
0.045 m3/s . 0.03 m®/s
—_— —_—
A > 0.04m?/s
Loop 1 Loop 3

0.27 m3/s —»_> E F » 0.04 m3/s
Loop 2 @_

D 0.04 m3/s

0.08 m3/s

C

0.06 m®/s

Figure P12.5 Pipe network to be used with the Hardy—Cross method.
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Table P12.5 Network Parameters

Loop Diameter | Initial Guess
Number Line Number Length (m) (cm) Q (m3/s)

1 3220 40 _

1 2 4830 30 —
3 3200 35 -0.45
4 4830 40 —
1 5630 40 0.1

9 2 4020 35 —
3 3200 30 —
4 3200 40 —
1 4830 30 —

3 2 4830 25 —
3 4830 30 -0.03
4 4830 30 —

number, the line number, and the flow rate in that line. The network param-
eters are described in Table P12.5.

Hine: To apply the AQ corrections to lines that are common in two loops,
use an ID matrix for every line identifying the loop number of the com-
mon line. Set the ID element to zero if the line is not a common line. For
example, suppose line (1, 1) is in common with line (2,4), then ID(1, 1) = 2,
and suppose line (1, 3) is not a common line, then ID(1,3) = 0.

Taken = 1.308 x 10-° m?/s, € = 0.026 cm, g = 9.81 m/s’.
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Chapter 13

Partial Differential
Equations

13.1 Classification of Partial Differential Equations

The mathematical modeling of many types of engineering problems involves partial
differential equations (PDEs). Many PDEs fall into the general form of Equation
13.1, where A, B, and C are constants:

(13.1)

+C o =f|xyu_——

o*u o*u o*u du du
ox’ oy oy 0x’ dy

Depending on the values of 4, B, and C, these PDEs may be classified as follows:

If B> —4AC <0, the equation is said to be elliptic.
IfB2 —4AC =0, the equation is said to be parabolic.
If B> —4AC >0, the equation is said to be Ayperbolic.

The steady-state heat conduction problem in two dimensions is an example of
an elliptic PDE. Laplace’s PDE also falls into this category. The parabolic PDE is
also called the diffusion equation. The unsteady heat conduction problem is an
example of a parabolic PDE. The hyperbolic PDE is also called the wave equation.
Sound waves and vibration problems, such as the vibrating string, fall into this
category. How a PDE is treated depends on the category that it falls into. However,
there are cases in all three categories where a closed-form solution can be obtained
by a method called separation of variables. This solution method is discussed in the
next section.

415
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13.2 Solution by Separation of Variables
13.2.1 Vibrating String

The first problem to be considered is the vibrating string, such as a violin or a viola
string (see Figure 13.1). We will assume that

. The string is elastic.

. The string motion is vertical.

. The gravitational forces are negligible compared to the tension in the string.

. The displacement, Y (x, #), from the horizontal is small and that the angle
that the string makes with the horizontal is small. Then, dY/d1 is the vertical
velocity of the string and 0°Y/9t is the acceleration of the string at position x.

BN N =

To obtain the governing equation, select an arbitrary element of the string as
shown in Figure 13.2. Taking the sum of the forces in the y direction and applying
Newton’s second law to this element gives

M ﬂ = (T sin0) — (T sin0) (13.2)
at2 x+AxX b4 .
Since there is no horizontal movement in the string,
(T c050)yipnx = (T cos0), =T, (13.3)
Y
String

Figure 13.1 Vibrating string.

YA
T(x + Ax)
AI‘— O(x + Ax)

]

1
1
1
1
1
1
1
1
1
1
X

x+ Ax

Figure 13.2 Arbitrary string section.
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Dividing both sides of Equation 13.2 by 7 (but using the appropriate expression
from Equation 13.3) gives

M 0°Y (T sine) (T sine)
s - = (@n0)yae — (@n), (134
Ty 0t \Tcos®) ., \TcosO)/, (tanB)svax ~ (tan®) 134)

Let
M =rAx (13.5)
where p is the mass per unit length. Substituting Equation 13.5 into Equation 13.4

and dividing both sides by Ax and taking the limit as Ax — 0 on both sides of
Equation 13.4 gives

r 0’Y  9(tan6)

9 ox 13.6)

But tan© is the slope of the string, which is 0Y/dx. Thus, Equation 13.6 becomes

19%Y 9%
Zof ok 13.7)
where
@="Te (13.8)
r

Comparing Equation 13.7 with Equation 13.1, we see that Equation 13.7 is a wave
equation.

Since 0 is very small, cos 0=~ 1, and thus, 7j is essentially the force in the string. To
complete the formulation, two initial conditions are needed (because the PDE is sec-
ond order in #) and two boundary conditions are needed (because the PDE is second
order in x). We will assume that the string is deflected at position x, and then released
from rest. Then, the initial conditions become

JY

Y (x0)= f(x) (13.10)

We will assume that the deflection at the endpoints are zero giving the following
boundary conditions
Y(0,0=0 (13.11)

Y(L,Y=0 (13.12)

We seek a function Y that satisfies the PDE and initial and boundary conditions.
Let us examine the possibility that Yis a product of a pure function of x and a pure
function of ¢, that is,

Y =F(xG (9
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Substituting this expression into the Equation 13.7 gives

F(x) d’G _ d’F
=G (Y e

¢ dat

Dividing both sides by GF gives

1 dc _1d°F

1
¢G df F &k

(13.13)

The left-hand side is a pure function of 7 and the right-hand side is a pure function
of x. Since x and ¢ are independent variables, Equation 13.13 can only be true if
both sides equal the same constant, say, (-4?). The minus sign is selected so that ¥’
does not blow up as # — co. Then, Equation 13.13 reduces to two ODEs, which are

d’F
ax’

+1°F=0
and

d’c

& +d1%G =0

The general solution to Equation 13.14 is
F = g cos 1x+ g, sin 1x
The boundary condition given by Equation 13.11 reduces to
FOG(H=0 > F(0)=0—>a=0

or

F=agsinlx
The boundary condition given by Equation 13.12 is
FLG(HY=0 > F(1)=0
or
&sinlL =0

There are an infinite number of solutions to Equation 13.18, that is,

1L=npb, wheren=0,1,2,...,0

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)
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Then,
1="2 (13.19)
L
The solution to Equation 13.15 is
G =hcos(clt) + b, sin(clt) (13.20)
and

dG

dlb sin(clt) + dlb, cos(clt)

Applying the initial condition given by Equation 13.9 gives

daGc dGc
Then,

G (Y =Dbcos(dt)

(13.21)
"The complete solution for Y is obtained from the product of Equations 13.18 and 13.21.
The &’s can be absorbed into the 4, constants giving

N . hpx npct
Y(x,iszansm%cos P
n=1

(13.22)
Applying initial condition given by Equation 13.10 gives
N . npx
Y(x0)= f(x) = in— 13.23
(%0)= £(x) Zan g (13.23)

. . . nNpx .
The coefhicients 2, can be determined because the sin px functions are orthogonal,
that is,

L 0 ifm=#n
Jsin%sinmkz L (13.24)
L L — ifm=n
0 2
L. . . mpx . . .
Multiplying Equation 13.23 by sin - dx and integrating from 0 to L gives

© S

oo L
L
£(x)sin PX g = Z anJ‘sin—npxsin MPX = g = (13.25)
L w—r: g L L
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Since 2 is an index from 1 to oo, we can replace m with 7 and write

L
a, = 3_[ £(¥)sin D ax (13.26)
L L

0

Having now determined the values for 2,, Equation 13.22 gives the solution for
Y(x, 1). See Project P13.1.

13.2.2 Unsteady Heat Transfer |

Consider a thick plate of width 2L, as shown in Figure 13.3, that is initially at a
uniform temperature, 7; that is suddenly immersed in a large bath at temperature,
T... We wish to determine the temperature time history of the bar, 7(x, #), and the
amount of heat transferred to the bath (see Appendix B for derivation of the heat
conduction equation). Due to symmetry, we only need to consider 7(x, #) for 0 <
x< L.

The PDE is
10T T
L 13.2
aodt J¥ (13.27)
The initial condition is
T(x0)=T, (13.28)
The boundary conditions are
9T 0,9=0 (13.29)
0x
JT h
- LY+ T (@H-T.)=0 (13.30)
ox k
V"
L 75‘ L
h T, <— | —n, T,
=—>x
i

)

Figure 13.3 A thick bar suddenly immersed in a liquid.
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where
tis the time
a is thermal diffusivity of the bar material
b is the convective heat transfer coeflicient
k is the thermal conductivity of the bar material

Equation 13.29 is a statement that there is no heat transfer in any direction at
x = 0 (this is due to problem symmetry). Equation 13.30 is a statement that the
rate that heat leaves the bar at x = L by conduction is equal to the rate that heat is
carried away by convection in the bath. To make the boundary condition at x = L
homogeneous, let

J(xY=T(xH-T.
Then the PDE and the initial and the boundary conditions become

197 07
TR (13.31)
J(x0)=T, —T.. (13.32)
a—J(o,a -0 (13.33)
0x
9 Lo+ Rau=0 (13.34)
ox k

Comparing Equation 13.31 with Equation 13.1, we see that Equation 13.31 is a
parabolic (diffusion) equation. We will assume that

J =F(xG ¥ (13.35)

where Fis a pure function of x and G is a pure function of # Substituting Equation
13.35 into Equation 13.31 gives

i F(XG (8 =G (DF (%) (13.36)

where
d’rF
ax’

G'(H= % and F”(x) =

Dividing both sides of Equation 13.36 by FG gives

lG ’ B F”
aG F (13.37)
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The left-hand side of Equation 13.37 is a pure function of #, and the right-hand side
is a pure function of x, and x and ¢ are independent variables. The only way a pure
function of # can equal a pure function of x is for both sides to equal the same con-
stant, say, (-42). Then Equation 13.37 can now be expressed as two ODEs, which are

G’+al’G =0

F’+1*’F=0

The boundary conditions in Equations 13.33 and 13.34 become

F/(0)G (8=0
or
F’(0)=0
and
F/(L)G <a+£F(L)G ©=0
or

F/(L)+ EF(L) =0
k
The function that will satisfy Equation 13.39 is of the form
F=c™
Substituting this form into Equation 13.39 gives
b + 1™ =0
Then,

b=+1i wherei=+-1

Knowing that €* =cos(x)+ isin ( x), F becomes

F(x)= Acos(1x)+ Bsin(1x)

(13.38)
(13.39)

(13.40)

(13.41)

(13.42)

where A and B are arbitrary constants to be determined by boundary conditions.

Taking the derivative with respect to x gives

F/(x)=—1Asin(1x)+ 1B cos(1x)

(13.43)
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Applying Equation 13.40 to Equation 13.43 gives B = 0. Thus,
F(x)= Acos(1x)
and
F’'(x)=—-1Asin(1x)

Applying Equations 13.44 and 13.45 to Equation 13.41 gives
. h
—1Asin(1L)+ " Acos(1L)=0

or
hL,
k(1L)

tan(1L) —

A plot of tan(d) and hL/kd vs.d, where d = 1L, is shown in Figure 13.4.

B 423

(13.44)

(13.45)

(13.46)

It can be seen that there are an infinite number of roots that satisfy Equation
13.46, say, d;,d,,d;, ...,d, = 1,L,1,L, 1,L, ..., 1L, giving an infinite number of
solutions, each satisfying the PDE and the boundary conditions. The sum of the

solutions also satisfies the differential equation; thus,

F(x) = 2 A, cos(1,%)

n=1

tan 8, hL/kS
4

Figure 13.4 Plot of tand and hL/kd vs. 4.
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The solution to Equation 13.38 can readily be obtained by separating the variables
giving

% _ —al,dt
G
Integrating and taking the antilog gives
G =C exp(-alst) (13.47)

where Cis a constant of integration. The constant C can be absorbed into the con-
stants A,. Thus, the general solution is

I(x8= ) A cos(LRexp(-ally (13.48)

The initial condition now needs to be applied. Applying Equation 13.32 to Equation
13.48 gives

Ty —T. = Z A, cos(1,%) (13.49)
n=1

It can be shown that the functions cos(1,%) are orthogonal, that is,

L 0, fm#n

JeostLumcos(la =11, a1 t)cos(1,D)
4

, ifm=n
0 2 21,

This is demonstrated in Appendix D. Now multiply both sides of Equation 13.49
by cos(1, ®)dx and integrate from 0 to L, giving

(T —Tw)

© S

cos(l, X)dx= ZAnICOS(lnX)COS(lm x)dx (13.50)

0

The only term in the summation on the righthand side of Equation 13.50 that is
not multiplied by zero is the mth term. Thus,

sin(1, L) cos(1, L) )

21, (13.51)

(T —Tm)J‘COS(lm X)dx= A, (;4_
0
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or
2(T, —T..)sin(1, L)
= 13.52
B 1.L+sin(1,L)cos(1, L) ( )
Since misanindex from0, 1, 2, ..., we can replace 7 with 7. Substituting Equation

13.52 into Equation 13.48 gives

T(x 8= 2T, —Tm)Z( sin(1,L)cos(1,%) )ealﬁt) (13.53)

1,L+sin(1,L)cos(1,L
See Appendix D for the proof of the orthogonality of the cos(1,%) functions.

13.2.3 Unsteady Heat Transfer in 2-D

Consider a bar having a rectangular cross section, initially at temperature, 7, that
is suddenly immersed in a huge bath at a temperature 7., (see Figure 13.5). The
governing PDE is

1T 9T o
. e Tl 54
a ot o2 oy 13.54)

To obtain homogeneous boundary conditions, let J(%, 9 =T (% ) —T.., then
the PDE and the initial condition and boundary conditions in variable 9 are

193 9* 3 9%7
193 _dJJ dJ 13.
a ot 9% oy 1355

nT.

p
A

— > T,

2w _l_ > x

2L

>
S

Figure 13.5 Bar, having a rectangular cross section, suddenly immersed in a
huge bath.
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J(xy,0)=T, —-T., (13.56)
0J
g(o, ¥ =0 (due to symmetry) (13.57)
0J
a—(X,O,t) =0 (due to symmetry) (13.58)
Y
oJ h
— (L, +-J@, D=0 (13.59)
ox k
0J h
—(xw, D+ -J(xw,9=0 (13.60)
dy k

Assume that 9 can be expressed as the product of three single-variable functions:

J(x ypH=F(tG(®H (y) (13.61)

The boundary conditions and initial condition expressed by Equations 13.56
through 13.60 become

G’'(0)=0 (13.62)
H’(0)=0 (13.63)
, h
G (L)+£G ()=0 (13.64)
, h
H (w)+£H w)=0 (13.65)

Substituting Equation 13.61 into Equation 13.55 gives
1 ’ ” ”
gF (DG (¥H (y) = F(YG "(®)H (y) + F(YG (9H “(y) (13.66)

Dividing both sides by ¥ G H gives

1F(®_6"(® By

13.67
aFlH Gk H(Y 1367
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The left-hand side is only a function of # and the right-hand side is only a function
of x and y. Since x, y, and r are independent variables, the only way that the left-
hand side can equal the right-hand side is for both to be equal to the same constant,
say, (—1%). That is,

lF'(f)_G”(X) H”(Y)__lz

aF® GO H(y (1369
This gives the following equation for F(z)
F'+al’F =0 (13.69)
The solution of Equation 13.69 is
F=Cce?l® (13.70)
The right-hand side of Equation 13.68 can be written as
6", . BV (13.71)
G(x) H(y

Again, the only way for the left-hand side to equal the right-hand side is for both to
equal the same constant, say, /2, then

6"(®, . HD_,
G(x) H(y)
This gives
G”+(1*-b*)G =0 (13.72)
and
H”+b’H =0 (13.73)

The solution for G is

G = Alc:os(\/l2 -b? X)+ A, sin(\/l2 -b? X) (13.74)

and

G’ =4/1>-b’ {—A1 sin(\/l2 -b? X)+ A, cos(\/ 1’ - b’ x)} (13.75)
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Applying the boundary condition Equation 13.62, (G'(0) =0), gives A, = 0.
Applying the boundary condition Equation 13.64, (G (L) + EG (L)= 0) , gives

h
—/1? —bzAlsin(«/lz —bZL)+EAlcos(,/12 —sz)zo

or

tan(,llz —sz)z h}i‘x\/% (13.76)
12 —-b’L

Let gL = 4/1% — b*L, then Equation 13.76 can be written as

hL 1
L)=—X— 13.77
tan(gl) ==~ o (13.77)

As seen in Figure 13.4, there are in infinite number of yL’s that satisfy Equation 13.77:

(L)1, (L), (@L)s, ..y chen gi=(gi“)i, and

G(0=) Acos(gix) (13.78)

Returning to Equation 13.73, and noting the similarity between the G function
and the H function, we can determine that

H(y= ZBjCOS(ij) (13.79)

By the definition of y, we see that
15=gi +bj (13.80)

Combining Equations 13.70, 13.78 through 13.80 and replacing 4,, B, and C'by a

single coefficient 4;, we obtain

J(xypH= ZZ ayexp(a lizjt‘) cos(g;x) cos(b;y) (13.81)
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The initial condition provides the means for determining the coefficients a;, that is,

J(x 30)=T) —T.. (13.82)

or

-T., —EZa ;cos(gix) cos(byy) (13.83)

Now multiply both sides of Equation 13.83 by cos(g,x)cos(b, y)dxdyand
integrate for xfrom 0 to Land yfrom 0 tow.

As in Section 13.2.2 and Appendix D, the functions cos(g;x) and cos(b;y) are
orthogonal. Thus,

L O; lf i#n
cos(g;x) cos(g,X)dx = : (13.84)
j E + Sln(gnL) COS(gnL) . ifi=n
0 2 29,
and
w 0, if j#m
Jcos(bﬂ)cos(bm ydx=11, sin(byw)cos(byw) .. . (13.85)
—+ , if j=m
0 2 2b,
Also,
Lw .
J.J.cos(gnx) cos(by y)dxdy = sin(gaL) X sm(bbmw) (13.86)
9n m
00

The orthogonality of the cos(g;x) and cos(b; y) functions eliminates the summation
signs giving

(T, _Tm)(sin(gnL) y sin(bmw)J
an = 9n by,
L N sin(g,L)cos(g,L) o sin(b,w) cos(bpw)
2 29, 2 2by

(13.87)
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Finally,

Tw)( sin(gnL) X Sini)bmw)Jexp(—a 12,9 cos(gnx) cos(by ¥)
9n m

o o [To—
I(% 39 222 L, sin(gaL)cos(gnL) |, (W sin(bnw)cos(byw)
B 29, 2bn,

(13.88)

13.3 Review of Finite-Difference Formulas

We will need the following finite-difference formulas for Section 13.4.
These formulas were derived in Section 8.2. Given y = y(x) and for a uniform
subdivision on the x-axis

Y= % forward-difference formula for y/(x)
X
Y ¥ :
Y= R backward-difference formula for y/(x;)
x
¥ = %}}_21 central-difference formula for y’(x;)

3vi—4¥+ Yo

¥ = A backward-difference formula for y(x;) of order (Ax*)
x

V= ~ ¥ +24AYi+1 —3% forward-difference formula for y(x) of order (Ax*)
b'e

13.4 Finite-Difference Methods Applied
to Partial Differential Equations

We wish to solve the problem described in Section 13.2.2 by finite-difference
method. In that problem, we considered a thick plate, initially at temperature, 7,
which is suddenly immersed in a huge bath at temperature 7 (see Figure 13.3).

The governing PDE for the temperature field, 7(x, 7), with the following initial
and boundary conditions are

10T _0oT

T(x0)=T, (13.90)
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oT
—(0,9=0 (13.91)
ox

a—T(L,fHE[T (I, -T.]=0 (13.92)
ox k

where
a is the thermal diffusivity of the plate and 2L is the plate thickness
b is the convective heat transfer coefficient
k is the thermal conductivity of the plate material

To solve this heat transfer problem numerically, subdivide the x and # domains into
I and J subdivisions, respectively, giving
X5%,%; .05 X4 and t)tQ:tJa---:tH—l

There are two finite-difference numerical methods for solving this problem, the
explicit method and the implicit method. The explicit method has a stability prob-
lem if the following condition is not satisfied:

aAt
b=—-<05
A¥

The implicit method does not have a stability problem.

13.4.1 Explicit Method

Writing the governing PDE at (x;, t) using the forward finite-difference formula for

ait(&, t;) and the central-difference formula for ﬁ(xi, t) gives

J ox’
ai(xi ty)= L[T (%, t51) —T (%, t5)] (13.93)
ot At ’ ’
and

e AX

To simplify the notation, use

T (%, t) =T
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then

a2T( tJ)—sz[Tm +10 21|

The governing PDE becomes

1 | 3+l j|_ 1 | j j sz
- Ii —T. - 'I‘1+Ii1_ .
Solving fOf I‘i. 1giV€S

T, _T'+Z—>A;[TM+T —or/?]

Equation 13.98 is valid for i = 2, 3, ..., I.
The initial condition reduces to

T!=T, for i=1,2,3,....,I+1

The boundary condition aa—T(O, ) =0 is also valid at £+ Az
b
Using the forward-difference formula of order Ax? gives

-1 + 47" — 30"
2Ax

=0

Solving for T, i gives

7,31 =%|:4T2j“ -1, ]

(13.95)

(13.96)

(13.97)

(13.98)

(13.99)

‘The boundary condition %i(L,ﬂ + %(T (L, —T..) =0 is also valid at z+ Az
x

Using the backward-difference formula for 3—T(L,-l-) of order Ax? gives
x

SR RIFCE
2Ax k

[t -7 )=0

Solving for T3 gives

- k o s 2hAx
TS (7 Je L, JE L T,
o 3k+2hAx( ' oy

(13.100)
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Figure 13.6  Order of calculations and marching in time.

The solution is obtained by “marching” in time. A sketch of the order of calcula-
tions is shown in Figure 13.6.
Finally, the amount of heat transfer per unit surface area, Q, that occurs in time
tris given by
t t
oT k
0 = 2k[ L vde= -5 [[3rmv- 4@+ 0] 3100
ox Ax )

0

13.4.2 Implicit Method

We now write the governing PDE using the forward finite-difference formula for
0T /0t and the central-difference formula for 9*T'/9x’, but take the time position
atj+1 giving

lTin -T,’ _ T 4T -2

a At AX
Solving for T; "' gives
T T ﬁ;wﬂﬁ +7.) (13.102)

Equation 13.102 is valid for 7 = 2,3, ..., 1. There are three unknowns in Equation
13.102: 7,7, 7,2, and T,%". Term T;" is assumed to be known. So far the set fits
into a tri-diagonal system. The boundary conditions need to be checked to see if
they also fit into a tri-diagonal system. The initial condition is

T!=7,, validfor i=1,2,3,...,I+1 (13.103)

T

The boundary condition %7(0,1‘) =0 is also valid at #+ Atz.
X

Using the forward-difference formula of order Ax gives

7,3 —p,
Ax

=0
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or
T, * =T2j+1 (13.104)

The boundary condition aa—T(L,ij + %(T (L, =T..) = 0 is also valid at # + Az
x

Using the backward-difference formula for g—T(L,t) of order Ax gives
X

31 31
TI+1 _TI

h o sa
+—(T2 -T.)=0
Ax k( H )

Solving for T2 gives

k T+ PAX
k+hAx k+bAx
Equations 13.102 through 13.105 fall into a tri-diagonal system, allowing for a

solution of all temperatures at #/*! by the method described in Section 8.3. A com-
plete solution can be obtained by marching in time.

o
TI+1 -

(13.105)

13.5 The Gauss-Seidel Method

The Gauss—Seidel iteration method may be used to solve Laplace’s Equation.
Consider the steady-state heat conduction problem of the slab shown in Figure 13.7.
For the derivation of the heat conduction equation, see Appendix B.

The governing partial differential equation for the temperature distribution is:

9°T 9°T
+ =0 13.106
0% oy (13.106)
h T,
i |
Tw—> w -« T
. X oy _ v
w
L
h, T

Figure 13.7 Slab subjected to heat transfer.



Partial Differential Equations ® 435

The boundary conditions are:

T(0,y)=T. (13.107)
T(L,y)=T, (13.108)
oT
—(%0) =0 (by symmetry) (13.109)
dy
oT h
—(xw)+—(T(xw)-T.)=0 (13.110)
oy k

The finite-difference form of the partial differential equation is:

ﬁ{T (x+Ax y)—2T (x Y+T (x-Ax )}

+(A1y)2{T (% y+AY)—2T (x Y)+(T (x y-Ay}=0  (13.111)

Now subdivide the x domain into NN subdivisions and the y domain into M
subdivisions giving positions (X,, % ),wheren=1,2,...,N +landm=1,2,...,.M +1

L w
and Ax=— and Ay=—.
N Y—M

Let 7 (x,, y,) = T,,, then the finite difference form of the partial differential

equation is:

1
~ 2(14+b?)

n,m

(Tn,m+1 +Tn,m—l +b2Tn+1,m +b2Tn—1,m ) (13112)

where ff = Ay/Ax.
The above equation is valid at all interior points. Thus, it is valid for z = 2, 3,...,
Nandm=2,3, ..., M. There are (N - 1)(M - 1) such equations.
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The finite-difference form for the boundary conditions are:

Tin=T. form=12,3,...,M +1 (13.113)

Tysm =T, form=123,..,M +1 (13.114)

Using the forward difference formula for 37T(X,0) of order (Ay)?, the boundary
y

condition 9T (%0)=0 becomes:
dy

Tn,l :%(4'1‘1_1,2 _Tn,3 ) (13115)

Using the backward-difference formula for gT(X,w ) of order (Ay)?, the boundary
Y
. dT h
condition — (X w )+— (T ( X,W)—Tm) =0 becomes
oy k

1
Tom 11 :2hAy{ 4Tow —Tom 1+
+7

2hAy‘I‘w}
3 k
k

(13.1106)

Equations 13.111 through 13.116 represent the finite-difference equations
describing the temperature distribution in the slab.
Method of solution:

1. Assume a set of values for 7, ,, say T for n=2, 3,..., Nand m =1, 2, 3,...,
M+ 1.

2. Successively substitute into Equations 13.109 through 13.116, obtaining a
new set of values for Ty, say T » using the updated values in the equations
when available. Note: 77 ,, and 7}, ,, are fixed for all 7 (Equations 13.113
and 13.114).

3. Repeat process until |Ton — Tan | < € for all n,m.

Faster convergence may be obtained by over-relaxing the set of equations. This is
done by adding and subtracting T, from Equation (13.111) and introducing a
relaxation parameter, @, giving

w
2 1
Tn,m =Thn

2
- i 2(1+b )T1
2(1+b*)

2 2
(Tn,mﬂ +Tn,m—1 +b Tn+1,m +b Tn—l,m - T n,m J

(13.117)
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where 1 < @ < 2. A similar procedure is carried out for Equations 13.115 and 13.116
giving

T =Tn +W(4Tn,2 —Tps— 3Tn{1) (13.118)
3 w
and
wk 2hAyT. 3k+2hAy
Tom 1 =Ty n+—— oM ~Tnm— - n
,M +1 ,M +1 3k+2hAy{ M ,M —1 k Wk ,M+1}
(13.119)

The method of solution described eatlier is still valid, except Equations 13.117,
13.118 and 13.119 are substituted for Equations 13.112, 13.115 and 13.116 respec-
tively. Sometimes in order to get convergence, one might have to under-relax; that
is, take 0 < w < 1.

Projects

P13.1 Use MATLAB to solve the vibrating string problem discussed in Section
13.2 for the initial condition shown in Figure P13.1. Plot Y'vs. x at the fol-
lowing times: #= 0.0001 s, #=1.0's, £=10 s, and #=100 s. Use the following
parameters in your solution:

R=8240 kg/m?, T, = 90 N, d=diameter of string=0.16 cm, L=1 m, and
h=6cm.
Note: r (kg/m) =R (kg/m’)A, where A is the cross-sectional area of the string.

P13.2 Rearrange Equation 13.53 to read

oo

_ . ~ad 217
TRATIO = T [(%/L), Y —-T. _ 22 sm(dn)cos[d,.,(x/L)]e
Ty —T.. - cos(d,)sin(d,)+d,

(P13.2a)
where d,=1,L
Write a MATLAB program using 50 8, values and solve for TRATIO for
the following parameters: 4 = 890.0 W/m?-°C, k = 386.0 W/m-°C, L = 0.5 m,
a=11.234 x 107 m?/s, 7, = 300°C, 7_ = 30°C, x/L = 0.0, 0.2, 0.4, 0.6, 0.8,
1.0,and £= 0, 20, 40, ... 400 s. Print out results in table form as shown in Table
P13.2. Also create a plot of 7RATIO vs. ¢ for x/L = 1.0, 0.8, 0.6, 0.4, 0.2, 0.0.

Y -
A A

2

%L %L

A
A 4
A
A

Figure P13.1 Initial string displacement.
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Pr13.3

P13.4

P13.5

P13.6

Table P13.2 Temperature Ratio (TRATIO) vs. Time (f)

X/L

Time(s) | 00 | 02 | 04 | 06 | 08 | 1.0
0 10 | 10 | 10 | 10 | 10 | 10

20 _ — _ _ _ _

40 — — — — — —
400 - - - - - -

Write a MATLAB program to solve numerically, by the explicit method,
the problem described in Section 13.4.1. Use the parameters described in
P13.2, thatis, /= 890.0 W/m?-°C, £ = 386.0 W/m-°C, L = 0.5 m, 2 = 11.234 X
10> m?/s, T, = 300°C, and 7_, = 30°C. Take Ax = 0.005 m and A#= 0.1 s.
Carry the calculations to 400 s. To compare the results obtained by this
numerical method with the results obtained by the closed-form solution
(P13.2), write your answer in the form

T[(x/L),d-T.

0 —Te

TRATIO = (P13.3)

forx/L = 1.0, 0.8, 0.6,0.4,0.2, 0.0 and for =0, 10 s, 20 s, ..., 400 s. Print
out a table as shown in Table P13.2. Also create a plot of TRATIO vs. ¢ for
x/L = 1.0, 0.8, 0.6, 0.4, 0.2, 0.0.

If you did Projects P13.2 and P13.3, superimpose the solution obtained
in P13.2 on the plot created in Project P13.3. The resulting plot should be
similar to the plot shown in Figure P13.4.

Repeat Project P13.3, but this time use the implicit method. If you also did
Project P13.2, superimpose the solution obtained in P13.2 on your plot.
The resulting plot should be similar to the plot shown in Figure P13.4.
Using separation of variables, show that the steady-state temperature distri-
bution in the slab shown in Figure 13.7 is given by:

sin(1,w) » sinh(1,%)cos(1,y)
sinh(1,L) 1,w +sin(1,w)cos(1l,w)

(P13.6a)

T(Xy)=T. +2T, ~T.) )
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TRATIO vs time
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Figure P13.4 Plot of TRATIO vs. time. Numerical solution is by the explicit

method.

where 4, is determined by:

hw 1

tan(lw)——Xx—=0
(1w) K

Use only the first 10 A, values in Equation P13.6a.

1w

(P13.6b)

a. Print out a table for the first 10 eigenvalues (1,) applicable to this problem.
b. Print out a table of 7 (x, y) at every second x position and every second

7y position.

c. Create a plot of 7(x, 0) and 7(x, w) vs. x, both on the same graph.

Use the following values:

L=10m, w=02m, T, =300°C, T =50°C, k=386 W/m-°C,

h =800 W/m?*-°C
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P13.7 The temperature ratio, TR (x, , #), of the 2-D bar described in Section
13.2.3 is given by

J(xyY
TR(x y9= Ty —T.. (P13.7a)

Then,

( sin(gnl) sm(l:)mw) J exp(—al i, B)cos(g, ) cos(by )

Riewas ;; L sm(gnL)cos(gnL) v sin(b,w) cos(b,w)
29, 2 2by,
(P13.7b)

Develop a computer program in MATLAB to evaluate TR at
x/L=0.0,0.5,1.0 and y/'w =0.0, 0.5,1.0 for 0 < 7 < 400 s. Create the
following plots:

a. Plot on the same graph, TR vs. ¢ for f =0.0,0.5,1.0 and ¥_
w

b. Plot on the same graph, TR vs. # for f =0.0,0.5,1.0 and X
w

c. Plot on the same graph, TR vs. # for E =0.0,0.5,1.0 and Y_

A%
d. Plot on the same graph, TR vs. ¢ for ¥_ 0.0,0.5,1.0 and f =0.0.
w
e. Plot on the same graph, TR vs. ¢ for ¥_ 0.0,0.5,1.0 and % =0.5.
w
f. Plot on the same graph, TR vs. # for ¥ -0.0,0.5,1.0and E =
w

Use the following parameters:

L=w=0.5m, h=890%, = w
m--°C

2
. a=11.234x10"

N

P13.8 A freezer compartment in a refrigerator suddenly looses power due to a
power failure resulting from a hurricane. The initial temperature in the
freezer compartment is -18°C and the outside temperature is 26°C. The
freezer wall is constructed of two stainless steel plates separated by fiberglass
insulation (see Figure P13.8a). The interior dimension of the freezer is 0.75 m x
0.75 m x 0.5 m. A finite-difference numerical analysis may be used to
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Figure P13.8 (a) Freezer wall geometry. (b) Outside air-steel interface. (c) Left
steel-insulation interface. (d) Right insulation—steel interface. (e) Steel-inside air
interface.
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determine the approximate temperature of the food inside the freezer as a
function of time. The following assumptions shall be made regarding the
interior contents of the freezer: (a) the air inside the freezer is well mixed
and uniform; (b) The food temperature is the same as the air temperature
inside the freezer; (c) The interior contents of the freezer compartment con-
sist of 40% meat, 40% vegetables, and 20% of air by volume. A description
of the numerical method follows:

Numerical method

Consider the 1-D unsteady heat flow through the wall shown in Figure
P13.8a. Subdivide the x domains as follows: (a) subdivide the steel plate
regions into (/1-1) subdivisions and (b) subdivide the insulation region into
(12—11) subdivisions.

In each region, the governing PDE for the temperature field is

19 _or

2 ot 2% (P13.8a)

Since the thermal diffusivity, a, and Ax differ in the two different
material type regions, the governing finite-difference equation for each
region is

aAt
A%

Ti—?l =Tin + (Ti:.ll +Ti21 —ZTin) (P138b)

fori=2,3,...,(l1=1)andi=(/2+1),72+2),...,([3-1),whereT (x5, %,) =T;"
and

a gAt

Ax

T ;1+1 :Tin+ (T ;1+T :il:)—l 27 2) (P].38C)

fori=(1+1), ([1+2), ..., (12-1).

The subscripts s and fg are for steel and fiberglass respectively.

To complete the problem formulation, we need to add initial conditions
and boundary conditions.

Initial conditions

We will assume that at the start of the power loss, the freezer compartment
was in a steady-state condition; thus, the initial temperature in each region
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is linear. We can determine the heat rate per unit surface area, g, entering
the freezer compartment from the outside by:

o (Tae —TS)
—+—+—+=
h, hi kg ks

where 4, is the convective heat coefficient in the outside air; 4, is the convec-
tive heat transfer coefficient of the air inside the freezer compartment; Ly is
the thickness of the fiberglass; £, is the thermal conductivity of the fiber-
glass; L, is the thickness of each steel plate; £, is the thermal conductivity of
steel; 7,,is the temperature of outside air far from the freezer and 7 is the
air temperature inside the freezer compartment.

Then,
q
T =Ty —— (P13.8¢)
1 inf ho
TIH:TI‘—% (P13.8f)
1, =1} - %2 (P13.8g)
kﬁg
1 _m1, 9
Th=To+ (P13.8h)

The initial temperature for each region can be expressed as a linear relation-
ship. We can use similar triangles to determine 71(x,1) = 7;%.
In region 1 (left steel plate)

T,

T —Ta X —Xa

T _ x%-%

or
Xi—X

X — X

Ty =T, —(T —Ta1) X (P13.8i)

Similarly for region 2 (fiber glass insulation),

XX
X — X

s =Ty — (T ~Tz) X
For region 3 (right steel plate),
X%
%3 — %2

Ty =Tp, — (T, —Tn3) X
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Boundary conditions
a. At the left air—steel interface (see Figure P13.8b):

The rate that heat is carried to the wall by convection per unit surface
area = the rate that heat enters the steel plate by conduction per unit
surface area; that is,

oT

ho[Too _T(XI, t)]=_‘_i(xlaa'(_éx) = _ksai
X

(x5 9

The boundary condition is valid at t,and t.1. The simplest finite-
difference form of the preceding equation is

+1 +1
)

ho(Tm _T1n+1 ) =k,

Ax
Solving for T I gives
hoToq +A£T2n+l
T = Z (P13.8))
+
o Ax

b. At the left steel-insulation interface (see Figure P13.8¢):

The rate that heat flows out of the steel plate per unit surface area = the
rate that heat flows into the insulation per unit surface area.
Expressed mathematically,

(41(117,1') ’éxz - ?I(I1+a.l-) : (_éx)
or

JoT ,_ _ JoT ,_.
_kli(Il 7t)=_kfg (Il )t)
ox x

)
The boundary condition is valid at taand tan. The simplest finite-
difference form of the preceding equation is

TH -THL__, THA-TH

_ks
Ax ﬁg Ax,
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Solving for T o gives

k;
Ko gy A—ﬁg TH

oo = A% . = (P13.8k)
Ax  Ax

At the right insulation—steel interface (see Figure P13.8d):

The rate that heat flows out of insulation per unit surface area
= the rate that heat flows into the steel plate per unit surface area.

Similarly to the equations developed at node /1, the equation at
node /2 is

n+l1 n+l n+l1 n+l
T Tona_ . Toan—Ton

-k .
o Ax, A%

Solving for T ;;1 gives

k. ks o
Afj T ?;1—1+A T 14211
Ty=5%0 - Xl (P13.8])
5 ko
Ax Ax

At the right steel—air interface (see Figure P13.8e):

The rate that heat leaves the steel plate by conduction per unit
surface = the rate that heat enters the freezer by convection

— A aT A A
q(xB’ 1’) €x= — ksg (XIS: t)ex' €x= hJ'n[T (XI35 1’) _Ta(a]
The boundary condition is valid at #, and z,,;. The simplest difference
form of the preceding equation is
T l'Il‘;l -T 1'11;11 +1 +1
—ks—————=hy|TH —Ta
Iy oay

Solving for T ! gives

ke o B+ hyr 37
pol=2% . (P13.8m)
hy+ —2

Ax
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Inside the freezer

Heat transfer into the freezer is slow. It has been assumed that all material
inside the freezer is at the same uniform temperature. The freezer interior
consists of meat, vegetables, and air. The finite-difference formula for the
temperature inside the safe is

AR AL(TS -T7)

ra\vaq/,a+ roVn G + rvagvvegcveg

Tan+1 — Tan +

(P13.8n)

where
p is the density
Vis the volume
c is the specific heat
Subscripts: 4 is air, 7 is meats, veg is vegetables

This numerical method has a stability criteria; that is, in each region

aAt 1

<
AX 2

Method of solution

Since T}, fori = 1,2, ...,73 and T} are known, T can be obtained for all

by marching as indicated in the following procedure:

. Solve for T by Equation P13.8b for i = 2,3,...,/1-1.

. Solve for T by Equation P13.8c for 7= 71+ 1,71+2,71+3, ..., [2-1.

. Solve for T3 by Equation P13.8b fori=12+1,12+2,..., 13- 1.

. Solve for T}* by Equation P13.8].

. Solve for I'2 by Equation P13.8k.

. Solve for Tty by Equation P13.8L.

. Solve for T,;” by Equation P13.8n.

. Solve for T'f; by Equation P13.8m.

. Use a counter and an if statement to determine when to print out tem-
perature values.

10. Use a loop to reset T3 = T for all i.

11. Repeat process until 7 = the specified time for the study.

Develop a computer program in MATLAB to solve the wall temperature

distribution and the temperature inside the freezer. Use the following con-

stants for the problem:

WO 00 g O\ N A D N

k. =61.0 W/(m-"C), kg =0.038 W/(m-"C),
ag=1.6Xx10" m’/s, a;=1.665%x10" m?/s
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r,=1.394 kg/m3, r, =961.0 kg/ms, Tyy=770 kg/m3
Ca=0.716x10> W/(kg-°C), g, =1.93x10° W/(kg-°C),
Gy =1.97 X10° W/(kg-°C)
h, =20 W/(m*-°C), hy=10 W/(m*>-°C), T. =26.0°C,
7! =-18°C
L,=0.005m, I,=0.02m, Il=6, I2=86, I3=9],
dx =0.001m, dx =0.00025m, dt=0.02s,
Vie = 0.75%0.75% 0.5 m’
Va=02Vie, Vi =04Vi, Vg =0.4Vy, timeof study =7200s.

Neglecting heat transfer from the bottom surface, which is in contact with
the refrigeration compartment, 4, = 2.0625 m?.
Print out a table in steps of 100 seconds as shown in Table P13.8.

Note: We developed the program as described above and ran the study for
7200 seconds (three hours). We found that in the time span of the study,
the temperature change inside the freezer compartment was approximately
3.5°C. As a test, run the program for 7200 seconds with only air inside the
freezer compartment and see if that significantly increases the temperature
change inside the freezer compartment. To make the change, you will need
to replace Equation P13.8n with the following equation:

| Beh AT -T7)
raVaQI,a

n+l n
T, =T,

Table P13.8 Temperature Distribution Table

Exterior Interior
Surface x Position (m) Surface
. 1 Air Temp.
Time (s) X Xy E(Xn +Xe) | Xp X3 (°C)
0 — — — — — -18
100 — — — — — —
200 — — — — — —
7200 — — — — — —

Note: Print out temperatures every 100 s.
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P13.9 Determine the temperature distribution in the slab shown in Figure 13.7
by the Gauss—Seidel method described in Section 13.5. Use the following
values:

L=2.0m,w=02m,7,=300°C, 7 = 50.0°C, = 890 W/m?-°C,
k=59.0 W/m-°C, N =200, M =50, £ = 0.001
As an initial guess, take the centerline temperature to be the solution of heat
flow through a wall; that is,

Tpy =T.. +(T, —T.. )x%, forn=2,3,..., N

and for positions other than the centerline, assume a temperature of a flow
through a wall with a convective boundary condition; that is,

w k
Tn}M 1= K—hw (WTnl,l _hToo)

and

T;szr},l+(T,iM+1—T,il)xﬁ, forn=2,3,..,.N, m=23,..,M
w

Once convergence has been achieved, define Tl, =To1> T 20 =Tolut /241,
and T3, =T forn=1,2,3, ..., N+ 1. Construct a table for tempera-
tures 71, 72 and 73 forn=1, 6, 11, ..., N + 1. Also create plots of 71, 72,
and 73 all on the same page.



Chapter 14

Laplace Transforms

14.1 Introduction

Laplace transforms [1,2] can be used to solve ordinary differential equations (ODEs)
and partial differential equations (PDEs).

The method transforms an ODE to an algebraic equation in the Laplace
domain that can be manipulated into a form such that the inverse transform can
be obtained from tables. The inverse transform is the solution to the differential
equation. The inverse transform can also be obtained by residue theory in complex
variables (which is beyond the scope of this textbook). The method is applicable
to problems where the independent variable domain is from (0 to o). The method
is particularly useful for linear, nonhomogeneous differential equations, such as
vibration problems where the forcing function is piecewise continuous. In electrical
engineering, the method is often used to solve circuit problems containing capacitors
or inductors that contain at least one differential relationship.

14.2 Laplace Transform and Inverse Transform
Let f(#) be a function defined for all > 0, then

L(f(Q)=F(3= je-i f(Hat (14.1)

449
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F(s) is called the Laplace transform of f(z), and the symbol L is used to indicate the
transform operation. By convention, we use lowercase letters for #domain functions
and uppercase for their Laplace domain (or “s domain”) counterparts.

The inverse Laplace transform of F(s) is defined to be the function f{#) such that

L7(F(s) = £(¥ (14.2)

Tables have been created that contain both f(z) and the corresponding F(s) (see
Table 14.1 at the end of this chapter). Often, we will need to rearrange the transform
into a form (or several forms) that are available in the table of Laplace transforms.
We now derive the Laplace transforms for some common functions to illustrate
how a table of Laplace transforms might be created.

B Laplace transform of constant 1

Let f(9)=1; ¢>0,

then
- T
L()= Je*stdtz —[e] . (14.3)
s s
0 o
B Laplace transform of exponential
Let f(H=¢&"
X A e—(s—a)t * 1
L(e)= J'eate’*dtz Je’(*a)tdtz - = (14.4)
(s—a) , Ss-a
0 0
B Linearity of Laplace transforms
L (af(t +bg(t) = aL ( £(8)+1L () (14.5)

B Laplace transform of complex exponential, sine, and cosine functions
Let f(=€""
1 o St W stiv

. 1
L(eMt) = . = . . 2
s—Ww s-w stiv d+w

- s w
L(e"Y=

4w’ +i§ +w? (14.6)

L(e" % =L(coswt) + L (sinwt) (14.7)
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Equating the real and imaginary components of Equations 14.6 and 14.7 gives

L(coswt) = 2 +Sw2 (14.8)
L(sinwt) = ——— (14.9)
s +w

Laplace transform of a function, f'(¢), times the exponential e

IfL( £(8)=F(9, then

F(s—a)=

S Sy 3

f(De T ¥gt= j f(Dee *dt (14.10)
0
or
F(s—a) =L( £(be®) (14.11)

Combining Equations 14.8 and 14.11, we obtain

S—a

L(eat COSWa = m (1412)
Similarly,
. w
L(eatSHle) = m (1413)

Laplace transform of 7!

L(tnﬂ) — J.tnﬂe—stdt

0

To solve, integrate by parts. Letu= £ and dv= e %dt. Then, du= (n+1)t'dt

—st

e . . .
and v=———. The formula for integration by parts is
s

Judvz uv—Jvdu (14.14)
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Thus,

e
J.tn+1e s:dt n+l

0

41 +1
+n—jt“e‘stdt= D)

=0 So S

S

From Equation 14.15, we can see that

L(¢) = L)

Lt )_ L(E‘ )

L8 = gL(¥)= b=

Exercises

E14.1 Determine L(€“cost).
E14.2 Determine L(e"sin 2.

E14.3 Determine L™" o )
(s+3)(s+2)

14.3 Transforms of Derivatives

(@) L(£)= J. f/(Ye ¥dt

df

Let dv=—dt thenv= f.
dt

Let u = ¢, then du = —se~* dt:

oo oo

J' "(Yesdt=[ &5 + s| & 5dt=—£(0)+ <( £)

0 0

(14.15)

(14.16)
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(b) L(E")= J. £’ (Yesdt

4

Let dv= dt thenv= £f’.

dt
Let u = ¢, then du = —s e dt:

oo oo

J- £’(Yesdt=[ f&=]; + sj fesdt=— £(0)— £(0)+ SL(£) (14.17)

0 0

By Equations 14.16 and 14.17, we can see the pattern for the Laplace transform
of the nth derivative, that is,

L(£™)=8L(£) - £(0)- 7 £/(0)—---— £77(0) (14.18)

14.4 Ordinary Differential Equations,
Initial Value Problem
Consider the differential equation arising from a spring—dashpot—mass system with

a driving force (see Projects P2.10 and P2.11). The governing differential equation
for the motion of the mass, y(?), is

}/’+*y'+*y= (1419)
m m

where
m is the mass (kg)
k is the spring constant (N/m)
¢ is the damping coeflicient (N-s/m)
Fj is the driving force (N)

Take the initial conditions to be

¥0)=a, Y(0)=b
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k F
Let p=£,q=f,and r= o(B
m m

, then Equation 14.19 becomes

Y +py +ay=1b (14.20)

The Laplace transform of each of the terms in Equation 14.20 follows:

L(y") = SL(y)— s£0) — ¥(0)
L(Y)=L(y - ¥0)

LetL(y) = Yand L () = R, then the Laplace transform becomes

(&Y —sa —b)+ P& —a)+qg¥ =R
or
(8 + pst+ Q¥ =(s+ pa+b+R

Then,

(s+ pa +b+R(s
S + pstq

Y(9= (14.21)

By the use of partial fractions and the Laplace transform tables, we can obtain the
inverse transform, L™ (Y (9) = y(b.

Another example involving differential equations that can be solved by Laplace
transforms arises in parallel RLC circuits. The governing differential equation for
the inductor current 7 is

LI FULIr L(®

=7 (14.22)
RC  IC  IC

where
L is the inductance (H)
R is the resistance (Q)
C'is the capacitance (F)
1, is the driving current (A)
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We shall assume that the initial conditions are
{0)=a and #(0)=Db

First, we convert this equation into the following general form:

1 1
Let p= E, g= E, and ®(t) = %2’) Then, Equation 14.22 becomes
7+ pi + gi= b (14.23)

Equation 14.23 is the same as Equation 14.20 and can be solved in the same manner.

Example 14.1

Use Laplace transforms to solve the following differential equation (no damping
and an exponentially decaying driving force):

Y'+y=5e"
(14.24)
¥0)=2, y(0)=0
This problem fits the general form of Equation 14.21, with
p=0, g=1, a=2, b=0 and r=5e* and L(5e%)= 3
s+1
Then,
2
Y(§=5" > (14.25)

T g1l (stD(E+1)

For the second term on the right side of Equation 14.25, we need to decompose the
term by the method of partial fractions, that is,

5 __A  BstC :A(§+1)+(Bs+c)(s+1)
(s+D(g+1) s+1 &+1 (s+ (& +1)
then
A+B=0, C+B=0, A+C =5—)A=2, B=—2, C=é
2 2 2
Therefore,

5 _ 5  5(sD
(s+1)($ -1 2(s+1) 2(+1)
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Thus,
2s 5 5s 5
Y(s= + - + .
8 (§+1) 2(s+1) 2(+1) 2(&+1) (14.26)
From Table 14.1,
L_I( S )= cost
s +1
L_l( 1 )— sint
g +1
L71 (IJ = eﬁt
s+1
Therefore, the solution to Equation 14.22 is
o= —%cost+%sint+%e_t (14.27)

A plot of y vs. ¢ is shown in Figure 14.1.

yvs.t

t(s)

Figure 14.1 Plot of y vs. t for Example 14.1.
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14.5 MATLAB®’s residue Function

MATLAB®s residue function reduces two polynomials of the form B(s)/A(s)
into partial fractions. If there are no multiple roots, the partial fraction expansion
is of the form

BO_ R1) , RQ) . R®
A(sg s—P(1) s—P(2) s— P(n)

+K (9 (14.28)

The residue function takes two input arguments, B and A, where vectors B and
A specify the coeflicients of the numerator and denominator polynomials in
descending powers of s. The output of the function contains three arguments,
R(residues), P(poles), and K. To call the residue function, use [R, P, K] =
residue(B, A).

The residues are returned in the column vector R, the pole locations in column
vector P, and the direct terms in row vector K. The number of poles, 7, is

n=length(d) -1=1ength(R) =length(p).

The direct term coefficient vector, K, is empty if length(B) < length(a);
otherwise,

length(K) =length(B) - length(a) +1.

Example 14.2

Let us apply MATLAB’s residue function to the second term on the right side of
Equation 14.25, which is

5 5

(st)(€+1) S+ +st+1

ThenB=5and A=[1111].
The program using MATLAB’s residue function follows:

o\°

Example 14 2.m

This example is a test of MATLAB's residue function.
A = s873+8"2+s+1 = [1 1 1 1], B = 5.

clear; clc;

[R,P,K] = residue(5,[1 1 1 1])

o

o°
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Program results

R =

2.5000 + 0.0000i

-1.2500 - 1.25001i

~1.2500 + 1.2500i
P =

~1.0000 + 0.0000i

~0.0000 + 1.0000i

-0.0000 - 1.0000i
K =

[]
>>
Thus,
5 25 —=1.25-1.251 -1.25+1.251
= + +
S+g+s+1 s+l s—1i s+i

From Table 14.1,

Therefore,

L™ (SH;MJ =2.56 - (1.25+1.25)e" - (1.25-1.259)e *
S

1, (s”-l—;—kﬂ) =256 —(1.254+1.251)(cos t+ isint)
S

—(1.25-1.253)(cos t— isint)

1! (Q+§,5++1) =2.5e"*—2.5cost+2.5sint
S

Adding L™ (;fl) = 2 cost gives the solution to Equation 14.25, which is

y(t) = —0.5cost+ 2.5sint+2.5¢

We see that we got the same answer as before using MATLAB’s residue function.
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Exercise

E14.4 Using Laplace transforms and MATLAB’s residue function, determine
the solution of the following differential equation:

¥ 43y +2y=5sin2t
¥0) =1 ¥(0)=-4

E14.5 Solve the following differential equation by Laplace transforms:
Y +3y -2y=3e", ¥0)=1 y(0)=2

14.6 Unit Step Function

The unit step function, u(# - @), is useful in analyzing beams and electrical circuits
and is defined as follows (see Figure 14.2):

0, ift<a
u(t—a)= (14.29)
1, ift>a

The Laplace transform of the unit step function is

u(t—a) = J.ut a)e ¥dt= J.O e"s“dt+J.1 e *dt

0

—st 1 _oa :l —as
L(u(t-a)= [ ] = [0-e*]="e (14.30)

v

Figure 14.2 Unit step function.
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The function

0, if t<a

f(t—au(t—-a) = {
f(t—a), ift>a

has the Laplace transform e *F (s, where L( f(i‘)) =F(s.
Proof

=

e F(g= e-aSJ' ft)e*at = J' f(t)e ¥ ac
0

0

Let =7 + a, then dt = dr.
When 7 =0, =2, and when 7 = oo, £ = oo.
Therefore,

e *F(g= e-aS_[ f(t— a)e " ¥dt= _[ f(t— a)e *dt

= jOe‘idt+J- f(t— a)e *dt
0

a

e ®F(g = J.u(t— a) f(t— a)e *dt
0

e *F(9=L(ult- a) f(t—a)) (14.31)

Example 14.3

Determine the solution of the following differential equation:

5t fort<?2

y"+3y’+2y={

¥0)=1, y(0)=0
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Applying the standard form of Equation 14.20 for this problem, p =3, 4=2,a =1,

f=0,and
5t fort<?2
) =

0, fort=>2
(1) = 5t — 5tu(t— 2) = 5Stu(t) — 5(t— 2)u(t—2) —10u(t—2)
R(9 =L (x(9) =L (5tw(t) — 5(t— 2)u(t—2) — 10u(t—2))

5 5% 10e?®
R(9=" -5 -
=7 "2 4

(¢ + pstqQ¥(9=(s+ pa+b+R

Y(Qz(s+p)a+b+ R(s
S+pstqg &+ pstq
s 3 5

Y= 3 5er ) T (@435t S8 43502)

B 5e7%° _ loe’®
(g +3s+2) g +3s+2)

Let Y(8=Y,+Y, +Y; +Y, +Y5

where

s
Y="T—"—7—
(s+2)(s+1)

3
(s+2)(st+1)

B 5
Y5 = g (s+2)(s+1)

_ 5%
T d(st+2)(st1)

~ 10e?®
gs+2)(s+1)

Ys =
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By the use of partial fractions, we can determine that

L'(y,)=2e"-¢"

L7\(Y,)=-3e+3e"

5, 15 5 5

L7'(Y5)= Et—z —Ze +5e*
L7 (¥y) = —{;t— 5- % - %e4e—2t + 5e2e‘t}u(t— 2)

1 1
L7'(Ys)= —10{2 + Ee4e"2t - eze"t}u(t— 2)

Summing these five terms gives

ét— 15 - ge_2t +76", fort<2
2 4 4

o=

—(Z + 145e4)e2t +(7+5€)e ", fort>2

This problem can also be solved numerically by the use of ode45 function in

MATLAB. The MATLAB program follows:

o

Example_14_3.m

This program solves a system of 2 differential equations
by using ode45 function. The problem is to determine the
y(t)positions of a mass in a mass-spring-dashpot system

o o°

o

$ Yl =y, Y2 = v, Y1' = Y2, Y2' = 5*%t-3Y2-2Y1, for t < 2,
% Y2' = -3Y2-2Y1, for t > = 2,
$ y(0) = 1.0, y'(0) =0

clear; clc;
initial = [1.0 0.0];
tspan = 0.0:0.1:4;
[t,Y] ode45 ('dydt laplace', tspan,initial);
for i = 1:length(tspan)
if tspan(i) < 2
ylp(i) = 2.5%t(i)-15/4-9/4%exp (-2*t (1)) +7*exp (-t (1)) ;
end
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if t(i) >= 2
yvlp (i) = —(9/4+15/4*exp(4)) *exp (-2*t (1)) +...
(7+5*exp (2) ) *exp (-t (1)) ;

end
end
size (Y)
plot(t,Y(:,1),'x"',t,ylp), xlabel('t'),ylabel('y,ylp'),grid,
title('y(ode45) & y(Laplace) vs. t'), legend('ode45', 'Laplace');

o°

dydt laplace.m
This function works with Example 14 3.m

o

% Y(1) =y, Y(2) =v
% Y1l' = Y(2), Y2' = 5*%t-3Y2-2Y1, 1if t<2
% Y2' = -3Y2-2Y1, if t >= 2
function Yprime = dvdt laplace(t,Y)
Yprime = zeros(2,1);
Yprime (1) = Y(2);
if t < 2

Yprime (2) = 5*t-3.0*Y(2)-2.0*Y(1);
else

Yprime (2) = -3.0*Y(2)-2.0*Y (1) ;
end

A comparison of the ode45 and the Laplace transform solutions is shown in Figure 14.3.

y(ode45) & y(Laplace) vs. t
26 T T T T T T

= ode45
—— Laplace

y.ylp
>

Figure 14.3 Comparison between solution obtained by Laplace transforms and
ode45.
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14.7 Convolution

Given two transforms £(s) and G(s) whose inverse transforms are f{z) and ¢g(#), respec-
tively, then

t

L (F(3G(9)= J. f(t)gt—t)dt = J. g(t) f(t—t)dt (14.33)

0

Proof:

F(S)G(S)=[

© ey 8

£( p)edepJ[J' g(t)e"sdt} (14.34)

F(9G (3= j g(t){j £( p)e-“*“dp}ac (14.35)

Let p+7=¢, then when p=0, r=7, and when p= oo, r=o00. Also dp = dbr.
F(SG(s= J gt) {J- f(t-t)e™ }dt = J g(t) f(t—t)e=ddt (14.36)
0 R

t

where R is the region below the line 7= 7 as shown in Figure 14.4.
The integration order of the multiple integral in Equation 14.36 is to integrate
with respect to # first, then with respect to 7 second. In this case, the order of

t=1
T
A

Region R

> 1

Figure 14.4 Integration region for convolution in the (z, #) plane.
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integration doesn’t matter. So we can integrate with respect to 7 first, then with
respect to ¢ second. This gives

F(96(9= [[ ot) fe-t)e et

= ]Zei {JE o(t) £(t- t)d:t} dt=L [Jt. gt) f(t-t) dt]

Thus,

L (F(36(8) = j ot) £(t— t)dt (14.37)
0

We can reverse the roles of fand g, giving
t
L7 (F(56(3) = [ g0 o)t
0

Convolution is frequently denoted by the «x» operator, and thus,
L (F(3G(8)= £(9* g = g * £(

Example 14.4

Let us obtain the inverse of ¥} in Example 14.3 using convolution. Y} is

B 5
U= (st 2)(st]) (14.38)

_3 N N
LetF(S)—g and G(Q_(s+2)(s+1)

From Table 14.1, items 2 and 16 are

fH=5t and gH=et-e&’*
By the convolution formula,

t

L™ (F(sG(9)= J gt) f(t—t)dt = Sj(e’t —e*t )(t— t)dt  (14.39)

0
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From integral tables,

(ax—1) (14.40)

J-eaxdx=§ and J-maxdx=§
a a
Thus,
t t t t
L7 (F(3G(9)= S[tje‘tdt+jte_2tdt— tje‘tht—jte‘tdtJ
0 0

0

L B it e—2t__t_ efztt_i__t
- (F(QG(Q)_S{{_IJO-F( 4 2 1))0 t(_z Jo (1 e 1))0}

0

=5{—1ie‘t—1)—te‘2t—1e‘2t+1+te‘2t—t+te‘t+e‘t—1}
2 4 4 2 2
- 5, 15 5 _ _
L Y(F _ 2y 122 ot t
(F(9G(3) 2t Y +5e (14.41)

Comparing the solution of ¥; obtained in Example 14.3 with the solution obtained
by the convolution formula, we see that we got the same answer.

Exercise

1
(s+1)($ +3s+2)

E14.6 Determine L™ ( ) by convolution in the time domain.

14.8 Laplace Transforms Applied to Circuits

In circuit theory, capacitors and inductors have constituent relations that par-
ticularly lend themselves to analysis in the Laplace domain. Starting with the
capacitor,

dve
at

t=C

where
i is the capacitor current
v¢ is the capacitor voltage
C'is the capacitor value (F)
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Applying Equation 14.18, we can rewrite this equation in the Laplace domain as

L(8=C(57:(9-%(0)

If we neglect for the moment the initial condition, this becomes

Ve(8=T(8 (14.42)
Cs

Note that Equation 14.42 resembles Ohm’s law (v=1R) and we thus define the
complex impedance Z. of a capacitor to be

Zc (9 = (14.43)

1
Cs

By similar analysis with the constituent relation for inductors v, = L{di/dt), the
complex impedance Z; of an inductor L (neglecting initial conditions) is shown
to be

Z.(9=Ls (14.44)
Finally, for resistors, the Laplace transform of Ohm’s law implies

Zz(9=R (14.45)

Because we have previously proven that Laplace transforms are linear, we can now
solve complicated linear circuits directly in the Laplace domain by using the same
algebraic techniques used to solve the input/output relationships for resistor-only
circuits. For example, the parallel RLC circuit as redrawn in Figure 14.5 with com-
plex impedances can be solved with one equation:

Ve (9= 1,(3(2x(9]| 2c (3] 21(9)

1,(s) T> Za z Ze T= V()

Figure 14.5 RLC circuit using impedances.
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where the parallel operator (||) indicates the calculation for resistors (or impedances)

in parallel. Then,

Ve(s _ 1
L& L 1 1
Zr Zc  Z.

_ 1
—+Cst+—
Ls
:ix% (14.46)
C S+ —st—
RC LC
We also define
1
H(g="c(d =fx% (14.47)
Le C gy g o
RC ILC

as the transfer function of the circuit, that is, the ratio of the output variable (in this
case V) to the input driving function (in this case 7).
Let us now assume a sinusoidal form for 7,(¢) such that

pp=ce**
where e”=coswt+ Jsinwt) is a sum of sines and cosines of frequency @ and

j=+/—1. For convenience, we have also added a constant factor of C in order to
simplify the math later. Then,

L(s=C ,
s—

and

Ve(9=H (9L(s

s (14.48)
(s+5)(sts)(s— W)
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where 5; and s, are the zeros of the denominator of Equation 14.48 and are cal-
culated from R, L, and C. We also assume for this analysis that 5, and s, are real.
Rearranging Equation 14.48 by partial fractions, we get

s S W
Vo (9= (s+s)s—3F) (s+s)s—F) (w+s)(y+s)
st s sts S— W

By inverse transform, we get

% (D) = g ety . €951 H (0)e¥t (14.49)

(s+s)(s— ) (s+8)(s— W)

Although Equation 14.49 looks complicated, note that the first two terms contain
negative exponentials, and thus, in the steady state (r — o), this equation reduces to

limv(=H (I )e* (14.50)

The meaning of Equation 14.50 is that for any sinusoidal input (of frequency w)
to the circuit, we can calculate the value of the steady-state output (also of
frequency w) by calculating H( jw). This derivation can be generalized for deter-
mining the frequency response of any linear circuit by finding the transfer function
H(s) analytically and then letting s = jw to find its frequency-dependent behavior.
Frequency response is traditionally plotted as two graphs showing the magnitude
‘H (W )‘ and phase «H( jw), both vs. frequency. The magnitude plot is typically on
log-log axes, and the phase plot is typically on semilog axes (linear phase vs. log
frequency). Together, the plots are referred to as a Bode plot.

Example 14.5
Let

1000
H =
@ s+1000

Plot the magnitude and phase of H(jw) over the intervalw =[1x107", 1x 10°] rad/s.
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o°

Example 14 5.m
Plot magnitude and phase of H(jw) =1000/(s+1000)
for w = [le-1,1le6].
First, create a logarithmic point set for the frequency
range from 1 to le6 rad/sec with ten points in each decade.
for k = 1:60
w(k) = 10" (k/10) ;
end
% Compute the magnitude for H(jw)
_mag = abs(1000./(j*w + 1000));
% Compute the phase for H(jw), and convert to degrees
H phase = (180/pi) * angle(1000./(j*w + 1000));
% Plot magnitude on log-log axes
subplot(2,1,1);
loglog(w,H mag) ;
axis([1070 1076 107-3 2*1070]) ;
ylabel ('mag H(jw)');
title('Bode Plot') ;
% Plot phase on log-linear axes
subplot(2,1,2);
semilogx (w,H phase) ;
axis([1070 1076 -100 10]);
xlabel ('Frequency (rad/sec)');
ylabel ('phase H(jw)');

o® o o

o

s}

The solution is shown in Figure 14.6.

Bode Plot

100 : : ' ' ' 1
3
T
(®)]

—2 | i
210

100 10" 102 1038 10* 10° 108
—_~ 0 - I I I I
%—20
o —40
ﬁ—ao
a —-80

-100

100 10! 102 103 104 10 108
Frequency (rad/sec)

Figure 14.6 Bode plot for H(jw) = 1000/(jw +1000).
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14.9 Delta Function

The delta function was formalized by physicist Paul Dirac to represent the
action of an impulse, such as a bat striking a baseball. The function is defined
as follows:

o fort=a

d(t—a)= { (14.51)

0 otherwise

such that

oo

Jd(t— a)dt=1 (14.52)

0

Although there are several different ways to develop this concept, we will use the
one in Ref. [2]. Let us define a function fas follows:

1 fora<t<a+k
f(t—a)=1{k (14.53)
0

otherwise

Then,

o fort=a
lim( £(t—a))= { } =d(t-a)
k—0

0 otherwise

Now integrate f'(# — @) from 0 to oo, giving

oo atk
I= J f(t— a)dt= J‘ lkdtz lk(a+ k—a=1 (14.54)

0

Taking the limit of Equation 14.54 as # — 0 gives Equation 14.52.
To obtain the Laplace transform, we can represent function fas two step func-
tions, that is,

f(t-a)= :—{(u(t— a)—u(t—(a+k))



472 ®m  Numerical and Analytical Methods with MATLAB®
Then,

L( f(t— a)) = kis(e‘as— e"("’”k)s) = e’as(l_e_ks) (14.55)

In order to make /(¢ - 4) = 6(t - a), we need to take the limit of /(£ - @) as £ — 0.
To obtain the Laplace transform of (¢ - ), use LHopital’s rule, that is,

d

_ ks 7(1_e—k5) —ks
lim{ €178 | fim| e®x K |_jim[e=® |—a%  (1450)
k>0 ks k>0 d (k3 k>0 s
dk
Therefore,

L(dt—-a)=€e*

The delta function has many useful modeling applications in mechanics and in
circuit theory.

Example 14.6

Suppose we consider the mass—spring—dashpot system, initially at rest that is
suddenly subjected to an impulse force. Let’s use the same numbers as the left-hand
side of Example 14.3, that is,

V' +3y +2y=5d(Y
¥0)=0, Yy(0)=0

(14.57)
Comparing Equation 14.57 to the standard form of Equation 14.20, gives p = 3,
q=2,a=0,p=0,and r(2) = 55():
R(§=L(x9)=5
(+pstq¥(9=(st pPa+b+R

(s+ pa+b N R(s

¥(e= S+pstqg &+ pstq

5

Y= (& +3s+2)
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From Example 14.3, we see that ¥(s) = ¥, with 5 replacing 3 in the numerator. Thus,
the solution is

y(t) — _Se_2t+ Se_t

We can also use the delta function to examine the behavior of a circuit subjected to
a pulse input. In Equation 14.47, we defined H(s) as the ratio of the circuit output
to the circuit input. If we assume that the input is a delta function, then

Ve (9=H (9L(9
—H(3(1) (14.58)

where we have assumed 1,(t) = d(t) with corresponding Laplace transform of unity.
If we inverse transform Equation 14.58, we get

% (B =h(9

In other words, if the circuit input is a delta function, then the circuit output is
simply the inverse transform of the transfer function H(s), which is 4(#), also known
as the impulse response. Conversely, if we can accurately calculate (or measure) the
impulse response 4(7) of a circuit, then we can obtain the transfer function H(s) and
thus predict the circuit behavior for any arbitrary input waveform. This concept is
illustrated in the following example.

Example 14.7

A circuit has an impulse response of

h(t) =10e**cos10t

What is the unit step response 7(#) of the circuit?
Transforming A(z) into H(s), we obtain

s+2

where we have applied line 26 in the Laplace transform table to obtain Equation
14.59. In order to obtain the step response, we first multiply H(s) by the unit step
transform 1/s to obtain R(s):

st+2 1
R(9= 1O((s+ 2)? +100)(s)
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We now calculate the inverse transform as follows:

{9=L""{R(3}

+2
ST Al }
{é’ +4¢ +104s

_1lon-! —0.0096 —0.0481 j+ —0.0096 +0.0481 j+ 0.0192
s+(2-107) s+(2+107) s

(calculated using residue)

=10(=0.0096e**"F —0.0481 £ >*"°F - 0.0096e > ¥
+0.0481 £251°F +0.0192u(b)

=0.192(—e **cos10t+ 5e **sin10t+ u(t))

14.10 Laplace Transforms Applied to Partial
Differential Equations

We will now show how Laplace transforms may be used for solving PDE:s.
Let us obtain the Laplace transform of the following PDE:
d’q d'q aq Joq

where 0 = 0(x, t) and 0 < ¢ < co.

We begin by multiplying each term of Equation 14.60 by ¢~ and integrating
from 0 to oe:

The first term becomes

?q) [.dq o . a2
tEs( axzj Aa—xz dt= A—qu dt= A§®(x,3

where O(x, 9 is the Laplace transform of g(x 9. The remaining terms become

t_)s( ) J e %dt= B(é@ - 51(%,0) —?;(xo))

( ) j a—qegdt C—J‘qe_idt C—G)(x,s)
0
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9a)_ [ 0d o, B
E;S(D at)— j p 2 =D (sB(x 3-a(x0)

oo

tES(Eq) = J.qu’idtz E(O(x39)

oo

tT:s( f)= J‘ fe *dt=F(x 9
0

From the above relations, it can be seen that Equation 14.60 becomes an ODE with
respect to x. In this equation, s is considered a constant. That is,

a0, . 4 _ EE
o +C dx+(B§+Ds+E)@_F(xs)+(Bs+D)q(x0)+B at(x,0)

(14.61)

A

We also needs to take the Laplace transforms of the boundary conditions.
Suppose that

q0.0=g® and %qm,a:gz(a
X

Then,
©(0,9=L(g) (14.62)
99 1 o) =i dj ey d
tgs(ax(L,ﬂ)—}(l_)rr;w(oq(xt)e dt= }gﬁwe(xg
Thus,
doe
e 14.6
dX(Lé L(gz) ( 3)

The initial conditions g(x,0) and %(X,O) are directly entered into Equation 14.61.
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Example 14.8

Consider a semi-infinite slab, initially at a uniform temperature, 7}, which is sud-
denly subjected to temperature 7 at its free surface (see Figure 14.7).
The governing PDE is

éaait = gg (14.64)
where @ is the thermal diffusivity of the slab material.
Initial condition

T(x0)=T; (14.65)
Boundary conditions

T (0,9 =T, (14.66)

T (c0,) =T, (14.67)

To simplify the method for obtaining the solution, let (%t =T (x,t) —T;, then
the equations reduce to

1dq 9>
;a% = 873 (14.68)
q(x0)=0 (14.69)
a(0,9 =Ty —T; (14.70)
d(ee, =0 (14.71)
o

Figure 14.7 Semi-infinite slab suddenly subjected to a temperature change at
its surface.
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Taking the Laplace transform of both sides of Equations 14.68, 14.70, and 14.71 gives

1 d’e
— (D - 0))=
a( a(x,0)) o2
O(ee,3=0
o(0,9="0"T
where ® = L (q(x,ﬂ).
t>s
Equation 14.72 becomes
d’0 s
-—0=0
&  a

The solution is
O(x 9= qemx+ czen/@ x
Appling boundary condition, Equation 14.73 gives
O(0,9=0 - g=0

Then,

@ — cze—\/(s’a X

Applying boundary condition, Equation 14.74 gives

Thus,

0= Ty —T; oo

(14.72)

(14.73)

(14.74)

(14.75)

(14.76)

(14.77)
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From Table 14.1, line 49

Lo | = epte[ X
L (se ) erfc(z\ﬁ:) (14.78)
Therefore,
q(xt = (T, —T;) erfc(zj;t) (14.79)
or
T(xH-T; =Ty —T;—(To —Ti)erf(Jgt)
Txo-T, o x
Tor, o (2 \/;t) (14.80)
Exercises

El14.7 Determine L(sin’ wt).

E14.8 Determine the Laplace transform of the function shown graphically in
Figure E14.8.

E14.9 Determine L™ (ZSH)
(¢ +9)(s-2)

E14.10 Determine L™ N S .
(& +3s+2)

f®)

Figure E14.8 f(f) consists of one cycle of a sine wave over the interval 1 <t <3s.
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Projects

P14.1 Figure P14.1 shows a series RLC circuit driven by an input voltage v,(z) and
three defined output voltages v4(2), v;(#), and v ().

1. Solve the circuit using complex impedances to find the three transfer func-

tions Hy(9=Vx(9/Vy(9, Hr(9=VL(9/NVi(9, and Hc(9=Vc (9/Vy(8.

Put the transfer functions in the following standard form:

K & +K,s+K;
H(g=————"F"—=
S +K s+Ks

where the constants K, through K; are real. Note that the five constants
are scaled such that the highest-order term in the denominator should
have no constant.

2. Create the Bode plots for Hg( ), H(37), and H ( 37 ). Use these com-
ponent values: R=1kQ, L =0.1 mH, and C= 0.1 pF. Plot over the range
w =[1,1x10"] rad/s.

3. The three transfer functions represent three types of filters: high pass,
low pass, and bandpass. Which transfer function corresponds to which
filter type?

P14.2 A common emitter amplifier is shown in Figure P14.2a with input volt-
age v, and output voltage v,,,. In these types of single-transistor circuits,
the voltages of interest ride atop DC components (V5 and Vi) that
are used to bias the transistor into its linear (i.e., amplification) mode.
Vs is the non-varying DC component of the input, which is adjusted
to obtain the desired operating point, I, of the transistor. Vi ppepr is

Figure P14.1 Series RLC circuit.
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the DC component of the output. The voltages of interest are the varying
components of the input v,, and v,,,.

Figure P14.2b shows the small-signal sybrid-pi model of the bipolar tran-
sistor [3]. In the small-signal model, the DC components (Vi ¢, Vs and
Vorrser) are ignored and we can use Kirchhoff’s current law (KCL) to solve
for the transfer function in terms of complex impedances. Writing KCL
equations at nodes v, and v,,, gives

(o) W (e=%) _, (P14.2a)
i i '
ol
GSs G S
M+ S (P14.2b)
1 LR
G S
Vee
Ry

Vour+ VorFsET

*IBIAS
Vin c
VBias c
(:1)
¢ i
+ ! +
vin V]T E— CTI gmvn ra RL VOM!

(b)

Figure P14.2 (a) Common emitter amplifier with input voltage v;, and output
voltage v,,. (b) Small-signal model of the common emitter amplifier.
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where
v, is the small-signal base—emitter voltage
7, is the small-signal base—emitter resistance
7, is the base resistance
¢, and ¢, are the base—emitter and collector—emitter capacitances
7, is the small-signal collector—emitter resistance
g, is the small-signal transconductance
R, is the load resistance

Solving these equations gives the transfer function of the system:

1
v —(Gis— @)
H(9= "= =
Vin

S . G !

S+
1
IR gmsls | EI)EIR)

GGS +

(P14.2¢)

If we assume that the transistor is model 2N3904, we can obtain numeri-
cal values for the circuit parameters from the manufacturer data sheet
for this component [4]. These are summarized in Table P14.2. We will
also assume that V¢ is adjusted to obtain a transistor collector cur-
rent (IB]AS) of 1 milliamp and that R, =5 kQ. Because the 2N3904 is

a discrete device (and not part of an integrated circuit), we will also

Table P14.2 Parameters for 2N3904
NPN Transistor

Transistor Parameter | Typical Value

hre(=b) 125

Cobo(=Cn) 3 pF
Ciro(=Cp) 4 pF
hi(=r,) 4 kQ

hoe(:1/ro) 10 }lmho
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assume a small base resistance r,=25 Q. Also, assume that g, =I,/V;,

where Vy = KT /q=0.026 mV.

1. Create the Bode plot for the transfer function of Equation P14.2a
using the parameters in Table P14.2. Plot over the frequency interval
w =[1x10%,1x10" | radss.

2. A common trick for hand analysis of this circuit is to use the Miller
approximation where we assume alternative values for ¢, and ¢, as follows:

G =0

¢ =6 +(%(B||R)+1c

Substitute these approximated values for ¢, and ¢, into Equation P14.2a
and find the approximate transfer function Hyy,,(s).

3. Plot Hy,(s) on the same set of axes that you already used to plot H(s).
Under what circumstances is the Miller approximation reasonable to use?

P14.3 Consider the same problem as Example 14.8 except replace the boundary
condition at x = 0 with the convection boundary condition, that is,

aiT(O’t)_E(T 0,9 -T.)=0 (P14.32)
0% k

Again, let g(xt) =T (x,t) —T;, then the PDE, the initial condition, and the
boundary condition at x = oo are same as in Example 14.8, that is,

1dq _dq (P14.3b)
aodt ox
q(x0)=0 (P14.3¢)
oot =0 (P14.3d)

By adding and subtracting 7’ to the terms inside the parenthesis of the second
term in Equation P14.2a, the boundary condition becomes

99 0,9~ Mg, 0 +m~T.1=0 (P14.39
0x k

Determine (x, #) by Laplace transforms.
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Table 14.1 Table of Laplace Transforms
F(s) f(t)
1)1 1
S
1
2 z t
3L =12 -
s (n="!
4 | L 1
Js Vit
5 5—(3/2) 2\/2
p

2n tn—1/2

6 5 (n+12) (=12,
1x3%5...2n—Wp
7 L eat
s—a
8 1 teat
(s—a)’
1 1
9 = ’[/ 2/ n-1_at
(s-a)" g (n—1)'t €
10 F(k)k (k > 0) th-Tgat
(s—a)
1 1
11 b at _ bt
s—as—b 2*P @-p® )
s 1
12 at _ bt
G=a6-b) (a#b) (a_b>(ae be®)
13 1 (b—a)e™ +(c — a)e™ +(a— b)e

(a=b)b-c)c-a)

(continued)
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Table 14.1 (continued) Table of Laplace Transforms
F(s) ft)
14 1 lsinaif
s+a a
15 s cos at
s*+a’
1 1.
16 —sinhat
s -a a
17 s cosh at
st -3
1 1
18 — (1—-cosat
s(s? +a%) a ( )
19 1 %(at—sinat)
S22 +a%) a
1 .
20 1) g(smat—atcosat
21 s L sinat
(s +a?)? 2a
2
22 S i(sinat+atcosat
(52 +aZ)2 Za
2 2
23 s —a t cos at
(SZ +a2)2
S 2 2 _
2@ | > (P=zh cos at — cos bt
(s* +a%)(s* + b?) ( ) (SRS
25| 1T lea‘ sinbt
(s—a’+b’ b
26 s—a e cos bt
(s—a)’+b’
27 3a’ e —et2 (cosat\/g—\/gsin at\/g]
s+a 2 2
3
28 | 4 sin at cosh at — cos at sinh at
st +4a*
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Table of Laplace Transforms

F(s) f(t)
s isinatsinhat
29 | g 2a°
1 L(sinhat—sinat)
30 gt 24°
s i(coshat—cosat)
31 S4 _a4 232
3.2
32 8a’s (1+ a’t*)sinat — at cos at
(s + a2
1(s=1Y et d"
33 | -|2— H=———("e"
s( s ) n! dt”( e
S t
34 m e (1+2at)
35 | Js—a—+/s—b (e —e™)
36 ! 1 aeazterfc(a\/f)
Js+a Jpt
1 2
37 Vs — tae™terfc(at
s—a’ Jpt ( )
38 1 leazterf(a\ﬁ)
Js(s—a?) a
1 2
39 e“terfc(avt
Js (Vs +a) ()
40 1 e'a'erf(\/b—a\/z)
(s+ans+b
41 b2 _a2

| Dert{a)-1]

(continued)
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Table 14.1 (continued) Table of Laplace Transforms

F(s) ft)
42 1 Jolat)
0
s*+a’
a3 | Lt Jo (2vke)
44 iefk/s Lcos2\/E
Js Jpt
45 | 1 gws ! cosh 2kt
Js Vot
46 Lefkfs ! sin2v/kt
s Jok
47 ss%ek/s \/_sth\/—
2
48 | e (k>0 - exp(—k]
2 pt3 4t
1 —ks k
49 | —e k>0 fc| —=
; ( ) er C(L/E)
1 1 IS
50 | ——e* (k=0 ——exp| -
\/;e ( ) pt eXp 4t
2
51 | 3%+ (k>0 2 ;exp(—ij—kerfc(;/t—)
ae ™V k
52 - k>0 ak at f fol 2=
s(a+\/§) ( ) erc(a\/_+ \/;]+erc(2\/z)
e’kﬁ (k ) . \/_
53 >0 e™ e terfc| avt +
x/_(a+\/§) ( \/?J
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Table 14.1 (continued) Table of Laplace Transforms

F(s) f(t)
54 Iog(z:Z) %(ebf_eaf)
55 Iog(sz;az] %(1—cosat)
56 Iog[szs_zaz) %(1—coshat)
57 arctané %sin kt
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Review Answers

Review 1.1

1

. List several ways engineers use the computer.

a. To solve mathematical models of physical phenomena

b. Storing and reducing experimental data

c. Controlling machines

d. Communicating with other engineers on a particular project

. List several areas of interest for engineers.

Designing new products

Improving performance of existing products
Improving manufacturing efficiency
Minimizing costs of production
Minimizing power consumption
Maximizing product yield

Minimizing time to market

Research and development of new products

TP om0 A0 T

. LlSt several methods that can be used in the design of new products.

a. Full-scale experiments
b. Small-scale model experiments
c. A mathematical model describing the phenomenon of interest

. Which method mentioned in item 3 is the least expensive?

The mathematical model is the least expensive.

. For engineers, what is the principal advantage of MATLAB® over some of the

other computer programming platforms?
MATLAB has built-in functions that solve many different types of math-
ematical problems that other computer platforms do not have.

. List several items that are recommended in developing a computer program.

a. List the algebraic equations involved in the project.
b. Create a flow chart or a program outline.

489
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c.  Write the program using the list of algebraic equations and the program
outline or flow chart.
d. Run the program and correct any syntax errors.
7. List several items that can be considered building blocks available in develop-
ing a computer program in MATLAB.
Arithmetic statements

a.
b. Input/output statements
c. Loop statements (for loop and while loop)
d. Alternative path statements (1£, elseif)
e. Functions (built-in and self-written)
Review 2.1

1. What are the two alternative ways to start the MATLAB program?
Ifavailable, start the MATLAB program by double-clicking on the MATLAB
icon on the Window’s desktop. If not available, go to the Window’s Szart
menu, click on Al Programs, find the MATLAB program among the list of
available programs, and double-click on it. This will open up the MATLAB
desktop.

2. What are the windows in the MATLAB’s default desktop?

The main windows are the Command window, Command History, Current
Folder, and Workspace.

3. It is best to write a MATLAB script (program) in the Script Window. From
MATLAB’s default desktop how does one open the script window?

To open the script window, click on the New Script icon in the Toolstrip in
MATLAB’s desktop.

4. After you have completed writing a script in the appropriate window, what is
the next step?

Click on the Save icon in the Toolstrip. In the window that opens, select the
folder in which the script is to be saved and in the File Name box type in the
name of the script with the . extension.

5. Name two ways to execute a script.

1. In the script window, click on the Run icon (green arrow) in the
Toolstrip.

2. In the command window after the MATLAB prompt (>>) sign, type in
the script name (without the .7 extension).

6. What happens if you attempt to execute a script and the script is not in the

folder listed in the Current Folder Toolbar?
A dialog box will open giving you the choice of changing the folder listed in
the Current Folder Toolbar or adding the folder containing your script to the
MATLAB path.

7. In MATLAB, what is the file name extension for saved scripts?

The file name extension is ..
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Review 2.2

1. Are command statements and variable names case sensitive?
Yes.
2. What is the purpose of placing a semicolon at the end of a command state-
ment or a variable assignment?
Placing a semicolon at the end of a command statement or a variable assign-
ment suppresses the command statement or the variable assignment from
being echoed to the screen.
3. How does one establish a comment line in a script?
Placing a % sign in front of a statement makes it a comment line.
4. What is the command that will clear the Command window?
The command clc clears the Command window.
5. What is the basic data structure in MATLAB?
The basic data structure in MATLAB is a matrix.
6. Name two functions of the colon operator.
1. The colon operator may be used to create a new matrix from an existing
matrix.
2. 'The colon operator can also be used to generate a series of numbers.
7. List the arithmetic operators in MATLAB.
The arithmetic operators in MATLAB are
+  addition

- subtraction

* multiplication

[ division

" exponentiation

8. What is MATLAB’s command for

a. 7. pi

b. e. exp

c. In. log

d. Sine function in radians. sin()

e. Sine function in degrees. sind()

f. sin! function. asin()

g. The number of elements in a vector. length()

h. The size of a matrix (the number of rows and columns). size()

i. The sum of the elements in a vector. sum()

j. The maximum of the elements in a vector. max()

k. Preallocating the size of a 3 x 3 matrix. zeros(3)
Review 2.3

1. If you enter a variable assignment without placing a semicolon after the
assignment, what happens?
The variable assignment will be echoed to the screen.
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2. Name two commands that will result in printing to the screen.
1. fprintf
2. display
3. What format string will move the cursor to the next line?
\n.
4. What is the format that will print a variable to 10 spaces and to three decimal
places?
$10.3f
5. What are the commands necessary to print to a file?
1. fo = fopen('file_name','w'");
2. fprintf(fo,'format \n',variables);
6. Name three commands that can be used in a script to input data into the
workspace.
1. Using the input statement
2. Using the load filename statement
3. Using the fscanf statement

Review 2.4

1. What is the objective in using a for loop?
The objective of a for loop is to repeat a series of statements with just a few
lines of code.

2. What is the syntax of a for loop?
for index variable = starting value: step size: final value

3. Should table headings that are not to be repeated be inside a for loop?
No.

4. If the index of a for loop is used to select an element of a vector or a matrix,
what variable type should the for loop index be?
It should be an integer.

5. What other statement type can be used to create a loop?
The while loop.

6. What is the major difference between a for loop and a while loop?
The syntax of the for loop generates its own index. If a program requires
an index, the while loop requires program statements that generate an
index.

Review 2.5

1. What is the command that will produce a linear graph?
For function y vs. x, use plot (x,y).

2. What are the commands that will label the x- and y-axis and provide a title
to a plot?
xlabel('x'"), ylabel('y'), title('y wvs. x'")
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3. When there is more than one function plotted on a graph, what are the ways
to identify which curve goes with which function?
Each curve can be given a different color or a different line type. In each case,
you can use the legend command to identify which curve goes with which
function. You can also use the text command to label each of the curves.

Review 2.6

1. What statement is frequently used to establish two alternate paths?
The 1f-else statements.

2. What series of statements is used to establish several alternate paths?
The 1f-elseif-else statements.

3. List the various types of logic statements that can be used with the
if-else and the if-elseif-else ladder.
a<b, a>b, a<=b, a>=b, a==Db, and a-~=Db.

4. Is the else statement required with the if-else and with the
if-elseif-else ladder?
No.

5. What statement group is an alternative to the 1f-elseif-else ladder?
The switch statement.

Review 2.7

1. What is the name of the function that will allow you to plot several graphs on
one page?
The name of the function is subplot.

2. How does one enter Greek symbols into a plot?
Use the \Greek symbol name (see Appendix A).

3. What are the commands that will allow you to enter text onto a plot once the
plot has been created?
In the plot window, click on the /nsers option in the menu bar.

A dropdown menu will appear that contains the following options:

X Label, Y Label, Title, TextBox, and others. Click on the item that you
wish to enter on the plot. If you select the 7exzBox option, a crosshair will
appear and you can drag it to the location where you wish to start the text,
and then type in the text that you want to enter into your plot.

Review 3.1

1. What is the series expansion for ¢?

. ¥ x x X
E =1+ X+ +
2! 3! 4! n!
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2. What are the two different approaches for evaluating the terms in the series for e
a. Determining term(n + 1) = term(n) x x/n.

b. Taking term(n) = x"/n!

3. When is it appropriate to write a self-written function?

a. It is appropriate when the program requires a series of statements that
need to be repeated several times.

b. The program is quite complicated, and you wish to break it up into
smaller segments.

c. The program contains a MATLAB function that requires a self-written
function to define the problem of interest.

4. A self-written function usually has both an input and an output. Where does
the input come from? Where does the output go to?

The input is defined in the calling program.
The output goes to the calling program or to another function or to the
screen.

5. If a self-written function has more than one output, how must the output be
presented?

In the function statement, the output variables must be enclosed by brackets
and separated by commas.

6. How does a self-written function communicate with the calling program?
The self-written function communicates with the calling program through
the function’s input arguments and output.

7. What can be said about variables in the self-written function that are not in
the input or output arguments of the function?

All variables not in the input arguments or output are local in both the func-
tion and the calling program.

8. Do the variable names in the input arguments and output between the call-

ing program and the function have to be the same?
The variable names in the input arguments and output in the function need
not be the same as those in the calling program but have to be in the same
position in both the calling program and in the function for the one-to-one
correspondence.

Review 3.2

1. If a programmer wishes to write a self-written function but does not wish
to create an additional .7 file, what can the programmer do and what is the
constraint?

The programmer can write an anonymous function, which is included in the
main program and not as a separate .7 file. The constraint is that it needs to
be a single statement.

2. What is the name of MATLAB’s function that does interpolation?

The function name is interpl.
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. What are the inputs to MATLAB’s interpolation function?

MATLAB’s interpl function has three arguments, say, (X,Y,X1), where
(X,Y) are a set of known (x, y) data points and X1 is the set of x values at
which the set of y values, Y1, are to be determined by interpolation. Arrays X
and Y must be of the same length. If X1 is a vector, then Yi will be a vector.

. What are the outputs from MATLAB’s interpolation function?

The output from MATLAB’s interpl function is the interpolated values of .

Review 3.3

1. Suppose you wish to assign a matrix consisting of string elements, what are

the conditions that need to be followed in setting up this matrix?
The conditions are as follows: (a) Each string row needs to be enclosed by
single quotation marks, (b) each string row must have the same number of
columns, and (¢) the entire matrix must be enclosed by brackets.

2. Suppose our independent variable is x and the x domain is subdivided
into small intervals and we wish to determine which interval contains an
item of interest. What is the most efficient way to determine the correct
interval?

Use a for loop testing each interval from the first one to the last one and an
if statement to determine whether or not the item of interest lies within the
selected interval.

Example

x = 0:10;

y = [0 1 4 9 16 25 36 49 64 81 100];

x1=23;

% vl is the average of the y values at the beginning and end
of the interval.
for i=1:length(x)-1

o
s

end

if (x1 >= x(1) && x1 < x(i+1))
yl = 0.5%(y(i)+y(i+1));
break;

end

Review 4.1

1. If matrix C = A + B, what must be true about matrices A and B?

Matrices A and B must have the same number of rows and the same number
of columns.

2. If C = AB, what must be true about matrices A and B?

The number of columns in A must be the same as the number of rows in B.

3. What command in MATLAB is used to obtain the inverse of a matrix?

In MATLAB, the inverse of matrix A is inv (A).
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4. What symbol is used in MATLAB to transpose a matrix?
In MATLAB, the transpose of matrix A is written as A'.

5. Is the dot product of two vectors a scalar or a vector?

It is a scalar (A -B=Y aib_L).

6. Is the element-by-element multiplication of two vectors a scalar or a vector?
It is a vector. If the length of vectors A and B is 3, then C=A.*B=
[ah ab ab].

7. Does the use of MATLAB’s sum command on a vector produce a scalar or a
vector?

The sum command on a vector produces ascalar. IfA=[a & &), then
sum(A)=a+a+a

8. Does the use of MATLAB’s sum command on a matrix of two or more
columns produce a scalar or a vector?

b, by b
It produces a vector. If B=[by, by, by |,
b;; by b

then

sum(B)=[(b; +by+bs3) (btbynt+bs)  (biz+bast+bss)]

Review 4.2

Given a set of linear equations in the form AX = C, where A is the coeflicient
matrix and X and C are column vectors, what are the two ways for solving for X
in MATLAB?

a.X = inv(A)*C.

b.X = A\C.

Review 5.1

1. What is the name of the MATLAB function for determining the roots of a
transcendental equation of the form f{x) = 0?

The name of MATLAB’s function to obtain the roots of a transcendental
equation is £zero.

2. In MATLAB’s function for determining the roots of a transcenden-
tal equation, how does one define the function whose roots are to be
determined?

A self-written function should describe the function whose roots are to be
obtained. The name of this self-written function should be entered as the first
argument in MATLAB’s fzero function.
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3. If you suspect that there is more than one real root, what method should be
used in combination with the MATLAB’s function to obtain the roots.
If you suspect that there is more than one root, you should use the search
method in combination with MATLAB’s fzero function. The search
method is used to obtain a small interval in which a root lies and MATLAB’s
fzero function determines the root that lies in that interval. The function
values at the ends of this interval should differ in sign.

4. For the case described in item 3, what can you say about the second argument
in MATLAB’s function to obtain the roots?
The second argument to be entered in the £zero function should be a vector
of length 2 specifying the endpoints of the intervals that contain the roots.

5. What is the purpose of the global statement?
Variables listed in the global statement will be common to both the calling
program and the called function. Therefore, variables defined in the calling
program will be available in the called function, despite the fact that these
variables are neither an input nor an output argument in the called function.
Of course, the reverse is also true. A value determined in the called function
would also become available in the calling program.

6. If the function f{x) is a polynomial, what MATLAB function should you use
to obtain its roots?
You should use MATLAB’s roots function. If the polynomial has com-
plex roots, MATLAB’s roots function will give the complex roots, while
MATLAB’s £zero function will only give the real roots.

Review 6.1
B

1. What is the formula for evaluating the integral, I= J' £(x)dx, by the trap-

ezoidal rule? A

I= J f(x)dxz(;ﬁ+ E+E5++ 5 +% ﬁM)Ax

X

where
X, = X,
xN+1 = B

N = the number of sub-divisions on the x axis
B

2. What is the formula for evaluating the integral, I=J f(x)&, by

Simpson’s rule? A

XN +1

I= J f(x)dx:%{[ﬁ+4f2+2g+4ﬁ+2g+-~-+4ﬁq + £y ]
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Review 6.2

1. What is the name of MATLAB’s function for integration of a single-variable
function?

MATLAB’s function for integrating a single-variable function is quad.

2. In MATLAB’s function for integration, how do you define the function to be
integrated?

You need to write a self-written function that describes the integrand.
The name of this function should be entered as the first argument in the
quad function.

3. If the integrand contains nonlinear terms, how must they be treated?
Nonlinear terms need to be entered as element-by-element multiplication or
division. Terms involving exponents also need to be treated as an element-
by-element operation.

4. Will MATLAB’s quad function treat improper integrals?

Yes.



Appendix A: Special
Characters in
MATLAB® Plots

MATLAB® allows the use of Greek and special characters in its plot headings and
labels. The method for doing this is based on the TeX formatting language [1] and is
summarized in this appendix.

MATLARB provides the functions title, x1abel, ylabel, and text for add-
ing labels to plots. These labels can include Greek and special characters by applying the
character sequences as shown in Table A.1. These sequences all begin with the backslash
character (\) and can be embedded in any text string argument to title, xlabel,
ylabel, and text. Subscripts and superscripts may also be applied by using the _
and "~ operators. For example, the sequence V, is written as V. o, and 10° is written
as 1076. If the subscripts or superscripts are multiple characters, then use curly braces
to delimit the string to be subscripted, for example, V,, is generated with V. {out}.

Example A.1
The following MATLAB script shows how to use special characters in a plot.

oe

Example A 1.m

This script shows example usage of special characters in
MATLAB plots.

Plot a 1MHz sine wave over the interval 0<t<2 microsec
= 0:2e-8:2e-6;

fo = leé6;

xout = sin(2*pi*fo*t);

plot (t*le6,xout) ;

title('Plot of sin(2\pif {o}t) for £ {o} = 1076 Hz');
xlabel ('Time (\mus)');

ylabel ('x {out}(t)');

text (1.5,0.3, '\omega = 2\pi \times £ {o}');

o o o

t

499
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Program results
See Figure A.1

1 Plot of sin(2xf,t) for f,=10° Hz

08¢
0.6
0.4+
0.2H
ol
-0.2+
-0.4}
-0.6+
-0.8}

Xout (1)

0O 02 04 06 08 1 12 14 16 18 2

time (1 seconds)

Figure A.1 Example usage of Greek letters, special characters, subscripts, and
superscripts in a MATLAB® plot.
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Table A.1  Special Symbols for Use in MATLAB® Plots

Character Character Character

Sequence Symbol | Sequence | Symbol Sequence Symbol
\alpha a \upsilon v \sim ~
\beta p \phi ¢ \leq #*
\gamma y \chi X \infty 0
\delta \psi 7 \clubsuit -
\epsilon € \omega 10} \diamondsuit .
\zeta ¢ \Gamma r \heartsuit v
\eta n \Delta A \spadesuit a
\theta 0 \Theta [¢) \leftrightarrow P
\vartheta 9 \Lambda A \leftarrow «—
\iota 1 \ X1 = \uparrow 1
\kappa K \Pi I1 \rightarrow —
\lambda A \Sigma > \downarrow 1
\mu u \Upsilon Y \circ °
\nu v \Phi @ \pm +
\xi & \Psi v \geq >
\pi T \Omega Q \propto o
\rho p \forall \vd \partial 9
\sigma c \exists 3 \bullet °
\varsigma c \ni E) \div +
\tau T \cong = \neq +
\equiv = \approx =~ \aleph X
\Im S \Re R \wp §
\otimes ® \oplus @) \oslash 1)
\cap e \cup U \supseteq o)
\supset =) \subseteq c \subset c

(continued)
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Table A.1 (continued) Special Symbols for Use in MATLAB® Plots

Character Character Character
Sequence Symbol | Sequence | Symbol Sequence Symbol
\int | \in c \o o
\rfloor | \lceil [ \nabla v/
\1floor L \cdot . \1ldots
\perp 1 \neg - \prime ’
\wedge A \times X \ 0 17}
\rceil 1 \surd ~ \mid |
\vee v \varpi w \copyright ©
\langle ( \rangle )

Reference

1. Knuth, D.E., The TeXbook, Addison Wesley, New York, 1984.



Appendix B: Derivation
of the Heat Transfer
Equation in Solids

B.1 Heat Flux Vector and Fourier’s
Heat Conduction Law

1. Heat transfer is thermal energy in transi.
2. The heat conduction equation provides the means for determining the
following:
A. The temperature distribution in a solid
B. The time it takes to transfer a specified amount of heat
C. The amount of heat transferred in a specified period of time

Heat flow can be represented by the heat flux vector, q, which is defined as follows:
Select As, to be perpendicular to the heat flow direction, then ‘(_:i‘ = the rate that
heat flows through As, per unit surface area, and q points in the direction of heat
flow (see Figure B.1a).
If AQ is the rate that heat passes through As, then

L AQ
4|= Im e (B.1)

If the surface area, As, is not perpendicular to the direction of heat flow, then the
rate that heat flows through As, say, AQ, is given by

AQ =§-é,As=gG-AS (B.2)

where As = A, and €, is a unit vector perpendicular to surface As (see Figure B.1b).
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q ™

Heat flow line

Heat flow direction

I
A

Figure B.1 (a) Heat flux vector,q. (b) Heat flow through an arbitrarily-oriented
surface As. (c) Relation between As and As,.

From Figure B.1c, it can be seen that
As =Ascosy =Asé, &= As - &, (B.3)

where €, is a unit vector pointing in the direction of heat flow.
The heat flow, AQ, through As is the same as the heat flow through As, (see
Figure B.1b). Thus,

AQ =|g/As =|qlé,-AS=G-AS (B.4)

For a finite surface area,

0 =”q-d§ (B.5)

There are a large class of materials that obey Fourier’s heat conduction law, which is

G=-kVT (B.6)
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where
k is the thermal conductivity of the material
VT 'is the gradient of the temperature

In Cartesian coordinates

vr 9T 49T ;9T ¢ (B.7)
0% dy

where €, €, €, are unit vectors in the x, y, z directions, respectively. The significance
of the gradient at point P, is that its magnitude is the maximum rate of change of
the variable with respect to distance at point P and it points in that direction. So
Fourier’s heat conduction law states that heat will flow down the steepest tempera-
ture hill available at a particular point.

B.2 Heat Conduction Equation for Stationary Solids

The heat conduction equation is based on the first law of thermodynamics and Fourier’s
heat conduction law. The first law of thermodynamics will be discussed first.
First Law of Thermodynamics:

For an arbitrary system (region) within the continuum,

The rate of increase in the total energy in the system = the rate that heat
is added to the system plus the rate that heat is generated within the system +
the rate of work done on the system.

We only need to consider energy forms within the system that change during the
process. If any of the following phenomena occur within the material: electric cur-
rent, chemical reactions, and nuclear reactions; then changes in these energy forms
need to be accounted for. When this occurs, the work term is not zero and addi-
tional constitutive laws are needed. Since all these processes result in a conversion
of some energy form to internal (thermal) energy, the process is accounted for by
including a heat generation term in the first law of thermodynamics. Under these
conditions, the work term for stationary solids in the first law of thermodynamics
is zero.

We now apply our statement of the first law to the infinitesimal volume shown
in Figure B.2.

Note: Evaluate surface terms at the centroid of the surface and evaluate volume
terms at the centroid of the volume. The heat flux vector, g, can be decomposed into
its components; that is, § = g.€x + g€y + q.€,.
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I L Glsy)
y e,(sg)
| e
o |+ -
5 &,(s)) 5 Py | &)
X
én(ss)‘{ Az
‘ - Ax 1—
An(s4)

Figure B.2 Infinitesimal volume in Cartesian coordinates.

The surface areas As; through As,, the unit normal vectors, and the coordinates
of the area centroids of the infinitesimal volume shown in Figure B.2 are given in
the following table:

Surf. | Area Coord. of Centroid

o>

S, AyAz &, (x+%,y,z,t)

S, AyAz | —&

S5 AxAz | &

S, AxAz | —&

x,y+7y z/t)

Ss AxAy | &,

)
|

S AxAy | —€, (xy,, Azz,t

Applying first law to infinitesimal system shown gives

6
) - S
[ato:u)] AMAZ= - Y § (5.8 ()8 + gx y20Apz  (BS)
(xy.29 m=1
where
u is the internal energy per unit mass
g is the rate of heat generation per unit volume by internal heat sources
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The summation term is evaluated as follows:

R R R A . A
q(s,9-€,(s)As = q(x+ TX’ v z,t)-eX AyAz = q,{(x-k 7x’ Y Z,t)AyAz (B.9)

. . , A \ A
q(s,9-€n(s)As = q(X—zx, ¥ z,t) (—éx) AyAz= —%{(X—zx, v z,t)AyAz

(B.10)
Similarly,

o o Ay
q(s,b-¢€,(s)As = x,y+7,z,t AxAz (B.11)
- o Ay
q(s,9-€.(s)As =—ql ¥ y—7,zt AxAz (B.12)
- 5 Az
q($>@'en(S)A$=qz(xy,z+2,t)AxAy (B.13)
o - Az
q($,ﬂ'en(%)A$=—qz(xyz—2,t)AXAy (B.14)

Applying Equations B.9 through B.14 to Equation B.8 and dividing both sides by
AxAyAz gives

[a(ru)] __ q(x+(A%/2),y 2t — q(x—(A%/2), 2 1)
0 (1320 Ax

s q(x y+(Ay/2), 29— q(x y—(Ay/2), 29
Ay

N a(x yz+(Az/2),Y - q(x y,z2—(Az/2),1)
Az

+quzﬂ}

(B.15)
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Taking limits of Equation B.15 as Ax — 0, Ay — 0, and Az — 0 on both sides of

the equation gives

d dq, 99, odq .
= S L ST a2 =-V. .
at(ru) { 9% + oy + % +g q+g (B.16)

From vector calculus

A=Al D é,+R, ¢

v.i=9Rs 0By OB

0x Jdy 0z
vp =90 490, 9T,
Cox 9y Y 9z ¢
Applying Fourier’s heat conduction law,
q=-kVT (B.17)
V.§=-V (kVT) (B.18)
d(,dT d0(,dT d(, 0T

Vig=— —|k— [+ k— |+ —| k— B.19
1 {ax( 8x)+8y( ayJ+az( az)} (B.19)

Also, u = ¢,T; where ¢, is the specific heat at constant volume.

For solids and liquids, ¢, = ¢ =c

Since £, p, and ¢ are mild functions of temperature, they frequently are taken
as constants (especially if analytical techniques are used to solve the problem). The
preceding equation becomes

13T_{3”T 9T BZT}JF (B.20)

adt |ox oy oz

where 4 is the thermal diffusivity of the material = £/pc.



Appendix C: Derivation
of the Beam Deflection
Equation

C.1 Internal Moment, Stress, and Deflection

A horizontal beam subjected to a load will deflect from the unloaded condition as
shown in Figures C.1a and C.1b. The internal moment, A, about the z-axis at any
section is determined by

M = [[s.(pyan (€1

A

where 6,(y) is the normal stress at position 7 at the cut section and y is measured
from the neutral axis of the section. A is the cross-sectional area of the beam. The
neutral axis is a section on the beam that does not elongate or shorten during the
bending process.

Assuming that 6,(7) and y are positive, M would be in the clockwise direction
(see Figure C.1c). For deflection analysis, the moment, M, about the z-axis is con-
sidered positive if the moment at a section is counterclockwise. Therefore,

Mo == [s.yam €2)

The beam deflection with a positive M, will cause an element with a negative 7 to
elongate and an element with a positive 7 to shorten. Consider the section between
x and x + Ax before bending. Element GH and element NS, where VS lies on the
neutral axis (see Figures C.1d and C.le), are the same length, Ax. After bend-
ing the element, GH becomes G'H’ and element NS becomes N'S’ (see Figure C.1e).
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Before load

(a)
After load

(b)

(c)

Figure C.1 (a) Beam before being loaded. (b) Beam after being loaded. (c) Stress
at beam section.
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| Ax N

] B P

N S (GH=NS)

After bending, N'S’= NS
(Neutral surface does not elongate)

N'S'=pA0
G’
N
(e) Neutral axis
¥y
A
()
a
Neutral axis My
! . .
a
A,

()

Figure C.1 (continued) (d) Beam element GH before beam being loaded. (¢) Beam
element GH after beam being loaded. (f) Section stress distribution.



512 m  Appendix C: Derivation of the Beam Deflection Equation

But length N'S" = length NS = length GH. The section will be curved with a radius
of curvature p, which varies with position x (see Figure C.1e). Elongation of element
GH is given by

GH'-GH =(r—yAg-NS=(r-yAqg-rAgq
Then the strain, €,(y), is given by

e(3)= (r-yAq-rAq _ ¥ (C.3)
rAg r

Hook’s law relates strain to stress as follows:
1
eng[sx—u(sy+sz)] (C.49)

where E'is Young’s modulus and u is Poisson’s ratio. For the beam problem, ¢, and
o, are negligible, if not zero. Thus,

s.(9)=-EY (e5)
r
(see Figure C.1f). Substituting Equation C.5 into Equation C.2 gives

M, :iJ;J.yZdAzEI (C.6)

r

where [/ is the moment of inertia of cross-sectional area, A.
The curvature, K, of the deflection curve is given by

d’y M, (C.9)




Appendix D: Proof of
Orthogonal Relationship
of the cos(4,x) Functions

In Section 13.2.2, we demonstrated that the cos(1,%) functions satisfied the
differential equation

F’+1°F=0 (D.1)

and the boundary conditions
F’(0) =0 (D.2)
F'(L)+ %F(L) =0 (D.3)

Let £ =cos(1,x) and £, = cos(1, %)
Both functions f, and f,, satisfy the ODE, that is,

£ +17£=0 (D.4)

£+ 1. £ =0 (D.5)

Each function satisfies the boundary conditions, that is,

£ (0)=0 and £ (0)=0 (D.6)

513



514 m  Appendix D: Proof of Orthogonal Relationship

£/ (L)+£ £(@)=0 and £ (L) +£ £(1)=0 (D.7)

Now multiply Equation D.4 by £,, and Equation D.5 by f, and subtract the second
equation from the first giving

(B &+ 65) - (£ +1.££)=0 (D.8)
or
L8 -£8 =(la-1)EE (D.9)
But
L= sgr gy (D.10)
dx
and
L=+ g8 (D.11)
ax
Then
S(eE-£0)-5% -5¢ (D.12)

Substituting Equation D.12 into Equation D.9 gives
d ’ 4 2 2
&(%ﬁ—ﬁ%)=(lm—ln)ﬁ% (D.13)

Multiplying both sides of Equation D.13 by dx and integrating from 0 to L gives

Ld ’ 4 _ 2 _q2 f
j&mﬁl—fnmdx—(lm ln)_(!.ﬂlﬁndx (D.14)

0
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or

(12 — 12 )J‘cos(lnx)cos(lm xX)dx

0

= LD & (@) - £(@0) & (L) - £(0) £(0) + £(0) £(0) (D.15)

But £/(0)=0 and £ (0)=0 and
£(L) £ (L) - £D)E (L)=— fm<L>§ £(L)+ fn<L>§ £(@L)=0 (D.16)
Thus,

L
(12 -17 )Jcos(lnx) cos(1, X)dx =0 (D.17)
0
If

L
m #n then (12 —12)#0 and jcos(lnx) cos(1l, x)dx=0 (D.18)
0

This demonstrates that the functions cos(1,x%) for » = 1, 2, 3, ... are orthogonal.
L
If m = n, then (12 —12)=0and J- cos* (1, X)dx= 0 need not be zero.
0

From integral tables, we can determine that

J.cos2 (1, x)dx= (L+ sin(ln L)cos(lmL)) (D.19)
2 21,

0






Appendix E: Getting
Started with MATLAB®
Version R2012a

E.1 MATLAB® Updates

Mathworks normally updates their version of MATLAB® twice a year. In 2012,
Mathworks introduced MATLAB version R2012b whose desktop is very different
from the previous MATLAB version R2012a. Thus, getting started with MATLAB ver-
sion R2012a and earlier versions is very different than getting started with MATLAB
version R2012b. Sections 2.2 and 2.3 in Chapter 2, which discuss the MATLAB win-
dows and constructing a script in MATLAB, are based on MATLAB version R2012b.
Since many students may still be using an earlier version of MATLAB, this appendix
discusses getting started with MATLAB version R2012a in this appendix.

E.2 MATLAB® Windows

Under Microsoft Windows, MATLAB may be started via the Start menu or by
clicking on the MATLAB icon on the desktop. Upon startup, a new window will
open containing the MATLAB “desktop” (not to be confused with the Windows
desktop), and one or more MATLAB windows will open within the MATLAB
desktop (see Figure E.1 for the default configuration).

The main windows are the Command Window, Command History, Current
Folder, and Workspace. You can customize the MATLAB windows that appear
upon startup by clicking on the Deskzop option in the menu bar and in the drop-
down menu that follows, checking or unchecking the windows that you wish to
appear on the MATLAB desktop. Figure E.1 shows the Command Window (in the
center), the Current Folder Window (on the left), the Workspace Window (on the
top right), the Command History window (on the bottom right), and the Current
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Figure E.1 MATLAB® default desktop.

Folder box (in the icon Toolbar, second from the top, just above the Command
Window). These windows and the Current Folder box are summarized as follows:

B Command Window: in the Command Window you can enter commands and

data, make calculations, and print results. You can write a script (program)
in the Command Window and execute the script. However, writing a script
directly into the Command Window is discouraged because it will not be
saved, and if an error is made, the entire script must be retyped. By using the
up arrow (1) key on your keyboard, the previous command can be retrieved
(and edited) for reexecution.

B Command History Window: This window lists a history of the commands that
you have executed in the Command Window.

B Current Folder Box: This box lists the present (or active) Current Folder (also
called the “Current Directory” in older versions of MATLAB). 7o run a
MATLAB script, the script needs to be in the folder listed in this box. By click-
ing on the down arrow within the box, a dropdown menu will appear that
contains the names of folders that you have previously used (see Figure E.2).
If the folder containing the script of interest is not listed in the dropdown
menu, you can click on the adjacent little box containing three dots, which
allows you to browse for the folder containing the program of interest (see
Figure E.3).
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0.7854

> X = 30;
>> w = sind(x)

W=

0.5000
lear:?

»>»> z = atand(1.0) cle;
= pij2;
2= sin(x)
atan{1.0)

Select a file to view details

Select a file to view details

ain(x)
atan (1.0)

Figure E.3 Dialog box for selecting folder containing program of interest.
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Figure E.4 Opening up the Script window.

B Current Folder Window (on the left): This window lists all the files in the
Current Folder listed in the Current Folder box. By double-clicking on a file
in this window, the file will open within MATLAB.

B Script Window (also called the Editor window in older MATLAB versions):
To open this window, use the File menu at the top of the MATLAB desktop
and choose New and then Script (or in older versions of MATLAB, click on
New M-File) (see Figure E.4). The Script Window may be used to create, edit,
and execute MATLAB scripts (programs). Scripts are then saved as M-Files.
These files have the extension .7, such as heat.m. To execute the script, you
can click the Save and Run icon (the green arrow) in the Script window (see
Figure E.5) or return to the Command window and type in the name of the
program (without the .7 extension).

E.3 Constructing a Program in MATLAB®

The following list summarizes the steps for writing a MATLAB script:

1. If available, start the MATLAB program by double-clicking on the MATLAB
icon on the Window’s desktop. If not available, go to the Window’s Start menu,
click on A/l Programs, find the MATLAB program among the list of available
programs and double-click on it. This will open up the MATLAB desktop.
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Figure E.5 Script window.

NS

. Click on New Scripr in the File menu. This brings up a new Script Window.
. Type your program into the Script Window.
. Save the script by clicking on the Save icon in the icon Toolbar or clicking on

File in the menu bar and selecting Save in the dropdown menu. In the dialog
box that appears, select the folder where the script is to reside and type in a file
name of your own choosing. It is best to use a folder that contains only your
own MATLAB scripts.

. Before you can run your script, you need to go to the Current Folder box at

the top of the MATLAB desktop, click on the down arrow, and in the dropdown
menu, select (or browse to) the folder that contains your new script. If you
try to run a script from a folder that is not listed in the Current Folder box,
the MATLAB Editor will bring up a dialog box that gives you the option to
change the folder listed in the Current Folder box or add your new folder to
the MATLAB path.

. You may run your script from the Script window by clicking on the Save

and Run green arrow in the icon Toolbar (see Figure E.5) or alternatively,
from the Command window by typing the script name (without the .m
extension) after the MATLAB prompt (>>). For example, if the program
has been saved as heat.m, then type heat after the MATLAB prompt (>>),
like this:

>> heat
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Figure E.6 Product Help window.

If you need additional help on getting started, you can click on Help in the menu
bar in the MATLAB window and then select Product Help from the dropdown
menu. This will bring up the help window, as shown in Figure E.6. By clicking
on the little “+” box next to the MATLAB listing in the left window, you will get
additional help topics, as shown in Figure E.7.

Once you select one of the help topics, the help information will be in the right-
hand window. You can also type in a topic in the search box to obtain information

on that topic.
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Getting Started

The MATLAB® high-performance language for technical
computing integrates computation, visualization, and
programming in an easy-to-use environment where
problems and solutions are expressed in familiar
mathematical notation. You can watch the Getting Started
with MATLAS video demo for an overview of the major
functionality. If you have an active Internet connection, you
can also watch the Working in the Development
Envircnment video demo, and the Writing 2 MATLAB
Program videa deme. This collection includes tha following
topics:

Introduction Describes the components of
the MATLAB system

How to use MATLAS to
generate matrices and pearform
mathematical operations on
malrices

Matrices and Arrays

Figure E.7 Selecting MATLAB in the Product Help window.
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