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1  Week 1: Chemistry and Algebra 1

1.1 Introduction

This is the revised edition of Introductory Maths for Chemists (Parker 2011). The three books; Introductory
Maths for Chemists, 2nd edition, (Parker 2013), Intermediate Maths for Chemists (Parker 2012) and
Advanced Maths for Chemists (Parker 2013) are tutorial workbooks intended for first year undergraduates
taking a degree in Chemistry or a Chemistry-related subject such as Chemical Engineering, Chemical
Physics, Molecular Biology, Biochemistry or Biology. The texts may also be very useful for final year
school or college students prior to them starting an undergraduate degree and also to their Chemistry
teachers and lecturers. The text is published as three books in order to reduce file size and make handling
on a laptop or tablet computer much easier. Introductory Maths for Chemists roughly covers the first 8
weeks of semester 1; Intermediate Maths for Chemists the remainder of semester 1 and the beginning
of semester 2; and Advanced Maths for Chemists the rest of semester 2. They each have chapter heading
such as Week 1, Week 2 and so on. This is purely to help you self-pace your work on a weekly basis.

Introductory Maths for Chemists is organized on a weekly basis. Go through the questions and work out
the solution yourself on paper then check your solution. I give a full solution to show you the method
of solving the problem. To begin with the solution gives every single step but as you progress through
the workbook the explanations become less detailed. When you do finally cover the chemistry involved
in the examples during your Chemistry degree you won't be blinded or scared by the Maths - as by then
you will be happy playing around with equations.

One final comment. A common mistake of many students is thinking you need to memorize all the
equations you come across in any area of the subject. This is impossible and I know that I, or any other
member of staff, can’t remember them. There are a very small number of equations that become familiar
simply by usage and which you remember without really having to try. All the rest comes from being
able to apply your Maths to these familiar equations (or to the equations supplied in an exam or from

a textbook) and this enables you to get to your target.

1.1.1 Why Do Chemists Have To Do Maths?

Maths is a convenient and fast shorthand language that summarizes the details of a particular topic of
Chemistry, it is the language of Chemistry. Maths is also the underlying language of all the Sciences,
Engineering, Economics and many other subjects. So we won’t be able to become really fluent in Chemistry

until we understand its “shorthand” language.
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1.1.2 How The Workbook Is Structured

At the beginning of your university Chemistry degree you may find that many of the chemistry examples
used in this workbook have not yet been covered in your Chemistry course. Don’t worry we are trying to
understand the Maths at the moment not the Chemistry, and the Chemistry details will come later as you
progress in your Chemistry degree. Just treat these examples as Maths examples, which is what they are,

and solve the Maths. The Chemistry will add meaning to the Maths, which is otherwise a bit abstract.

1.1.3 Physical Quantities

We start with reviewing Chemistry and Maths, this is spread over Weeks 1 and 2 and covers the underlying
skills that all Chemists should be good at and which needs some practice. Some of this material you

might have covered before but stick in there as it is vital to the rest of your degree course.

In your Maths lessons in school or college the variables used were probably x and y and angles 6 or
a as these are the general symbols used in Maths. But in science and engineering all the variables we
use are physical quantities, such as mass, length, time, force, work, enthalpy, entropy and so on. These
physical quantities usually have a conventional symbol agreed by usage of the international community
of scientists. These symbols are used in the Maths equations describing the phenomenon of interest. A
few examples of the symbols used for physical quantities are m for mass, ¢ for the velocity of light and
E for energy. These come together in the equation that everyone has met, even if we may not be quite
sure what it means exactly, E = mc? In Maths this is equivalent to y = ax* which could apply to many
situations, however, E = mc* only applies to the specific process of converting mass into energy. So this
book will get you accustomed to using Maths in the real world of manipulating equations made up of

physical quantities written in the accepted scientific way.

Physical Quantity = pure number | X units )

Physical quantities consist of two parts, a pure number and a unit, which are inseparable. An example
would be ¢ = 2.998x10° m s~ where ¢ is the symbol for the velocity of light. In order to clearly distinguish
the three parts of the above equation, the physical quantity (or its symbol) is written in italics and the
number and the units are in roman (upright) font. Don’t worry too much about hand written material

but for typed material it should be done correctly.

For units named after people such as Sir Isaac Newton or Lord Kelvin; when we refer to the person
then their name has an initial capital (Newton or Kelvin) but the unit name is all lower case (newton or
kelvin) and the symbol for the unit is initial capital of one or sometimes two letters (N or K). The use of
initial capital for units has a few exception (for historical reasons) e.g. the second (s), the kilogram (kg)
and centimetre (cm). When we substitute a physical quantity for its symbol into an equation we must
substitute both the number and the units into the equation, they are inseparable, they go together like

the two sides of a piece of paper.
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1.14 Linear or Straight Line Graphs

Straight line graphs are important in science and are very common. Linear graphs are particularly useful
as being strong evidence that the Maths really does model the Chemistry, they are much easier to use
in this way than curved graphs. They also allow you to spot any “rogue” or outlying experimental data

points. A linear equation is of the form.

y=mx+c

Where x and y are the variables, m is the gradient of the line (how quickly y increases, or decreases, as x
is increased), and c is the intercept on the y-axis (the “offset” that y starts with when x = 0) as in Fig. 1.1

(the data points are not shown for clarity).

161"
12+
8..
4.-
intercept ¢
0 L L L L } x.;__
0 2 4 6 8 10

Figure 1.1: definition of the intercept and gradient for linear graph of y = mx + c.

The vertical axis is the y-axis and the horizontal axis is the x-axis. Whatever the names that are used for
the variables in a particular situation, we should always say “plotting y against x” or “plotting y versus x”
where the variable names are used instead of y and x. Once you have used your judgement to draw the best
straight line (e.g. using a transparent ruler) then the equation of the best straight line is found as follows.
Using the line itself not the data points, otherwise what was the point of drawing a best straight line, pick
two positions on the line, one near the left hand side and one near the right hand side, shown in blue in
Fig. 1.1. They are, respectively, (x,, ;) and (x,, y,) which I have measured from the full-sized hand-drawn

graph to be (1.5, 4.25) and (9.0, 15.5). These two points give two simultaneous equations for y = mx + c.

(x,, ) =(1.5,425) 425=15m+c
(x5, ,) =(9.0,15.5) 155=9.0m+c

Subtracting the two simultaneous equations gives us the gradient m

11.25=75m m=1.5
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and adding the two simultaneous equations and using our value for m from above, we have

19.75=1.5%x10.5 + 2¢ c=2.0

The equation for our straight line is thus

y=15x+2.0

In exams you will need to be able to manually plot a graph on graph paper and find the equation of the
line. Computers, phones, and graphic calculators are not allowed, so practice with some of the tutorial

questions!

Quite often the data is such that the graph has a very large intercept, not like Fig. 1.1, then it is necessary
to plot the graph with the intersection of the axes not at the origin (0, 0) but at a more convenient point.
Also the scale of the axes must be adjusted so the data points occupy a reasonably large area (about half
an A4 page in portrait mode is a useful size). Then the only way to obtain gradients and intercepts is by

finding the equation of the line as in the above method.

In Chemistry often the equation that models the chemical behaviour is not a straight line function and
then Maths is necessary to rearrange the equation to obtain a linear function that can be plotted as partial
evidence that the original model actually agreed with the experimental data. Fig. 1.2 has a typical plot
of data from a rearranged Arrhenius equation (which we discuss later). Firstly, notice how the axes are

labelled as pure numbers.

Note that we plot the physical quantity divided by the unit
It is always a pure number that is plotted

Table headings just like axes of graphs and the table entries should always be written as
physical quantity divided by unit
The table headings and entries consists only of pure numbers
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

Figure 1.2: In(k/s™") versus (1/T)(10° K).

Secondly, note the scales and the intersection of the axes.

The graph axes should be scaled so that the data points fill most of the available space,
this may require the axes of the graph to be moved so they don't intersect at (0, 0).

As the origin (0, 0) is now along distance away from your plotted data points,
you should ot try to find the intercept of such a graph by extrapolation,
but only by finding the equation of the line you draw.
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Thirdly, and perhaps a little confusing at first sight, is the fact that the x-axis in Fig. 1.2 is the reciprocal
of temperature (1/T) and it is multiplied and not divided by a numerical factor. A lot of people have
problems with this type of reciprocal labelling of axes, so I am going to spent some time going through
it step by step. Let us take the temperature T' = 300 K as an example for our x-axis labelling.

1 1

_ 1 _ 1 -1
T =300 K T = 300K T =0.003333K

1 o3333x(107k) L+(107K)=3333
T T

The x-axis could be labelled as in above-right, however, it is more clearly understood and more easily

used in later processing of results when written in the following way

(%)(103 K)=3.333

The y-axislabel is easier to understand, we take the natural log of the pure number (k/s™") to give In(k/s™)

which is also a pure number. For Fig. 1.2 the best manual straight line (y = mx + ¢) is y = =9.98x + 28.7.

= iy __Infk/s™ =998 m= Inl£/s7) = -9.98x10°K
* (i)(loﬁ() ‘L'
T T

For the Arrhenius equation we will discover that the gradient equals —E, /R where R is the gas constant

and E, is the activation energy. So from the gradient we can obtain the activation energy E..

— Ea _ 3 _ 3 -1 -1
m=—t=-998x10°K  E,=—(-998x10 K)(8.314 JK " mol

a

E,=82.97%10’Jmol™' =82.97 kJ mol ™

From the equation of the best straight line for Fig. 1.2, the intercept ¢ = 28.7 and because the intercept
is defined as where the line meets the y-axis thus the intercept has the same units as the y-axis. From
the Arrhenius equation the intercept is equal to ¢ = In(A). Don’t worry too much if at the moment you

are unsure of logs and antilogs as we will cover all of that area in Week 3 of this book.

c=In(dls)=287  Als"'=291x10°  A4=291x10"s"
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Thus equation of the line in Fig. 1.2 is

+ C

+ In{2.91x10"

y = m

n(k/s™') = [-9.98x10°K]

N|— =

1.1.5 Suggested Textbooks

Introductory Maths for Chemists may be used with any Maths textbook, however, the students and I found
the textbook (Stroud and Booth 2007) very useful. Despite its name of Engineering Mathematics Stroud
and Booth’s book covers all the Maths needed by all the sciences and engineering subjects. Introductory
Maths for Chemists gives chemical examples of the Maths concepts. If you want to look up any first year
chemistry then any General Chemistry textbook is useful but the textbook (Blackman, Bottle, Schmid,
Mocerino and Wille 2012) is excellent. For later on in your course then both (Atkins and de Paula
2009) and (Levine 2009) have many examples of the interplay between Chemistry and Maths mainly
in Physical Chemistry.

1.2 Week 1 Tutorial Questions

Remember you should work out your own solution on paper then check your solution and the method
used. The solutions detailed here are only one way of achieving the result, don't worry if you arrive at

the answer by a slightly different route as long as you are consistent and the answer is the same.

1.2.1 Question 1: Electromagnetic Radiation and Molecular Spectroscopy

Chemists use spectroscopic analysis all the time in the lab to determine what molecules are present
in a sample and what are their concentrations. Spectroscopy is also used as a tool to understand the
structure and reactions of molecules. Light, or electromagnetic radiation, consists of a moving wave
of electric and magnetic fields which are at right angles to one another and also at right angles to the
direction of travel, see Fig. 1.3 which for clarity only shows the electric field. In order to be able to use
spectroscopy in chemistry we must understand light along with the Maths equations which summarize

the properties of light.

A electric field a/m

—~f——
\//\\//\\/ distance travelled/m

y =sinx

Figure 1.3: the oscillating electric field of light.
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

The wavelength A (Greek letter “lambda”) is the distance between equivalent points on neighbouring
waves. The correct symbol for frequency is v (Greek letter “nu”) and it is the number of complete waves
which pass a fixed point in a second, the units are “per second” or s™' (sometimes called hertz). The

velocity of light ¢ = 2.998x10® m s™ is related to its wavelength and its frequency by

c=Av

If a molecule absorbs light at a frequency of v=2.78x10"s™" determine the wavelength A of the light.

Jump to Solution 1 (see page 20)

1.2.2 Question 2: The Concentration of Molecules in Solutions

Chemists routinely need to know and alter the concentrations of solutions in the lab. The concentration
of a solute is c mol L™ and is given in terms of the number of moles of the solute, n mol, and the volume
of the solution, V, measured in litres, symbol L. The SI unit of volume is the metre cubed m® which is
1000 L, however, chemists often use the sub-multiple unit litre as it is more convenient than the cubic

metre. The litre, L, is identical to the decimetre cubed, dm?.

c="1

V
Ijoined MITAS because L,
I wanted real responsibility www.discovermitas.com

I'was a construction
SUPErvisor in

the North Sea
advising and

e Lelping foremen
% solve problems
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If 5 mL of a 0.1 mol L™! aqueous solution is diluted with 10 mL of water, calculate the concentration of
the new solution. Note that mL is the correct symbol for millilitre or one thousandth of a litre L (rather

than the old-fashioned symbol ml which is still commonly seen).

Jump to Solution 2 (see page 21)

1.2.3 Question 3: Chemical Equilibrium

Some chemical reactions may have come to an equilibrium,

A+2B+=3C+2D

At a given temperature this reaction will eventually come to equilibrium, the double half-arrows indicate
that both the forward reaction and the reverse reaction are still occurring simultaneously and the rates
of the forward and reverse reactions have become equal at equilibrium. Once the reaction has reached
equilibrium the concentrations of the reactants and products are then constant and are related to one
another by the reaction’s equilibrium constant K which is characteristic of the reaction at that temperature.
For solutions, the concentrations (e.g. c,) are conventionally written as a pure number, with the molecule’s

symbol in square brackets, e.g. [A], times the units of mol L.

)= [A]mol L™ Cy = [B]mol L™ Cc= [C]mol L™ cp = [D]mol L™
3 2 1 3 1 2
Cc| | £n [C]mol L [D]mol L
1 mol L' 1 mol L'
c 2 Kc = 2
-1 -1
ca |l s [A]mol L™" |[ [B]mol L
i\ cn Il mol L™ Il mol L™

In the equation for K_ each concentration is divided by its own standard state concentration. We use as
the symbol for standard state a superscript degree which is pronounced as “naught”, “zero” or “standard”.
For solutes, the standard state concentration are e.g. ¢’ = 1 mol L™". The units will cancel out to give
the pure number “dimensionless concentrations” e.g. [A]. So Kc the equilibrium constant must also
be dimensionless. In chemical equilibria each of the concentrations is raised to the same power as its

stoichiometric coefficient.

_ [c][pf
= TallBP

Cc
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Firstly, for the above equilibrium reaction calculate the value of the equilibrium constant K_ in a solution
where all four of the concentrations are equal to 0.1 mol L. Secondly, calculate the new concentration
of [C] if we alter the concentrations to [A]=0.2 mol L', [B]=0.15mol L " and [D] =0.25 mol L'?

Jump to Solution 3 (see page 22)

1.24 Question 4: Heats of Reaction and Temperature

The enthalpy change for a chemical reaction is AH; at temperature 7; and AH, at temperature 7>. In
science we always show a change in a variable as final minus original. So the change in temperature is

T>— T which leads to a change in the reaction enthalpy of AH,—AH,.
AH,—AH,=C,|T,~T,|

The constant C, shows how sensitive the reaction enthalpy is to a change in temperature and C, is called

the heat capacity at constant pressure. Rearrange the above equation to get 7} as the subject of the equation.
Jump to Solution 4 (see page 23)

1.2.5 Question 5: Kinetics of a Complex Chemical Reaction

The reaction at high temperature between H, and Br, molecules in the gas phase gives HBr molecules.

Figure 1.4: HBr, H = grey, Br = red.

Studying the chemical kinetics of this reaction, chemists have found that the rate of formation of HBr
molecules v is as given below where k and k' are parameters which only depend upon the temperature of
the reaction. The symbol v for rate of reaction (“vee” as in velocity) should not be confused with the Greek
letter v (“nu”) with the context removing any confusion. The concentration of e.g. H, is [H>] mol L™ but

for clarity reaction rate equations are usually written without the units being explicitly shown.

k [H,][Br,]”

" TBr,J+k [HBr]
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

Firstly, rearrange this equation for plotting as a straight line graph of 1/v against [HBr] by first taking
reciprocals of both sides. Then simplify the right hand side of the new equation to get the final form
which is ready for a linear plot. Second, what are the gradients and intercepts of this equation?

Jump to Solution 5 (see page 23)

1.26  Question 6: Non-ldeal Gases
The van der Waals equation below, models the behaviour of many non-ideal gases over wide pressure

and temperature ranges.

2
p+ nV? )(V—nb) =nRT

Where p is the pressure; V the volume; T the temperature; n the number of moles of gas; R is the gas
constant R = 8.314 ] K' mol™; and a and b are constants which have characteristic values for a given
molecule. The constant a reflects the attractive London dispersion forces between the molecules, this
reduces the pressure exerted on the container walls. The constant b reflects the “excluded volume” of a
molecule. All molecules have a certain radius and other molecules cannot occupy the same space, this
excluded volume has the effect of reducing the available volume for the movement of the molecules.

Rearrange the van der Waals equation to obtain the pressure as the subject of the equation.

ﬁ business
> school 9 3%
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Jump to Solution 6 (see page 25)
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1.2.7 Question 7: Vapour Pressure of Liquids

The gas phase pressure of a liquid is called its vapour pressure p and increases with increasing temperature

of the liquid

AH
R

P
P

In

T2_T1
I\ T,

Where AH .y is the enthalpy of vaporization, the amount of heat required to vaporize a mole of liquid
in its standard state; R is the gas constant; and T, and T, are low and high temperatures having p, and p,

vapour pressures. Rearrange the equation to get T, as the subject of the equation.
Jump to Solution 7 (see page 25)

1.2.8 Question 8: Kinetics of a Second-Order Chemical Reaction

An example of a second-order reaction is the atmospheric reaction between nitric oxide (NO) and
chlorine (CL,). The superscript dots indicate radicals i.e. unpaired electrons. Nitrosyl chloride NOCI is
a yellow gas first described in 1831.

NO"+Cl, = NOCI +CI'

Figure 1.5: nitrosyl chloride N = blue, O = red, Cl = green.

The speed of a second-order chemical reaction

A +B — product

depends on the concentrations of both the molecules A and B. The rate of reaction is summarized by
an equation which includes the following term as part of the equation. Where @, and b, are the initial
concentrations of molecules A and B and x is the change in concentration of both the reactants. Simplify

this expression using partial fractions.

1
(ao— x)(bo—x)

Jump to Solution 8 (see page 26)
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1.2.9 Question 9: Isotope Abundances of Molecules

The binomial formula

is used in chemistry for: (a) calculating the intensities of NMR (nuclear magnetic resonance) lines due
to spin-spin splitting (Pascal’s triangle); (b) in mass spectrometry for calculating the ion abundances
(intensities) for elements with several isotopes; (c) to model the biochemical transition between the
helix and coiled structures of proteins; and (d) in statistical mechanics to calculate the probabilities of a
given distribution of molecules over a set of quantum states. You will meet all of these techniques later

on in your Chemistry degree.

Figure 1.6: propane H = grey, C = dark grey.

The natural abundance of the stable carbon isotopes are *C ~ 1% and "“C = 99%. Calculate the isotopic
abundances arising from just the three carbon atoms in propane (ignoring the H-atom isotopes) by
expanding the binomial formula (1 + 99)" into the first 4 terms. These 4 terms correspond to the relative
amounts of the following four isotopic molecules "*C;Hs, *C,"*CHj, *C'*C,Hs, and ">C;Hs (these isotopic

variants are called isotopomers).

Jump to Solution 9 (see page 27)

13 Week 1 Tutorial Solutions
1.3.1 Solution 1: Electromagnetic Radiation and Molecular Spectroscopy

Rearranging the equation so that the unknown quantity A is the subject of the equation is most clearly

done by dividing both sides of the equation by the frequency v.

c
c=Av —_— = —
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

We say that A is the subject of the equation when it is on the left of the equal sign and is equal to the
rest of the equation. To make this physically meaningful we must substitute the physical quantities,
numbers and units, for the symbols and then cancel the units within any single term. In this case it is s™

that cancels to give the wavelength with the units determined by the correct use of physical quantities.

8 -1
p=f 3= 298X10me
v 2.78x10" 57!

A =1.0784%x10"°m

Return to Question 1 (see page 14)

1.3.2 Solution 2: The Concentration of Molecules in Solutions

The number of moles of the solute remains constant when the concentration is altered by diluting the
solution with more solvent, n is constant as ¢ varies. Rearranging the equation so that the unknown
constant quantity n becomes the subject of the equation and then substituting in the original physical

quantities,

c=  u=cv  n=(01molL"')0.005L)

n=5x10"*mol
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It is usually less confusing to carry out calculations in the base unit, here the L, rather than multiples

or sub-multiples such as the mL.
Return to Question 2 (see page 15)

133 Solution 3: Chemical Equilibrium

Firstly, we need to find the value for the equilibrium constant,

B _[oafo.1T
Ke= Ke= [0.1][0.1

K, =001

Secondly, we rearrange the equilibrium constant equation so that [C] is the subject of the equation. This
is done sequentially by: (1) multiplying both sides of the equation by [A][B]% (2) and then cancelling

out top and bottom within any single term;

k.= LCIOL g app= [CLIOL g me k) = (P

[A][B] fal[Bf

(3) then dividing by [D]* on both sides of the equation and cancelling top and bottom within any single

term;

KJA]B] _ [c['{Bf —[cf

Df tof

(4) writing [C]® as the subject; (5) substituting in the physical quantities; and (6) taking the cube root

of [C]® gives the concentration of molecule C.

= =72x10"*
(0.25)°

[A]IB]* _ 0.01x0.2%(0.15F

As [C] is the symbol for the pure number of the concentration, so the concentration in mol L™ is

[C]=896x107  ¢.=[C|lmolL™"  ¢.=8.96X10 " "molL"'

Increasing the concentrations of [A], [B] and [D] has decreased the concentrations of [C] in order to

maintain the equilibrium constant K_ at a constant value.

Return to Question 3 (see page 16)
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1.34 Solution 4: Heats of Reaction and Temperature

The lower temperature T, is inside the bracket and so we need to multiply out the bracket, rearrange the

equation to get C,7) as the subject and finally divide throughout by C,.

AH, AH,
+—
C C

P P

AH,-AH,=C,T,-C,T, C,T,=C,T,-AH,+AH, T, =T,—

This is perfectly correct but you may also have taken it one step further to the alternative, neater form.

AH,~AH,
C

P

T,=T,

Return to Question 4 (see page 17)

1.3.5 Solution 5: Kinetics of a Complex Chemical Reaction

]3/2

. k[H,][Br, 1 _ [BoJ+k’[HBr] 1 [Br) . k'[HBr]
(BroJ+k/[HBr] v k[m|[Br,” v k[H)][Br[”  k[H][Br)"

We have taken reciprocals on both sides of the equation and then the right hand term can be split into
two terms with the same denominator. The first of these two terms may then be simplified further by
cancelling out [Br:] top and bottom to give a straight line graph (y = ¢ + mx) of 1/v against [HBr] as
in Fig 1.7.

1 1 k'[HBr |

v " k[H,][Br,]”  k[H,][Br)]

3/2
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

(1/v)(mol L "s™")

m=K'/(k[H,][Br,]*?)

¢c=1/k[H,][Br,]?)

[HBr]/mol L™
_—

Figure 1.7: linear graph for H,/Br, reaction.

Return to Question 5 (see page 17)
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1.3.6 Solution 6: Non-ldeal Gases

2
na

P+ (V—nb)=nRT

Sequentially: (1) divide both sides by (V - nb); (2) cancel out within any single term; (3) subtract
(n*a/V?) from both sides; (4) and you may want to put the square terms inside a bracket to tidy up the

rearranged equation.

n‘a _ nRT _ nRT _nza
- V—nb p V—nb 2

p+

Return to Question 6 (see page 18)

137 Solution 7: Vapour Pressure of Liquids

This question is not as easy as it first appears. The method suggested is one of several but with this type

of question it is easy to make a mistake and obtain an incorrect solution, a step by step method is best.

TZ_Tl
I, T,

P
P

_AHS,
R

In

(1) split the term in brackets into two terms; (2) cancel out top and bottom separately for each term

inside the right hand bracket; (3) expand the bracket by multiplying it out;

N 0 LY O B S o'

D R T+ T,
22| =AM (L 1) P AR, A,
D R r, T, D RT, RT,

then (4) rearrange the equation so that the term containing T, becomes the subject; (5) multiply by
R/AH’\,, throughout and (6) then cancelling out top and bottom within each term;

1 _ 1 Rin[p/p|]

T, T, AH®

vap

AHS — AHS
RT,  RT,

P
D

In
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(7) before we can take the reciprocal on both sides we need to bring the right hand side to the common

denominator 71 AH’,;, and finally (8) we can now take reciprocals on both sides of the equation.

1 AH® —RTlln(pZ/p,)

vap

T2 TIAHSap

T, AH®

vap

- AHS—RT,In(p,/p,)

T,

Return to Question 7 (see page 19)

1.3.8 Solution 8: Kinetics of a Second-Order Chemical Reaction

In order to simplify the expression using partial fractions we use two undefined coefficients, A and B,
whose values we shall determine later on. In the partial fraction, note that the sign = means “identical
to” and that an identity is true for all values of x. For an equation, however, the left hand side is only

equal to the right hand side for certain values of x which are called the solutions or roots of the equation.

1 A . B
(ao—x)(bo—x) (ao—x) (bo—x)

Multiply left and right of the identity by (@, — x)(b, — X) and cancel out where possible in any single term.

A (ao—x)(bo—x) .\ B(ao—x)(bo—x)

a,—Xx (bo—x) (ao—x) (bo—x

This identity is true for all values of x. Firstly, to find the unknown constant B we set X = b.

15A(b0—x)+B(a0—x) 15(A><0)+B(a0—b0) B= p ib )
0 0
Secondly, to find the unknown constant A we set x = ay.
1= A(bo—x)+B(a0—x) 1= A(bo—a0)+(B><0) A= (b ia )
0 0

Note that A = —B or
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Introductory Maths for Chemists Week 1: Chemistry and Algebra 1

Substituting these later values for A and B into our original identity for partial fractions (in yellow) gives,

(ao_x)l(bo_x) S ] _(bo—ao)l(bo—x)

(ao—x) (bo—x) B (bo—ao)(ao—x)

Notice the minus sign, we can introduce brackets to clean things up on the right hand side.

1 _ 1 1 _ 1
(ao—x)(bo—x) o by—a, \ ag—x  by—x
Return to Question 8 (see page 19)

1.3.9 Solution 9: Isotope Abundances of Molecules
n
k

The shorthand notation used above is called the “binomial bracket”. There is no dividing line and it

does not mean n divided by k. It is pronounced “n choose k” and by the binomial theorem it is equal to

(Z): k!(:!—k!
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Where a factorial is defined as
n'=n(n—1)(n—2)(n—=3)---1 and by definition 0!= 1

The carbon atom isotopic abundances in propane are found by expanding the binomial bracket below

for the four different isotopomers which “choose” 0, 1, 2, or 3 carbons out of three carbons to be *C.
(1+99) = 1+[3]99+( 3997+ (3 |99°
1 2 3

Expanding the binomial formulae gives

s 31 31, 31
(1+99] = 1+ 1!2!99+2!1!99 + 3!0!99

3X2X1 +3><2><1 2, 3X2X1
I1X2X1 2X1X%1 3X2X1X1

(1499) = 1+ 99°

Cancelling out terms top and bottom within any single term, gives

(1499 = 1+(3%99)+ (3% 997 |+ (1x99°) = 1+(297)+ (29403 +(970299)

In mass spectrometry we normally express the ratios as a percentage of the largest abundance to give
the following predicted mass spectrum. Notice how rarely we would find in our mass spectrometer a
propane molecule with three °C atoms (about one in a million propane molecules). On the other hand,

just over 3% of the propane molecules contain one '*C atom.

13C3H8 13C2 12C H8 13C12C2 H8 12C3 H8
1 297 29403 970299
0.00010%  0.031% 3.03% 100 %

Return to Question 9 (see page 20)
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2  Week 2: Chemistry and Algebra 2

2.1 Week 2 Tutorial Questions
2.1.1 Question 1: Energy of a Single Photon

Chemical spectroscopy and analytical chemistry use light of various types not just visible light but also
other regions of the electromagnetic spectrum. The quantum mechanics view of light is that when it
is treated as a particle it is made up of a stream of photons. The energy of a single photon, E, is the
product of PlancKk’s constant 4 = 6.626x107* J s and the frequency of the light v (“nu”). So this equation
combines the particle view of light on the left hand side (the energy of a photon) with the wave view
of light on the right hand side of the equation (the frequency of a wave), i.e. this equation embodies

wave-particle duality!
E=hv

As mentioned in section 1.2.1 when light is treated as a wave we have an equation that relates the

frequency v and the wavelength A of light to the velocity of light c.

c=Av

Where ¢ =2.998x10°* m s™' is the speed of light. Combine these two equations and calculate the energy
of a single photon of wavelength A = 427 nm (the symbol nm stands for a unit called a nanometre or
10~ m).

Jump to Solution 1 (see page 41)

2.1.2 Question 2: Rates of Chemical Reactions and Concentrations

A+B —> C

A particular chemical reaction has a rate or speed v (“vee” as in velocity) given in terms of the
concentrations of the reactants and products (indicted by square brackets) and the rate constant k. For
clarity we have not included the units in the rate equation, this is the normal convention in kinetic rate
equations purely for clarity. This particular reaction’s rate is experimentally found to depend upon the
square of the concentration of the reactant A, the cube of the concentration of the reactant B and is

inversely proportional to the concentration of the product C.

[A][B]
€]

Vinital = K
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Introductory Maths for Chemists Week 2: Chemistry and Algebra 2

Calculate the rate of reaction if the concentrations of A, B, C are all doubled by finding the ratio of the

final rate of reaction, Vsna,, to the initial rate of reaction viyiar..
Jump to Solution 2 (see page 41)

213 Question 3: The Strength of an lonic Crystal Structure

An ionic crystal MX with M being the metal cation and X the non-metal anion (e.g. Fig. 2.1) has a certain
amount of intrinsic strength that holds the crystal structure together. This is called the lattice enthalpy
AH°,. and is given by the equation,

lattice

0 o o 1 o 0 0
AH lattice — AH formation +AH sublimation + E AH dissociation +AH ionization +AH electron gain

Figure 2.1: a small section of a KCl crystal, K* = purple, CI- = green.
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Introductory Maths for Chemists Week 2: Chemistry and Algebra 2

The other physical quantities in the equation are for the present not important, although you will come
across them early on in your Chemistry degree. Given the following data for potassium chloride crystals

rearrange the above equation and calculate the enthalpy of electron gain AH° for the CI- anion.

electron gain

o o
AH ionization AH electron gain

AH;

dissociation

AH:

sublimation

—-AH;

formation

—437kImol™" +89kIJmol™' +244kJmol™' +418kJmol™' +717kJ mol™

Jump to Solution 3 (see page 42)

214 Question 4: Kinetics of Isomerization

Figure 2.2: isomerization from cyclopropane to propene, H = grey, C = dark grey.

In the Lindemann chemical kinetic treatment of the isomerization of molecule A to its isomer B, as in

the isomerization reaction of cyclopropane to propene, Fig. 2.2, we have
A@B

The double full-arrows indicate that the reactions have not yet come to equilibrium. During the algebraic

manipulation the following kinetic equation is obtained.
kA - k[A*][A] - k[a*] =0

where A* is a reaction intermediate which is chemically different from A and is roughly “half way”
between the structures of A and B. The Lindemann mechanism of isomerization will be covered later
on in your Chemistry lectures. The square brackets indicate concentrations of the different molecules A
and A* involved and for clarity the units have not been shown. Rearrange the equation to get [A*]the

concentration of the reaction intermediate as the subject.

Jump to Solution 4 (see page 43)
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Introductory Maths for Chemists Week 2: Chemistry and Algebra 2

2.1.5 Question 5: Enthalpy of Combustion of Benzene

Figure 2.3: benzene, H = grey, C = dark grey.

When benzene, Fig. 2.3, is combusted it has the following stoichiometric reaction
15
C,H,+ 702 — 6CO,+3H,0

The enthalpy change for this combustion reaction is equal to the sum of the standard enthalpies of
formation AH’ of the products minus the sum of the standard enthalpies of formation of the reactants.
Each enthalpy of formation being multiplied by the stoichiometric coefficient for that molecule. Enthalpy

of formation is covered during your first year of your degree.

=6 A H;(CO,|+3AH;(H,0|— AH?(C6H6)+175AH?(02)

AH:

comb

Rearrange the enthalpy equation to get the enthalpy of formation of benzene as the subject of the equation.

Jump to Solution 5 (see page 44)

2.1.6 Question 6: Hydrogen-Atom Spectroscopy

The Rydberg equation very accurately summarizes the UV-visible electronic spectroscopy that is observed
for the hydrogen atom. It gives the wavenumber o (pronounced “nu bar”) of the light emitted or absorbed

by a H-atom in terms of jumps of the single electron between two quantized energy levels.

Wavenumber (units of cm™ pronounced as “centimetres to the minus one” or “reciprocal centimetres”)

is for the wave nature of light the number of complete light waves per centimetre as in Fig. 2.4.

32
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A electric field 2/m

VY,

Figure 2.4: the electric field of a light wave.

distance travelled/m

y=sinx

The quantized energy levels are called atomic orbitals (AOs) and are characterized by the two principal
quantum numbers #, for the initial AO and #, for the final AO involved in the jump. R, is the Rydberg

constant. Rearrange the equation to obtain #, as the subject of the equation.

Jump to Solution 6 (see page 44)
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2.1.7 Question 7: Chemical Equilibrium and Concentration Calculations

H,+1, = 2HI

Figure 2.5: hydrogen iodide H = grey, | = purple.

The above chemical reaction when carried out at a temperature of 425°C has the I,, HI and H, all in
the gas phase. The chemical symbol of the two half-arrows indicates that the reaction is at a dynamic
equilibrium going in both directions simultaneously. This reaction has an equilibrium constant K_ of
55.64 at 425°C.

If we originally placed 2 mol L' of H, and 2 mol L™ of I, in a flask at 425°C with no HI present, calculate
the equilibrium concentrations of H,, I, and HI when equilibrium is achieved at this temperature?The
way we tackle this type of question is to assume that x moles of H, and I, are consumed in going from the
above original conditions to equilibrium and 2x moles of HI are formed when equilibrium is achieved.

The concentrations at equilibrium are then

H, + I, & 2H
(2-x) + [2—x] =& 2x
2
K, = 25 56

[2—x][2—x]

The rather difficult Chemistry problem comes down to solving the Maths for x in this equation. Solve
this equation in the most efficient manner which may not necessarily be by the use of the quadratic
formula. Then using the chemically sensible value of x from your solution, work out the equilibrium

concentrations for the three molecules.

Jump to Solution 7 (see page 46)
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2.1.8 Question 8: Crystal Structures by X-Ray Diffraction

When a molecule forms a crystalline solid we can use X-ray diffraction to determine the positions of
the atoms within the molecule. X-rays are very short wavelength light with wavelengths of roughly
the diameter, or less, of an atom. The Bragg equation below gives the scattering angles 6 where bright

“reflections” of monochromatic X-rays are detected from layers of equivalent atoms within the crystal.
niA=2dsin(0)

Where A is the wavelength of the X-rays, d is the spacing between the lattice planes of equivalent atoms
in the crystal, 0 is the scattering angle and n = 1, 2, 3, is the order of the reflection (quantum numbers
such as n are dimensionless, they are pure numbers). Calculate the lattice spacing d when using radiation
of wavelength A = 0.154 nm for n = 1 at a scattering angle 6 = 11°. Specify the units for your calculated

d value. The symbol nm stands for a nanometre or 10~ m.

Jump to Solution 8 (see page 47)

2.1.9 Question 9: Polymer Chemistry

Long polymer molecules tend to coil up rather than being stretched out straight, Fig. 2.6 is an example

of a short polythene molecule.

Figure 2.6: randomly coiled polyethylene, H = grey, C = dark grey.

Looking at a large number of such randomly coiled molecules, the average end-to-end distance r of the

polymer molecules is given by

1—cos(6)
=N S AL
1 +cos(@)

35
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Where the polymer consists of N chemical bonds making up the backbone of the polymer chain, with
a monomer length of [, and 6 the C-atom bond angle. Calculate the average end-to-end distance, r, for
a polymer with 6 = 109.5° (the tetrahedral angle), I = 154 pm and N = 5x10°. Specify the units for your
calculated r value. The symbol pm stands for a picometre or 10> m which is a common multiple unit

for the sizes of atoms and chemical bonds.

Jump to Solution 9 (see page 47)

2.1.10  Question 10: Conjugated Molecules and Quantum Chemistry

A conjugated molecule (also called a polyene) is one with alternating single and double carbon-carbon

bonds in its backbone.

Figure 2.7: linear conjugated molecule H = grey, C = dark grey.

/

Leadiny
% Maastricht University o Learnin:

Join the best at
P i N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

+ 1% place: MSc International Business
M + 1% place: MSc Financial Economics
SChOOI Of Bus' ness a nd « 2" place: MSc Management of Learning
. - 2" place: MSc Economics
ECOHOm |CS! - 2" place: MSc Econometrics and Operations Research
- 2" place:MSc Global Supply Chain Management and
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012;
Financial Times Global Masters in Management ranking 2012

Maastricht
University is
the best specialist
university in the
Netherlands
(Elsevier)

Master’s Open Day: 22 February 2014

www.mastersopenday.nl

36 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.mastersopenday.nl

These molecules are important biologically for many functions including your ability to detect light within
your eyes’ retinas and for plant photosynthesis. Polyenes are also important industrial dyes. The quantum
mechanics equation for the m-electrons in a “linear” conjugated polyene molecule has a wavefunction
w(x) that depends upon the position x along the length, L, of the molecule. The ideas of wavefunctions
and quantum mechanics for such systems are covered early on in your Chemistry degree. The general

equation that applies to all wave motion is given below.

y(x)= Acos|kx)+ Bsin (k x)
Where A, B and k are constants whose values need to be determined for the linear conjugated molecule.
Find the constant k and any constraints that A or B may have using the following two boundary conditions.
Firstly, when x = 0 then y(0) = 0 and secondly, when x = L then w(L) = 0.

Jump to Solution 10 (see page 48)

2.1.11  Question 11: Molecular Structure

The water molecule has an O—H bond distances of 0.9687x107° m and the distance between the two

hydrogen atoms is 1.5391x107' m. Calculate the H-O—H bond angle.

Figure 2.8: water O =red, H = grey.
Jump to Solution 11 (see page 49)

2.1.12  Question 12: Weak Acids

Ethanoic acid (acetic acid) is a weak acid which dissociates in water.

CH,COOH +H,0 & CH,CO0™ +H,0*
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Figure 2.9: ethanoic acid (acetic acid) O = red, H = grey, C = dark grey.

Figure 2.10: H,O* hydronium ion (hydroxonium ion) O = red, H = grey.
An acid has an acidity constant K, which is similar to an equilibrium constant K',

. |cn,co0|[H,07]
" [CH;COOH][H,0]

Where each of the terms in square brackets have been divided by the standard concentration ¢® = 1 mol L™
and so the units cancel out to give the pure number, dimensionless “concentrations”. The concentration
of the solvent, water, [H,0] is approximately constant and is incorporated into the acidity constant K.’

to give

_ |cH,c00 |[H,07]
*~ [CH,COOH]

Acetic acid has an acidity constant K, = 1.8x107°. Calculate the hydronium ion concentration [H;O"]
for a 0.15 mol L™ solution of acetic acid? We can tackle this chemical problem by saying the fraction of
acid dissociated at equilibrium is x. For each molecule of acid that dissociates it gives an equal number of
acetate anions and hydronium cations. So at equilibrium the tricky chemical problem has been reduced

to solving the quadratic equation using the quadratic formula.

2

18x10° = —>
0.15—x

Jump to Solution 12 (see page 50)
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Introductory Maths for Chemists

2.1.13  Question 13: The Synthesis of Ammonia

Ammonia is an important industrial chemical.

Week 2: Chemistry and Algebra 2

Figure 2.11: ammonia N = blue, H = grey.

Ammonia is synthesized using the equilibrium reaction where the reactant and products are in the

gas-phase.

N,+3H, = 2NH,

Its makes sense to use the partial pressures of the gases to define an equilibrium constant K. The reaction

of forming ammonia from its elements has an equilibrium constant of K, = 977 at a particular temperature.
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K, is given in terms of the partial pressures of the reactants and products in pascals where each partial
pressure is divided by the standard pressure of p°=1x10° Pa =1 bar and thus K, is dimensionless.
Each of the terms is raised to the power of its stoichiometric coefficient. Because the standard pressure
p°=1x10° Pa each of the p° terms affect the value for K, and we cannot make a simplification similar
to the one we made for K (see section 1.2.3) but each of the K, equations must be written in full with

the p° values included.

For our reaction we initially have 1.00x10° Pa pressure of N2 and 3.00x10° Pa of H, which are mixed,
there being no NH, present and the mixture is allowed to come to equilibrium. If x is the fraction of a

mole of N, which is lost due to the reaction then the equilibrium constant becomes

N, + 3H, = 2NH,
(1.00—x|Pa + (3.00-3x]Pa = 2xPa
2xPa |
1x10° Pa
K = =977

’ ((1.00—x)1>a)((3.00—3x)1>a)3

1x10° Pa 1x10’ Pa
Note that each time the reaction “occurs” we form two molecules of NH, hence the term 2x. Likewise,

each time the reaction occurs we lose 3 molecules of H, thus the term in the bracket is (3.00 - 3x).

Within each of the bracketted terms the units Pa cancel out so this is written as

( )2
1x 105
K =

i 1.00—x |[ 3.00-3x \’
1x10°

1x10°
Firstly, calculate the fraction by solving for x using the quadratic formula. Secondly, using this value

=977

for x calculate the partial pressures of all the reactants and products. We can simplify the equation by

taking out the common factors.

Jump to Solution 13 (see page 39)
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2.2 Week 2 Tutorial Solutions
2.2.1 Solution 1: Energy of a Single Photon
c=Av E=hv

The common variable in these two equations is the frequency, v. The energy of a single photon is found
by: (1) rearranging the first equation to get v as the subject; (2) substituting this expression for v into

the second equation; and (3) then substituting in the physical quantities.

c he 6.626x107* I s)[2.998x10° m s’
—_— E=— E = =
A A 427x10" m

Vv =
Note that in the calculation we have replaced nanometres by the base units metres in order that the units

metres and seconds can cancel out.

E=4.652x10"7

This is the energy of a single photon and it is incredibly small, the power of —19 is a very small fraction
of a joule. In practice we normally only meet photons in enormous numbers (typically 10* or more)

which can give very large total energies, ~10s of kJ, of light energy.

Return to Question 1 (see page 29)

2.2.2 Solution 2: Rates of Chemical Reactions and Concentrations

3

[A][B]

“e]

v

initial =

The final rate vy, is with all the above concentrations doubled and with the powers applying to the new

doubled concentrations. The equation is cleaned up by taking the numerical factors outside the brackets.

=k 2A[[28] _ 4[A]8[B] _ | [Af[B] _ v
[2C] 2[c] C]
% ~ 16

initial

The ratio of the final rate of reaction v, , to the initial rate of reaction v, is 16. Doubling all the

concentrations has made the reaction go 16 times faster!

Return to Question 2 (see page 29)
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223 Solution 3: The Strength of an lonic Crystal Structure

1
0 0 0 0 0 0
AH lattice — AH formation +AH sublimation + E AH dissociation +AH ionization +AH electron gain

The equation is rearranged to give the electron gain enthalpy as the subject of the equation.

1
0 0 0 o o o
AH electron gain — AH lattice +AH formation AH sublimation — 5 AH dissociation AH ionization

Substituting the physical quantities for the symbols and splitting the equation over two lines for clarity

gives,

= (+717 kI mol ') +(~437 kJ mol ™' | — (+89 kI mol ']

— #2445 mol ™|~ [+418 ky mol |

AH?

electron gain

Notice the difference between the mathematical operations of addition or subtraction as shown by plus or
minus signs outside the brackets; and the positive or negative values of the physical quantities themselves
shown by plus or minus inside the brackets. We can clean up the equation by removing the brackets and

taking the common units out.
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AH?

electron gain

=|+717—437 -89 —%244—418 kJ mol ™'

AH® = —349kJ mol ™

electron gain

Return to Question 3 (see page 30)

224 Solution 4: Kinetics of Isomerization

kAl = k[ A*][A] - Ky [A*] = 0

The intermediate concentration [A*] is obtained as the subject by: (1) moving the term which does not
involve [A*] to the right hand side by subtracting &, [A]z‘ from both sides; (2) multiplying throughout
by —1 to make all three terms positive; (3) taking [A*] outside the two terms on the left hand side; and
finally (4) dividing left and right by (k[A] + £3) and cancelling out top and bottom of any single term.

—ky[A*][A]= ks [A*] ==k (A kA*][A]+ kA% = & [A]

2

[A*][ ks [A]+ k) = Ky [A]

2]

)= KilAL
I, Al + ks

We cannot cancel out the variable [A] top and bottom in the final equation because the denominator has a
plus sign in it (the same would be true if it had had a minus sign) and so the denominator consists of two

separate terms, not one single term. You can show this is true by examining the numeric example below.

2 2 2

2%3+3 9 2%3+3

it
6

Return to Question 4 (see page 31)
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2.2.5 Solution 5: Enthalpy of Combustion of Benzene

15

AH,, =6AH;(CO,)+3AH}(H,0)- AH?(C6H6)+7AH}"(02)

comb

In order to not get lost in the algebra: (1) expand out the bracket on the right hand side;

AHy, =6 AH}(CO,)+3A HYH,0) - AH}’(CGH())—ITSAH}’(OZ)

(2) take AH’: (C¢Hs) over to the left hand side by adding AH°: (C¢Hg) to both sides of the equation and

cancelling out where possible;

AH+ A HYCHg) = 6A H(CO,|+3A HY(H,0| — AHHE; 6—%AH?(02)+ leH,

15

A H o+ AH}(CoH | = 6AH{[CO, |+ 3AH(H,0) - — A H{[O,)

com

(3) take the enthalpy of combustion AH°_, to the right hand side by subtracting AH°_, from both
sides and then cancelling out where possible.
Aoy + AHYCoHy) — AH oy = 6 A Hy(CO,)+3A HY[H,0) - ITSA HY(0,) = AH S,

(4) which then gives the heat of formation of benzene as the subject of the equation.

AH?(CHy) = 6A H}(CO,)+3A H}(H,0)— %AH‘;(OZ) —AH,,

Return to Question 5 (see page 32)

2.2.6 Solution 6: Hydrogen-Atom Spectroscopy

V=R

H

Rearranging to obtain #, as the subject of the equation is a bit more difficult than it may appear at first
sight. (1) Expand out the bracket; (2) bring the term involving 7, to the left hand side by adding Ru/ny’

to both sides and then cancelling out where possible;
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(3) nu-bar is moved to the right hand side by subtracting nu-bar from both sides and then cancelling out;

n, n

(4) bring the right hand side to a common denominator of n,%; (5) divide left and right by Ry and then cancel

out on the left hand side of the equals sign but not on the right hand side because of the minus sign, here

the numerator consists of two terms; (6) take reciprocals on both sides; (7) take square root of both sides.
R, R,—n’v 1 Ry—n’v , o Ry

= _— n2 =
2
Ry—nv

Which is the correct equation with #, as the subject, however, you may have realized that »; in the
numerator can be square rooted and taken outside the bracket to give an equally correct version. On the
other hand n, in the denominator cannot be square rooted because of the minus sign, as the denominator

is made up of two terms which must both be treated equally.
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Return to Question 6 (see page 32)

2.2.7 Solution 7: Chemical Equilibrium and Concentration Calculations

Note that the HI concentration 2x is all squared, it is not 2x%. Writing the denominator as a square term

allows us to then take the square root of both sides.

_ x]
K, = Pk 55.64
K, = [2xf =5564 JK.= 2x] _ 55.64
¢ {Z—x]z ¢ {Z—X]

This is solved by: (1) multiplying left and right of the equals sign by [2 - x] and cancelling out within a
single term; (2) then multiplying out the bracket;

(2]

[2—x]

=7459  [2x]=7459[2—x] 2x=14918-7.459x

(3) taking 7.459x over to the left hand side: (4) finally solve for x. In this example the two roots of the

quadratic are the same so there is no choice for the “chemically sensible” root.

2x+7.459x = 14918 9.459x = 14.918

x=1.577
Thus the final equilibrium concentrations are

¢y, =[HyJmol L' =(2—x)mol L' = 0.423 mol L'
2
¢, = [IQ] mol L™ = (2—x)mol L™ = 0.423 mol L'

¢y =|HI]mol L™ ' =2xmol L™ =3.154 mol L™

Return to Question 7 (see page 34)
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2.2.8 Solution 8: Crystal Structures by X-Ray Diffraction

Rearrange the Bragg equation so that d is the subject and then substitute in the values of the variables.

. , A
A=2dsinl@ d=-"~
n sin(6 Tsin0]

1X0.154 nm
d=-—"""""0
2sin(11°)
d = 0.404 nm

Note that we do not need to change the units to metres, they may be left as nanometres (nm) but
whichever unit of length is used it will need to have been inserted in the equation in order to know the

units of the lattice spacing.

Return to Question 8 (see page 35)

229 Solution 9: Polymer Chemistry

2 1—cos(8)

2
=N/ .
d 1+cos(@)

Substituting in the values of the parameters for the variables gives

» 1—cos(109.5°)

) 3
, _(5><10 )(154pm) 1+cos(109-50)

=2.374x10° pm’

r = 1.5408x10* pm

Average end-to-end distance for the polymer r=1.5408x10* pm which is much less (~2%) of the stretched
out “linear” length of polymer, 77x10* pm. Macromolecules, both natural and synthetic, will be covered
in detail in your Chemistry lectures. Also it was not necessary to convert to metres, but it was necessary

to have the units of the length in the equation.

Return to Question 9 (see page 35)
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2.2.10  Solution 10: Conjugated Molecules and Quantum Mechanics

w(x) = Acos(kx) + Bsin (k x)

The sin and cos are in radians. At the left hand end of the polyene molecule where x = 0, (0) = 0 but
we have cos(0) = 1 and sin(0) = 0. So the sine function fits with the quantum mechanics but the cosine
does not. Hence in order to remove the cosine term from the general wave equation we must set A = 0.

The general wavefunction becomes modified to
y(x)= Bsin(kx)

At the right hand end of the polyene molecule where x = L, w(L) = 0 and so sin(kL) = 0.. This means kL
must be equal to 1 or an integral number #n of m where n = 1, 2. 3, - is a quantum number. In general,
quantization arises because of the fulfilling of “boundary conditions” such as the ones in this question.

We rearrange the sine angle equation AL = nm to give the value of the previously unknown constant k.

kL=nmn k=——

Finally we have the wavefunction for the particle (the m-electrons) in a 1-dimensional box (the polyene

conjugated molecule).
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w(x)ZBsin(nTLm)

We have found the constants A = 0 and k& = nn/L and the only constant that has yet to be found is B.
The value of the constant B is calculated in section 8.2.2 this book. Fig. 2.12 shows the shape (and the

relative energies) of the wavefunctions for a particle in a 1-dimensional box.

>
I
A
§

S S S
i
=N W
é
N

x=0 x=L

Figure 2.12: wavefunctions for a particle in a 1-dimensional box.

Return to Question 10 (see page 48)

2.2.11  Solution 11: Molecular Structure

The water molecule forms an equilateral triangular structure. We can then bisect the H-O-H angle to
make two right angled triangles, the right hand triangle is drawn in Fig. 2.13. As this is now a right
angled triangle we can use trigonometric functions where 6 is the half angle for H-O-H. The distance
multiple of 10°m is called an dngstrom with the symbol A, it is a common and convenient unit used

by Chemists as it is of the order of bond distances and atomic radii.

Figure 2.13: trigonometry of half of the water molecule.

g = 0.76955 oA

=0.79442 60 =sin '(0.79442) = 52.60°
0.9687 A

But as this is only half of the water bond angle, the bond angle is
H-O-H=1052°

Jump to Question 11 (see page 37)
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2.2.12  Solution 12: Weak Acids

2
18x107° = —2
0.15—x

The fraction of acid lost in going to the equilibrium, x, is found by solving the quadratic equation by:
(1) multiplying both sides of the equation by the right hand denominator and cancelling out in any
single term; (2) multiplying out the bracket;

(1.8%107°)(0.15—x) = x> (2.7%107°)—(1.8% 107 x) = x°

(3) rearranging to the form of a standard quadratic equation; (4) the standard quadratic is solved using

the quadratic formula where the symbols have their conventional meanings.

‘= —bivb2—4ac

2a

F+(1.8%107°) x—(2.7x10) = 0

—(1.8%107°) £4/(1.8x 107 — 4x1x[-2.7x 107
2x1

X =

_ —[1.8x107) = 1/[3.24 %10+ [1.08x 10”]
2

Note the change of sign to the second term within the square root and also the large difference in
magnitude between b* and 4ac. I will temporarily be keeping some extra significant figures in order to

show the effect of this relative difference in magnitudes between b* and 4ac.

o —(1.8%107°) +/1.0800324x 10"
B 2

~ —(1.8x107) +(3.286x 103

2
Once we have taken the square root of the second term in the numerator then we only need to retain
a sensible number of 4 or 5 significant figures. So which value of x applies in this question? Remember
that x is the fraction of acetic acid that has dissociated. A fraction is a positive number of less than one.
Another way of looking at this is that you cannot have a negative concentration, thus the chemically
correct result is

Cuor =X mol L' =1.6Xx10° mol L™’
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Note: even though some of the data is only given to 2 significant figures it is necessary in order to not
lose accuracy in the intermediate steps to carry out the calculation to 4 or 5 significant figures and before
the square root is taken to 8 significant figures due to the large difference in the orders of magnitude
of b* and 4ac.

Although not part of the question, for the 0.15 mol L™ acetic acid solution, this concentration of H,0*

corresponds to a pH = 2.8.

Jump to Question 12 (see page 37)
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2.2.13  Solution 13: The Synthesis of Ammonia

( o )2

1x10°

KP: 3
1.00—x |[ 3.00-3x
1X10° 1x10°

2
K = 2] X L =977

" (1.00-x](3.00-3x " (1/(1x10°)f

=977

[2xf
(1.00— x)(3.00—3 x|

P

— = 977x(1/(1x10°)f

The equilibrium equation may be solved for x by: (1) taking out the common factor of (1.00 - x) in the
denominator and also squaring in the numerator; (2) collecting the (1.00 - x) common factors together;
4x° 4 x°

K, = =977x107" K, = =977%x10""°
" (1.00—x]x3.00°%(1.00— x|’ " (3.00°)x(1.00— x]'

(4) cubing the 3.00 and rearranging the numerical factors;

2 2
K,= 4 X = 977%10"° K = X = 27X977 %
27 (1.00—x) (1.00—x] 4

—10

10

)4

(5) square rooting both sides of the equation;

0" =81.2081x10"°

X :\/27X977><1
(1.00—x )’ 4

(6) rearranging by multiplying by the denominator on both sides of the equation, then cancelling terms;

(7) squaring the bracket; (8) multiplying out the bracket;
x=81.2081x10°(1.00—x  x =81.2081x10 (1= 2x+x’]
x=[81.2081x107°) = (162.4162x 10" x| +(81.2081x 107 |

(9) rearranging into the “standard” quadratic form, note that “162” has become “163”; and (10) dividing

by 81.2081x107° throughout to make the coefficients much more manageable.

(81.2081x107°x*] (163416210 x| +(81.2081x 10| =0 x*—2.0123x+1=0
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We can solve this quadratic equation using the quadratic formula,

L= —bx\b —4ac . = *+2.0123+:/4.04935 — 4.00000 L = +2.0123 +1/0.04935
2a 2 2
_ +2.0123+0.2221

7 x=1.1172 and x = 0.8951

As the mole fraction must be positive and less than one then x = 0.8951 is the chemically correct result.

This gives the three equilibrium partial pressures as

Py, = [1-x)x107Pa = (1-0.8951]x 10" Pa = 0.1049x 10" Pa = 0.1049 bar
Py, = (3—3x)x 107" Pa = (3—(3x0.8951)]x 10 * Pa = 0.3147X 10"’ Pa = 0.3147 bar
P, = (2x)x107° Pa = (2x0.8951)x107° Pa = 1.7902x10"° Pa = 1.7902 bar

I have deliberately carried out the calculation in Pa but it looks clumsy. If, however, you work in bar

where 1 bar = 1x10° Pa then the arithmetic looks cleaner.

Return to Question 13 (see page 39)
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3 Week 3: Chemistry, Logarithms
and Exponentials

3.1 Summary of Logs, Exponentials, and Acid-Base Equilibrium

Although hyperbolic functions may be part of your first year Maths syllabus, they have little direct
chemical application, and so I have not included any contrived examples. You should nevertheless revise

and understand hyperbolic functions for your Maths exam if they are part of your particular course.

This material should be completed in 1 week, and I thought it would be perhaps convenient for you to

have a summary here about logs, exponentials and acid-base equilibrium.
3.1.1 Definition of a Logarithm
b°=a b must be greater than 1 then ¢ = logb(a)
We say that ¢ is the log to the base b of a. Here are two examples which are familiar from arithmetic.
10°=100  2=log,(100) and 5 =125 3 =log125)
3.1.2 Rules of Logs
log, [x y) = log,[x) +log,(y) loga(f) =log,(x)~log,(y)  log,(x"]= nlog,(x]

3.1.3 Additional rules

These are just special cases of the general rules above.

__ 1
log, (]

log (x)

log,(a) =1 loga(ax) =X a“ =x log, (b)

3.14 Logs to base 10 and logs to base e

Logs to base 10 are used in science and engineering to express either very large numbers or very small
numbers and are normally written as “log” without a 10 subscript, they are called “logs” or “common

logs” Large numbers have positive powers e.g. 10 and very small numbers have negative powers e.g. 107**.
Logs to base e are normally written as “In” rather than log, and they are called “natural logs” or “In”. They

are important for their Maths properties which model many natural phenomena, hence they appear very

often in science and engineering. The natural number e comes from the series below.
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2 3 4

5 X x X

e =l+x+—+—"+—+--
21 31 4!

3

The symbol “--” means “continues on for ever” and is called an “ellipsis” The symbol “!” means the

factorial of the preceding number. For the special case when x = 1 we have

e= 1+1+L+L+L+--- =2.7182819---

Note that e is a number and it is fixed, it is not a variable. This is similar to m or any other number
e.g. 10 or 3.6, so it is not written in italic but upright roman script. In science and engineering we quite
often find equations with €™ in them, this is just a special case of €* which alternates the sign of the
terms for even and odd power of x.

X

e TR TR

¥ = ¢" may also be written as y = exp(x) with “exp” all in lower case. This exp notation may be used for
greater clarity particularly in printed material. An example from Chemistry is the Arrhenius equation
k = Ae ™~ which can also be written as k = A exp(—E./RT). Be careful in using calculators as they
sometimes have a key marked EXP, all capitals, which means “multiply by 10 raised to the power”, which

you then enter the power into the calculator.

3.15 Indicial Equations
12°* =354

The equation is called an indicial equation, the variable is present as an index or a power. To solve for x

we firstly, take logs on both sides, secondly, from the rules of logs we can take the power down,
log(12>*) = log(35.4)  (2x)xlog(12) = log(35.4]
and finally now evaluating the logs gives.

(2 x)x1.07918 = 1.54900 x =0.71768
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3.1.6 Acid-Base Equilibrium

The concentrations of H* and OH™ are very small in aqueous solution and involve many negative
powers of ten in mol L™'. Most humans are normally happier dealing with positive numbers that are in
the range of 0 to a 100. The “p” part of the variables pH and pOH refers to the power or index of these
small concentrations which are made more manageable by using logarithms. Taking the negative of the
log converts the negative into a positive number. pH and pOH are written with upright roman script

not as italics.

pH = —log,,[H']  pOH =~ log,,[OH ]

We have an equilibrium constant for the self-ionization of water or the autoprotolysis of water

H,0+H,0 = H,0"+OH"

This has an equilibrium constant K.

o lnjon]
1,07

c
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As the concentration of the solvent, water, is approximately constant we may combine the [H,0]? with

K to give K,, the autoprotolysis (or ionization) constant of water
Ky=[H,0"][oH | = K x[H,0[

The autoprotolysis constant of water is usually written in terms of proton and hydroxide ion concentrations

Ky =0 oH]
K,, is the ionization constant for water and at 25°C, Kw = 1x107™"* (K,, is temperature dependent). From

this definitions we can derive pKw where pKw is defined as minus the log of K.
pKy = —logm(KW) pKy = pH+ pOH = 14.000

For an acid we can define an acid dissociation constant K, and a corresponding pK,. Again incorporating
the approximately constant solvent concentration [H,O] into K, and I have not bothered writing the

water in the reaction,

A _ [Hfla] _ [H°][base]
HA & H" +A K, = HAT = Tacid] pK,=—log,(K,]
acid base
pK, = pH — log [base |
¢ [acid]

Rearranging the equation we obtain the Henderson-Hasselbalch equation which applies to weak acids

and buffer solutions. Use these equations to answer the following three questions.

[acid]

[base| )

pH = pKa+10g(

3.2 Week 3 Tutorial Questions
3.21 Question 1: Acid-Base Equilibrium

The molar concentration of OH™ ions in a certain solution is 1.04x10~> mol L. Calculate the pOH and

then the pH of the solution.

Jump to Solution 1 (see page 64)
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322 Question 2: Acid-Base Equilibrium

Death occurs if the pH of human blood plasma changes by more than about +0.4 from its normal value
of about pH = 7.4, the “safe” range is from neutral to slightly alkaline. What is the corresponding range

of molar concentrations of hydrogen ions for which human life can be sustained?
Jump to Solution 2 (see page 64)

323 Question 3: Acid-Base Equilibrium

To understand the actions of buffer solutions in Chemistry we use the Henderson-Hasselbalch equation.
Calculate the pH of a buffer solution that is 0.027 mol L™ with respect to aqueous NH, i.e. the [base] =
0.027 mol L™ and 0.025 mol L' with respect to NH,ClI for which ammonium chloride has a pK, = 9.25.
The ionic salt NH,Cl is fully dissociated into NH,* and Cl- and NH,* and is a weak acid and so[acid]
= 0.025 mol L.

NH; + H,0 & NH,+H,0"

Figure 3.1: ammonium ion NH,* with N = blue, H = grey.
Jump to Solution 3 (see page 64)

3.24 Question 4 First-order Kinetics
The concentration of the reactant in a first-order chemical reaction decreases with time as it is consumed
to form products and the concentration of [A] varies with time as follows

—kt

[A]=[Ale

Where [A], is the initial concentration of the reactant at time ¢t = 0, [A] is the concentration of the
reactant at time t, and k is the rate constant for this particular reaction. Sketch the shape of the graph
of [A]/[A], plotted as the y-axis against time ¢ plotted as the x-axis and label the two axes. You do not

need to calculate anything. Fig. 3.2 shows the shape of a negative exponential curve.
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Figure 3.2: a negative exponential curve, the arrows mean “tends to".
Jump to Solution 4 (see page 65)

3.25 Question 5: First-order Kinetics

Write the natural-log form for a kinetic first-order reaction with In([A]/[A],) as the subject.

Jump to Solution 5 (see page 65)
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3.2.6 Question 6: First-order Kinetics

Sketch the graph which would give a straight line for a kinetic first-order reaction. Label the axes and

give the meanings of the gradient and intercept.
Jump to Solution 6 (see page 66)

3.2.7 Question 7: First-order Kinetics

[A]=[Ale™

-1

If a kinetic first-order reaction has a rate constant, k= 1.83x10*s™", calculate how long it wogld take

for the concentration of reactant [A] to decrease from 3.25x107° mol L™ to 2.18%10~* mol L™'?
Jump to Solution 7 (see page 68)

3.2.8 Question 8: The Arrhenius Equation

The rate constant k of a chemical reaction increases with the absolute temperature T. This increase follows

the equation below which is called the Arrhenius equation.

Where E, is the activation energy for the reaction, R is the gas constant and A is called the pre-exponential
factor which is a constant for a given reaction. Sketch the shape of the graph of k versus T labelling the
axes.
Jump to Solution 8 (see page 68)
3.29 Question 9: The Arrhenius Equation
k=Ae ™

Write the Arrhenius equation in the form of natural-logs.

Jump to Solution 9 (see page 69)
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3.2.10  Question 10: The Arrhenius Equation

k= Ae *T

Sketch the straight line graph with axes labelled for the Arrhenius equation. Give the meanings of the

gradient and intercept.
Jump to Solution 10 (see page 70)

3.2.11  Question 11: The Arrhenius Equation

On your graph for Question 10, sketch the results for a linear plot for two different chemical reactions,
one with large activation energy and the other with small activation energy, clearly label the two lines.

Assume that both chemical reactions have the same value for A.
Jump to Solution 11 (see page 70)

3.2.12  Question 12: The Arrhenius Equation

The activation energy for the decomposition of hydrogen peroxide on a platinum catalystis £, = 48.9 kJ
mol'and R = 8.314 J K™' mol™". Calculate the ratio of the new rate constant k, over the original rate
constant k, of increasing the temperate from 20°C to 30°C?

Jump to Solution 12 (see page 71)

3.2.13  Question 13: The Nernst Equation

The following redox chemical reaction
Zn|(s]+Cu®* — Zn** +Culs)

can be made into an electrochemical cell to derive electrical energy, Fig. 3.3.
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Introductory Maths for Chemists Week 3: Chemistry, Logarithms and Exponentials

Figure 3.3: schematic diagram of a Daniell cell.

The cell is called the Daniell cell and was the power behind the telegraph systems in 1830s-1860s that
connected up the world in the first high-speed communications system, a forerunner of the internet
using the binary code (Morse code). The cell has a voltage difference between the zinc and copper metal

electrodes which is given by the Nernst equation

_RT
nF [Cu2+]

E=E°

360°
thinking.
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Where E is the voltage under a given set of conditions, £° is the standard voltage when all the
concentrations are 1 mol L™ (note we ignore the concentrations of the solid electrodes as they are
constant), n is the number of electrons transferred in the reaction and in this case n = 2, R is the gas

constant, T the temperature in kelvins, and F is a constant called the Faraday constant.

Calculate the concentration of [Zn®]for E=1.21V,[Cu*]=0.1molL", T=298K,n=2,
R=8314JK " mol!, F=96485]J V' mol"' =96485 C mol where C is a coulomb, and E°=1.10 V.

Jump to Solution 13 (see page 72)

3.2.14 Question 14: Chemical Work at Constant Pressure

The ability of a chemical reaction to perform work at a constant pressure is given by the Gibbs energy

AG® where K is the equilibrium constant.

AG’ = —RTIn(K)

Calculate AG® for a reaction which has an equilibrium constant K =1.8x107 at a temperature
T=298 Kand R = 8.314 ] K" mol™ is the gas constant.

Jump to Solution 14 (see page 63)

3.2.15 Question 15: Radioactive Decay

Radioactive decay is a first-order chemical reaction which follows an exponential decay in the reactant,
the radioactive element. Starting with an original number of radioactive atoms n, at time zero, the

number of radioactive atoms left, n, after a certain time ¢ is given by

Where k is the rate constant for this decay reaction. The decay of >**U has a rate constant of k = 1.54x107"°

year™! for the reaction

238 234
U— a+7'Th

Where a is an alpha particle, a fast moving helium *He** nucleus. Calculate the fraction of the uranium

decayed after 4.51x10° years, roughly the age of the Earth.

Jump to Solution 15 (see page 63)
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3.3 Week 3 Tutorial Solutions
3.3.1 Solution 1: Acid-Base Equilibrium

[OH_} =1.04x10"° mol L™ pOH = —log ,|1.04 X 107°| = 4.98
pH+ pOH = 14.00
pH = 14.00 — 4.98 =9.02

This is an alkaline solution.
Return to Question 1 (see page 57)

332 Solution 2: Acid-Base Equilibrium

H+ ]max — 10—7.8
[H+] — 10—7.0

H ]
H*|

Maximum pH = 7.8 7.8=—log,,

Minimum pH =7.0 7.0 =—log,, min min
From the definition of a logarithm we have [H']=107% The easiest way of solving this on
your calculator is to use “shift-log” (which is 10*) then type —7.8 then equals. Take care to use

“shift-log” = 10* not “shift-In” = e~.

H']  =1.58%10 " mol L™ [H*]  =1.00x10"" mol L™

min
Human blood covers only a small range of proton concentrations.

Return to Question 2 (see page 58)

333 Solution 3: Acid-Base Equilibrium

b , .
pH = pKa+logw(@) pH = 9.25+1og,0(M

acid | 0.025 mol L™

When evaluating this on the calculator, which can vary with the quality of their software, make sure that
you use brackets, that is type 1og(0.027/0.025) = 0.03342 and don’t type log 0.027/0.025 which may give
—62.745 on low quality calculators and is incorrect. See section 3.1.2 for help with logs. This alkaline

buffer has a pH given below.

pH = 9.28

Return to Question 3 (see page 58)
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3.34 Solution 4: First-order Kinetics

A]=[Ale ™ ﬂ: ok

(A

Remember that k is a constant for a given reaction at a fixed temperature and plotting [A]/[A], versus
t is a negative exponential and has the shape sketched in Fig. 3.4 which has an intercept at [A]/[A], =1
that is [A] = [A], at t = 0. Note that using this non-linear plot it is not easy to deduce the rate constant k.

(0, 1)

[Al7TA],

Figure 3.4: sketch of [A]/[A], versus t for the Arrhenius equation.
Return to Question 4 (see page 58)
3.35 Solution 5: First-order Kinetics

[A]=[Ale™

From the first order kinetics equation: (1) take natural logs throughout; (2) expand out the right hand

side which is the log of a product of two terms into the sum of the log of each term;
In[A]=In ([A]oefk’) In[A] = ln[A]o+1n(efl”)

(3) the natural log of the exponential is just the exponent -kt; (4) move In([A],) to the left hand side
by subtracting In([A],) from both sides; (5) convert the difference of two logs into the log of the ratio.

In[A]=In[A] — k¢ In[A]—In[A], = — k¢

[A]
A,

In =—kt

Return to Question 5 (see page 59)
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3.3.6 Solution 6: First-order Kinetics

Any of the following three graphs are correct and each of them are linear graphs allowing the rate constant

to be easily found. From section 3.3.5 we have,

y = mx + c

In ([A]/[A],)

c=0

Figure 3.5: sketch of In([Al/[A],) versus t.

SIMPLY CLEVER SKODA

We will turn your CV into
an opportunity of a lifetime

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

66 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.employerforlife.com

From section 3.1.2 the rules of logs, we can invert the log function on the left hand side of the above

(yellow) equation if the right hand side changes sign as in

ln% +kt
y = mx + c

din (AL, /[A])

Figure 3.6: sketch of In([A],/[A]) versus t.

An intermediate stage in section 3.3.5 allows a third and equally valid straight line graph to be plotted,

In[A] In[A], —kt
y = c mx

kin[A]

Figure 3.7: sketch of In [A] versus t.
This plot has the advantage that you don’t need to know the value of In[A;] which may be difficult to
measure. Also we are not plotting a log of a ratio which may show only small variations in [A]/[A] for

Fig. 3.5 or very large variations in [A]/[A] for Fig. 3.6.

Return to Question 6 (see page 60)
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3.3.7 Solution 7: First-order Kinetics

In[A] = In[A],— k¢
Note that logs are dimensionless.
In(2.18x107*) = In[3.25% 10| - (1.83x 10 *s ™" ¢

—6.1284 = —5.7291 —(1.83x107*s ')t —0.3993 = —(1.83x10 *s™')¢

_—0.3993
—1.83x10*s™"

t=2.182%x10s or 36.4 minutes

Return to Question 7 (see page 60)

338 Solution 8: The Arrhenius Equation

k= Ae *T

From the Arrhenius equation one can plot k against T as in Fig. 3.8.

}
T
e R R R R R PR M iikikikauaa e
Figure 3.8: sketch of k against T for the Arrhenius equation.
In Fig. 3.8 it is difficult to read as at high temperatures a small change in T gives drastic changes in the
rate constant k but at low temperatures a large change in T gives a negligible change in k. It would be

much better if we can rearrange the Arrhenius equation to enable us to have a linear (straight line) graph.

Return to Question 8 (see page 60)
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339 Solution 9: The Arrhenius Equation

k= Ade *7

We can go from the exponential form of the Arrhenius equation to the natural-log form by: (1) taking
natural logs on both sides, (2) the log on the right is a product of two terms which can be separated as
the sum of two logs, (3) the second term on the right is a natural-log of an exponential which is just

equal to the exponent.

Return to Question 9 (see page 60)
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3.3.10  Solution 10: The Arrhenius Equation

In(k)= In(4) - sz

Rewriting the log form of the Arrhenius equation as below, helps us see that it is in the form of a straight

line equation of the form y = ¢ + mx

E
In(k] = mnla] —= %
y = ¢ +m  x

Hence plotting In(k) as the y-axis and 1/T as the x-axis has the intercept ¢ = In(A) and the gradient
m = —E/R this graph is called an Arrhenius plot.

Figure 3.9: sketch of In(k) versus (1/7) the Arrhenius Plot.

Return to Question 10 (see page 61)

3.3.11  Solution 11: The Arrhenius Equation

Fig. 3.10 shows that a reaction with a large E_ is more affected by changes in temperature than one with a

small E, (in the limit of zero activation energy the rate constant would be independent of temperature).

Figure 3.10: sketch of In(k) versus (1/7) for high and low activation energies.

Return to Question 11 (see page 61)
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3.3.12  Solution 12: The Arrhenius Equation

This increase in temperature for the Arrhenius equation is most easily handled using the logarithmic form
of the Arrhenius equation, realizing that k and T are both variables whilst A and E, are both constant
for any given chemical reaction.

E E

il =mld)= gzl =tnld)= g

(1) Subtracting the lower temperature T, equation from the higher temperature T, equation; and

(2) substituting the physical quantities for the variables gives

ln(kz)—ln(kl)—ln(A)—ln(A)—A— _ L N T PR

RT, RT, k, RT, RT,

mlF o B 11 R 48.9x10° J mol ™' |
k, R\T, T, k|~ 83141K 'mol '\ 303.15K  293.15K

We note that the activation energy in k] mol™! must be converted to the base unit of ] mol™ in order to

cancel out the units, and also that T must always be in kelvin.

1

k
ln(k—) = —(5882K](3.299x10 K ' ~3.411x10° K"

ln(%) = —(5882 K)(—0.112x10° K '] ln(%) = 0.6588

1 1

The anti-log of 0.6588 (equivalent to finding e****) is found as “shift-In” then 0.6588 on most calculators.

k _ 1.9325
k - .

1

Thus for this particular reaction its rate constant has almost doubled and the reaction is going almost

twice as fast for a 10°C rise in temperature from 20°C to 30°C.

Return to Question 12 (see page 61)
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3.3.13  Solution 13: The Nernst Equation

o RT
E=F ——1
nFn

The Nernst equation for the Zn**/Cu’’ redox reaction is solved for [Zn*"] by: (1) substituting in the
known variables; (2) rearranging the equation so that the term containing [Zn>'] is the subject; (3) the

exponential being evaluated as “shift-In” on most calculators.

-1 -1 2+
1'21\]:1'10\/_(8.314JK mol™'}(298 K) L lzn

2(96485 3 V" mol ) (0.1 mol L")
(8314 )K" m"ﬁl)(”_? K] 120" =110V -121V
2(96485 1 V"' mol” (0.1 mol L")
Zn*] 2(96485 1 V™" mol ']

I =(-0.11V
o1 mol L | ) (8.314 7K' mol')(298 K
[Zn*"]

lmg T 307 T =e " =1.9019x10""
.1 mo .1 mo

[z0**]=(1.9019x107*)(0.1 mol L™

In

[Zn**] = 1.9019 %10 mol L™
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As well as power sources such as batteries and fuel cells, electrochemical methods are commonly used in
analytical chemistry for determining the concentrations of metal ions in drinking water, rivers, lakes, oft-
shore water, blood, drinks, food products, and in environmental pollution monitoring. Electrochemistry

is also used in the industrial production of many important metals e.g. aluminium and magnesium.

Return to Question 13 (see page 61)
3.3.14  Solution 14: Chemical Work at Constant Pressure
AG'=—RTIn(K]  AG°=—(8314TK 'mol /(298 K)In[1.8x 10
AG® =—(8314 TK " mol'|(298 K )(—10.925) = +2.7068x 10* J mol '

AG° = +27.1 kI mol™’

Note that we normally quote results in multiples of 10° or 10~ and use the appropriate multiple symbol,
here it is kilo with the symbol k. The equilibrium constant K is quoted to two significant figures and a
variation in K of £ 0.1x107 gives AG® with = 0.14 kJ mol ™ hence the above final result.

Return to Question 14 (see page 63)

3.3.15 Solution 15: Radioactive Decay

Using the “exp” nomenclature for clarity

2 —expl—kt)] L =exp(—1.54x10" yr')(4.51%10° yr
nO nO

= 0.499

nO

Thus during the lifetime of the Earth about half of the **U originally present has been converted to

thorium-234 #*Th which is itself unstable to fission reactions and decays further.

Return to Question 15 (see page 63)
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4 Week 4: Experimental Data
Analysis

As there is a lot of graph plotting in analysing experimental data, it would be useful to revise section

1.1.4 before commencing.

4.1 Week 4 Tutorial Questions
41.1 Question 1: Photoelectric Experimental Results

Light of various selected frequencies v was directed at a sodium metal target inside a vacuum system.
The kinetic energy of the ejected electrons Exe was measured by the voltage required to stop them, this
stopping voltage being then converted to units of joules. Fig. 4.1 is a schematic drawing of the experiment,

it does not show the grid electrode to which the stopping voltage is applied for reasons of clarity.

Figure 4.1: photoelectric schematic apparatus.

There is a minimum energy of the UV photon which must be used for a given metal for it to lose an
electron, this minimum energy is called the “work function” of the metal @ (upper case phi) the work
function is the solid state equivalent to the ionization energy of a gas phase atom. The UV photon is
annihilated when it is absorbed and its energy hv is used to overcome the work function and eject the
electron with any excess energy from the original photon appearing as the ejected electron’s kinetic

energy FExg

hv=®+E,,

A student took these experimental measurements of the photoelectric effect for sodium.

E/107°3) 270 177 123 026
vI[10%s7) 959 821 741 583
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Introductory Maths for Chemists Week 4: Experimental Data Analysis

Firstly, manually plot the graph of Exg against the v (this is good practice for exams!). Secondly, does
the data form a good straight line plot, i.e. is the energy of the ejected electrons proportional to the
frequency of the light hitting the sodium metal target? Thirdly, determine the values of the gradient
of the line, Planck’s constant /. Fourthly, determine the work function @ from the x-axis intercept

(not the y-axis intercept).
Jump to Solution 1 (see page 78)

4.1.2 Question 2: Pressure-Volume Experimental Data for Carbon Dioxide

The volume, V litres, of one mole of CO, gas was measured as the pressure of p atmospheres (atm) was

varied at a constant temperature of 313 K.

platm 1 10 50 100 200 500
VIL 2551 245 038 0.07 0.05 0.04

Manually plot p versus V and also plot log(p) against log(V). Comment upon which of the plots is most
useful for displaying the data.

Jump to Solution 2 (see page 80)
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4.1.3 Question 3: Experimental Arrhenius Plot

The Arrhenius equation was introduced in last week’s questions. Firstly, using the following experimental
data for the rate constants and temperatures draw a graph of ' In(k/s™") versus (1/7)x(10° K) the reciprocal
of the pure number obtained by dividing the temperature by its unit kelvin, see section 1.1.4. Secondly,
determine the values of A and E, for this reaction. Thirdly, use the equation of the line from the graph

to calculate the rate constants at 283 K (do not extrapolate the graph).

T/K 293 298 303 308 313 318 323
KI107s7") 526 7.56 144 227 483 62.1 119

Jump to Solution 3 (see page 80)

414 Question 4: Experimentally Determining of the Order of a Chemical Reaction

The rate of a chemical reaction depends upon the rate constant and the concentrations of the reagents
and products each raised to a power, the powers are called the order with respect to that compound. For

example, if we consider a particular chemical reaction involving H, the rate of the reaction is
V= k[Hz]x

where v is the rate of reaction, k is the rate constant (don’t get these two different terms confused)
and x is the order with respect to H». The following data for the rate of reaction is given in terms of
seconds and pressure in torr (1 bar = 750 Torr to three significant figures) the pressure is proportional

to concentration at a constant T.

vI[10Torrs™!] 420 3.40 2.60 2.05 1.65
plTorr 400 316 248 196 155

Plot a log-log graph of the experimental data and assuming that the order x is either an integer or a
half-integer for this reaction, determine x the order with respect to [Hz]. Having determined the order

x, find the rate constant for the reaction at the temperature T of the H, gas.

Jump to Solution 4 (see page 82)
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Introductory Maths for Chemists Week 4: Experimental Data Analysis

415 Question 5: Vapour Pressure Data for a Liquid

The vapour pressure of the solvent above a liquid varies with temperature according to

AH
In[p)=-—72+B

where p is the vapour pressure; AH,,, is a measure of the energy required to evaporate a mole of the
solvent (that is transform it from liquid to its gaseous form); T is the temperature in kelvin; and B is
a constant. A student in the teaching lab obtained the following data which lists the measured vapour
pressure of hexane in torr at various temperatures in °C up to its boiling point at 68.7°C. A torr (symbol
Torr) is a convenient unit of pressure when using a mercury manometer with a ruler calibrated in
millimetres even though it is non-SI (760 Torr = 101325 Pa = 1 atm). The temperatures are converted
using 0°C = 273.15 K. Graphically determine AH.,.

temp/°C —53.9 —-25 —23 15.8 49.6 68.7
pl Torr 1 10 40 100 400 760

Figure 4.2: hexane H = grey and C = dark grey.

Jump to Solution 5 (see page 83)

77

Download free eBooks at bookboon.com
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4.2 Week 4 Tutorial Solutions

4.2.1 Solution 1: Photoelectric Experimental Results

Figure 4.3: photoelectric experimental results.

There is a linear dependence of the kinetic energy of the ejected electron with the frequency of the light.
There is a threshold frequency for the photoelectric effect. To find the equation of the line y = mx + ¢
by hand, we need to pick two points on the line and use their (x, y) coordinates, see section 1.1.4. Do not

use the data points themselves else you are wasting your time drawing a graph! The two points of the line

that I measured from the full sized manually drawn graph lead to the two simultaneous equations below.
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(x), 7] =[6.00x10"57", 035% 107 | 0.35x107° 7 = m[6.00x10"s™"|+¢
(x,,3,) =(9.00x 107", 2.31x 107" ] 231x107° T = m(9.00x10" 57!+ ¢

Subtracting the two simultaneous equations gives
1.96x107" 1 = m(3x10"s™ m=653x10"1s
The student’s value for Planck’s constant from the gradient is
h=653x10""1]s

The accepted value for PlancK’s constant is 4 = 6.626x107* J to four significant figures. Adding the two

simultaneous equations and using the student’s value for m the student found the intercept

2.66x107° T =(6.53x1071s)(15.00x10"s™ ) +2¢  ¢=—3.57x10"]J

The student’s equation of the straight line is
Eee = (6.53%10 1 s)v —(3.57x107° 1

The intercept c is on the y-axis and we require the intercept on the x-axis i.e. the value of x when y = 0.

So from the equation of the line we enter the value of y = 0.

—19
0=(6.53%10Ts)vo—(357%101)  v,=22X10 T 5470t

C6.53%10 s

The work function is the minimum photon energy required for electron emission, @ = jy,

14 -1

@ =[653x1077s)(5.47x10"s7") = 3.57x107"°J

The accepted value for the work function of sodium metal is @ = 3.78x10 ' J, so the student’s work

function is inaccurate by about 6% and needs some improvement to either the apparatus or method.

Return to Question 1 (see page 74)

Download free eBooks at bookboon.com



422 Solution 2: Pressure-Volume Experimental Data for Carbon Dioxide

Figure 4.4: pressure against volume plot for CO,.

Figure 4.5: log(p) versus log(V) plot for CO,.

The data covers a wide range of values and clearly the log-log plot allows the data to be viewed more

clearly and it also would allow any “rogue” points in the experimental data to be noted for remeasuring.

Return to Question 2 (see page 75)

423 Solution 3: Experimental Arrhenius Plot

Figure 4.6: Arrhenius plot of rate constant and temperature data.
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Introductory Maths for Chemists Week 4: Experimental Data Analysis

In Fig. 4.6 the Arrhenius plot is a straight line. From a full-sized manually-drawn version of Fig. 4.6 I
obtained y = -9.98x + 28.7. The Arrhenius equation has a gradient m = -E /R where R is the gas constant
and E_ is the activation energy. So from the gradient we obtain the activation energy E, we must also

remember to include the units and their multiples of the axes in the calculation.

m:M:—9.98 m=

1
?(103 K|

3 Ea 3
=-998x10"K - =-9.98X10"K

ln(k/sfl)
1 R
T

E, =(9.98x10°K |(8.314 TK ™" mol ™' | = 83.0x10° J mol '

E,=83.0 kJ mol™'
The equation of the straight line in Fig. 4.6 has an intercept of ¢ = 28.7 which for the Arrhenius equation

is equal to ¢ = In(A). The intercept is on the y-axis and so the intercept will have the same units and any

multiples there happens to be as the y-axis.
c=Inldls)=287  Als'=2.91x10"

A=291x10"s"
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To calculate the rate constantat 7 =283 K then (1/7) = (3.5336x107° K™") and so x = (3.5336x107° K™)

using the equation for the best line we can then calculate the corresponding value for y = In(k/s™).
In(k/s™') = (-9.98%10° K)(3.5336x 10K ') +28.7 = —6.57
k=140x10"s"
Return to Question 3 (see page 76)

424 Solution 4: Experimental Determining of the Order of a Chemical Reaction

X

v Zk[Hz

We will (1) take logs on both sides of the equation; (2) expand out the log of a product; and (3) bring
the power of the log down.

log(v) = log(k[Hz]x) log(v) = log(k) +log[H2]x
log (v) = 10g(k)+ xlog[Hz]

This has the form of y = ¢ + mx with the y = log(v), the intercept ¢ = log(k) the log of the rate of reaction,
the gradient m = x the order of the chemical reaction with respect to H, and x = log([H:]). Don’t confuse
the order of reaction x and the general variable x (as in x, y). Note this is written deliberately in terms

of using x as the power because examiners are sneaky enough to try and confuse you!

vI[10 2 Torrs™) 420 340 2.60 2.05 1.65
plTorr 400 316 248 196 155

Figure 4.7: log of the rate of reaction versus log of the pressure.
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The values of the gradient and intercept from a full size manual plot are

m = 0.9992 c=-3.9741
So x = 0.9992 which as the order for this reaction is expected to be an integer or half-integer, gives
x = 1.0 first-order
Having determined x, we can now find the rate constant for the reaction at this temperature
c=loglkls'|=—-3.9741  kls'=10""4
k=1.06x10"*s™"
Return to Question 4 (see page 76)

425 Solution 5: Vapour Pressure Data for a Liquid

In order to have a straight line graph we construct a table for In(p/Pa) and (1/7T)(10° K).

temp/°C  —53.9 —25 —23 158 496 687
TIK 2193 2482 2709 289.0 322.8 3419
(1/T)[10°K) 456 403 3.69 346 3.10 292
plTorr 1 10 40 100 400 760
p/Pa 1333 1333 5333 13332 53329 101325
In(p/Pa) 489 720 858 950 1088 11.53

Figure 4.8: In(p/Pa) versus (1/T )(10° K).
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Introductory Maths for Chemists Week 4: Experimental Data Analysis

The straight line that I measured from the full sized manually drawn graph is y = -4.044x + 23.43 which

taking into account the labels of the axes, including the unit multiples, gives the enthalpy of vaporization as

m= lln(P/Pa) =-—4.044 m=—4.044x10° K
1 3
. (10°K)
- _ﬂRvaa = (-4.044x10°K|

AH = (4.044x10°K)(8.314 J K" mol™ = 3.362x10* J mol '

AH, =33.62k mol'

The student’s measured value is higher by 16% than the accepted literature value of 28.85 k] mol-1 and

the method and apparatus both need careful evaluation.

Return to Question 5 (see page 77)
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5 Week 5: Chemistry and
Differentiation 1

5.1 Week 5 Tutorial Questions
5.1.1 Question 1: Molecules of a Gas

Consider an N, molecule at 298 K moving with a velocity of 515 m s™. In the absence of any collisions,
how long will it take the molecule to travel 10 km? This absence of collisions corresponds to an extremely

low pressure.

distance v d
time t

velocity =

Jump to Solution 1 (see page 87)

5.1.2 Question 2: Molecules of a Gas

Remember that acceleration is the differential of the velocity-time curve (v-t graph) at a particular point
in time.
d(velocity) _dv

acceleration = a=—
d|time dz

Note that the symbol for differential is a roman (upright) “d” as it is not a variable but rather indicates
an operation to be carried out on the variable, it is an “operator”. The N, molecule collides with another
molecule in a collision lasting 100 picoseconds (symbol ps and 1 ps = 107?s). As a result of the collision,
the velocity of our N, molecule increases from 515 to 630 m s™'. What is the acceleration of the molecule

if it is still travelling in the same direction?

Jump to Solution 2 (see page 88)

5.1.3 Question 3: Molecules of a Gas

What force in newtons has been required to bring about the change in velocity of Question 2? Remember

that

force = (mass X |acceleration) IN=1kgms™>
1 atomic mass unit, u = 1.6605x10*" kg

Jump to Solution 3 (see page 88)

Download free eBooks at bookboon.com



514 Question 4: Molecules of a Gas

The N, molecule now travelling at 630 m s~ has a collision with the walls of its containing vessel which
again lasts for 100 ps. As a result of the wall collision the N, molecule is now travels at 630 m s™' in the

opposite direction. What has been its acceleration in this collision?

Jump to Solution 4 (see page 88)

515 Question 5: Maxwell-Boltzmann Distribution of Speeds of Gas Molecules

The fraction of identical molecules in a gas with speed ¢ (ignoring the direction of the velocity) is f(c)

and is given by the Maxwell-Boltzmann distribution of speeds.

flel = 4n( 2nn;€T )3/2026_(?;;)

Where m is the molecular mass in kg; k is Boltzmann’s constant which is the gas constant per molecule
k= R/T=13807x10% JK"'; and T the temperature of the gas in K. Thus the Maxwell-Boltzmann
distribution is isotopic composition dependent. We are now going to use a common trick which helps us
see the wood from the trees. The first two terms are constant at a given temperature. So we can make the
equation look less daunting by calling them a constant A. Secondly, we see that at a constant temperature

the exponential term becomes exp(—Bc?) where B = m/2kT. At constant temperature we have the equation.
f(c) = Acte o

Firstly, sketch the plot of the above f(c) versus c equation. Secondly, by differentiating the equation with
respect to ¢ show that the graph has a maximum at cmp = (2k7/m)"” which can be identified with the

most probable speed of a molecule, cy.
Jump to Solution 5 (see page 89)

5.1.6 Question 6: Measuring Rates of Reaction from Concentration Data

In a chemical reaction the concentration of a reagent [A] is found to decrease with time t as it is consumed

to form products. A student measured the data below in the teaching lab.

t/10°s  0.00 2.00 4.00 6.00 8.00 10.0
[A]/molL™" 1.00 0.605 0.366 0.221 0.134 0.081
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Introductory Maths for Chemists Week 5: Chemistry and Differentiation 1

The rate of a chemical reaction v is related to the differential change in concentration with time, in this

reaction as below.

Lodlal

dt

where the minus sign is to convert the negative slope (it is a decrease in reactant with time) into a positive
rate of reaction. Firstly, draw a graph of [A] against time. Secondly, draw tangents to the graph and find
values for the rate of reaction at times of # =0, 2.5x107, 5.0x10° and 7.5x107 s. What conclusion can

you draw from these different rates of reaction as a function of time?

Jump to Solution 6 (see page 91)

5.2 Week 5 Tutorial Solutions
5.2.1 Solution 1: Molecules of a Gas

d d _ 10000 m

y =— = —

t v 515ms!

t=194s

87
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Notice how in the absence of any collision a molecules can travel a long distance very quickly, e.g. inside
a mass spectrometer flight-tube where the pressure may be 10 atmospheres or less, or in space. Of
course, at any ambient pressures the molecules are rapidly colliding with one another and changing
their directions as well as their speeds but nevertheless the average speed of N, at room temperature is

still around 515 m s

Return to Question 1 (see page 85)

5.2.2 Solution 2: Molecules of a Gas

Acceleration, a, is the gradient of the velocity-time graph (v-t graph) which in this case is

dv _ 630ms '—515ms”!

a = a
dr 100x10 s

a=115x10"ms™
Notice how molecules are capable of very rapid acceleration (also deceleration) by means of collisions.

Return to Question 2 (see page 85)

5.2.3 Solution 3: Molecules of a Gas

N, has a mass of 28 u where the atomic mass unit = 1.6605x10*" kg.

F=mxa  F=(28x1.6605x10""kg(1.15x10"m s

F =535x10"kgms™?

«_»

The named unit for force is the newton (lower case “n” for the unit and upper case for the person) and

its symbol is N (upper case) where
IN=1kgms™ F =535x10""N
Return to Question 3 (see page 85)

524 Solution 4: Molecules of a Gas

- 630ms™'|—(—630ms™) _ 1260 ms™

100x10~"%s 1.00x107"s

a=126x10"ms*
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As well as molecule-molecule collisions, collisions with the vessel walls also cause molecules to undergo

very rapid acceleration or deceleration.
Return to Question 4 (see page 86)

525 Solution 5: Maxwell-Boltzmann Distribution of Speeds of Gas Molecules

f(c) = APc !B

We see that the equation is the product of two terms in ¢, The first, ¢>, makes f(c) increase from zero
upwards with increasing c. The negative exponential term makes f(c) decrease from 1.0 downwards
towards zero with increasing c. So the fraction f(c), the product of these two terms, will start from zero
for ¢ = 0, then drop back to zero at large values of ¢ and for intermediate values of ¢ the fraction will
pass through a maximum value. Fig. 5.1 shows the two constituent curves in red and the product of

them in blue.

Figure 5.1: f(c) versus c for f(c) = ¢, f(c) = exp(—c?) and f(c) = ¢? exp(-c?).

The maximum is when df(c)/dc=0and we need to differentiate the equation. Let y= Ac’ and x = exp(-Bc?)

so that f(c) = xxy and use the rule for the differentiation of a product of two functions.
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Introductory Maths for Chemists Week 5: Chemistry and Differentiation 1

dx/dc has come from using the general form of the differential of an exponential power term

de’ _ du .
dx dx

Therefore from the differentiation of a product of two functions we have the following

471e) o loclia ]+ (e (-28c)e ™

Therefore when df(c)/dc = 0 we can find the maximum in f(c) which gives the molecular speed at the
maximum i.e. the most probable speed cmp

Bc? Bc?

e_( '“")(ZAcmp)z (Acfnp)(Zchp)e_( "'")
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Cancelling out terms.

1

—p2 —

1= Bcy, Conp )
¢ = 2kT

Return to Question 5 (see page 86)

5.2.6 Solution 6: Measuring Rates of Reaction from Concentration Data

Figure 5.2: concentration of [A] versus time, showing the gradientatt=0s.

Fig. 5.2 shows the reagent concentration against time graph and one of the gradients drawn at zero time
which is m, = =251 mol L™ s7'. As the rate of a chemical reaction is defined as always positive this gives
the rate, v, at =0 as vo =251 mol L' s™". Drawing similar gradients to the smooth curve gives the

followings rates.

11107 s 0 25 50 75
vimolL's™ 251 134 71.5 382

The data shows that the rate of reaction, v, decreases with time because the concentration of reactant

[A] is decreasing as it is consumed forming the product.

Return to Question 6 (see page 86)

Download free eBooks at bookboon.com



6 Week 6: Chemistry and
Differentiation 2

6.1 Week 6 Tutorial Questions
6.1.1 Question 1: Intermolecular Interactions

The non-bonding interaction between two neutral atoms or two neutral molecules, their intermolecular

interaction, is given by the Lennard-Jones equation.

Where V is the potential energy of the interacting molecules, r is the distance between the two molecules
and ¢ is the depth of the potential well. The 6™-power term describes the long-range attraction between the
molecules due to the van der Waals or dispersion forces. The 12*-power term represents the short-range
repulsion between the molecules from the overlap of their electron orbitals when the distance between
the molecules becomes so small that they are essentially in contact. For the interaction between two N,
molecules the constants are ¢ = 765 J mol™ and ¢ = 3.92x107"" m. Sketch the shape of the graph for
this potential.

Jump to Solution 1 (see page 95)
6.1.2 Question 2: Intermolecular Interactions
g 6_ 2 12
r r

The variables in the Lennard-Jones equation are V and r, Firstly, find the derivatives of V with respect to

r dV/dr. Secondly, differentiate the first derivative with respect to r to find the second derivative d*V/dr*

V=-4¢

for the interaction between N, molecules.

Jump to Solution 2 (see page 97)

6.1.3 Question 3: Intermolecular Interactions

Use the solutions of Question 2 to find the separation at which the Lennard-Jones potential V is at a

minimum, that is the distance between two N, molecules at which the potential energy is a minimum.

Jump to Solution 3 (see page 97)
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Introductory Maths for Chemists Week 6: Chemistry and Differentiation 2

6.1.4 Question 4: Changes in pH

The pH of a solution in which the hydrogen ion concentration is [H*] is defined by:

pH = ~log[H"]
Firstly, show that d(pH)/d[H'] arising from a small change in pH of d(pH) resulting from a small
change in [H'] of d[H'] is proportional to the ratio d[H']J/[H']. Secondly, a solution originally with
[H*] = 0.02 mol L had an additional concentration of d[H']=5x10"*mol L' added to it, calculate
the change in pH, d(pH).

Jump to Solution 4 (see page 98)

6.1.5 Question 5: Differentiation of the Arrhenius Equation

The rate constant k for a chemical reaction is related to the temperature T by the Arrhenius equation.
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Where A and E, are constants for a given chemical reaction; Ris the gas constant R = 8.314 J K™' mol '; and
Tistheabsolutetemperaturein K. Foraparticularbiochemicalreaction £ = 20 L mol™' s™ when 7= 300 K.
If E, = 50 kJ mol' for this reaction, by differentiating the Arrhenius equation with respect to T, find
the change in the value of k when T increases by 1 K to 301 K. Remember to use the base unit of

E, = 50000 J mol™" in the calculation and not its multiple of kJ mol™.
Jump to Solution 5 (see page 99)

6.1.6 Question 6: Consecutive Chemical Reactions

Two chemical reactions consecutively follow on from one another. Consecutive reactions are generally

very common in biochemistry and organic chemistry.

kl k2
A—B—C

A common situation is for k, to be a first-order rate constant at which A is transformed to B and k, the
first-order rate constant at which B transformed to product C. Assuming that we start at time zero with

pure A and no B or C present then this mechanism gives the concentration of B, [B], at any later time, t, as

k
1 —k,t —kt
[t —e ]

8= (Al

where [A]o is the initial concentration of A. Find the time, in terms of the rate constants k, and k,, at

which the concentration of B is a maximum [B ]max-
Jump to Solution 6 (see page 100)

6.1.7 Question 7: Consecutive Chemical Reactions

k !
1 —kt —k,t
[ =)

Bl=[ab—¢

Firstly, construct a table of data of [B], t and d[B]/dt. The table should run from time
t=0to t=1sinintervals of 0.1 s. Secondly, assuming that [A]o = 1 mol L™ and that the rate constants are
k, =7.0s" and k, = 5.0 s™', draw a graph of [B] versus ¢ and a graph of d[B]/dt versus t. Thirdly. find
the time, Zmax, at which the concentration of [B] is at a maximum on your graph and check that this is

consistent with your solution of Question 6. Fourthly, find the value of [B]max.

Jump to Solution 7 (see page 101)
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6.1.8 Question 8: Consecutive Chemical Reactions: the Steady State Approximation

k
1 —kt —k,t
[t —e™]

Bl=[Ab—

By consideration of each of the terms in the equation show that if k, is very much larger than &, i.e. k, » k

then [B] and d[B]/dt will be both small and approximately constant.
Jump to Solution 8 (see page 103)
6.1.9 Question 9: Consecutive Chemical Reactions with a Rate Determining Step

kzlilkl (e—klt_e—kzz)

[B]=[A},

By consideration of each of the terms of the equation find approximate expressions for [B] and d[B]/dt

when k, is very much larger than ks i.e. ki » k.

Jump to Solution 9 (see page 104)

6.2 Week 6 Tutorial Solutions

6.2.1 Solution 1: Intermolecular Interactions

To sketch the above equation we can simplify it to V= -47° + Br'> and separately plot the shape of
r¢and ' and then “add” their shapes to arrive at the final shape of the graph as shown in Fig. 6.1.
The position of the minimum and its depth depend upon the values of A and B (that is upon the values
of € and 0). The —A4r° term being negative decreases the potential as the molecules get closer, they are
attracting one another due to the van der Waals forces. The power of -6 in —47 ® acts at longer range than
the +Br'* term. The +Br'? term is effective at short range and increases the potential as the distance

decreases and the molecules increasingly repel one another.
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Av

Week 6: Chemistry and Differentiation 2

Figure 6.1: sketch of V = -r?¢, V= +r'? and the combined plot of V= -r¢ + r'2.

Return to Question 1 (see page 92)
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6.2.2 Solution 2: Intermolecular Interactions

Bring the denominators of the pair of inner brackets up to the numerators before differentiating.

V= —45((2)6—(2)12) V=—delobr—or "

r r

‘(11—[; =—4e(—60°r =~ 12) 0" ")
dr _ _,,[_60° 120"
dr r7 r13

8 14

v — 4 420° 1560"
r r

Return to Question 2 (see page 92)

6.2.3 Solution 3: Intermolecular Interactions

To find the separation at which the potential V is at a minimum we use the first derivative. Leaving ¢
in angstroms will give r in angstroms. For clarity I have not shown the units in this evaluations of the

equation.

v _ 4( 60° 12012)
=—4¢el—

dr 7’7 r13

Either 4¢ must equal zero, which it cannot, or the term in brackets equals zero giving the following,

6(3.92° 12(3.92)7 re12(3.92)"

min 6 6
- P = 2%3.92
r:nin r:in ]/'Znin 6(392)6
Fom = 440 A

Fuin = 440 A is the separation of two N, molecules at the minimum potential energy (see Fig. 6.2) and

is larger than the 3.7 A “hard sphere” molecular diameter of N,
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V=—-rs+r2
r
\/ — =
r

min

Figure 6.2: Lennard-Jones plot with the intermolecular distance r,;, at the minimum potential.
Return to Question 3 (see page 92)

6.2.4 Solution 4: Changes in pH
pH = —log[H"]

As we need to differentiate this, we first need to convert it to natural logarithms. From section 3.1 and

letting x = [H'] we have
log,(a)xlog, (x| = log, x|
loge(IO)Xloglo[H‘”] = loge[H"] ln(IO)Xloglo[H+] = ln{H"}

1
T 2303

1

" 2303 Inf1°]

2303 log,,[H'] = In[H*]  log,,[H"] m[H]  pH=

Note the negative sign, we may now differentiate the above equation, then treat the differential as separable

terms and then substitute the values for the variables.

_ 1 d[H]
2303 [H]

d(pH]| 11

d[H] 2303 [H*]

d(pH) =

1 5%x10*molL™!

d[pH]=- 2303 0.02molL"

d(pH)=—0.011
As expected increasing the hydrogen ion concentration leads to a decrease in pH.

Return to Question 4 (see page 93)
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Introductory Maths for Chemists Week 6: Chemistry and Differentiation 2

6.2.5 Solution 5: Differentiation of the Arrhenius Equation

£, ) _ 50000 J mol ~!
(20 L mol™ s_l) = Ae (8.314 7K " mol (300K

k= Ae_(RT
A=1.017x10"L mol 's™!

Let x=1/Tthen dx/dT=-T"? and S0,

REE I EEARE T AR
dk _ dx _dk dk 1 E (E)
4T :d—;xa ﬁ:(_T)XA — Ra)e kT
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Treating the differential as separable terms and substituting the values for the variables with dT'=1 K gives

50000 J mol !

(1.017x10" L mol~"s™'}( 50000 J mol ' e‘( (314K " mol 1] 300K
(8.314 7K " mol')(300 K |

dk=(1K)

dk=1337Lmol 's!

Return to Question 5 (see page 93)

6.2.6 Solution 6: Consecutive Chemical Reactions

k] —k,t —k,t
c —C

Bl=[a)

To find the maximum concentration of B we differentiate [B] with respect to t. Notice that on the right

hand side the terms before the bracket are constant and differentiating with respect to ¢, gives

ky
kz_k1

t

—k. t —k
(—kle "+k,e ?

The maximum in [B] occurs when d[B]/dt = 0, which is either when [A]oki/(k; — k) is equal to zero

(which it cannot be) or alternatively the term is brackets equals zero.
ke =ik ™

Taking natural logs allows us to find ¢ at which [B] is a maximum.

In(k,|=k,t = n(k,) =kt Inlk,|~In(k,) = t[k,— k) ln(%):t(kl—kz)

2
1 k,
= Inl —
‘ kl_kZ n( kz)

The time at which the concentration of B is a maximum depends only on the values of the two rate

constants and is independent of the initial concentration of A.

Return to Question 6 (see page 94)
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6.2.7 Solution 7: Consecutive Chemical Reactions

From Solution 6 we have d[B]/dt

and substituting in the values for the variables gives Table 6.1 which are plotted in Fig. 6.3 and Fig. 6.4.

tls [B|/mol L™ %/molLls1
0.0 0.000 7.000
0.1 0.385 1.552
0.2 0.424 —0.396
0.3 0.352 —0.905
0.4 0.261 —0.879
0.5 0.182 —0.697
0.6 0.122 —0.504
0.7 0.080 —0.346
0.8 0.051 —0.230
0.9 0.032 —0.149
1.0 0.020 —0.096

Table 6.1: t, [B], and d[B]/dt.

Figure 6.3: [Bl/mol L' versus t/s.
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Introductory Maths for Chemists Week 6: Chemistry and Differentiation 2

Figure 6.4: d[B]/dt /(mol L™ s7') versus t/s.

From Solution 6 we have the equation for the time at which d[B]/dt is zero i.e. the time at which [B] is

a maximum and substituting the values (but not the units for clarity) gives the time at maximum [B] as

t—#ln LIN - In 7
kl_kz k2 7_5 5

t=0.168s

By 2020, wind could provide one-tenth of our planet's
electricity needs. Already today, SKF's innovative know-
how is crucial to running a large proportion of the
world’s wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
jcation. We help make it more economical to create

Therefore we'need the best employees who can

eet this challenge!
Tr)_af Power of Knowledge Engineering

'-’:-‘i-.i

e
Plug into The Power of Knowle‘ngineering.
Visit us at www.skf.com/know1ed"_#

102 Click on the ad to read more

Download free eBooks at bookboon.com


http://www.skf.com/knowledge

Substituting this time (# = 0.168 s) along with [Alp=1mol L, k;=7.0s", k&, =5.0s", into the

expression for [B] gives [B]

max*

[B}max = (1 mol L*l) (5 . 5(1)0_5(71)0 S_l) (67(7.0 s 1)(0.168 s]_effs.o{‘Jn’o.is))

{B]max = (—3.5 mol L™ )(67(7.0 s70.168 s]_ef[s.()s*‘)(o.lss s])

[BJ,,.c =0.431 mol L™!

The value of [B]mx = 0.431 mol L' from the differentiation of the rate equation agrees with the
graphical value in Fig. 6.3.

Return to Question 7 (see page 94)

6.2.8 Solution 8: Consecutive Chemical Reactions: the Steady State Approximation

k —k,t —k.t
1
(C "—e 2)

When k, » k, then the following approximations may be made. From Fig. 6.5 we have as k, is dominantly

large then exp(—k»f) = 0 and as £ is small and positive then exp(—ki¢) = exp(0) = 1. Finally (k> — ki) = k».

S

Asymptote 7LY
Yy—twasX —-w
6.-
5.-
y=e" 4t
3+
ol Asymptote
(0, 1) y—0asx — +w
L L L L 'l x
2 1 > 3 e

B]=[ah 2o —e )~ (Al 1-0)
B]~[Ah
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As k,/k,is a small number thus [B] will be small compared to [A],. Using the same approximations as

above with the equation for the rate of forming the intermediate d[B]/dt we have

d[B k Y k
% = [Al, s (ke e ™)~ [A]ok—;((—klx1)+(k2><o))
dB] K
=~ (Al klz

As k,/k, is a small number then ki*/k2 is an even smaller number and thus the rate of change of the [B]
concentration is exceedingly small, i.e. [B] is approximately constant. Thus the intermediate concentration
[B] is both small and approximately constant under the approximations which follow from where k, » k,

and this is called the “Steady State Approximation” in chemical kinetics, see Fig. 6.6.

k,/k, =110

[CHIA],

0.2¢ .
[BV[A], time ¢
0{ N —— ’
0 1 2 3

Figure 6.6: relative concentrations versus time for k,/k, = 1/10.

The steady state approximation does not assume the reaction intermediate concentration to be constant
and therefore its time derivative being zero. The steady state approximation assumes that the variation in
the concentration of the intermediate is approximately zero and as the concentration of the intermediate

is so low that even a large relative variation in its concentration is small if compared quantitatively against
those of the reactant and product.

Return to Question 8 (see page 95)

6.2.9 Solution 9: Consecutive Chemical Reactions with a Rate Determining Step

k —k. t —k,t
1
(e 1 2

8= [Ahrr
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When k, » k, (the opposite conditions from Solution 8) then the following approximations may be made
from Fig. 6.5 for negative exponential functions. The condition (k, » k,) means k, is much larger than

k,and thus exp(—kit) = 0 and as k, is small and positive then exp(—k.t) = exp(0) = 1 and (k, — k1) = —k;.

B] = (Al (e =e ") ~ [l L f0-1) ~ (4l

As [B] = [A]o over part of reaction time, see Fig. 6.7, the final product concentration [C] does not start
to increase appreciably until the intermediate concentration [B] has passed its maximum by which time
the reactant concentration [A] in negligible. Using the same approximations as above with the equation

for the rate of forming the intermediate d[B]/dt we have

—k ¢t _ k
T -k, (—kle K +h,e kzt) ~ [A}O_—l;((—klxo)+(k2><1))

d[B] _
TE ~ —[Alok,

Over much of the reaction the rate of change of the intermediate concentration d[B]/dt to form the

product C will approximately depend on the rate of the slow “Rate Determining Step” k,.

k /K, = 10/1

[BITA],

0O 1 2 3

Figure 6.7: relative concentrations versus time for k,/k, = 10/1.

Return to Question 9 (see page 95)
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Introductory Maths for Chemists Week 7: Chemistry and Integration 1

7 Week 7: Chemistry and
Integration 1

This introduction to integration is spread over both weeks 7 and 8. The tutorials questions and solutions
will show some of the more important Chemical applications of the Maths technique of integration. One
very common Maths technique used in Chemistry is the “separation of variables” method for integrating

a differential equation. This is covered in the solutions for this week (Section 7.2).

7.1 Week 7 Tutorial Questions
7.1.1 Question 1: Radioactive Decay

The decay of a radioactive element A — P has a rate constant k. Radioactive decay is a first-order chemical

reaction with [A] and ¢ being the variables of the equation.

TURN TO THE EXPERTS FOR
SUBSCRIPTION CONSULTANCY

Subscrybe is one of the leading companies in Europe when it comes to innovation
and business development within subscription businesses.

We innovate new subscription business models or improve existing ones. We do
business reviews of existing subscription businesses and we develope acquisition and

retention strategies.

Learn more at linkedin.com/company/subscrybe or contact
Managing Director Morten Suhr Hansen at mha@subscrybe.dk
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The rate of reaction is equal to rate of loss of [A] with time ¢ which is equal to the product of the rate
constant k and the concentration [A]. The negative sign is to give a positive rate constant for a reaction
which involves the loss of the reactant. In order to obtain an equation which will give us the concentration
of A at any time we need to integrate this equation from ¢ = 0 when [A] = [A], to a general time ¢ = ¢

when [A] = [A],. Carry out this definite integration for this first-order chemical reaction.

Jump to Solution 1 (see page 109)

7.1.2 Question 2: Second-Order Chemical Reactions

If the overall (or stoichiometric) reaction is two molecules of A reacting to give products 2A — P with
rate constant k then for some mechanisms we may have a second-order reaction. An example of such a

second-order reaction is that of nitrogen dioxide

2NO, — 2NO+O0,

Figure 7.1: nitrogen dioxide molecule, N = blue, O = red.

NO, is involved in important chemical reactions in polluted atmospheres and also in the industrial
manufacture of nitric acid. Using the general symbol [A] rather than the specific one [NO,] we find the

rate of loss of A is expressed by the second-order kinetics equation below.

In order to obtain an equation which will give us the concentration of A at any time we need to integrate
this equation from t = 0 when [A] = [A], to a general time ¢t = ¢t when [A] = [A]. Carry out this definite

integration for this second-order chemical reaction.

Jump to Solution 2 (see page 110)

7.1.3 Question 3: Expanding Gas and Thermodynamic Work

In Chemistry it is very common to have gases being formed, reacting, compressed or expanding. A
simple way of understanding such processes is to begin with a “mechanical” picture of a gas trapped

inside a cylinder by a piston, Fig. 7.2.
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Figure 7.2: thermodynamic definitions.

The gas is called “the system” in thermodynamics and everything other than the gas is called “the
surroundings”. If the pressure of the system p is the same as the surroundings and the volume of the
system is V then the work done on the system (gas) is given the symbol w. As the gas expands at constant

temperature, T, the work done on the system (the gas) is shown in the equation below.

wz—fpdV

The negative sign arises because as the system expands then dV > 0 and the gas does work on the
surroundings, pushing the surroundings back. As w is the work done on the system then it will be
negative in this case as in expanding, the gas is doing the work! Assuming for the moment the gas is an
ideal gas then from the Ideal Gas Law we can obtain the integral below where 7 is the number of moles

of gas in the system and R is the gas constant, R = 8.314 ] mol™ K.

pV =nRT p= dv

nRT B fnRT
w=—
V V

Find the work done when the gas expands from an initial volume V; to a final volume V| by integrating

this equation.
Jump to Solution 3 (see page 111)

7.1.4 Question 4: Ideal Gas Expansion

We have one mole of ideal gas at an initial volume of 4.90x10° cm?® which expands to a final volume of
2.45x10* cm’ at a constant temperature T = 298 K. Using your solution from Question 3 calculate the

work done by the gas due to this expansion.

Jump to Solution 4 (see page 112)
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Introductory Maths for Chemists Week 7: Chemistry and Integration 1

7.2 Week 7 Tutorial Solutions
7.2.1 Solution 1: Radioactive Decay

We are going to introduce the “separation of variables” method with this question and its solution.

(1) Treat d[A] and dz as two separate variables which follow the normal rules of algebra (you cannot
separate d from ¢t as the operator d has to operate on something, this applies to any differential). (2)
Rearrange the equation to bring everything that involves [A] to the left hand side and everything that
involves t or are constants to the right hand side of the equation. (3) You can now integrate both sides

of the equation separately, using the two appropriate sets of integration limits.

dla)

d[A] _ _
T — = ks [ ===

=-kAl T4 I A

Vowo Touexs | Rewant Tovcks | Macx Toucks I'Ilou.lolll.m I Fumﬂmmﬁu.—ur I Wowwro Pesm | Vowo Aeno | Wowo IT
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(4) Take any constants and negative signs outside of the integral for clarity, i.e. the rate constant k is
independent of time and is constant. (5) The left and right hand sides of the equation are both standard

integrals, the left hand side making use of the following standard integral

[~dr=mlx)+c
A, t N
J %A}]:—k{dt [ln[AH[ L:—k[t]o

(6) This gives four alternative ways of writing the final definite integral and which one you use to solve

a problem will depend upon the circumstances.

[A],
(Al

=—kt

In[A],~In[A],=—kt I

Return to Question 1 (see page 106)

7.2.2 Solution 2: Second-Order Chemical Reactions

Using the method of “separation of variables” for the integration of the second-order kinetics equation.

(1) Treat d[A] and dt as separate variables which follow the normal rules of algebra; then bring everything
that involves [A] to the left hand side and everything that involves ¢ or is a constant to the right hand
side. (2) Now integrate both sides separately with the appropriate limits.

dlA] _ —kdt

(AP

(3) An easy and foolproof way of integrating the left hand side of the equation is to write it as [A]?and
then integrate as normal. You can use this “trick” to integrate many equations which at first sight might
look a bit difficult.
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Return to Question 2 (see page 107)

7.2.3 Solution 3: Expanding Gas and Thermodynamic Work

Vf
w =—f nRT dv
V.

14

i

Taking the constants outside the integral for clarity, the temperature of the gas T of the gas is constant and

the number of moles of the system # is constant (gas in neither formed or lost), we may now integrate.

v v,

f 1 B
w=—nRT!7dV w=-nRT[n(V]]

i

w==nRT(In(V|—In(V))

Ve
Vi

w=—nRT In

Return to Question 3 (see page 107)

Download free eBooks at bookboon.com
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724 Solution 4: Ideal Gas Expansion

The work done on the gas is calculated below.

w=—nRTIn

Vs
Vi

w =—(1 mol)(8.314 J K mol')(298 K)ln(M)

4.90%10° cm®
w=-399x10°J =—-3.99kJ

The work done on the gas is negative, which means the gas is doing work on the surroundings in the
expansion process, the gas is “pushing back” the surroundings. The question was to calculate the work

done by the gas in the expansion which is —-w.
—w=+3.99KkJ

Return to Question 4 (see page 108)

EXPERIENCE THE POW

FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...

112 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/Gaiteye

Introductory Maths for Chemists Week 8: Chemistry and Integration 2

8 Week 8: Chemistry and
Integration 2

8.1 Week 8 Tutorial Questions

8.1.1 Question 1: Enthalpy of a Molecule and Temperature Changes

The enthalpy of a molecule, H, changes by dH when the temperature, T, changes by dT and the change

is commonly given as a polynomial equation

dH =|a+bT +cT2)dT

Calculate the change in the enthalpy, dH, of benzene (Fig. 8.1) when it is heated from 298 K to 398 K

by integrating the polynomial given the following constants for benzene.

a=-170Jmol "K' b=325x10"Tmol 'K c=1.11x10*Jmol 'K

Figure 8.1: benzene molecule H = grey, C = dark grey.
Jump to Solution 1 (see page 116)

8.1.2 Question 2: Quantum Mechanics of a Conjugated Polyene Molecule

A polyene molecule is a linear hydrocarbon chain of alternating single and double bonded C-atoms.

Polyene molecules are important in biological processes and Fig. 8.2 shows such a short polyene molecule.

Figure 8.2: linear polyene molecule H = grey, C = dark grey

113
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Because of the alternation of the single and double bonds, the m-electrons are mobile and may move
along the length of the polyene. Thus we may treat the polyene molecule as a one-dimensional box of
length L which confines the m-electrons. This interesting and important quantum mechanical concept
will be discussed in your Chemistry degree. Fig. 8.3 shows some of the different wavefunctions for the
allowed solutions for the mobile n-electrons as the quantum number # increases so does the energy of

the m-electron in that level.

n:4|/\%\//\
v,

n=3/\ /\

¥,

n=2 v
W,
R — ————

x=0 x=L

Figure 8.3: wavefunction for r-electrons in a polyene molecule.

The total probability of finding a m-electron at a certain position x, measured from one end of the one-

dimensional box of length L is given below.

Where the sine is in radians not degrees hence the need for ; x is the distance along the molecule from
one end; # is a constant called a quantum number which may take any of the values n =1, 2, 3, -~ and B
is a constant to be evaluated. Use the standard integral below to integrate the probability equation from

x=0to x = L and thus find B in terms of L the length of the molecule (C is the constant of integration).

. 2 _l_sin(Zax)
fsm (ax)dx— P +C

Jump to Solution 2 (see page 117)

8.13 Question 3: The 1s Electron of the Hydrogen Atom

The probability P that an electron is a distance r from the nucleus is called the radial distribution function.

The hydrogen atom’s 1s electron radial distribution function is

Download free eBooks at bookboon.com



Introductory Maths for Chemists Week 8: Chemistry and Integration 2

Where g, is a constant called the Bohr radius (a, = 0.5292 A or a, = 0.5292x10°"° m). Fig. 8.4 plots the

hydrogen atoms 1s electron radial distribution function with a, = 0.5292 A.

1}
0.8t
0.6t
0.4t
0.2t

o /(10 m)
0 05 1 15 2 25 o

Figure 8.4: radial distribution function for the hydrogen 1s atomic orbital.

What is the probability of finding the electron at a radius of less than 2a,, i.e. integrate the above equation
fromr=0to r = 2a,

r=2 a, 2

dp= [ 27e “dr
r=0 Qo
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Make use of the standard integral below.

. 2 2x 2
2abxd x = gb¥ X C
fx (§ X € (_b —b2 +_b3)+

Jump to Solution 3 (see page 118)

8.2 Week 8 Tutorial Solutions
8.2.1 Solution 1: Enthalpy of a Molecule and Temperature Changes
Integrating from T, to T,.

Hy T,

dH =la+bT+cT?)dT  [dH = [la+bT+eT?)dT [H]le:[a]"+ szz +C3Ts]
i, r, T,

T,

b(T2-T2) o[r}-T))

H,—H,=AH =alT,~T)|+
For clarity of presentation, below I have split the evaluation of the integrated equation over two lines

(3.25%10"J mol ™ K2J((398 K —[298 K
2

L L1x107y mol ™' KJ((398 K['~(298 K ')

3

AH =(—1.70 Jmol ' K™)(398 K —298 K | +

AH =[-1.70x10>J mol~'|+(1.1310x10* ] mol ") +(1.3535x10* J mol |

A H =1.249x10*J mol ™!

AH =12.49kJ mol ™'

As a final step the enthalpy change of the benzene upon heating has been quoted in the conventional

units of k] mol™'.

Return to Question 1 (see page 113)
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8.2.2 Solution 2: Quantum Mechanics of a Conjugated Polyene Molecule

L
B2 . 2| nTTX dx=1
.([ it (—L X

Using the standard integral,

. _x sin(2ax)
fsm lax)dx = T da +C

Take the constant B outside the integral as B is not a function of x, let a = nn/L in the standard integral

gives

Substituting the limits x = L and x = 0 and the constant of integration cancels out.

sin( 2anL) sin( 2nLﬂ:0)
B %—7 <] BN WL )

4dnmw 2 dnmw
L L

L Lsin(ZnJ'l:)

— RB?
2 dnm

BZ

_Lsin(O) _
0 4nm )_1

The term 2nm is in radians not degrees and as # is an integer, sin(2nm) = 0, prove this by using your
calculator to find sin(m) in radians. The second term of the upper limit is zero and both terms of the

lower limit are also zero.
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Although not directly part of the question, we now have the full equation for the wavefunctions of a

n-electron in a given quantum level # of a polyene molecule as shown in Fig. 8.3.

v =2 sa 222
! L L

Return to Question 2 (see page 113)

8.23 Solution 3: The 1s Electron of the Hydrogen Atom

The required probability comes from integrating the radial distribution function between

r =0 and r = 2aq. Firstly, take the constant term (4/ao’) outside the integral.

r:2a0 4 _2r 4 r:2a0 _2r
2 a 2 o«
dP:f—3re *dr dP=— re °dr
r=0 o 0 =0
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Using the substitutions x = r and b = —2/a, and not forgetting the constant (4/a,’), the probability integral

is

r=2a,

+C

—2/a, - (—2/610)2 (—2/410)3

r=0

2r
4 “o( r 2r 2
—e +

The best way to deal with this complicated looking integral is to clean-up the denominators.

We now substitute in the two limits for our definite integral and the integration constant cancels out.

(13 (13
dpP= i3e‘4(—2a3—a3——°) —~ i3e°(—0—0——°)
a, 4 a, 4

As "= 1 and cancelling out terms we obtain

4 _, 13a(3) 4 —af)
dP=—¢"* - - =
2 ° 4 | 4
dP=—-13e*+1
dP=0.7619
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So there is 0.7619 fractional probability (i.e. fraction of unity) that the electron will be within 2a, of the
nucleus for the 1s atomic orbital of the hydrogen atom. This is the same as saying there is a 76.19% chance
that the 1s electron is between the nucleus and a distance of 2a,. See Fig. 8.4 for the radial distribution

function and Fig. 8.5 for the 3-dimensional 1s atomic orbital drawn to enclose 90% of the total probability.

Figure 8.5: 1s atomic orbital.
Return to Question 3 (see page 114)
This workbook continues in Intermediate Maths for Chemists (Parker 2012) and Advanced Maths for
Chemists (Parker 2013) which together cover a typical first year Maths course for your Chemistry (or a

related) degree. Also the three books are very useful for future reference in later years of your degree(s).
Go to my web page at http://johnericparker.wordpress.com/ for links to download the free textbooks.
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10 List of Formulae

These are a sample selection of the formulae encountered in Introductory Maths for Chemists.
Straight line y = mx + ¢ and graph plotting

Wave nature of light ¢ = Av and the particle view of light E = hv

Chemical equilibrium K, =

Enthalpy of reaction and temperature change AH,—AH,=C p( T,—T 1)

3/2
. . _ k [Hz][Brz}
Kinetics of a complex reaction v = ———————
[Br,|+k '[HBr|
2
van der Waals equation | p + nV? (V—nb) =nRT
AH. [ T,—T
Vapour pressure of a liquid In Po) o D [ Z27 0
b R I\T,
!
Binomial formula for abundances of isotopic compositions (Z) = ﬁ
Hrn—k)!

Lindemann treatment of a first-order “unimolecular” reaction k, {A]2 — k[ A*|[A] = k5 [A*] =0

1 1)
T2 T 2
n, n,

Bragg equation n A = 2dsin(6)

Rydberg equation v = R,

2 1—cos(8)

v 2
Polymer random coil 7" = N/ [+cos!0]

Wavelength of a n-electron in a polyene ¥ (x) = Acos(kx)+ Bsin k x)

Acidity, alkalinity and the Henderson-Hasselbalch equation pH=pK, + log(

—b+Vb —4dac

2a

Quadratic formula x =

Logarithms »°=a ifb>1then ¢= log,|a)

2 3 4
Natural number ¢* = [+ x4+ + > 4> 4...

21 31 4l
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First-order and second-order kinetics d(g[?] = —k[A] and % =—k {A]2
Ea
Arrhenius equation £ = de **
o RT ||Zn*”
Nernst equation for the Daniell cell £ = E"———1In [ 2+]
nk [Cu ]

Gibbs free energy AG° = —RT In (K

3/2 [ m*
Maxwell-Boltzmann distribution of speeds of molecules f (c) =4 n( 23:’;{ T ) c’e (2”)

2kT
Differentiation of the Maxwell-Boltzmann equation and the most probable speed ¢, = {——

m
12
o
r

Consecutive first-order chemical reactions [B] = [A |

6
Lennard-Jones equation V' = —4 g((%) —

’ kz_kl ©

Expanding gas and thermodynamic work w = —f pdV

2 . |nmx
Quantum mechanics of a conjugated polyene molecule ¥/, = \/; sm( I )

_2r
g

1 il s . 4
Hydrogen atom 1s-electron radial distribution function P =—- re
ao
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