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Qverview

Readership

Preface

The integration of electronic engineering, electrical engineering,
computer technology and control engineering with mechanical
engineering is increasingly forming a crucial part in the design,
manufacture and maintenance of a wide range of engineering
products and processes. A consequence of this is the need for
engineers and technicians to adopt an interdisciplinary and
integrated approach to engineering The term mechatronics is
used to describe this integrated approach. A consequence of this
approach is that engineers and technicians need skills and
knowledge that are not confined to a single subject area. They
need to be capable of operating and communicating across a
range of engineering disciplines and linking with those having
more specialised skills. This book is an attempt to provide a basic
background to mechatronics and provide links through to more
specialised skills.

The first edition was designed to cover the Business and
Technology Education Council (BTEC) Mechatronics A and B
Units (1413G and 1414G) for higher technicians, these units
being the core units of their Higher National Certificate/Diploma
courses and designed to fit alongside more specialist units such as
those for design, manufacture and maintenance determined by the
application area of the course. The book was widely used for such
courses and has also found use in undergraduate courses in both
Britain and in the United States. Following feedback from
lecturers in both Britain and the United States, the second edition
was considerably extended and with its extra depth it was not
only still relevant for its original readership but also suitable for
undergraduate courses. The third edition involves refinements of
some explanations, more discussion of microcontrollers and
programming, increased use of models for mechatronics systems,
and the grouping together of key facts in the Appendices.




xii Preface

Aims The overall aim of the book is to give a comprehensive coverage
of mechatronics which can be used with courses for both
technicians and undergraduates in engineering, and hence, to
help the reader:

1 Acquire a mix of skills in mechanical engineering,
electronics and computing which is necessary if he/she is to
be able to comprehend and design mechatronics systems.

2 Become capable of operating and communicating across the
range of engineering disciplines necessary in mechatronics.

In the various chapters, the book aims to help the reader:

Chapter 1: Mechatronics
Appreciate what mechatronics is about.
Comprehend the various forms and elements of control
systems: open-loop, closed-loop and sequential.
Recognise the need for models of systems in order to predict
their behaviour.

Chapter 2: Sensors and transducers
Describe the performance of commonly used sensors.
Evaluate sensors used in the measurement of. displacement,
position and proximity; velocity and motion; force; fluid
pressure; liquid flow; liquid level; temperature, light.
Explain the problem of bouncing when mechanical switches
are used for inputting data.

Chapter 3: Signal conditioning
Explain the requirements for signal conditioning.
Explain how operational amplifiers can be used, the
requirements for protection and filtering, the principle of the
Wheatstone bridge and, in particular, how it is used with
strain gauges, the principles and main methods of analogue-
to-digital and digital-to-analogue converters, multiplexers
and data acquisition using DAQ boards.
Explain the principle of digital signal processing.
Explain the principle of pulse-modulation.

Chapter 4: Data presentation systems
Explain the problem of loading.
Describe the basic principles of use of commonly used data
presentation elements: meters, analogue chart recorders,
oscilloscopes, visual display units, printers.
Explain the principles of magnetic recording on floppy and
hard discs.
Explain the principles of displays and, in particular, the use
of LED seven-segment and dot matrix displays and the use of
driver circuits.
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Explain how data presentation can occur with the use of
DAQ boards.
Design measurement systems.

Chapter S: Pneumatic and hydraulic actuation systems
[nterpret system drawings, and design simple systems, for
sequential control systems involving valves and cylinders.
Explain the principle of process control valves, their
characteristics and sizing.

Chapter 6: Mechanical actuation systems
Evaluate mechanical systems involving linkages, cams,
gears, ratchet and pawl, belt and chain drives, and bearings.

Chapter 7: Electrical actuation systems
Evaluate the operational characteristics of electrical actuation
systems: relays, solid-state switches (thyristors, bipolar
transistors and MOSFETs, solenoid actuated systems, d.c.
motors, a.c. motors and steppers).

Chapter 8. Basic system models
Devise models from basic building blocks for mechanical,
electrical, fluid and thermal systems.

Chapter 9. System models
Devise models for rotational-translational,  electro-
mechanical and hydraulic-mechanical systems.

Chapter 10: Dynamic responses of systems
Model dynamic systems by means of differential equations.
Determine the response of first- and second-order systems to
simple inputs.

Chapter 11: System transfer functions
Define the transfer function and determine the responses of
systems to simple inputs by its means, using Laplace
transforms.
Identify the effect of pole location on transient response.
Use MATLARB and SIMULINK to model systems.

Chapter 12: Frequency response
Analyse the frequency response of systems subject (o
sinusoidal inputs.
Plot and interpret Bode plots, using such plots for system
identification.

Chapter 13: Closed-loop controllers
Predict the behaviour of systems with proportional, integral,
derivative, proportional plus integral, proportional plus
derivative and PID control.
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Explain how such modes of control can be realised with
operational amplifiers and digital controllers and controller
settings determined.

Explain what is meant by velocity feedback and adaptive
control.

Chapter 14: Digital logic
Use the binary, octal, hexadecimal and binary coded decimal
number systems; explain how numbers can be signed and the
twos complement methed of handling negative numbers.
Explain the advantages of the Gray code.
Describe parity methods of error detection.
Recognise the symbols and Boolean representation of, write
truth tables for and use in applications, the logic gates of
AND, OR, NOT, NAND, NOR and XOR.
Use Boolean algebra to simplify Boolean expressions and
present them in the form of sums of products or product of
sums.
Use Karnaugh maps to determine the Boolean expressions to
represent truth tables.
Explain the operation of decoders.
Explain how SR, JK and D flip-flops can be used in control
systems.

Chapter 15: Microprocessors
Describe the basic structure of a microprocessor system.
Describe the architecture of common microprocessors and
how they can be incorporated in microprocessor systems.
Describe the basic structure of microcontrollers and the
architecture of commonly encountered microcontrollers and
how their registers are used to carry out tasks.
Explain how programs can be developed using flow charts or
pseudocode.

Chapter 16: Assembly language
Use assembly language to write programs.

Chapter 17: C language
Use C to write programs.

Chapter 18: Input/output systems
Identify interface requirements and how they can be realised;
in particular buffers, handshaking, polling and serial
interfacing.
Explain how interrupts are used with microcontrollers.
Explain the function of peripheral interface adapters and
program them for particular situations.
Explain the function of asynchronous communications
interface adapters.
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Chapter 19: Programmable logic controllers
Describe the basic structure of PLCs.
Program a PLC, recognising how the logic functions,
latching and sequencing can be realised.
Develop programs involving timers, internal relays, counters,
shift registers, master relays, jumps and data handling.

Chapter 20: Communication sysiems
Describe centralised, hierarchical and distributed control
systems, network configurations and methods of transmitting
data, describing protocols used in the transmission of data.
Describe the Open Systems Interconnection communication
model.
Describe commonly used communication interfaces: RS-232,
Centronics, TEEE-488, personal computer buses, VXIbus,
and I*C bus.

Chapter 21: Fault finding
Recognise the techniques used to identify faults in
microprocessor-based systems, including both hardware and
software.
Explain the use of emulation and simulatioa.
Explain how fault finding can be developed with PLC
systems.

Chapter 22: Mechatronics systems
Compare and contrast possible solutions to design problems
when considered from the traditional and the mechatronic
points of view, recognising the widespread use of embedded
systems.
Analyse case studies of mechatronics solutions.
Design mechatronics solutions to problems.

Each chapter of the book is copiously illustrated and contains
problems, answers to which are supplied at the end of the book.
With Chapter 22 research and design assignments are also
included, clues as to their possible answers also being given.

The diagram on the next page indicates the overall structure of
the book. Chapter 1 is a general introduction to mechatronics.
Chapters 2 to 7 form a coherent block on basic systems hardware,
Chapters 8 to 13 are concerned with developing system models,
Chapters 14 to 21 are concerned with digital and microprocessor
systems with Chapter 22 providing an overall conclusion in
considering the design of mechatronics systems.
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1.1 What is
mechatronics?

1 Mechatronics

Consider the modern auto-focus, auto-exposure camera. To use
the camera all you need to do is point it at the subject and press
the button to take the picture. The camera automatically adjusts
the focus so that the subject is in focus and automatically adjusts
the aperture and shutter speed so that the correct exposure is
given. Consider a truck smart suspension. Such a suspension
adjusts to uneven loading to maintain a level platform, adjusts to
cornering, moving across rough ground, etc. to maintain a
smooth ride. Consider an automated production line. Such a line
may involve a number of production processes which are all auto-
matically carried out in the correct sequence and in the correct
way. The automatic camera, the truck suspension, and the
automatic production line are examples of a marriage between
electronic control systems and mechanical engineering.

Such control systems generally use microprocessors as
controllers and have electrical sensors extracting information
from the mechanical inputs and outputs via electrical actuators to
mechanical systems. The term mechatronics is used for this
integration of microprocessor control systems, electrical systems
and mechanical systems. A mechatronic system is not just a
marriage of electrical and mechanical systems and is more than
Just a control system; it is a complete integration of all of them.

In the design of cars, robots, machine tools, washing machines,
cameras, and very many other machines, such an integrated and
interdisciplinary approach to engineering design is increasingly
being adopted. The integration across the traditional boundaries
of mechanical engineering, electrical engineering, electronics and
control engineering has to occur at the earliest stages of the
design process if cheaper, more reliable, more flexible systems are
to be developed. Mechatronics has to involve a concurrent
approach to these disciplines rather than a sequential approach of
developing, say, a mechanical system then designing the
electrical part and the microprocessor part.




2 Mecha

tronics

elements

Mechatronics brings together areas of technology involving
sensors and measurement systems, drive and actuation systems,
analysis of the behaviour of systems, control systems, and micro-
processor systems. That essentially is a summary of this book.
This chapter is an introduction to the topic, developing some of
the basic concepts in order to give a framework for the rest of the
book in which the details will be developed.

1.2 Systems Mechatronics involves, what are termed, systems. A sysfem can
be thought of as a box which has an input and an output and
where we are not concerned with what goes on inside the box but

Input, Output, only the relationship between the output and the input. Thus, for
—p{ Motar |—p example, a motor may be thought of as a system which has as its
electric rotation input electric power and as output the rotation of a shaft. Figure
power 1.1 shows a representation of such a system.

Fig. .11 An example of a system A measurement system can be thought of as a black box which is
used for making measurements. It has as its input the quantity
being measured and its output the value of that quantity. For

Input, Outpt, example, a temperature measurement system, ie. a thermo-
~——13 Thermometer ——3 meter, has an input of temperature and an output of a number on
temp. number a scale. Figure 1.2 shows a representation of such a system.

on a scale A control system can be thought of as a black box which is used

Fig. 1.2  An example of a measurement 10 control its output to some particular value or particular

system sequence of values. For example, a domestic central heating
control system has as its input the temperature required in the

Input, Central Output, house an.d as its output the house at that temperature, i.e. you set

. heating system the 1fequ1red tempe.ratur'e on the thermostat or controller and the
required temperature  heating furnace adjusts itself to pump water through radiators and

temperature at the set so produce the required temperature in the house. Figure 1.3

value shows a representation of such a system.

Fig. 1.3  An example of a control

system

1.3 Measurement Measurement Systems can, in general, be considered to be made

systems up of three elements (as illustrated in Fig. 1.4):
1 A sensor which responds to the quantity being measured by

giving as its output a signal which is related to the quantity.
For example, a thermocouple is a temperature sensor. The
input to the sensor is a temperature and the output is an
e.m.f. which is related to the temperature value.

Quantity

being Value of

Fig. 1.4 A measurement measured o Signal ' the quantity

system and its constituent Sensor v conditioner > Display  ———




1.4 Control systems

Required
temperature Body
B Body temperature

temperature —
control system

]

Feedback of data

about actual temperature

Fig. 1.5

Feedback control for hurnan

body temperature
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2 A signal conditioner takes the signal from the sensor and
manipulates it into a condition which is suitable for either
display, or, in the case of a control system, for use to exercise
control. Thus, for example, the output from a thermocouple is
a rather small e.m.f and might be fed through an amplifier to
obtain a bigger signal. The amplifier is the signal
conditioner.

3 A display system where the output from the signal
conditioner is displayed. This might, for example, be a
pointer moving across a scale or a digital readout.

As an example, consider a digital thermometer. This has an
input of temperature to a sensor, probably a semiconductor diede
The potential difference across the sensor is, at constant current, a
measure of the temperature. This potential difference is then
amplified by an operational amplifier to give a voltage which can
directly drive a display. The sensor and operational amplifier may
be incorporated on the same silicon chip,

Sensors are discussed in Chapter 2 and signal conditioners in
Chapter 3. Measurement systems involving all elements are
discussed in Chapter 4 For further details of measurement
systems, readers are referred to texts more specifically concerned
with measurement, e.g Insirumentation Reference Book edited bs
B.E. Noltngk (Butterworth-Heinemann 1993), Measurement and
Instrumentation Principles by A.S. Morris (Newnes 2001) or
Newnes Instrumentation and Measurement by W. Bolton (Newnes
1991, 1996, 2000).

Your body temperature, unless you are ill, remains almost
constant regardless of whether you are in a cold or hot
environment. To maintain this constancy your body has a
temperature control system. If your temperature begins to increase
above the normal you sweat, if it decreases you shiver. Both these
are mechanisms which are used to restore the body temperature
back to its normal value. The control system is maintaining
constancy of temperature. The system has an input from sensors
which tell it what the temperature is and then compares this data
with what the temperature should be and provides the appropriate
response in order to obtain the required temperature. This is an
example of feedback control, signals are fed back from the
output, i.e. the actual temperature, in order to modify the reaction
of the body to enable it to restore the temperature to the ‘normal’
value. Feedback control is exercised by the control system
comparing the fed back actual output of the system with what
is required and adjusting its output accordingly. Figure 1.5
illustrates this feedback control system.

One way to control the temperature of a centrally heated house
is for a human to stand near the furnace on/off switch with a
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Required
temperature Room
» Fgmace and | temperature
its control B
system
Feedback of data

about actual temperature

Fig. 1.6  Feedback control for room
temperature

Hand moving
towards
the pencil

The required
hand position

—— 3| Control system
.| for hand position g
7 | and movement

Feedback of data
about actual position

Fig. 1.7
up a pencil

Feedback control for picking

thermometer and switch the furnace on or off according to the
thermometer reading. That is a crude form of feedback control
using a human as a control element. The term feedback is used
because signals are fed back from the output in order to modify
the input. The more usual feedback control system has a
thermostat or controller which automatically switches the furnace
on or off according to the difference between the set temperature
and the actual temperature (Fig. 1.6). This control system is
maintaining constancy of temperature.

If you go to pick up a pencil from a bench there is a need for
you to use a control system to ensure that your hand actually ends
up at the pencil. This is done by you observing the position of
your hand relative to the pencil and making adjustments in its
position as it moves towards the pencil. There is a feedback of
information about your actual hand position so that you can
modify your reactions to give the required hand position and
movement (Fig. 1.7). This control system is controlling the
positioning and movement of your hand.

Feedback control systems are widespread, not only in nature
and the home but also in industry. There are many industrial
process and machines where control, whether by humans or auto-
matically, is required. For example, there is process control where
such things as temperature, liquid level, fluid flow, pressure, etc.
are maintained constant. Thus in a chemical process there may be
a need to maintain the level of a liquid in a tank to a particular
level or to a particular temperature, There are also control
systems which involve consistently and accurately positioning a
moving part or maintaining a constant speed. This might be, for
example, a motor designed to run at a constant speed or perhaps a
machining operation in which the position, speed and operation
of a tool is automatically controlled.

1.4.1 Open- and closed-loop systems

There are two basic forms of control system, one being called
open loop and the other closed loop. The difference between
these can be illustrated by a simple example. Consider an electric
fire which has a selection switch which allows a 1 kW ora 2 kW
heating element to be selected. If a person used the heating
element to heat a room, he or she might just switch on the 1 kW
element if the room is not required to be at too high a
temperature. The room will heat up and reach a temperature
which is only determined by the fact the 1 kW element was
switched on and not the 2 kW element. If there are changes in the
conditions, perhaps someone opening a window, there is no way
the heat output is adjusted to compensate. This is an example of
open-loop control in that there is no information fed back to the
element to adjust it and maintain a constant temperature. The
heating system with the heating element could be made a closed-
loop system if the person has a thermometer and switches the
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1 kW and 2 kW elements on or off, according to the difference
between the actual temperature and the required temperature, to
maintain the temperature of the room constant. In this situation
there is feedback, the input to the system being adjusted according
to whether its output is the required temperature. This means that
the input to the switch depends on the deviation of the actual
temperature from the required temperature, the difference
between them determined by a comparison element — the person
in this case. Figure 1.8 illustrates these two types of system.

To illustrate further the differences between open- and
closed-loop systems, consider a motor. With an open-loop system
the speed of rotation of the shaft might be determined solely by
the initial setting of a knob which affects the voltage applied to
the motor. Any changes in the supply voliage, the characteristics
of the motor as a result of temperature changes, or the shaft load
will change the shaft speed but not be compensated for. There is
no feedback loop. With a closed-loop system, however, the initial
setting of the control knob will be for a particular shaft speed and
this will be maintained by feedback, regardless of any changes in
supply voltage, motor characteristics or load. In an open-loop
control system the output from the system has no effect on the
input signal. In a closed-loop control system the output does have
an effect on the input signal, modifying it to maintain an output
signal at the required value.

Open-loop systems have the advantage of being relatively
simple and consequently low cost with generally good reliability.
However, they are often tnaccurate since there is no correction for
error. Closed-loop systems have the advantage of being relatively
accurate in matching the actual to the required values. They are,
however, more complex and so more costly with a greater chance
of breakdown as a consequence of the greater number of

components.
Input, . Electric Output,
Switch P fire
decision to Electric a temperature
switch on power change
or off
@
Comparison
element
Input, ¥ Electric Output,
Switch B fire
required Deviation Electric a constant
temperature signal power temperature
P Measuring
Fig. 1.8  Heating a room: = device
Feedback of temperature signal

(a) an open-loop system,

b
(b) a closed-loop system (®)
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1.4.2 Basic elements of a closed-loop system

Figure 1.9 shows the general form of a basic closed-loop system.
It consists of the following elements:

1

Comparison element

This compares the required or reference value of the variable
condition being controlled with the measured value of what is
being achieved and produces an error signal. It can be
regarded as adding the reference signal, which is positive, to
the measured value signal, which is negative in this case:

Error signal = reference value signal
- measured value signal

The symbol used, in general, for an element at which signals
are summed is a segmented circle, inputs going into
segments. The inputs are all added, hence the feedback input
is marked as negative and the reference signal positive so
that the sum gives the difference between the signals. A
Sfeedback loop is a means whereby a signal related to the
actual condition being achieved is fed back to modify the
input signal to a process. The feedback is said to be negative
Sfeedback when the signal which is fed back subtracts from
the input value. It is negative feedback that is required to
control a system. Positive feedback occurs when the signal
fed back adds to the input signal.

Control element

This decides what action to take when it receives an error
signal. It may be, for example, a signal to operate a switch or
open a valve. The control plan being used by the element
may be just to supply a signal which switches on or off when
there is an error, as in a room thermostat, or perhaps a signal
which proportionally opens or closes a valve according to the
size of the error. Control plans may be hard-wired systems in
which the control plan is permanently fixed by the way the
elements are connected together or programmable systems
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where the control plan is stored within a memory unit and
may be altered by reprogramming it Controllers are
discussed in Chapter 11.

3 Correction element

The correction element produces a change in the process to
correct or change the controlled condition. Thus it might be a
switch which switches on a heater and so increases the
temperature of the process or a valve which opens and allows
more liquid to enter the process. The term actuator is used
for the element of a correction unit that provides the power to
carry out the control action. Correction units are discussed in
Chapters 5 and 6.

4 Process element
The process is what is being controlled. 1t could be a room in
a house with its temperature being coatrolled or a tank of
water with its level being controlled.

5 Measurement element

The measurement element produces a signal related to the
variable condition of the process that is being controlled It
might be, for example, a switch which s switched on when a
particular position is reached or a thermocouple which gives
an e.mn.f. related to the temperature

With the closed-loop systern illustrated in Figure 1.8 for a
person conirolling the temperature of a room, the various
elements are:

Controlled variable = the room temperature
Reference value = the required room temperature
Comparison element ~  the person comparing the

measured value with the

required value of temperature
Error signal ~  the difference between the

measured and required

temperatures
Control unit ~—  the person
Correction unit —  the switch on the fire
Process = the heating by the fire
Measuring device —  athermometer

An automatic control system for the control of the room
temperature could involve a temperature sensor, after suitable
signal conditioning, feeding an electrical signal to the input of a
computer where it is compared with the set value and an error
signal generated. This is then acted on by the computer to give at
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its output a signal, which, after suitable signal conditioning,
might be used to control a heater and hence the room
temperature. Such a system can readily be programmed to give
different temperatures at different times of the day.

Figure 1.10 shows an example of a simple control system used
to maintain a constant water level in a tank. The reference value
is the initial setting of the lever arm arrangement so that it just
cuts off the water supply at the required level. When water is
drawn from the tank the float moves downwards with the water
level. This causes the lever arrangement to rotate and so allows
water to enter the tank. This flow continues until the ball has
risen to such a height that it has moved the lever arrangement to
cut off the water supply. It is a closed-loop control system with
the elements being:

Controlled variable -  water level in tank

Reference value - initial setting of the float and
lever position

Comparison element ~  the lever

Error signal - the difference between the

actual and initial settings of
the lever positions

Control unit —  the pivoted lever

Correction unit - the flap opening or closing the
water supply

Process = the water level in the tank

Measuring device —  the floating ball and lever

The above is an example of a closed-loop control system
involving just mechanical elements. We could, however, have
controlled the liquid level by means of an electronic control
system. We thus might have had a level sensor supplying an
electrical signal which is used, after suitable signal conditioning,
as an input to a computer where it is compared with a set value
signal and the difference between them, the error signal, then
used to give an appropriate response from the computer output.
This is then, after suitable signal conditioning, used to control the
movement of an actuator in a flow control valve and so determine
the amount of water fed into the tank.

Figure 1.11 shows a simple automatic control system for the
speed of rotation of a shaft. A potentiometer is used fo set the
reference value, i.e. what voltage is supplied to the differential
amplifier as the reference value for the required speed of rotation.
The differential amplifier is used to both compare and amplify the
difference between the reference and feedback values, i.e. it
amplifies the error signal. The amplified error signal is then fed
to a motor which in turn adjusts the speed of the rotating shaft.
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The speed of the rotating shaft is measured using a
tachogenerator, connected to the rotating shaft by means of a pair
of bevel gears. The signal from the tachogenerator is then fed
back to the differential amplifier.

1.4.3 Sequential controllers

There are many situations where control is exercised by items
being switched on or off at particular preset times or values in
order to control processes and give a step sequence of operations.
For example, after step | is complete then step 2 starts. When
step 2 is complete then step 3 starts, etc.

The term sequential control is used when control is such that
actions are strictly ordered in a time or event driven sequence.
Such control could be obtained by an electrical circuit with sets of
relays or cam-operated switches which are wired up in such a way
as to give the required sequence. Such hard-wired circuits are
now more likely to have been replaced by a microprocessor-
controlled system, with the sequencing being controlled by means
of a software program.

As an illustration of sequential control, consider the domestic
washing machine. A number of operations have to be carried out
in the correct sequence. These may involve a pre-wash cycle
when the clothes in the drum are given a wash in cold water,
followed by a main wash cycle when they are washed in hot
water, then a rinse cycle when the clothes are rinsed with cold
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Inputs

Clock

Program

water a number of times, followed by spinning to remove water
from the clothes. Each of these operations involves a number of
steps. For example, a pre-wash cycle involves opening a valve to
fill the machine drum to the required level, closing the valve,
switching on the drum motor to rotate the drum for a specific
time, and operating the pump to empty the water from the drum.
The operating sequence is called a program, the sequence of
instructions in each program being predefined and ‘built’ into the
controller used.

Figure 1.12 shows the basic washing machine system and gives
a rough idea of its constituent elements. The system that used to
be used for the washing machine controller was a mechanical
system which involved a set of cam-operated switches, i.e.
mechanical switches. Figure 1.13 shows the basic principle of one
such switch. When the machine is switched on, a small electric
motor slowly rotates its shaft, giving an amount of rotation
proportional to time. Its rotation turns the controller cams so that
each in turn operates electrical switches and so switches on
circuits in the correct sequence. The contour of a cam determines
the time at which it operates a switch. Thus the contours of the
cams are the means by which the program is specified and stored
in the machine. The sequence of instructions and the instructions
used in a particular washing program are determined by the set of
cams chosen. With modern washing machines the controller is a
microprocessor and the program is not supplied by the
mechanical arrangement of cams but by a software program.

2 Correction
Process Outputs
elements
Control
i b Water
pi unit Pump B > ol
» Valve o Washing Water
machine l' temperature
drum b
rum
Door
-
Motar > closed

Feedback from outputs of water level, water temperature, drum speed and door closed

Fig. 1.12 Washing machine system
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For the pre-wash cycle an electrically operated valve is opened
when a current is supplied and switched off when it ceases. This
valve allows cold water into the drum for a period of time
determined by the profile of the cam or the output from the
microprocessor used to operate its switch. However, since the
requirement is a specific level of water in the washing machine
drum, there needs to be another mechanism which will stop the
water going into the tank, during the permitted time, when it
reaches the required level. A sensor is used to give a signal when
the water level has reached the preset level and give an output
from the microprocessor which is used to switch off the current to
the valve. In the case of a cam-controlled valve, the sensor
actuates a switch which closes the valve admitting water to the
washing machine drum. When this event is completed the
microprocessor, or the rotation of the cams, initiates a pump to
empty the drum.

For the main wash cycle, the microprocessor gives an output
which starts when the pre-wash part of the program is completed:
in the case of the cam-operated system the cam has a profile such
that it starts in operation when the pre-wash cycle is completed. It
switches a current into a circuit to open a valve to allow cold
water into the drum This level is sensed and the water shut off
when the required level is reached. The microprocessor or cams
then supply a current to activate a switch which applies a larger
curtent to an electric heater to heat the water. A temperature
sensor is used to switch off the current when the water
temperature reaches the preset value. The microprocessor or cams
then switch on the drum motor to rotate the drum. This will
continue for the time determined by the microprocessor or cam
profile before switching off. Then the microprocessor or.a cam
switches on the current to a discharge pump to empty the water
from the drum.

The rinse part of the operation is now switched as a sequence of
signals to open valves which allow cold water into the machine,
switch it off, operate the motor to rotate the drum, operate a pump
to empty the water from the drum, and repeat this sequence a
number of times.

The final part of the operation is when the microprocessor or a
cam swiitches on just the motor, at a higher speed than for the
rinsing, to spin the clothes.

Microprocessors are now rapidly replacing the mechanical cam-
operated controllers and being used in general to carry out control
functions. They have the great advantage that a greater variety of
programs become feasible. In many simple systems there might
be just an embedded microcontroller, this being a microprocessor
with memory all integrated on one chip, which has been
specifically programmed for the task concerned. A more
adaptable form is the programmable logic controller. This is a
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Control program

microprocessor-based  controller which uses programmable
memory to store instructions and to implement functions such as
logic, sequence, timing counting and arithmetic to control gvents
and can be readily reprogrammed for different tasks. Figure 1.14

an automatic camera

inputs Outputs - -
A——3 P shows the control action of a programmable logic controller, the
B —¥ L B Q inputs being signals from, say, switches being closed and the
C__p| Controller { 5 g program used to determine how the controller should respond to
D ——— — S the inputs and the output it should then give.
The following examples of control systems illustrate how
Fig. 1.14  Programmable logic microprocessor-based systems have not only been able to carry out
controller tasks that previously were done ‘mechanically’ but also able to do
tasks that were not easily automated before.
1.5.1 The automatic camera
The modern camera is likely to have automatic focusing and
exposure. Figure 1.15 illustrate the basic aspects of a micro-
processor-based system that can be used to control the focusing
and exposure.
Switch to activate ] ':’10{0‘ drive To advance
system I > the fim
Shutter button
pressedwhen [ |— Actuator
photograph is g Solenoid to open
to be taken Eiij{e__ry—le:st}——} shutter
- Actuator
Range sensor circuitry Microprocessor shutter
control unit
E:]__’Cj——‘b Lens position drive IH
) Aperture control drive
Light sensor P Stepper
Encoder to give
lens position ——-DS
Fig. 1.15  Basic elements

of the control system for

Display of data in viewfinder

When the switch is operated to activate the system and the
camera pointed at the object being photographed, the micro-
processor takes in the input from the range sensor and sends an
output to the lens position drive to move the lens to achieve
focusing. The lens position is fed back to the microprocessor so
that the feedback signal can be used to modify the lens position
according to the input from the range sensor. The light sensor
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kN
gives an input to the microprocessor which then gives an odtp‘tltﬁ-‘-*‘"
to determine, if the photographer has selected the shutter
controlled rather than aperture controlled mode, the time for
which the shutter will be opened. When the photograph has been
taken, the microprocessor gives an output to the motor drive to
advance the film ready for the next photograph.

The program for the microprocessor is a number of steps where
the microprocessor is making simple decisions of the form: is
there an input signal on a particular input line or not and if there
is output a signal on a particular output line. The decisions are
logic decisions with the input and output signals either being low
or high to give on-off states. A few steps of the program for the
automatic camera might be of the form:

begin
if battery check input OK
then continue
otherwise stop
loop
read input from range sensor
calculate lens movement
output signal to lens position drive
input data from lens position encoder
compare calculated output with actual output
stop output when lens in correct position
send in-focus signal to viewfinder display
etc.

1.5.2 The engine management system

The engine management system of a car is responsible for
managing the ignition and fuelling requirements of the engine
With a four-stroke internal combustion engine there are several
cylinders, each of which has a piston connected to a common
crankshaft and each of which carries out a four-stroke sequence of
operations (Fig. 1.16).

When the piston moves down a valve opens and the air—fuel
mixture is drawn into the cylinder. When the piston moves up
again the valve closes and the air-fuel mixture is compressed.
When the piston is near the top of the cylinder the spark plug
ignites the mixture with a resulting expansion of the hot gases.
This expansion causes the piston to move back down again and so
the cycle is repeated. The pistons of each cylinder are connected
to 2 common crankshaft and their power strokes occur at different
times so that there is continuous power for rotating the
crankshaft.
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The power and speed of the engine are controlled by varying the
ignition timing and the air-fuel mixture. With modemn car
engines this is done by a microprocessor. Figure 1.17 shows the
basic elements of a microprocessor control system. For ignition
timing, the crankshaft drives a distributor which makes electrical
contacts for each spark plug in turn and a timing wheel. This
timing wheel generates pulses to indicate the crankshaft position.
The microprocessor then adjusts the timing at which high voltage
pulses are sent to the distributor so they occur at the ‘right’
moments of time. To control the amount of air—fuel mixture
entering a cylinder during the intake strokes, the microprocessor
varies the time for which a solenoid is activated to open the intake
valve on the basis of inputs received of the engine temperature
and the throttle position. The amount of fuel to be injected into
the air stream can be determined by an input from a sensor of the
mass rate of air flow, or computed from other measurements, and
the microprocessor then gives an output to control a fuel injection
valve.

The above is a very simplistic indication of engine management,
for more detail the reader is referred to texts such as Automobile
Electrical and Electronic Systems by T. Denton (Arnold 1995) or
manufacturers’ data sheets.

The response of any system to an input is not instantaneous. For
example, if you switch on a kettle it takes some time for the water
in the kettle to reach boiling point (Fig. 1.18). When a
microprocessor controller gives a signal to, say, move the lens for
focusing in an automatic camera then it takes time before the lens
reaches its position for correct focusing. When you step onto the
bathroom scales, the system does not immediately indicate your
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weight but gives a response which oscillates before settling down
to indicate the weight value (Fig. 1 19). The responses of systems
are functions of time. Thus, in order to know how systems behave
when there are inputs to them, we need to devise models for
systems which relate the output to the input so that we can work
out, for a given input, how the output will vary with time and
what it will settle down to.

The domestic washing machine (referred to earlier in this
chapter) that used cam-operated switches in order to control the
washing cycle is now out-of-date. Such mechanical switches are
being replaced by microprocessors. A microprocessor may be
considered as being essentially a collection of logic gates and
memory elements that are not wired up as individual components
but whose logical functions are implemented by means of
software. The microprocessor-controlled washing machine can be
considered an example of a mechatronics approach in that a
mechanical system has become integrated with electronic
controls. As a consequence, a bulky mechanical system is
replaced by a much more compact microprocessor svstem which
is readily adjustable to give a greater variety of programs.

1.7.1 In conclusion

Mechatronics involves the bringing together of a number of
technologies: mechanical engineering, ¢lectronic engineering,
electrical engineering, computer technology, and control engin-
eering. This can be considered to be the application of computer-
based digital control techniques, through electronic and electric
interfaces, to mechanical engineering problems. Mechatronics
provides an opportunity to take a new look at problems, with
mechanical engineers not just seeing a problem in terms of
mechanical principles but having to see it in terms of a range of
technologies. The electronics, etc., should not be seen as a bolt-on
item to existing mechanical hardware A mechatronics approach
needs to be adopted right from the design phase. There needs to
be a complete rethink of the requirements in terms of what an
tiem is required to do

There are many applications of mechatronics in the mass-
produced products used in the home Microprocessor-based
controllers are to be found in domestic washing machines, dish
washers, microwave ovens, cameras, camcorders, watches, hi-fi
and video recorder systems, central heating controls, sewing
machines, etc. They are to be found in cars in the active
suspension, antiskid brakes, engine control, speedometer display,
transmission, etc.

A larger scale application of mechatronics is a flexible
manufacturing engineering system (FMS) involving computer-
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Problems

controlled machines, robots, automatic material conveying and
overall supervisory control.

1 Identify the sensor, signal conditioner and display elements
in the measurement systems of (a) a mercury-in-glass therm-
ometer, (b) a Bourdon pressure gauge.

2 Explain the difference between open- and closed-loop
control.

3 Identify the various elements that might be present in a
control system involving a thermostatically controlled electric
heater.

4  The automatic control system for the temperature of a bath of
liquid consists of a reference voltage fed into a differential
amplifier. This is connected to a relay which then switches
on or off the electrical power to a heater in the liquid.
Negative feedback is provided by a measurement system
which feeds a voltage into the differential amplifier. Sketch a
block diagram of the system and explain how the error signal
is produced.

5 Explain the function of a programmable logic controller.

6 Explain what is meant by sequential control and illustrate
your answer by an example.

7  State steps that might be present in the sequential control of a
dishwasher.

8 Compare and contrast the traditional design of a watch with
that of the mechatronics-designed product involving a micro-
processor.

9 Compare and contrast the control system for the domestic
central heating system involving a bimetallic thermostat and
that involving a microprocessor.
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Sensors and
transducers

The term sensor is used for an element which produces a signal
relating to the quantity being measured. Thus in the case of, say,
an electrical resistance temperature element, the quantity being
measured is temperature and the sensor transforms an input of
temperature into a change in resistance. The lerm transducer s
often used in place of the term sensor. Transducers are defined as
elements that when subject to some physical change experience a
related change. Thus sensors are transducers. However, a
measurement system may use transducers, in addition to the
sensor, in other parts of the system to convert signals in one form
to another form.

This chapter is about transducers and in particular those used as
sensors. The terminology that is used to specify the performance
characteristics of transducers is defined and examples of
transducers commonly used in engineering are discussed.

The following terms are used to define the performance of
transducers, and often measurement systems as a whole.

1 Range and span The range of a transducer defines the limits
between which the input can vary. The span is the maximum
value of the input minus the minimum value. Thus, for
example, a load cell for the measurement of forces might
have a range of 0 to 50 kN and a span of 50 kN.

2 Error Error is the difference between the result of the
measurement and the true value of the quantity being
measured.

Error = measured value - true value
Thus if a measurement system gives a temperature reading of

25°C when the actual temperature is 24°C, then the error is
+1°C. If the actual temperature had been 26°C then the error
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would have been ~1°C. A sensor might give a resistance
change of 10.2 Q when the true change should have been
10.5 Q. The error is -0.3 Q.

Accuracy Accuracy is the extent to which the value indicated
by a measurement system might be wrong. It is thus the
summation of all the possible errors that are likely to occur,
as well as the accuracy to which the transducer has been
calibrated. A temperature-measuring instrument might, for
example, be specified as having an accuracy of +2°C. This
would mean that the reading given by the instrument can be
expected to lie within + or —2°C of the true value. Accuracy is
often expressed as a percentage of the full range output or
full-scale deflection. The percentage of full-scale deflection
term results from when the outputs of measuring systems
were displayed almost exclusively on a circular or linear
scale. A sensor might, for example, be specified as having an
accuracy of £5% of full range output. Thus if the range of the
sensor was, say, 0 to 200°C, then the reading given can be
expected to be within + or —~10°Cof the true reading.

Sensitivity The sensitivity is the relationship indicating how
much output you get per unit input, i.e. ouput/input. For
example, a resistance thermometer may have a sensitivity of
0.5 C/°C. This term is also frequently used to indicate the
sensitivity to inputs other than that being measured, i.e.
environmental changes. Thus there can be the sensitivity of
the transducer to temperature changes in the environment or
perhaps fluctuations in the mains voltage supply. A
transducer for the measurement of pressure might be quoted
as having a temperature sensitivity of £0.1% of the reading
per °C change in temperature.

Hysteresis error Transducers can give different outputs from
the same value of quantity being measured according to
whether that value has been reached by a continuously
increasing change or a continuously decreasing change. This
effect is called hysteresis. Figure 2.1 shows such an output
with the hysteresis error as the maximum difference in output
for increasing and decreasing values.

Non-linearity error For many transducers a linear relation-
ship between the input and output is assumed over the
working range, i.e. a graph of output plotted against input is
assumed to give a straight line. Few transducers, however,
have a truly linear relationship and thus errors occur as a
result of the assumption of linearity. The error is defined as
the maximum difference from the straight line. Various
methods are used for the numerical expression of the
non-linearity error. The differences occur in determining the




100 b~ - - == =~ = = |
|
& I
< |
g :
'S Error
R i
5 I !
[=% i |
5 1 1
(@] ) 1
100
Input %
@
100 +
3
& % Error
B 1
R i
5 1
Q. i
5 !
O 1 L
0 100
input %
(b)
100 | /
B
& f Error
'S I
R |
5 |
a !
= 3
(@] L 1
0 100
Input %
(©

Fig.2.2  Non-linearity error using:
(a) end-range values,

(b) best straight line for all values,

(c) best straight line through zero point

10

Sensors and transducers 19

straight line relationship against which the error is specified.
One method is to draw the straight line joining the output
values at the end points of the range; another is to find the
straight line by using the method of least squares to
determine the best fit line when all data values are considered
equally likely to be in error; another is to find the straight
line by using the method of least squares to determine the
best fit line which passes through the zero point. Figure 2.2
illustrates these three methods and how they can affect the
non-linearity error quoted. The error is generally quoted as a
percentage of the full range output. For example, a
transducer for the measurement of pressure might be quoted
as having a non-linearity error of £0.5% of the full range.

Repeatability/reproducibility The terms repeatability and
reproducibility of a transducer are used to describe its ability
to give the same output for repeated applications of the same
input value. The error resulting from the same output not
being given with repeated applications is usually expressed as
a percentage of the full range output.

max. - min. values given
full range

Repeatability = %100

A transducer for the measurement of angular velecity
typically might be quoted as having a repeatability of £0.01%
of the full range at a particular angular velocity.

Stability The stability of a transducer is its ability to give the
same output when used to measure a constant input over a
period of time. The term drift is often used to describe the
change in output that occurs over time. The drift may be
expressed as a percentage of the full range output. The term
zero drift is used for the changes that occur in output when
there is zero input.

Dead band/time The dead band or dead space of a transducer
is the range of input values for which there is no output. For
example, bearing friction in a flow meter using a rotor might
mean that there is no output until the input has reached a
particular velocity threshold. The dead time is the length of
time from the application of an input until the output begins
to respond and change.

Resolution When the input varies continuously over the
range, the output signals for some sensors may change in
small steps. A wire-wound potentiometer is an example of
such a sensor, the output going up in steps as the
potentiometer slider moves from one wire turn to the next.
The resolution is the smallest change in the input value that
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will produce an observable change in the output. For a
wire-wound potentiometer the resolution might be specified
as, say, 0.5° or perhaps a percentage of the full-scale
deflection. For a sensor giving a digital output the smallest
change in output signal is 1 bit. Thus for a sensor giving a
data word of N bits, i.e. a total of 2V bits, the resolution is
generally expressed as 1/2.

11 Output impedance When a sensor giving an electrical output
is interfaced with an electronic circuit it is necessary to know
the output impedance since this impedance is being
connected in either series or parallel with that circuit. The
inclusion of the sensor can thus significantly modify the
behaviour of the system to which it is connected. See Section
4.1.1 for a discussion of loading.

To illustrate the above, consider the significance of the terms in
the following specification of a strain gauge pressure transducer:

Ranges: 70 to 1000 kPa, 2000 to 70 000 kPa

Supply voltage: 10 V d.c. ora.c. r.m.s.

Full range output: 30 mV

Non-linearity and hysteresis: £0.5% full range output
Temperature range: —54°C to +120°C when operating
Thermal zero shift: 0.030% full range output/°C

The range indicates that the transducer can be used to measure
pressures between 70 and 1000 kPa or 2000 and 70 000 kPa. It
requires a supply of 10 V d.c. or a.c. r.m.s. for its operation and
will give an output of 40 mV when the pressure on the lower
range is 1000 kPa and on the upper range 70 000 kPa.
Non-linearity and hysteresis will lead to errors of £0.5% of 1000,
ie +5 kPa on the lower range and %0.5% of 70 000, ie.
+350 kPa on the upper range. The transducer can be used
between the temperatures of -54 and +120°C. When the
temperature changes by 1°C the output of the transducer for zero
input will change by 0.030% of 1000 = 0.3 kPa on the lower
range and 0.030% of 70 000 = 21 kPa on the upper range.

2.2.1 Static and dynamic characteristics

The static characteristics are the values given when steady-state
conditions occur, i.e. the values given when the transducer has
settled down after having received some input. The terminology
defined above refers to such a state. The dynamic characteristics
refer to the behaviour between the time that the input value
changes and the time that the value given by the transducer settles
down to the steady-state value. Dynamic characteristics are stated
in terms of the response of the transducer to inputs in particular
forms. For example, this might be a step input when the input is
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suddenly changed from 0 to a constant value, or a ramp input
when the input is changed at a steady rate, or a sinusoidal input
of a specified frequency. Thus we might find the following terms
(see Chapter 8 for a more detailed discussion of dynamic
systems):

I Response time This is the time which elapses after a
constant input, a step input, is applied to the transducer up to
the point at which the transducer gives an output
corresponding to some specified percentage, e.g. 95%, of the
value of the input (Fig. 2.3). For example, if a mercury-

! in-glass thermometer is put into a hot liquid there can be

0 Time 95% Time quite an appreciable time lapse, perhaps as much as 100 s or
constant  response more, before the thermometer indicates 95% of the actual

time temperature of the liquid.
Fig. 2.3 Response to a step input
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2 Time constant This is the 63.2% response time. A
thermocouple in air might have a time constant of perhaps
40 to 100 s. The time constant is a measure of the inertia of
the sensor and so how fast it will react to changes in its
input; the bigger the time constant the slower will be its
reaction to a changing input signal. See Section 10.2.3 for a
mathematical discussion of the time constant in terms of the
behaviour of a system when subject to a step input.

3 Rise time This is the time taken for the output to rise to some
specified percentage of the steady-state output. Often the rise
time refers to the time taken for the output to rise from 10%
of the steady-state value to 90 or 95% of the steady-state
value.

4 Settling time This is the time taken for the output to settle to
within some percentage, e.g. 2%, of the steady-state value.

80\~ To illustrate the above, consider the following data which
n indicates how an instrument reading changed with time, being
————————— ; obtained from a thermometer plunged into a liquid at time f = 0.
o S0- | The 95% response time is required.
) 1
3 o 1
g i Time (s) 0 30 60 90 120 150 180
g 40 ; Temp. °C) 20 28 34 39 43 46 49
oL ;
ol f Time (s) 210 240 270 300 330 360
: Temp. (°C) 51 53 54 53 55 55
r t
20 N Ly Figure 2.4 shows the graph of how the temperature indicated by
0 120 240 360 the thermometer varies with time. The steady-state value is 55°C
Time (s) and so, since 95% of 55 is 52.25°C, the 95% response time is
Fig. 2.4  Thermometer in liquid about 228 s
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2.3 Displacement,
position and
proximity

The following sections give examples of transducers grouped
according to what they are being used to measure. The
measurements considered are those frequently encountered in
mechanical engineering, namely: displacement, proximity,
velocity, force, pressure, fluid flow, liquid level, temperature, and
light intensity. For a more comprehensive coverage of transducers
the reader is referred to more specialist texts, e.g. Instrumentation
Reference Book edited by B.E. Noltingk (Butterworth 1988,
1995), Measurement and Instrumentation Systems by W. Bolton
(Newnes 1996) and the concise Newnes Instrumentation and
Measurement Pocket Book by W. Bolton (Newnes 1991, 1996,
2000). Examples of the types of specifications that might be
expected from electrical transducers are given in Transducer
Handbook by H.B. Boyle (Newnes 1992).

Displacement sensors are concerned with the measurement of the
amount by which some object has been moved, position sensors
are concerned with the determination of the position of some
object with reference to some reference point. Proximity sensors
are a form of position sensor and are used to determine when an
object has moved to within some particular critical distance of the
sensor. They are essentially devices which give on—off outputs.

In selecting a displacement, position or proximity sensor,
consideration has to be given to:

1 The size of the displacement, are we talking of fractions of a
millimetre, many millimetres or perhaps metres? For a
proximity sensor; how close should the object be before it is
detected?

2 Whether the displacement is linear or angular, linear
displacement sensors might be used to monitor the thickness
or other dimensions of sheet materials, the separation of
rollers, the position or presence of a part, the size of a part,
etc. while angular displacement methods might be used to
monitor the angular displacement of shafts.

The resolution required.

The accuracy required.

S What material the measured object is made of, some sensors
will only work with ferromagnetic materials, some with only
metals, some with only insulators.

6 Thecost.

- W

Displacement and position sensors can be grouped into two
basic types: contact sensors in which the measured object comes
into mechanical contact with the sensor or non-contacting where
there is no physical contact between the measured object and the
sensor. For those linear displacement methods involving contact,
there is usually a sensing shaft which is in direct contact with the
object being monitored. The displacement of this shaft is then




The circuit when connected to a load
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The circuit as a potential divider

Fig. 2.5 Rotary potentiometer
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monitored by a sensor. The movement of the shaft may be used to
cause changes in electrical voltage, resistance, capacitance, or
mutual inductance. For angular displacement methods involving
mechanical connection the rotation of a shaft might directly drive,
through gears, the rotation of the transducer element. Non-
contacting sensors might involve the presence in the vicinity of
the measured object causing a change in the air pressure in the
sensor, or perhaps a change in inductance or capacitance. The
following are examples of commonly used displacement sensors.

2.3.1 Potentiometer sensor

A potentiometer consists of a resistance element with a sliding
contact which can be moved over the length of the element. Such
elements can be used for linear or rotary displacements, the
displacement being converted into a potential difference. The
rotary potentiometer consists of a circular wire-wound track or a
film of conductive plastic over which a rotatable sliding contact
can be rotated (Fig. 2.5). The track may be a single turn or
helical. With a constant input voltage ¥, between terminals 1 and
3, the output voltage ¥, between terminals 2 and 3 is a fraction of
the input voltage, the fraction depending on the ratio of the
resistance Ry between terminals 2 and 3 compared with the total
resistance R, between terminals 1 and 3, 1.e. Vo/V, = Ry/Rys. If
the track has a constant resistance per unit length, i.e. per unit
angle, then the output is proportional to the angle through which
the slider has rotated. Hence an angular displacement can be
converted into a potential difference.

With a wire-wound track the slider in moving from one turn to
the other will change the voltage output in steps, each step being
a movement of one turn. If the potentiometer has N turns then the
resolution, as a percentage, is 100/¥. Thus the resolution of a
wire track is limited by the diameter of the wire used and
typically ranges from about 1.5 mm for a coarsely wound track to
0.5 mm for a finely wound one. Errors due to non-linearity of the
track tend to range from less than 0.1% to about 1%. The track
resistance tends to range from about 20 Q2 to 200 k). Conductive
plastic has ideally infinite resolution, errors due to non-linearity
of track of the order of 0.05% and resistance values from about
500 € to 80 k. The conductive plastic has a higher temperature
coefficient of resistance than the wire and so temperature changes
have a greater effect on accuracy.

An important effect to be considered with a potentiometer is the
effect of a load Ry connected across the output. The potential
difference across the load ¥, is only directly proportional to ¥, if
the load resistance is infinite. For finite loads, however, the effect
of the load is to transform what was a linear relationship between
output voltage and angle into a non-linear relationship. The
resistance Ry is in parallel with the fraction x of the potentiometer
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resistance R,. This combined resistance is RxRy/(RL + xRy). The
total resistance across the source voltage is thus:

total resistance = Ry(1 — x) + RuxRy/(RL + xRy)

The circuit is a potential divider circuit and thus the voltage
across the load is the fraction the resistance across the load is of
the total resistance across which the applied voltage is connected:

ZL. _ )CRLRP/(RL +xRp)
Vs = Rp(1 —%) +XRLR/(RL +xRp)

- (R,,/RL)x)(Cl 0+l

If the load is of infinite resistance then we have Vi = x¥;. Thus
the error introduced by the load having a finite resistance is:

Wire eV~ V= 3V xVs
P CITOr = XVs = V1= ¥ (R/RL (1 =) + 1
= RP 2 3
=Vs RL (x*~x7)
To illustrate the above, consider the non-linearity error with a
~—__\ Connection potentiometer of resistance 500 Q, when at a displacement of half
@ leads its maximum slider travel, which results from there being a load
of resistance 10 kQ. The supply voltage is 4 V. Using the
equation derived above:
_ 500 2 33y <
erTor = 4 X 10000 (0.52-0.5%) = 0.025
— :,‘::ta’ As a percentage of the full range reading, this is 0.625%.
2.3.2 Strain-gauged element
N\
() ™ Connection The electrical resistance strain gauge (Fig. 2.6) is a metal wire,
leads metal foil strip, or a strip of semiconductor material which is
_ wafer-like and can be stuck onto surfaces like a postage stamp.
Semiconductor When subject to strain, its resistance R changes, the fractional

J change in resistance AR/R being proportional to the strain ¢, ie.

l ! l AR _
R =QGe

X\ where G, the constant of proportionality, is termed the gauge
factor. Since strain is the ratio (change in length/original length)
then the resistance change of a strain gauge is a measurement of

Connection leads

(© . : . . .
the change in length of the element to which the strain gauge 1s
Fig. 2.6  Strain gauges: (a) metal attached. The gauge factor of metal wire or foil strain gauges with
wire, (b) metal foil, () semiconductor the metals generally used is about 2.0. Silicon p- and n-type
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semiconductor strain gauges have gauge factors of about +100 or
more for p-type silicon and ~100 or more for n-type silicon. The
gauge factor is normally supplied by the manufacturer of the
strain gauges from a calibration made of a sample of strain
gauges taken from a batch. The calibration involves subjecting
the sample gauges to known strains and measuring their changes
in resistance. A problem with all strain gauges is that their
resistance not only changes with strain but also with temperature.
Ways of eliminating the temperature effect have to be used and
are discussed in Chapter 3. Semiconductor strain gauges have a
much greater sensitivity to temperature than metal strain gauges.

To illustrate the above, consider an electrical resistance strain
gauge with a resistance of 100 Q) and a gauge factor of 2.0. What
is the change in resistance of the gauge when it is subject to a
strain of 0.001? The fractional change in resistance is equal to the
gauge factor multiplied by the strain, thus:

Change in resistance = 2.0 x 0.001 x 100 =02 Q

One form of displacement sensor has strain gauges attached to
flexible elements in the form of cantilevers, rings or U-shapes
(Fig. 2.7). When the flexible element is bent or deformed as a
result of forces being applied by a contact point being displaced,
then the electrical resistance strain gauges mounted on the
element are strained and so give a resistance change which can be
monitored. The change in resistance is thus a measure of the
displacement or deformation of the flexible element. Such
arrangements are typically used for linear displacements of the
order of 1 mm to 30 mm and have a non-linearity error of about +
1% of full range.

2.3.3 Capacitive element

The capacitance C of a parallel plate capacitor is given by

_ 8,—6‘0,4
C==

where & is the relative permittivity of the dielectric between the
plaies, & a constant called the permittivity of free space, 4 the
area of overlap between the two plates and d the plate separation.
Capacitive sensors for the monitoring of linear displacements
might thus take the forms shown in Figure 2.8. In (a) one of the
plates is moved by the displacement so that the plate separation
changes; in (b) the displacement causes the area of overlap to
change; in (c) the displacement causes the dielectric between the
plates to change.

For the displacement changing the plate separation (Fig. 2.8(a)),
if the separation 4 is increased by a displacement x then the
capacitance becomes:

e
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Fig.2.10  Capacitive proximity
sensor

Hence the change in capacitance AC as a fraction of the initial
capacitance is given by:

AC__d

_ _ x/d
C 7 d+x

L==130id)

There is thus a non-linear relationship between the change in
capacitance AC and the displacement x. This non-linearity can be
overcome by using what is termed a push-pull displacement
sensor (Fig. 2.9). This has three plates with the upper pair
forming one capacitor and the lower pair another capacitor. The
displacement moves the central plate between the two other
plates. The result of, for example, the central plate moving down-
wards is to increase the plate separation of the upper capacitor
and decrease the separation of the lower capacitor. We thus have:

_ &o&ed
= d+x
_ &o&ed
Ca= d-x

When C, is in one arm of an a.c. bridge and C; in the other, then
the resulting out-of-balance voltage is proportional to x. Such a
sensor is typically used for monitoring displacements from a few
millimetres to hundreds of millimetres. Non-linearity and
hysteresis are about = 0.01% of full range.

One form of capacitive proximity sensor consists of a single
capacitor plate probe with the other plate being formed by the
object, which has to be metallic and earthed (Fig. 2.10). As the
object approaches so the ‘plate separation’ of the capacitor
changes, becoming significant and detectable when the object is
close to the probe.

2.3.4 Differential transformers

The linear variable differential transformer, generally referred to
by the abbreviation LVDT, consists of three coils symmetrically
spaced along an insulated tube (Fig. 2.11). The central coil is the
primary coil and the other two are identical secondary coils which
are connected in series in such a way that their outputs oppose
each other. A magnetic core is moved through the central tube as
a result of the displacement being monitored.

When there is an alternating voltage input to the primary coil,
alternating e.m.fs are induced in the secondary coils. With the
magnetic core central, the amount of magnetic material in each of
the secondary coils is the same. Thus the e.m.f.s induced in each
coil are the same. Since they are so connected that their outputs
oppose each other, the net result is zero output.
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However, when the core is displaced from the central position
there is a greater amount of magnetic core in one coil than the
other, e.g. more in secondary coil 2 than coul 1. The result is that
a greater em.f is induced in one coil than the other. There is
then a net output from the two coils. Since a greater displacement
means even more core in one coil than the cther, the output, the
difference between the two em.fs increases the greater the
displacement being monitored (Fig 2.12).

The e m.f induced in a secondary coil by a changing current / iu
the primary coil 1s given by

g = \fa
where M is the mutual inductance. its value depending on the
number of turns on the coils and the ferromagnetic core. Thus, for
a sinusoidal input current of i = / sin cwr to the primary coil, the
e.m.Bs induced in the two secondary coils | and 2 can be
represented by:

v; = ky sin{wt - ¢ ) and v: = k; sin(w! @)

where the values of k;, k2 and ¢ depend on the degree of coupling
between the primary and secondary coils for a particular core
position. ¢ is the phase difference between the primary
alternating voltage and the secondary aliernating voltages.
Because the two outpuls arc in series, their difference is the
output:

output voltage = v, — vy = (ky ~ k) sin(w! ~ @)
When the core is equally in both coils, k; equals % and so the
output voltage is zero. When the core is more in 1 than in 2 we

have k; > k; and:

output voltage = (k: - k;) sin(w! ~ @)

St St
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When the core is more in 2 than in 1 we have k < kh A
consequence of k) being less than k; is that there is a phase
change of 180° in the output when the core moves from more in 1
to more in 2, Thus:

output voltage
=—(ky — k2) sin(wt — @) = (k2 — k1) sinfwt + (T = §)]

Figure 2.12 shows how the size and phase of the output changes
with the displacement of the core.

With this form of output, the same amplitude output voltage is
produced for two different displacements. To give an output
voltage which is unique to each value of displacement we need o
distinguish between where the amplitudes are the same but there
is a phase difference of 180°. A phase sensitive demodulator, with
a low pass filter, is used to convert the output into a d.c. voltage
which gives a unique value for each displacement (Fig. 2.13).
Such circuits are available as integrated circuits.

Typically, LVDTSs have operating ranges from about £2 mm to
+400 mm with non-linearity errors of about +0.25%. LVDTs are
very widely used as primary transducers for monitoring
displacements. The free end of the core may be spring loaded for
contact with the surface being monitored, or threaded for
mechanical connection. They are also used as secondary
transducers in the measurement of force, weight and pressure;
these variables are transformed into displacements which can
then be monitored by LVDTs.

A rotary variable differential transformer (RVDT) can be used
for the measurement of rotation (Fig. 2.14); it operates on the
same principle as the LVDT. The core is a cardioid-shaped piece
of magnetic material and rotation causes more of it to pass into
one secondary coil than the other. The range of operation is
typically £40° with a linearity error of about £0.5% of the range.

2.3.5 Eddy current proximity sensors

If a coil is supplied with an alternating current, an alternating
magnetic field is produced. If there is a metal object in close
proximity to this alternating magnetic field, then eddy currents
are induced in it. The eddy currents themselves produce a
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magnetic field. This distorts the magnetic field responsible for
their production. As a result, the impedance of the coil changes
and so the amplitude of the alternating curreni. At some preset
level, this change can be used to trigger a switch. Figure 2.15
shows the basic form of such a sensor; it is used for the detection
of non-magnetic but conductive materials. They have the
advantages of being relatively inexpensive, small in size, with
high reliability and can have high sensitivity to small
displacements.

2.3.6 Inductive proximity switch

This consists of a coil wound round a core. When the end of the
coil is close to a metal object its inductance changes. This change
can be monitored by its effect on a resonant circuit and the
change used to trigger a switch. It can only be used for the
detection of metal objects and is best with ferrous metals.

2.3.7 Optical encoders

An encoder is a device that provides a digital output as a result of
a linear or angular displacement. Position encoders can be
grouped into two categories: incremental encoders that detect
changes in rotation from some datum position and absolute
encoders which give the actual angular position.

Figure 2.16(a) shows the basic form of an incremental encoder
for the measurement of angular displacement. A beam of light
passes through slots in a disc and is detected by a suitable light
sensor. When the disc is rotated, a pulsed output is produced by
the sensor with the number of pulses being proportional to the
angle through which the disc rotates. Thus the angular position of
the disc, and hence the shaft rotating it, can be determined by the
number of pulses produced since some datum position. In practice
three concentric tracks with three sensors are used (Fig. 2.16(b)).
The inner track has just one hole and is used to locate the *home’
position of the disc. The other two tracks have a series of equally
spaced holes that go completely round the disc but with the holes
in the middle track offset from the holes in the outer track by
one-half the width of a hole. This offset enables the direction of
rotation to be determined. In a clockwise direction the pulses in
the outer track lead those in the inner, in the anti-clockwise
direction they lag. The resolution is determined by the number of
slots on the disc. With 60 slots occurring with 1 revolution then,
since 1 revolution is a rotation of 360°, the resolution is 360/60 =
6°.

Figure 2.17 shows the basic form of an absolute encoder for the
measurement of angular displacement. This gives an output in the
form of a binary number of several digits, each such number
representing a particular angular position. The rotating disc has
three concentric circles of slots and three sensors to detect the
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Fig. 2.17 A 3-bit absclute encoder

Normal binary Gray code
0| oooo [(IIIJ |ooco (LT
1| 0001 0001
2[ 0010 0011
3| 0011 0010
4/0100 0110
510101 0111
6|0110 0101
7( 0111 0100
811000 1100
9 1001 1101
10] 1010 1111
Fig. 2.18 Binary and Gray codes

light pulses. The slots are arranged in such a way that the
sequential output from the sensors is a number in the binary code.
Typical encoders tend to have up to 10 or 12 tracks. The number
of bits in the binary number will be equal to the number of tracks.
Thus with 10 tracks there will be 10 bits and so the number of
positions that can be detected is 2'°, i.e. 1024, a resolution of
360/1024 = 0.35°.
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The normal form of binary code is generally not used because
changing from one binary number to the next can result in more
than one bit changing and if, through some misalignment, one of
the bits changes fractionally before the others then an
intermediate binary number is momentarily indicated and so can
lead to false counting. To overcome this the Gray code is
generally used. With this code only one bit changes in moving
from one number to the next. Figure 2.18 shows the tracks with
normal binary code and the Gray code.

Optical encoders, e.g. HEDS-5000 from Hewlett Packard, are
supplied for mounting on shafts and contain an LED light source
and a code wheel. Interface integrated circuits are also available
to decode the encoder and give a binary output suitable for a
microprocessor. For an absolute encoder with 7 tracks on its code
disc, each track will give one of bits in the binary number and
thus we have 27 positions specified, i.e. 128.

2.3.8 Pneumatic sensors

Pneumatic sensors involve the use of compressed air,
displacement or the proximity of an object being transformed into
a change in air pressure. Figure 2.19 shows the basic form of
such a sensor. Low-pressure air is allowed to escape through a
port in the front of the sensor. This escaping air, in the absence of
any close-by object, escapes and in doing so also reduces the
pressure in the nearby sensor output port. However, if there is a
close-by object, the air cannot so readily escape and the result is
that the pressure increases in the sensor output port. The output
pressure from the sensor thus depends on the proximity of objects.
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Such sensors are used for the measurement of displacements of
fractions of millimetres in ranges which typically are about 3 to
12 mm.

2.3.9 Proximity switches

There are a number of forms of switch which can be activated by
the presence of an object in order to give a proximity sensor with
an output which is either on or off

The microswitch is a small electrical switch which requires
physical contact and a small operating force to close the contacts.
For example, in the case of determining the presence of an item
on a conveyor belt, this might be actuated by the weight of the
item on the belt depressing the belt and hence a spring-loaded
platform under it, with the movement of this platform then
closing the switch. Figure 2.20 shows examples of ways such
switches can be actuated.
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Figure 2.21 shows the basic form of a reed switch. It consists of
two magnetic switch contacts sealed in a glass tube. When a
magnet is brought close to the switch, the magnetic reeds are
attracted to each other and close the switch contacts. It is a
non-contact proximity switch. Such a switch is very widely used
for checking the closure of doors. It is also used with such devices
as tachometers which involve the rotation of a toothed wheel past
the reed switch. If one of the teeth has a magnet attached to it
then every time it passes the switch it will momentarily close the
contacts and hence produce a current/voltage pulse in the
associated electrical circuit.

Photosensitive devices can be used to detect the presence of an
opaque object by it breaking a beam of light, or infrared radiation,
falling on such a device or by detecting the light reflected back by
the object (Fig. 2.22).

2.3.10 Hall effect sensors

When a beam of charged particles passes through a magnetic
ficld, forces act on the particles and the beam is deflected from its
straight line path. A current flowing in a conductor is like a beam
of moving charges and thus can be deflected by a magnetic field.
This effect was discovered by E.R. Hall in 1879 and is called the
Hall effect. Consider electrons moving in a conductive plate with
a magnetic field applied at right angles to the plane of the plate
(Fig. 2.23). As a consequence of the magnetic field, the moving
electrons are deflected to one side of the plate and thus that side
becomes negatively charged while the opposite side becomes
positively charged since the electrons are directed away from it.
This charge separation produces an electric field in the material.
The charge separation continues until the forces on the charged
particles from the electric field just balance the forces produced
by the magnetic field. The result is a transverse potential
difference V given by:

V= Kﬂé;i

where B is the magnetic flux density at right angles to the plate, /
the current through it, ¢ the plate thickness and Ky a constant
called the Hall coefficient. Thus if a constant current source is
used with a particular sensor, the Hall voltage is a measure of the
magnetic flux density.

Hall effect sensors are generally supplied as an integrated circuit
with the necessary signal processing circuitry. There are two basic
forms of such sensor, linear where the output varies in a
reasonably linear manner with the magnetic flux density (Fig.
2.24(a)) and threshold where the output shows a sharp drop at a
particular magnetic flux density (Fig. 2.24(b)). The linear output
Hall effect sensor 6345S2 gives an output which is fairly linear
over the range —40 to +40 mT (400 to + 400 gauss) at about
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10 mV per mT (1 mV per gauss) when there is a supply voltage
of 5 V. The threshold Hall effect sensor Allegro UGN3132U gives
an output which switches from virtually zero to about 145 mV
when the magnetic flux density is about 3 mT (30 gauss). Hall
effect sensors have the advantages of being able te operate as
switches which can operate up to 100 kHz repetition rate, cost
less than electromechanical switches and do not suffer from the
problems associated with such switches of contact bounce
occurring and hence a sequence of contacts rather than a single
clear contact. The Hall effect sensor is immune to environmental
contaminants and can be used under severe service conditions.

Output
)
/ s
5
I
3
/ e}
- 0 + 0 Flux density
Flux density

(a) )

Such sensors can be used as position, displacement and
proximity sensors if the object being sensed is fitted with a small
permanent magnet. As an illustration, such a sensor can be used
to determine the level of fuel in an automobile fuel tank. A
magnet is attached to a float and as the level of fuel changes so
the float distance from the Hall sensor changes (Fig. 2.25). The
result is a Hall voltage output which is a measure of the distance
of the float from the sensor and hence the level of fuel in the tank.

Another application of Hall effect sensors is in brushless d.c.
motors. With such motors it is necessary to determine when the
permanent magnet rotor is correctly aligned with the windings on
the stator so that the current through the windings can be
switched on at the right instant to maintain the rotor rotation.
Hall effect sensors are used to detect when the alignment is right.

The following are examples of sensors that can be used to monitor
linear and angular velocities and detect motion. The application
of motion detectors includes security systems used to detect
intruders and interactive toys and appliances, e.g. the cash
machine screen which becomes active when you get near to it.

2.4.1 Incremental encoder

The incremental encoder described in Section 2.3.7 can be used
for a measurement of angular velocity, the number of pulses
produced per second being determined.
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Pick-up coil

Output

Toothed wheel

Fig. 2.26 Variable reluctance
tachogenerator

Rotating
coil

Fig. 2.27 A.C. generator
form of tachogenerator

2.4.2 Tachogenerator

The tachogenerator is used to measure angular velocity. One
form, the variable reluctance tachogenerator, consists of a
toothed wheel of ferromagnetic material which is attached to the
rotating shaft (Fig. 2.26). A pick-up coil is wound on a permanent
magnet. As the wheel rotates, so the teeth move past the coil and
the air gap between the coil and the ferromagnetic material
changes. We have a magnetic circuit with an air gap which
periodically changes. Thus the flux linked by a pick-up coil
changes. The resulting cyclic change in the flux linked produces
an alternating e.m.f. in the coil. .

If the wheel contains # teeth and rotates with an angular velocity
o, then the flux change with time for the coil can be considered
to be of the form:

@ = Oy + O, cos nwt

where @, is the mean value of the flux and @, the amplitude of
the flux variation. The induced e.m.f. e in the N turns of the
pick-up coil is thus:

e= —N% = —N%((Do +®, cosnwt) = NOnw sinnw!

and so we can write:
e = Equx Sin of

where the maximum value of the induced e.m.f. Emax is NDanw
and so is a measure of the angular velocity.

Instead of using the maximum value of the e.m.f. as a measure
of the angular velocity, a pulse-shaping signal conditioner can be
used to transform the output into a sequence of pulses which can
be counted by a counter, the number counted in a particular time
interval being a measure of the angular velocity.

Another form of tachogenerator is essentially an a.c. generator.
It consists of a coil, termed the rotor, which rotates with the
rotating shaft. This coil rotates in the magnetic field produced by
a stationary permanent magnet or electromagnet (Fig. 2.27) and
so an alternating e.m.f. is induced in it. The amplitude or
frequency of this alternating e.m.f. can be used as a measure of
the angular velocity of the rotor. The output may be rectified to
give a d.c. voltage with a size which is proportional to the angular
velocity. Non-linearity for such sensors is typically of the order of
+0 15% of the full range and the sensors typically used for
rotations up to about 10 000 rev/minute.




Fig. 2.28
material

Amount of
polarisation
or charge
at crystal
surfaces

Fig. 2.29

Polarising a pyroelectric

Curie temperature

I
I
i
i

\,
|

Temperature

Effect of temperature

on amount of polarisation

No incident J
infrared [F ¥+ ¥ Charges
radiation| ~ -7 77 balanced
+4+ 4+ 4+
(a) — T —
Infrared
radiation l Excess
T FFF 1 charge on
-0 electrodes
E
o |
Fig. 2.30  Pyroelectric sensor
P
cC
(1) — ||~
2

Fig. 2.31

H
i
i
i

Equivalent circuit

Sensors and transducers 35

+

?\w
N
I«»
]
+
+ 1 +
&9 T—& e—8
¥ i
— &—O &8
+
o &—o 69

I e

(a) (b)

2.4.3 Pyroelectric sensors

Pyroelectric materials, e.g. lithium 1tantalate, are crystalline
materials which generate charge in response to heat flow. When
such a material is heated to a temperature just below the Curne
temperature, this being about 610°C for lithium tantalate, in an
electric field and the material cooled while remaining in the field,
electric dipoles within the material line up and it becomes
polarised (Fig. 2.28, (a) leading to (b)). When the field is then
removed the material retains its polarisation; the effect is rather
like magnetising a piece of iron by exposing it to a magnetic field.
When the pyroelectric material is exposed to infrared radiation,
its temperature rises and this reduces the amount of polarisation
in the material, the dipoles being shaken up more and losing their
alignment (Fig. 2.29).

A pyroelectric sensor consists of a polarised pyroelectric crystal
with thin metal film electrodes on opposite faces. Because the
crystal is polarised with charged surfaces, ions are drawn from
the surrounding air and electrons from any measurement circuit
connected to the sensor to balance the surface charge (Fig.
2.30(a)). If infrared radiation is incident on the crystal and
changes its temperature, the polarisation in the crystal is reduced
and consequently that is a reduction in the charge at the surfaces
of the crystal. There is then an excess of charge on the metal
electrodes over that needed to balance the charge on the crystal
surfaces (Fig. 2.30(b)). This charge leaks away through the
measurement circuit until the charge on the crystal once again is
balanced by the charge on the electrodes. The pyroelectric sensor
thus behaves as a charge generator which generates charge when
there is a change in its temperature as a result of the incidence of
infrared radiation. For the linear part of the graph in Figure 2.29,
when there is a temperature change the change in charge Agq is
proportional to the change in temperature Af:

Aq = kAt
where k, is a sensitivity constant for the crystal. Figure 2.31

shows the equivalent circuit of a pyroelectric sensor, it effectively
being a capacitor charged by the excess charge with a resistance R
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Fig.2.32  Dual pyroelectric
sensor

- 2.5 Force

Strain
gauges

Fig.2.33  Strain gauge joad cell

to represent either internal leakage resistance of that combined
with the input resistance of an external circuit.

To detect the motion of a human or other heat source, the
sensing element has to distinguish between general background
heat radiation and that given by a moving heat source. A single
pyroelectric sensor would not be capable of this and so a dual
clement is used (Fig. 2.32). One form has the sensing element
with a single front electrode but two, separated, back electrodes.
The result is two sensors which can be connected S0 that when
both receive the same heat signal their outputs cancel. When a
heat source moves so that the heat radiation moves from one of
the sensing elements to the other then the resulting current
through the resistor alternates from being first in one direction
and then reversed to the other direction. Typically a moving
human gives an alternating current of the order of 10™* A. The
resistance R has thus to be very high to give a significant voltage.
For example, 50 GQ with such a current gives 50 mV. For this
reason a JFET transistor is included in the circuit as a voltage
follower in order to bring the output impedance down to a few
kQ.

A focusing device is needed to direct the infrared radiation onto
the sensor. While parabolic mirrors can be used a more
commonly used method is a Fresnel plastic lens. Such a lens also
protects the front surface of the sensor and is the form commonly
used for sensors to trigger intruder alarms or switch on a light
when someone approaches.

A spring balance is an example of a force sensor in which a force,
a weight, is applied to the scale pan and causes a displacement,
i.e. the spring stretches. The displacement is then a measure of
the force. Forces are commonly measured by the measurement of
displacements, the following method illustrating this.

2.5.1 Strain gauge load cell

A very commonly used form of force-measuring transducer is
based on the use of electrical resistance strain gauges to monitor
the strain produced in some member when stretched, compressed
or bent by the application of the force. The arrangement is
generally referred to as a load cell. Figure 2.33 shows an example
of such a cell. This is a cylindrical tube to which strain gauges
have been attached. When forces are applied to the cylinder to
compress it, then the strain gauges give a resistance change
which is a measure of the strain and hence the applied forces.
Since temperature also produces a resistance change, the signal
conditioning circuit used has to be able to eliminate the effects
due to temperature (see Section 3.5.1). Typically such load cells
are used for forces up to about 10 MN, the non-linearity error
being about £0.03% of full range, hysteresis error £0.02% of full
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Fig. .28 Current to pressure
converter

5.7 Rotary actuators

Fig. §.29 A linear cylinder
used to produce rotation

converied into a gauge pressure of 20 to 100 kPa which then
actuates a pneumatic control valve and so coatrols the rate at
which liquid is allowed to flow into the container.

Figure 5.28 shows the basic form of a current to pressure
converter. The input current passes through coils mounted on a
core which is attracted towards a magnet, the extent of the
attraction depending on the size of the current. The movement of
the core causes movement of the lever about its pivot and so the
movement of a flapper above the nozzle. The positon of the
flapper in relation to the nozzle determines the rate at which air
can escape from the system and hence the air pressure in the
system. Springs on the flapper ase used to adjust the seasitivity of
the converter so that curreats of 4 to 20 mA produce gauge
pressures of 20 to 100 kPa. These are the standard values that are
generally used in such systems.
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A /N oo
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Current input A Nozzle |
T
Supply  —3
pressure  —
P\estrictionv‘l Pressure
i signal

A linear cylinder can, with suitable mechanical linkages, be used
to produce rotary movement through angles less than 360°, Figure
5.29 illustrating such an arrangement. Another alternative is a
semi-rotary actuator involving a vane (Fig. 3.30). A pressure
difference between the two ports causes the vane to rotate and s0
give a shaft rotation which is a measure of the pressure
difference. Depending on the pressures, so the vane can be rotated
clockwise or anti-clockwise.

For rotation through angles greater than 360° a pneumnatic motor
can be used, one form of such is the vane motor (Fig. 5.31). An
eccentric rotor has slots in which vanes are forced outwards
against the walls of the cyvlinder by the rotation. The vanes divide
the chamber into separate compartments which increase in size
from the inlet port round to the exhaust port. The air entering
such a compartmenti exerts a force on a vane and causes the rotof
to rotate. The motor can be made to reverse its direction of
rotation by using a different inlet port.




Clockwise Anti-clockwise
port port

Fig. 5.30 Vane-type semi-rotary Fig.
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| Exhaust

Anti-clockwise
port

Clockwise
port

5.31 Vane motor

Describe the basic details of (a) a poppet valve, (b) a shuttle
valve.

Explain the principle of a pilot-operated valve.

Explain how a sequential valve can be used (o initiate an
operation only when another operation has been completed.
Draw the svmbols for (a) a pressure relief valve, (b) a 2/2
valve which has actuators of a push-butten and a spring, (¢) a
4/2 valve, (d) a directional valve.

State the sequence of operations that will occur for the
cylinders A and B in Figure 5.32 when the start button is
pressed. a-, a+, b and b+ are limit switches to detect when
the cylinders are fully retracted and fully extended

Design a pneumatic valve circuit to give the sequence A+,
followed by B+ and then simultaneously followed by A- and
B-.

A force of 400 N is required to open a process control valve.
What area of diaphragm will be needed with a diaphragm
actuator to open the valve with a control gauge pressure of
70 kPa?

A pneumatic system is operated at a pressure of 1000 kPa.
What diameter cylinder will be required to move a load
requiring a force of 12 kN?

A hydraulic cylinder is to be used to move a work piece in a
manufacturing operation through a distance of 50 mm in
10 s. A force of 10 kN is required to move the work piece.
Determine the required working pressure and hydraulic
liquid flow rate if a cylinder with a piston diameter of 100
mm is available.

An actuator has a stem movement which at full travel is 40
mm. [t is mounted with a linear plug process control valve
which has a minimum flow rate of 0 and a maximum flow
rate of 0.20 m*s. What will be the flow rate when the stem
movement is (a) 10 mm, (b) 20 mm?
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11 An actuator has a stem movement which at full travel is
40 mm. It is mounted on a process control valve with an
equal percentage plug and which has a minimum flow rate of
0.2 m*s and a maximum flow rate of 4.0 m*/s. What will be
the flow rate when the stem movement is (a) 10 mm, (b)
20 mm?

12 What is the process control valve size required for a valve
that is required to control the flow of water when the
maximum flow required is 0.002 m?s and the permissible
pressure drop across the valve at this flow rate is 100 kPa?
The density of water is 1000 kg/m*.




6.1 Mechanical systems

echanical actuation
systems

This chapter is a consideration of mechanisms. mechanisms are
devices which can be considered to be motion converters in that
they transform motion from onz {orm to sowme other required
form. They mighi. for example, wansform linear motion into
rotational motion, or motion 1 one direction inio a motion in a
direction at right angles, or perhaps a linear reciprocating moton
into rotary motion, as in the internal combustion engine where
the reciprocating motion of the pistons is convertad inio rotation
of the crank and hence the drve shaft.

Mechanical elements can include the use of linkages, cams,
gears, rack-and-pinion, chains, belt drives, etc. For example, the
rack-and-pinion can be used to convert rotational motion to linear
motion. Parallel shaft gears might be used to reduce a shaft speed.
Bevel gears might be used for the transmission of rotary motion
through 90°. A toothed belt or chain drive might be used to trans-
form rotary motion about one axis to motion about another. Cams
and linkages can be used to obtain motions which are prescribed
to vary in a particular manner. This chapter is a consideration of
the basic characteristics of a range of such mechanisms.

Many of the actions which previously were obtained by the use
of mechanisms are, however, often nowadays being obtained by
the use of microprocessor systems. For example, cams on a
rotating shaft were previously used for domestic washing
machines in order to give a timed sequence of actions such as
opening a valve to let water into the drum, switching the water
off, switching a heater on. etc. Modern washing machines use a
microprocesssor-based  system  with  the  microprocessor
programmed to switch on outputs in the required sequence.

Mechanisms still, however, have a role in mechatronics systems.
For example, the mechatronics system in use il an automatic
camera for adjusting the aperture for correct exposures involves a
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6.2 Types of motion

(a)

(b)
Fig. 8.1 Types of motion

mechanism for adjusting the size of the diaphragm. While
electronics might now be used often for many functions that
previously were fulfilled by mechanisms, mechanisms might still
be used to provide such functions as:

1 Force amplification, e.g. that given by levers.

2 Change of speed, e.g. that given by gears.

3 Transfer of rotation about one axis to rotation about another,
e.g. a timing belt.

4 Particular types of motion, e.g. that given by a quick-return
mechanism.

The term kinematics is used for the study of motion without
regard to forces. When we consider just the motions without any
consideration of the forces or energy involved then we are
carrying out a kinematic analysis of the mechanism. This chapter
is an introduction to such a consideration. For more detail the
reader is referred to general texts for mechanical engineers, such
as Mechanical Science by W. Bolton (Blackwell Scientific
Publications 1993, 1998), or more specialist texts on the
principles of machines, such as Design of Machinery by RL.
Norton (McGraw-Hill 1992).

A rigid body can have a very complex motion which might seem
difficult to describe. However, the motion of any rigid body can be
considered to be a combination of translational and rotational
motions. By considering the three dimensions of space, a trans-
lation motion can be considered to be a movement which can be
resolved into components along one or more of the three axes
(Fig. 6.1(a)). A rotation can be considered as a rotation which has
components rotating about one or more of the axes (Fig. 6.1(b)).

A complex motion may be a combination of translational and
rotational motions. For example, think of the motion required for
you to pick up a pencil from a table. This might involve your
hand moving at a particular angle towards the table, rotation of
the hand, and then all the movement associated with opening
your fingers and moving them to the required positions to grasp
the pencil. This is a sequence of quite complex motions. However,
we can break down all these motions into combinations of
translational and rotational motions. Such an analysis is
particularly relevant if we are not moving a human hand to pick
up the pencil but instructing a robot to carry out the task. Then it
really is necessary to break down the motion into combinations of
translational and rotational motions so that we can design
mechanisms to carry out each of these components of the motion.
For example, among the sequence of control signals sent to 2
mechanism might be such groupings of signals as those 10
instruct joint 1 to rotate by 20° and link 2 to be extended by 4 mm
for translational motion.
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Fig. 8.2 Joinis with: (a) one,
(b) two degrees of freedom
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6.2.1 Freedom and constraints

An important aspect in the design of mechanical elements is the
orientation and arrangemeat of the elements and parts. A body
that is free in space can move in three, independent, mutually
perpendicular directions and rotate in three ways about those
directions (Fig. 6.1). It is said to have six degrees of freedom. The
number of degrees of freedom are the number of components of
motion that are required in order to generate the motion. If a joint
is constrained to move along a line then its translational degrees
of freedom are reduced to one. Figure 6.2(a) shows a joint with
just this one translational degree of freedom. If a joint is
constrained to move on a plane then it has two translational
degrees of freedom. Figure 6.2(b) shows a joint which has one
translational degree of freedom and one rotational degree of
freedom.

The problem in design is often to reduce the number of degrees
of freedom and this thea requires an appropriate number and
orientation of constraints. Without any constraints a body would
have six degrees of freedom. A constraint is needed for each
degree of freedom that is to be prevented from occurring
Provided we have nc redundant coanstraints then the number of
degrees of freedom would be 6 minus the number of constraints
However, redundant constraints often occur and so for constraints
on a single rigid body we have the basic rule:

6 ~ number of constraints = nurber of degrees of freedom
- number of redundancies

Thus if a body is required to be fixed, i.e. have zero degrees of
freedom, then if no redundant constraints are introduced the
number of constraints required is 6.

A concept that is used in design is that of the principle of least
constraint. This states that in fixing a body or guiding it to a
particular type of motion, the minimum number of constraints
should be used, i.e. there should be no redundancies. This is often
referred to as kinematic design.

For example, to have a shaft which only rotates about one axis
with no translational motions, we have to reduce the number of
degrees of freedom to 1. Thus the minimum number of
constraints to do this is 5. Any more constraints than this will
give redundancies. The mounting that might be used to mount the
shaft has a ball bearing at one end and a roller bearing at the
other (Fig. 6.3). The pair of bearings together prevent
translational motion at right angles to the shaft, the y-axis, and
rotations about the z-axis and the y-axis. The ball bearing
prevents translational motion along the x-axis and along the
z-axis. Thus there is a total of five constraints. This leaves just
one degree of freedom, the required rotation about the x-axis. If
there had been a roller bearing at each end of the shaft then both
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the bearings could have prevented translational motion along the
x-axis and the z-axis and thus there would have been redundancy.
Such redundancy might cause damage. If ball bearings are used at
both ends of the shaft, then in order to prevent redundancy one of
the bearings would have its outer race not fixed in its housing so
that it could slide to some extent in an axial direction.

8.2.2 Loading

Mechanisms are structures and as such transmit and support
loads. Analysis is thus necessary to determine the loads to be
carried by individual elements. Then consideration can be given
to the dimensions of the element so that it might, for example,
have sufficient strength and perhaps stiffness under such loading.

6.3 Kinematic chains When we consider the movements of a mechanism without any
reference to the forces involved, we can treat the mechanism as
being composed of a series of individual links. Each part of a
mechanism which has motion relative to some other part is
termed a link. A link need not necessarily be a rigid body but it
must be a resistant body which is capable of transmiftting the
@ required force with negligible deformation. For this reason it is
usually taken as being represented by a rigid body which has two
or more points of attachment to other links, these being termed
0) nodes. Each link is capable of moving relative to its neighbouring
links. Figure 6.4 shows examples of links with rwo, three and four
[e) nodes. A joint is a connection betsveen two or more links at their
0O nodes and which allows some motion between the connected
links. Levers, cranks, connecting rods and pistons, sliders,
®) pulleys, belts and shafts are all exam ples of links.
A sequence of joints and links is known as a kinematic chain.
For a kinematic chain to transmit motion, one link must be fixed.
O O Movement of one link will then produce predictable relative
movements of the others. It is possible to obtain from one
O O kinematic chain a number of different mechanisms by having a
different link as the fixed one.
©) As an illustration of a kinematic chain, consider a motor car
engine where the reciprocating motion of a piston is transformed
into rotational motion of a crankshaft on bearings mounted in 2
fixed frame (Fig. 6.5(a)). We can represent this as being four
connected links (Fig. 6.5(b)). Link 1 is the crankshaft, link 2 the
connecting rod, link 3 the fixed frame and link 4 the slider, i.¢.
piston, which moves relative to the fixed frame (sec Section 6.3.2
for further discussion).

The designs of many mechanisms are based on two basic forms
of kinematic chains, the four-bar chain and the slider—crank
chain. The following illustrates some of the forms such chains
can take.

Fig. 6.4  Links' (a) with two nodes,
(b) with three nodes, (c) with four nodes
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8.3.1 The four-bar chain

The four-bar chain consists of four links connscted to give four
Jjoints about which turning can occur Figure 6.6 shows a number
of forms of the four-bar chain produced by altering the relative
lengths of the links If the sum of the length of the shortest link
plus the length of the longast link is less than or equal to the sum
of the lengths of the other two links then at lzast one link will be
capable of making a full revolution with respect to the fixed link.
If this condition is not met then no link 15 capabie of a complete
revolution. This is known as the Grashof condition. In Figure
6.6(a), link 3 is fixed and the relative lengths of the links are such
that links 1 and 4 can oscillate but not roiate The result is a
double-lever mechanism By shortenung link 4 relative to link 1,
then link 4 can rotate (Fig. 6.6(b)) with link | oscillating and the
result is termed a lever -crank mechanism. With links 1 and 4 the
same length and both able to rotate (Fig. 6.6(c)), then the result is
a double-crank mechanism. By altering which link is fixed, other
forms of mechanism can be produced.

Figure 6.7 illustrates how such a mechanism can be used to
advance the film in a cine camera. As link 1 rotates so the end of
link 2 locks into a sprocket of the film, pulls it forward before
releasing and moving up and back to lock into the next sprocket.

e
T

(b) ©
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Fig. 6.7  Cine film advance
mechanism

Tailgate

)

Tailgate in toggled position

Fig. 8.8  Toggle linkage

Fig. 6.8  Quick-return mechanism

Some linkages may have toggle positions. These are positions
where the linkage will not react to any input from one of its links.
Figure 6.8 illustrates such a toggle, being the linkage used to
control the movement of the tailgate of a truck so that when link
2 reaches the horizontal position no further load on link 2 will
cause any further movement. There is another toggle position for
the linkage and that is when links 3 and 4 are both vertical and
the tailgate is vertical.

6.3.2 The slider-crank mechanism

This form of mechanism cousists of a crank, a connecting rod and
a slider and is the type of mechanism described in Figure 6.5
which showed the simple engine mechanism. With that
configuration, link 3 is fixed, 1. there is no relative movement
between the centre of rotation of the crank and the housing in
which the piston slides. Link 1 is the crank that rotates, link 2 the
connecting rod and link 4 the slider which moves relative to the
fixed link. When the piston moves backwards and forwards, ie.
link 4 moves backwards and forwards, then the crank, link 1, is
forced to rotate. Hence the mechanism transforms an input of
backwards and forwards motion into rotational motion.

Figure 6.9 shows another form of this type of mechanism, a
quick-return mechanism. It consists of a rotating crank, link AB,
which rotates round a fixed centre, an oscillating lever CD, which
is caused to oscillate about C by the sliding of the block at B
along CD as AB rotates, and a link DE which causes E to move
backwards and forwards. E might be the ram of a machine and
have a cutting tool attached to it. The ram will be at the extremes
of its movement when the positions of the crank are AB, and AB».
Thus as the crank moves anti-clockwise from B, to B, the ram
makes a complete stroke, the cutting stroke. When the crank
continues its movement from B; anti-clockwise to B, then the ram
again makes a complete stroke in the opposite direction, the
return stroke. With the crank rotating at constant speed, then,
because the angle of crank rotation required for the cutting stroke
is greater than the angle for the return stroke, the cutting stroke
takes more time than the return stroke. Hence the term, quick-
return for the mechanism.




5.4 Cams
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Fig. 6.10 Carn and cam follower

Fig. 611 Cams: (a) eccentric.
(b} heart-shaped, () pear-shaped
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A cam is a body which rotates or oscillates and in doing so
imparts a reciprocating or oscillatory motion to a second body,
called the follower, with which it is in contact (Fig. 6.10). As the
cam rotates so the follower is made to rise, dwell and fall, the
lengths of times spent at each of these positions depending on the
shape of the cam. The rise section of the cam is the part that
drives the follower upwards, its profile determining how quickly
the cam follower will be lified. The fall section of the cam is the
part that lowers the follower, its profile deterinining how quickly
the cam follower will fall. The dwell section of the cam is the part
that allows the follower to remain at the same level for a
significant period of time. The dwell section of the cam is where
it is circular with a radius that does not change.

The cam shape required to produce a particular motion of the
follower will depend on the shape of the cam and the type of
follower used. Figure 611 shows the tpes of follower
displacement diagrams that can be produced with different
shaped cams and either point or knife followers. The radial
distance from the axis of rotation of the cam to the point of
contact of the cam with the [cllower gives the displacement of the
follower with reference to the axis of rotation of the cam. The
figures show how thesz radial distances. and hence follower
displacewments, vary with the angle of rotatior of the camns
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Fig. 6.12  Cam followers: (a) point,

{b) knife, (c) roller. (d) sliding and
oscillating, (e) flat, {f) mushrcom

6.5 Gear trains

4
O

Fig. 6.13  Rolling cylinders

The eccentric cam (Fig. 6.11(a)) is a circular cam with an offset
centre of rotation. It produces an oscillation of the follower which
is simple harmonic motion and is often used with pumps. The
heart-shaped cam (Fig. 6.11(b)) gives a follower displacement
which increases at a constant rate with time before decreasing at a
constant rate with time, hence a uniform speed for the follower.
The pear-shaped cam (Fig. 6.11(c)) gives a follower motion
which is stationary for about half a revolution of the cam and
rises and falls symmetrically in each of the remaining quarter
revolutions. Such a pear-shaped cam is used for engine valve
control. The dwell holds the valve open while the petrol/air
mixture passes into the cylinder. The longer the dwell, i.e. the
greater the length of the cam surface with a constant radius, the
more time is allowed for the cylinder to be completely charged
with flammable vapour.

Figure 6.12 shows a number of examples of different types of
cam followers. Roller followers are essentially ball or roller
bearings. They have the advantage of lower friction than a shiding
contact but can be more expensive. Flat-faced followers are often
used because they are cheaper and can be made smaller than
roller followers. Such foliowers are widely used with engine valve
cams. While cams can be run dry, they are often used with
lubrication and may be immersed in an oul bath.

Gear trains are mechanisms which ars very widely used to
transfer and transform rotational motion. They are used when a
change in speed or torque of a rotating device is needed. For
example, the car gearbox enables the driver to match the speed
and torque requirements of the terrain with the engine power
available.

Rotary motion can be transferred from one shaft to another by a
pair of rolling cylinders (Fig. 6.13): however, there is a possibility
of slip. The transfer of the motion between the two cylinders
depends on the frictional forces between the two surfaces in
contact. Slip can be prevented by the addition of meshing teeth to
the two cylinders and the result is then a pair of meshed gear
wheels.

Gears can be used for the transmission of rotary motion between
parallel shafts (Fig. 6.14(a)) and for shafts which have axes
inclined to one another (Fig. 6.14(b)). The term bevel gears is
used when the lines of the shafts intersect, as illustrated in Figure
6.14(b). When two gears are in mesh, the larger gear wheel is
often called the spur or crown wheel and the smaller one the
pinion. Gears for use with parallel shafts may have axial teeth
with the teeth cut along axial lines parallel to the axis of the shaft
(Fig. 6.15(a)). Such gears are then termed spur gears.
Alternatively they may have helical teeth with the teeth being cut
on a helix (Fig. 6.15(b)) and are then termed helical gears.
Helical gears have the advantage that there is a gradual

 ——




Fig. 8.14  Gear axes: (a) parallel,
(b) inclined to one another

Fig. 6.15  Teeth: (a) axial.
(b) helical, (¢) double helicat

Fig. 6.18  Rack-and-pinion

Fig.6.17  Two meshed gears
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engagement of any individual tooth and consequently there is a
smoother drive and generally prolonged life of the gears
However, the inclination of the teeth to the axis of the shaft
results in an axial force compoaent on the shaft bearing. This can
be overcome by using double helical teeth (Fig. 6 15(¢)).
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Another form of gear is the rack-and-pinion (Fig. 6.16), this
being essentially two intermeshed gears with one having a base
circle of infinite radius Such gears can be used to transform
either linear motion to rotational motion or rotational motion to
linear motion.

Consider two meshed gear wheels A and B (Fig. 6.17). If there
are 40 teeth on wheel A and 80 teeth on wheel B, then wheel A
must rotate through two revolutions in the same tine as wheel B
rotates through one. Thus the angular velocity . of wheel A
must be twice that wgof wheel B, i.e.

wa _ numberofteethon B _ 80 =9
®WB T number of teethon A ~ 40 ~

Since the number of teeth on a wheel is proportional to its
diameter, we can write:

@wa _ numberofteethon B _ dp
WB T pumber of teethon A ~ da

Thus for the data we have been considering, wheel B must have
twice the diameter of wheel A The termn gear raiio is used for the
ratio of the angular speeds of a pair of intermeshed gear wheels.
Thus the gear ratio for this example is 2.
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Fig. .18  Simple gear train
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Fig. 6.19  Compound gear trains

8.5,1 Gear trains

The term gear train is used to describe a series of intermeshed
gear wheels. The term simple gear train is used for a system
where each shaft carries only one gear wheel, as in Figure 6.18.
For such a gear train, the overall gear ratio is the ratio of the
angular velocities at the input and output shafts and is thus
walwe.

G=Ge

Consider a simple gear train consisting of wheels A, B and C, as
in Figure 6.18, with A having 9 teeth and C having 27 teeth.
Then, as the angular velocity of a wheel is inversely proportional
to the number of teeth on the wheel, the gear ratio is 27/9 = 3.
The effect of wheel B is purely to change the direction of rotation
of the output wheel compared with what it would have been with
just the two wheels A and C interineshed. The intermediate
wheel, B, is termed the idler wheel
We can rewrite this equation for the overall gear ratio G as

q
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But waiws is the gear ratio for the first pair of gears and ws/we
the gear ratio for the second pair of gears Thus the overall gear
ratio for a simple gear train is the product of the gear ratios for
each successive pair of gears.

The term compound gear train is used to describe a gear train
when two wheels are mounted on a common shaft. Figure 6.19(a)
and (b) shows two examples of such a compound gear train. The
gear train in Figure 6.19(b) enables the input and output shafts to
be in line. An alternative way of achieving this is the epicyclic
gear train discussed in the next section.

When two gear wheels are mounted on the same shaft they have
the same angular velocity. Thus, for both of the compound gear
trains in Figure 6.19, ws = wc. The overall gear ratio G is thus
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For the arrangement shown in Figure 6.19(b), for the input and
output shafts to be in line we must also have for the radii of the
gears:

ratrg=rptre
Consider a compound gear train of the form shown in Figure

6.19(a), with A, the first driver, having 15 teeth, B 30 teeth, C 18
teeth and D, the final driven wheel, 36 teeth. Since the angular
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velocity of a wheel is inversely proportional to the number of
teeth on the wheel, the overall gear ratio is

(o

= 30 36
G=15%73

!

=4

W

Thus, if the input to wheel A is an angular velocity of 160
rev/min, then the output angular velocity of wheel D is 160/4 =
40 rev/min.

A simple gear train of spur. helical or bevel gears is usuaily
limited to an overall gear ratio of about 10. This is because of the
need to keep the gear train down to a manageable size if the
number of teeth on the pinion is to be kept above a minimum
mumber which is usually about 10 to 20. Higher gear ratios can,
however, be obtained with compound gear trains. This is because
the gear ratio is the product of the individual gear ratios of
parallel gear sets.

8.6 Ratchet and pawl Ratchets can be used to lock a mechanism when it is holding a
) load Figure 6.20 shows a ratchet and pawl. The mechanism
= ﬁ, —— consists of a wheel, called a raicher, with saw-shaped teeth which
,\(/‘/ﬂyl ’2%,:3/ engage with an arm called a gaw!. The arm s photed and can
4 N Fal move back and forth to engage the wheel The shape of the teeth
N is such that rotation can occur in only one direction Rotation of
O Y the ratchet wheel in a clockwise direction is prevented by the
\- v pawl and can only take place when the pawl s lified The pawl is
K(‘l M// Ratchet normally spring loaded to easurs that it automaucally engages
— wheel with the ratchet teeth.
Thus a winch used to wind up a cable on a drum may have a
Fig.6.20  Ratchet and pawt ratchet and pawl to prevent the cable unwinding from the drum

when the handle is released.

6.7 Belt and chain drives Belt drives are essentially just a pair of rolling cylinders, as
described in Figure 6.13 and Section 6.3, with the motion of one
cylinder being transferred to the other by a belt (Fig. 6.21). Belt
drives use the friction that develops between the pulleys attached
to the shafts and the belt around the arc of contact in order to
transmit a torque. Since the transfer relies on frictional forces
then slip can occur. The transmitted torque is due to the
differences in tension that occur in the belt during operation. This
difference results in a tight side and a slack side for the belt. 1f the
tension on the tight side is 7%, and that on the slack side T, then
with pulley A in Figure 6.21 as the driver:

Torque on A = (T = T2)ra

where 74 is the radius of pulley A For the drniven pulley B we
Fig.6.21  Beit drive have:
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Fig. 6.22 Reversed belt drives:
a) crossed belt, (b) open beit

Torque on B = (11 - To)rs

where rg is the radius of pulley B. Since the power transmitted is
the product of the torque and the angular velocity, and since the
angular velocity is v/ra for pulley A and v/rg for pulley B, where v
is the belt speed, then for either pulley we have:

Power = (T; - Ty

As a method of transmitting power between two shafts, belt
drives have the advantage that the length of the belt can easily be
adjusted to suit a wide range of shaft-to-shaft distances and the
system is automatically protected against overload because
slipping occurs if the loading exceeds the maximum tension that
can be sustained by frictional forces. If the distances between
shafts is large, a belt drive is more suitable than gears, but over
small distances gears are to be preferred. Different size pulleys
can be used to give a gearing effect. However, the gear ratio is
limited to about 3 because of the need to maintain an adequate arc
of contact between the belt and the pulleys.

The belt drive shown in Figure 6.21 gives the driven wheel
rotating in the same direction as the driver wheel. Figure 6.22
shows two types of reversing drives. With both forms of drive,
both sides of the belt come into contact with the wheels and 50
V-belts or timing belts cannot be used.

8.7.1 Types of belts
The four main types of belts (Fig. 6.23) are:

1 Flat
The belt has a rectangular cross-section. Such a drive has an
efficiency of about 98% and produces little noise. They can
transmit power over long distances between pulley centres.
Crowned pulleys are used to keep the belts from running off
the pulleys.

NN NNN———__
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Fig. 6.23  Types of belt

6.8 Bearings

Mechanical actuation systems 153

2 Round
The belt has a circular cross-section and is used with grooved
pulleys.

3V

V-belts are used with grooved pulleys and are less efficient
than flat belts but a nunber of them can be used on a single
wheel and so give a multiple drive.

4 Timing
Timing belis require toothed wheels, having teeth which fit
into the grooves on the wheels. The timing belt, unlike the
other belts, does not stretch or slip and consequently
transmits power at a constant angular velocity ratio. The
teeth make it possible for the beli to be run at slow or fast
speeds.

8.7.2 Chains

Slip can be prevented by the use of chains which lock into teeth
ou the rotating cylinders to give the equivalent of a pair of
intermeshing gear wheels A chain drive has the same
relationship for gear ratio as a simple gear train The drve
mechanism used with a bicvele is an example of a chain drive.
Chains enable a number of shafts (o be driven by a single wheel
and so give a multiple drive. They are not as quiet as lming belts
but can be used for larger torques.

Whenever there is relative motion of one surface in contact with
another, either by rotating or sliding, the resulting frictional
forces generate heat which wastes energy and results in wear. The
function of a bearing is to guide with minimum friction and
maximum accuracy the movement of one part relative to another.

Of particular importance is the need to give suitable support to
rotating shafts, i.e. support radial loads. The term thrust bearing
is used for bearings that are designed to withstand forces along
the axis of a shaft when the relative motion is primarily rotation.
The following sections outline the characteristics of commonty
used forms of bearings.

6.8.1 Plain journal bearings

Journal bearings are used 1o support rotating shafts which are
loaded in a radial direction, the term journal is used for a shaft.
The bearing basically consists of an insert of some suitable
material which is fitted between the shaft and the support (Fig.
6.24). Rotation of the shaft results in its surface sliding over that
of the bearing surface. The insert may be a white metal,
aluminium alloy, copper alloy. bronze or a polymer such as nylon
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Rotating
shaft
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Bearing support

Fig. §.24 Plain journal bearing
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Fig. .25 Hydrodynamic journal
bearing
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Fig. .26  Basic elements of
a ball bearing

or PTFE. The insert provides lower friction and less wear than if
the shaft just rotated in a hole in the support. The bearing may be
a dry rubbing bearing or lubricated. Plastics such as nylon and
PTFE are generally used without lubrication, the coefficient of
friction with such materials being exceptionally low. A widely
used bearing material is sintered bronze, this is bronze with a
porous structure which allows it to be impregnated with oil and so
the bearing has a ‘built in’ lubricant.
The lubricant may be:

1 Hydrodynamic
The hydrodynamic journal bearing consists of the shaft
rotating continuously in oil in such a way that it rides on oil
and is not supported by metal (Fig. 6.25). The load is carried
by the pressure generated in the oil as a result of the shaft
rotating.

2 Hydrostatic
A problem with hydrodynamic lubrication is that the shaft
only rides on oil when it is rotating and when at rest there is
metal-to-metal contact. To avoid excessive wear at start-up
and when there is only a low load, oil is pumped into the
load-bearing area at a high-enough pressure to lift the shaft
off the metal when at rest.

3 Solid-film
This is a coating of a solid material such as graphite or
molybdenum disulphide.

4  Boundary layer
This is a thin layer of lubricant which adheres to the surface
of the bearing.

6.8.2 Ball and roller bearings

With this type of bearing, the main load is transferred from the
rotating shaft to its support by rolling contact rather than sliding
contact. A rolling element bearing consists of four main elements:
an inner race, an outer race, the rolling element of either balls or
rollers, and a cage to keep the rolling elements apart (Fig. 6.26).
The inner and outer races contain hardened tracks in which the
rolling elements roll.
There are a number of forms of ball bearings:

1 Deep-groove (Fig. 6.27(a))
This is good at withstanding radial loads but is only
moderately good for axial loads. It is a versatile bearing
which can be used with a wide range of load and speed.
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Fig. 6.27  Types of ball bearings {d) (e) Q)

2 Filling-slot (Fig. 6.27(b))
This is able to withstand higher radial loads than the
deep-groove equivalent but cannot be used when there are
axial loads.

3 Angular contact (Fig. 6.27(<))
This is good for both radial and axial foads and 1s better for
axial loads than the deep-groove equivalent.

4 Double-row (Fig. 6.27(d))
Double-row ball bearings are made in a number of types and
- J are able to withstand higher radial loads than their
single-row equivalents. The figure shows a double-row deep-
[ groove ball bearing, there being double-row versions of each
of the above single-row types.

5 Self-aligning (Fig. 6.27(¢))
Single-row bearings can withstand a small amount of shaft
misalignment but where there can be severe misalignment a
self-aligning bearing is used. This is able to withstand only
moderate radial loads and is fairly poor for axial loads.

@

6  Thrust, grooved race (Fig 6.27(f))
These are designed to withstand axial loads but are not
b) suitable for radial loads.
There are also a number of forms of roller bearing, the following
[::‘DJ being common examples:

1 Straight roller (Fig. 6.28(a))

This is better for radial loads than the equivalent ball bearing
) but is not generally suitable for axial loads. They will carry a
Fig. 6.28 Roller bearings greater load than ball bearings of the same size because of

{©)
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Fig. 6.29
selection

Journal beanng

Load (N)

their greater contact area. However, they are not tolerant of
misalignment.

2 Taper roller (Fig. 6.28(b))
This is good for radial loads and good in one direction for
axial loads.

Needle roller (Fig. 6.28(c))

This has a roller with a high lengtivdiarueter ratio and tends
to be used in situations where there is insufficient space for
the equivalent ball or toller bearing.

(WN)

6.8.3 Selection of bearings

In general, dry sliding bearings tend to be only used for small
diameter shafts with low load and low speed situations, ball and
roller bearings, i.e. bearings involving rolling, with a much wider
range of diameter shafts and higher load and higher speed, and
hydrodynamic bearings for the high loads with large diameter
shafts. Figure 6.29 shows a chart indicating the selection of
bearings based on their load-shaft speed characteristics for a
number of different diameter shafts (the data used is based on the
paper by M.J. Neale in Proc. [ Mech. E., 182(3A), 347 (1967)).
Thus suppose we wanl a bearing for a 25 mun diameter shaft
rotating at 10 rev/s and carrying a radial load of 10 000 N. This is
beyond the limit for a dry sliding bearing and is a point on the
graph below the line for rolling bearings for such a diameter and
speed, hence rolling bearings can be used.

Hydrodynamic
10°L 250 250 Shaft diameters

- 25| )
e R olling inmm

0.01 01 1 10 100 1000 10000
Shaft speed (rev's)




6.9 Mechanical aspects
of motor selection
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Failure of ball and roller bearings generally occurs as a result of
fatigue. With fatigue failures there is always a scatter of values at
which failure of an individual fiem occurs. The life of a bearing is
thus defined as the number of millions of shaft revolutions that
90% of the bearings are expecied to exceed before failing. This
life Lo depends on the applied load F. For ball bearings the
relationship is:

o-(8)

where C is a constant for a particular form of bearing For roller
bearings:

7 103
Manufacturers often tabulate data for bearings in terms of the
number of hours of life at a particular speed given in units of
rev/min. The life in hours = 12°/(3600 x 7260} x L tn millions of
revs = (16 667/n) X Ly in nuilions of revs; » is the number of
revolutions per minule. For example, a particular ball bearing
may be rated as 3000 h at 500 rev/mie for a radial loading of
10 kM. This gives Ly as 90 million revs and hence C as 44.8 kN.
Thus with a load of. say, 20 kN at 400 rev/iin then the life we
can expect is 11.2 million revolutions or 468 h. If this is not long
encugh we need to select a ball bearing with a higher rating.

A motor drive system is mechanically required to rotate a shaft
and its attached load. Factors that have to be considered are
moments of inertia and torque.

6.9.1 Moments of inertia

The torque required to give a load with moment of inertia /. an
angular acceleration a is 7 a. The torque required to accelerate the
motor shaft is 7w = /uam and that required to accelerate the load
ts 7t = Juar. The motor shaft will, in the absence of gearing, have
the same angular acceleration and same anguiar velocity. The
power needed to accelerate the sysiem as a whole s Tww + Tiw,
where w is the angular velocities. Thus:

power = (Iy + I )aw

This power is produced by the motor torque 7y and thus the
power must equal Tvw. Hence.

T= ([M +1L)a
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Fig. 6.30

Torque-speed graph

The torque to obtain a given angular acceleration will be
minimised when 7y = /.. Thus, for optimum performance, the
moment of inertia of the load should be similar to that of the
motor.

Consider a gear system with the motor shaft rotating at a
different angular speed to the shaft rotating the load. The gear
ratio G = wy/ww = aay, where wy is the angular velocity of the
load, wuy the angular velocity of the motor, a. the angular
acceleration of the load and aw the angular acceleration of the
motor. The load shaft will have an angular acceleration of a, =
Gaw. The torque required to accelerate the motor shaft is Ty =
Iwaw and that required to accelerate the load is 7. = /ia.. The
power needed to accelerate the system as a w hole is Tuewwm + Tuwy,
where  is the angular velocities. But G = oy and so the
power is:

power = (Iy + GL)amwy

This power is produced by the motor torque 7y and thus the
power must equal Ty Hence:

T,\; = (1_\1 + Glif_)(l\i

Thus the effect of using the gearing is to grve the load an effective
moment of inertia of G*/.. The torque to give a particular angular
acceleration will be minimised when /v = G/,

6.9.2 Torque

Figure 6.30 shows the operating curves for a typical motor. For
continuous running the stall torque value should not be exceeded.
This is the maximum torque value at which overheating will not
occur. For intermittent use, greater lorques are possible. As the
angular speed is increased so the ability of the motor to deliver
torque diminishes. Thus if higher speeds and torques are required
than given by a particular motor, a more powerful motor needs to
be selected.

Max. operating
torque

Intermittent )

2 operating region Maximum

g Stall no-load

= torque ™ T operating
Continuous speed
operating region /

0 Speed
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Explain the terms (a) mechanism, (b) kinematic chain.

Explain what is meant by the four-bar chain.

By examining the following mechanisms. state the number of

degrees of freedom each has.

(a) A car hood hinge mechanism.

(b) An estate car tailgale mechanism.

(¢) A windscreen wiper mechanism.

(d) Your knee.

(e) Your ankle

Analyse the motions of the following mechanisms and state

whether they involve pure rotation, pure translation or are a

mixture of rotation and translation components.

(a) The keys on a computer keyboard.

(b) The peninan XY plotter.

{¢) The hour hand of a clock.

(d) The pointer on a moving coil ammeter

(e) An automatic screwdriver.

For the mechanism shown in Figure 6.31, the armm AB rotates

at a constant rate. B and F are sliders moving along CD and

AF. Describe the behaviour of this mechanism.

Describe how the displacement of the cam foliower shown in

Figure 6.32 will vary with the angle of rotation of the cam.

A circular cam of diameter 100 mumn has an eccentric axis of

rotation which is offset 30 mm from the centre. When used

with a knife follower with its line of action passing through

the centre of rotation, what will be the difference between the

maximum and minimuin displacements of the follower?

Design a cam follower system to give constant follower

speeds over follower displacements varying from 40 to

100 mum.

Design a mechanical system which can be used to:

(a) Operate a sequence of microswitches in a tmed
sequence

{b) Move a tool at a steady rate in one direction and then
quickly move it back to the beginning of the path

(¢) Transform a rotation into a linear back-and-forth
movement with simple harmonic motion.

(d) Transform a rotation through some angle into a linear
displacement.

(e) Transform a rotation of a shaft into rotation of another,
parallel shaft some distance away.

(f) Transform a rotation of one shaft into rotation of
another, close shaft which 1s at nght angles to it.

A compound gear train consists of the final driven wheel

with 15 teeth which meshes with a second wheel with 90

teeth. On the same shaft as the second wheel is a wheel with

15 teeth. This meshes with a fourth wheel, the first driver,

with 60 teeth. What is the overall gear ratio?
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11 Which types of bearings are likely to be the most suitable for
the following situations?
(@) A 50 mm diameter shaft which is carrying a load of
10 000 N and rotating at 100 rev/s.
(6) A 10 mm diameter shaft which is carrying a load of
1000 N and rotating at 5 rev/min.




7.1 Electrical systems

7.2 Mechanical switches

lectrical actuation
systems

In any discussion of electrical systems used as actuators for
control. the discussion has to include:

I Switching devices such as mechanical switches, e g relays, or
solid-state switches, e g. diodes, thyristors, and transistors,
where the control signal switches on or off some electrical
device, perhaps a heater or a motor

2 Solenoid type devices where a current through a solenoid is
used to actuate a soft iron core, as, for example, the solenoid
operated hydraulic/pneumatic valve where a control current
through a solenoid is used to actuate a hydraulic/pneumatic
flow.

3 Drive systems, such as d.c. and a.c. motors, where a current
through a motor is used to produce rotation.

This chapter is an overview of such devices and their
characteristics.

Mechanical switches are elements which are often used as sensors
to give inpuls to systems (see Section 2.12). e.g. keyboards In
this chapter we are concerned with their use as actuators to
perhaps switch on electric motors or heating elements, or switch
on the current to actuate solenoid valves controlling hyvdraulic or
pneumatic cylinders. The electrical relay is an example of a
mechanical switch used in control systeins as an actuator.
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in conj nction with transistors and Figure 7. l«‘\o) shows the type
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switchung action The time dzla
niated when a ¢ nt flo

ceases o flow through the coil




Electrical actuation systems 163

a~- ar b- b+ c+
Ve e e B —1 A
A B8 C
-4 - —_
T % "['— - ——‘]: w8 T 5—‘“ AR N
B

A+ v \J7 A~

| T T
+ v} B —{ [ cr v (‘7 C-
Relay contacts 1 e

+V

Fig. 7.2 Realay controlled system

7.3 Solid-state switches
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Fig. 7.3 Diode characteristic
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There are a number of solid-stat= devices which can be used to
electronically switch circuits. These include:

I Diodes.

2 Thyristors and triacs.
3 Bipolar transistors.

4 Power MOSFETs.
7.3.1 Diodes

The diode has the characteristic shown in Figure 7.3 and so
allows a significant current in one direction only. A diode can
thus be regarded as a ‘directional element’, only passing a current
when forward biased, i.e. with the anode being positive with
respect to the cathode. If the diode is sufficiently reverse biased,
i.e. a very high voltage, it will break down. If an alternating
voltage is applied across a diode, it can be regarded as only
switching on when the direction of the voltage is such as to
forward bias it and being off in the reverse biased direction. The
result is that the current through the diode is half-rectified to
become just the current due to the positive halves of the input
voltage (Fig. 7.4).

7.3.2 Thyristors and triacs

The thyristor, or silicon-controlled rectifier (SCR), can be
regarded as a diode which has a gate controlling the conditions
under which the diode can be switched on. Figure 7.5 shows the
thyristor characteristic. With the gate current zero, the thyristor
passes negligible current when reverse biased (unless sufficiently
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reverse biased, hundreds of volts, when it breaks down). When
forward biased the current is also negligible until the forward
breakdown voltage is exceeded. When this occurs the voltage
across the diode falls to a low level, about 1 to 2 V, and the
current is then only limited by the external resistance in a circuit.
Thus, for example, if the forward breakdown is at 300 V then
when this voltage is reached the thyristor switches on and the
voltage across it drops to 1 or 2 V. If the thyristor is in series with
a resistance of, say, 20 Q (Fig. 7.6) then before breakdown we
have a very high resistance in series with the 20 Q and so
virtually all the 300 V is across the thyristor and there is
negligible current. When forward breakdown occurs, the voltage
across the thyristor drops to, say, 2 V and so there is now 300 -2
= 298 V across the 20 Q resistor, hence the current rises to
298/20 = 14.9 A. Once switched on the thyristor remains on unti]
the forward current is reduced to below a level of a few
milliamps. The voltage at which forward breakdown occurs is
determined by the current entering the gate, the higher the
current the lower the breakdown voltage. The power-handling
capability of a thyristor is high and thus it is widely used for
switching high power applications. As an example, the Texas
[nstruments CF106D has a a maximum off-state voltage of 400 V
and a maximuru gate trigger current of 0.2 mA.

The triac is sunilar to the thyristor and is equivalent to a pair of
thyristors connected in reverse parallel on the same chip The
triac can be turned on in either the forward or reverse direction.
Figure 7.7 shows the characteristic. As an example, the Motorola
MAC?212-4 triac has a maximum off-state voltage of 200 V and a
maximum on-state current of 12 A rm.s. Triacs are simple,
relatively inexpensive, methods of controlling a.c. power.

Figure 7.8 shows the type of effect that occurs when a sinusoidal
alternating voltage is applied across (a) a thyristor and (b) a triac.
Forward breakdown occurs when the voltage reaches the
breakdown value and then the voltage across the device remains
low.

As an example of how such devices can be used for control
purposes, Figure 7.9 illustrates how a thyristor could be used to
control a steady d.c. voltage V. In this the thyristor is operated as
a switch by using the gate to switch the device on or off. By using
an alternating signal to the gate, the supply voltage can be
chopped and an intermittent voltage produced. The average value
of the output d.c. voltage is thus varied and hence controlled by
the alternating signal to the gate

Another example of control is that of alternating current for
electric heaters, electric motors or lamp dimmers. Figure 7.10
shows a half-wave, variable resistance, phase-control circuit. The
alternating current is applied across the load, e.g. the lamp for the
lamp dimming circuit, in series with a thyristor. R, is a current-
limiting resistor and R, is a potentiometer which sets the level at
which the thyristor is triggered. The diode is to prevent the
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negative part of the aliernating voltage cycle being applied to the
gate. By adjusting R, the thyristor can be made to trigger at any

rmlm““j - point between 0° and 90° in the positive half-cycle of the applied
) : alternating voltage. When the thyristor 1is triggered near the
% : beginning of the cycle, i.e. 0° it conducts for the entire positive
Gate g g Cy po
half-cycle and the maximum power is delivered to the load. As
3 p
the triggering of the thytistor is delayed to laier in the cycle so the
power delivered to the load is reduced.
v
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When a source voltage is suddenly appliad to a thyristor, or a
triac, with the gate off, the thyristor may switch from off to on. A
typical rate of voltage change that would produce this effect is of
the order of 50 V/us. If the source is a d.c. voltage the thytistor
can remain in this conducting state until there is a circuit
interruption. In order to prevent this sudden change in source
voltage producing this effect, the rate at which the voltage
changes with time, i.e. dV7dr, is controlled by using a snubber
circuit. This is a resistor in series with a capacitor and is placed
in parallel with the thyristor (Fig. 7.11). The snubber capacitance
C is given by:

- (VA);Znax
L (dV/dnhax

Fig.7.11  Snubber circuit and its resistance R by:

T
R+RL=2V\5—CL~

where R, is the load resistance and L its inductance.
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7.3.3 Bipolar transistors

Bipolar transistors come in two forms, the npn and the pnp.
Figure 7.12 shows the symbol for each. For the npn transistor, the
main current flows in at the collector and out at the emitter, a
controlling signal being applied to the base. The pnp transistor
has the main current flowing in at the emitter and out at the
collector, a controlling signal being applied to the base.

For a npn transistor connected as shown in Figure 7.13(a), the
so-termed common-emitter circuit, the relationship between the
collector curtent /- and the potential difference between the
collector and emitter Vcg is described by the series of graphs
shown in Figure 7.13(b). When the base current /s is zero the
transistor is cut off, in this state both the base-emitter and the
base-collector junctions are reverse biased. When the base current
is increased, the collector current increases and Vee decreases as a
result of more of the voltage being dropped across Rc. When Veg
reaches a value Vegen, the base-collector junction becomes
forward biased and the collector current can increase no further,
even if the base current is further increased. This is termed
saturation. By switching the base current between O and a value
that drives the transistor into saturation, bipolar transistors can be
used as switches. When there is no input voltage ¥, then virtually
the entire Vec voltage appears at the output. When the input
voltage is made sufficiently high the transistor switches so that
very little of the Vec voltage appears at the output (Fig. 7.13(c)).

The relationship between collector current and the base current
I5 at values below that which drive the transistor into saturation is

Ic = heel

where hgg is the current gain. At saturation the collector current
Ic(m) is

Ve = Vegsay
Iosy = — FRo

To ensure that the transistor is driven into saturation the base
current must thus rise to at least

Tcgsa
hFE

Ipgsayy =

Thus for a transistor with hpe 0f 50 and Fegeay of 1 V, then for a
circuit with Re = 10 Q and Vec = 5 V, the base current must rise
to at least about 8 mA.

Because the base current needed to drive a bipolar power
transistor is fairly large, a second transistor is often needed 10
enable switching to be obtained with relatively small currents,
e.g. that supplied by a microprocessor. Thus the switching circuit
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can be of the form shown in Figure 7.14. Such a combination of a
pair of transistors to enable a hugh current to be switched with a
small input current is termed a Darlington pair and they are
available as single-chip devices. A protection diode is generally
connected in parallel with the power transistor to prevent damage
to it when the transistor is switched off since it is generally used
with inductive loads and large transient voltages can occur. The
integrated circuit ULN200IN from SGS-Thompson contains
seven separate Darlington pairs, each pair being provided with a
protection diode. Each pair is rated as 500 mA continuous and
can withstand surges up to 600 mA.

Figure 7.15(a) shows the Darlington connections when a small
npn transistor is combined with a large npn transistor, the result
being equivalent to a large npn transisior with a large
amplification factor. Figure 7.15() shows the Darlington
connections for a small pop transistor with a large npan transistor,
the result being equivalent to a single large pnp transistor.

In using transistor switched actuators with a microprocessor,
attention has to be given to the size of the base curtent required
and 1ts direction. The base current required can be too high and
so a buffer might be used. The buffer increases the drive current
to the required value. It might also be used o invert. Figure 7.16
llustrates how a buffer might be used when transisior switching
is used to control a d.¢ motor by on-off switching Type 240
buffer is inverting while tpes 241 and 244 are non-inverting.
Buffer 741.5240 has a high-level maximum output current of
15 mA and a low-level maximum output current of 24 mA

Bipolar transistor switching is implemented by base currents
and higher frequencies of switching are possible than with
thyristors. The power handling capability is less than that of
thyristors.

12V
i
o Buffer Base current ;
uput
port of
micro- B
processor t}“i
i
-i— { Motor
i
[
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7.4 Solenoids

7.5 D.C. motors

7.3.4 MOSFETs

MOSFETs (metal-oxide field-effect transistors) come in two
types, the n-channel and the p-channel. Figure 7.17 shows the
symbols The main difference between the use of a MOSFET for
switching and a bipolar transistor is that no current flows into the
gate to exercise the control. The gate voltage is the controlling
signal. Thus drive circuitry can be simplified in that there is no
need to be concerned about the size of the current

Figure 7.18 illustrates the use of a MOSFET as an on-off switch
for a motor, compare the circuit with that in Figure 7.16 where
bipolar transistors are used. A level shifter buffer is indicated, this
being to raise the voltage level to that required for the MOSFET.

—_— 12V
Level
Ouput shifter j |
po'n‘of _____{/‘\/‘__’_ e -
micio- ]
processor i -
12 S
/ ) Motor
Near

With MOSFETSs, very high frequency switching is possible, up
to 1 MHz, and interfacing with a microprocessor is simpler than
with bipolar transistors.

For more information on solid-state swilches, the reader is
referred to specialist texts such Advanced Industrial Electronics
by N. Morris (McGraw-Hill 1974), Electronics by D.1. Crecratft,
D.A. Gorham and J.J. Sparkes (Chapman and Hall 1993) or
Power Electronics for the Microprocessor 4ge by T Kenjo
(Oxford University Press 1990).

Solenoids can be used to provide electrically operated actuators.
Solenoid vaives are an example of such devices, being used to
control fluid flow in hydraulic or pueumatic systems (see Fig.
5.9). When a current passes through a coil a soft iron core is
pulled into the coil and, in doing so, can open or close ports t0
allow the flow of a fluid.

Electric motors are frequently used as the final control element in
positional or speed-control systems. Motors can be classified into
two main categories: d.c. motors and a.c. motors, most motors
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used in modern control systems being d.c. motors. The basic
principles involved in the action of a motor are:

| A force is exerted on a conductor in a magnetic field when a
current passes through it (Fig. 7.19). For a conductor of
length L carrying a current / in a magnetic field of flux
density B at right angles to the conductor, the force F equals
BIL.

2 When a conductor moves in a magnetic field then an e m.f. is
induced across it (Fig. 7.20). The induced e.m.f. ¢ is equal 10
the rate at which the magnetic flux @ (flux equals the
product of the flux densiry and the area) swept through by the
conductor changes (Faraday’s law), le. e = -d®/ds. The
minus sign is because the e.m.f. is in such a direction as to
oppose the change producing it (Lenz’s law), ie. the
direction of the induced e.m f is in such a direction as to
produce a current which sets up magnetic fields which tend
to neutralise the change in magnetic flux linked by the coil
and which was responsible for the e m f For this reason it is
often referred to as a back e m.{

7.5.1 Basic principles

Figure 7.21 shows the basic principle of the d ¢ motor, a loop of
wire which is free to rotate tn the field of a permanent magnet.
When a current is passed through the coil, the resulting forces
acting on its sides at right angles to the field cause forces (o act
on those sides to give rotation. However, for the rotation to
continue, when the coil passes through the vertical posiuon the
current direction through the coil has to be reversed.

In the conventional d.c. motor, coils of wire are mounted in slots
on a cylinder of magnetic material called the armature. The
armature is mounted on bearings and is free to rotate. It is
mounted in the magnetic field produced by field poles. These may
be, for small motors, permanent magnets or electromagnets with
their magnetism produced by a current through the field coils.
Figure 7.22 shows the basic principle of a four-pole d.c. motor
with the magnetic field produced by current carrying coils. The
ends of each armature coil are counected to adjacent segments of
a segmented ring called the commutator with electrical contacts
made to the segments through carbon contacts called brushes. As
the armature rotates, the commutator reverses the current in each
coil as it moves between the field poles. This is necessary if the
forces acting on the coil are to remain acting in the same
direction and so the rotation continue. The direction of rotation of
the d.c. motor can be reversed by reversing either the armature
current or the field current.
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7.5.2 Permanent magnet d.c. motor

Consider a permanent magnet d.c. motor, the permaneat magnet

b giving a constant value of flux density. For an armature conductor
of length L and carrying a current i the force resulting from a

Fa /L magnetic flux density B at right angles to the conductor is BiL
A (Fig. 7.23). With & such conductors the force is NBiL. The forces

8 result in a torque T about the coil axis of Fb, with b being the

breadth of the coil. Thus:

Fig.7.23  Armature torque 7= NBbLI = ki
where k is the torque constant. Since an armature coil is rotating
in a magnetic field, electromagnetic induction will occur and a
back e.m.f. will be induced. The back e.m.f. v, is proportional to
the rate at which the flux linked by the coil changes and hence,
for a constant magnetic field, is proportional to the angular
velocity ¢ of the rotation. Thus:

R L back e.m.f vy =k

where k. is the back 2. m.f constant
TV We can consider a d.c motor to have the equivalent circuit
A shown in Figure 7.24, i.e. the anmaturs coul being represented by
T a resistor R in series with an inductance L in series with a source
of back e m f If we neglect the inductance of the armature coil
then the voltage providing the current ¢ through the resistance is
Fig.7.24  Equivalent circuit the applied voltage ¥ minus the back e m.f, i e. "~ vy Hence:

. _l_l:“b_,_ V*k\,.C)
=R R

\ Lines for different The torque 7 is thus:
values of V

Torque

ke
T= ki = 3V - k)

Graphs of the torque against the rotational speed w are a series of
N straight lines for different voltage values (Fig. 7 25). The starting
0 Rotational speed torque, i.e the torque when = 0, is thus proportional to the
applied voltage, the no-load speed is proportional to the applied
Fig.7.28  Torque-spesd voltage and the torque decreases with increasing speed.

characteristic As an example, a small permanent magnet motor S6M41 by
PMI Motors has & = 3.01 N covaA, kv = 3.15 V/krpm, a terminal

resistance of 1.207 Q and an armaiuve resistance of 0.940 €.

.

7.5.3 D.C. motors with field coils

D.C. motors with field coils are classified as series, shunt,
compound and separately excited according to how the field
windings and armature windings are connected (Fig. 7.26).

-~ —#
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Series wound motor

With the series wound moior the armature and Helds coils ase
in series. Such a motor exarts the highest starting torque and
has the greatest no-load speed With light loads there is a
danger that a series wound motor might run at too high a
speed. Reversing the polarity of the supply to the coils has no
effect on the direction of rotation of the motor; it will
continue rotating in the same direction since both the field
and armature currents have been reversed.

Shunt wound motor

With the shunt wound motor the armature and field coils are
in parallel. Tt provides the lowest starting torque, a much
lower no-load speed and has good speed regulation. Because
of this almost constant speed regardless of load, shunt wound
motors are very widely used. To reverse the direction of
rotation, either the armature or field supplied must be
reversed. For this reason, the separately excited windings are
preferable for such a situation.

Compound motor

The compound motor has two field windings, one in series
with the armature and one in parallel. Compound wound
motors aim to get the best features of the series and shunt
wound motors, namely a high starting torque and good speed
regulation.
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4 Separately excited motor
The separately excited motor has separate control of the
armature and field currents and can be considered to be a
special case of the shunt wound motor.

Figure 7.27 indicates the torque-speed characteristics of the
above motors. The speed of such d.c. motors can be changed by
either changing the armature current of the field current.
Generally it is the armature curzent that is varied. The choice of
motor will depend on its application. For example, with a robot
manipulator, the robot wrist might use a series wound motor
because the speed decreases as the load increases. A shunt wound
motor would be used where a constant speed was required,
regardless of the load. For more details of d.c motors, the reader
is referred to texts such as Eleciric Machines and Drives by J.D.
Edwards (Macmitlan 1991), Eiectrical Machines and Drive
Systems by C.B. Gray (Longnan 1989) or Electric Motors and
Control Techniques by LN Gottleib (TAB Books, McGraw-Hill
1994).

7.5.4 Control of d.c. motors

The speed of a permanent magnet motor depends oa the current
through the armature coil. With a field coil motor the speed can
be changed by either varying the armature current or the field
current; generally it is the armature current that is varied. Thus
speed control can be obtained by controlling the voltage applied
to the armature. However, because fixed voltage supplies are often
used. a variable voltage is obtained by an electronic circuit.

With an alternating current supply. the thyristor circuit of
Figure 7.10 can be used to control the average voltage applied to
the armature. However, we are often concerned with the control
of d.c. motors by means of control signals emanating from
microprocessors. In such cases the technique known as pulse
width modulation (PWM) is generally used. This basically
involves taking a constant d.c. supply voltage and chopping it 50
that the average value is varied (Fig. 7.28). Figure 7.29 shows
how PWM can be obtained by means of a basic transistor circuit.
The transistor is switched on or off by means of a signal applied
to its base. The diode is to provide a path for current which arises
when the transistor is off as a result of the motor acting as a
generator. Such a circuit can only be used to drive the motor in
one direction; a circuit (Fig. 7.30) involving four transistors,
termed an H circuit, can be used to enable the motor to be
operated in forward and reverse directions. This circuit can be
modified by the use of logic gates so that one input controls the
switching and one the direction of rotation (Fig. 7.31)
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The above are examples of open-loop control; this assurnes that
conditions will remain coustant, e.g. the supply voltage and the
load driven by the motor. Closed-loop countrol systems use
feedback to modify the motor speed if conditions change. Figure
7.32 shows some of the methods that might be employed.

In Figure 7.32(a) the feedback signal is provided by a
tachogenerator, this giving an analogue signal which has to be
converted to a digital signal by an ADC for input to the
microprocessor. The output from the microprocessor is converted
to an analogue signal by an ADC and used to vary the voltage
applied to the armature of the d.c. motor. In Figure 7.32(b) the
feedback signal is provided by an encoder, this giving a digital
signal which after code conversion can be directly inputted to the
microprocessor. As in (a) the system shows an analogue voltage
being varied to control the motor speed. In Figure 7.32(c) the
system is completely digital and PWM is used to control the
average voltage applied to the armature.
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7.5.5 Brushless permanent magnet d.c. motors

A problem with d.c. motors is thal they require a commutator and
brushes (Fig 7.33) in order to periodically reverse the current
through each armature coil. The brushes make sliding contacts
with the commutator and as a consequence sparks jump betweel
the two and they suffer wear Brushes thus have o be peﬁodically
changed and the commutator resurfaced. To avoid such problems
brushless motors have been designed.

Essentially they consist of a sequence of stator coils and a
permanent magnet rotor A current-cartying conductor in a
magnetic field experiences a force. likewise, as a consequence of
Newton's third law of motion. the magnet will also experience a

Wit comventional d ¢ motor the

(¥
(]

opposite and equal force. Wit
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magnet is fixed and the current-carrying conductors made to
move. With the brushless permanent magnet d.c. motor the
reverse is the case, the current carrying conductors are fixed and
the magnet moves. The rotor is a ferrite or ceramic permanent
magnet. Figure 7.34 shows the basic form of such a motor. The
current to the stator coils is electronically switched by transistors
in sequence round the coils, the switching being controlled by the
position of the rotor so that there are always forces acting on the
magnet causing it to rotate in the same directicn. Hall sensors are
generally used to sense the position of the rotor and initiate the
switching by the transistors, the sensors being positioned around
the stator

Figure 7.35 shows the transistor switching circuits that might be
used with the motor shown in Figure 7.34 To switch the coils in
sequence we need to supply signals to switch the transistors on in
the right sequence. This is provided by the outputs from the three
sensors operating through a decoder circuit to give the
appropriate base currents. Thus when the rotor is in the vertical
position, i.e. 0° there 15 an output from sensor ¢ but none from a
and b. This is used to switch on transistors A+ aad B-. For the
rotor in the 60° position there are signals from the sensorsb and ¢
and transistors A+ and C- are switched cn. Table 7.1 shows the
entire swiching sequence. The entire curcuit for controlling such
a motor is available on a single integrated circuit.

A+
i i; Coil A

V+
Sensor
B+ b
Coil B

Sensor £

V+ |
Cr ‘:J ,
Coil C j

£ a

Sensor
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7.5 A.C. motors

Rotor conducters giving the squirrel cage

£nd rings connecting the ends of
all the conductors to give the
circuits in which currents ars induced

Single-phase induction motor

Table 7.1 Switching sequence

Rotor Sensor signals Transistors on

position a b C

0° 0 0 1 A+ B-
60° 0 1 1 A+ C-
120° 0 1 0 B+ C-
180° L 1 0 + A~
240° 1 0 0 C+ A—
360° 1 0 1 C+ B

Brushless permanent magnet d.c. motors are becoming
increasingly used in situations where high performance coupled
with reliability and low maintenance are essential. Because of
their lack of brushes, they are quiet and capable of high speeds.
For more details of brushless d.c. motors. the reader is referred to
specialist texts such as Electric Machines and Drives by J.D.
Edwards (Macmillan 1991) or Brushless Permaneni-magnet and
Reluctance Molor Drves by TJE. Miller (Oxford University
Press 1989).

Alternating current motors can be classified into two groups,
single phase and polyphase with each group being further sub-
divided into induction and synchronous motors. Single-phase
motors tend to be used for low power requirements while poly-
phase motors are used for higher powers. Induction motors tend
to be cheaper than synchronous motors and are thus very widely
used.

The single-phase squirrel-cage induction motor consists of a
squirrel-cage rotor, this being copper or aluminium bars that fit
into slots in end rings to forin complete electrical circuits (Fig.
7.36). There are no external electrical connections to the rotor.
The basic motor consists of this rotor with a stator having a set of
windings. When an alternating current passes through the stator
windings an alternating magnetic field is produced. As a result of
electromagnetic induction, e.m.fs are induced in the conductors
of the rotor and currents flow in the rotor Initially, when the
rotor is stationary, the forces on the current carrying conductors
of the rotor in the magnetic field of the stator are such as to result
in no net torque. The motor is not self-starting. A number of
methods are used to make the motor self-starting and give this
initial impetus to start it; one is to use an auxiliary starting
winding to give the rotor an initial push. The rotor rotates at a
speed determined by the frequency of the alternating current
applied to the stator. For a constant frequency supply to a
two-pole single-phase motor the magnetic field will alternate at
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this frequency. This speed of rotation of the magnetic field is
termed the synchronous speed. The rotor will never quite match
this frequency of rotation, typically differing from it by about 1 to
3%. This difference is termed s/ip. Thus for a 50 Hz supply the
speed of rotation of the rotor will be almost 50 revolutions per
second.

The three-phase induction motor (Fig. 7.37) is similar to the
single-phase induction motor but has a stator with three windings
located 120° apart, each winding being connected to one of the
three lines of the supply. Because the three phases reach their
maximum currents at different times, the magnetic field can be
considered to rotate round the stator poles, completing one
rotation in one full cycle of the current. The rotation of the field is
much smoother than with the single-phase motor. The
three-phase motor has a great advantage over the single-phase
motor of being self-starting. The direction of rotation is reversed
by interchanging any two of the line connections, this changing
the direction of rotation of the magnetic field. '

Synchronous motors have stators similar to those described
above for induction motors but a rotor which is a permanent
magnet (Fig. 7.38). The magnetic field produced by the stator
rotates and so the magnet rotaies with it. With one pair of poles
per phase of the supply, the magnetic field rotates through 360° in
one cycle of the supply and so the frequency of rotation with this
arrangement 1is the same as the frequency of the supply.
Synchronous motors are used when a precise speed is required.
They are not self-starting and some system has 1o be employed to
start them.

A.C. motors have the great advantage over d.c. motors of being
cheaper, more rugged, reliable and maintenance free. However
speed control is generally more complex than with d.c. motors
and as a consequence a speed-controlled d.c. drive generally
works out cheaper than a speed-controlled a.c. drive, though the
price difference is steadily dropping as a result of technological
developments and the reduction in price of solid-state devices.
Speed control of a.c. motors is based around the provision of a
variable frequency supply, since the speed of such motors is
determined by the frequency of the supply. The torque developed
by an a.c. motor is constant when the ratio of the applied stator
voltage to frequency is constant. Thus to maintain a constant
torque at the different speeds when the frequency is varied the
voliage applied to the stator has also to be varied. With one
method, the a.c. is first rectified to d.c. by a converter and then
inverted back to a.c. again but at a frequency that can be selected
(Fig. 7.39). Another method that is often used for operating
slow-speed motors is the cycloconverter. This converts a.c. at one
frequency directly to a.c. at another frequency without the
intermediate d.c. conversion.
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Fig. 7.39
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7.7 Stepper motors
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For more details of a.c. motors, the reader is referred to texts
such as FElectric Machines and Drives by 1.D. Edwards
(Macmillan 1991) or Electrical Machines and Drive Systems by
C.B. Gray (Longman 1989).

The stepper moior is a device thai produces rotation through
equal angles, the so-called steps. for each digital pulse supplied to
its input. Thus, for example, if with such a motor | pulse
produces a rotation of 6° then 60 pulses will produce a rotation
through 360°. There are a number of forms of stepper motor:

| Variable reluctance stepper

Figure 740 shows the basic form of the variable reluctance
stepper motor. With this form the rotor is made of soft steel
and is cylindrical with four poles. i.2. fewer poles than on the
stator. When an opposite pair of windings has current
switched to them, a magnetic field is produced with lines of
force which pass from the stator poles through the nearest set
of poles on the rotor. Since lines of force can be considered to
be rather like elastic thread and always trying to shorten
themselves, the rotor will move until the rotor and stator
poles line up. This is termed the position of minimum
reluctance. This form of stepper generally gives step angles
of 7.5° or 15°.

2 Permanent magnet stepper

Figure 7.41 shows the basic form of the permanent magnet
motor. The motor shown has a stator with four poles. Each
pole is wound with a field winding, the coils on opposite
pairs of poles being in series. Current is supplied from a d.c.
source to the windings through switches. The rotor is a
permanent magnet and thus when a pair of stator poles hasa
current switched to it, the rotor will move to line up with it.
Thus for the currents giving the situation shown in the figure
the rotor moves to the 45° position. If the current is then
switched so that the polarities are reversed, the rotor will
move a further 45° in order to line up again. Thus by
switching the currents through the coils the rotor rotates in
45° steps. With this type of motor, step angles are commonly
1.8°,7.5° 15°, 30° 34° or 90°.
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Pole 4

Fig. 7.41  Permanent magnet
stepper motor

3 Hybrid stepper
Hybrid stepper motors combine the features of both the
variable reluctance and permanent magnet motors, having a
permanent inagnet encased ta iron caps which are cut to have
teeth (Fig. 7.42). The rotor sets itself in the minimum
reluctance position in response to a pair of stator coils being
Teethon  pernanent magnet energised. Typical step angles are 0.9° and 1.8°. Such stepper
end caps motors are extensively used in high-accuracy positioning
applications, e.g. in comiputer hard disc drives.

Fig. 7.42  Hybrid motor rotor

7.7.1 Stepper motor specifications

The following are some of the terms commonly used in specifying
stepper motors:

! Phase

This term refers to the number of independent windings on
the stator, e.g. a four-phase motor. The current required per
phase and its resistance and inductance will be specified so
that the controller switching output is specified. Two-phase
motors, e.g. Figure 7.41, tend to be used in light-duty
applications, three-phase motors tend to be variable
reluctance steppers, e.g. Figure 7.40, and four-phase motors
tend to be used for higher power applications

2 Step angle
This is the angle through which the rotor rotates for one
switching change for the stator coils.

3 Holding torque
This is the maximum torque that can be applied to a powered
motor without moving it from its rest position and causing
spindle rotation.
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Fig. 7.43  Stepper motor
charactenstics
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7.7.2 Stepper motor control

Solid-state electronics is used to switch the d.c. supply between
the pairs of stator windings. Two-phase motors. 2 g Figure 7.41.
nnecting wires

are termed bipofar motors when they have fou
for signals to generate the switching :
motor can be dnven by H circu
associated discussion). Figure 7 43 shows

O
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7.2 shows the swilching sequence required for the transistors fo
— carry out the four steps, the sequence then being repeated for

further steps. The sequence gives a clockwise rotation; for an

anti- clockwise rotation the sequence is reversed.

Table 7.2 Switching sequence for fuli-stepping bipolar stepper

|

Phase A

Fig.7.44  Bipolar motor

| Step
Phase B

land 4

2and3

Transistors
5and 8

6 and 7

1 On off On Off
2 On Off Off On
3 off On Ooff On
4 Off On On Off

Half-steps, and hence finer resolution, are obtainable if instead
of the full-siepping sequence needed to implement a pole reversal
to get from one step to the next. the coils are switched so that the
rotor stops al a position halfway to the next full step. Table 7.3
shows the sequence for half-stepping with the bipelar stepper.

Table 7.3  Hali-steps for bipolar stepper
Step Transistors
l and 4 2 and 3 Sand 8 6and 7

1 On Ooff On Off
2 On Off Off Off
3 On Ooff Off On
4 Off Off Off On
5 Off On Off On
6 Off On Off off
7 off On On Off
8 Off Off On Off

Fig.7.45

H circuit
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Two-phase motors are termed unipolar when they have six
connecting wires for the generation of the switching sequence
(Fig. 7.46). Each of the cols has a centre-tap. With the
centre-taps of the pliase coils connected together, such a form of
stepper motor can be switched with just four transistors. Table 7.4
gives the swilching sequence for the transistors in order to
produce the steps for clockwise rotation, the sequence then being
repeated for further steps. For anti-clockwise rotation the
sequence is reversed. Table 7.5 shows the sequeace when the
unipolar is half-stepping.

g Integrated circuits are available 1o provide the drive circuitry.
“% ' Figure 7.47 shows the connections with the inlegrated circuit
SAA 1027 for a four-phase stepper The three inputs are
controlied by applying high or low signals to thetn When the set
terminal is held high, the output from the integrated circuit
changes slate each time the trigger terninal goes from low to
high. The sequence repeats itsell at four-step intervals but can be
reset to the zero condition at any time by applying a low signal to
the trigger terminal. Wheun the rotation 1nput is heid low there is
clockwise rotation, wher high it is anti-clockwise.

Phase A

Table 7.4 Switching sequence for {uil-stepeing unipoiar siepper

Step Transistors

l 2 > }
i On Off On Off
2 On Ooff Off On
3 Off On Off On
4 Off On Ou Off

Table 7.5 Half-steps for unipolar stepper

Step Transistors 3
L 2 3 4

1 On Off On Off =

2 On off Off off

3 On Off Off On

4 Off Off Off On

5 Off On ot On

6 Off On Off Off

7 Off On On Off

i Off Off On off




Eiectrical actuation systems 183

) _[_‘"'"“w‘*?—‘i—ﬂ ; 7@ !

B Buffer | ) ”“L;i’“i_ «2

5 8 s | et
Internal block 3 € g B2
diagram of SAA 1027 i g g S 3
= ' Q e g, ____i/_ e I
2 & % 3 CEEE R
—t—- Buffer © { T
T r— A
95— o
5 | 12
Supply voitage 12V
= I
200 | =
Typical connections 0.1 puf q 1,. — {_—f‘~“—-J'FLV"W“ 3
for SAA 1027 to e L Brown R Rad
a four-phase stepper Trigger —-—{ 15 14 4 13 6 p——emr— e 3
3
Rotation gt 3 g vy t sen | g
statior 45 3 SAA 1027 gl Gie Green e WP
Sot ] 2 11 I,_.ieuiwi__f VL
5 12 | !

Stepper motor

Fig. 7.47 Integrated circuit
SAA 1027 for stepper motor

Some applications require very small step angles. While the step
angle can be made small by increasing the number of rotor teeth
and/or the number of phases. generally more than four phases and
S0 to 100 teeth are not used [nstead a technique known as
mini-stepping is used. This involves dividing each step into a
number of equal size sub-steps. This is done by using different
currents fo the coils so that the rotor moves o iatermediate
positions between normal step positions. Thus, for example, a
step of 1.8° might be subdivided inio 10 equal steps

Stepper motors can be used to give conirolled rotational steps
but also can give continuous totation with their rotational speed
controlled by controlling the raic at which pulses are applied to it
to cause stepping. This gives a very useful conirolled variable
speed motor which finds many applications.

Because stepper coils have inductance and switched inductive
loads can generate large back e.m.fs when swiched, when
steppers are connected o microprocessor output ports it is
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necessary to include protecticn 1o avoid damage to the
microprocessor. This may take the form of resistors in the lines to
limit the current, though these must have values carefully chosen
to both provide the protection but also not 1o {imit the value of the
current needed to switch the transistors. Diodes across the coils
prevent cufrent in the reverse direction and so give protection. An
aliernative is to use optoisolators (see Section 3.3).

For more details of stepping motors and their drive circuits, the
reader is referred to texts such as Stepping Motors and their
Microprocessor Controls by T. Kenjo (Oxford University press
1984), Power Electronics for the Microprocessor Age by T.
Kenjo (Oxford University Press 1990) or Electrical Machines and
Drive Systems by C.B. Gray (Longman 1989).

] Explain how the circuit shown in Figure 7.43 can be used to
debounce a switch.

2 Explain how a thyristor can be used to control the level of a
d.c. voltage by chopping the outpul from a constant voltage
supply

3 A dc wmotor is required © have (a) a high torque at low

speeds for the movement of large loads. (b) a torque » hich is
almost constant regardless of speed Suggest suitable forms of
motor.

4 Suggest possible motods, dc orac, whichcanbe considered
for applications where (a) cheap, constant torque operaton is
required, (b) high controlled speeds are required, (z) low
speeds are required. (d) maintenance requirements have 1o be
minimised

5 Explain the principle of the brushless
motor.

6 Explain the principles of operation of the variable reluctance
stepper motor

7 If a stepper motor has a step angle of 7.5%, what digital tnput
rate is required to produce a rotation of 10 rev/s?

{ ¢ permanent magnet

o




8.1 Mathematical models

asic system models

Consider the following situation. A miicroprocessor switches on a
motor. How will the rotation of the motor shaft vary with time?
The speed will not immediately assume the full-speed value but
will only attain that speed after some time Consider another
situation. A hydraulic system 1s used to open a vaive svhich allows
water 1nto a tank to restore the water level to that required. How
will the water level vary with ume? The water level will not
immediately assume the required level but will only attain that
level after some time. This chapter, and Chapters 9, 10 and 11,
are about determining how systems behave with time when
subject to some disturbance.

In order to understand the behaviour of systems, mathematical
models are needed. These mathematical models are equations
which describe the relationship between the input and output of a
system. They can be used to enable forecasts to be made of the
behaviour of a system under specific conditions. The basis for any
mathematical model is provided by the fundamental physical laws
that govern the behaviour of the system. In this chapier a range of
systems will be considered, including mechanical, electrical,
thermal and fluid examples.

Like a child building houses, cars, cranes, etc., from a number
of basic building blocks, systems can be made up from a range of
building blocks. Each building block is considered to have a
single property or function. Thus to take a simple example, an
electrical circuit system may be made up from building blocks
which represent the behaviour of resistors, capacitors aund
inductors. The resistor building block is assumed to have purely
the property of resistance, the capacitor purely that of capacitance
and the inductor purely that of inductance. By combining these
building blocks in different ways a variety of electrical circuit
systems can be built up and the overall input-output relationships
obtained for the system by combining in an appropriate way the
relationships for the building blocks. Thus a mathematical model
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8.2 Yechanical ¢

building blocks
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for the system can be obtained. A system built up in this way is
called a [lumped parameter system. This 1s because each
parameler, i.e. property or function, is considered independently.

There are similarities in the behaviour of building blocks used
in mechanical, electrical, thermal and fluid systems. This chapter
is about the basic building blocks and their combination to
produce mathematical models for physical, real, systems. Chapter
9 looks at more complex medels.

A more detailed discussion will be found ia texts such as
Dynamic Modelling and Conirol of Engineering Systems by J.
Lowen Shearer and Bohdan T. Kulakowski (Prentice-Hall 1997)
or Modelling and Analysis of Dynamic Systers by C. Frederick
(Houghton Mifflin 1993).

The models used to represent mechanical svstems have the hasic
building blocks of springs, dashpots and masses. Springs
represent the stiffness of a system, dashpots the forces opposing
motion, t.e frictional or damping effects, and masses the inertia
or resistance to acceleration. The mechanical system does not
have to be really made up of springs, dashpots and masses but
have the propecties of stiffness, damping and laertia. Al these
building blocks can be considered to have a force as an input and
a displacement as an outpui.

The stiffness of a spring 15 described by the relationship
between the forces F used to extend or compress a spring and the
resulting extension or compression x (Fig. 8.1). In the case of a
spring where the extension or compression is proportional to the
applied forces, i.e. a linear spring,

F=kx
where k is a constant. The bigger the value of & the ¢ the
forces have to be tc stretch or compress the spring zmd so the

greater the stiffness. The object applving the force to stretch the
spring is also acted on by a force, the force being that exerted by
the stretched spring (Mewion’s third law). This force will be in
the opposite direction and equal in size to the force used to stretch
the spring, 1 e kx

The dashpot building block represents the rnvpes of forces
experienced when we endeavour 1o push an object through a fluid
or move an object against frictional focces The faster the object is
pushed the greater becomes the opposing forces. The dashpot
which is used pictorially to represent these damping forces which
slow down moving objects consists of a piston moving in a closed
cylinder (Fig. 8.2). Movement of the piston requires the fluid on
one side of the piston to flow through or past the piston. This flow
produces a resistive force. [n the ideal case, the damping of
resistive force £ is proportional to the velocity v of the piston.
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where ¢ is a constant. The larger the value of ¢ the greater the
damping force at a particular velocity. Since velocity is the rate of
change of displacement x of the piston, i.e. v = dx/d¢, then

dx
F=c ar
Thus the relationship between the displacement x of the piston,
i.e. the output, and the force as the input is a relationship
depending on the rate of change of the output.

The mass building block (Fig. 8.3) exhibits the property that the
bigger the mass the greater the force required to give it a specific
acceleration. The relationship between the force 7 and the
acceleration a is (Newton’s second law) 7 = ma, where the
constant of proportionality between the force and the acceleration
is the constant called the mass m. Acceleravon is the rate of
change of velocity, i.e. dv/dr, and velocity v is the rate of change
of displacement x, i.e. v = di/d:. Thus

- dv d(dx/ds) d’x
CEma=mes =me =

ds ds 1

Energy is needed to streich the spring, accelerate the mass and
move the piston in the dashpot. However, in the case of the spring
and the mass we can get the energy back but with the dashpot we
cannot. The spring when stretched stores energy, the energy being
released when the spring springs back to its original length. The
energy stored when there is an extension x is Yakx?. Since F = kx
this can be written as

- LF%

E=5 T

There is also energy stored in the mass when it is moving with a
velocity v, the energy being referred to as kinetic energy, and
released when it stops moving.

S
E=5mv

However, there is no energy stored in the dashpot. It does not
return to its original position when there is no force input. The
dashpot dissipates energy rather than storing it, the power P
dissipated depending on the velocity v and being given by

P=a?
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8.2.1 Rotational systems

The spring, dashpot and mass are the basic building blocks for
mechanical systems where forces and straight line displacements
are involved without any rotation. If there is rotation then the
equivalent three building blocks are a torsional spring, a rotary
damper and the moment of inertia, i.e. the inertia of a rotating
mass. With such building blocks the inputs are torque and the
outputs angle rotated. With a torsional spring the angle  rotated
is proportional to the torque 7" Hence

T=14k0

With the rotary damper a disc is rotated in a fluid and the
resistive torque T is proportional to the angular velocity w, and
since angular velocity is the rate at which angle changes, ie.
dords,

?zcw:c—d?

The moment of inertia building block exhibits the property that
the greater the momeat of inertia / the greater the torque needed
to produce an angular acceleration a.

T=la
Thus, since angular acceleration is the rate of change of angular

velocity, i.e. dw/dr, and angular velocity is the rate of change of
angular displacement, then

_ ;4w _ 40D dg
T=I7q == =I"gp

The torsional spring and the rotating mass store energy, the
rotary damper just dissipates energy. The energy stored by a
torsional spring when twisted through an angle 8 is vk and
since T = k@ this can be written as

2
E=41-

The energy stored by a mass rotating with an angular velocity @
is the kinetic energy £, where

= L7,2
=5lw

The power P dissipated by the rotatory damper when rotating
with an angular velocity w is

P=ce?
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Table 81 summarises the equations defining the character-
istics of the mechanical building blocks when there is, in the case
of straight line displacements (terimed translational), a force input
Fand a displacement x output and, in the case of rotation, a
torque 7 and angular displacement 4.

Table 8.1 Mechanical building blocks

Mass —p>

Qutput, x

Building block

Describing equation  Energy stored or
power dissipated

Transiational
Spring F=hkx E= —iﬁ;—
DaShpO( F= C%}: P=cv?
Mass F=m QTY E=Ym?
Rotational
Spring T=kO F=1 I
Rotational damper ~ 7=c7y P =cer
Moment of inertia 7= [%—Tg E =<

8.2.2 Building up a mechanical system

Many systems can be considered to be essentially a mass, a spring
and dashpot combined in the wav shown in Figure 8.4 To
evaluate the relationship between the force and displacement for
the system the procedure to be adopted is to consider just one
mass, and just the forces acting on that body. A diagram of the
mass and just the forces acting on it is called a Sfree-body diagram
(Fig. 8.3). When several forces act concurrently on a body, their
single equivalent resultant can be found by vector addition. If the
forces are all acting along the same line or parallel lines, this
means that the resultant or net force acting on the block is the
algebraic sum. Thus for the mass in Figure 8 4, if we consider just
the forces acting on that block then the net force applied to the
mass is the applied force F minus the force resulting from the
stretching or compressing of the spring and minus the force from
the damper. Thus

Net force applied to mass m = F - kx - cv
where v is the velocity with which the pisten in the dashpot, and

hence the mass, is moving. This net force is the force applied to
the mass to cause it to accelerate. Thus
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Net force applied to mass = ma

Hence
Fobo-cE=m
Output, displacement !
i or, when rearranged,
Mass d%x dx
e thkx=F
m dr? c dr K

This equation, called a differential equation, describes the
relationship between the input of force £ to the system and the
output of displacement x. Because of the d’x/df term, it is a
second-order differential equation; a first-order differential
equation would only have dx/dr.

There are many systems which can be built up from suitable
combinations of the spring, dashpot and mass building blocks.
Figure 8.6 shows the model for a machine mounted on the ground
Fig.8.6  Mathematical model for and could be used as a basis for studying the effects of ground
amachine mounted on the ground disturbances on the displacements of a machine bed. Figure 8.7

shows a model for the wheel and its suspension for a car or truck

and can be used for the study of the behaviour that could be

expected of the vehicle when driven over a rough road and hence

as a basis for the design of the vehicle suspension. The procedure

to be adopted for the analysis of such models is just the same as

%OUW' displacement  outlined above for the simple spring-dashpot-mass model. A

Miass of car frge-body diagrgm is drawn fqr each mass in th system, such

diagrams showing each mass independently and just the forces

acting on it. Then for each mass the resultant of the forces acting

on it is then equated to the product of the mass and the
[Cr_" acceleration of the mass.

Similar models can be constructed for rotating systems. To

Mass of evaluate the relationship between the torque and angular displace-
suspension ment for the system the procedure to be adopted is to consider just
one rotational mass block, and just the torques acting on that
body. When several torques act on a body simultaneously, their
single equivalent resultant can be found by addition in which the
direction of the torques is taken into account. Thus a system
involving a torque being used to rotate a mass on the end of 2
Input, force shaft (Fig. 8.8(a)) can be considered to be represented by the
rotational building blocks shown in Figure 8.8(b). This is @
compar- able situation to that analysed above (Fig. 8.4) for linear
a wheel of a car moving along a road dis- placements and yields a similar equation

input, force

Suspension

Fig. 8.7 Mathematical model of

426, .40 g
155 +e Sy +k0=T




Fig. 8.8 Rotating a mass on the
end of a shaft: (a) physical situation,
(b) building block modei
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To illustrate the above, consider the development of the
equations in the following examples.

1 Derive the differential equation describing the relationship
between the input of the force F and the output of
displacement x for the svstem shown in Figure 8.9.

The net force applied to the mass is 7 minus the resisting
forces exerted by =ach of the springs. Since these are kyx and
k.x, then

Net force = F ~ kix - Axx

Since the net force causes the mass to accelerate, then

-, dix
Net force = m "7
Hence
m d’x +ky +ka)x=F
dr? c

2 Derive the differential equation describing the motion of the
mass m; in Figure 8.10 when a force F'is applied.

Consider the free-body diagrams (Fig. 8.11). For mass m;
these are the force F and the force exerted by the upper
spring. The force exerted by the upper spring is due tfo it
being stretched by (x: — x3) and so is kx(x3 - x:). Thus the net
force acting on the mass is:

Net force = F - k:(,\’) - Xg)

This force will cause the mass to accelerate and so:

;xs

F=l(x;~x)= mg-qd[
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8.3 Electrical system
building blocks

For the free-body diagram for mass », the force exerted by

the upper spring 1s ky(x; - x:) and that by the lower spring is
(i - x:) Thus the net force acting on thie mass is:

i\iC{ fof‘-:a = ki()ft_ - X;) - f’\_:(,‘(; - X:}

This force will cause the mass Lo accelerate arn d so:

kl{,\fg - Xi) - /C:(X} - x;) =m 0

We thus have two simultaneous second-order differential
equations to describe the behaviours of the system.

A motor is used to rotate a load. Devise a model and obtain
the differential equation for it

The model used can be that described by Figure 8.12,
essentially being the same as that in Figure 8.8. The
differential equation is thus. as then:

o

The basic building blocks of electnical systems are inductors,
capacitors and resistors. For an inductor the potential difference v
across it at anv instant depends on the rate of change of current
(di/dr) through it:

Lol
ds

where [ is the inductance. The direction of the potential
difference is in the opposite direction to the potential differsnce
used to drive the current through the inductor, hence he term
back e.m.f. The equation can be rearranged to give

‘-—S»dl

For a capacitor, the potential difference across it depends on the
charge ¢ on the capacitor plates at the instant concerned.

y= L
Y=c

where C is the capacitance. Since the current / 0 of from the
capacitor is the rate at which charge moves lo of from the
capacitor plates, i.e. i = dg/di, then the total charge g on the
plates is given by

q:f:'clf
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and so

V= 'jidl

Y

Alternatively, since v = ¢/C then

dv_14d9 1,

de “C dt ~ C
and so

1:(3—%}-’—

For a resistor, the potenual difference v across it at any instant
depends on the current i through it.

v=Ri

where R is the resistance

Both the inductor and capacitor store energy which can then be
released at a later time. A resistor does not store energy bui just
dissipates it. The energy stored by an inductor when there i3 a
current i is

E=<sLi*

af—

The energy siored by a capacitor when there is a potential
difference v across it is

E=3Cv?

o

The power P dissipated by a resistor when there is a potential
difference v across it is

Table 8.2 summarises the equations defining the charac-
teristics of the electrical building blocks when the input is current
and the output is potential difference. Compare them with the
equations given in Table 8.1 for the mechaunical system building
blocks.

8.3.1 Building up a model for an electrical system

The equations describing how the electrical building blocks can
be combined are Kirchhoff”s laws. These can be expressed as:
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To illustrate the use of mesh analysis for the circuit in Figure
.13 we assume there are currents circulating in each mesh in the
way shown in Figure 8 14 Then Kirchhoff ’s second law is
applied to each mesh. Thus for the mesh with current i
circulating, since the current through R, is i; and that through R,
is (i; - i), then

v = i;R; + (i[ - iz)Rz

Similarly for the mesh with current /; circulating, since there is
no source of e.m.f, then

0= hRy+ iRy + (i — i)R:

We thus have two simultaneous equations which can be solved to
obtain the two mesh currents and hence the currents through each
branch of the circuit. In general, when the number of nodes in a
circutt is less than the number of meshes it is easier to employ
nodal analvsis.

Now consider a simple electrical system counsisting of a resistor
and capacitor in series. as shown in Figure 8 135 Applving
Kirchhoff *s second law to the circuit loop gives

Vv =vr t ve

where vy is the potential difference across the resisior and ve that
across the capacitor. Since it is just a single loop the current
through all the circuit elements will be the same [f the output
from the circuit is the potential difference across the capacitor, ve,
then since vg = iR and i = C(dvc/do),

d
v=RC-§+vc

This gives the relationship between the output ve and the input v
and is a first-order differential equation.

Figure 8.16 shows a resistor-inductor-capacitor system. If
Kirchhoff’s second law is applied to this circuit loop,

V=vr ty, +ye

where ve is the potential difference across the resistor, v, that
across the inductor and v¢ that across the capacitor. Since there is
Just a single loop the current i will be the same through all circuit
elements. If the output from the circuit is the potential difference
across the capacitor, ve, then since vg = iR and v, = L(di/dr)

v:iR+L%';~ +ve
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i R
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Fig. 8.17  Resistor-inductor system

v,
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Fig.8.18  Resistor-capacitor—
inductor system

But i = C(dvc/df) and so

di _ ~dWdvc/dy . dPve
dr — c dr =C dr?
Hence
dve d%v
v=RC—d}"+LC dﬂc +Vve

This is a second-order differential equation.

To illustrate the above, consider the relationship between the
output, the potential difference across the inductor of vi, and the
input v for the circuit shown in Figure 8.17. Applying Kirchhoff
’s second law to the circuit loop gives

v=wt v

where vx is the potential difference across the resistor R and vo
that across the inductor. Since v = iR,

v=IiR + Vi
Since
i=f%fVLm

then the relationship between the input and output is:
y= —ILi S vpdf+vp

As another example, consider the relationship between the
output, the potential difference vc across the capacitor, and the
input v for the circuit shown in Figure 8.18. Using nodal analysis,
node B is taken as the reference node and node A taken to be at a
potential of va relative to B. Applying Kirchhoff ’s law 1 to node
A gives

h=i+i
But
. V—Vva
Iy = R
h=r%§VAm
&m
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f vadt+C %T\—

But ve = va. Hence, with somne rearrangement,

de R
V=RCE‘+V(:+'[ 5‘./(;(11[

The same answer could have been obtained by mesh analysis.

8.3.2 Electrical and mechanical analogies

The building blocks for electrical and mechanical systems have
many similarities. For example, the electrical resistor does not
store energy but dissipates it with the current / through the
resistor being given by i = v/R, where R is a constant, and the
power P dissipated by £ = v¥R. The mechanical analogue of the
resistor is the dashpot. [t also does not store energy but dissipates
it with the force F being related to the velocity v by £ = cv, where
c is a constant, and the power P dissipated by £ = cv2. Both these
sets of equations have similar forins. Companng them, and taking
the current as being analogous to the force, then the potential
difference is analogous to the velociiy and the dashpot constant ¢
to the reciprocal of the resistance, ie (1/R) These analogies
between current and force, poiential difference and velocity, hold
for the other building blocks with the spring being analogous to
inductance and mass to capacitance.

The analogy between current and force is the one most often
used. However, another sel of analogies can be drawn between
potential difference and force.

In fluid flow systems there are three basic building blocks which
can be considered to be the equivalent of electrical resistance,
capacitance and inductance. For such systems (Fig. 8.19) the
input, the equivalent of the electrical current, is the volumetric
rate of flow ¢, and the output, the equivalent of electrical potential
difference, is pressure difference (p - p2). Fluid systems can be
considered to fall into two categories: hydraulic, where the fluid
is a liquid and is deemed to be incompressible; and pneumatic,
where it is a gas which can be compressed and consequently
shows a density change.

Hydraulic resistance is the resistance to flow which occurs as a
result of a liquid fowing through valves or changes in a pipe
diameter (Fig. 8.20). The relationship between the volume rate of
flow of liquid g through the resistance element and the resulting
pressure difference (p, - py) is

pi—-p2=Rq
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Fig. 8.20 Hydraulic resistance
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Fig. 8.22  Hydraulic inertance

where R is a constant called the hydraulic resistance. The bigger
the resistance the bigger the pressure difference for a given rate of
flow. This equation, like that for the electrical resistance and
Ohm’s law, assumes a linear relationship. Such hydraulic linear
resistances occur with orderly flow through capillary tubes and
porous plugs but non-linear resistances occur with flow through
sharp-edged orifices or if flow is turbulent.

Hydraulic capacitance is the term used to describe energy
storage with a liquid where it is stored in the form of potential
energy. A height of liquid in a container (Fig. 8.21), i.e. a so-
called pressure head, is one form of such a storage. For such a
capacitance, the rate of change of volume V in the container, i.e.
dVidt, is equal to the difference between the volumetric rate at
which liquid enters the container ¢, and the rate at which it leaves

9
dv
N =92 ="y

But V' = _.4h, where A4 is the cross-sectional arca of the container
and # the height of liquid in it. Hence

_dun
Q-qr=—gq =AYy

But the pressure difference between the input and output is p,
where p = hpg with p being the liquid density and g the
acceleration due to gravity. Thus, if the liquid is assumed to be
incompressible, i.e. its density does not change with pressure,

_, 9o 4 dp
Nh-92= ar  C g dr

The hydraulic capacitance C is defined as being

_A
C= g
Thus
_~%
qi—-q2=C ar

Integration of this equation gives

p= Ja - g

Hydraulic inertance is the equivalent of inductance in electrical
systems or a spring in mechanical systems. To accelerate a fluid
and so increase its velocity a force is required. Consider a block of
liquid of mass m (Fig. 8.22). The net force acting on the liquid is
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Fi~Fr=pid-prd=(p -p)A

where (pi ~ p2) is the pressure difference and 4 the cross-sectional
area. This net force causes the mass to accelerate with an
acceleration a, and so

(7 —p2)d =ma

But a is the rate of change of velocity dvid:, hence

(p;—pz)A=m%

But the mass of liquid concerned has a volume of AL, where L is
the length of the block of liquid or the distance between the poinis
in the liquid where the pressures p; and p- are measured. If the
liquid has a density p then m = {Lp and so

(b -p)A=ALp &

t
A
=
W
o
Iy

But the volume rate of tlow g =

d
(i -pA =Lp

dg
pr-pr=I—4g

where the hydraulic inertance / is defined as

)
4

With pneumatic systems the three basic building blocks are, as
with hydraulic systems, resistance, capacitance and inertance.
However, gases differ from liquids in being compressible, ie. a
change in pressure causes a change in volume and heace density.
Prneumatic resistance R is defined in terms of the mass rate of
flow dm/d:r (note that this is often written as an m with a dot
above it to indicate that the symbol refers to the mass rate of flow
and not just the mass) and the pressure difference (p, — p2) as

- pdm _ o
py—'pj—RdI = Rm

Pneumatic capacitance C is due to the compressibility of the
gas, and is comparable to the way in which the compression of
a spring stores energy. If there is a mass rate of flow dm/ds
entering a container of volume / and a mass rate of flow of
dmy/dr leaving it, then the rate at which the mass in the container
is changing is (dm/dt — dmy/ds). If the gas in the container has a
density p then the rate of change of mass in the container is
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. d(p¥
Rate of change of mass in container = ——(C%—/)

But, because a gas can be compressed, both p and ¥ can vary with
time. Hence

d
Rate of change of mass in container = p Cg[ + I/Ep

Since (d}/dr) = (dV/dp)(dp/ds) and, for an ideal gas, pV = mRT
with consequently p = (m/V)RT = pRT and dp/dr = (L/RTY(dp/dp),
then

dy d

dv dp ¥ dp
dp &t "R

Rate of change of mass in container = p T
where R is the gas constant and 7 the temperature, assumed (o be
constant, on the Kelvin scale. Thus

dmy _dmy _{ di )
& "t \Pdp TRT)w

The pueumatic capacitance dus to the change w volume of the
container C; is defined as

dV
Ci=p dp

and the pneumatic capacitance due to the compressibility of the
gas C, as

Cr= 4z

Hence
dmy  dmy _ dp
@ Gy

or
S N o ;
pi—pr= Y j(ml ~m-)dr

Pneumatic inertance is due to the pressure drop necessary (0
accelerate a block of gas. According to Newton’s second law the
net force is ma = d(mv)/dt. Since the force is provided by the
pressure difference (p1 — p1). then if 4 is the cross-sectional area
of the block of gas being accelerated

d
(pr—p2)d = (Z;V)
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But /1, the mass of the gas being accelerated, is pLA with p being
the gas density and L the length of the block of gas being

accelerated. But the volume rate of flow g = Av, where v is the
velocity. Thus

my = pI_A% =plq

and so

(- 90D
(PK‘P2)«‘1~L dr

But i = pgand so

_ L dm
Pr=Pr= g dr

_,dm
PI—PZ-] dr

Table 8.3 shows the basic characteristics of the fluid building
blocks, both hvdraulic and pneumatic.

Table 8.3 Hydraulic and pneumatic building biocks

Building block ~ Describing equation  Energy stored or
power dissipated

Hydraulic

Inertance q:%j(l’i‘[)l)df E=3lg?

Capacitance g= Cﬂﬁ%l E = $C(p1 ~p2)?
; Pi—pP2

Resistance g= _.R_p_ p= .;?(p‘ — p2)?

Pneumatic

Inertance m= 'i‘ for-pdi E=Lm?

Capacitance W= CE‘_CU_{‘_;_RQ E=XClpi-p2)?
i . _pr—p2 1 2

Resistance = P= TQ'(P* -p2)

For hydraulics the volumetric rate of flow and for pneumatics
the mass rate of flow are analogous to the electrical current in an
electric system. For both hydraulics and pneumatics the pressure
difference is analogous to the potential difference in electrical
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systems. Compare Table 8.3 with Table 8.2. Hydraulic and
pneumatic inertance and capacitance are both energy storage
elements; hydraulic and pneumatic resistance are both energy
dissipaters.

8.4.1 Building up a model for a fluid system

Figure 8.23 shows a simple hydraulic system, a liquid entering
and leaving a container. Such a system can be considered to
consist of a capacitor, the liquid in the container, with a resistor,
the valve. Inertance can be neglected since flow rates change only
very slowly. For the capacitor we can write

dp
q1-q2=C dr

The rate at which liquid leaves the container ¢ equals the raie at
which it leaves the valve. Thus for the resistor

D —pr =Ry

The pressure difference (p; ~ p1) is the pressure due to the height
of liquid in the container and is thus #pg. Thus g: = hpg/R and so
substituting for ¢» in the first equation gives

_hpg _ . dlhpg)
91 R 7 dt

and, since C = 4/pg,

! h
g\ =A%[n‘+%—

This equation describes how the height of liquid in the container
depends on the rate of input of liquid into the container

A bellows is an example of a simple pneumatic system (Fig.
8.24). Resistance is provided by a constriction which restricts the
rate of flow of gas into the bellows and capacilance is provided by
the bellows itself. Inertance can be neglected since the flow rate
changes only slowly.

The mass flow rate into the bellows is given by

pPr—p2 =R

where p; is the pressure prior to the constriction and p; the pres-
sure after the constriction, i.e. the pressure in the bellows. All the
gas that flows into the bellows remains in the bellows, there being
no exit from the bellows. The capacitance of the bellows is given
by

dp»
my —mz =(C) -FC:)T
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The mass flow rate entering the bellows is given by the equation
for the resistance and the mass leaving the bellows is zero. Thus

| = D2 dp2
BB civontt
Hence
d
pr=R(C +(C3) 512 +p:2

This equation describes how the pressure in the bellows p; varies
with time when there is an input of a pressure p.

The bellows expands or contracts as a result of pressure changes
inside it. Bellows are just a form of spring and so we can write
F = kx for the relationship between the force /' causing an
expansion or contraction and the resulting displacement x, where
k is the spring constant for the bellows. But the force F depends
on the pressure p;, with p» = F/.4 where 4 is the cross-sectional
area of the bellows. Thus p:.1 = F = kx. Hence substituting for p»
in the above equation gives

k dx | k

Ad At

pi=R(Cy+(Cy)

This equation, a first-order differential equation, describes how
the extension or contraction x of the bellows changes with time
when there is an input of a pressure p. The pneumatic
capacitance due to the change in volume of the container C\ is p
dV/dp, and since V' = 4x, C, is p4 dx/dp.. But for the bellows p24
= kx, thus

_ g dx _pA?
Cr=p1 q0aldy = Tk

C,, the pneumatic capacitance due to the compressibility of the
air, is V/IRT = AxIRT.

The following illustrates how, for the hydraulic system shown
in Figure 8 25, relationships can be derived which describe how
the heights of the liquids in the two containers will change with
time. With this model inertance is neglected.

Container 1 is a capacitor and thus

f]l“lecl%'?'

where p = hypg and C, = 4,/pg and so

dh
q1-qz :‘4'*&71‘
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Fig. 8.25

A fluid system
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The rate at which liquid leaves the container g: equals the rate at
which it leaves the valve R,. Thus for the resistor,

pr—p: = Rle
The pressures are hipg and hpg Thus
(h ~ h)pg = Riq

Using the value of ¢: given by this equation and substituting it
into the earlier equation gives

(hy-h2)pg , dhy
A T

This equation describes how the height of the liquid in container
| depends on the input rate of flow.

For container 2 a similar set of equations can be derived. Thus
for the capacitor C;

o,
q:-q3=Cary;

where p = hypg and C; = A,/pg and so

dh'?
q2-q3 =423

The rate at which liquid leaves the container g, equals the rate at
which it leaves the valve R, Thus for the resistor,

pr = 0= Roqs
This assumes that the liquid exits into the atmosphere. Thus,

using the value of g3 given by this equation and substituting it
into the earlier equation gives




8.5 Thermal system
building blocks
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A_thg_4 dh>
77Ry T A

Substituting for ¢; in this equation using the value given by the
equation derived for the first container gives

(h—ha)pg  hapg _ g, G
Ry R, -4 dr

This equation describes how the height of hquid in container 2
changes.

There are only two basic building blocks for thermal sysiems:
resistance and capacitance. There is a net flow of heat between
two points if there is a temperature difference between them. The
electrical equivalent of this is that there is only a net current !
between two points if there is a potential difference v between
them, the relationship between the current and potential
difference being i = v/R, where R is the electrical resistance
between the points. A similar relationship can be used to define
thermal resistance R. If g is the rate of flow of heat and (7 - T2)
the temperature difference, then

7,-T
4="R

The value of the resistance depends on the mode of heat transfer
In the case of conduction through a solid, for unidirectional
conduction

-1
q=4dAk I

where A is the cross-sectional area of the material through which
the heat is being conducted and L the length of material between
the points at which the temperatures are 7; and Ta. k is the
thermal conductivity. Hence, with this mode of heat transfer,

L

R:A_k

When the mode of heat transfer is conveclion, as with liquids and
gases, then

q = A/’l(]g - T])
where 4 is the surface area across which there is the temperature

difference and # is the coefficient of heat transfer. Thus, with this
mode of heat transfer,
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Fig. 8.28

A thermal system

1
R=4

Thermal capacitance is a measure of the store of internal energy
in a system. Thus, if the rate of flow of heat into a system is ¢
and the rate of flow out is ¢, then

Rate of change of internal energy = g, - G2

An increase in internal energy means an increase in temperature,
Since

Internal energy change = mc x change in temperature
where m is the mass and ¢ the specific heat capacity, then

Rate of change of internal energy = mc x rate of change of
temperature

where d7/ds is the rate of change of temperature. This equation
can be written as

=cdr
(]I“Q2~Cdt

where C is the thermal capacitance and so C = mc. Table 8.4
gives a summary of the thermal building blocks

Table 8.4 Thermal building blocks

Building block  Describing equation  Energy stored

Capacitance qr—qz = % E=CT

. T -T
Resistance q= *-lR—l

8.5.1 Building up a model for a thermal system

Consider a thermometer at temperature 7 which has Just been
inserted into a liquid at temperature 7, (F 1g. 8.26). If the thermal
resistance to heat flow from the liquid to the thermometer is R
then,

IL-T

9=—"p—

R
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where ¢ is the net rate of heat flow from liquid to thermometer.
The thermal capacitance C of the thernnometer is given by the
equation

fll~<12=CdT$

Since there is only a net flow of heat from the liquid to the
thermometer, g, = g and ¢, = 0. Thus

_ 4T
q—cdf

Substituting this value of g in the earlier equation gives

C'QZ: Ty —~T

dr R

Rearranging this equation gives

AT o
RCG +T=TL

This equation, a first-order differenual equation, describes how
the temperature indicated by the thermometer 7 will vary with
time when the thermometer is inserted into a hot Liquid.

In the above thermal system the parameters have been
considered to be lumped. This means, for example, that there has
been assumed to be just one temperature for the thermometer and
just one for the liquid, i.e. the temperatures are only functioas of

: T time and not position within a body.

,% q, To illustrate the above consider Figure 8.27 which shows a

i l thermal system consisting of an electric fire in a room. The fire
emits heat at the rate ¢, and the room loses heat at the rate g.

Assuming that the air in the room is at a uniform temperature 7

9, and that there is no heat storage in the walls of the room, derive

\/] an equation describing how the room temperature will change

with time.

[f the air in the room has a thermal capacity C then

Fig. 8.27  Thermal system
_~dT
gi—qy= CT -

If the temperature inside the room is 7 and that outside the room
Ty then

where R is the resistivity of the walls. Substituting for g gives

_I-To

_~4a7
n-—x =C4
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Probiems
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Fig. 8.28  Problem 1

Fig. 8.29  Problem 3

4

Problem S

Fig. 8.30

Hence

U
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Fig. 8.31

RCYL 4T =R +To

Derive an equation relating the input, force F, with the
output, displacement x, for the systems described by Figure
8.28.

Propose a model for the metal wheel of a railway carriage
running on a metal track.

Derive an equation relating the input angular displacement 6;
with the output angular displacement 8, for the rotational
system shown in Figure 8.29.

Propose a model for a stepped shaft (i.e. a shaft where there
is a step change in diameter) used to rotate a mass and derive
an equation relating the input torque and the angular
rotation. You may neglect damping.

Derive the relationship between the output, the potential
difference across the resistor R of vg, and the input v for the
circuit shown in Figure 8 30 which has a resistor in series
with a capacitor.

Derive the relationship between the output, the potential
difference across the resistor R of vg, and the input v for the
series LCR circuit shown in Figure 8.3 1.

Derive the relationship between the output. the potential
difference across the capacitor C of vc, and the input v for the
circuit shown in Figure 8.32.

Derive the relationship between the height 42 and time for the
hydraulic system shown in Figure 8.33. Neglect inertance.

A hot object, capacitance C and temperature T, cools in a
large room at temperature 7, If the thermal system has a
resistance R derive an equation describing how the
temperature of the hot object changes with time and give an
electrical analogue of the system.

c L R

-} !

1
R ‘TVR v R, | ¢ Vo
B S

Problem 6 Fig.8.32 Problem?7
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Cross-section Cross-section
Constant _._." area A area A
head ) 1
supply [ ' v / /
: F-\
-\
h1 h,
qz
3 — D —p 1
Fig. 8.33 Problem 8 )

10 Figure 8 34 shows a thermal system involving two compari-
ments, with one containing a heater. If the temperature of the
compartment containing the heater is 7y, the temperature of

s % 9 % i the other compartment 7 and the temperature surrounding

the compartments 73, develop equations describing how the

¢ temperatures 7, and 7> will vary with time. All the walls of

the containers have the same resistance and negligible

q 9, capacity. The two containers have the same capacity C

— c C 11 Derive the differential equation relating the pressure input p

to a diaphragm actuator (as in Fig. 5.22) to the displacement

x of the stem.

Fig.8.34  Problem 10 12 Derive the differential equation for a motor driving a load
through a gear system (Fig. 8.33) which relaies the angular
displacement of the load wiih tiime

T
75 Gear ratio

Motor
F‘[\_‘ n

1
:j Load CG

R I2
Fig.8.35  Problem 12 €2

o -
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amical, rotatuonal mect

systems were separately consi

anical,

elzctnical,

[n Chapter 8 the basic building blocks of wanslational mech-

fhud and thermal

dered. However, many svstems

encountered in englneering involve aspects of more than one of

i1

electrical and mechanical eleni
single-discipline building blocks can be coinbinad 10 give wodels
for such mulu-discipline systems.

In combining blocks we are assuming thar the relationship for
each block is linear The following is a discussion of linearity and
how, because many r=al enginesring items ace non-linear, we can
make a linear approximation for a non-linear item.

9.1.1 Linearity

these disciplines For example, an elcotric
chapter looks at how

2nes. [his

motor unvolves both

The relationship between the force £ and the extension x
preduced for an ideal spring is linear, being given by F = kx This
means that if force F; produces an extension x; and force Fa
produces an extension x:, a force equal to {(F; + F3) will produce
an extension (x; + x3). This is called the principle of super-
position and s a necessary condition for a svstem that can be
termed a linear system. Another coadilion for a linear system is
that if an input £ produces an extension x; then an input cf; will
produce an output cx;. where ¢ is a coastant multiplier. A graph
of the force F plotied against the extension x is a straight line
passing through the origin when the relatonship is lincar (Fig.

9.1(a))

Real springs, like any other real components. are not peifecty
linear (Fig. 9.1(b)) However, there is often a range of operation
for which lineaaty can be assumed. Thus for the spring giving the
graph in Fig. 9 [(b), lincarity can be assumzd provided the spring

is only used over the central part of its graph. For many

Siem

components, linearity can be assumed for operations within a

range of values of the variable about some operating point.
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For some system components (Fig. 9.2) the relationship is
non-linear. For such components the best that can be done to
Y — obtain a linear relationship is to just work with the straight line
which is the slope of the graph at the operating point. Thus for
the relationship between y and x in Figure 9.2, at the operating

P
point P where the slope has the value m
Ay=m Ax
where Ay and Ax are small changes in input and output signals at
0 X the operating point.
) N Thus, for example, the rate of flow of liquid ¢ through an orifice
Fig. 9.2 A non-linear relationship N )
is given by
4 12pi-p)
g=cagd V 17

where ¢4 is a constant called the discharge coefficient, 4 the
cross-sectional area of the orifice, p the fluid density and (pi - p2)
the pressure difference. For a coustant cross-sectional area and
density the equation can be written as

q=C Pi=p7
where C is a constant. This is a non-linear relationship between

the rate of flow and the pressure difference. We can obtain a
linear relationship by considering the straight line representing

q Slope of o the slope of the rate of flow/pressure difference graph (Fig. 9.3) at
fine the operating point. The slope m is dg/d(p, - p2) and has the value
m
P dg C

=4 -p2) T 2 /Pa P

where (Poi — poz) is the value at the operating point. For small
changes about the operating point we will assume that we can
0 P2-Py replace the non-linear graph by the straight line of slope m and
therefore can write m = Ag/A(py ~ p2) and hence

Fig. 8.3  Flow through an orifice
Ag =m APy - py)
Hence, if we had C = 2 m%s per kPa, i.e. ¢ = 2(p) — p»), then for

an operating point of (p, — p;) = 4 kPa with m = 2/(2 v4) = 0.5, the
linearised version of the equation would be

g =05 AMp - p2)

In the above discussion it was assumed that the flow was
through an orifice of constant cross-sectional area. If the orifice is
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a flow control valve then this is not the case, the cross-sectional
area being adjusted to vary the flow rate. In such a situation,

q=CA /pv =D

Since both 4 and (p, — p») can change, then we have to obtain the
linearised equation when either or both these variables can
change. Because of the principle of superposition we can consider
each of these variables changing independently and then add the
two results to obtain the equation for when both change. Thus for
changes about the operating point the slopes of a graph of g
against 4 would be

d
my =a‘§‘ =C [Poi —Po2

and thus Ag = m; A4. The subscript o is used to indicate values at
the operating point. For a graph of ¢ against (p1 — p2)

dg CA,

2= dpi -p2) | 2 [Pel —Pe

and thus Ag = my A(pr — p2). The linearised version when bott
variables can change is thus

Aq = m A4 +my Apr = p2)

with 7, and m1, having the values indicated above.

Linearised mathematical models are used because most of th
techniques of control systems are based on there being linea
relationships for the elements of such systems. Also, because mos
control systems are maintaining an output equal to som
reference value, the variations from this value tend to be rathe
small and so the linearised model is perfectly appropriate.

To illustrate the above, consider a thermistor being used f¢
temperature measurement in a control system. The relationshi
between the resistance R of the thermistor and its temperature T:
given by

R=ke™T

We can linearise this equation about an operating point of To. Tl
slope m of a graph of R against T at the operating point 7o
given by dR/dT. Thus

dR

m= T = ~kce=Te

Hence
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AR =m AT = (=kce™T)\T

9.2 Rotational- There are many mechanisms which involve the conversion of

translational systems rotational motion to translational motion or vice versa. For
example, there are rack-and-pinion, shafts with lead screws,
pulley and cable systems, etc.

To illustrate how such systems can be analysed, consider a rack-~
and-pinion system (Fig. 9.4). The rotational motion of the pinion
is transformed into translational motion of the rack. Consider first
the pinion element. The net torque acting on it is (Tw — Tow)-
Thus, considering the moment of inertia element, and assuming

negligible damping,
Ton=Tow= %ICQ_
Output,
velocity . ) . o .
v where 7 is the moment of inertia of the pinion and o its angular
~¥ velocity. The rotation of the pinion will result in a translational
p
| Rack velocity v of the rack. If the pinion has a radius r, then v = rw
Hence we can write
Torque
’:'/Radius output 7. - T = !_ Q_gi
, out uw out ,‘ dt
Fig. 8.4 Rack-and-pinion Now consider the rack element. There will be a force of 7T/r acting
on it due to the movement of the pinion. [f there is a frictional
force of cv then the net force 1S
T
o
Eliminating Tou from the two equations gives
. dv
T —rcv:(%+mr) a}—
and so
dv _ (___r__) ,
dr ~ \J+mr (T = rev)
The result is a first-order differential equation describing how the
output is related to the input.
9.3 Electromechanical Electromechanical devices, such as potentiometers, motors and
systems generators, transform electrical signals to rotational motion or
vice versa. This section is a discussion of how we can derive
models for such systems. A potentiometer has an input of a
rotation and an output of a potential difference. An electric motor
has an input of a potential difference and an output of rotation of
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Fig. 3.8  Rotary potentiometer

Electrical Rotation

Fig. 2.6  Motor driving a load

la Magnetic
field

Fig. 9.7  One wire of armature
cail

a shaft. A generator has an input of rotation of a shaft and an
output of a potential difference.

9.3.1 Potentiometer

The rotary potentiometer (Fig. 9.5) is a potential divider and
thus:

9

9 max

Yo _
7=

where V is the potential difference across the full length of the
potentiometer track and fmax is the total angle swept out by the
slider in being rotated from one end of the track to the other. The
output is v, for the input 8.

9.3.2 D.C. motor

The d.c. motor is used to convert an electrical input signal into a
mechanical output signal, a current through the armature coil of
the motor resulting in a shaft being rotated and hence the load
rotated (Fig. 9.6). The motor basically consists of a coil, the
armature coil, which is free to rotate. This coil is located in the
magnetic field provided by a current through field coils or a
permanent magnet. When a current i, flows through the armature
coil then, because it is in a magnetic field, forces act on the coil
and cause it to rotate (Fig. 9.7). The force F acting on a wire
carrying a current i, and of length L in a magnetic field of flux
density B at right angles to the wire is given by F = Bi,L and
with N wires is F = Nbi,L. The forces on the armature coil wires
result in a torque 7, where T = Fb, with b being the breadth of the
coil. Thus

T=NBi,Lb

The resulting torque is thus proportional to (Bi,), the other factors
all being constants. Hence we can write

T= leia

Since the armature is a coil rotating in a magnetic field, a
voltage will be induced in it as a consequence of electromagnetic
induction. This voltage will be in such a direction as to oppose
the change producing it and is called the back e.m.f. This back
e.m.f. v, is proportional to the rate or rotation of the armature and
the flux linked by the coil, hence the flux density B. Thus

W = sza)

where o is the shaft angular velocity and &, a constant.




Fig. 8.8  D.C. motor circuits

(@

Fig. 9.9 D.C. motors:
(a) armature-controlled,
(b) field-controlled
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Consider a d.c. motor which has the armature and field coils
separately excited (see Fig. 7.22(d) and associated discussion).
With a so-called armature-controlled motor the field current ic is
held constant and the motor controlled by adjusting the armature
voltage v.. A constant field current means a constant magnetic
flux density B for the armature coil. Thus

vy = kpBw = ko

where k; is a constant. The armature circuit can be considered to
be a resistance R, in series with an inductance L, (Fig. 9.8). If v,
is the voltage applied to the armature circuit then, since there is a
back e.m.f of vy, we have

diy

Va—Vp =L, T + Raia

We can think of this equation in terms of the block diagram
shown in Fig. 9.9(a).

R %
! f
Ly R, !
2 i
a
Field circuit
v V.
1+
o-
Armature circuit
vl B iRy Tekis %2 =T-co Load
i T rotation
Armature a Armature Load L
circuit coil
e.m.
Back eam.f. induction
1%
b -
Vb-— k3m
Vr=L1‘§L; + Ry T=Kksiy I% =T-cow Load
,'f T rotation
Field Armature @
——! T Load b
Y, circuit coil a

®
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The input to the motor part of the system is va and this ig
summed with the feedback signal of the back e.m.f. vy to give an
error signal which is the input to the armature circuit. The above
equation thus describes the relationship between the input of the
error signal to the armature coil and the output of the armature
current i,. Substituting for vy

di, .
va—kiw =1L, T +Rai,

The current i, in the armature generates a torque 7. Since, for the
armature-controlied motor, B is constant we have

T = k\Bi, = ki,

where k4 1s a constant. This torque then becomes the input to the
load system. The net torque acting on the load will be

Net torque = 7 — damping torque

The damping torque is ¢, where ¢ 1s a constant. Hence, if any
effects due to the torsional springiness of the shaft are neglected,

Net torque = kyis - cw

This will cause an angular acceleration of dw/dr, hence

id—éf‘i:kqu—cw

We thus have two equations that describe the conditions
occurring for an armature-controlled motor, namely

va—k;w:[,a(g;-kRaia and 1%(}'~)=k4za—ca)

We can thus obtain the equation relating the output « with the
input v, to the system by eliminating i,. See the brief discussion of
the Laplace transform in Chapter 10, or that in Appendix A, for
details of how this might be done.

With a so-called field-conirolled motor the armature current is
held constant and the motor controlled by varying the field
voltage. For the field circuit (Fig. 9.8) there is essentially just
inductance Lt in series with a resistance R; Thus for that circuit

dig

ve=Rgi¢+ L T,

We can think of the field-controlled motor in terms of the block
diagram shown in Fig. 9.9(b). The input to the system is v The
field circuit converts this into a current i, the relationship
between vr and i being the above equation. This current leads t0




9.4 Hydraulic-
mechanical systems
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the production of a magnetic field and hence a torque acting on
the armature coil, as given by 7 = k,B1,. But the flux density B is
proportional to the field current irand /, is constant, hence

7= k;Bi; = ksf(

where ks is a constant. This torque output is then converted by the
load system into an angular velocity w. As earlier, the net torque
acting on the load will be

Net torque = 7 - damping torque

The damping torque is cw, where ¢ is a constant. Hence, if any
effects due to the torsional springiness of the shaft are neglected,

Net torque = ksi - cw
This will cause an angular acceleration of deide, hence

dow
ldr

=ksir—cw

The conditions occurring for a field-controlied molor are thus
described by the equations

: dig .
V;":’—'R','l:‘f’[‘{d_li and —dT':kSo';"‘Cw

We can thus obtain the equation relating the output ¢ with the
tnput v to the system by eliminating i See the brief discussion of
the Laplace transform in Chapter 10, or that in the Appendix, for
details of how this might be done.

Hydraulic-mechanical converters involve the transformation of
hydraulic signals to translational or rotational motion, or vice
versa. Thus, for example, the movement of a piston in a cylinder
as a result of hydraulic pressure involves the transformation of a
hydraulic pressure input to the system to a translational motion
output.

Figure 9.10 shows a hydraulic system in whick an input of
displacement x, is, after passing through the system, transformed
into a displacement x, of a load. The systemt consists of a spoo/
valve and a cylinder. The input displacement x, to the lefi resulis
in the hydraulic fluid supply pressure ps causing fluid to flow into
the left-hand side of the cylinder. This pushes the piston in the
cylinder to the right and expels the fluid in the right-hand side of
the chamber through the exit port at the right-hand end of the
spool valve.
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Fig. 9,19 Hydraulic systern

and load

Piston in cylinder

The rate of flow of fluid to and from the chainber dzpends oa the
extent to which the input motion has uncovered the ports
allowing the fluid to enter or leave the spoof valve When the
input displacement x, is to the right the spool valve allows fluld to
move to the dght-hand end of the cvlinder and so results in a
movement of the piston 10 the cylindar o the left

The rate of flow of fluid g through an orifice, which is what the
ports in the spool valve are, is a won-linear relationsiup (see
Section 9.1.1) depending on the pressure difference between the
two sides of the orifice and its cross-sectional area 4. However, a
linearised version of the equation can be used (see Section 9 1.1
for its derivation)

Ag = m A4 + my M(pressure difference)

where m, and m; are constants at the operating point. For the
fluid entering the chamber the pressure difference is (ps — p1) and
for the exit (p — po). If the operating point about which the
equation is linearised is taken to be the point at which the spool
valve is ceatral and the ports connecting it to the cvlinder are
both closed, then for this condition g is zero, and so &g = ¢, A 18
proportional to x; if x; is measured from this central position, and
the change in pressure on the inlet side of the piston is —3p
relative 1o p, and on the exit side Ap; relative to po Thus, for the
inlet port the equation can be wuiiien as

g = mux, + ma(= Ap)
and for the exit port

q = mhx, T A
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Adding the two equations gives
2(] = Zm;x‘ - mz(v_\.p, - Apz)

q = mx, - my(Apy — Ap1)

where my = my/2.

For the cylinder the change in the volume of fluid entering the
lefi-hand side of the chamber, or leaving the right-hand side,
when the piston moves a distance x, is Ax,, where 4 is the cross-
sectional area of the piston. Thus the rate at which the volume is
changing is A(dx./ds). The rate at which fluid is entering the lefi-
hand side of the cylinder is q. However, since there is some leak-
age flow of fluid from one side of the piston to the other

dx,
g=A Frfﬂlt

where g s the rate of leakage. Substituting for ¢, gives

mix, = ms(Apy = Apa) = 4 -dc'% +qr

The rate of leakage flow ¢ is a flow through an onifice, the gap
between the piston and the cylinder This is of constant cross-
section and has a pressure difference (Ap; - Ap2). Hence, using
the linearised equation for such a flow,

qu = my(Api — Apa)
Thus, using this equation to substitute for qi

mxi - my(Apy — Ap)) = 4 d;ljo +ma(Ap1 - Ap2)

mx = (my + m(Ap - Ap2) =4 dgf

The pressure difference across the piston results in a force being
exerted on the load, the force exerted being (Apr ~ Apa)4. There
is, however, some damping of motion, i.e. friction, of the mass.
This is proportional to the velocity of the mass, ie. (dxo/dD).
Hence the net force acting on the load is

net force = (Ap; - Ap)d — ¢ %‘ff.

This net force causes the mass to accelerate, the acceleration
being (d*x/d?). Hence

d? dx,
m AT = (Ap1 - Apad - ¢ T
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The relationship between the force / F used to stratch a spring
and its extension x is given by

F=kx*

where k is a constant Linearise this equation for an operailtg
point of x.

The relationship between the e m £ £ ge nerated by a thermo-
couple and the temperafure Tis given by

where a and b are constants Linearise this equaton for an
operating poini of temperature [

[he relationship between the torque 7 applied to a siple
pendulum and the angular del Neciion (Fig 9.11) is given by

T =mgl sin b
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where m is the mass of the pendulum bob, L the length of the
pendulum and g the acceleration due to gravity Linearise
this equation for the equilibrium angle § of 0°.

Derive a differential equation relating the input voltage to a
d.c. servo motor and the output angular velocily, assuming
that the motor is armature controlled and the equivalent
circuit for the motor has an armature with just resistance, its
inductance being neglected.

Derive differential equations for a d.c. generator. The
generator may be assumed to have a constant magnetic field.
The armature circuit has the armature coil, having both
resistance and inductance, in series with the load. Assume
that the load has both resistance and inductance.

Derive differential equations for a permanent magnet d.c.
motor.

Consider a solenoid actuator in which a current passing
through the solenoid results in movement of a rod actuator
into or out of the solenoid. Propose models for the arrange-
ment which could then be used to develop a differential
equation relating the input of current to the output of
displacement.




10.1 Modelling dynamic
systems

Dynamic responses of
systems

The most important function of a model devised for measurement
or control systems is to be able to predict what the output will be
for a particular input We are not just concerned with a static
situation, i.e. that afier some time when the steady state has been
reached an output of x corresponds to an input of y. We have to
consider how the output will change with time when there 1s a
change of input or when the input changes with time. For
example, how will the temperature of a temperature-controlled
system change with time when the thermostat is set to a new
temperature? For a control system, how will the output of the
system change with time when the set value is set to a new value
or perhaps increased at a steady rate?

Chapters 8 and 9 were concerned with models of systems when
the inputs varied with time, with the results being expressed in
terms of differential equations. This chapter is about how we can
use such models to make predictions about how outputs will
change with time when the input changes with time.

10.1.1 Differential equations

To describe the relationship between the input to a system and its
output we must describe the relationship between inputs and
outputs which are both possible functions of time. We thus need a
form of equation which will indicate how the system output will
vary with time when the input is varying with time. This can be
done by the use of a differential equation. Such an equation
includes derivatives with respect to time and so gives information
about how the response of a syster varies with time. A derivative
dx/dr describes the rate at which x varies with time, the derivative
d*x/de? states how dx/ds varies with time. Differential equations
can be classed as first-order, second-order, third-order, €.
according to the highest order of the derivative in the equation.
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For a first-order equation the highest order will be dx/ds, with a
second-order dix/df, with a third-order d®x/df, with nth-order
d"x/dr.

This chapter is about the types of responses we can expect from
first-order and second-order systems and the solution of such
differential equations in order that the response of the system to
different types of input can be obtained. This chapter uses the ‘try
a solution’ approach in order to find a solution; the Laplace
transformation method is introduced in Chapter 11. A more
detailed discussion of the transform is given in Appendix A. For a
more detailed consideration of differential equations, the reader is
referred to Mathematics for Engineers and Technologists by
H. Fox and W. Bolton (Butterworth-Heinemann 2002) and of the
Laplace transform to Laplace and z-Transforms by W. Bolton
(Longman 1994)

10.1.2 Natural and forced responses

An example of a first-order system is water flosving out of a tank
(Fig. 10.1). For such a system we have

pi-pr=Rq

where R is the hydraulic resistance. But p, - p; = Apg, where p is
the density of the water, and ¢ is the rate at which water leaves
the tank and so is ~d}/ds, with J being the volume of water in the
tank and so being 4k Thus g = -d(dh)/dt = ~Adh/dr. Thus the
above equation can be written as:

dh

hpg = -RA o

The range of change of the variable 4 is proportional to the

variable. This might be termed a natural response in that there is

no input to the system forcing the variable to change. We can

draw attention to this by writing the differential equation with all
the output terms, i.e. A, on the same side of the equals sign, i.e.

da -
RA ar +{pg)h =0
In Section 8.4.1 the differential equation was derived for a
water tank from which water was flowing but also into which
there was a flow of water (Fig. 10.2). This equation has a forcing
function of ¢, and can be written as:

RAYL & (o = g,

As another example, consider a thermometer being placed in a
hot liquid at some temperature 7. The rate at which the reading
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10.2 First-order systems

of the thermometer 7" changes with time and was derived in
Section 8.5.1 as being given by the differential equation:

dr

Rcdt

+T= Tx_
Such a differential equation has a forcing input of 7.

10.1.3 Transient and steady-state responses

The total response of a control system, or element of a system,
can be considered to be made up of two aspects, the steady-state
response and the transient response. The fransient response is
that part of a system response which occurs when there is a
change in input and which dies away after a short interval of
time. The steady-state response is the response that remains after
all transient responses have died down.

To give a simple illustration of this, consider a vertically
suspended spring (Fig. 10.3) and what happens when a weight is
suddenly suspended from it. The deflection of the spring abruptly
increases and then may well oscillate until after some time it
settles down to a steady value. The steady value is the steady-state
response of the spring system, the oscillation that occurs prior to
this steady state is the transient response.

The input to the spring system, the weight, is a quantity which
varies with time. Up to some particular time there is no added
weight, i.e. no input, then after that time there is an input which
remains constant for the rest of the time. This type of input is
known as a step input and has a graph of the form shown in
Figure 10.4.

The input signal to systems can take other forms, e.g. impulse,
ramp, and sinusoidal signals. An impulse is a very short duration
input (Fig. 10.5); a ramp is a steadily increasing input (Fig. 10.6)
and can be described by an equation of the form y = kt, where k is
a constant and a sinusoidal input can be described by an equation
of the form y = k sin cf, with w being the so-called angular
frequency and equal to 2rf where /s the frequency.

Both the input and the output are functions of time. One way of
indicating this is to write them in the form f{f), where f'is the
function and (f) indicates that its value depends on time ¢ Thus
for the weight W input to the spring system we could write W
and for the deflection d output d(#). y(f) is commonly used for an
input and x() for an output.

Consider a first-order system (Fig. 10.7) with y(f) as the input 10
the system and x(#) the output and which has a forcing input boy
and can be described by a differential equation of the form

a;% +agx:boy
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where a,, ap and b, are constants.

A method that we can use to solve a first-order equation and
give an equation which directly indicates how the output varies
with time involves the recognition of the type of solution that
would fit the differential equation and then establishing that such
a solution is valid.

The input () can take many forms. Consider first the situation
when the input is 0. Because there is no input to the system we
have no signal forcing the system to respond in any way other
than its natural response with no input. The differential equation
is then

Let us try a solution of the form x = 4 e, where 4 and 5 are
constants. We then have dx/dr = 54 ¢” and so when these values
are substituted in the differential equation we obtain

asd e’ +axde’=0
and so ais + a5 = 0 and 5 = —ay/a;. Thus the solution is
x =4 e @i

This is termed the natural response since there is no forcing
function. We can determine the value of the constant 4 given
some initial (boundary) condition. Thus if x = | when r = 0 then
A = 1. Figure 10.8 shows the natural response, i.e. an exponential
decay.

Now consider the differential equation when there is a forcing
Junction, i.e.

01%'1'(10:(:170}/

Consider the solution to this equation to be made up of two parts,
ie. x = u + v. One part represents the transient part of the
solution and the other the steady-state part. Substituting this into
the differential equation gives

du +
(”dz.‘_'l +ao(u+v) =boy

ay
Rearranging this gives
d 3
(m %z—; +(]ou) + (al d_:‘] +aoV) = boy

If we let
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forra v = 4 Diffzrenhaung istant givas O [h . whan this
solution 15 substituted into the differential equation we oblati 4
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We can determine the value of the constant A given some initial
(boundary) conditons Thus if the output 3 = 0 when ¢ = 0 then
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Thus 4 = ~(be/ae)k. The soluticn then becomes

When I - o the exponential term tends o 0. The exponential
ertn thus gives that pm of the response which is the transtent

solution. The steady-state response 1s the value of x whea - =
and so is (be /as)k. Thus th: gquation can be written as

x = steady-state value x (1 —e77%)
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Figure 10.9 shows a graph of how the output x varies with time
for the step input.

As a further illustration of the above, consider the following
examples.

1 An electrical transducer system which consists of a resistance
in series with a capacitor. When subject to a step input of size
V it is found to give an output of a potential difference across
the capacitor v which is given by the differential equation

RC ?_1[2 +v=V
What is the solution of the differential equation, i.e. what is
the response of the system and how does v vary with time?
Comparing the differential equation with the equation
solved earlier; a, = RC, a; = 1, and &; = 1. Then the solution
is of the form

. V(l — evt;’RC)

[0

Consider an electrical circuit consisting of a t MQ2 resistance
in series with a 2 pF capacitance. At a time ¢ = 0 the circuit is
subject to a ramp voltage of 41 V, 1.e. the voltage increases at
the rate of 4 V every 1 s. Determninre how the voltage across
the capacitor will vary with tine.

The differential equation will be of a similar form to that
given in the previous example but with the step voltage I of
that example replaced by the ramp voltage 4+, i.e.

dv
RC dr +y =4t

Thus, using the values given in the question,

dv
2 ar TV=E 4f
Taking v = v, + v i.e. the sum of the natral and forced

responses, we have for the natural response

dv,

274

+va=0
and for the forced response

d
2—d%£+vf:41

For the natural response differential equation we can try a
solution of the form v, = 4 e*. Hence, using this value
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24se”+4e" =0
Thuss = ~% and so v, =4 ™%

For the forced response differential equation, siace the
right-hand side of the equation is 4/ we can try a solution of
the form vy =4 + Bt Using this value gives 28 + 4 + Bi = 41,
Thus we must have 8 = 4 and 4 = -2B = -8 Hence the
solution is v¢ = =8 + 4. Thus the full solution is

v=yv, typ= A e -8+ 4r

Since v =0 when ¢ = 0 we must have 4 = 8. Hence

.

v=8¢g" -8+

3 Consider a motor when the relauoaship between the output
angular velocity w and the input voltage v for a motor is
given by

What will be the steady-state value of the angular velocity
when the input is a siep of size | V7

Comparing the differential equation with the equation
solved earlier, then a, = [Rikiky, a; = 1 and b; = Uk, The
steady-state value for a step input is thus (b /ac) = Lk,

10.2.1 The time constant

For a first-order syslem subject to a step input of size & we have
an output y which varies with time 1 according to

bl
x= gok(l-e )

or

x = steady-state value x (1 - %)

When the time f = (ai/ao) then the exponential term has the value
e!=0.37and

x = steady-state value x (1 -~ 0.37)
In this time the output has risen to 0.63 of its steady-state value.
This time is called the time constant 7 .

aj

T:ao
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0.14 and so
x = steady-state value x (1 ~ 0.14)

In this time the output has nisen to 0.86 of its steady-state value
In a similar way, values can be calculated for the output after 37,
47, 51, etc. Table 10.1 shows the results of such calculations and
Figure 10.10 the graph of how the output varies wiih time for a
unit step input.

Table 10.1 Response of a first-order systern to a step input

Time ¢ Fraction of steady -state output
0 0

Iz 0.63

27 0.86

3t 0.95

4r 098

37 099

x l

In terms of the time constant ¢, we can write the equation

describing the tesponse of a first-order system as
x = steady-state value x (1 —e™7)

The time constant t is (ay/as), thus we can write our general
form of the first-order differential equation

a]”%);“ +a0x=boy

de b
T Y do

But bo/ao is the factor by which the input y is multiplied to give
the steady-state value. We can term it the steady-siate gain since
it is the factor stating by how much bigger the output is than the
input under steady-state conditions. Thus if we denote this by Gss
then the differential equation can be wrilten in the form

‘E%*-:C:Gssy
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To illustrate this coasider Figure 1011 which shows how the
output v, of a first-order system varies wiih time when subject to 3
step input of 3 V. The time constant is the time taken for a first-
order system output to change from O to 0.63 of its final steady-
state value. [n this case this time is about 3 s. We can check thig
value, and that the system is first order, by finding the value at 2,
e 6s With a first-order system it should be 0.86 of the steady-
state value. In this case it is. The steady-state output is 10 V. Thug
the steady-state gain Gss is (steady-state output/input) = 10/5 =2,
The differential equation for a first-order systemn can be written as

T%x[“ +x = Gssy

Thus, for this system, we have

dv,

3d{

+ Vg = 2v,

Many second-order svstems can be considerad 10 be essentially
just a stretched spring with a mass and some means of providing
damping. Figure 10.12 shows the basis of such a system. Such a
systemn was analysed i Section 8.2.2 The equation describing the
relationship between the input of force 7 and the ouiput of a
displacement x is

3
m gjf +c%§ tkx = F

where m is the mass, ¢ the damping coustant and % the spring

constant.

The way in which the resulting displacement x will vary with
time will depend on the amount of damping in the system. Thus if
the force was applied as a step input and there was no damping at
all then the mass would freely oscillate on the spring and the
oscillations would continue indefinitely. No damping means ¢ =0
and so the dx/df term is 0. However, damping will cause the
oscillations to die away until a steady displacement of the mass is
obtained. If the damping is high enough there will be no
oscillations and the displacement of the mass will just slowly
increase with time and gradually the mass will move towards its
steady displacement position. Figure 10.13 shows the general
way the displacements, for a step input, vary with time with
different degrees of damping.

10.3.1 The second-order differential equation

Consider a mass on the end of a spring In the absence of any
damping and left to freely oscillate without being forced the
output of the second-order system s a continuous oscillation

L
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(simple harmonic motion). Thus, suppose we describe this
oscillation by the equation

x =4 sin Wt
where x is the displacement at a time f, 4 the amplitude of the

oscillation and . the angular frequency of the free undamped
oscillations. Differentiating this gives

%Jf =wnd coswpt

Differentiating a second time gives

d”'x 24 o 2
a2 = ~widsinwyt = -w;x

This can be reorganised to give the differential equation

(é[f +wix=0

But for a mass m on a spring ol stiffness & we have a restoring
force of kx and thus

dox "

M~ = =/RX
4

This can be written as

d’x | &
dIZ’C+77_I—x:O

Thus, comparing the two differential equations, we must have
wi=5

and x = A4 sin cwyf is the solution to the differential equation.
Now consider when we have damping. The motion of the mass
is then described by

d’x . dx
meEy e thx=F
dir T dr T
We can solve this second-order differential equation by the same
method used earlier for the first-order diffzrential equation and
consider the solution to be made up of two elemeats. a transient

response and a forced response, 1.e. x = x, + x; Substituting for x
in the above equation then gives

d?(xn +x0) d{xa +xyp)
m C;IZ +c Q& : +Ah(xy +x0) = F
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If we let
A | den o
m=qp tCTq +kxn =0

then we must have

d*x¢ dx

'nET+C f+}cxf=F

dr
To solve the transient equation we can try a solution of the form
x, = A ¢ This gives dx/dt = As ¢” and d2x/dt = As?¢”. Thus,
substituting these values in the differential equation gives

mAstet+cAse + kAe' =0
mst+ces+k=0

Thus x, = A e can only be a solution provided the above equation
equals 0. This equation is called the auxiliary equation. The roots
of the equation can be obtained by factoring or using the formula
for the roots of a quadratic equation. Thus

N
(2171 ) -

—c+ Jc* —4mk |
i

C
§= ———tr——— =~k
2m 2m

ll:@!

(]

e k(N _k
= Zmi\fm(clmk) i

But w,! = kim and so, if we let & = c*/4mk we can write the above
equation as

s=—{wn tway(*-1
{ is termed the damping factor.

The value of s obtained from the above equation depends very
much on the value of the square root term. Thus when ( is
greater than 1 the square root term gives a square root of a
positive number, and when £ is less than 1 we have the square
root of a negative number. The damping factor determines
whether the square root term is that of a positive or negative
number and so the form of the output from the system.

With { > 1 there are two different real roots sy and sz

s1==Lwn + @y JE2 -1
sy=~{wa - wn (-1

and so the general solution for xa is
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xp=Ae” + Be'

For such conditions the system is said to be over-damped.
When { = 1 there are two equal roots with s; = 53 = -, For this
condition, which is called critically damped,

xq = (11 + B) g @

It may seem that the solution for this case should be x, = A4 ¢”, but
two constants are required and so the solution is of this form (see
Ordinary Differential Equations by W. Bolion (Longman 1994)
for a discussion of this).

With { < 1 there are two complex roots since the roots both
wvolve the square root of (~1).

s ; N " . — TR
= (U T Wy y![b"" i = -{e T W, —1 : ] e

and so writing j for =1 .

§= {0 & jwg V=07

[fwe let
w=0, T-5
then we can write s = ~{wq * jw and so the two 1o0ts are
s1= g + jo and s; = ~{wa - jow
The term o 1s the angular frequency of the motion when it is in
the damped condition specified by . The solution under these
conditions is thus
Xo = A el 510l 4 Bel-lwaol = e-loni( g g0t i Beiwly
But & = cos cor + j sin wt and 7 = cos o ~ j sin ot Hence
Xa = 7504 cos cof + A sin et + Beos wr - B sinwt)
=7 [(4 + B)cos ot + j(4 ~ B sin wr)]
If we substitute constants P and Q for (4 + B) and j(4 — B), then
Xa = €75 P cos ot + O sint)
For such conditions the system is said to be under-damped.

The above has thus given the solutions for the natural part of
the solutiou. To solve the forcing equation,
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we need to consider a particular form of input signal and then try
a solution. Thus for a step input of size  at time / = 0 we can try
a solution xr = A4, where 4 is a constant (see the discussion of the
solution of first-order differential equations for a discussion of the
choice of solutions). Then dx./dr = 0 and d*/d2 = 0. Thus, when
these are substituted in the differential equation 0 + 0 + kA = F
and so 4 = F/k and x = Flk. The complete solution, which is the
sum of natural and forced solutions, is thus for the over-tamped
syster

x=Ae + Bet ¢+

.

for the critically damped system
X = (A[ +B)e—wn1 * %

and for the under-damped systemn

- - N ,,
¥ =eme(Peoscr+ Osinet) +

When ¢ » x the above three equations all lead to the solution
x = [/k. This is the steady-state condition
Thus a second -order differential equation in the form

R
- X
a:%f»%a; %}‘-,Laoxzboy
has
2 _ 8o
s = 7,
and
2
P L
> 7 dasag

The following examples are desi gned to tlustrate the points made
above.

U Consider a sertes RLC circuit Fig 10 withR=1000, L
= 2.0 Hand C =20 pF. The curreut / in the circuit is given
by (see the text associated with Fig 8.16)
d%  Rdi 1 .V

= =i =

a2 "L utIic' T Iic
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when there is a step input V. If we compare the equation with
the general second-order differential equation of:

2

a;%ﬁx— +a —é% +agx = boy

then the natural angular frequency is given by

|

21 __
D= TC 2 0x20x10%

and so w, = 158 Hz. Comparison with the general second-
order equation also gives

i _RIDY R 1002x20x 10
S T AX(LG) T 4L T 4x2.0

Thus { = 0.16. Since ¢ is less than 1 the system is
under-damped. The damped oscillation frequency o is given
by

@ =y 1-L7 =158, 1-0.162 = 156 Hz

Because the system is uader-damped the solution will be of
the same form as

x =@ (Pcosr + O sinwr) + Tf
and so

i = e 01X I8P oog 1561+ O sin 1560) + V
Since i = 0 when t= 0, then 0 = I(P+0)+V Thus P = -V,
Since di/dr = 0 when r = 0 then differentiating the above
equation and equating it to zero gives

g— = e™@! (P sin wt - wQ cos wr)

~ {wae @ (P cos wt + Q cos wr)

Thus 0 = 1(0 - wQ) ~ {wa(P + 0) and so

{onP _ {oaV  0.16x158V
T "o T 156

= -0.16
Thus the solution of the differential equation is
i=V-Ve®3cos 1561 +0.16 sin 156/)

Consider the system shown in Figure 10.15. The input, a
torque T, is applied to a disc with a moment of inertia 7 about
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the axis of the shaft. The shaft s free to rotate at the disc end
but is fixed at its far end. The shaft rotation is opposed by the
torsional stiffness of the shaft, an opposing torque of kg,
occurring for an input rotation of &, k is a constant,
Frictional forces damp the rotation of the shaft and provide
an opposing torque of ¢ dfy/ds, where ¢ is a constant. What is
the condition for this system to be critically damped?

We first need to obiain the differential equation for the
system. The net torque is

Net torque = 7~ ¢ ’d:z" - k0,

The net torque is / d*fy/dr, hence

d*f, . df, .
a2 =T-c - ki,

[ dr

—— 4

]ng)'? i c QQB
ds:

dr -+ kt, =

The condition for critical damping is given when the
damping ratio  equals 1. Comparing the above differential
equation with the general form of the second-order
differential equation, then

w32 Cf;"' [

S T dasag Mk

Thus for critical damping we must have ¢ = V(/k).

10.4 Performance Figure 10.16 shows the typical form of the response of an under-

measures for damped second-order svstem to a step input. Certain terms are
second-order used to spequ such a per‘formanceA . o
The rise time f, is the time taken for the response x to rise from
systems 0 to the steady-state value xss and is a measure of how fast a
systemn responds to the input. This is the time for the oscillating
response to complete a quarter of a cycle, i.e. Yz, Thus

wi = ar

The rise time is sometimes specified as the time taken for the
response 1o rise from some specified percentage of the steady-state
value, e g. 10%, to another specified percentage, e.g. 90%.

The peak time t, is the time taken for the response to rise from 0
to the first peak value This is the time for the oscillating response
to complete one half-cycle, 1.e. . Thus

Wty =7
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The overshoor is the maximum amount by which the response

X overshoots the steady-state value It is thus the amplitude of the

first peak The overshoot is often wriiten as a percentage of the
XSS",Q yh steady-state value. For the undec-damped oscillations of a system
//*? WE can write

X = e (P cos of + Osinwr) + steady-state value

Siace x = 0 when ¢ = 0 then 0 = (P +0) + xss and s0 P = —xg.
The overshoot occurs at wr = 7 and thus

X = g WOP 4 ) ¢ xgs

o

The overshoot is the difference between the cuipul at that time
and the steady-state value. Hence

Overshoot = xgg g St

Fig. 10.18  Step response of an Since @ = V(1 - %) then we 2an write
under-damped systern

Expressed as a percentage of xss

’
{ \
{

b=
Percentage overshoot = eXp | T/

Y

Table 10.2 gives values of the percentage overshoot for particular
damping ratios.

Table 10.2 Percentage peak overshoot

Damping ratio Percentage overshoot

0.2 52.7
0.4 25.4
0.6 9.5
0.8 1.5

An indication of how fast oscillations decay is provided by the
subsidence ratio or decrement This is the amplitude of the
second overshoot divided by that of the first overshoot. The frst
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overshoot occurs when we have wt = n, the second overshoot
when wt = 3z, Thus,

First overshoot = xss exp | ===

.0
-3(n
Second overshoot = xss exp —
V18
and so
) . er r -2n
Subsidence ratio = second overshoot exp — . L

first overshoot [ ,/T-0
¥

The settling time f; is used as a measure of the ume taken for
the oscillations to die away. It is the time taken for the response to
fall within and remain within some specified percentage, e.g. 2%,
of the steady-state value (see Fig. 10.15). This means that the
amplitude of the oscillation should be less than 2% of xss. We
have

x = e @ (Pooswi + 0 sinwr) -+ steady-state value

and, as derived earlier, P = —xss. The amplitude of the oscillation
is (x — xss) when x is a maximum value. The maximum values
occur when wr is some maltiple of 7 and thus we have cos wr = 1
and sin wt = 0. For the 2% settling time, the settling time £ is
when the maximum amplitude is 2% of xss. i.e. 0.02xss. Thus

0.02xss = e"s""“‘*(xss x1+0)

Taking logarithms gives In 0.02 = ~{w.t; and since In 0.02 = ~3.9
or approximately 4 then

__4
s Ca)n

t

The above is the value of the settling time if the specified
percentage is 2%. If the percentage is 5% the equation becomes

-3
s cwn

t

Since the time taken to complete one cycle, i.e. the periodic
time, is 1/f, where /is the frequency, and since w = 2ntf then the
time to complete one cycle is 27/f In a settling time of  the
number of oscillations that occur is
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Number of oscillations =

settling time
periodic time

239

and thus for a settling time defined for 2% of the steady-state
value,

I 4w
Number of oscillations = hf:j
1L/

Since w = w V(1 - {?), then

o 20, ¢ 1-7
Number of oscillations =

Twa

To illustrate the above, consider a second-order system which
has a natural angular frequency of 2.0 Hz and a damped
frequency of 1.8 Hz. Since w

factor is given by

wa V(1 = {3, then the damping
18=20,1-22

=3x8 =087

and § = 044 Since wi, = Yar, then the 100% rise time 1s given by
i
f = S

The perceatage overshoot is given by

s
Percentage overshoot = exp f -

x 100%

72

\y 5
=exp =04dr | 100%
\yl-0442
The percentage overshoot is thus 21%. The 2% settling time is
given by
- S
b= T, = 0dIx20 =43

The number of oscillations occurring within the 2% seitling time
is given by

Number of oscillations = 2

I
LI
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10.5 System
identificatio

Problems

n

In Chapter 9 models were devised for systems by considering
them to be made up of sitple elements. An alternative way of
developing a model for a real system is 10 use tests to determine
its response to some inpul, e.g. a step input, and then find the
model that fits the response This process of determining a
mathematical model 1s known as system identification. Thus if we
obtain a response to a step input of the form shown in Figure 10.9
then we might assume that it is a first-order system and determine
the time constant from the response curve. For example, suppose
the response takes a time of 1.5 s to reach 0.63 of its final height
and the final height of the signal is 5 times the size of the step
input. Table 10.1 indicates a time constant of 1.5 5 and so the
differential equation describing the model is:

15%5 +x =5y

An underdamped second-order system will give a response (o a
step wnput of the form shown iu Figure 10.16. The damping ratio
can be deterinined from measurements of the first and second
overshoots with the ratio of these overshoots, .e the subsidence
ratic, giving the damping ratio The natural frequency can be
determined from the time between successive overshoots We can
then use these values to determine the constants in the
second-order differential equation

| A first-order system has a time constant of 4 s and a steady-
state transfer function of 6 What is the form of the
differential equation for this system?

2 A mercury-in-glass thermometer has a ime constant of 10 s.
If it is suddenly taken from being at 20°C and plunged iato
hot water at 80°C, what will be the temperature indicated by
the thermometer after (a) 10's, (b) 20 57

3 A circuit consists of a resistor R in series with an inductor L.
When subject to a step input voltage V" at time £ = 0 the
differential equation for the systemn is

di R

¥

a L' T T
What is (a) the solution for this differential equation, (b) the
time constant, (c) the steady-state current i?

4 Describe the formn of the output variation with time for a step
input to a second-order system with a damping factor of (a)
0,(®) 0.5, (c) 1.0, (d) L.5.

5 A RLC circuit has a current i which varies with time ¢ when
subject to a step input of J"and is described by

d?i di o
4 107, + 160 = 16V

A
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What is (a) the undamped frequency, (b) the dawmping ratio,
(c) the solution to the equation if + = 0 when ¢ = 0 and di/ds =
0 when ¢ = 07
A system has an output x which varies with time ¢ when
subject to a step input of y and is described by

d’x

E[—;HO

% +25x =50y
What is (a) the undamped frequency. (b) the damping ratio,
(c) the solution to the equation if x = 0 when r = 0 and dx/dr
= -2 when r = 0 and there is a step input of size 3 units?

An accelerometer (an instrument for measuring acceleration)
has an undamped angular frequency of 100 Hz and a
damping factor of 0.6, What will be (a) the maximum
percentage overshoot and (b) the rise time when there is a
sudden change in acceleration?

What will be (a) the undamped angular frequency, (b) the
damping factor, (c) the damped angular frequency, (d) the
rise ume, (e) the percentage maximum overshoot and (f) the
0.2% settling time for a system which gave the following
diffzrential equation for a siep inpui »?

i’x
dr?

o

-+ 557 + lox = 16y

ele

When a voltage of 10 V 15 suddenly applied to a moving coil
voltmeter it is observed that the pointer of the instrument
rises to 11 V before eventually settling down to read 10 V.
What is (a) the dampiag factor and (b) the number of
oscillations the pointer will make before it is within 0.2% of
its steady-state value?

A second order system is described by the differential
equation:

,
%; + c%’-; +dx =F

What value of damping constant ¢ will be needed if the

percentage overshoot is to be less than 9.5%?

Observation of the oscillations of a damped svstem when

responding to an input indicates that the maximum

displacement during the second cycle is 75% of the first

displacement. What is the damping factor of the system?

A second order system is found to have a timne of 1.6 s

between the first overshoot and the second overshoot. What is

the natural frequency of the system?




14.1 The transfer function

For an amplifiec system it 15 custowmary o talk of the gain of the
amplifizr. Thus statss how much biggar the output signal will be
when compared with the mput signal. 1t enables the output 10 be
derecrained for specific inputs Thus, for example, an amplifier
with a veltage gain of 10 will give. for an nput voltage of 2 mV,
an output of 20 mV, or if the input 15 1 ¥ an output of 10V The
gain states the mathematical relationship between the output and
the input for the block

oulput

Gainl = = .

Input

However, for many systems the relationshup between the output
and the input is in the form of a differential equation and so a
statement of the function as just a simple number like the gain of
10 is not possible. We cannot just divide the output by the toput
because the relationship is a differential equation and not a
simple algebraic equation  We caq, however, transforin a
differential equation into an algebraic equation by using what is
termed the Laplace transform. Differsnual equations describe
how systems behave with time and are transformed by means of
the Laplace transform into sinple algebraic equations, not
involving time, where we can carry oul normal algebraic
manipulations of the quantities. We talk of behaviowr in the nime
domain bewng transformed to the s-domain. Then we can define
the relationship between oulput and inpuf in terms of a transfer
function The transfer function states the relationship between the
Laplace transform of the output and the Laplace transform of the
wnput, i.e

e {aplace transform of output
[ransfer function = === <
[Laplace transform of input
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We can indicate when a signal is in the time domain, ie. is a
function of time, by wnting it as f{¢). When in the s-domain a
function is written, since it is a function of s, as F(s). [t is usual to
use a capital letter 7 for the Laplace transform and a lower-case
letter /for the time-varying function f{r).

Suppose that the input to a linear system has a Laplace

N
Y(s) g; Gi) L __XE)&& transform of ¥(s) and the Laplace transform of the output is X(s).
L The mransfer function G(s) of the system is then defined as

Fig. 111 Block diagram Gls) = X&)
Y(s)
.§ with all the initial conditions being zero, ie. we assume zero
output when zero input, zero rate of change of cutput with time
! when zero rate of change of input with time. Thus the output
e transform s X{(s) = G(s)Y(s), ie. the product of the input
0 ¢ transform and the transfer function. If we represent a system by a
Unit impuise at zero time has block diagram (Fig. 11.1) then G(s) is the function in the box
the transform of | which takes an toput of I(s) and converts it to an output of X(5).
3 This chapier gives an indication of how Laplace transforms can
2 be used wn relation to the transfer functions of svsiems. For more
tT T details the reader is referred 1o Appeadix A or Laplace and
z-Transforms by W. Bolon (Longman 1994), part of the Math-
0“"““““"" '“"‘"{" ematics for Engineers series
Unil step at zero time has 11.1.1 Laplace transforms
the transform of 1/ s i
N To obtain the Laplace transform of a differential equation which
@ includes quantities which are functions of time we can use tables
! Slope = 1 coupled with a few basic rules (Appendix A includes such a table
C and gives details of the rules). Figure 11.2 shows basic ransforms
0 1 ; for commoun forms of inputs.
Unit ramp at zero time has The following are some of the basic rules involved in working
the transform of 1/ 52 with Laplace transforms:
-§ 1“ /y= | sin of 1 If a function of time is multiplied by a constant then the
0 Laplace transform is multiplied by the same constaat, i.e.
NV
L L af(t) has the transform of aF(s)
Unitampliture sine wave has
the transform of w/(52 + ?) For example, the Laplace transform of a step input of 6 V to
o 1 an celectrical system is just 6 times the transforin for a unit
& I\ / Yy =1cos ot step and thus 6s.
0
: L \‘- / t 2 If an equation includes the sum of, say, two separate
quantities which are functions of time, then the transform of
Unitampliture cosine wave has the equation is the suin of the two separate Laplace
the transform of s /(5% + w?) transforms, i.e.

Fig. 11.2  Laplace transforms for ) ,
common inputs SO + g(6) has the transforin #(s) + G(5)

3
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3 The Laplace transform of a first derivative of a function is
Transform of {-(%— A } = sF{(s) - {0)
where f{0) is the initial value of fr) when r = 0. However,
when we are dealing with a transfer function we have all

initial conditions zero.

4 The Laplace transform for the second derivative of a function
is

Transform of{gf—;‘f(l‘)} = 5*F(s) - 5f(0) - %/(0)

where df{0)/ds is the initial value of the first derivative of f{r)
when we have ¢ = 0. However, when we are dealing with a
transfer function we have all initial conditions zero.

W

The Laplace transform of an integral of a function is

Transform of {f;j(r) d!}r = %F ()

Thus, in obtaining the wransforms of differental or integral
equations when all the initial conditions are zero we:

Replace a function of time f(1) by F(s).

replace a first derivative df(t) di by sF(s),
replace a second derivative &f(t)°de’ by s°F{(s),
replace an integral § fity di by F(s)’s.

When algebraic manipulations have occurred in the s-domain,
then the outcome can be transformed back to the time domain by
using the table of transforms in the inverse manner, i.e. finding
the time domain function which fits the s-domain result. Often
the transform has to be rearranged to be put into a form given in
the table. The following are some useful such inversions; for more
inversions see the table given in Appendix A.

Laplace transform Function of time
1 -as

! s+a €
—4a_ ~a

2 s(s +a) (1-¢*)

3 b-a e ~bi
Grasib) ©

3 S _ —af

4 ———(S E (I-at)e

L — l—e*

s2(s +a) t-—2




11.2 First-order systems

System transfer functions 245

The following sections illustrate the application of the above to
first-order and second-order systems.

Consider a system where the relationship between the inpat and
the output is in the form of a first-order differential equation. The
differential equation of a first-order system is of the form

dr | -
alaf—«raox—boy

where ay, ao, bo are constants, y is the input and x the output, both
being functions of time. The Laplace transform of this, with all
initial conditions zero, is

a15X(s) +aeX(s) = bo ¥(s)
and so we can write the transfer function G(s) as
(S) bg

. X
Gls) = () = @s+a

This can be rearranged 1o give

bolag G
(ailag)s+1 — s+ 1

G(s) =

where G is the gain of the systemn when there are steady-state
conditions, i.e. there is no dx/dr term. (ai/ao) is the time coastant
7 of the system (see Section 10.2.3).

When a first-order system is subject to a unit step input then ¥(s)
= 1/s and the output transform A7(s) is

G (/1)

X(b) = G(S)Y(S) = S(IS+ 1) = Gs(s + L"‘f)

Hence, since we have the transform in the form a/s(s + a), using
the inverse transformation listed as item 2 in the previous section
gives

x = G(1 %)

The following examples illustrate the above points in the
consideration of the transfer function of a first-order system and
its behaviour when subject to a step input.

I Consider a circuit which has a resistance R in series with a
capacitance C. The input to the circuit is v and the output is
the potential difference vc across the capacitor. The
differential equation relating the input and output is
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(S

Determine the transfer function

Taking the Laplace wansform, with all initial condidons
zero, then

(s) = RCsVe(s) + I2(5)

Hence the transfer function is

oy Vels) 1
G(s) ) = RCs<1

Consider a thermocouple which has a ransfer function
linking its voltage output ¥ and tetnperature input of

x10°
Gls VieC
)= O + 1
DPtemlim the response of the svstem when subject to a step
aput of size 160°C and hance the tine taken to reach 95% of

ws steads -s1ate value
Since the transform of the outpui 15 equal to the product of
the transfer function and the wansform of the taput, then

F(sy = G(s) x input (s)

A step input of size 100°C, e the temperature of the
thermocouple is abruptly incrzased by 100°C, is 100/s. Thus

L 30x10° 100 30x10°
9= 10571 %75 = 105G 2 0.9
01
=30x%x10 ( 0 l)

The fraction element is of the form a/s(s + a) and so the
inverse transform is

F=30x107(l -e®) v
The final value, i.e. the steady state value, is when ¢ - = and
so is when the exponental term is zero. The final value is
therefore 30 x 107 V. Thus the time taken 10 reach, say, 95%
of this is given by

0.95 %30 x 107 =30x 107 (1 - e

Thus0.05 =2 and 1n 0.05 = =017, The tirae is thus 30 s.
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3 Consider a ramp input to the above thermocouple systemn of
5t °Cls, 1e. the temperature is raised by 5°C every second.
Determine how the voltage of the thermocouple varies with
time and hence the voltage after 12 s.

The transform of the ramp signal is 5/5° Thus

L. 30x1078 5 6 01
V) = Tosg1 X 5% = 150 10- S(s+01D)

The inverse transform can be obtained using item 5 in the list
given in the previous section. Thus

1 - C‘)“)

;= 6
= 150x 10~ V o1

Afteratimeof 12 swewould have V= 735x 107 V

4+ Consider an impulse input of size 100°C, ie the thermo-
couple is subject to a momentary lemperature increase of
100°C. Determine how the voltage of the thermocouple varies
with time and hence the voltage after 2 s
The impulse has a transforin of 100. Hence

s 30x10¢ ) - TR
Vo) = geg g X 100 = 3x 10—

Heace +" = 3 x 107" e V. After 2 s. the thermocouple
voltage V'=18x 107 V.

For a second-order system, the relationship between the input y
and the output x is described by a differential equation of the form

N
‘X
avd

< de? ""ag‘d'l +ac;),’:b(;)‘

where @, a;, ao and bo are constants. The Laplace transform of
this equation, with all initial conditions zero. is

a25°X(s) +a;sX(s) +aoX(s) = b ¥(s)

Hence

Gls)= X8 bo

Y(s) " axst+ais+ (;\;

An alternative way of writing the differential equation for a
second-order system is

d*x
d[')

dx

+2fwa = dr +wlx = bow?y
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where o is the natural angular frequency with which the system
oscillates and £ is the damping ratio. The Laplace transform of
this equation gives

XG) _ bow;
Y(s) ~ 2+ 2lwas +wh

G(s) =

The above are the general forms taken by the transfer function for
a second-order system.

When a second-order system is subject to a unit step input, Le.
Y(s) = /s, then the output transform is

. bow:
X(s) = GEYE) = 73 +2£w 3

This can be rearranged as

N bowg_mﬁ.
XG) = s(s+p1)(s+p2)

where p; and p» are the roots of the equation
s24 2was+wa=0

Hence, using the equation for the roots of a quadratic equation,

2wt | w; 4wt
p= 2

and so the two roots p; and p: are:

p1=~{wa+wa J{* -1
pr= (W= Wa 4’52 -1

With ¢ > 1 the square root term is real and the system is over-
damped. To find the inverse transform we can either use partial
fractions (see Appendix A) lo break the expression down into 2
number of simple fractions or use item 14 in the table of
transforms in Appendix A; the result in either case is:

_bow% p2 —pat P —pi
*=TDip2 1—P2-P1 e IR e »

With ¢ = | the square root term is zero and so py = pz = (. The
system is critically damped. The equation then becomes

bow%

X(Gs) = =
y sls+aown)”

A e
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This equation can be expanded by means of partial fractions (see
Appendix A) to give

y(s):boH~~ L s }

SHWy (5 +w,)

o

Hence
x=bo[l —e @~ yre @]

With { <1, using item 28 in the table in Appendix A, gives

g “Swal

x:bs l““'; —
1=

) TR N
sm(wu\ (1 -7 1+¢/-
where cos ¢ = {. This is an under-damped oscillation.

The following examples illustrate the above:

I What will be the state of damping of a systemn having the
following transfer function and subject to a unit step input?

o) m el
Gls) = sT+8s+ 16

For a unit step input I(s) = l/s and so the ouiput transform is

A(s) = G(s)(s) = s(s2+8s+16)
= l__—
s+ s +4)

The roots of s? + 8s + 16 are thus p, = p» = —4. Both the roots
are real and the same and so the system is critically damped.

2 A robot arm having the following transfer function is subject
to a unit ramp input. What will be the output?

___K
Gls) = (s+3)2

The output transform X(s) is:

K

s
e X T
(s+3)° 7 st

X(5)=G(s)Y(s) =

Using partial fractions (see Appendix A) this becomes

ve K __2K K
X = 9 =95 +3) T 343
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11.4 Systems in series

¥(s) X(s) X5

Gif8) b Gols)

¥

Fig. 11.3  Systems in senes

Fig. 11.4  Field-controlled
d.c. motor

11.5 Systems with

feedback loops

Hence the inverse transform is

9 N 1 . 2,
x= {;Kf -$Ke> + gKre™

If a system consists of a number of subsystelus in series, as in
Figure 11.3, then the transfer function G(s) of the system is given
by

X) _ X6 X)X
OB OIEIONETS

G(s) =

=G,(5) x G2(5) x G5 (s)

The transfer function of the system as a whole is the product of
the transfer functions of the series elements. The following
exarples illustrate this. [t has been assumed that when sub-
systems are linked together that no interaction occurs between the
blocks which would result in changes in their transfer functions,
e g. with electrical circuits there can be problems when subsystem
circuits interact and load each other

I What will be the transfer function for a system consisting of
three elemeats in series, the wansfer functions of the
elements being 10, 2.5, and /(s + 3)?

Using the equation developed above

Gls)= 10x 2 x4 = 80

2 A field-controlled d.c. motor consists of three subsystems in
series, the field circuit, the armature coil and the load. Figure
11.4 illustrates the arrangement and the transfer functions of
the subsystems. Determine the overall transfer function

Field circuit Armature coil Load
1 1
Ls+R = Is+R

The overall transfer function is the product of the transfer
functions of the series elements. Thus

)/

_ 1 | k
Gs) = Ls+R xkx Is+c 7 (Ls+R)(Is+c¢)

Figure 11.3 shows a simple systemn having negative feedback.
With negative feedback the system input and the feedback signals
are subtracted at the summing point. The term jorward path 1S




Ys)

Fig. 11.5

; Error
._.p@———% Gls) -
L H{s) }—

Feedback

X (s)

Negative feedback system
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used for the path having the transfer function G(s) in the figure
and feedback path for the one having H(s). The entire system 1is
referred to as a closed-loop system.

For the negative feedback system, the input to the subsystem
having the forward-path transfer function G{s) is }(s) minus the
teedback signal. The feedback loop has a transfer function of
H(s) and has as its input X(s), thus the feedback signal is
H(s)X(s). Thus the G(s) element has an input of ¥(s) -~ H(s)X(s)
and an output of X(s) and so

_ X(s)
06 = ¥~ HOXG)
This can be rearranged to give

X(s) G(s)
Y(s) L+ G(s)H(s)

Hence the overall transfer function for the negative feedback
system 7(s) is

X Gs)
1(s) = Y(s) |+ G)H(s)

The following examples illustrale the above:

1 What will be the overall transfer function for a closed-loop
system having a forward-path transfer function of 2/(s + 1)
and a negative feedback-path transfer function of 5s?

Using the equation developed above

G(s)

1) = 17 G0AG)

UGS+ 2
T 1+ +Dlss T s+l

2 Consider an armature-controlled d.c. motor (Fig. 11.6). This
has a forward path consisting of three elements: the armature
circuit with a transfer function 1/(Ls + R), the armature coil
with a transfer function & and the load with a transfer
function 1/(Js + ¢). There is a negative feedback path with a
transfer function K. Determine the overall transfer function
for the system.

The forward-path transfer function for the series elements
is the product of the transfer functions of the series elements,
ie.

R | . | k
Gs) = Ls+R xkx Is+c = (Ls+R)Is+¢)
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Fig. 11.6  Armature-controlled

d.c. motor

11.6 Effect of pole
location on transient

response
ol
0 t
(@)
X
I
0 t
(b)

Fig. 11.7  First-order systems:
(@) root is negative, (b) root is positive

Armature circuit Armature coil l.oad
4
1 o . 1
% 5WR Bk B iR [9F
— -
K

The feedback path has a transfer function of K. Thus the
overall transfer function is

k
G(s) __ (Ls+R)Us+c)

1+ GEHG) kK
(Ls+R)(Is+c)

() =
[+

- k
T (Ls+R)Is+c¢) v kK

Consider a first-order system with a transfer function of 1/(s + 1)
and subject to an input of a unit impulse. The system output X{(s)
= [l/(s + 1)] x I and thus x = e”. As the time / increases so the
output dies away to eventually become zero. Now consider the
unit impulse input to a system with the transfer function 1/(s - 1).
The output is then x = ¢'. As  increases so the output increases
with time. Thus a momentary impulse to the system has resulted
in an ever increasing output; the system with this pole value is
unstable. Thus, in general, for a first-order system with transfer
function 1/(s + p), the system is stable if we have (s + p), ie. the
pole is negative, and unstable if we have (s — p), i.e. the pole is
positive (Fig. 11.7).

A system is stable if the real part of all its poles is negative.
A system is unstable if the real part of any of its poles is
positive.

For a second-order system with transfer function

bow}
G(s) = 5ot
52 +20was + Wi

when subject to a unit impulse input:

boa);,z

X6 = GronG o0

where pi and p, are the roots of the equation




{v)

Fig. 1.8 Second-order systems
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S2 4+ 2 was+wa =0
Using the equation for the roots of a quadratic equation,

~2{wn t J4 wi - 4w

-
p=- 5 =~{wy tw, -1

Depending on the value of the damping factor so the term under
the square root sign can be real or imaginary. When there is an
imaginary term the output involves an oscillation. For example,
suppose we have a second-order system with transfer function

l
(5~ (=2+jDlls - (-2 -jD)]

G(s) =

ie.p=-2+jl When subject to a unit impulse input the output is
¢¥sin r. The amplitude of the oscillation, i.e e, dies away as
the time tncreases and so the effect of the impulse is a gradually
decaying oscillation (Fig. 11.8(a)). The system is stable.

Suppose, however, we have a system with transfer function

“O) = @ DI TG 0]

Le p = +2 )l When subject to a unit unpulse input the output is
e¥sin +. The amplitude of the oscillation, i.e. e¥, increases as the
time increases (Fig. 11.8(b)). The system is unstabie.

In general, when an impulse is applied to a system, the output is
in the form of the sum of a number of exponential terms. If just
one of these terms is of exponential growth then the output
continues to grow and the system is unstable. When there are
pairs of poles involving £ imaginary terms then the output is an
oscillation.

11.6.1 Compensation

The output from a system might be unstable or perhaps the
response is too slow or there is to much overshoot. Systems can
have their responses to inputs altered by including compensators.
A compensator is a block which is incorporated in the system so
that it alters the overall transfer function of the system in such a
way as to obtain the required characteristics.

As an illustration of the use of a compensator, consider a
position control system which has a negative feedback path with a
transfer function of 1 and two subsystems in its forward path: a
compensator with a transfer function of K and a motor/drive
system with a transfer function of 1/s(s + 1). What value of X is
necessary for the system to be critically damped? The forward
path has a transfer function of K/s(s + 1) and the feedback path a
transfer function of 1. Thus the overall transfer function of the
system is
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11.7 MATLAB and
SIMULINK

_ K __
oL G(s) oSty g
i) = L+ GHGs) K 7 s(srD+K
s(s+ 1)

The denominator is thus s* + s + & This will have the roots

-1t /T4
§= 2

To be critically damped we must have | ~ 4K = 0 and hence the
compensator must have the proportional gain of K = V.

Computer software can be used to aid computation and modelling
of systems, a program that is often used is MATLAB. The
following is a brief introduction to MATLAB (registered
trademark of the Mathworks Inc.) version 4.0 or later. For
additional information vou are referred to the user guide or
textbooks such as The MATL4B Handbook by Eva Piart-Enander,
Anders Sjoberg, Bo Melin and Pernilla [saksson (Addison-Wesley
1996) and C(sing MATLAB 1w Analvze and Design Control
Systems, 2nd edition, by Naomi Ehrich Leonard and William S.
Levine (Addison-Wesley 1995).

Comunands are entered by typing them in after the prompt and
then pressing the enter or return key in order that the command
can be executed. In the discussion of the commands that follow,
this pressing of the enter or return key will not be repeated but
should be assumed in all cases. To start MATLAB, in Windows
or the Macintosh systems, click on the MATLAB icon, otherwise
type matlab. The screen will then produce the MATLAB prompt
>>. To quit MATLAB type quit or exit after the prompt. Because
MATLAB is case sensitive, lower-case letters should be used
throughout for cominands.

Typing help after the prompt, or selecting help from the menu
bar at the top of the MATLAB window, displays a list of
MATLAB broad help topics. To get help on a particular topic in
the list, e.g. exponentials, type help exp. Typing lookfor plus
some topic will instruct MATLAR 1o search for information on
that topic, e.g. lookfor integ will display a number of commands
which could be considered for integration.

In general, mathematical operations are entered into MATLAB
in the same way as they would be written on paper. For example:

>>a=4/2
yields the response:

a=
2
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and:

>>a=73%2
yields the response:

a=
6

Operations are carried in the following order: * power operation,
* multiplication, / division, + addition, — subtraction. Precedence
of operators is from left to right but parentheses () can be used to
affect the order. For example:

>>a = 1+273/4%5

yields the response:

a:
1

because we have 2°/4 which is muluplied by 5 and then added o
1, whereas

>> g = [+273/(4%5)
yields the response:

a:
L4

because we have 2* divided by the product of 4 and 3, and then
added to L.

The following are some of the mathematical functions available
with MATL.AB.

abs(x) Gives the absolute value of x, 1.e. [x]
exp(x) Gives the exponential of x, i.e. €

log(x) Gives the natural logarithm of x, 1.2 lnx
log10(x) Gives the base 10 logarithm of x, i.e. logiox
sqrt(x) Gives the square root of x, i.e. x

sin(x) Gives sin x where x is 1n radians

cos(x) Gives cos x where x is in radians

tan(x) Gives tan x where x is in radians

asin(x) Gives arcsin x. i.e. sin” x

acos(x) Gives arccos x, i.e. cos™ x

atan(x) Gives arctan x, i.e tan™ x

csc(x) Gives 1/sin x
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sec(x) Gives l/cos x
cot(x) Gives l/tan x

7 is entered by typing pi.

Instead of writing a series of commands at the prompt, a text file
can be written and then the commands executed by referring
MATLAB to that file. The term M-file is used since these text
files, containing a number of consecutive MATLAB commands,
have the suffix .m. In writing such a file, the first line must begin
with the word function followed by a statement identifying the
name of the function and the input and output in the form:

function [output] = function name [input]

e.g. function y=cotan(x) which is the file used to determine the
value of y given by cotan x. Such a file can be called up in some
MATLAB sequence of commands by writing the name followed
by the input, e.g. cotan(x). [t is in fact already included in
MATLAB and is used when the cotangent of x is required.
However, the file could have been user written. A functicn that
has multiple inputs should list all of them in the function
statement. Likewise, a function that is 1o return more than one
value should list all the outputs.

Lines that start with % are comment lines, they are not
interpreted by MATLAB as commands. For example, suppose we
write a program to determine the root-mean-square values of a
single column of data points, the program might look like:

function y=rms(x)

% rms Root mean square

% rms(x) gives the root mean square value of the
% elements of column vector x.

XS=X"2:

s=size(x);

y=sqri(sum(xs)/s):

We have let xs be the square values of each x value. The
comunand s=size(x) obtains the size, i.e. number of entries, in the
column of data. The command y=sqrt(sum(xs)/s(1)) obtains the
square root of the sum of all the xs values divided by s. The ;
command is used at the end of each program line.

MATLAB supplies a number of toolboxes containing collections
of M-files. Of particular relevance to this book is the Control
System toolbox. It can be used to carry out time responses of
systems to impulses, steps, ramps. etc, along with Bode and
Nyquist analysis, root locus. etc.
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11.7.1 Plotting

Two-dimensional linear plots can be produced by using the
plot(x,y) command, this plots the values of x and ¥ For example,
we might have:

x=[012345];
~=[0 14916 25];
plot(x,y)

To plot a function, whether standard or user defined, we use
the command fplot(function name,lim), where lim determines the
plotting interval, i.e. the minimum and maximurmn values of x.

The command semilogx(x,y) generates a plot of the values of x
and y using a logarithmic scale for x and a linear scale for y. The
command semilogy(x,y) generates a plot of the values of x and y
using a linear scale for x and a logarithmic scale for y. The
command loglog(x.y) generates a plot of the values of x and y
using logarithmic scales for boeth x and » The command
polar(theta.r) plots in polar coordinates with theta being the
argument in radians and » the magnitude.

The subplot comumand enables the graph window (o be split into
subwindows and plots to be placed wn each For example, we
might have:

x=(01234567),
Y=EXPX,
subplot(2, 1, 1);plor(x,y);
subplot(2, 1,2);semilogy(x,y).

Three integers m, n, p are given with the subplot command; the
digits m and » indicate the graph window is to be split into an m
x n grid of smaller windows, where m is the number of rows and
n is the number of columns, and the digit p specifies the window
to be used for the plot. The subwindows are numbered by row
from left to right and top to bottom. Thus the above sequence of
commands divides the window into two, with one plot above the
other; the top plot is a linear plot and the lower plot is a
semilogarithmic plot.

The number and style of grid lines, the plot colour and the
adding of text to a plot can all be selected. The command print is
used to print a hard copy of a plot, either to a file or a printer.
This can be done by selecting the file menu-bar item in the figure
window and then selecting the print option.

11.7.2 Transfer functions

The following lines in a MATLAB program illustrate how a
transfer function can be entered and displayed on screen:
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nh=[1 3},

dh=[14];
[nge2,dge2]=feedback(ngo,dgo, nh.dh)
printsys(ngc2,dgc2,’s’)

ngo and dgo indicate the numerator and denominator of open-
loop transfer function Go(s), nh and dh the numerator and
denominator of the feedback loop transfer function H(s). The
program results in the display of the transfer function for the
system as a whole.

The command series is used lo indicate that two blocks are in
series in a particular path; the command parallel indicates that
they are in parallel.

11.7.4 SIMULINK

SIMULINK is used in conjunction with MATLAB to specify
systems by ‘connecting’ boxes on the screen rather than, as above,
writing a series of commands o generate the description of the
block diagram. Once MATLAB has been started, SIMULINK is
selecied using the command >>simulink. This opens the
SIMULINK control window with its icons and putl-down menus
i its header bar Click on file, then click on new from the
drop-down menu. This opens a window in which a svstem can be
assembled.

To start assembling the blocks required, go back to the control
window and double-click on the linear icon. Click and then drag
the transfer Fen icon into the untitled window. If you require a
gain block, click and drag the gain icon into the untitled window.
Do the same for a sum icon and perhaps an integrator icon. In
this way, drag all the required icons into the untitled window.
Then double-click on the Sources icon and select the appropriate
source from its drop-down menu. e.g. step input, and drag it into
the untitled window. Now double-click on the sinks icon and drag
the graph icon into the untitled window. To connect the icons,
depress the mouse button while the mouse arrow is on the output
symbol of an icon and drag to it the input symbol of the icon to
which it is to be connected. Repeat this for all the icons until the
complete block diagram is assembled.

To give the transfer Fen box a transfer function, double-click in
the box. This will give a dialogue box in which you can use
MATLAB commands for numerator and denominator. Click on
the numerator and type in [1 1] if (s + 1) is required. Click on the
denominator and type in |1 2 3Jaf (s* + 25 + 3) is required. Then
click the done icon. Double-click on the gain icon and type in the
gain value. Double-click on the sum icon and set the signs to + or
- according to whether positive or negative feedback is required.
Double-click on the graph icon and set the parameters for the
graph. You then have the complete simulation diagram on screen.
Figure 11.10 shows the form it might take. To delete any block or
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coanection, select them by clicking and then press the <DEL>
key.

To simulate the behaviour of the system, click on Simulation to
pull down its menu. Select Parameters and set the start and stop
times for the simulation. From the Simulation menu, select Start.
SIMULINK will then create a graph window and display the
output of the system. The file can be saved by selecting File and
clicking on SAVE AS in the drop-down menu. Insert a file name
in the dialogue box then click on Done.

) /
=\
T T Graph
b s+1
| SN 2 —_—— — —
B - I P "l s2+2s03
Step input Sum integrator Transfer Fen
MMMMM g
/
. T e
- ]
N
Gain
Fig. 1110 Example of use of SIMULINK
Problems I What are the transfer functions for systems giving the follow-

ing input/output relationships?
(a) A hydraulic system has an input ¢ and an output 4 where

_, 40 pgh
q-,4m+R

(b) A spring—dashpot—mass system with an input £ and an
output x, where

d’x  de
Ky +c d thx=F

(¢) An RLC circuit with an input v and output vc, where

dve d*ve ]
dr +LC ""d‘—ﬂ +Vve

v=RC

2 What are the time constants of the systems giving the transfer
functions (a) G(s) = 5/(3s + 1), (b) G(s) = 2/(2s + 3)?

3 Determine how the outputs of the following systems vary
with time when subject to a unit step input at time ¢ = 0: (2)
G(s) = 2/(s + 2), (b) G(s) = 10/(s + 5)




4

W
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What is the state of the damping for the systems having the
following transfer functions?

3 Ay 10
WG = %716 ® ) = 3 oo

N 25+1 - 3s+20
© Gls) = S2+25+1° (d) Gls) = $2+25+20

What is the output of a system with the transfer function
s/(s + 3)* and subject 1o a unit step input at time ¢ = 0?

What is the output of a system having the transfer function G
= 2/[(s + 3)(s + 4)] and subject to a unit impulse?

What are the overall transfer functions of the following
negative feedback systems?

Forward path Feedback path
4 PN 1
a = F .
@ Gls) G0 His) = <.
() = 2 ey 1
®) Gl = 4, His) = 5.
©) Gls) = Hs) = 5

G+2)(s+3)
(d) two series elements H{s)=10
Gi(s) = 2/(s + 2)
and Gy(s) = 1/s,

What 1s the overall transfer function for a closed-loop system
having a forward-path transfer function of 3/(s + 3) and a
negative feedback-path transfer function of 10?

A closed-loop system has a forward path having two series
elements with transfer functions 5 and 1/(s + 1). If the feed-
back path has a transfer function 2/s, what is the overall
transfer function of the system?

A closed-loop system has a forward path having two series
elements with transfer functions of 2 and /(s + 1). If the
feedback path has a transfer function of s, what is the overall
transfer function of the systzm?




12.1 Sinusoidal input

12.2 Phasors

Frequency response

In the previous two chapters, the response of systems to step,
impulse and ramp inputs has been considered. This chapter
extends this to when there is a sinusoidal input. While for many
control systems a sinusoidal input might not be eacountered
normally, it is a useful testing input since the way the system
responds to such an input is a very useful source of information to
aid the design and analysis of systems.

Consider a first-order system which is described by the
differential equation

al%-}‘aoX:boy‘

where y is the input and x the output. Suppose we have the unit
amplitude sinusoidal input of y = sin wr. What will the output be?
Well we must end up with the sinusoid by sin wf when we add
a, dx/dt and apx. But sinusoids have the property that when
differentiated the result is also a sinusoid and with the same
frequency (a cosine is a sinusoid, being just sin (wt + 90%). This
applies no matter how many times we carry out the
differentiation. Thus we should expect that the steady-state
response x will also be sinusoidal and with the same frequency.
The output may, however, differ in amplitude and phase from the
input.

In discussing sinusoidal signals it is convenient to use phasors.
Consider a sinusoid described by the equation v = ¥ sin (! + ¢),
where ¥ is the amplitude, w the angular frequency and ¢ the
phase angle. The phasor can be represented by a line of length 14
making an angle of ¢ with the phase reference axis. The | | lines
are used to indicate that we are only concerned with the
magnitude or size of the quantity when specifying its length. A
phasor quantity in order to be specified always requires a
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magnitude and angle to be specified. The convention generally
adopted is to write a phasor in bold, non-italic, print, e.g. V.
When such a symbol is seen it implies a quantity having both a
magnitude and an angle.

Such a phasor can be described by means of complex number
notation. A complex quantity can be represented by (x + jy),
where x is the real part and y the imaginary part of the complex
number. On a graph with the imaginary component as the y-axis

and the real part as the x-axis, x and y are Cartesian coordinates
0 X . . .
Real of the point representing the complex number (Fig. 12.1). If we
take the line joining this point to the graph origin to represent a
Fig. 12.1  Complex representation phasor, then we have the phase angle ¢ of the phasor represented
of a phasor by

el BASE

~<

vl

imaginary

1
1
|
i
|
I
1
i
$

bd
tang = ¥
and its length by the use of Pythagoras’ theorem as

OSSNSO S

0 Real Length of phasor /] = \r_‘:T

Since x = F cos g and y = 7 sia ¢, then we can write
(@
Imag. V=x+jy=iF(cos 8+ s b

Thus a specification of the real and tmaginary parts of a complex
number enables a phasor to be specified.

Consider a phasor of length | and phase angle 0° (Fig. 12.2(a)).
It will have a complex representation of 1 -+ j0. Now consider the
) same length phasor but with a phase angle of 90° (Fig. 12.2(b)). It
will have a complex representation of 0 + j1. Thus rotation of a
phasor anti-clockwise by 90° corresponds to multiplication of the
phasor by j. If we now rotate this phasor by a further 90° (Fig.
—@m%l———~ 12.2(c)), then following the same multiplication rule we have the
)

0 Real

Imag.

Real original phasor multiplied by j2. But the phasor is just the original
phasor in the opposite direction, i.e. just multiplied by -1. Hence
j*= -1 and so j = V(~1). Rotation of the original phasor through a
total of 270°, i.e. 3 x 90°, is equivalent to multiplying the original

phasor by j* = j(%) = -j.
For further discussion of complex numbers and their appli-
.__..{1_._ cation in engineering, the reader is referred to Complex Numbers
0 Real by W. Bolton (Longman 1994), part of their Mathematics for

? Engineers series.
@ To illustrate the above, consider a voltage v which varies
sinusoidally with time according to the equation
Fig. 12.2 Phasor rotation:

(@) 07, (b) 90°, (c) 180°, (d) 270° v =10 sin (et +30°) V

(c

Imag.
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When represented by a phasor, what are (a) its length, (b) its
angle relative to the reference axis, (¢) its real and imaginary
parts when represented by a complex number?

(a) The phasor will have a length scaled to represent the
amplitude of the sinusoid and so is 10 V.

(b) The angle of the phasor relative to the reference axis is equal
to the phase angle and so is 30°.

(¢) The real part is given by the equation x = 10 cos 30° = 8.7
and the imaginary part by y = 10 sin 30° = 5.0 V. Thus the
phasor is specified by 8.7 +j5.0 V.

12.2.1 Phasor equations

Consider a phasor to represent the unit amplitude sinusoid of
x = sin wf. Differentiation of the sinusoid gives dx/dt = w cos .
But we can also write this as d/dr = w sin (wf + 90°). In other
words, differentiation just results in a phasor with a length
increased by a factor of w and which is rotaizd round by 90° from
the original phasor. Thus, in complex notation, we have
raultiplied the oniginal phasor by jw. since multiplication by j is
equivalent to a rotation through 90°
Thus the differential equation

a, —g-\—’-+awx~bz ;
i ds 0~ oy
can be wriiten, in complex notation, as a phasor equation
joaX + alX = byY

where the bold, non-italic, letters indicate that the data refers to
phasors. We can say that the differential equation, which was an
equation in the time domain, has been transformed into an equa-
tion in the frequency domain. The frequency domain equation can
be rewritten as

(ja)al + ao)X = bo‘ij

bo

X___ b
Y * jwa +ao

But, in Section 11.2, when the same differential equation was
written in the s-domain, we had

X(s) _ bo
Y(s) T ayS+ap

G(s) =

If we replace s by jo we have the same equation. [t turns out that
we can always do this to convert from the s-domain to the fre-
quency domain. This thus leads to a definition of a frequency-
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response function of frequency transfer function G(jw), for the
steady state, as

. output phasor

Gjor) = 2utput phasor
input phasor

To illustrate the above consider the determination of the

frequency-response function for a system having a transfer

function of

GO) =547
The frequency-response function is obtained by replacing s by jo.
Thus

G = 35y

A first-order system has a transfar function which can be written
as

ey =
(](S) T l4rs
where 7 is the time constant of the system (see Section 11 2). The
frequency-response function G(jeo) can be obtained by replacing s
by jw. Hence

SR
G(jew) = 1+ jor
We can put this into a more convenient form by multiplying the
top and bottom of the expression by (1 - jwr) to give
. | - jowt 1 -jor
Gljo) = I St L J

I+jor 7 1-jor ~ |+

But j* = ~1, thus

1 i _wT
+wil v

Gjw) =

This is of the form x + j and so, since G(jew) is the output phasor
divided by the input phasor, we have the size of the output phasor
bigger than that of the input phasor by a factor which can be
written as |G(jw)|, with

1 \ 2 NT \
51+ 575 i
L+w2e?/ \l+w?ir?/

G = %77 = [
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|G(jw)i tells us how much bigger the amplitude of the output is
than the amplitude of the tnput. It is generally referred to as the
magnitude or gain. The phase difference ¢ between the output
phasor and the input phasor is given by

Y

tang = 5 = -wr
The negative sign indicates that the output phasor lags behind the
input phasor by this angle.
The following examples illustrate the above

I Determine the frequency-response function, the magnitude
and phase of a system (an electrical circuit with a resistor in
series with a capacitor across which the output is taken) that
has a transfer funciion of

G(s) =

RCs+1
The frequency-tesponse function cai be obtained by
substituting jo for s and so gne

N e
G(jw) = JORC + 1

We can multiply the top and bottomn of the above squation by
I - joRC and then rearrange the result to give

G(ew) = 1+w§(RC)3 - LCZER(;)C)
Hence
() e w—
; LHosRO):
and tan ¢ = -wRC.

3]

Determine the magnitude and phase of the outpur from a
system when subject to a sinusoidal taput of 2 sin (31 + 60°) f
it has a transfer function of

G =4

The frequency-response function is obtained by replacing s by
jew. Thus
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4
jow +1

G(w) =
Multiplving the top and botiom of the equation by (~jew + 1)

-Hord 4 4w
ot rl Twiel Jwrel

Gjw) =

The magnitude is thus

T TR 4° L4’
IGUQ))l =X Fye = \ ((_3)3+ 1)2 - (w2 + 1)3

1
yw?+l

and the phase angle is given by tan ¢ = y7x and so
tan é = -

For the specified input we have w = 3 radis. The magaitude
is thus

and the phase is given by tait 9 = -3 Thus ¢ = ~72°. This is
the phase angle between the input and the output. Thus the
output is 2.6 sin (3¢ — 12°).

12.3.1 Frequency response for a second-order
system

Consider a second-order system with the transfer function (see
Section 11.3)

wi
Go)= 55 =3
s2+ 2lwas +wsi
where @, is the natural angular frequency and { the damping
ratio. The frequency-response function is obtained by replacing s
by joo. Thus
w3 Wi

G(jw) = o T = et
G -+ 2w+ s (Wi - w*) + J2]w,

Multiplying the top and botto of the expression by
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12.4 Bode plots

gives

G(jw) =

/
5
1- w>2~+ir7"(/w ]w
Wn L5\ Wn /

This is of the form x + jy and so, since G(jw) is the output phasor
divided by the input phasor, we have the size or magnitude of the
output phasor bigger than that of the input phasor by a factor
which is given by Y(x* + ?) as

GGl =

TG T+ b))

The phase ¢ difference between the input and output is given by
tan ¢ = x/y and so

o @)

2s(a)a

tang = - ————_7

_E_CL)'
‘\wﬂ

The minus sign is because the output phase lags behind the input.

The frequency response of a systern is the set of values of the
magnitude |G(jw)| and phase angle ¢ that occur when a sinusoidal
input signal is varied over a range of frequencies. This can be
expressed as two graphs, one of the magnitude [G(jw)| plotted
against the angular frequency w and the other of the phase )
plotted against w. The magnitude and angular frequency are
plotted using logarithmic scales. Such a pair of graphs is referred
10 as a Bode plot.

The magnitude is expressed in decibel units (dB).

IG(jw)| in dB = 20 Ige |G(w)]
Thus, for example, a magnitude of 20 dB means that
20 =20 g |GGw)

so 1 = lgio |G(jw)| and 10" = |G(jw)l. Thus a magnitude of 20 dB
means the magnitude is 10, therefore the amplitude of the output
is 10 times that of the input. A magnitude of 40 dB would mean a
magnitude of 100 and so the amplitude of the output is 100 times
that of the input.
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12.4.1 Examples of Bode plots

Consider the Bode plot for a system having the transfer function
G(s) = K, where X is a constant. The frequency-response function
is thus G(jw) = K. The magnitude |G(jw)| = K and so, in decibels,
[G(jw)l = 20 lg K. The magnitude plot is thus a line of constant
magnitude, changing K merely shifts the magnitude line up or
down by a certain number of decibels. The phase is zero. Figure
12.3 shows the Bode plot.

Consider the Bode plot for a system having a transfer function
G(s) = I/s. The frequency-response function G(jw) is thus l/jw.
Multiplying this by j/j gives G(jw) = —j/w. The magnitude |G(jw)|
is thus 1/w. In decibels this is 20 Ig (1/w) = =20 lg cv. When @ =
1 rad/s the magnitude is 0. When w = 10 rad/s it is -20 dB. When
w = 100 rad/s it is —40 dB. For each tenfold increase in angular
frequency the magnitude drops by -20 dB. The magnitude plot is
thus a straight line of slope —20 dB per decade of frequency which
passes through 0 dB at w = | rad/s. The phase of such a system is
given by

Hence ¢ = -90° for all frequencies. Figure 12.4 shows the Bode
plot.

Consider the Bode plot for a first-order system for which the
transfer function is given by

i
s+ 1

G(s) =

The frequency-response function is then

1
jot+1

G(jw) =
The magnitude (see Section 12.2.1) is then

C\l = 1
Glw)| = ————
R

In decibels this is

201g (—“’__:_1—____.,*——}
Jl+w?t?

When @ << Uz then w’t’ is negligible compared with 1 and so
the magnitude is 20 {g 1 = 0 dB. Hence at low frequencies there is
a straight line magnitude plot at a constant value of 0 dB. For
higher frequencies, when w >> /1, w*?® is much greater than |
and so the 1 can be neglected. The magnitude is then 20 lg
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Fig. 12.8  Bode plot for first-order
system

(Vw1), 1e. =20 1g wr. This is a straight line of slope —20 dB per
decade of frequency which intersects the 0 dB line when wt = 1,
i.e. when @ = l/7. Figure 12.5 shows these lines for low and high
frequencies with their intersection, or so-called break point or
corner frequency, at w = /7. The two straight lines are called the
asymptotic approximation to the true plot. The true plot rounds
off the intersection of the two lines. The difference between the
true plot and the approximation is a maximum of 3 dB at the
break point.

The phase for the first-order system (see Section 12.2.1) is given
by tan ¢ = —-wt. At low frequencies, when o is less than about
0.1/z, the phase is virtually 0°. At high frequencies, when w is
more than about 10/7, the phase is virtually -90°. Between these
two extremes the phase angle can be considerad to give a
reasonable straight line on the Bode plot (Fig. 12.5) The
maximum error in assuining a straight line is 5.5°

Consider a second-order system with a transfer function of

The frequency-response fuaction 1s obtauned by replacing s by jo.

Cug

Gljw) = 9 2
} ~w? + 2 waw 5

The magnitude is then (see Section 12 2.2)

IGjw)] = — ‘

Al‘(cﬁ—))] ()]

Thus, in decibels, the magnitude is

20 1g

= 201g \‘[1 -(&) T* [2:(&) |

For (w/ws) << | the magnitude approximates to =20 1g 1 or 0 dB
and for (w/w,) >> 1 the magnitude approximates to 20 Ig
(w/wn)®. Thus when  increases by a factor of 10 the magnitude
increases by a factor of -20 Ig 100 or -40 dB. Thus at low
frequencies the magnitude plot is a straight line at 0 dB, while at
high frequencies it is a straight line of ~40 dB per decade of
frequency The intersection of these two lines, i.e. the break point,
is at @ = w,. The magnitude plot is thus approximately given by




Fig. 12.6 Bode plot for a
second-order system

Phase in degrees
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these two asymptotic lines. The true value, however, depends on
the damping ratio {. Figure 12.6 shows the two asymptotic lines
and the true plots for a number of damping ratios.

The phase is given by (see Section 12.2.2)

o @
tan(ﬁ:*‘_z‘:(wn%f
(&)

For (wlw,) << 1, e.g. (w/w,) = 0.2, then tan ¢ is approximately 0
and so ¢ = 0° For (w/ws) >> 1, eg (wlwy) = 5, tan ¢ is
approximately —(—=) and so ¢ = -180°. When w = w, then we
have tan ¢ = ~oc and so ¢ = -90°. A reasonable approximation is
given by a straight line drawn through -90° at « = w. and the
points 0° at (w/wy) = 0.2 and -180° at (w/w.) = 5. Figure 12.6
shows the graph.
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12.4.2 Building up Bode plots

Consider a system involving a number of elements in series. The
transfer function of the system as a whole is given by (see Section
11.4)

G(S) = G;(S)G)(S)G3(S) ... etc.

Hence the frequency-response function for a two-element system,
when s is replaced by jo, is

G(jw) = Gi(jw)Ga(jw)

We can write the transfer function Gi(jw) as a complex number
(see Section 12.2), ie.

x+Jy=1G\(w) (cos §: + j sin ¢1)

where |G(jw)| is the magnitude and ¢. the phase of the {requency-
response function. Similarly we can write Ga(jw) as

|G(je)i (cos ¢: + j sin )
Thus

G(jw) = |Gi(jw)i (cos ¢ + j sin ¢1)
X |Ga(jw)| (cos ¢ + j sin ¢2)

= |Gi(jw)] |Ga(jew)] [cos @1 cos ¢
+ j(sin ¢ cos ¢ + cos @, sin @) + J* sin ¢ sin ¢

Butj* = -1 and, since cos ¢, cos ¢, - sin ¢ sin ¢, = cos (1 + ¢)
and sin ¢, cos @, + cos ¢ sin ¢, = sin (¢, + ¢2), thus

G(je) = |Gi(w) 1Ga(jew)] [cos (¢ + ¢) + sin (41 + )]

The frequency-response function of the system has a magnitude
which is the product of the magnitudes of the separate elements
and a phase which is the sum of the phases of the separate
elements, i.e.

IG(w)| = tGi(jw)| |G2(jw)| |Gs(jw)] ... etc.
d=¢ + ¢+ dst+ .. elc

Now, considering the Bode plot where the logarithms of the
magnitudes are plotted,

ig1GGw) = g iGijw)l + 1g 1G:(jw)| +1g |Gs(jw)| + ... ete.
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Thuas we can obtain the Bode plot of a system by adding together
the Bode plots of the magnitudes of the constituent elements
Likewise the phase plot is obtained by adding together the phases
of the constituent elements.

By using a number of basic elements, the Bode plots for a wide
range of systems can be readily obtained. The basic elements used
are;

1 G)=K
This gives the Bode plot shown in Figure 12.3.

2 G =ls
This gives the Bode plot shown in Figure 12.4.

3 G)=s
This gives a Bode plot which is a wmirror image of that in
Figure 12.4. |G(jw)| = 20 dB per decade of frequency, passing
through 0 dB at w = | rad/s. ¢ is constant at 90°.

4 GG)=U@as+ 1)
This gives the Bode plot shown in Figure 12.5

W

G(s)y=1s+ 1

This gives a Bode plot which is a mirror tmage of that in
Figure 12.5. For the magnitude plot, the break point is at 1/7
with the line prior to it being at 0 dB and after it at a slope of
20 dB per decade of trequency. The phase is zero at 0.1/7 and
rises to +90° at 10/7.

6 G(s) = wa(s? + 2 wns + wad)
This gives the Bode plot shown in Figure 12.6.

7 G(s) = (85 + 2{wns + wndicn’
This gives a Bode plot which is a mirror image of that in
Figure 12.6.

To illustrate the above, consider the drawing of the asymptotes
of the Bode plot for a system having a transfer function of

10

G = 7541

The transfer function is made up of two elements, one with a
transfer function of 10 and one with transfer function 1/(2s + 1).
The Bode plots can be drawn for each of these and then added
together to give the required plot. The Bode plot for transfer
function 10 will be of the form given in Figure 12.3 with K = 10
and that for 1/(2s + 1) like that given in Figure 12.5 with v = 2.
The result is shown in Figure 12.7.




QMNes

Fig. 12.7 Building up a Bode

ZG . )
G e e e s e v e 1)

o N @ rad's
< H N\
N -
g 0 005 05\ 5 50
3 ! AN
= | N
= H AN \
& : . .
3 . L
= 20 \\
= r
“
i N\
1
40 | \\ i
r 5T
HES

The transter function 15 mads ¢

a transfer function of 01 o
with transfer function 2375

3
01 will give a tmdc plot like
The transfer function of U/
cigure 124 The transfer s
representad as @n/(s7 + ;u s v o) with @, = 5 rad/s and =
0.3. The break point will be
asymptote for the phase passes
and is 0° when we have (wiw
Figure 12.8 shows the tesuliin

12.4.3 Bode plots with MATLAB

MATLAR can be used o pro
a preliminary discussios
of a system described ‘o},
program is:

B) To cairy cut a plol
! o

% Generate Bode plot for (
num=-.
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The command bode(num,den) produces the Bode plot of gain in
dB against frequency in rad/s on a log scale, and phase in degrees
against frequency in rad/s on a log scale.

12.4.4 System identification

If we experimentally determine the Bode diagram for a system by
considering its response to a sinusoidal input, then we can obtain
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the transfer function for the systein. Basically we draw the
asymptotes on the magnitude Bode plot and consider their
gradients. The phase angle curve is used to check the results
obtained from the magnitude analysis.

I If the gradient at low frequencies prior to the first corner
frequency is zero then there is no s or l/s element in the
transfer function. The K element in the numerator of the
transfer function can be obtained from the value of the low
frequency magnitude; the magnitude in dB = 20 1g K.

2 If the initial gradient at low frequencies is -20 dB/decade
then the transfer function has a 1/s element.

3 If the gradient becomes more negative at a corner frequency
by 20 dB/decade, there is a (I + s/w.) term in the
denominator of the transfer function, with . being the
corner frequency at which the change occurs. Such terms can
occur for more than one corner frequency.

4+ If the gradient becomes more positive at a corner frequency
by 20 dB/decade, there is a (1 + s/w.) term ia the numerator
of the transfer function, with . being the frequency at which
the change occurs. Such terms can occur for more than one
corner frequency.

5 If the gradient at a corner frequency becomes more negative
by 40 dB/decade, there is a (s¥w.' + 2 s/co. + 1) term in the
denominator of the transfer function. The damping ratio ¢
can be found by considering the detail of the Bode plot at a
corner frequency, as in Figure 12.6.

6 If the gradient at a corner frequency becomes more positive
by 40 dB/decade, there is a (s¥w® + 2Ls/w. + 1) term in the
numerator of the transfer function. The damping ratio { can
be found by considering the detail of the Bode plot at a
corner frequency, as in Figure 12.6.

7 If the low-frequency gradient is not zero, the X term in the
numerator of the transfer function can be determined by
considering the value of the low-frequency asymplote. At fow

20 frequencies, many terms in transfer functions can be
neglected and the gain in dB approximates to 20 lIg (K/w?).
Thus, at w = | the gain in dB approximates to 20 Ig K.

As an illustration of the above, consider the Bode magnitude
plot shown in Figure 12.9. The initial gradient is 0 and so there is

0 01 11 1!0 100 no /s or s term in the transfer function. The initial gain is 20 and

o radis so 20 = 20 Ig K and X = 10. The gradient changes by -20

Fig. 129 Bode plot dB/decade at a frequency of 10 rad/s Hence there is a (1 + 5/10)
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term in the denominator. The transfer function is thus 10/(1 +
0.1s).

As a further illustration, consider Figure 12.10. There is an
initial slope of ~20 dB/decade and so a 1/s term. At the corner
frequency 1.0 rad/s there is a -20 dB/decade change in gradient
and so a 1/(1 + s/1) term. At the corner frequency 10 rad/s there
is a further -20 dB/decade change in gradient and so a 1/(1 +
s/10) term. Atz = | the magnitude is 6 dB and so 6 = 20 1g K and
K = 10%% = 2.0. The transfer function is thus 2.0/s(! + s)(1 +
0.1s).

As a further illustration, Figure 12.11 shows a Bode plot which
has an initial zero gradient which changes by —40 dB/decade at
10 rad/s. The initial magnitude is 10 dB and so 10 = 20 Ig K and
K = 10" = 3.2 The change of -0 dB/decade at 10 rad/s means
there is (s%/10° + 2{s/10 + 1) term in the denominator. The
transfer function is thus 3.2/(C.01s* + 0.20s + 1). The damping
factor can be obtained by comparison of the Bode plot at the
corner frequencies with Figure 12.6. It rises by about 6 dB above
the corner and this corresponds to a damping facior of about 0.2.
The wansfer function is thus 3 2/(0.01s* + 0.04s + 1),

The terms used 1o describe the performance of a system when
subject to a sinusoidal inpul are peak resonance and bandwidth,
The peak resonance M, is defined as being the maximum value of
the magnitude (Fig. 12.12) A large value of the peak resonance
corresponds to a large value of the maximum overshoot of a
system. For a second-order system it can be directly related to the
damping ratio by comparison of the response with the Bode plot
of Figure 12.6, a low damping ratio corresponding to a high peak
resonance.

ST ~

Magnitude dB
4
e

Bandwidth

The bandwidth is defined as the frequency band between which
the magnitude does not fall below -3 dB. For the system giving
the Bode plot in Figure 12.12, the bandwidth is the spread
between zero frequency and the frequency at which the magnitude
drops below -3 dB.
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12.6 Stability
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Fig. 12.13 Self-sustaining
oscillations

When there (s a sinusoidal input to a system, the output from that
system is sinusoidal with the same angular frequency but cap
have an output with an amplitude and phase which differ frop
that of the input. Counsider a closed-loop system with negative
feedback (Fig. 12.13) and no input to the system. Suppose,
somehow, we have a half-rectified sinusoidal pulse as the error
signal in the system and that it passes through to the output and ig
fed back to arrive at the comparator element with amplitude
unchanged but delayed by just half a cycle, i.e. a phase change of
180° as shown in the figure. When this signal is subtracted from
the input signal we have a resulting error signal which just
continues the initial half-rectified pulse. This pulse then goes
back round the feedback loop and once again arrives just in time
to continue the signal. Thus we have a self-sustaining oscillation,

For self-sustained oscillations to occur we must have a system
which has a frequency-response function with a magnitude of 1
and a phase of ~180°. The system through which the signal passes
15 G(s) in series with A(s). If the magnitude is less than 1 then
each succeeding haif-wave pulse is smaller in size and so the
oscillation dies away. If the magnitude is greater than  then each
succeeding pulse is larger than the previous one and so the wave
builds up and the system is unstable

I A control sysiem will osciliate with a constant amplitude if
the magnitude resuliing from the system G(s) in series with
H(s) is | and the phase 15 ~180°

2 A control system will oscillate with a diminishing amplitude
if the magnitude resulting from the system G(s) in series with
H(s) is less than [ and the phase is ~180°.

3 A control svstem will oscillate with an increasing amplitude,
and so is unstable, if the magnitude resulting from the system
G(s) in series with /(s) is greater than 1 and the phase is
—-180°.

A good, stable control system usually requires that the
magnitude of G(s)H(s) should be significantly less than I
Typically a value between 04 and 0.5 is used. In addition, the
phase angle should be between about -115° and -125° Such
values produce a slightly under-damped control system which
gives, with a step input, about a 20 to 30% overshoot with a
subsidence ratio of about 3 to | (see Section 10.4 for an
explanation of these terms).

A concern with a control system is how stable it is and thus not
likely to oscillate as a result of some small disturbance. The term
gain margin is used for the factor by which the magnitude ratio
must be multiplied when the phase is ~180° to make it have the
value | and so give instability The teri phase margin is used for
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number of degrees by which the phase angle is numerically

smaller than ~180° when the magnitude is 1. These rules mean a
gain margin of between 2 and 2.5 and a phase margin between
45° and 65° for a good, stable control system.

Problems 1 What are .me magnitudes qnd phases of the systems having
the following transfer functions?
5 2 1
a 3
(a) s+2° ®) s(s+1)° © (2s+D)(s2+5+1)
2 What will be the steady-state response of a sysiem with a
transfer function /(s + 2) when subject to the sinusoidal
input 3 sin (57 + 30%)7
3 What will be the steady-state response of a system with a
transfer function 5/(s* + 3s + 10) when subject to the input
2 sin (20 + 707
4 Deterruine the values of the magnitudes and phase at angular
frequencies of (i) 0 rad/s, (ii) 1 rad/s, (iii) 2 rad/s, (iv) cc rad/s
for systems with the transfer functions (a) U/{s(2s + 1), (b)
L/(3s + 1).
5 Draw Bode plot asvimpiotes for systems having the transfer
functions (a) 10/[s(0.1s + 1)}, (0) /{25 + {055 + 1).
6 Obtain the transfer functions of the svstems giving the Bode
plots in Figure 12,14
o 20 = o 10 -
© ™~ °
0 T Q0 T T
2 ot N) » 3 “lot 0
%_Zoﬂ w rad/is g,._do_ w rad/s
s 2
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Fig. 12.14 Problem 6




13.1 Continuous and
discrete processes

Closed-loop
controllers

Open-loop contro! is essentially just a switch on -switch off form
of control, e.g. an electric fire is either swiiched on or off in order
to heat a room. With closed-loop control systems, a controller is
used to compare the output of a sysitem with the required
condition and convert the error into a control action designed to
reduce the error. The error might arise as a result of some change
in the conditions being controlled or because the set value is
changed, e.g. there is a step input to the system to change the set
value to a new value. In this chapter we are concerned with the
ways in which coatrollers can react to error signals, t.e. the
control modes as they are termed, which occur with continuous
processes. Such controllers might, for example, be pneumatic
systems or operational amplifier systems. However, computer
systems are rapidly replacing many of these. The term direct
digital control is used when the computer is in the feedback loop
and exercising control in this way. This chapter is about closed-
loop control.

Many processes not only involve controlling some variable, e.g.
temperature, 1o a required value but also involve the sequencing
of operations. A domestic washing machine (see Section ! 4.3)
where a number of actions have to be carried out i a
predetermined sequence is an example. Another example is the
manufacture of a product which involves the assembly of a
number of discrete parts in a specific sequence by some controlied
system. The sequence of operations mught be clock-based or
event-based or a combination of the two. With a clock-based
systern the actions are carried out at specific times, with aa
event-based system the actions are carried out when there is
feedback to indicate that a particular event has occurred.

The term programmable logic controller (PLC) is used for a
simple controller based on a microprocessor and operates by
examining the input signals from sensors and carrying out logic
instructions which have been programmed into its memory. The
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output after such processing is signals which feed into
correcting/actuator units, Thus it can carry out sequences of
operations. The main difference between a PLC and a computer is
that programming is predominantly concerned with logic and
switching operations, and the interfacing for input and output
devices is inside the controller. Such controllers are discussed in
more detail in Chapter 18

In many processes there can be a mixture of continuous and
discrete control. For example, i the domestic washing machine
there will be sequence control for the various parts of the washing
cycle with feedback loop control of the temperature of the hot
sater and the level of the water.

13.1.1 Lag

In any control system there are lags. Thus, for example, a change
in the condition being controlled does not immediately produce a
correcting response from the control system. This is because time
is required for the system to make the necessary responses. For
example, in the control of the temperature in a rooin by means of
a ceniral heatng system. a lag will occur between the room
temperature falling below the required temperature and the
control system responding and switching on the heater. This is
not the oaly lag. Even when the control systein has responded
there is a lag in the room temperature responding as time is taken
for the heat to transfer from the heater to the air ia the room.

13.1.2 Steady-state error

We might get an error signal to the coutrotler occurring as a
result of the controlled variable changing or a change in the set
value input. For example. we might have a ramp input to the
system with the aim that the controlled variable increases steadily
with time. The term steady-state error is used for the difference
between the set value input and the output after all transients have
died away. It is thus a measure of the accuracy of the control
system in tracking the set value input.

Consider a control sysiem which has unity feedback (Fig. 13.1).
When there is a reference input of R{s) there is an output of X(5).
The feedback signal is A(s) and so the error signal is E(s) = R(s) -
X(s). If G(s) is the forward-path transfer function, then for the
unity feedback system as a whole:

X(s) G(s) G
R(s) 7 1 +G&)H(S) ~ 1+G(s)

Hence

G($)R(s) 1

E(s) = R(s) - X(s5) = R(s) - 7= G(s) ~ 1+G(s)

R(s)
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T'he error thus depends on G(s)

In order to determine the steady-stat2 error we can determine
the error ¢ as a function of time and then determine the value of
the error when all transients have died down and so the error as
the time ¢ tends to an infinite value While we could determine
the inverse of Z(s) and then determine its value when 1 - =, there
is a simpler method using the final-value theorem (see Appendix
A): this involves finding the value of s&£(s) as 5 tends to a zero
value.

;im e(t) = hm sE(s)

To illustrate the above, consider a unity feedback system with a

forward-paih transfer function of &/(ss + 1) and subject to a unit
step input of 1/s

1

<

4>

[

9]
- —

1t

I—"(Srl)

There 1s thus a steady-stalz error, the output from the svstem will
never atiain the set valus. By hicreasing the gain i of the svstem
then the steady state error can be reduced

However, 1f the unitv-feedback svstemn lmd a forward-path
transfer function of &/s(zs + 1) and was subject to a step iaput,
then the steady -staiz error would be

es llm sE(s) = un

There is no steadv-state error with this svstem.

There are a number of ways by which a coatrol unit can rsact to
an error signal and suppiy an output for correcting elements.

L3
i
O

sontrol mod

i

b The two-step mode 1n which the controller is essentially just
a switch which is acovated by the error signal and supplies
just an on-off correcting signal.

2

The proportional mode (P} which produces a control action
that is proporuonal to the error. The correcting signal thus
becomes bigger the bigger the error Thus as the error 1S
reduced the amount of comection {5 reduced and the
correciing process slows dowa.

3 The derivative mode (D) which preduces a control action that
ts proportional to the rate at whicii the error is changing.
When there is a sudden changs in the error signal the
controller gives a large correcting signal, when there is a
gradual change only a small correcting signal is produced.




i

13.3 Two-step mode
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Derivative control can be considered to be a form of
anticipatory control in that the existing rate of change of
error is measured, a coming larger error is anticipated and
correction applied before the larger error has arrived.
Derivative control is not used alone but always in conjunction
with proportional control and, often, integral control.

4 The integral mode (1) which produces a control action that is
proportional to the integral of the error with time. Thus a
constant error signal will produce an increasing correcting
signal. The correction continues to increase as long the error
persists. The integral controller can be considered to be
‘looking-back’, summing all the errors and thus responding
to changes that have occurred.

5 Combinations of modes: proportional plus derivative modes
(PD), proportional plus integral modes (PI), proportional plus
integral plus derivative modes (PID). The term three-term
controller is used for PID control

These five modes of control are discussed in the following
sections of the chapter. The coniroller can achieve these modes by
means of pneumatic circults, analogue electronic circuits
involving operational amplifiers or by the programmiag of a
MICTOProcessof or computer.

An example of the rwo-step mode of control is the bimetallic
thermostat (see Fig. 2.49) that might be used with a simple
temperature control system. This is just a switch which is
switched on or off according to the temperature. If the room
temperature is above the required temperature then the bimetallic
strip is in an off position and the heater is off. If the room
temperature falls below the required temperature then the
bimetallic strip moves into an on position and the heater is
switched fully on. The controller in this case can be in only two
positions, on or off, as indicated by Figure 13.2.

With the two-step mode the control action is discontinuous. A
consequence of this is that oscillations of the controlled variable
occur about the required condition. This is because of lags in the
time the control system and the process take to respond. For
example, in the case of the temperature control for a domestic
central heating system, when the room temperature drops below
the required level the time that elapses before the control system
responds and switches the heater on might be very small in
comparison with the time that elapses before the heater begins to
have an effect on the room temperature. In the meantime the
temperature has fallen even more. The reverse situation occurs
when the temperature has risen to the required temperature, Since
time elapses before the control system reacts and switches the
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heater off. and yet more time while the heater cools and stops
heauag the room, the room temperature goes bevond the required
value. The result is that the roown temperature oscillates above
and below the required teinperature (Fig 13.3).

With the simple two-step systemi described above there is the
problem that when the room teraperature is hovering about the set
value the thermostat might be almost continually switching on or
off, reacting to very slight changes in temperature. This can be
avoided if, instead of just a single tempemturs value at shich the
controller switches the heater on or off, two values are used and
the heater 15 switched on at a lower temperature than the one at
which it is switched off (Fig 13 4). The term dead band is used
for the values between the on and off values A large dead band
results in large fluctuations of the temperanire about the set
temperature, a small dead band will result in an increased
frequency of swiiching The bimetallic element shown in Figure
249 has a permanent magnet for a swilch contact, this has the
effect of producing a dead band.

Two-siep control action tends tw be used where changes are
taking place very slowly, i.e with a process with a large capacit-
ance Thus. in the case of heating a room, the effect of switching
the heater ou or off on the room tzaiperature is oiv 2 slow
change. The result of this is an oscillanon with a loag periodic
time. Two-siep conirol 15 thus ool very precise bul it does iavoive
sinple devices and is thus fairhy cheap. On-off control is not
esircted to mechanical switches such as bumetallic strips or
retass; rapid switching cai be achieved with the use of thyristor
circutts (see Section 72 2), such a circuit mught be used for
controlling the speed of a motor, and operational amplifiers.

With the two-step method of control, the coantroller oulput 18
either an on or an off signal, regardless of the magnitude of the
error. With the proportional mode, the size of the controller
output is proportional to the size of the error. This means the
correction element of the control sysiem, e.g a valve, will receive
a signal which s proportional to the size of the correction
required.

Figure 135 shows how the output of such a controller varies
with the size and sign of the error. The linear relationship
between controller output and ervor tends to exist only over a
certain range of errors, this range being called the proportional
band. Within the proportional band the equation of the straight
line can be represented by

Change in controller output from set point = Kpe

where e 1s the error and K a constant. K is thus the gradient of
the straight line in Figure 13.5.
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The coatroller output is generally expressed as a percentage of
the full range of possible outputs within the proportional band.
This output can then correspond to, say, a correction valve
changing from fully closed to fully open. Similarly, the error is
expressed as a percentage of the full-range value, ie. the ervor
range corresponding to the 0 to 100% controller cutput. Thus

% change in controller output from set point
= K» x % change in error

Hence, since 100% controller output corresponds to an error
percentage equal to the proportional band

- 100
~ proportional band

We can rewrite the equation as
change ia oulput = L = [; = Kpe
where [: 15 the contreller output percentage at zero error, /o, the
oulput percentage at percentage error e Thus taking Laplace
transforms:
Change in output (5) = K-E(s)
and so, since

change in output (s)
E(s)

Transfer function =

Kp is, within the proportional band, the transfer function of the
controller.

Generally a 50% controller output is chosen to be the output
when the error is zero. Thus, in the case of the controller being
used to control a valve which allows water into a tank, when the
error is zero the valve will be half (50%) open. This will give the
normal flow rate. Any error will then increase or reduce the flow
rate at a value which depends on the size of the error. The result
will be to return the error to its zero value and the controller to a
50% output. Suppose the process has the flow of liquid into a tank
being controlled and for some reason a new set point is required
for the flow rate. We can talk of this change in terms of there
being a step input to the control system. This new set value could
requirc the correcting valve to be kept open at a higher
percentage, say 60%. This cannot be achieved by the zero error
setting but requires a permanent error setting called an offser
(Fig. 13.6). The size of this offset is directly proportional to the
size of the load changes and inversely proportional to the Kp, a
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higher value of K giving a steeper gradient in Figure 13.6 and sg
a smaller error change needed to accommodate a load change.

The proportional mode of control tends to be used in processeg
where the transfer function Kp can be made large enough to
reduce the offset to an acceptable level. However, the larger the
transfer function the greater the chance of the system oscillating
and becoming unstable.

To illustrate the above discussion of proportional control,
consider a proportional controller which is to be used to contro]
the height of water in a tank where the water level can vary from
zero to 9.0 m. What proportional band and transfer function will
be required if the required height of water is 5.0 m and the
controller is to fully close a valve when the water rises to 5.5 m
and fully open it when the water falls to 4.5 m? When the error is
-0.5 m the controller output must be 100% open and when
+0.5 m it must be 0% open. The proportional band must therefore
extend from a height error of -0.5 m to one of +0.5 m. Expressed
as a percentage, the proportional band extends from

~(0.5/9.0) x 100 = -3.6% to +(0.5/9.0) x 100 = +5.6%

The proportional band is thus 11.2%. Note that if we work in
percentages for the controller, we must work in percentages for
the error. This value of proportional band will thus mean a
transfer function Kp of (100%)/(11.2%) = 8.9.

As an Ulustration of offset error, consider a proportional
controller which has a transfer function of 15 and a set point of
50% output. It outputs to a valve which at the set point allows a
flow of 200 m?s. The valve changes its output by 4 m?/s for each
per cent change in controller output. What will be the controller
output and the offset error when the flow has to be changed to
240 m’/s? The new controller setting, as a percentage, for a flow
change from 200 to 240 ms is 40/4 = 10% change from 50 to
60%. Hence

Ko =15 = 6050

Thus the offset is ¢ = 0.67%.

13.4.1 Electronic proportional controller

A summing operational amplifier with an inverter can be used as
a proporuonal controller (Fig. 13.7). For a summing amplifier we
have (see Section 3.2.3)

V Ve
Vout = ‘RF\RS + R—]')




Fig. 13.7

Proportional controller
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Summing amplifier

Inverter

RZ
Vg 0—»—‘—[::3""—']

The input to the summing amplifier through R. is the zero error
voltage value J, 1.e. the set value, and the input through R, is the
error signal /. But when the feedback resistor Rr = R;, then the
equation becomes

v

= - [/)n
out R : e 0

If the output from the summing amplifier is then passed through
an inverter, ie. an operational amplifier with a feedback
resistance equal to the input resistance, then

Vo = B2 Ve+ ¥y

Tout < Ri
Vout = KPVE + I’O

where Kp 1s the proportionality coanstant. The result is a
proportional controller.

As an illustration, Figure 13.8 shows an example of a
proportional control system for the control of the temperature of
the liquid in a container as liquid 1s pumped through it.

Summing amplifier
R,
R T

set point ——Cj—_i—“‘ -

Voltage for

Power amplifier

— 1

Temp.
sensor _If
Heater

NN

R, > | S

H ~

Fig. 13.8
for temperature control

——¢-

L

Proportional controller
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Fig. 13.8  System with
proportional control

13.5 Derivative control

13.4.2 System response

With proportional control we have a gain element with transfer
function K, in series with the forward-path element G(s) (Fig
13.9). The error is thus:

KeG(s)
B = 17k G )

and so, for a step input, the steady-state error is:

|

B AT D B
ess = M sEW) = i STk o 5 }

E(s) | - Xis)
»f K, ‘}r—g Gls) o
L u l

Unity feedback

This will have a finite value and so there is always a steads state
error. Low values of K, give large steady-state errors but stable
responses. High values of K» give smaller steady-stale ecrors but a
greater tendency to instability

With the derivative mode of control the change in controller
output from the set point value is proportional to the rate of
change with time of the error signal. This can be represented by
the equation

]oul - ]D = KS ((jie,

L
where /, is the set point output value, Jo the output value that will
occur when the error e is changing at the rate de/ds. 1t is usual to
express these controller outputs as a percentage of the full range
of output and the error as 3 percentage of full range. Kp is the
constant of proportionality

The transfer function is obtained by taking Laplace transforms,
thus

ow — [0)(5') = KDSE(S)

Hence the transfer function is K ps.

With derivative control, as soon as the error signal begins to
change there can be quite a large controller output since it is
proportional to the rate of change of the error signal and not its
value. Rapid initial responses to error signals thus occur Figure




Constant rate of
change of error with time

Controller output

Time

Fig. 13.10

Fig. 13.11

Time

Derivative control

Derivative controlier
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13.10 shows the controller output that results when there is a
constant rate of change of error signal with time. The controller
output is constant because the rate of change is constant and
occurs immediately the deviation occurs. Derivative controllers do
not, however, respond to steady-state error signals, since with a
steady error the rate of change of error with time is zero. Because
of this derivative control is always combined with proportional
control; the proportional part gives a response to all error signals,
including steady signals, while the derivative part responds to the
rate of change.

To illustrate the above, consider a derivative controller which
has a set point of 50% and derivative constant Kp of 0.4 5. What
will be the controller output when the error (a) changes at 1%/s,
(b) 1s constant at 4%? Using the equation given above

de

low=Kp a'['

+1=04x1+3530=3504%
With de/ds zero. then /o equals 7y, i.e. 50%. The output only
differs from the set point value when the error is changing.

Figure 13.11 shows the form of an electronic derivative
controller circuit, the circuit involving an operational amplifier
connecied as a differentiator circuit followed by another
operational amplifier counected as an inverter The derivative
time Kp is RaC

13.5.1 Proportional plus derivative control

Derivative control is never used alone because it is not capable of
giving an output when there is a steady ervor signal and so no
correction is possible. It is thus invariably used in conjunction
with proportional control so that this problem can be resolved.

With proportional plus derivative control the change in
controller output from the set point value is given by

Change in output from set point = Kpe + Kp %f‘
Differentiator Inverter
RZ
—{F R
! T
— P e
v, oo | e { R |
R, © . {1 |
1 B S
| I
54 hd - é ©
—
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13.6 Integral control

Hence

Lo = Kpe + Ko 3 + 1o
where /o is the output at the set point, /.. the output when the
error is e, Kp is the proportionality constant and Kp the derivative
constant, de/ds is the rate of change of error. The system has a
transfer function given by

o — Lo)(5) = KpE(s) + KpsE(s)

Hence the transfer function is Kp + Kps. This is often written as:
. 1)
transfer function = Kp|{ s + = )
D

where 7p = Ko/K» and is the derivative time constant.

Figure 13.12 shows how the controller output can vary when
there is a constantly changing error. There is an initial quick
change in controller output because of the derivative action
followed by the gradual change due to proportional action. This
form of control can thus deal with fast process changes; however,
a change in set value will require an offset error (see earlier
discussion of proportional control).

To illustrate the above, consider what the controller output will
be for a proportional plus derivative controller (a) initially and (b)
2 s after the error begins to change from the zero error at the rate
of 1.2%/s. The controller has a set point of 50%, K» = 4 and Kp =
0.4 s. Using the equation given above

Tow = Kpe +KD%+[0

[nitially the error e is zero. Hence. initially when the error begins
to change

Tow =0+ 04 x1.2+50=50.48%

Because the rate of change is constant, after 2 s the error will
have become 2.4%. Hence, then

lon =4 x24+04x12+50=5908%

The integral mode of coutrol is one where the rate of change of
the control output / is proportional to the input error signal e.

%[J‘ZKIE
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K, is the constant of proportionality and, when the controller
output is expressed as a percentage and the error as a percentage,
has units of s, Integrating the above equation gives

Jidr=) Kiedr
]oul - IO = j\:) K;edl‘

Iy is the controller output at zero time, /oy 1s the output at time 1.
The transfer function is obtained by taking the Laplace
transform. Thus

o — Lo)(5) = + K1 E(s)

and so

Transfer function = %K

Figure {3 13 illustrates the action of an integral controller when
there is a constant error input to the coniroller. We can consider
the graphs in two ways. When the controller output is constant
the error is zero. when the coatroller output varies at a constant
rate the error has a constant value. The alternative way of
considering the graphs is in terwas of the area under the error

graph.

Area under the error graph between /=0 and 7= jl edr

Thus up to the time when the error occurs the value of the
integral is zero. Hence [ = /. When the error occurs it
maintains a constant value. Thus the area under the graph is
increasing as the time increases. Since the area increases at a
constant rate the controller output increases at a constant rate.

To illustrate the above, consider an integral controller with a
value of K; of 0.10 /s and an output of 40% at the set point. What
will be the output after times of (a) | s, (b) 2 s, if there is a sudden
change to a constant error of 20%? Using the equation developed
above

lw=1s = [, Kreds

When the error does not vary with timme the equation becomes
Tow= Kiet + [y

Thus for (a) whent =135,

Iow=0.10x20x 1 +40=42%
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For (b) whent=2s,
Lo =0.10x20x 2 + 40 = 44%

Figure 13.14 shows the form of the circuit used for an electronic
integral controller. [t consists of an operational amplifier
connected as an integrator and followed by another operational
amplifier connected as a summer to add the integrator output to
that of the coatroller output at zero time. K; is /R, C.

Integrator Summing amplifier

Fig. 13,14 Integral controfler

13.8.1 Proportional plus integral control

The integral mode of control is not usually used alone but is
frequently used in conjunction with the proportional mode. When
integral action is added to a proportional control system the
controller output Zoy is given by

JomzKPe'l'K[ yedf‘?‘/o

where Kp is the proportional control constant, K, the integral
control constant, /. the output when there is an error e and /o the
output at the set point when the error is zero. The transfer
function is thus:

Error

Time

transfer function = Kp + 5 = 5 (s + 7?)

Elements
due to

where 77 = Kp/K; and is the integral time constant.
Figure 13.15 shows how the system reacts when there is an
! abrupt change to a constant error. The error gives rise to a
proportional controller output which remains constant since the
error does not change. There is then superimposed on this a
steadily increasing controller output due to the integral action.
Suppose there is a change in the controller set point from, say,
50 to 60%. With just a proportional controller this can only be
done by having an offset error, i.€. an error value other than zero
for the set point value. However, with the combination of integral

Controller output

Fig. 13.15 PI control




Fig. 13.16 Pl control

13.7 PiD controller

Error
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and proportional control this is not the case. The integral part of
the control can provide a change in controller output without any
offset error. The controller can be said to reset its set point. Figure
13.16 shows the effects of the proportional action and the integral
action if we create an error signal which is increased from the
zero value and then decreased back to it again. With proportional
action alone the controller mirrors the change and ends up back
at its original set point value. With the integral action the
controller output increases in proportion to the way the area under
the error-time graph increases and since, even when the error has
reverted back to zero, there is still a value for the area there is a
change in controller output which continues after the error has
ceased. The result of combining the proportional and integral
actions, i.e adding the two separate graphs, is thus a change in
controller output without an offset error. A step input to the
control system can thus give a steady-state value with no error.

N

Time

\ Time

Controller output

Effect of just the proportional action

— j—
3 / 3
8/ |— 5 ]
3 ° 3 °
5 5
Time © Time
Effect of just the integral action Effect of proportional + integral action

Because of the lack of an offset error, this type of controller can
be used where there are large changes in the process variable.
However, because the integration part of the control takes time
the changes must be relatively slow to prevent oscillations.
Another disadvantage of this form of control is that when the
process is started up with controller output at 100%, e.g. with a
liquid level control the initial condition may be an empty tank
and so the error is so large that the controller has to give a 100%
output to fully open a valve, the integral action causes a
considerable overshoot of the error before finally settling down.

Combining all three modes of control (proportional, integral and
derivative) enables a controller to be produced which has no offset
error and reduces the tendency for oscillations. Such a controller
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PID circuit

is known as a three-mode controller or PID controller. The
equation describing its action can be written as

Low = Kpe + K J‘ed{#KD "(3—5 +{y

where [oy is the output frorm the controller when there is an error
e which is changing with time 1, J; is the set point output when
there is no error, Kp is the proportionality constant, K the integral
constant and Xp the derivative constant. One way of considering a
three-mode controller is as a proportional controller which has
integral control to eliminate the offset error and derivative control
to reduce time lags. Taking the Laplace transform gives:

Uout = [5)(5) = KeE(s) + LK E(s) + 5K ()
and so:
Transfer function = Koe + %K, +s&p = K,l 1+ —Tl'; + Z"Ds]

To illustrate the above, consider what will be the controller
output of a three-mode controller having K5 as 4, K; as 0.6 /s, Kp
as 0.5 s, a set point output of 50% and, subject to the error change
shown in Figure 13 17, (a) unmediately the change starts to occur
and (b) 2 s after it starts. Using the equation given above for fon

Low = Kpe + K J.QW+K'D%+[O

we have for (a) e = 0, de/dr = | /s, and fe dr= 0. Thus
lo=0+0+05x1+350=505%

For (b) we have, at 25, e = | %, fedt = 1.5s since the integral is
the area under the error-time graph up to 2 s, and de/dr = 0. Thus

Lw=4x1+0.6X1.5+0+50=549%

13.7.1 Operational amplifier PID circuits

A three-mode coniroller can be produced by combining the
various circuits described earlier in this chapter for the separate
proportional, derivative and integral modes. A more practical
controller can, however, be produced with a single operational
amplifier. Figure 13.18 shows one such circuit. The proportional
constant K is Ri/(R + Rp), the derivative constant K is RpCp and
the integral constant X, is I/R,;C,.
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Fig. 13.18 Digital closed-loop control system

13.8 Digital controliers

Figure 13 19 shows the basis of a direct digital control system
that can be used with a continuous process; the term direct digital
control is used when the digital controller, basically a
microprocessor, is in control of the closed-loop control system.
The controller receives inputs from sensors. executes control
programs and provides the output to the correction elements.
Such controllers require inputs which are digital, process the
information in digital form and give an output in digital form.
Since many coatrol systems have analogue measurements an
analogue-to-digital converter (ADC) is used for the inputs. A
clock supplies a pulse at regular time intervals and dictates when
samples of the controlled variable are taken by the ADC. These
samples are then converted to digital signals which are compared
by the microprocessor with the set point value to give the error
signal. The microprocessor can then initiate a control mode to
process the error signal and give a digital output The control
mode used by the microprocessor is determined by the program of
instructions used by the microprocessor for processing the digital
signals, ie. the software. The digital output, generally after
processing by a digital-to-analogue converter since correcting
elements generally require analogue signals, can be used to
initiate the correcting action.

A digital controller basically operates the following cycle of
events:

1 Samples the measured value.

2 Compares it with the set value and establishes the error.

3 Carries out calculations based on the error value and stored
values of previous inputs and outputs to obtain the output
signal.

4 Sends the output signal to the DAC.

5  Waits until the next sample time before repeating the cycle.
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Microprocessors as controllers have the advantage over
analogue controllers that the form of the conurolling action, e g
proportional or three mode, can be altered by purely a change in
the computer software. No change in hardware or electrical
wirlng is required. Indeed the control strategy can be altered by
the computer program during the control action in response to the
developing situation.

They also have other advantages. With analogue control,
separate controllers are required for each process being
controlled. With a microprocessor many separate processes can be
controlled by sampling processes with a multiplexer (see Chapter
3). Digital control gives better accuracy than analogue control
because the amplifiers and other components used with analogue
systems change their characteristics with time and temperature
and so show drift, while digital control, because it operates on
signals in only the on-off mode, does not suffer from drift in the
same way

13.8.1 Implementing control modes

[n order to produce a digital controller which will give a
particular mode of control it is necessary to produce a suitable
program for the controller. The program has to indicate how the
digital error signal at a particular instant is to be processed in
order to arrive at the required output for the following correction
element. The processing can involve the present iaput together
with previous inputs and previous outputs. The program is thus
asking the controller to carmy out a difference equation (see
Section 3.10).
The transfer function for a PID analogue controller 1s

Transfer function = Kp + %Ki +sKp

Multiplication by s is equivalent to differentiation. We can,
however, consider the gradient of the time response for the error
signal at the present instant of timme as being (latest sample of the
error e, minus the last sample of the error e,.,)/(sampling interval
T5) (Fig 13 20) Division by s is equivalent to integration We
can, however, consider the integral of the error at the end of a
sampling period as being the area under the error-time graph
during the last sampling interval plus the sum of the areas under
the graph for all previous samples (Inty..). If the sampling pericd
is short relative to the times involved then the area during the
last sampling interval is approximately ‘Ale, + e,.)/T, (see
Section 3.10 for another approximation known as Tustin’s
approximation) Thus we can write for the controller output x, at
a particular instant the equivalent of the transfer function as:

[ (en+en1)T N en—en
{ ( n 5 l_)__s' '5-[[1[:3@:,' ] ‘FKDEI €ni
\ /

xl|:KP€1:+Ki 7
s
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We can rearrange this equation to give:
Xn =Ae, +Bepy + C(Intpeey)

where 4 = Kp + 0.5KTs + Ko/T,, B=0.5K,T, - Ko/T. and C = K.
The program for PID control thus becomes:

Set the values of Kp, K; and K.

Set the initial values of e,.., [ntye. and the sample time 7.

Reset the sample interval timer.

Input the error e,.

Calculate y, using the above equation.

Update, ready for the next calculation, the value of the

previous area to Intye, + 0.5(e, + e,.) 7.

7 Update, ready for the next calculation, the value of the error
by seiting e, equal (o e,

8  Wait for the sampling interval to elapse.

9 Go to 3 and repeat the loop.

N B W N e

13.8.2 A computer control system

Typically a computer control system consists of the elements
shown in Figure 13.19 with set poiats and control parameters
being entered from a keyboard The software for use with the
system will provide the program of instructions needed, for
example, for the computer to implement the PID control mode,
provide the operator display, recognise and process the
instructions inputted by the operator, provide information about
the system, provide start-up and shut-down instructions, and
supply clock/calendar information. An operator display is likely
to show such information as the set point value, the actual
measured value, the sampling interval, the error, the controller
settings and the state of the correction element. The display is
likely to be updated every few seconds.

For a more detailed discussion of computer control systems the
reader is referred to specialist texts, e.g. Real-time Computer
Control by S. Bennett (Prentice-Hall 1994).

The transfer function of a control system is affected by the mode
chosen for the controller. Hence the response of the system to,
say, a step input is affected. Consider the simple system shown in
Figure 13.21. With proportional control the transfer function of
the forward path is KpG(s) and so the transfer function of the
feedback system G(s) is

KpGp(s)

OO = 13856,
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Suppose we have a process which is first order with a transfer
function of 1/(zts + 1) where 7 is the time constant. With
proportional control, and unit feedback, the transfer function of
the control system becomes

1+Kp/(zs+1)  ws+1+Kp

G(s) =

The control system remains a first-order system. The proportional
control has had the effect of just changing the form of the
first-order response of the process. Without the controller the
response to a unit step input was (see Section 11.2)

), = 1 —_ C"h":
Now it is
y=Kp(l - et

The effect of the proportional control has to been to reduce the
time constant from 7 to /(1 + Kbp).

With integral control (Fig. 13.22) we have a forward-path
transfer function of KiG,(s)/s and so the system transfer function
15

K1Gp(s)
G) = STKGo()

Thus, now if we have a process which is first order with a transfer
function of /(zs + 1), with proportional controf and unit feedback
the transfer function of the control system becomes

Kil(zs+ 1)

G = KT+ D

_ K _ K
Ts(zs+ D)+ Ky T 245+ K

The control system is now a second-order system. Now, with a
step input, the system will give a second-order response instead of
a first-order response.

With a system having dernivative control (Fig. 13.23) the
forward path transfer function is sKpG(s) and so, with unity
feedback. the systern transfer function is

sKpGp(s)
GO = T3 KoG,)

With a process which is first order with a transfer function of
1/(rs -+ 1), derivative control gives an overall transfer function of
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sKpl(zs+1) sKp
1+sKp/(zs+1) ~ s+ 1+sKp

G(s) =

The term tuning is used to describe the process of selecting the
best controller settings. With a proportional controller this means
selecting the value of Kp; with a PID controller the three constants
Kp, Ki and Kp have to be selected. There are a number of
methods of doing this; here just two methods will be discussed,
both by Ziegler and Nichols. They assumed that when the
controlled system is open loop a reasonable approximation to its
behaviour is a firsi-order system with a built-in time delay. Based
on this, they then derived parameters for optimum performance.

13.10.1 Process reaction method

The process control loop is opened, generally between the
controller and the correction unit, so that nc control action
occurs. A test input signal is then applied to the correction unit
and the response of the controlled variable determined. The test
signal should be as small as possible. Figure 13.24 shows the
form of test signal and a tvpical response. The test signal is a step
signal with a step size expressed as the percentage change 7 in
the correction unit. The graph of the measured variable plotted
against time is called the process reaction curve. The measured
variable is expressed as the percentage of the full-scale range.

A tangent is drawn to give the maximum gradient of the graph.
For Figure 13.24 the maximum gradient R is M/T. The time
between the start of the test signal and the point at which this
tangent intersects the graph time axis is termed the lag L. Table
13.1 gives the criteria recommended by Ziegler and Nichols for
control settings based on the values of P, R and L.

Table 13.1 Process reaction curve criteria

Control mode Kp T o
P P/RL

PI 0.9P/RL 3.33L

PID 1.2P/RL 2L 0.5L

Consider the following example. Determine the settings
required for a three-mode controller which gave the process
reaction curve shown in Figure 13.25 when the test signal was a
6% change in the control valve position. Drawing a tangent to the
maximum gradient part of the graph gives alag L of 150 s and a
gradient R of 5/300 = 0.017 /s. Hence

K= L2P ___12x6

RL =0017x 150 =282
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13.10.2 Ultimate cycle method

With this method, integral and derivative actions are first reduced
to their minimum values. The proportional constant K is set low
and then gradually increased. This is the same as saying that the
proportional band is gradually made narrower. While doing this
small disturbances are applied to the system. This is continued
until continuous oscillations occur. The critical value of the
proportional constant Kpe at which this occurs is noted and the
periodic time of the oscillations 7. measured. Table 13.2 shows
how the Ziegler and Nichols recommended criteria for controller
settings are related to this value of Kp.. The critical proportional
band is 100/Kpe.

Table 13.2 Ultimate cycle criteria

Control mode Kp T To
P 0.5K5.

PI 0.45Kp, T/1.2

PID 0.6Kp. 7/2.0 TJ8

Consider the following example. When tuning a three-mode
control system by the ultimate cycle method it was found that
oscillations begin when the proportional band is decreased t0
30%. The oscillations have a periodic time of 500 s. What are the
suitable settings for the controller? The critical value of K is
L00/critical proportional band and is therefore 100/30 = 3.33.
Then, using the criteria given in Table 13.2,

Kp=0.6Kp.=0.6x3.33=2.0



13.11 Velocity control

13.12 Adaptive controi
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T1=TJ2.0=500/2=25s

To=T/8=1500/8 =62.55s

Consider the problem of controlling the movement of a load by
means of a motor. Because the motor system is likely to be
second-order, proportional control will lead to the system output
taking time to reach the required displacement when there is, say,
a step input to the system and may oscillate for a while about the
required value. Time will thus be taken for the system to respond
to an input signal A higher speed of response, with fewer
oscillations, can be obtained by using PD rather than just P
control. There is, however, an alternative of achieving the same
effect and this is by the use of a second feedback loop which gives
a measurement related to the rate at which the displacement is
changing. This is termed velocity feedback. Figure 13.26 shows
such a system; the velocity feedback might involve the use of a
tachogenerator giving a signal proportional to the rotational speed
of the motor shaft and hence the rate at which the displacement is
changing and the displacement might be monitored using a rotary
potentiomeler.

There are many control situations where the parameters of the
plant change with time or, perhaps, load, €.g. a robot manipulator
being used to move loads when the load is changed. If the transfer
function of the plant changes then retuning of the system is
desirable for the optimum values to be determined for
proportional, derivative and integral constants. For the control
systems so far considered, it has been assumed that the system
once tuned retains its values of proportional, derivative and
integral constants until the operator decides to retune. The
alternative to this is an adaptive control system which ‘adapts’ to
changes and changes its parameters to fit the circumstances
prevailing.

The adaptive control system is based on the use of a
microprocessor as the controller. Such a device enables the
control mode and the control parameters used to be adapted to fit
the circumstances, modifying them as the circumstances change.

An adaptive control system can be considered to have three

stages of operation:

| Starts to operate with controller conditions set on the basis of
an assumed condition.

2 The desired performance is continuously compared with the
actual system performance.

3 The control system mode and parameters are automatically
and continuously adjusted in order to minimise the difference
between the desired and actual system performance.
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Fig. 13.26  System with velocity feedback: (a) descriptive diagram of the system, (b) block diagram of the systern

For example, with a control system operating in the proportional
mode, the proportional constant Kp may be automatically adjusted
to fit the circumstances, changing as they do.

Adaptive control systems can take a number of forms. Three
commonly used forms are:




Fig. 13.27 Gain-scheduled control
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1 Gain-scheduled control.
2 Self-tuning.
3 Model-reference adaptive systems.

13.12.1 Gain-scheduled control

With gain-scheduled control or, as it is sometimes referred to,
pre-programmed adaptive control, preset changes in the para-
meters of the controller are made on the basis of some auxiliary
measurement of some process variable. Figure 13.27 illustrates
this method. The term gain-scheduled control was used because
the only parameter originally adjusted was the gain, i.e. the pro-
portionality constant Kp.

Auxiliary meastrement

Adjustment F—— —

l

] Output
3 Controfier Correction g Process P@?_g

Measurement l~ [ _‘

k

For example, for a control system used to control the
positioning of some load, the system parameters could be worked
out for a number of different load values and a table of values
loaded into the memory of the controller. A load cell might then
be used to measure the actual load and give a signal to the
controller indicating a mass value which is then used by the
controller to select the appropriate parameters.

A disadvantage of this system is that the control parameters
have to be determined for many operating conditions so that the
controller can select the one to fit the prevailing condilions. An
advantage, however, is that the changes in the parameters can be
made quickly when the conditions change.

13.12.2 Self-tuning

With self~tuning control the system continuously tunes its own
parameters based on monitoring the variable that the system is
controlling and the output from the controller. Figure 13.28 illus-
trates the features of this systern.




Fig. 13.28

Fig. 13.29
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Self-tuning is often found in commercial PID controllers, it
generally then being referred to as awfo-tuning. When the
operator presses a button, the coatroller injects a small
disturbance into the system and measures the response. This
response is compared to the desired response and the control
parameters adjusted, by a modified Ziegler -Nichols rule, to bring
the actual response closer to the desired response.

13.12.3 Model-reference adaptive systems

With the model-reference system an accurate model of the system
is developed. The set value is then used as an input to both the
actual and the model systems and the difference between the
actual output and the output from the model compared. The
difference in these signals is then used to adjust the parameters of
the controller to minimise the difference. Figure 13.29 illustrates
the features of the system.
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For more details on adaptive control, the reader is referred to
specialist texts such as Adaptive Control by X.J. Astrom and
B. Wittenmark (Addison-Wesley 1989, 1995).




Problems

10

Closed-loop controllers 305

What are the limitations of two-step (on—off) control and in
what situation is such a control system commonly used?

A two-position mode controller switches on a room heater
when the temperature falls to 20°C and off when it reaches
24°C. When the heater is on, the air in the room increases in
temperature at the rate of 0.5°C per minute, when the heater
is off it cools at 0.2°C per minute. If the time lags in the
control system are negligible, what will be the times taken for
(a) the heater switching on to off, (b) the heater switching off
to on?

A two-position mode controller is used to control the water
level in a tank by opening or closing a valve which in the
open position allows water at the rate of 0.4 m?¥s to enter the
tank. The tank has a cross-sectional area of 12 m’ and water
leaves it at the constant rate of 0.2 m’s. The vaive opens
when the water level reaches 4 0 m and closes at 4 4 m. What
will be the times taken for (a) the valve opening to closing,
(b) the valve closing to opening?

A proportional controller is used to control the height of
water in a tank where the water level can vary from zero o
4.0 m. The required height of water is 3.5 m and the
controlier is to fully close a valve when the waler rises to 3.9
m and fully open it when the water falls o 3.1 m. What
proportional band and transfer function will be required?

A proportional controller has K» of 20 and a set point of 50%
output. Its output is to have a valve which at the set point
allows a flow of 2.0 m%s. The valve changes its output in
direct proportion to the controller output. What will be the
controller output and the offset error when the flow has to be
changed to 2.5 m%s?

A derivative controller has a set point of 50% and derivative
constant Kp of 0.5 s. The error starts at zero and then
changes at 2%/s for 3 s before becoming constant for 2 s,
after which it decreases at 1%/s to zero. What will be the
controller output at (a) 0's, (b) 1's, (c) 4 5,(d) 657

An integral controller has a set point of 50% and a value of
K. of 0.10 /s. The error starts at zero and changes at 4%/s for
2 s before becoming constant for 3 s. What will be the output
after imes of (a) 1 s, (b) 3 5?

A three-mode controller has Kpas 2, Kyas 0.1 /s, Kpas 1.0 s,
and a set point output of 50%. The error starts at zero and
changes at 5%/s for 2 s before becoming coastant for 3 s. {i
then decreases at 2%/s to zero and remains at zero. What will
be the controller output at (a) 0s, (®) 3 s, (€) 757

Describe and compare the characteristics of (a) proportional
control, (b) proportional plus integral control, (c)
proportional plus integral plus derivative control.

Determine the settings of Kp, T; and Tp required for a three-
mode controller which gave a process reaction curve with a
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L of 200 s and a gradient R of 0010%/s when the tegt

lag /

signal was a 3% change in the control valve position.

When tuning a three-mode control systern by the ultimate
cvcle method 1t was found that oscillations began when the
proportional band was decreased to 20%. The oscillations
1ad a periodic time of 200 s. What are the suitable values of
Kp, Ty and 737

Explain the basis on which the following forras of adaptive
control systems funcuon. (a) gain-scheduled, (b) self-tuning,
(© model«re;ercncc

A d.c. motor behaves like a first-order system with a transfer
function of relating output position to which it has rotated 3
load to input signal of 1/s(| + st). [f the time constant tis 1 s
and the motor is o be used in a closed-loop control system
with unity feedback and a proportional controlier, determine
the value of the proportionality constant which will give a
closed-ioop response with a 23% overshoot.

The small ultrasonic motor usad to move the lens for
automatic focusing with a camera (see Section 22.3.3) drives
the nog with so little inertia that the transfer function

o
b

clating angular poﬂi‘i')’ with wput sig Jml 15 representad by
ing the
is to be

e
i
.
|9

> ¢ 15 the

s

frictional itorque o

counirolied by a closed-toop syvsten with units fe_e'ﬂ ack, what
tvpe of behaviour can be expected if proportional countrol is
< 7
».:)\d




14.1 Digital logic

Many control systems are concerned with setting events in motion
or stopping them when certain conditions are met. For example,
with the domestic washing machine, the heater is only switched
on when there is water in the drum and it is to the prescribed
fevel. Such control involves digital signals where there are only
two possible signal levels. Digital circuitry is the basis of digital
computers and microprocessor controlled systems

This circuitry evolved from the tramsistor circuits being able to
output at one of two voltage levels depending on the levels at its
inputs. The two levels, usually 5 V and O V are the high and low
signals and represenied by 1 and 0. The binary numbering system
involves just the numbers 0 and | and is thus widely used with
such digital circuitry. These two levels of 0 and | may represent
levels of on or off, open or closed, yes or no, true or false, +5 V or
0V, elc.

With digital control we might, for example, have the water
input to the domestic washing machine switched on if we have
both the door to the machine closed and a particular time in the
operating cycle has been reached. There are two input signals
which are either yes or no signals and an output signal which is a
ves or no signal. The controller is here programmed to only give a
ves output if both the input signals are yes, i.e. if input 4 and
input B are both 1 then there is an output of 1. Such an operation
is said to be controlled by a logic gate, in this example an AND
gate. There are many machines and processes which are
controlied in this way.

The term combinational logic is used for the combining of two
or more basic logic gates to form a required function. For
example, a requirement might be that a buzzer sounds in a car if
the key is in the ignition and a door is opened or if the headlights
are on and the driver’s door is opened.

In addition to a discussion of combinational logic, this chapter
also includes a discussion of sequential logic. Such digital
circuitry is used to exercise control in a specific sequence dictated
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14.2 Number systems

by a control clock or enable-disable control signals. These are
combinational logic circuits with memory.

The decimal system is based on the use of 10 symbols or digits: 0,
1.2, 3, 4,5 6,7, 8,9 When a number is represented by thig
system, the digit position in the number indicates that the weight
attached to each digit increases by a factor of 10 as we proceed
from right to left.

10 10? 10! 10°
thousands hundreds tens units

The binary system is based on just two symbols or states: 0 and

1. These are termed binary digits or bits. When a number is
represented by this system, the digit position in the number
indicates that the weight attached to each digit increases by a
factor of 2 as we proceed from right to left.

23 21 21 20
bit 3 bit 2 bit | b 0

For example, the decimal number 15 in the binary system is 1111.
In a binary number the bit 0 is termed the least significant bit
(LSB) and the highest bit the most significant bit (MSB).

The octal system is based on eight digits: 0, 1, 2, 3, 4, 5, 6, 7.
When a number is represented by this system, the digit position in
the number indicates that the weight attached to each digit
increases by a factor of 8 as we proceed from right to left.

8’ 8 8! 8°

For example, the decimal number 15 in the octal system is 17.

The hexadecimal system is based on 16 digits/symbols: 0, 1, 2,
3,4,5,6,7,8,9, A, B, C,D, E, F. When a number is represented
by this system, the digit position in the number indicates that the
weight attached to each digit increases by a factor of 16 as we
proceed from right to left.

16 16 16' 16

For example, the decimal number 15 is F in the hexadecimal
system. This system is generally used in the writing of programs
for microprocessor-based systems since it represents a very
compact method of entering data.

The binary coded decimal system (BCD) is a widely used system
with computers. Each decimal digit is coded separately in binary.
For example, the decimal number 15 in BCD is 0001 0101. This
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code is useful for outputs from microprocessor-based systems
where the output has to drive decimal displays, each decimal digit
in the display being supplied by the microprocessor with its own
binary code.

Table 14.1 gives examples of numbers in the decimal, binary,
BCD, octal and hexadecimal systems.

Table 14.1 Number systems

Decimal Binary BCD Octal Hexadecimal
0 0000 0000 0000 0 0
1 0001 0000 0001 1 1
2 0010 0000 0010 2 2
3 0011 0000 0011 3 3
4 0100 0000 0100 4 4
5 0101 0000 0101 5 5
6 0110 0000 0110 6 6
7 011l 00000111 7 7
8 1000 0000 1000 10 8
9 1001 0000 1001 11 9

10 1010 0001 0000 12 A

1l 1011 0001 0001 13 B

12 1100 0001 0010 14 C

13 1101 00010011 13 D

14 1110 0001 0100 16 E

15 1111 0001 0101 17 F

14.2.1 Binary mathematics

Addition of binary mumbers follows the following rules:

0+0=0

0+1=1+0=1
1+1=10 ie O +carry 1
I+1+1=11  ie l+camyl

In decimal numbers the addition of 14 and 19 gives 33. In binary
numbers this addition becomes

Augend 01110
Addend 10111
Sum 100001
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Forbit 0,0+ 1 =1 Forbitl, 1+ 1= 10 and so we have 0 with |
carried to the next column. For bit 3, 1 + 0 + carried 1 = 10. For
bit 4, 1 + 0 + carried 1| = 10. We continue this through the
various bits and end up with the sum plus a carry 1. The fing]
nurmber is thus 100001. When adding binary numbers 4 and B to
give C, i.e. A+ B=C, then 4 is termed the augend, B the addend
and C the sum.
Subtraction of binary numbers follows the following rules:

0-0=0
1-0=1
I-1=0

0-1=10~1 +borrow =1+ borrow

When evaluating 0 - 1, a 1 is borrowed from the next column on
the left containing a | The following example illustrates this. In
decimal numbers the subtraction of 14 from 27 gives 13.

Minuend 11011
Subtrahend 01110
Difference 01101

For bit O we have I ~0 =1 Forbitl we have 1 — 1 =0. For bit 2
we have 0 — 1. We thus borrow 1 from the next column and so
have 10 — 1 = |. For bit 3 we have 0 - 1; remember we borrowed
the 1. Again borrowing 1 from the next column, we then have
10 - 1 = 1. For bit 4 we have 0 — 0 = 0; remember we borrowed
the 1. When subtracting binary numbers 4 and B to give C, i.e.
we have 4 — B = C, then A4 is termed the minuend, B the
subtrahend and C the difference.

The subtraction of binary numbers is more easily carried out
electronically when an alternative method of subtraction is used.
The subtraction example above can be considered to be the
addition of a positive number and a negative number. The
following techniques indicate how we can specify negative
numbers and so turn subtraction into addition. It also enables us
to deal with negative numbers in any circumstances.

The numbers used so far are referred to as unsigned. This is
because the number itself contains no indication whether it is
negative or positive. A number is said to be signed when the most
significant bit is used to indicate the sign of the number, a 0 being
used if the number is positive and a 1 if it is negative. When we
have a positive number then we write it in the normal way with a
0 preceding it. Thus a positive binary number of 10010 would be
written as 010010, A negative number of 10010 would be written
as 110010. However, this is not the most useful way of

A




Table 14.2 Signed numbers

Denary Signed
number number
+127 O1IL 1111 Justthe
etc. binary
+6 0000 0110 number
+3 0000 0101 signed with
+4 00000101 a0
+3 0000 0011
+2 00000010
+1 0000 0001
+0 0000 0000
-1 1111 1111 The twos
-2 11111110 complement
-3 1111 1101 signed with
~-4 1111 1100 al
-5 1111 1011
-6 {111 1010
etc.
-127 1006 0000
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representing negative numbers for case of manipulation by
computers.

A more useful way of representing negative nurbers is to use
the twos complement method. A binary number has two
complements, known as the ones complement and the twos
complement. The ones complement of a binary number is
obtained by changing all the 1s in the unsigned number into 0s
and the Os into ls. The twos complement is then obtained by
adding 1 to the ones complement. When we have a negative
number then we obtain the twos complement and then sign it with
a 1, the positive number being signed by a 0. Consider the
representation of the decimal number -3 as a signed twos
complement number. We first write the binary number for the
unsigned 3 as 0011, then obtain the ones complement of 1100,
add 1 to give the unsigned twos complement of 1101, and finally
sign it with a 1 to indicate it is negative. The result is thus 11101,
The following is another example, the signed twos complement
being obtained as an 8-bit number for -6.

Unsigned binary number 0000110
QOues comnplement 1111001
Add 1 !
Unsigned twos complement 1111010
Signed twos complement 1111 1010

When we have a positive number then we write it in the normal
way with a 0 preceding it. Thus a positive binary number of
100 1001 would be written as 01001001, Table 14.2 shows some
examples of numbers on this system.

Subtraction of a positive number from a positive number
involves obtaining the signed twos complement of the subtrahend
and then adding it to the signed minuend. Hence, for the
subtraction of the decimal number 6 from the decimal number 4
we have

Signed minuend 0000 0100
Subtrahend, signed twos complement 1111 1010
Sum 11111110

The most significant bit of the outcome is 1 and so the result is
negative. This is the signed twos complement for 2.

Consider another example, the subtraction of 43 from 57. The
signed positive number of 57 is 0011 1001. The signed twos
complement for —43 is given by:
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Unsigned binary number for 43 010 1011
Ones complement 1010100
Add 1 !
Unsigned twos complement 1010101
Signed twos complement 11010101

Thus we obtain by the addition of the signed positive number and
the signed twos complement number:

Signed minuend 0011 1001
Subtrahend, signed twos complement 1101 0101
Sum 0000 1110 +carry 1

The carry | is ignored. The result is thus 0000 1110 and since
the most significant bit is 0 the result is positive. The result is the
decimal number 14.

If we wanted to add two negative numbers ihen we would obtain
the signed twos complement for each numnber and then add them.
Whenever a number is negative we use the signed twos
complement, when positive just the signed number.

14.2.2 Floating numbers

[n the decimal number system, large numbers such as 120 000 are
often written in scientific notation as 1.2 x 10° or perhaps 120 x
10° and small numbers such as 0.000 120 as 1.2 x 107 rather
than as a number with a fixed location for the decimal point.
Numbers in this form of notation are written in terms of 10 raised
to some power. Likewise we can use such notation for binary
numbers but with them written in termas of 2 raised to some
power. For example, we might have 1010 written as 1.010 x 2% or
perhaps 10.10 x 2° Because the binary point can be moved to
different locations by a choice of the power to which the 2 is
raised, this notation is termed floating point.
A floating point number is in the form:

axrt

where a is termed the mantissa, r the radix or base and e the
exponent or power. With binary numbers the base is understood
tobe 2, i.e. we have a x 2.

The advantage of using floating-point numbers is that,
compared with fixed-point representation, a much wider range of
numbers can be represented by a given number of digits.

Because with floating point numbers it is possible to store a
number in a number of different ways, e.g. 0.1 x 10? and 0.01 X
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10%, with computing systems such numbers are normalised, 1.e.
they are all put in the form 0.1 x . Hence, with binary numbers
we have 0.1 x 2¢ and so if we had 0.00001001 it would become
0.1001 x 2 In order to take account of the sign of a binary
number we then add a sign bit of 0 for a positive number and 1
for a negative number. Thus the number 0.1001 X 27 becomes
1.1001 x 27 if negative and 0 1001 x 27 if positive.

If we want to add 2.01 x 10> and 10.2 x 10? we have to make the
power (the term exponent is generally used) the same for each.
Thus we can write 2.01 x 10% + 1.02 x 10°. We can then add them
digit by digit, taking account of any carry, {0 give 2.03 x 10°. We
adopt a similar procedure for binary floating-point numbers. Thus
if we want to add 0.101100 x 2* and 0.111100 x 2* we first adjust
them to have the same exponents, e.g. 0.101100 x 2' and
0.001111 x 2*, and then add them digit by digit to give 0.111011
x 2%,

Likewise for subtraction, digit-by-digit subtraction of floating-
point numbers can only occur between (wo numbers when they
have the same exponent. Thus 0.1101100 x 27" minus 0.1010100
x 25 can be written as 0.01010100 x 27* - 0.101010 x 2™ and the
result given as 0.1000010 x 2.

14.2.3 Gray code

Consider two successive numbers in binary code 0001 and 0010
(denary 2 and 3), two bits have changed in the code group in
going from one number to the next. Thus if we had, say, an

Table 14.3 Gray code

Decimal  Bivary  Gray absolute encoder (see Section 2.3.7) and assigned successive
number _ code code positions to successive binary numbers then two changes have to
0 0000 0000 be made in this case. This can present problems in that both
1 0001 0001 changes must be made at exactly the same instant; if one occurs
2 0010 0011 fractionally before the other then there can wmomentarily be
3 0011 0010 another number indicated. Thus in going from 0001 to 0010 we
4 0100 0110 might momentarily have 0011 or 0000 Thus an alternative
5 0101 0111 method of coding is likely to be used.
6 0110 0101 The Gray code is such a code, only one bit in the code group
7 0111 0100 changes in going from one number to the next. The Gray code is
3 1000 1100 unweighted in that the bit positions in the code group do not have
9 1001 1101 any specific weight assigned to them. It is thus not suited to
10 1010 1111 arithmetic operations but is widely used for input-oulput devices
i 11 1011 1110 such as absolute encoders. Table 14.3 lists decimal numbers and
- 12 1100 1010 their values in the binary code and in Gray code
13 1101 1011
14 1110 1001 14.2.4 Parity method for error detection
15 Hit 1000 The movement of digital data from one location to another can
result in transmission errors, the receiver not receiving the same
signal as transmitted by the transmitter as a result of electrical
noise in the transmission process. Sometimes a noise pulse may
be large enough at some point to alter the logic level of the signal.
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14.3 Logic gates

A

8

oo o

Fig. 14.1

AND gate representation

For example, the sequence 1001 may be transmitted and be
received as though 1101. In order to detect such errors a parity
bit is often used. A parity bit is an extra O or 1 bit attached to 3
code group at transinission. In the even-parity method the value
of the bit is chosen so that the total number of 1s in the code
group, including the parity bit, is an even number, For example,
in transmitting 1001 the parity bit used would be 0 to give 01001
and so an even number of ls. In transmitting 1101 the parity bit
used would be 1 to give 11101 and so an even nuinber of 1s. With
odd parity the parity bit is chosen so that the total number of 1s,
including the parity bit, is odd. Thus if at the receiver the number
of Is in a code group does not give the required parity, the
receiver will know that there is an error and can request the code
group be retransmitted.

An extension of the parity check is the sum check in which
blocks of code may be checked by sending a series of bits
representing their binary sum. Parity and sum checks can only
detect single errors in blocks of code, double errors go undetected.
Also the error is not located so that correction by the receiver can
be made. Multiple-error detection techniques and methods to
pinpoint errors have been devised (see Section 21.3) and texts
such as dudio, Video and Data Telecommunications by D.
Peterson (McGraw-Hill 1992) explain these in more detail.

Logic gates are the basic building blocks for digital electronic
circuits.

14.3.1 AND gate

Suppose we have a gate giving a high output only when both
input A and input B are high, for all other conditions it gives a
low output. This is an AND logic gate. We can visualise the AND
gate as an electrical circuit involving two switches in series (Fig.
14.1). Only when switch 4 and switch B are closed is there a
current.

An example of an AND gate is an interlock control system for a
machine tool such that if the safety guard is in place and gives a 1
signal and the power is on, giving a 1 signal, then there can be an
output, a 1 signal, and the machine operates. Another example is
a burglar alarm in which it gives an output, the alarm sounding,
when the alarm is switched on and when a deor is opened to
activate a sensor.

The relationships between inputs to a logic gate and the outputs
can be tabulated in a form known as a truth table. This specifies
the relationships between the inputs and outputs. Thus for an
AND gate with inputs 4 and B and a single output Q, we will
have a | output when, and only when, 4 = 1 and B = 1. All other
combinations of 4 and B will generate a 0 output. We can thus
write the truth table as:
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Cousider what happens when we have two digital inputs which
are functions of time, as in Fig. 14.2. There will only be an output
from the AND gate when each of the inputs is high and thus the
output is as shown in the figure.

We can express the relationship between the inputs and the
outputs of an AND gate in the form of an equation, termed a
Boolean equation. The Boolean equation for the AND gate is
written as

Different sets of standard circuit symbols for logic gates have
been used with the main form being that originated in the Uunited
States: an international standard form (IEEE/ANSID, however,
has now been developed; this removes the distinctive shape and
uses a rectangle with the logic function written inside it. Figure
14.3(a) shows the United States form of symbol used for an AND
gate and (b) shows the new standardised form, the & symbol
indicating AND. Both forms will be used in this book.

14.3.2 OR gate

An OR gate with inputs A4 and B gives an output of a 1 when 4 or
B is 1. We can visualise such a gate as an electrical circuit
involving two switches in parallel (Fig. 14.4). When switch 4 or
B is closed then there is a current. OR gates can also have more
than two inputs. The truth table for the gate is:

Inputs Output
B Q

We can write the Boolean equation for an OR gate as:
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Fig. 147  Symbols for NOT gate

A+B=0

The symbols used for an OR gate are shown in Figure 14.5; the
use of a greater than or equal to 1 sign to depict OR arises from
the OR function being true if at least more than one input is true.

14.3.3 NOT gate

A NOT gate has just one input and one output, giving a 1 output
when the input is 0 and a 0 output when the input is 1. The NOT
gate gives an output which is the inversion of the input and is
called an inverter. Thus if we have a digital input which varies
with time, as in Figure 14.6, the out variation with time is the
inverse.

The following is the truth table for the NOT gate:

Input Output

A 0
0 1
1 0

The Boolean equation describing the NOT gate is:

4=0
A bar over a symbol is used to indicate that the inverse, or
complement, is being taken; thus the bar over the .4 indicates that
the output Q is the inverse value of 4. Figure 14.7 shows the
symbols used for a NOT gate. The 1 representing NOT actually
symbolises logic identity, i.e. no operation, and the inversion is
depicted by the circle on the output.

14.3.4 NAND gate

The NAND gate can be considered as a combination of an AND
gate followed by a NOT gate (Fig. 14.8(a)). Thus when input 4 is
1 and input B is 1 there is an output of 0, all other inputs giving
an output of 1.

The NAND gate is just the AND gate truth table with the
outputs inverted. An alternative way of considering the gate is as
an AND gate with a NOT gate applied to invert both the inputs
before they reach the AND gate. Figure 14.8(b) shows the
symbols used for the NAND gate, being the AND symbol
followed by the circle to indicate inversion. The following is the
truth table:
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NAND gate

I N R
N R R

2l

Fig. 14.8

NAND gate

I
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— 4
Output i Output
A.B AB B A-B
Inputs
| Output A Output
& 1 P & P
A.B | A8 B A8
Inputs
(b)
Inputs Gutput
A B 0
0 0 1
0 | {
1 0 l
I l 0

The Boolean equation describing the NAND gate is:

4-B=0Q

Figure 14.9 shows the output that occurs for a NAND gate
when its two inputs are digital signals which vary with time.
There is only a low output when both the inputs are high.

14.3.5 NOR gate

The NOR gate can be considered as a combination of an OR gate
followed by a NOT gate (Fig. 14.7(a)). Thus when input 4 or
input B is 1 there is an output of 0. It is just the OR gate with the
outputs inverted. An alternative way of considering the gate is as
an OR gate with a NOT gate applied to invert both the inputs
pefore they reach the OR gate. Figure 14.10(b) shows the symbols
used for the NOR gate; it is the OR symbol followed by the circle
to indicate inversion. The Boolean equation for the NOR gate is:

A+B=0

=

The following is the truth table for the NOR gate:
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Fig. 14.10

Fig. 14.11

u | Output H Output
5 ave | TAE 5 775
Inputs Inputs
AT ] Outptit ————~M L Output
> 1 O_p___ >1 P
B = A+B A+B 5 = AT8
Inputs inputs
NOR gate @ (k)
Inputs Output
A B 0
0 0 1
0 1 0
1 0 0
| l 0
14.3.8 XOR gate
The EXCLUSIVE-OR gate (XOR) can be considered to be an OR
gate with a NOT gate applied to one of the inputs to invert it
before the inputs reach the OR gate (Fig. 14.11(a)). Alternatively
it can be considered as an AND gate with a NOT gate applied to
one of the inputs to invert it before the inputs reach the AND
gate. The symbols are shown in Figure 14.11(b); the =1 depicts
that the output is true if only one input is true. The following is
the truth table:
A A
Output E— Output
inputs & | -
8 —J A+B B A+B
A A
>1 Output — = Output
Inputs = - —] -
A+B A+8B
2 BN :
@ (b)
XOR gate
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Inputs Output
4 B Q
0 0 0
0 1 1
1 0 1
i 1 0

14.3.7 Combining gates

It might seem that to make logic systems we require a range of
gates. However, as the following shows, we can make up all the
gates from just one. Consider the combination of three NOR gates
shown in Figure 14.12. The truth table, with the intermediate and
final outputs, is as follows:

A B c D 0
0 0 1 1 0
0 1 1 0 0
1 0 0 \ 0
! 1 0 0 !

The rtesult is the same as an AND gate. [f we followed this
assebly of gates by a NOT gate then we would obtain a truth
table the same as a NAND gate.

A combination of three NAND gates is shown in Figure 14.13
The truth table, with the intermediate and final outputs. is as

follows:
4 B C D 0
0 0 1 1 0
0 1 1 0 1
1 0 0 1 I
1 1 0 0 1

c A
_ >1 KC
- -+ 2P —

S Q
inputs Lo~ >O Inputs R > (}-—3
B H A > '1 D ]

s

Ll =

Fig. 14.12 Three NOR gates




320 Mechatronics

A é__ c
Inputs | L—
B LD

Fig. 14.13 Three NAND gates

Cr= [

1= LB

E—@‘ =l
Ge\m%j“_’ C;—;%
" 2.

Lg] { \ ——1 13

= ?Ef%

Eﬁ} I
GND 7| —1s
(b)

Fig. 14.14  Integrated circuits:
(a) 7408, (b) 7402

14.4 Boolean algebra

o]

9]

A
C
‘—‘% & 31
Inputs & Q
] -

The result is the same as an OR gate. If we followed this
assembly of gates by a NOT gate then we would obtain a truth
table the same as a NOR gate.

The above two illustrations of gate combinations show how one
type of gate, a NOR or a NAND, can be used to substitute for
other gates, provided we use more than one gate. Gates can also
be combined to make complex gating circuits and sequential
circuits.

Logic gates are available as integrated circuits. The different
manufacturers have standardised their numbering schemes so that
the basic part numbers are the same regardless of the
manufacturer. For example, Figure 14.14(a) shows the gate
systems available in integrated circuit 7408, it has four two-input
AND gates and is supplied in a 14-pin package. Power supply
connections are made to pins 7 and 14, these supplying the
operating voltage for all the four AND gates. In order to indicate
at which end of the package pin | starts, a nolch is cut between
pins | and 14. Integrated circuit 7411 has three AND gates with
each having three inputs; integrated circuit 7421 has two AND
gates with each having four inputs. Figure 14.14(b) shows the
gate systems available in integrated circuit 7402. This has four
two-input NOR gates in a 14-pin package, power connections
being to pins 7 and 14. Integrated circuit 7427 has three gates
with each having three inputs; integrated circuit 7425 has two
gates with each having four inputs.

The above integrated circuits, with their 74xx numbers are
transistor-transistor logic (TTL) circuits and are based on the use
of transistors and basically operate between the 0 and 5 V levels.
The standard CMOS family have the numbers 40xx and the high-
speed CMOS family 74HCxx. Table 14.4 shows the general
characteristics of the families; Figure 14.15 showing the input
and output voltages.

Boolean algebra involves the binary digits | and O and the
operations -, + and the inverse. The laws of this algebra are:

1 Anything ORed with itself is equal to itself: 4 + 4 = 4.




Table 14.4 General characteristics of TTL and CMOS families
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TTL

Supply voltage
Max. supply current

Voltage
Current
Voltage
Current
Max. operating frequency
Active power consumption

0 State

1 State

4.75-5.25V
-100 mA
Output
0sVv
8 mA
27V
—0.4 mA
33 MHz
g mW

Input
08V

-0.4 mA
20V
0.02 mA

5-15V
-0.02 mA
Output
005V
0.5 mA
495V
-0.2 mA
10 MHz
0.1 mW

Input
15V
-0.0001 mA
35V
0.0001 mA

Anything ANDed with itself is equal to itself: 4 - 4 = 4.

It does not matter in which order we consider inputs for OR
and AND gates, e.g.

A+B=B+A4 and A-B=8-4
GND 77 _ As the following truth table indicates:

Input voitage (V)  Output voltage (V)

A+B-O=U+B)-4+0O)

B C B-C A4+B-C A4+B 4+C (A+B):

“+0
0

W
7

N W s N

—_

GN 7~ GND

— e e e OO O O
s DD e = OO
- D e O e O — O
_0 O O - O O O
Pt et e e e OO O O
L . T w S )
— e bt e CD = O

0
0
1
1
I
1
1

Input voltage (V)
{b)

Fig. 14.15 Defining high and low:
{a) TTL, (b) CMOS

Output voltage (V)

Likewise we can use a truth table to show that we can treat
bracketed terms in the same way as in ordinary algebra, e.g.

A4-B+O)=A4-B+4-C

Anything ORed with its own inverse equals |-

A+ 4 =1
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7 Anything ANDed with its own inverse equals 0:

8 Anything ORed with a 0 is equal to itself, anything ORed
witha lisequaltol. Thus4 +0=4andA4 +1= L

9  Anything ANDed with a 0 is equal to 0; anything ANDed
with a 1 is equal to itself ThusA-0=0andA-1=4.

As an illustration of the use of the above to simplify Boolean
expressions, consider simplifying:

(A+B)-C+A4-C

Using item 5 for the first term gives:
A-C+B-C+4-C

We can regroup this and use item 6 to give:
4(C+0O)+B-C=4-1+B-C

Hence, using item 9 the simplified expression becomes:
A+B-C

14.4.1 De Morgan laws

As illustrated above, the laws of Boolean algebra can be used to
simplify Boolean expressions. In addition we have what are
known as the De Morgan laws:

| The inverse of the outcome of ORing 4 and B, is the same as
when the inverses of 4 and B are separately ANDed. The
following truth table shows the validity of this:

A+B=A-B
A B A+B A+B A B 4-B
0 0 0 1 1 ] |
0 i 1 0 i 0 0
1 0 1 0 0 1 0
1 1 1 0 0 0 0




Fig. 14.16

>

Fig. 14.17

Circuit simplification

Circuit simpilification
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9 The inverse of the outcome of ANDing 4 and B is the same
as when the inverses of A and B are separately ORed. The
following truth table shows the validity of this:

,4~B=—/T+—§
A B A-B A-B A B A+B
0 0 0 1 1 ] 1
0 1 0 1 1 0 1
1 0 0 1 0 1 ]
1 1 | 0 0 0 0

As an illustration of the use of a De Morgan law, consider the
simplification of the logic circuit shown in Figure 11.16.

mputsi L | —
T/
A St |
C
L
Inputs & Q
I

The Boolean equation for the output in terms of the input is:

0=A4-B-B

Applying the second law from above gives:

We can write this as:

O=A-B+B-B=A-B+0=4"B

Hence the simplified circuit is as shown in Figure 1+.17.
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—
gl
|

c &
(a)
8
A O
9 —l
c LY |

|

O
1Y
—

(b)

Fig. 14.18  (a) Sum of products,
(b) product of sums

14.4.2 Boolean function generation
from truth tables

Given a situation where the requirements of a system can be
specified in terms of a truth table, how can a logic gate system
using the minimum number of gates be devised to give that truth
table?

Boolean algebra can be used to manipulate switching functions
into many equivalent forms, some of which take many more logic
gates than others; the form, however, to which most are
minimised is AND gates driving a single OR gate or vice versa,
Two AND gates driving a single OR gate (Fig. 14.18(a)) give:

A-B+4-C

This is termed the sum of products form. For two OR gates
driving a single AND gate (Fig. 14.18(b)), we have:

U+B)-(d+0O

This is known as the product of sums form.

Thus in considering what minimum form might fit a given truth
table, the usual procedure is to find the sum of products or the
product of sums form that fits the data. Generally the sum of
products form is used. The procedure used is to consider each row
of the truth table in turn and find the product that would fit a row.
The overall result is then the sum of all these products.

Suppose we have a row in a truth table of:

A=1,B=0andoutput 0 =1

When A4 is 1 and B is not 1 then the output is 1, thus the product
which fits this is:

O=A4-B

We can repeat this operation for each row of a truth table, as the
following table indicates.

A B Output Products
0 0 0 A-B

0 1 0 Ry

1 0 1 A-B

1 | 0 A-B
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However, only the row of the truth table that has an output of 1
A need be considered, since the rows with O output do not contribute

""’—L to the final expression; the result is thus:
Dgu(put
0=4-B

The logic gate system that will give this truth table is thus that
shown in Figure 4.19.
A As a further example, cousider the following truth table, only

- outout the products terms giving a 1 output being included:
p!

B C Output  Products

|
T
-

L 0 0 0 ! 4-B-C

Fig. 1419 A .B 0 0 1 0
0 1 0 ! 4-B-C

0 1 1 0

1 0 0 0

1 0 ! 0

1 { 0 0

i 1 L 0

Thus the sum of products which fits this table is:

The truth table can thus be generated by just a NAND gate.

14.5 Karnaugh maps The Karnaugh map is a graphical method that can be used to
produce simplified Boolean expressions from sums of products
obtained from truth tables. The truth table has a row for the value
of the output for each combination of input values. With two
input variables there are four lines in the truth table, with three
input variables six lines and with four input variables 16 lines.
Thus with two input variables there are four product terms, with
three input variables there are six and with four input variables
16. The Karnaugh map is drawn as a rectangular array of cells,
with each cell corresponding to a particular product value. Thus
with two input variables there are four cells, with three input
variables six cells and with four input variables 16 cells. The
output values for the rows are placed in their cells in the
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Two input variable map

B B
A
A
Fig. 14.20
B B
A
A 1
Fig. 14.21

Two input variable map

Karnaugh map, though it is usual to only indicate the 1 output
values and leave the cells having 0 output as empty

Figure 14.20 shows the map for two input variables The cells
are given the output values for the following products:

the upper left cell A-B,
the lower left cell 4 - _E

the upper right cell A- B,
the lower right cell 4 - B

The arrangement of the map squares is such that horizontally
adjacent squares differ only in one variable and, likewise,
vertically adjacent squares differ in only one variable. Thus
horizontally with our two-variable map the variables differ only
in 4 and vertically they differ only in B.

For the following truth table, if we put the values given for the
products in the Karnaugh map, only indicating where a cell has a
1 value and leaving blank those with a 0 value, then the map
shown in Figure 14.21 is obtained.

A B Output Products
0 0 0 A.-B

0 1 0 4-B

i 0 1 4-B

I 1 0 A-B

Because the only 1 entry is in the lower right square, the truth
table can be represented by the Boolean expression:

output = 4 .B

As a further example, consider the following truth table:

A B Oulput Products
0 0 0 A-B

0 1 0 4-B

1 0 1 A-B

1 1 1 4B
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It gives the Karnaugh map shown in Figure 14.22 This has an

B 8 output given by:
A —_—
output=4- B +4-B
A ‘ ’ We can simplify this to:

A-B+4-B=A-(B+B)=4
Fig. 14.22  Two input variable map
When two cells containing a 1 have a common vertical edge we
can simplify the Boolean expression to just the common variable.
We can do this by inspection of a map, indicating which cell
entries can be simplified by drawing loops round them, as in

c c Figure 14.22.
o - Figure 14.23 shows the Karnaugh map for the following truth
A8 | 10 table, it having three input variables. As before we can use
: looping to simplify the resulting Boolean expression fo just the
W REEE common variable. The result is:
A8 output = 4 - C
- A B C Qutput  Products
A-8 o .
L 0 0 0 L 4B C
Fig. 14.23  Three input variable map 0 0 1 0 ;T B.C
0 1 0 ! A4-B-C
0 1 1 0 4-8-C
L 0 0 0 4-8.-C
1 0 1 0 A-B-C
1 ! 0 0 A4-B-C
1 1 1 0 AB-C

Figure 14.24 shows the Karnaugh map for the following truth

c-bc-bc-DC:D table, it having four input variables. Looping simplifies the
A.B ! }\.,,‘ resulting Boolean expression to give:
A+B 0 output=A - C -D+A4-B-C
A8 ‘\11 The above represents just some simple examples of Karnaugh
- maps and the use of looping. Note that in looping, adjacent cells
can be considered to be those in the top and bottom rows of the

left- and right-hand columns. Think of opposite edges of the map
being joined together. Looping a pair of adjacent Is in a map
eliminates the variable that appears in complemented and
uncomplemented form. Looping a quad of adjacent s eliminates

Fig. 14.24  Four-variable map
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ol
o

Map for machine

the two variables that appear in both complemented and
uncomplemented form. Looping an octet of adjacent 1s eliminates
the three variables that appear in both complemented and

uncomplemented form.

A B C D Output  Products

0 0 0 0 0

0 0 0 1 i 4.B-C-D
0 0 1 0 0

0 0 i 1 0

0 1 0 0 0

0 1 0 1 1 4-B-C-D
0 [ 1 0 0

0 1 1 1 0

1 0 0 0 0

1 0 0 1 0

1 0 1 0 0

1 0 I 1 0

1 1 0 0 0

1 1 0 1 0

1 1 1 0 1 4-B-C-D
i 1 1 1 1 A-B-C-D

As a further illustration, consider an automated machine that
will only start when two of three sensors 4, B and C give signals.
The following truth table fits this requirement and Figure 14.25
shows the resulting three-variable Kamaugh diagram.

A B C Output  Products
0 0 0 0

0 0 1 0

0 1 0 0

0 1 1 1 A4.B-C
1 0 0 0

1 0 1 1 A-B-C
] 1 0 1 A-B.-C
1 1 1 1 A-B-C

The Boolean expression which fits the map and thus describes

the outcome from the machine is:

Outcome=A4A -B+B-C+A4-C
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A -—-§——-—~—~ L

B T i
DU | | I—
&

s

Fig. 14.26 Automated machine

14.6 Applications of
logic gates

A )

Figure 1426 shows the logic gates that could be used to
generate this Boolean expression. 4 - B describes an AND gate
for the inputs 4 and B. Likewise B - C and 4 - C are two more
AND gates. The + signs indicate that the outputs from the three
AND gates are then the inputs to an OR gate.

In some logic systems there are some input variable
combinations for which oulputs are not specified. They are
termed "don’t care states’. When entering these on a Karnaugh
map, the cells can be set to either 1 or 0 in such a way that the
output equations can be simplified.

The following are some examples of the uses of logic gates for a
number of simple applications.

14.6.1 Parity generators

In Section 14.2.4 the use of parity bils as an error detection
method was discussed. A single bit is added to each code block to
force the number of 1s in the block, including the parity bit, to be
an odd number if odd parity is being used or an even number if
even parity is being used.

Figure 14.27 shows a logic gate circuit that could be used
to determine and add the appropriate parity bit. The sysitem
employs XOR gates; with an XOR gate if all the inputs are 0 or
all are | the output is 0, and if the inputs are not equal the output
is a 1. Pairs of bits are checked and an output of | given if they
are not equal. If odd parity is required the bias bit is 0, if even
parity it is 1. The appropriate bias bit can then be added to the
signal for transmission. The same circuit can be used to check the
parity at the receiver, with the final output being a 1 when there is
an error. Such circuits are available as integrated circuits.
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bo ——f

b, =1 ]

The block =1 b

of bits
b2 —————
i
= 1 Parity
bs - I T pit

Bias hit

bt = L) \
The block

of bits

b ] - Parity

' ] A bit
Fig. 14.27  Parity bit b [} > ______
S

generator

14.6.2 Digital comparator

A digital comparator is used to compare two digital words to
determine if they are exactly equal. The two words are compared
bit by bit and a 1 output given if the words are equal. To compare
the equality of two bits an XOR gate can be used; if the bits are
both 0 or both 1 the output is 0, and if they are not equal the
output is a 1. To obtain a 1 output when the bits are the same we
need to add a NOT gate, this combination of XOR and NOT
being termed an XNOR gate. To compare each of the pairs of bits
in two words we need an XNOR gate for each pair. If the pairs
are made up of the same bits then the output from each XNOR
gate is a | We can then use an AND gate to give a 1 output when
all the XNOR outputs are 1s. Figure 14.28 shows the system.

Digital comparators are available as integrated circuits and can
generally not only determine if two words are equal but which
one is greater than the other. For example, the 7485 4-bit
magnitude comparator compares two 4-bit words 4 and B, giving
a | output from pin 5 if 4 is greater than B. a | output from pin 6
if 4 equals B and a | output from pin 7 if 4 is less than 8.
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= 1  — by e
a; —
UL e T
& — F}
1 a, _ S—
=1
b, —rlf
a —— 1 az —
FY— =1 by — |

Fig. 14.28 Comparator

14.6.3 Code converter

In many applications there is a need to change data from one type

of code to another. For example, the output from a microprocessor

. system might be BCD and need to be transformed into a suitable
Decimal y . . L

output code to drive a seven-segment display. The term dara decoding is

N used for the process of converting some code group, e.g. BCD,
binary, hex, into an individual active output representing that

group. A decoder has n binary input lines for the coded input of

—

particular decimal number with each output line corresponding to
a decimal number (Fig. 14.29).

Thus, in general, a decoder is a logic circuit that looks at its
Decoder inputs, determines which number is there, and activates the one
output that corresponds to that number. Decoders are widely used
in microprocessor circuiis.

Decoders can have the active output high and the inactive ones
low or the active output low and the inactive ones high. For
active-high output a decoder can be assembled from AND gates
while for active-low output NAND gates can be used. Figure
14.30 shows how a BCD-to-decimal decoder for active-low output
can be assembled and the resulting truth table. Such a decoder is
readily available as an integrated circuit, e.g. 74L.5145.

A decoder that is widely used is BCD-to-seven, e.g. 74LS244,
for taking a 4-bit BCD input and giving an output to drive the
seven segments of a display.

LSB 2 an n-bit word and gives m output lines such that only one line is
Ea— — 3 activated for one possible combination of inputs, i.e. only one
P gp— L 4 output line gives an output for a particular word input code. For
BCD 5 example, a BCD-to-decimal decoder has a 4-bit input code and 10
input 5 output lines so that a particular BCD input will give rise to just
MS8 ; one of the output lines being activated and so indicating a

8

9

Fig. 14.29  Decoder
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The term 3-line-to-8-line decoder is used where a decoder has

three input lines and eight output lines. It takes a 3-bit binary
number and activates the one of the eight outputs corresponding
to that number. Figure 14.31 shows how such a decoder can be
realised from logic gates and its truth table.

Outputs Outputs

& B O D_ O
inputs

inputs ——
=i >0
A }ii
— § N & 1 & EY — 1
G 88—
—— s ® e
~—— 1 B & L2 >O 8 { g)___ 2
B -~J £ a 4
B— s ®—
2 3 =
> & —3 & >~ 3
o I gl
' S, - —— O - )
1P >0
C»; B . & +——14 c ! F W UE— — 4
B o A # | S
& @.-—m____/
e
& & |8 & —- B
B &
_{
& +—7 7
inputs Outputs
o] B A 0 1 2 3 4 S 3] 7
0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 Q 0
0 i 0 0 0 i [} 0 0 0 0
0 1 i 0 0 0 i 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0
1 0 1 0 0 0 0 0 { 0 0
1 1 0 0 0 0 0 0 0 1 0
1 1 1 o] 0 0 0 0 0 0 1
Fig. 14.31  3-line-to-8-line decoder
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Some decoders have one or more ENABLE inputs that are used
to control the operation of the decoder. Thus with the ENABLE
line HIGH the decoder will function in its normal way and the
inputs will determine which output is HIGH; with the ENABLE
line LOW all the outputs are held LOW regardless of the inputs.
Figure 14.32 shows a commonly used 3-line-to-8-line decoder
with this facility, the 74LS138. Note that the outputs are
active-LOW rather than the active-HIGH of Figure 14.31, and
that it has three ENABLE lines with the requirement for normal
functioning that E1 and E3 are LOW and E3 is HIGH. All other
variations result in the decoder being disabled and just a HIGH

output.
Outputs
} O
‘ €]
) 'S
1 Enable s — 2
i 3 —— ™~ 2
‘ 2 »--—N-_-_a-
1 — / j
® -~ 3
8
% }
& - 4
$__
L 2
Inputs ® 5
A >O ? >o—4a 3
B So—or o T
’}— 7
¢ >O = D(} P
Enable Inputs Outputs
E1 E2 E3 c B A 0 1 2 3 4 5 6 7
1 X X X X X 1 1 1 1 1 1 1 1
X 1 X X X X 1 1 1 1 1 1 1 1
X X 0 X X X 1 1 1 1 1 1 1 1
0 0 1 0 ] 0 ¢] 1 1 i 1 i 1 1
0 0 1 0 0 1 1 0 1 1 1 1 1 1
0 0 1 0 1 0 1 1 0 1 1 { 1 1
0 Q 1 0 1 1 1 i 1 0 1 i 1 1
0 0 1 i 0 0 1 1 1 1 0 1 1 1
0 0 1 1 0 1 1 1 1 1 1 0 1 1
0 0 1 1 i 0 1 1 1 1 1 1 0 1
0 0 1 1 1 1 1 1 1 1 1 1 1 0

Fig. 14.32 74LS5138:1 = HIGH, 0 = LOW, X = does not matter
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Figure 14.33 illustrates the type of response we can get from a
7415138 decoder for different inputs.

A 74LS138 decoder might be used with a microprocessor with
the ENABLE used to switch on the decoder and then depending
on the the output from three output lines from the microprocessor
so one of the 8 decoder outputs receives the LOW output with all
the others remaining HIGH. Thus, we can consider each output
device to have an address, i.e. a unique binary output number, so
that when a microprocessor sends an address to the decoder it
activates the device which has been allocated that address. The
7418138 can then be referred to as an address decoder.

I

- R U R A 6 I B I O
B []2 15070 . —
c 3 14
C g 1 o
£1 4 13{732
o0 g 1 LT
r-gc 5 12{13 s 2 LT
! o717 10715 4 LT
—{8 9[e - J N —— e
Gnd —
7415138 6 .
Fig. 14.33 74L$138 — 7
14.7 Sequential logic The logic circuits considered in earlier sections of this chapter are

all examples of combinational logic systems. With such systems
the output is determined by the combination of the input variables
at a particular instant of time. For example, if input 4 and input B
occur at the same time then an AND gate gives an output. The
output does not depend on what the inputs previously were.
Where a system requires an output which depends on earlier

External values of the inputs, a sequential logic system is required. The
inputs — main difference between a combinational logic system and a
———384 Combinational —% al logi . il logic sv

ocic cates P sequential logic system is that the sequential logic system must

cge g S have some form of memory.
L L Outputs Figure 14.34 shows the basic form of a sequential logic system.
The combinational part of the system accepts logic signals from
Mermory external inputs and from outputs from the memory. The

combinational system then operates on these inputs to produce its
outputs. The outputs are thus a function of both its external inputs
Fig. 1434  Sequential logic system and the information stored in its memory.
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Fig. 14.37 SR flip-flop

14.7.1 The flip-flop

The flip-flop is a basic memory element which is made up of ag
assembly of logic gates. There are a number of forms of flip-flops.
Figure 14.35 shows one form, the SR (set-reset) flip-flop,
involving NOR gates. If initially we have both outputs 0 and S =
0 and R = 0, then when we set and have S change from 0 to 1, the
output from NOR gate 2 will become 0. This will then result in
both the inputs to NOR gate 1 becoming 0 and so its output
becomes 1. This feedback acts as an input to NOR gate 2 which
then has both its inputs at 1 and results in no further change.

Now if S changes from 1 to 0, the output from NOR gate 1
remains at 1 and the output from NOR gate 2 remains at 0. There
is no change in the outputs when the input S changes from 1 10 0.
It will remain in this state indefinitely if the only changes are to
S. It ‘remembers’ the state it was set to. Figure 14.36 illustrates
this with a timing diagram in which a rectangular pulse is used as
the input S.

If we change R from O to | when S is 0, the output from NOR
gate | changes to 0 and hence the output from NOR gate 2
changes to 1. The flip-flop has been reset. A change then of R to
0 will have no effect on these outputs.

Thus when S is set to | and R made 0, the output O will change
to 1 if it was previously 0, remaining at 1 it was previously 1.
This is the set condition and it will remain in this condition even
when S changes to 0. When S'is 0 and R is made | the output Q is
reset to 0 if it was previously 1, remaining at 0 if it was previously
0. This is the rest condition. The output Q that occurs at a
particular time will depend on the inputs S and R and also the last
value of the output. The following state table illustrates this:

S R Q- 0w Q, =~ Qn
0 0 0-0 1-1
0 0 1-1 0-0
0 { 0-0 I -1
0 1 1 -0 0-0
1 0 0-1 1-0
1 0 1 -1 0-0
l | Not allowed
1 1 Not allowed

Note that if S and R are simultaneously made equal to 1, no stable
state can occur and so this input condition is not allowed. Figure
14.37 shows the simplified block symbol used for the SR flip-flop.

As a simple illustration of the use of a flip-flop consider a
simple alarm system in which an alarm is to sound when a beam
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of light is interrupted and remain sounding even when the beam
is no longer interrupted. Figure 14.38 shows a possible system. A
photo transistor might be used as the sensor and so connected that
when it is illuminated it gives a virtually O V input to S but when
the illumination ceases it gives about 5 V input to S. When the
light beam is interrupted S becomes 1 and the output from the
flip-flop becomes 1 and the alarm sounds. The output will remain
as | even when S changes to 0. The alarm can only be stopped if
the reset switch is momentarily opened to produce a 5 V input
to R.

14.7.2 Synchronous systems

It is often necessary for set and reset operations to occur at
particular times. With an unclocked or asynchronous system the
outputs of logic gates can change state any time any one or more
of the inputs change. With a clocked or synchronous system the
exact times at which any output can change state is determined by
a signal termed the clock signal This is generally a rectangular
pulse train and when the same clock signal is used for all parts of
the system, outputs are synchronised. Figure 1439 shows the
principle of a gated SR flip-flop. The set and clock signal are
supplied through an AND gate to the S input of the flip-flop.
Thus the set signal oaly arrives at the flip-flop when both it and
the clock signal are 1. Likewise the reset signal is supplied with
the clock signal to the R input via another AND gate. As a
consequence, setting and resetting can only occur at the time
determined by the clock. Figure 14.40 shows the timing diagram.

s —§ 1

14.7.3 JK flip-fiop

For many applications the indeterminate state that occurs with the
SR flip-flop when S = 1 and R = 1 is not acceptable and another
form of flip-flop is used, the JK flip-flop (Fig. 14.41) This has
become a very widely used flip-flop device. The following is the
truth table for this flip-flop; note the only changes from the state
table for the SR flip-flop are the entries when both inputs are 1.
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Fig. 14,45  Positive edge-triggered

Fig. 1448 Symbol for edge-
triggered D flip-flop

J K Qi = Qi 5, ~+-§M
0 0 0-0 -1
0 0 [ -1 0-0
0 l 0-0 1-1
0 1 1 -0 0-0
1 0 0-1 10
l 0 -1 0-0
1 1 01 1-0
1 1 1-0 0-1

As an illustration of the use of such a flip-flop, consider the
requirement for a high output when input 4 goes high and then
some time later B goes high. An AND gate can be used to
determine whether two inputs are both high but its output will be
high regardless of which input goes high first. However, if the
inputs 4 and B are used with a JK flip-flop, then 4 must be high
first in order for the output to go high when B subsequently goes
high.

14.7.4 D flip-flop

The Data or D flip-flop is basically a clocked SR flip-flop or a JK
flip-flop with the D input being connected directly to the S or J
inputs and via a NOT gate to the R or K ieputs (Fig. 14.42); in
the symbol for the D flip-flop this joined R and X input is labelled
D. This arrangement means that a 0 or a 1 input will then switch
the outputs to follow the input when the clock pulse is 1 (Fig.
14.43). A particular use of the D flip-flop is to ensure that the
output will only take on the value of the D input at precisely
defined times. Figure 14.44 shows the symbol used for a D
flip-flop.

With the above form of D flip-flop, when the clock or enable
input goes high, the output follows the data presented at input D.
The flip-flop 1s said to be transparent. When there is a
high-to-low transition at the enable input, output Q is held at the
data level just prior to the transition. The data at transition is said
to be latched. D flip-flops are available as integrated circuits. The
7475 is an example, 1t containing four transparent D latches.

The 7474 D flip-flop differs from the 7475 in being an
edge-triggered device; there are two such Hip-flops in the
package. With an edge-triggered D flip-flop, transitions in QO only
occur at the edge of the input clock pulse and with the 7474 it is
the positive edge, ie. low-to-high transition Figure 14.45
illustrates this. The basic symbol for an edge-triggered D flip-flop
differs from that of a D flip-flop by a small triangle being
included on the CK wnput (Fig. 14 46). There are also two other
inputs called preset and clear. A low on the preset sets the output
Q to 1 while a low on clear clears the output, setting O to 0.
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Fig. 14.47  Alarm system

As an illustration of a simple application for such a flip-flop,
Figure 14.47 shows a system that could be used to show a green
light when the sensor input is low and a red light when it goes
high and sound an alarm. The red light is to remain on as long as
the seasor input is high but the alarm can be switched off. This
might be a monitoring system for the temperature in some

Input 1 5 a process, the sensor and signal conditioning giving a low signal
T Output 1 when the temperature is below the safe level and a high signal
~—1 ek when it is above The flip-flop has a high input. Whea a low
Q input is applied to the CK input and the sensor wnput is low, the
T green light is on. When the sensor input changes to high, the
Input 2 . . n
SR S Ql . green light goes out, the red light on and the alacm sounds. The
& oK Output 2 alarm can be cancelled by applying a high signal to the CK input,
9 but the red light remains on as long as the sensor tuput is high
Such a system could be constructed using a 7474 and an
Input 3 5 ol integrated circuit or circuits giving three NAND gates.
Output 3
1 CK 14.7.5 Registers
e A register i1s a set of memory elements and is used to hold
Input 4 5 ol information until it is needed. It can be implemented by a set of
Output 4 flip-flops. Each flip-flop stores a binary signal, 1.e. a 0 or a L
Clock ) G B Figure 14.48 shows the form a 4-bit register can take when using
Q D flip-flops. When the load signal is 0, no clock input occurs to
Load the D flip-flops and so no change occurs to the states of the
flip-flops. When the load signal is | then the inputs can change
) i the states of the flip-flops. As long as the load signal is O the
Fig. 1448 Register flip-flops will hold their old state values.
Problems 1 What is the largest decimal number that can be represented

by the use of an 8-bit binary number?

2 Convert the following binary numbers to decimal numbers:
(a) 1011, (b) 10 0001 0001.

3 Convert the decimal numbers (a) 423, (b) 529 to hex.

4 Coavert the BCD numbers (a) 0111 1000 0001, (b) 0001
01010111 to decimal.
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Fig. 14.48
Problem 10

o

Hv
-

14

What are the twos complement representations of the decimal

numbers (a) -90, (b) -35?

What even-parity bits should be attached to (a) 100 1000, (b)

100 11117

Subtract the following decimal numbers using twos

complements (a) 21 - 13, (b) 15 -3.

Explain what logic gates might be used to control the

following situations:

(a) The issue of tickets at an autornatic ticket machine at a
railway station.

(b) A safety lock system for the operation of a machine tool.

State the Boolean functions that can be used to described the

following situations:

(a) There is an output when switch A is closed and either
switch B or switch C is closed.

(b) There is an output when either switch 4 or switch B is
closed and either switch C or switch D is closed.

(c) There is an output when either switch 4 is opened or
switch B is closed.

(d) There is an output when switch 4 is opened and switch B
is closed.

State the Boolean functions for each of the logic circuits
shown in Figure 14.49.

A —

e = o)

(®)

Construct a truth table for the Boolean equation 0 = (4 - C +
B-C)-(A+0).

Simplify the following Boolean equations:

(@ Q=4-C+4.-C-D+C-D

() OQ=A-B-D+4A-B-D

(c) Q=A-B-C+C-D+C-D-E

Use De Morgan’s laws to show that a NOR gate with
inverted inputs is equivalent to an AND gate.

Draw the Karnaugh maps for the following truth tables and
hence determine the simplified Boolean equation for the
outputs:
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(a)

A B 0

0 0 1

0 1 1

1 0 1

1 1 1

()

A B C 0
0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 0
1 1 1 1

Simplify the following Boolean equations by the use of

Karnaugh maps:

(@ Q=A-B-C+A-B-C+

® Q=A-B-C-D+d-B-C-D+4-
+4-B-C-D+A4-B-C-D+A-B-C-D

Devise a system which will allow a door to be opened only

when the correct combination of four push-buttons is pressed,

any incorrect combination sounding an alarm.

Figure 14.50 shows the timing diagram for the S and R

inputs for a SR flip-flop. Complete the diagram by adding the

Q output.

Explain how the arrangement of gates shown in Figure 14.51

gives a SR flip-flop.




A.1 The Laplace
fransform

Appendix A
The Laplace transform

This appendix gives more details of the Laplace transform than
appears in Chapter l1. For a more detailed discussion of the
Laplace transform, and examples of their use, the reader is
referred to Laplace and z-Transforms by W. Bolton (Mathematics
for Engineers Series, Longman [994).

Consider a quantity which is a function of time. We can talk of
this quantity being in the time domain and represent such a
function as ). In many problems we are only concerned with
values of ume greater than or equal to 0, ie. + >0 To obtain the
Laplace transform of this function we multiply it by e and then
integrate with respect to time from zero to infinity. Here s is a
constant with the unit of 1/time The result is what we now call
the Laplace transform and the equation is then said to be in the
s-domain. Thus the Laplace transform of the function of time /{¢).
which is written as .Z{f{1)}, is given by

L= e dr

The transform is one-sided in that values are only cousidered
between 0 and +eo, and not over the full range of time from —o to
oo

We can carry out algebraic manipulations on a quantity in the
s-domain, i.e. adding, subtracting, dividing and multiplying in
the normal way we do any algebraic quantities. We could not
have done this on the original function, assuming it to be in the
form of a differential equation, when in the time domain. By this
means we can obtain a considerably simplified expression in the
s-domain. If we want to see how the quantity varies with time in
the time domain then we have to carry out the inverse
transformation. This involves finding the time domain function
that could have given the simplified s-domain expression.

When in the s-domain a function is usually written, since it is a
function of s, as F(s). It is usual to use a capital letter F for the
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i)

0 t

Flg. ApA.1 Unit-step function

A.2 Unit steps and
impulses

Laplace transform and a lower-case letter / for the time-varying
function f{1). Thus

LD} = Fls)

For the inverse operation, when the function of time is obtained
from the Laplace transform, we can write

S = £H{F(s)}

This equation thus reads as: f{f) is the inverse transform of the
Laplace transform F{(s).

A.1.1 The Laplace transform from first principles

To illustrate the transformation of a quantity from the time
domain into the s-domain, consider a function that has the
constant value of 1 for all values of time greater than 0, i.e. /(1) =
1 for t > 0. This describes a wnit-step function and is shown in
Figure ApA.1. The Laplace transform is then

A’{/(f)} = F(s) = J: lg—sl df - __:&'_{e_lﬂlao

Since with f = o the value of ¢ is 0 and with ¢ = 0 the value of e
is ~1, then

As)=+
As another example, the following shows the determination,
from first principles, of the Laplace transform of the function e,
where a is a constant. The Laplace transform of f{f) = e* is thus

Fls)= f, ee dr

= j:e—(s»a)!d{ = ?_}E[e-(,s‘—a)ljg’

When ¢ = co the term in the brackets becomes 0 and when f =0 it
becomes ~1. Thus

Flo) = 545

Common input functions to systems are the unit step and the
impulse. The following indicates how their Laplace transforms
are obtained.
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A.2.1 The unit-step function

Figure ApA.1 shows a graph of a unit-step function. Such a
function, when the step occurs at £ = 0, has the equation

A1) = 1 for all values of ¢ greater than 0
S6) =0 for all values of ¢ less than 0

The step function describes an abrupt change in some quantity
from zero to a steady value, e.g. the change in the voltage applied
to a circuit when it is suddenly switched on.

The unit-step function thus cannot be described by ) = 1
since this would imply a function that has the constant value of 1
at all values of f, both positive and negative. The unit-step
function that switches from 0 to +1 at + = 0 is conventionally
described by the symbol u(f) or H(5), the H being after the
originator O. Heaviside. It is thus sometimes referred to as the
Heaviside function.

The Laplace transform of this step function is, as derived in the
previous section,

Fis) =+
The Laplace transform of a step function of height a is

a

Fis) =5

A.2.2 Impulse function

Consider a rectangular pulse of size 1/k that occurs at time ¢ = 0
and which has a pulse width of &, i.e. the area of the pulse is 1.
Figure ApA.2 shows such a pulse. The pulse can be described as

j(f)=-/%for0$t<k
S =0fort>k

If we maintain this constant pulse area of 1 and then decrease the
width of the pulse (i.e. reduce k), the height increases. Thus, in
the limit as k — 0 we end up with just a vertical line at ¢ = 0 with
the height of the graph going off to infinity. The result is a graph
that is zero except at a single point where there is an infinite
spike (Fig. ApA.3). Such a graph can be used to represent an
impulse. The impulse is said to be a unit impulse because the area
enclosed by it is 1. This function is represented by &(1), the unit
impulse function or the Dirac-delta function.

The Laplace transform for the unit area rectangular pulse in
Figure ApA.2 is given by

F(s) = j: SOe~ dt

AR St et A 0 b 08 ot o e
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A.3 Standard Laplace
transforms

To obtain the Laplace transform for the unit impulse we need to
find the value of the above in the limit as k - 0. We can do this
by expanding the exponential term as a series. Thus

2 3
e =1-sk+ ———(g};) + ——————("‘gf) o

and so we can write

2
F(s):l-g—’!%(s;? .

Thus in the limit as k¥ - 0 the Laplace transform tends to the
value 1.

280y =1

Since the area of the above impulse is 1 we can define the size
of such an impulse as being |. Thus the above equation gives the
Laplace transform for a wnir impulse. An impulse of size a is
represented by ad(¢) and the Laplace transform is

L{ad(t)y=a

In determining the Laplace transforms of functions it is not
usually necessary to evaluate integrals since tables are available
that give the Laplace transforms of commonly occurring
functions. These, when combined with a knowledge of the
properties of such transforms (see the next section), enable most
comumonly encountered problems to be tackled. Table ApA.1 lists
some of the more common time functions and their Laplace
transforms.

A.3.1 Properties of Laplace transforms

In this section the basic properties of the Laplace transform are
outlined. These properties enable the table of standard Laplace
transforms to be used in a wide range of situations.




Tabie ApA.1 Laplace transforms
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Time function f{r)

Laplace transform #{(s)

1o

12

13

i4

16

17

18

19

20

21

6(¢), unit impulse
Ot - T), delayed unit impulse

u(#), a unit step

u(t—T), a delayed unit step
¢, a unit ramp

t”, nth-order ramp

e~ exponential decay

I - e, exponential growth

’,eﬂll

e

(- A= ae“’_‘.

e~ . gt

(I-at)e ™

=gl gige™

—at -bt —-ct

e N e N e
b~aXc-a) (c—aXa-b)  (a~c)b-c)

sincf, a sine wave
COS i, a CoSine wave
e % sin wt, a damped sine wave

e % coswt, a damped cosine wave

| -coswt

{cos f

[

s¥s +a)

b-a
s+a)Xs+d)
s
(s+a)?
___ab
s(s+a)s +b)

1

G+a)s+b)s+c)

S
st +?

s(s% + ?)

__S_E—w‘
(s +w?)?

 (Continued overleaf)
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Time function f{1r)

Laplace transform F{s)

22 tsinowt

23 sin{lot+8)
24 cos(ewr +6)

25 e sin(owf +8)

26 e % cos(or +6)

wcosf+ssinf
sT+w?

scosf -wsind
5T+ 2

(s +a)sinf+wcosb
(s+a) +w?

(s+a)cosd-wsinb
(s+a) +w?

5

27 = olginw 12 —
J1-07 s+ 2 ws + w?
Fes . ! i 3 1 2
28 l——f—l—ﬁ—e‘%“‘sm@)xl—{zw(ﬁj,cosq):g L -
e / s(s? +2ws + w*)

Note: fity =0 for all negative values of t. The u(f) terms have been omitted from most of the time functions

and have to be assumed.

Linearity property

If two separate time functions, e.g. A7) and g(¢), have Laplace
transforms then the transform of the sum of the time functions is
the sum of the two separate Laplace transforms

Liafir) + bg(n} = adfir) + bLlg(r)

a and b are constanis

Thus, for example, the Laplace transform of 1 + 2 + 47 is
given by the sum of the transforms of the individual terms in the
expression. Thus, using items 1, 5 and 6 in Table ApA.1,

b, 2 8
$)=v+5+-3
Fis)= 5 + 2t
s~Domain shifting property
This property is used to determine the Laplace transform of
functions that have an exponential factor and is sometimes
referred to as the first shifting properny. If F(s) = L{f)} then

L{e“fA} = Fls - a)
For example, the Laplace transform of %7 is, since the Laplace
transform of " is given by item 6 in Table ApA.1 as nl/s™!, given

by

]
"‘/{ea.’(ﬂ} = n
(S _ G)rr*!
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Time doman shifting property
If a signal is delayed by a time 7 then its Laplace transform is
multiplied by e, If F{(s) is the Laplace transform of f{7) then

LY~ Tyu(t - T)} = e TF(s)

This delaying of a signal by a time 7 is referred to as the second
shift theorem.

The time domnain shifting property can be applied to all Laplace
transforms. Thus for an impulse 5(f) which is delaved by a time T
to give the function J(f - 7), the Laplace transform of 5(f), namely
1, is multiplied by ¢ to give le™7 as the transform for the
delayed function.

Periodic functions
For a function f{f) which is a periodic function of period T. the
Laplace transform of that function is

Y0 = T Fils)
where £(s) is the Laplace transtorm of the function for the first
period.

Thus, for example, consider the Laplace transform of a
sequence of periodic rectangular pulses of period 7, as shown in
Figure ApA 4 The Laplace transform of a single rectangular
pulse is given by (l/s)(1 - e™*? ). Hence, using the above
equation, then the Laplace transform is

L Ly sty
I—e+ % s(l-e )’s(ife‘*ﬂ?)

Initial- and final-value theorems
The initial-value theorem can be stated as: if a function of time
S has a Laplace transform F(s) then in the limit as the time
tends to zero the value of the function is given by

llixrr)l Sy =lim sF(s)
The final-value theorem can be stated as: if a function of time f{r)
has a Laplace transform F(s) then in the limit as the time tends to
infinity the value of the function is given by

l,irﬂ fh = 1511‘61 sF(s)

Derivatives
The Laplace transform of a derivative of a function f{r) is given by

Z {ad;;(z)} = sF(s5) - {0)
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A.4d The inverse
transform

where f{0) is the value of the function when ¢t = 0. For a second
derivative

4 { 51)2 /(r)} = s'F(s) - 5f(0) - L 10y

where dff0)/dr is the value of the first derivative at + = 0
Examples of the Laplace transforms of derivatives are given in
Chapter 11.

Integrals

The Laplace transform of the integral of a function f{¢) which has
a Laplace transform F(s) is given by

2{ pyar} = L)

For example, the Laplace transform of the integral of the function
e~ between the limits 0 and ¢ is given by

2{fierat=5 2= gly

The inverse Laplace transformation is the conversion of a Laplace
transform F(s) into a function of timme f{r). This operation can be
written as

LUF)y =)

The inverse operation can generally be carried out by using Table
ApA.1l. The linearity property of Laplace transforms means that if
we have a transform as the sum of two separate terms then we can
take the inverse of each separately and the sum of the two inverse
transforms is the required inverse transform.

LYaF(s) + bG(s)} = al ' F(s) + bLG(s)

Thus, to illustrate how rearrangement of a function can often
put it into the standard form shown in the table, the inverse
transform of 3/(Zs + 1) can be obtained by rearranging it as

3(1/2)
s+(1/2)

The table (item 7) contains the transform 1/(s + a) with the
inverse of e Thus the inverse transformation is just this
multiplied by the constant (3/2) with a = (1/2), i.e. (3/2) e

As another example, consider the inverse Laplace transform of
(2s + 2)/(s* + 1). This expression can be rearranged as
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5l S .. 1.
dwir vy

The first term in the brackets has the inverse transform of cos ¢
(item 17 in Table ApA.1) and the second term sin ¢ (item 16 in
Table ApA.1). Thus the inverse transform of the expression is

2cost+2sint

A.4.1 Partial fractions

Often £(s) is a ratio of two polynomials and cannot be readily
identified with a standard transform in Table ApA.1. It has to be
converted into simple fraction terms before the standard trans-
forms can be used. The precess of converting an expression into
simple fraction terms is called decomposing into partial fractions.
This technique can be used provided the degree of the numerator
is less than the degree of the denominator. The degree of a
polynomial is the highest power of 5 in the expression. When the
degree of the numerator is equal to or higher than that of the
denominator, the denominator must be divided into the numerator
until the result is the sum of terms with the remainder fractional
term having a numerator of lower degree than the denominator

We can consider thers to be basically three npes of partial
fractions:

| The denominator contains faciors which are ondy of the form
(s+a), (s+b), (s +c),etc. Theexpression is of the form

As)

(s+a)s+b)Xs+c)

and has the partial fractions of

A B C
(s+a) * (s+5) * (s+¢)

2 There are repeated (s + a) factors in the denominator, i.e. the
denominator coatains powers of such a factor, and the
expression is of the form

As)

(s+a)"
This then has partial fractions of

A _, B _ . _C_ .., _N
s+a)'  G+a)? G+a) (s+a)”

3 The denominator contains quadratic factors and the quadratic
does not factorise without imaginary terms. For an expression
of the form
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As)

(as? +bs+c)(s +d)

the partial fractions are

As+B _C
as?+bs+c  s+d

The values of the constants 4, B, C, etc. can be found by either
making use of the fact that the equality between the expression
and the partial fractions must be true for all values of s or that the
coefficients of s” in the expression must equal those of s” in the
partial fraction expansion. The use of the first method is
illustrated by the following example where the partial fractions of

3s+4 A B
G+ Dis+2) X 5+1 T5+2

Then, for the expressions to be equal, we must have

3s+4 Al +2)+BG+1)
+DG+2) 7 G+ Ds+2)

and consequently
3s+4=A(s+2)+B(s+1)
This must be true for all values of 5. The procedure is then to pick
values of s that will enable some of the terms involving constants
to become zero and so enable other constants to be determined.
Thus if we let s = -2 then we have
3(-2)+4=A(=2+2)+B(=2+1)
and so B=2 If we now let s = -1 then
3-D+4=A1+2)+B(-1+1)
andsoAd =1 Thus

3s+4 _ 1 + 2
GG+Ds+2) s+1 7 5+2




The following are the truth tables and svmbols nsed for logic
gates. Different sets of standard circuit symbols have been used
with the main form having originated in the United States; an
international standard form (IEEEJANSD has, however, now
been developed which removes the distinctive shape used for a
svinbol and uses a rectangle with the fogic function written inside

it. Both formats are given here.

AND gate

A e AT )
] \ Output — | Output

Inputs froor e Inputs T

OR gate
A T A [T
Output S
8 ] 8 |
Inputs Inputs

Output

Input

A 8 Qutput
0 0 0

0 1 0

1 0 0

1 1 1

Input

A 8 OQutput
0 0 0

0 1 1

1 0 1

1 1 1

Input A Output

0 1
1 0
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NAND gate

This can be considered as an AMD gate followed by a NO

—
Qa
w
—_
O

A —--—~\»..\ f\\ Outptit i__ R Output
= P I,

B8 e i// —B—A__,_*,,
Inputs Inputs

N, S S
A Output i . Output
& 1 " - 1 &

8 1 B L.

Inputs inputs

NOR gate

This can be considered as an OR gate followed by a NOT gate.

A YT ;
e ™, I ™. Output
l N ~.
_.M /f I /"fk’
8 jm,,,,,/ L
inputs
— ————
A ! i , | Output
RIS - b
B | | ‘
inputs

EXCLUSIVE-OR

(XOR) gate

_____ l‘ N Output
| O~
8 7_ . ,//
inputs
A N
— 4 i Output
=1 L
51 ]:
inputs

inputs
A 8 Qutput
0 0 1
0 1 1
1 0 1
1 1 0
Inputs
A B Cutput
0 0 1
0 1 0
1 0 0
! 1 0

This can be considered as an OR gate with a NOT gate applied to one of its inputs: alternatively it can be
considered as an AND gate with a NOT gate applied to one of its inputs.

A

A

) Output
Inputs _
’ \O—J ) L

Output

Inputs

S

i
1 i

SR |

>1 -

U\_‘N\ Qutput
|
5

Output

Inputs

A B Output
0 0 0

0 1 1

1 0 1

1 1 0




